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Abstract

Certain techniques fundamental to the study of algebra. One of such tech-
niques is the construction of a quotient set of an algebraic structure by a
means of an equivalence relation on the given set. Based on this, we con-
struct a quotient subtraction algebra, which plays a crucial role in the study
of algebra. In this project work, we will introduce the notion of subtraction
algebra, which is an algebraic structure on a set with a binary operation,
usually called subtraction. To define subtraction algebra, we use the the
concept of equivalence relation, subtraction algebra and ideal of subtraction
algebra to define a quotient subtraction algebras and study its properties.
The idea of isomorphism theorems of other algebraic structures is used to
define isomorphism theorems of quotient subtraction algebras.
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Chapter 1

Preliminaries

In this part of the project we will define some important concepts that are
useful in our subsequent discussions. Let us start by defining a meet semi
lattice, semi lattice and a lattice and then a Boolean algebra. In the last part
of this chapter we will discuss about equivalence and order relations, which
are important in defining our main object discussion, quotient subtraction
algebra.

1.1 Meet Semilattice, Semilattice and Lattice

Let us start this section by defining what is meant by meet semilattice.

Definiton 1. Let A be a binary operation on a non-empty set X. Then the
algebraic structure (X, A) is called a meet semilattice for all x,y,z € X, if it
satisfies the following conditions:

i. © Nx =z, (Idempotent law )
i. x Ay =y Ax,(Commutative law )
iii. (xANy)ANz=xA(yAz), (Associative law )

A semilattice is a non-empty set X together with two binary operations on
which it is a meet semilattice with each of these two operations.

Definiton 2. Let V and A be two binary operations on a non-empty set X.
Then the algebraic structure (X, V, ) is called semilattice, if for all z,y,z €
X, and it satisfies the following properties:

i. xVr=x and x Nx = x. (Idempotent law)



. cVy=yVzandx ANy =yAzx. (Commutative law)
iii. (xVy)Vz=aV(yVz)and (xAy)Nz=xA(yAz). (Associative law)
The following is the most common example for a semilattice.

Example 1. Given a set X, then the power set P(X) together with the two
binary operations: intersection” U” and union ” N of elements of P(X) is
semilattice. In this case we define V by U and N by N.

If a semilattice satisfies one more property, called the Absorption law, then
it is called a Lattice.

Definiton 3. Let V and A be two binary operations on a non-empty set
X. Then the algebraic structure (X,V,A) is called Lattice, if (X,V,A) is a
semilattice and for all x,y € X,

zV(xAy)=xz andxz A (xVy)=ux,

(which is called the Absorption law)

1.2 Boolean Algebra

In this section we will introduce the meaning of Boolean Algebra and give an
example, as our object of discussion can be made to be a Boolean Algebra.

Definiton 4. Let” V" and” A" be two binary operations on a non-empty set
X. Then the algebraic structure (X,V,A\,,0,1) is called a Boolean algebra,
if for arbitrary element x,y,z € X. And the following conditions hold true.

1. It is Lattice on a set X with two binary operations. i.e (X,V,A) .

2. Distributive laws: xV (y A z) = (xVy) A (zV z) and
A (yV z) = (x Ay)V(x A 2).

3. Involution law: =" = x.
4. Compliment laws: y'Vy =1 and y Ny =0.

5. Identity laws: There is a zero element 0 in X such that yv 0 =y, and
there is a unit element 1 in X such that y N1 =y.

6. BothyVvV1=1andy N0 =0 are satisfied

7. De’ Morgan’s laws: (xVy) =2' ANy and (x Ny) =2' V.



The two operations ” A” and 7 V7 are called meet and join, respectively.

Example 2. Let X be a non-empty set. Then the algebraic structure
(P<X)7 \/7 /\7/ Y 07 ]‘)7

where P(X) is the the power set of X, V and A are the set operations U and
N respectively, the unary operation’ is the set compliment and the elements
0 for © and 1 for X, is a Boolean algebra.

1.3 Equivalence and Order Relations

In defining quotient algebra we use the concept of equivalence relation, as we
define operations on equivalence classes.

Definiton 5. Let X be a non-empty set.

A. A relation R on X is called an equivalence relation, if the following
conditions are satisfied:
i. Reflexive: That is for all x € X, xRx.
it. Symmetry: If xRy, then yRz, for x,y € X.
1t5. Transitive: If xRy and yRz, then xRz, for x,y,z € X
B. An order relation” <7 on a non-empty set X is called partial ordering,
if the following conditions are true:
a. Reflexive: If v < x, for allx € X
b. Antisymmetry: If x <y and y < x, then x =y for all x,y € X.
c. Transitive: If x <y and y < z, then © < z, for all x,y,z € X.

A set X together with a partial order” <7 on X is denoted by (X, <)
and we say it is a Partially Ordered Set (Poset).

Example 3. Let” <7 be a an order relation on N, the set of natural
numbers, defined by
a<b

if and only if a divides b. Then ” <7 is a partial ordering on N and
(N, <) is a poset.

C. A partially order set is called a totally order set if for any two elements
x,y € X, either v <y ory <ux. A set X with a total ordering is called
totally ordered set or a chain.



The most common examples of a totally ordered set are the different sets
of numbers with the usual ordering, as we can see in the following example.

Example 4. The set of natural numbers, the set of integers, the set of ratio-
nal numbers and real numbers with the usual ordering” <7 are all chains.

Remark 1. Given a poset, (X, <),

(a) if there is some element m € X so that m < z, for all v € X, then m

15 unique and such element m 1s called the smallest or the least element
of X.

(b) if there exists an element b € X, so that x < b, for all x € X, then b is
unique and is called the greatest element of X.



Chapter 2

Subtraction Algebras

The most important objects of discussions in Mathematics are algebraic
structures. We are interested on one algebraic structure for our discussion in
this project, which is subtraction algebra. A subtraction algebra is a set X
together with the single binary operation, which is called subtraction that is
denoted by ”—". In this chapter we will define a subtraction algebra, study
some properties of subtraction algebra and discuss some concepts related
with subtraction algebra.

2

Definiton 6. A non-empty set X together with a binary operation ” — 7 1is
said to be a subtraction algebra, if it satisfies the following properties:

Si.x—(y—z)==x, foralz,ye X
S, x—(r—y)=y—(y—x), forallz,y e X
Ss. (x—y)—z=(r—2)—y, foralz,y,z € X

Let us see some examples of algebraic structures that are subtraction algebras
and then algebraic structures that is not subtraction algebras.

Example 5. Let X = {0,a,b}. Define” —" on X by the following table.
- 0 a b
0 0 0 0
a a 0 a
b b b 0

Then (X, —) is a subtraction algebra .

Proof. Let us check all the properties of a subtraction algebra for each ele-
ment in X.



(i)

(i)

(i)

(vi)

(vii)

Let z=0,y=a. Thenz— (y—2)=0—(a—0)=0—a=0€ X.

Hence 0 — (a — 0) = 0.

Let =0,y =b. Thenz — (y—2)=0—(b—-0)=0—-0b=0¢€ X.
Hence 0 — (b —0) = 0.

Let z=a,y=0. Thenz — (y—2)=a—(0—a)=a—-0=a€ X.

Hence a — (0 — a) = a.

Let z =a,y="5b. Thenz —(y—z)=a—(b—a)=a—-b=a€ X.
Hence a — (b —a) = a.

Let x =b,y=0. Thenz — (y—2)=b—(0—-b)=b—-0=0b€ X.
Hence b — (0 — b) = b.

Let x =b,y=a. Thenz —(y—z)=b—(a—b)=b—a=0b€ X.
Hence b — (a — b) = b.

Let z =b,y=>b. Thenz — (y—z)=b—(b—b)=b—-0=0>b¢€ X.
Hence b — (b — b) = b. Thus property S; holds true.
Similarly property Ss and S3 hold true.

Therefore, (X, —) is subtraction algebra.

[]

Example 6. Let X be a set and P(X) be the power set of X. Then (P(X), —),

where

7 —7 is the set theoretic subtraction, is a subtraction algebra.

Proof. Let x,y,z € P(X). Then z —y =z Ny

1-%—@—w)= N(y—z)

= zN(yna')

= xN(y Uz”), by De’Morgan’s law

= 2N (y Uz), by Involution’s law x” = x
= (xNy')U(zNz), by Distributive law
= xUxz, sincexNy Cx

=



Thus z — (y —z) =«

2-x—@—y)= —y)

N(z
N(zNy)
= zN(z'Uy”), by De’Morgan’s law
N (2’ Uy), by Involution’s law y” =y
= (93 Nz')U (z Ny), by Distributive law
= gUzxNy
= xNy=yNz, by commutative property
= (yny)u(ynae)
zzﬂwduﬁ
= yn(yna'y
—(yna')
= y—(—=
Hence z — (x —y) =y — (y — )

3. (x—y)—z = (z—y)nz
= (zNny)n7
= xN(y N2, by Associative property
N (Z' Ny'), by Commutative property
= (xN2')Ny’, by Associative property
= (zn?) -y
= (z—2)—y

Thus (z —y) —z=(xr—2) —y.
Therefore, (P(X), —) is subtraction algebra O

Example 7. The set of integers together with the usual subtraction, (Z,—),
15 not a subtraction algebra.

Proof. Take x =1 and y = 2 from Z. Then
r—(y—z)=1-(2-1)=1-1=0.

This implies S7 in the definition of a subtraction algebra, which states that
x — (y — ) = x, is not satisfied. Hence, as a result (Z, —) is not subtraction
algebra. O



2.1 Some Properties of Subtraction Algebras

Now let us see some properties of subtraction algebra.

Theorem 1. If (X, —) is a subtraction algebra, then the following conditions
hold true.

i (t—y)—y=z—uy.
. x—x=y—y, foral z,y € X.

Proof. i. For z,y € X:

(z—y)—y = (r—y)—[y—(x—y)], sincey = [y — (v —y)]
= (z—y), by S

Hence (z —y) —y =z — v.

ii. Forz,y € X.

r—zx = [t—(y—a)]—[z—(y—2a)], sincex — (y —x) ==z
= [z—[z—(—2)]] - (y—2), by S5
= [y—2)—[ly—2)—z]] - (—y), by S
= [(y—2)—(y—2)] — (y — x), by theorem 1(i)
= [(y—(y—=) —a2] = (y—=), by S
= [(e—(z—y))—a]—(y—x), by S
= [(z—(z—y)) - (y—=a)]—=z, by S
= [(@—(y—2)) = (x—y)] -z, by 5
= [r—(r—y)]—=x, sincex—(y—x)=ux
-z = [z—(v—-y)-=
-1 = [y—(y—z) -z



r—r = [y—(y—2)| -

= (y—(z-y)—[ly—(x—y) -] —=, by S
= [(y—(@—-y)—y—2)— (@ —y)l] -z, by S
= [[(y=(z—y) —z]] = [(y—z) = (x—y)], by Ss
= [(y—2)—(z—y)]—[(y—2)—(x—y)], by Ss
= [y—2)—[(y—2)—(z—y)l] — (. —y), by Ss
= [(z—y)—[(z-y) - (y—2)]] - (v —y), by S
= [z-y) - [z-(y—2) -y - (x—y), by 53
= [(@—y)—(x—y)]—(r—y),sincer—(y—z)=1x
= [(z—(z-y) -yl - (r —y), by S
= [(y—(y—2) —(x—y)l —y, by S
= [(y—(z—y)—(y—2)] —y, by S5
= [y—(y—2)] -y, by Si
= y—y

Therefore

T—xT=y—Y.
O

From the above theorem, we can see that there is a unique element in X that
is denoted by z — x = y — y := 0, which does not depend on the choice of
xz,y € X.

The following Lemma is very important through out our work, so we give
attention for each part listed in the given Lemma.

Lemma 1. Let (X, —) be a subtraction algebra. Then the following condi-
tions are true. For allr,y,z € X.

bz — 0=z
by 0— =0

by (z—y) — o =

by. (= (z—(z—y))=v—y

bs. (x—y)—z2=(x—2)—(y—2)



Proof. Using the concept of subtraction algebra, we prove Lemma(1) in the
following way.

by. For x € X, we have:
r—0 = z—(r—x)sincex—x=0
x (by S7).
Hence z — 0 = .
by For x € X, we have:
0—x = 0—(z—0), (by b since z — 0= x)
Hence 0 — x = 0.

bs. For x,y € X, we have:

(r—y)—z = (z—x)—y, by S
= 00—y, sincex —xz =0
Hence (z —y) —x = 0.
by. For x,y € X, we have:

by (x—(z—(z—y) = [(x—y)—[(x—y)—z]], by S
= (z—y)—0, since (x —y) —z = 0.
= x—y.
Hence
(z—(@—(z—y)=z-y.

bs. For x,y € X, we have:To prove this we need to show that the following
axioms.

10



Then using the concept of subtraction algebra and Lemmal above we
proof bs in the following way:

i [(x—y) =z —[(z—2) = (y — 2)] —y] = [(z —2) = (y— 2)], by S3
—[(z—2)—(y—2)] —y, by S

z)

z)
(y—2)—[(y—2)—(x—2)] -y, by S

z)

)

= —yl—[ly—2)—(y—2)], by S5

= [y—y) =2 —ly—2) —(y—2)], by Ss

= [0-yl—[(y —2) — (y — 2)], by Lemmal (bs)
= 0—[(y—2)—(y—2)]

= 0, by by

which implies
[(z—y)—2]—[(x—2)—(y—2)]=0

(2 —y) =2 <[(x = 2) = (y = 2)] (2.1)

Similarly using the same properties given in (7).

i [(z=2)=(y-2)] =z -y) -7

which implies
(z—2)—(Ww—2)]-[lz—y) -2 =

[(z =2) = (y = 2)] < [(x —y) -] (2.2)

Hence from equation (2.1) and (2.2) we have,
(r—y)—z=(r—2)=(y—2)

]

In the following theorem we will see that subtraction algebra determines an
order relation on the given set X.

11



Theorem 2. Let (X, —) be a subtraction algebra. Then” —7 determine an
order relation on X defined by:

r<ysxr—y=0 forz,yec X.

Then” <7 1s a partial ordering on set X.

Proof. Let (X, —) be a subtraction algebra, for all z,y € X, which is defined

by

r<ysr—y=0.

Then we want to show that 7 <7 is a partial ordering on set X.

i. Reflexive: For all x € X, we have v — x = 0 if and only if z < z.
Hence 7 <7 is Reflexive.

ii. Antisymmetry: For all x,y € X, such that + <y < z —y = 0 and
y <z y—x=0. Then we want to show that z = y.

Hence z = y.

8 8 8 8 8 8

= 1y, by Lemmal (b).

Thus 7 <7 is Antisymmetric.

iii. Transitive: Suppose © < y and y < z, for z,y,2 € X. Then we want
to show that z < 2z & x — 2 = 0. Now:

r—y

which implies

[

[(z —y)] = (y — =), by Ss

(y—2)] —(y—x), sincex —y=0andy—z=0.
ly —(y — )] — 2, by Ss

[t — (x —y)] — 2z, by Sa

[



and
(x—2)—0=0, sincex —y =0

Thus
r—2z2=0

Hence z < z. Which implies 7 <7 is Transitive
Therefore, ”<” is a partial ordering on set X. O]

In the following theorem, we shall see that a partial ordering set X is a
meet semi lattice and a boolean algebra.

Theorem 3. Let (X, —) be a subtraction algebra and ” — 7 determine an
order relation "<” on X s defined by

r<ysr—y=0, forz,yec X.
Then (X, <) is a partial ordering on set X. Let v € X ,and define on
0,2] ={ae X :0<a<ux}
by:
a. tANy=z—(r —vy);
b. The complement of an element y, € [0, z|, is denoted by y' = x —y;
c. Lety, z€[0,z], then
yVz = (YN,
= ((x —y) A (z—2))" by theorem 3(ii)
= x— ((x —y) Az —2)), by theorem 3(i)
= z—[(z—y) —llz—y - (-2
Then
i. ([0,2],A) is a meet semi lattice.
ii. ([0,z],V,A, 7, 0, z) is a Boolean algebra.

Proof. Then applying the concept of subtraction algebra and Lemma 1 above,
we give the proof as follows.

i. Let y,z € X, then we want to show that ([0, 2], A) is a meet semilattice.
To show this, we will check the following three conditions:

13



1. Idempotent Law: we want to show that y Ay = v.

=yANy = y—(y—uy), by theorem 3(i)
= y—0, sincey—y=0
= vy, by Lemmal (b;).
Hence

ynNy = y.
2. Commutative law: we want to show that y A z = 2z A y.

=yANz = y—(y—z), by theorem 3(i)
= z—(z—y), by Sa.
Hence

yNz = zAy.

3. Associative Law: we want to show that (xA y) A z = zA (YA 2)

(@ANy)ANz = (zAy)—[(zAy)— 2], by theorem 3(i)
— [(z = (z — y) — 2)], by theorem 3(i)
—ly=(y—=2)=2)], by 5
—[(y=2) = (y— )], by S
y — x), by Lemmal (b5)

)

—(
—[(y =) — (y — 2)], by Lemmal (bs)
—[(y—(y—2)) —a], by S

y Azl —[(yAz)— x|, by theorem 3(i)

= (yAz)Ax=xA(yAz), by theorem 3(i)

= x A(yAz), by commutative property

Hence (t Ay)ANz=x A (y A z)
Therefore, ([0, 2], A) is a meet semi lattice.

ii. Lety, z € [0, ] in which 0 and x are the identities elements of ”V"and " \"
respectively. Then we want to show that ([0, z], V, A, 0, z) is a Boolean
algebra.

1. Idempotent law: we want to show that:

A.zvVer=2x

14



B.zANz =2z

Then by applying definition of subtraction algebra and Lemma 1 above,
we can prove in the following way:

A zvax = (' A2'), by theorem 3(iii)
= ((x —z) A (x —x))’, by theorem 3(ii)
= z—(0A0), sincex —xz =0
= x—(0—(0-0)), by theorem 3(i)
= z—(0—-0), since0—-0=0
= x—0, since0—-0=0
= x by Lemmal (b;)
rVr = x.
B. ANz = x— (z—x), by theorem 3(i)
= x —0,since x —z = 0.
Thus xNx = =

Hence Ve =z and x ANz ==z

2. Commutative law: We want to show that:
A xVy=yVza
B.zAy=yAx.

A zVy = (2’ Ay, by theorem 3(iii)
= (y' A2'), by commutative property
= yVz, by theorem 3(iii)

Hence x Vy=yVuz

. x ANy =y Az is proved in Meet semi-Lattice o

3. Associative Law: we want to show that:
A xzV(yvz)=(zVy)Vz
B. (zAy)Az=xA(yAz2).

15



A xzV(yVz)

= [2'A(yV2)], by theorem 3(i)
(yVz) —((yVz)—2a)], by theorem 3(i)
[(y V z) Az")]', by theorem 3(i)
= (yVz)Vuz, by theorem 3(iii)
(yVzx)Vz by S;
(xVy)Vz sincexVy=yVzby24

Therefore, zV (yVz) = (zVy) V2.

B. (zAy)ANz=x A (y A z)is proved in Meet semi-Lattice 3
Therefore, ([0,x],V,A,’; 0, x) holds Associative property.

4. Absorption Law: We want to show that:
A zv(zAy) =x
B.zA(zVy) =x

A zV(rANy) =

which implies

B. A (zVy)

zV (r — (z —y)), by theorem 3(i)

[ A (z — (x —y))]', by theorem 3(iii)

[(x —z) A (z — (z — y))]', by theorem 3(ii)
[OA (2 — (x —y))], sincex —z =0
z—[0—[0—[(z— (z—1y))]]], by theorem 3(i)
z —[0—0], by Lemma 1 (b2)
r—0, since0—-0=0

x, by by

zV(zAy)==x (2.3)

= x—(x—(zVy), by theorem 3(i)

(x Vy), sincex — (x — (xVy)) =(zVy)
(' Ay')', by theorem 3(iii)

= x—((x —2)A(z —vy)), by theorem 3(ii)
z— (0A (z—y)), sincex —x =0
z—(0—(0—(x—y))), by theorem 3(i)
z —(0—0), by Lemma 1 (by)

x—0, since0—0=0

= x, by Lemma 1 (b)

16



which implies
zA(zVy) == (2.4)

Therefore, as we see from equation (2.3) and (2.4) ([0, z], V, A", 0, x)
holds Absorption property.
5. Distributive Law: We want to show that:
A xANyVz)=(xAy)V(zAz)
B.zV(yAnz)=(xVy A(zVz2).

A xAN(yVz) = Ay AZ'), by theorem 3(iii)
= zA[(x—y)A(x—2)], by theorem 3(ii)
= xAlx—|[(x—y)A(x—z)]], by theorem 3(i)
= x—|zr—[r—(r—vy)]—[(xr —y) — (x — 2)]], by theorem 3(i)
z—|(z—y) =[x —y) — (r—2)]], by Lemma 1 (bs)
= z—[(x —y) A (z — z)], by theorem 3(i)
[

= 1z — [y A 2], by theorem 3(ii)
= [y AZ'], by theorem 3(ii)
= yV z, by theorem 3(iii) .

which implies
rA(Vz)=yVz (2.5)

— (z —y)| V [z — (z — 2)], by theorem 3(i)
—(x—y)] Az — (x — 2)]']", by theorem 3(iii)

@AYV Az = |
= =
[z
= z—[(x—y)A(z—z)], by Lemma 1 (b4)
= x— [y AZ], by theorem 3(ii)
= [y’ A 2], by theorem 3(ii)
= yV z, by definition .
which implies
(xAy)V(eAz)=yVz (2.6)
Thus from equation (2.5) and (2.6), we get

ANyVz)=(@Ay) V(zAz)

17

—[r—(x—y)]A[x— [z — (x—2)]]], by theorem 3(ii)



B. xVvV(yANz) = xV]y—(y—z)], by theorem 3(i)

A

0 — 0], by Lemmal b,
0] =2 — 0, by theorem 3(ii)
= z, by Lemmal (b;).

[
[
[0
= [0-
[
[

which implies
zV(yAz)=z

(xvVy)A(xVz) = (@ ANY) AN A2, by theorem 3(iii)
= [@—2)A@—yl' Az —2)A(@—2)],

# Aly—(y—2)|'], by theorem 3(iii)
(z—x)Alz—[y—(y—2)]]J, by theorem 3(ii)
[z — [y — (y—2)]]]', sincex —x =0
[0—[z—[y—(y—2)]]]I', by theorem 3(i)

(2.7)

by theorem 3(ii)

= [0A(z—y)]' AOA (x —2)], sincex —z =0
= z—[0A(z—y)] Az —[0A (z— z)], by theorem 3(ii)

= r=[0-[0-(z—yllAz—-[0-[0-
= x—[0—-0]Axz—[0—0], by Lemmal (b)

= 2—0Az2—0, since0—-0=0
= x Az, by Lemmal (b)

= x — (x —x), by theorem 3(i)
= x—0, sincex—x=0

= x, by b

which implies
(xVy)AN(xVz)==x

From equation (2.7) and (2.8), we have
zV(yAz)=(xVy A(xVz
Hence ([0, z], vV, A, , 0, ) holds Distributive property.
6. Involution Law: we want to show that: z” = x.
2" = (2'), by theorem 3(ii)
= (x —x), by theorem 3(ii)
= x — (z — x), by theorem 3(i)
= x—0, sincex—x=0

= x, by Lemma 1 (b;)
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(x — 2)]], by theorem 3(i)

(2.8)



Hence 2" = .
Therefore, ([0, z],V,A,,0,x) holds Involution property.

7. Complement Law: We want to show that:

A yvy=uz
B. ¥ Ay=0.
Ay vy = " NY), by theorem 3(iii)

(v
= (yAY), since by (6) y" =y
= (yA(x—vy)), by theorem 3(ii)
= 2—[(y—(y— (z —y)))l, by theorem 3(i)
= z—(y—y), since (y — (—y)) =y
= x—0, sincey—y=20

= z, by Lemma 1 (b).
Hence v/ Vy =z

B. y ANy = (z—y) Ay, by theorem 3(ii)
—y) — [(x —y) —yl, by theorem 3(i)

z—y)— (z—y),since (v —y) —y = (v —y)

Hence v Ay = 0.
Therefore, ([0, z],V,A,,0,x) holds Compliment property.
8. Identities Law: We want to show that:

A. There is a unit element 0 in X such that y V0 =y.
B. There is a unit element x in X such that y Az = y.

A yvo = [y/ A0, by theorem 3(iii)

—[(x —y) A (x — 0)], by theorem 3(ii)

— [(z —y) A z], by Lemma 1 (b;)

— [(x —y) — [(x — y) — z]], by theorem 3(i)
(& —y) -
—(r -

0], since [(z —y) — x] = 0.
y), by by
x — (y'), by theorem 3(ii)
= y” =y, since by (6)y” =y.
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Hence y V0 = y.

B. yANz = y—(y—x), by theorem 3(i)

Hence yAx =y.

= Qf—(l’—y), bys?
= 1z —(y), by theorem 3(i)
= 3" =y, since by (6)y" = y.

7

Therefore, ([0, z],V,A,,0,x) holds Identities property

9. We want to show that:

l.yve==x
2.yN0=0
1. yve =

Hence y V x = x.

(v A2')’', by theorem 3(iii)

[(z —y) A (x — )], by theorem 3(ii)
z—[(xr—y)A0], sincex —z =0
r—|[(x—y)—[(x —y) —0]], by theorem 3(i)
z—[(z—y) = (z—y)], by by

x—0, since (z—y) —(x—y)=0

x, by b

2. yANO = y—(y—0), by theorem 3(i)

Hence y A0 = 0.

y—vy, sincey — 0=y
= 0, sincey —y =0.

10. De’Morgan’s Law: We want to show that:
i (zVvVy) =2 Ny
i.(xAy)=2Vy.
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— (z Vy), by theorem 3(ii)

— (2’ Ay')', by theorem 3(iii)

= z—[(z—2)A(z—y)]', by theorem 3(ii)
[z
[z
[

= z—[z—[0A(z—y)]], sincex —x=0
= x—[x—[0—(0—(x—y))]], by theorem 3(i)
= x—[z—[0—0]], by Lemma 1 (by)

= x—[r—0], since0—-0=0
= z —x, by Lemma 1 (b;)
= 0, sincex—x =0

which implies
(xVy) =0 (2.9)

ANy = [(x—x)A(z—y)], by theorem 3(i)
A(x—y)], sincex —z =0

0
0—(0— (x —y))], by theorem 3(i)

= 0—0, by Lemma 1 (by)
= 0
which implies
ANy =0 (2.10)
Now from equation (9) and (10), we get (x Vy) =2’ Ay
it. (xANy) = x—[x—(r—y)|, by theorem 3(i)
= (x —vy), by lemma 1 (by)
—_= y/
which implies
(@ny) =y (2.11)
vz = (z—21z)V(r—y), by theorem 3(ii)

V(z—y), sincex —x =0

A (x —y)'|, by theorem 3(iii)
—[(z-0)Afz
— [z Az — (2 —y)]], by Lemma 1 (b;)

= v —[r—[z—[z—(z—y)ll, by theorem 3(i)
— [z
— [z

_ w
— (z —y)]], by theorem 3(ii)

— (z —y)], by Lemma 1 (by)
—(r—y)

=($—w=y

—

, by Lemma 1 (b4
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which implies
¥Vy =49 (2.12)

From equation (11) and (12) above we have
(zAy) =a"vy

Hence ([0, z], V, A,”, 0, z) holds De’Morgan’s property.
Therefore, ([0, z],V,A,,0,x) is Boolean Algebra.

]

Lemma 2. Let (X, —) be a subtraction algebra. Then following conditions are
true, for all v,y,z € X.

a. (r—(r-y) <y

>

-y - (y—2)=(r—y)
(=2 = (2—y) < (v —2)

d x<y<sx=y—w, for somew € X.

o

e.r<y=c—z<y—zandz—y<z-—ux, forallz e X
fry<z=z—y=xAN(z—y)
h. (xANy)—(zANz)<zA(2z—vy).
Proof.  a. We want to show that: (r — (z —y)) —y =0
(r—(r—-y)—y = (Y—(y—2)) -y by S
= (—y)—(y—=), by 5
0—(y—x), sincey—y=0
0, by Lemma 1 (by)
implies (v — (x —y))—y = 0

Hence
(—(z—-y) <v.

b (x—y)=(y—2) = (&—(y—=)) -y, by 5
= x—y, since (r— (y—z)) ==z
Hence

(z—y)—(y—2) = (z—y).
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c. fx—z<zandz—y <z then (r—2)—(z—y) < (z—2).

d. (=) Ifx <y, then z —y =0. Let w =y — z, for some w € X. We
want to show that r =y — w.

x = x—0, by Lemma 1 (b;)
= x—(r—y), sincex—y=0
= y—(y—=x), by S
Yy —w, since w =y —

Hence
xr =1y — w, for some w € X.
(<) Suppose r =y — w, for some w € X. We want to show that: x <

y.
r = y—w
r—y = (y—w)—y, by subtracting 'y’ from both sides .
r—y = (y—y)—w, by S
r—y = 0—w=0, sincey—y=0
x—y = 0, by bs.

Hence x <'y.
e. Using 'd’ we prove '¢’ in the following way.
i. x <y if and only if x = y — w, for some we X, then

r = y—w
r—z = (
r—z = (y—
r—z < (

<
|
&
|
B
o
=
0
=
o
-+
=
&
o
g
=
02
N,
=
3
=)
o
s
-+
=
&.
2
@D
0

which implies z — z < (y — z).
ii. If z <y then x — y = 0 which implies
(z=y)—(z—2) = [z=(2—2)] -y, by 5
[z = (x = 2)] -y, by 5
= (@—y)—(r—2), by 53
= 0—(z—2), sincex—y=0
= 0, by Lemma 1 (by)
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, which implies

(z—y)—(z—2x) =01t gives (z —y) < (z — x).

Hence from i and ii we get,

r<yimpliesxr —2<y—zand z —y < z—ux, for all z € X.

. xaySZ:>x_y:x/\(z_y)u
If x <z then z —y <z —y, using e’ above. But z —y <z

which implies

r—y<zA(z—vy) (2.13)
Let w = xA(z—y), for somew € X.
= x—(r—(2—1y)), by theorem 3(i) .
= (z—y)—l(z—y) —a], by 5.
< =z, by Lemma 2(a)
Then w <z, 80 w =2 Aw =2 — (r —w) and also,

Let w

= yA(z—y), for somew € X.

= y—(y— (2 —vy)), by theorem 3(i) .

= (2—y) —[(z—y)—y], by S.

= [(z—y)—(z—y)], since (z —y) —y = (2 —y)
= 0, since (z —y) — (2 —y) =0.

impliesw=yA(z—y)=yAw=0

impliesy Aw = yAzxzA[(z—1y)], sincew=yA (z—1y).
= (zAy)A[(z—v)], by commutativity.
= xAly—[y—(2—1y)]], by theorem 3(i)
= A [(z—y)—[(z—y) —yl], by S
= xA[(z—y)— (2 —y)|, by theorem 1(i)
= x A0, since (z—y)—(z—y)=0
= x — (z —0), by theorem 3(i) .
= x —ux, by Lemma 1 (b;).
= 0, sincex—x=0

impliesyAw = y—(y—w)=0

which implies w — (w—y) = 0
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11.

Hence w — (w—y) =wAy=axA(z—y) ANy =0, sincew =z A (2 —y)
which implies w — (w — y) = 0.

Thus w—(x —y) = (w—0)—(zr—y), sincew < x.
[w—[w— (w—=y)]] = (x —y), since [w— (w—y)] =0
(& —y), since [w— [ — (w—y)]] = (w - 1)
) —y] —(z—y), sincew =z Aw=2z—(x—w).

I
£}
|
®
|
g

= [(z—y) - (@ -w)] - (z—-y), by 5%

= [(z—y)— (= —y)] - (z—w), by S

= 0—(x—w), since (x —y)—(r—y)=0
0, by by

which implies w — (x — y) = 0, and it gives x A (z —y) — (v —y) =
which implies
rA(z—y) <(z—y) (2.14)

Therefore, from equation (13) and (14) we get,
z,y < zimpliesx —y =x A (2 — y).

(xANy)—(xANz) <aA(y—z) To prove this we need to apply the
concept of theorem(3) and Lemma(2) above.

(@Ay) = (zAz)=[r—(z-y]-[r—(z-2)]

= [y—(y—2)—[z=(z—a)], by S.
< (y—2),since [y—(y—x)| <yand [z —(z—2)] <z

which implies (x Ay) — (x A z) < (y — 2).
(xANy)—(xANz) <z Ay

(z—y)=y—(y—x), by S

= I —
< =z

Thus from i and ii we get,(x Ay) — (x Az) <z A (y — 2).
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Chapter 3

Ideal of Subtraction Algebra

Just as normal subgroups played a crucial role in the theory of groups, so
ideals play an analogous role in the study of rings. It also plays an essen-
tial part to examine the definition and elementary properties of subtraction
algebra. Ideals are defined on a subtraction algebras X and have their own
character which makes them different from subtraction algebra. We also put
some topics which have a related concept with ideal of subtraction algebra.
This helps the reader to understand the topics with their detail proof and
explanation. In addition to this some examples are provided to give more
hint to the reader. After this review we pass to the definition and discus of
properties of ideal of subtraction algebra.

3.1 Definition and Some properties Ideal of
Subtraction Algebra

In this section we will see the definition of ideals of subtraction algebra and
give an example of it.

Definiton 7. A nonempty subset A of a subtraction algebra X is called an
ideal of X, if it satisfies the following conditions:

1. 0e A
2. Forallz e Xand forallye A, x —ye A=z € A.
Example 8. Let X = {0,a,b,c,d} in which” —" defined by the table below:

26



- 0 a b c d
0 0 0 0 0 0
a a 0 a a 0
b b b 0 b 0
c c c c 0 c
d d d d d 0

Then (X, —) is a subtraction algebra. Therefore, A ={0,c} is an ideal of
a subtraction algebra of X.

Proof. Using definition of ideal subtraction algebra, for all x € X and for all
yeAr—yeA=zc A

1. Let t =0,y =0. Thenx —y=0—-0=0€ A=z € A.
2. Letz=c,y=0. Thenzx —y=c—0=ce A=z € A.
3. Let e =0,y=c. Thenx —y=0—c=0€ A=x € A
4. Let r=c,y=c. Thenzx —y=c—c=0€ A= x € A.

From these, we conclude that A = {0, ¢} is an ideal of a subtraction algebra
X. O

Lemma 3. An ideal of a subtraction algebra X has the following property.
For all x € X and for all y € A, x < y implies z € A.

Proof. i. By definition of ideal 0 € A.

ii. Let x € X and y € A such that x <y if and only if x —y =0 € A,
since A is an ideal of X. This implies x —y € A. Thus x € A.
]

Remark 2. 1. If A is an ideal of X, then it is not empty , so there ewist
at least one element a €A such that a —a =0 is also in A.

2. If A and B are two ideals of a subtraction algebra X, then AN B is also
an ideal of X.

Proof. i. Since A and B are ideals of X,
0€ Aand 0 € B implies 0 € AN B implies AN B # O.
ii. Forallzre X andye ANB,r—y€ ANB
zr—yceAandxr—ye B
= x € A, since A is an ideal of X and x € B,since B is an ideal
of X
=z€ANB

Hence AN B is an ideal of X. O
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3. If A and B are two ideals of a subtraction algebra X, then AU B is may
not be an ideal of X.

4. If A and B are both an ideal of a subtraction algebra of X, then ANB =
ANB.

Proof. (=) If v € AN B, then x = a A b, for some a € A and b € B.
Then

aANb = a—(a—0), by theorem 3(i)
= b—(b—a), by Sy
< a, by Lemma2(a) .

=aAb<agandacA.

= aAbe A Similarly: a Ab=a— (a—0b) <b, by Lemma2(a).
=aAb<bandbe B.

=aNbeAeB. ThusaANbe ANB.

(e)lfxe ANB, thenx =2 Az € ANB. lex =2 — (v — x)
=>r=x€ANDB.

Therefore ANB = AA B. O

5. Let (X, —) be a subtraction algebra and let x € X and y € A, where A
1s an ideal of X , then the following axioms are true.

a. v =y—(y —x)
b. x € A.

Proof. Since for all x, y € X, if x <y if and only if z —y = 0, then

y—(—x) = z—(x—y) by 5
= x—0, sincex —y =0

= .
Hence y — (y — z) = x. But y € X, then x € A. ]

Theorem 4. Let A be a non-empty subset of a subtraction algebra X. Then
the set:

K={zeX:(.(t—a1) —ag) —...) —a, =0, for some ay,as,...,a, € A},
forne N

is a minimal ideal of X containing A. Where N is denoted the set of natural
number.
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Proof. 1. Since 0 € X, then {(...((0 —ay) —as) —...) —a, =0 € K, for
some aj, ag, ..., a, € A}, which implies K # .

ii. Let z € X be such that y € K and x —y € K. Then

(..((y —a1) — ag) — ...) — a, = 0, for some ay, as, ,a, € A, and
(.(((x —y) = by) —ba) — ...) = by, = 0 for some by, by, , b, € A and for
n,me N.......... *

Now by applying S5 in to (*), we get

(.(((z—=y)=b)—by)—...)—byn = 0
((..((x—=by) = b)) —...) = bw) — ¥y 0, by S3
((...((x = by) —bg) —...) — b) y, by poset property
(o (((Coe((z=b1) = b2) — o) = b)) —a1) —ag) — ...) — ay
(...((y —a1) — ag) — ...) — ap, by Lemma2(e)
(o (((Co((z=b1) = b2) — o) = b)) —a1) —ag) — ...) — ay
It follows that x € K, so that K is an ideal of X. Let G be an ideal of

X such that A C G. We need to show that K C G
Let x € K, by definition ideal there exist ay, as, ..., a, € A such that

IAIA

0, by it self

(..(z—a1)—ay)—..)—a,=0€G
(.((r—a1)—az)—..)—a,1=0€G
(..((r—a))—az)—...)—a, 2=0€G

L.=0ed

Which implies x € G. Hence K C @, is a minimal ideal of X containing
A.

]

From the above theorem we have seen that the ideal K is generated by A

and is denoted by (A).

Theorem 5. Let X be a subtraction algebra. For any a,b € X andn € N,
the set
[a;0"] :={z € X:(x—a)—b0"=0, for n € N} is an ideal of X.

Proof. 1. Since 0 € X, then we have (0 — a) — " = 0 € [a;b"], which
implies [a; b"] # O implies 0 € [a;b"], thus [a; "] # O.
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ii. Let 2 € X be such that y € [a;b"] and x — y € [a;b"]. Then applying
S3 and by, we have

(z—y)—a)—b" =0
(z—a)=(y—a))—b" = 0, by bs
((r—a)—(y—a)) —b) —b""t = 0, since b" =b—b""*
((x—a)=b) = ((y—a) = b)) =b""" = 0, by bs
(z=a) =b) = ((y—a) = b)) =b) =b"* = 0,
(z=a)=b")=((y—a)=0") = 0

(x—a)—=0")—0 = 0, since ((y —a)—0b") =0
((x —a)—0") = 0, by Lemma 1 (bs)

= x € [a;b"].
Therefore [a;0"] is an ideal of X.
[

In the next theorem, using the idea of the set [a;b"], we establish a con-
dition for a subset of a subtraction algebra X to be an ideal of X.

Theorem 6. Let A be a nonempty subset of a subtraction algebra X. Then
A is an ideal of X if and only if [a;b"] C A for every a,b € A andn € N.

Proof. (=) Assume that A is an ideal of X and let a,b € A and n € N. If
x € [a;b"], then (z —a) — b" = 0. Since a,b € A, it follows that = € A, by
ideal definition (2). Hence [a;b"] C A

(<) Suppose that [a;b"] C A, for every a,b € A and n € N. Obviously
0 € [a;b"] C A. Let 2,y € X be such that y € A and x — y € A. Then

n

(r—(z—y)—y" = (t—(r—y)—y) —y"""
= ((x—y)—(x—y) —y" ", by Ss
= 0—y" ! since (z—y) —(x—y) =0
= 0, by by

Implies (x — (z —y)) — y™ = 0 and thus = € [x — y;y"] C A. Hence A is an
ideal of X O

Definiton 8. A nonempty subset A of a a subtraction algebra X is called
subalgebra if for all z,y € A, x —y € A.

Theorem 7. Any ideal of a subtraction algebra X is a subalgebra.
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Proof. i. By definition of ideal 0 € A

ii. Forallae X andbe A,ifa<b,thena—b=0€ A
=a—beA
=ac A
Hence A is an ideal of X. Now from (ii) we see that a — b € A, for all
a,be A
Thus is A a subalgebra.
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Chapter 4

Quotient Subtraction Algebra

Certain techniques are fundamental to the study of algebra. One such tech-
nique is the construction of the quotient set of an algebraic object by means
of an equivalence relation on the underlying set. This quotient construc-
tion can be applied to numerous algebraic structures including groups, rings,
boolean algebras and vector spaces. In this chapter we introduce the basic
concept and properties of quotient subtraction algebra.

Before we will examine the meaning and examples of quotient of subtraction
algebra, we will discus about equivalent relation

4.1 Equivalence Relation

A relation R from a set X to a set A is a subset of X x A. We say that a is
related to b under R if the pair (a, b) belongs to the subset, and we write this
as aRb. Then in this sub topic we will see a relation based on subtraction
algebra.

Definiton 9. Let X be a subtraction algebra and A be an ideal of X. For any
x,y € X, we define a relation as the following:

r~ysr—yeAandy—x e A

Theorem 8. Let (X, —) be a subtraction algebra and A be an ideal of X.
The relation "~7 define on X, for z,y € X, by:

r~ysr—yceAandy—x €A

15 an equivalence relation.
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Proof. i. Reflexive: For all x € X and A is an ideal of X, we have x —x =

11.

1ii.

0e A
>zr—cT €A T~1T.
Hence ~ is a Reflexive.

Symmetry: Forall z,y € X,z ~y<r—ye A, y—x e A. We want
to show that y ~ x.

Sc~y & v—yeA y—zeA
S y—xeA r—yeA
T~y & oy~

Hence ~ is a symmetry.

Transitive: Suppose, x ~ y and y ~ z, then z ~ 2z, for all z,y,2z € X.
Thatisx ~y < rv—ye A, y—r € Aandy ~ z & y—z € A,
z —y € A, then we want to show that = ~ z. By definition (9) above,
let z —y € A be given, then by Lemma 2(e),

we have

< (x—y)eA
(x—2)—(y—2) € A, by least upper bound property
S

A, since A is an ideals of X .

Similarly from

(z—vy) € A, we get
z—z)—(y—z) < (2—y) €A, by Lemma 2(e)
z—xz)—(y—x) € A, by least upper bound property
(z—x) € A, since A is an ideals of X .

Which implies,

(x—z)cAand (z—2z)c A~z
Hence ” ~ 7 is a transitive.

Therefore, 7 ~” is equivalence relation on X.

The set of equivalence class containing 'x’ is denoted by

r={yeX:y~uz}
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Proposition 1. Let (X, —) be a subtraction algebra and A be an ideals of X.
Let” ~7 be a relation which defined on X by:

r~ysr—yeAandy—x €A,
forall z,y,z € X. Then:
. 0exesreA
ii. (x—y)—y€(x—y)
iii. Ify € T, then x — (x — y) € T.

w. (r—y)—(y—=z) €.

v.x—(r—(r—y) €x—uy.

vi. Ify €z, then (x—2)—(y—2) €x—y.
Proof. i. Let 0 ez =0~z

&S 0—zcAandx—-—0c A
& r e A
Dex & xe€ A

. (r—y)—yex—uy.
To prove this we need to check the following two conditions:
Lfz—y)—yl-(x-yeA
2. (x—y) =z -y)—yleA,

L le-y)-yl-(z-y) = [[z-y)—(z-y)l-y by 5
= 0—y, since (x —y)—(r—y)=0
= 0, by Lemmal (bs)

=z—-y)—yl-(x—y = 0€A4

=[z-y) —yl-(z-y) € A

2. (—y)—[lz—y)—y)] = (z—y)—(z—y), by theorem 1(i)
= 0, since (z—y)—(r—y) =0

= (r—y)—[(r—vy)—y)] = 0€ A, since A is an ideal of X

= @-y) -[le-y -y € A
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Thus from (1) and (2) we have

(z—y)—yl—(z—y) €A
and
(z—y) —[lz—y) —yleA
S(@—y)—y~(r-y)
Therefore
(z-y)-yex—y

iii. If y € z, then x — (z —y) € 7.

Suppose y € . Thatisz ~y < v —y € Aand y —x € A, then we
want to show that: x — (z — y) € . To prove this we need to check
the following axioms,

a.r—(r—(x—y)) €A
b. (z—(r—y)—xz€A

which implies,

a. [z —(z—(z-y))

(o (o (=)
b (z—(r—y) -z = (r—2)=(z-y)), by 5

= 0—(z—vy), sincex —x=0
0, by Lemma 1 (by)
r—(r—(r—y)) = 0€A, since A is an ideal of X
r—(x—(r—y) € A

m
=

Thus from a and b we have

[t—(r—(r—vy))] € Aand [x — (z — (z — y))] € A if and only if
r—(x—y)~z

Therefore, [z — (x — y)] € Z.

iv. (t —y) — (y —z) € . Then we need to check the following two

conditions:

Lfz—y-(y-—a))-zecd
2. z—[(zr —y) — (y — )] € A. Which implies
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[(z = (y —)) —y]l — =], by S
(IE—y)—QZ’, bySl
(x—x)—y, byS?)

L [(z—y)—(y—2)—=

0 —y, since (r —z = 0.

0, by Lemmal (by)

0 € A, since A is an ideal of X

A,

=[xz —(y—2x))—y

[t — (x —y)], Since [z — (y —z)] ==

[(z—y)—(y—a)—=

=
=>[r-y)-y-2)]-=
2

i m

< x—ux, since (z—y) <x

< 0, sincex—x=0
=z—[(r—y)—(y—z) = 0€A, since A is an ideal of X .
=r—|(z-y)-(y—z) € A

Thus from (1) and (2) we have

[(z—y)—(y—z)]-—z€A
and
r—[z-y)—(y—z)]ecA
if and only if
(z—y) —(y—z)~z
Hence
-y --—2)ex

cx—(z—(z—y)) ex—uy.
To prove this we need to check the following axioms:

a. r—(x—(x—y) —(x—y) € A
b. (z—y)—[z—(z—(xr—y))] € A Then

a. v—(z—(z—y))—(r—-y) (z—y) — (z—y), by Lemma 1 (by)
0, since (z —y) — (z—y) =0

0 € A, Since A is an ideal of X .

=z—(z—(z—-y)—(z—y)
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vi.

1.

szr—(x—(r—y))—(r—y) € Aand

b. (z—y) = [z —(z = (z—y))]
(x—y) = [z —(z - (z—-y))
(@ —y) = [z = (z - (z—-y))

(r—y) =z —(z—(z-y)l 4

Now from (a) and (b) above we get

(# —y) — (z —y), by Lemma 1 (by)
0, since (z —y) —(x —y) =0
0 € A, Since A is an ideal of X .

r—(r—(z—y)—(z—y €A

and

(z—y)—lz—(-(z-y)lecA

if and only if

r—(r—(r—y)~(@—y)

Hence we obtain

r—(r—(r—y)er—y

Ifyez then (z—2)—(y—2) €x—y.

Suppose y € . Thatisz ~y< xr—y € Aand y —x € A, then we
want to show that: (z —2) — (y—2) € x — y.

To prove this we need to check the following axioms.

L. [(x—2)—(y—2)]—(x—y) € A And

2 (e —y)—[(e—2)— (y— =) € A

(z—2)—(y—2)]—(x—y) = [(@—2)—(@—y)]—(y—=2), by S5
= [(@—(r—y)) —2l—(y—=2), by S
= [(y—(y—2) —z]—(y—=2), by S
= [(y—2)—(y—a2)] = (y—2), by S
= [(y—2)—(y—2)]—(y—2), by S3
= 0—(y—x)

—(:L‘

—(z—

0, by Lemma 1 (bs).
0cA

—1y) =0 € A, since A is an ideal of X.

y) € A. And

(x —y), by Lemma 2(a)
(x —y), and (x —y) € A.

IANIA
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= (z—y) —[(xr—2) = (y—2)] € A
Thus from (1) and (2) we obtain

(@—y)—lz=-2)-(y-2)]ecA

and
(r—2)—(y—2)] - (r—y) €A
-2 —(y—2)~ -y

Therefore,

(r—2)—(y—2)er—y
[l

Lemma 4. Let (X, —) be a subtraction algebra and A be an ideal of X and
forall x,y € X. Then,

r~ysSr—ycAandy—xe A
is a congruence relation on X.

Proof. Suppose © ~yand u ~v,iex ~y<sr—y € A y—xr € A and
u~vsu—veEA v—u€A, forall x,y,u,v € X. Then we want to show
that x — u ~ y — v. Using definition (9) above, let x —y € A be given, then
by applying Lemma 2(e) and Lemma 3 we have,

(z—u)—(y—u)<(z—-y) € A
(x —u) — (y—u) € A, by least upper bound property
Similarly by definition (9), let y — 2 € A be given, then using Lemma 2(e),
we have
(y—u)—(z—u)<(y—z) € A
(y—u)— (x—u) € A, by least upper bound property
Hence (x —u) — (y—u) € A, (y—u) —(x —u) € A< (v —u) ~ (y —u)
which implies
(o = u) ~ (y — ) (11)

And using the same Lemma 2(a) above we get,

y—(y—v)<w
and
y—(y—u)<u
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then it becomes
W—-—v)-us(v-u) €A

and
(y—(y—u)) —v<(u—wv) €A, by Lemma 2(e)
(y—(y—v)—uecA
and
(y— (y—u)) —v € A, by definition (9)
(y—u)—(y—v)e A
and

(y—v)—(y—u) €A, by Ss

From this we get

(y—u)—(y—v)eA
and
(y—v)—(y—u)cA
& y—u)~(y—v)
which implies
(y —u) ~ (y —v) (4.2)
Hence from (4.1) and (4.2) we have,

(z —u)~ (y —u)
and

(y—u)~(y—v)
Then by transitivity property we have,

(. —u) ~ (y —v)

2

Therefore, 7 ~ 7 is a congruence relation on X. O]

Corollary 1. Let X be a subtraction algebra and A be an ideal of X. Let "~"
be the relation which defined as

r~ysr—yeAandy—x e A

Then
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i. Ifx~y, thenx —z~y— z,

i. If v ~y, then z —x ~ z —y.

Proof. i. Suppose z ~ y. iex ~y < r—y € Aand y—x € A, for

11.

all z,y,z € X. Then we want to show that + — z ~ y — z. Thus by
definition (9) above, let x —y € A be given, then Lemma2(e) above we
have,

(z—2)—(y—2)<(z—y el

(z—2)—(y—2)cA
by least upper bound property
(x—2)—(y—2)€ A (4.3)

And similarly By definition (9), let y — 2 € A be given, again applying
Lemma2(e) we get,

(y—2)-(@-2)<(y-z)cA
(y—z2)—(r—2)€ A
by least upper bound property
(y—z2)—(r—2)€ A (4.4)
Hence from (4.3) and (4.4) we have
(x—2)—(y—2)€ A

and
(y—2)—(x—2)€ A
if and only if
(x—2)~(y—=2)

Therefore, if x ~ y, then v — z ~ y — 2,

Similarly suppose t ~yiex ~y<x—y e Aand y —x € A, for all
x,y,z € X. We have to show that z —z ~ 2z — y.
To prove this we need to apply Lemma2(a) i.e

-—(G-yl<yandlz—-(z-2)] <z

=(GE-yl-z<(y-2)
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and
[z—(z—2)] —y < (r—y), by Lemma2(e)

z—(z-yl-z<(y—7r)€ A

and
[z —(z—2)] —y < (x—y) € A, by definition(9) above

z—(z—y)]—xz€A

and

[z — (2 —x)] —y € A, by Lemma(4)

(z—x)—(2—y) €A

and

(z—y)—(z—z) € A, by S5

(z—x)—(z—y) €A

and

(z—y)—(z—2)€ A
If and only if
(z—2)~(2—y)

Therefore, if v ~y, then z —x ~ 2z —y

O
Proposition 2. Let X be a subtraction algebra and A be an ideal of X, then
A=0.

Proof. (=) lfx € A,thenx —0=2¢€ Aand 0 —x =0 € A, implies z ~ 0.
Hence z € 0.
(<)letz €0, 2 ~0

&S r—-—0€Aand 0 —x € A,
& rveAand 0 € A,
& xeA

Hence A = 0. O
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4.2 Quotient Subtraction Algebras

In this section, we will see the definition and elementary properties of Quo-
tient subtraction algebra.

Definiton 10. Let X be a subtraction algebra and A be an ideal of X . Let
7~ 7 be an equivalence relation which defined as

r~ysr—yeAandy—x e A

Then the set of all equivalence classes in X is denoted X/A and called the
quotient set of X by A.

Theorem 9. Let X be a subtraction algebra and A be an ideal of X. Then
X/A is a subtraction algebra with the operation” —" given by

T—y=x—y forall x,y € X.

Proof. Since ” ~ 7 is a congruence relation on X, the operation ” — 7 is well
defined. Then using S, S5 and S3 we have to done in the following:
S1. T—-(y—z) = - (y—2)
= z—(y—=x)
=
Hencer — (y—z) = =&
S T—(T—-9) = z—(z—y)
= z—(z—y)
= y—(y—=)
= J-(y—)
= y-U-7
Hencez — (2 —y) = y—(y—71)
Sy, (x—y)—z = (v—y) —=2
= (z—y)—2)
= (x—2)—y
= T—2)—7
(—-2)—7
Hence (z—y)—2 = (Z—2)—1.
Therefore X/A is a subtraction algebra.
[
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Theorem 10. If A and B are any two ideals of a subtraction algebra of X
and A C B, then the following conditions are satisfied.

(a) A is an ideal of subalgebra B.
(b) B/A is an ideal of quotient algebra of X/A.
Proof.  (a) To prove this we need to check the following conditions.

i. Since A is an ideal of X, then 0 € A implies A # .

ii. For all x € B, and y € A such that x —y € A, by definition of
ideal. Since B C X and A is an ideal of X. Then z € B implies
reX.

Therefore x — y = x € A. Hence A is an ideal of a subalgebra B.

(b) BIA={z:ze B} C{z: 2z € X} =X/A
1. Now from hypothesis, since B is an ideal of X we have 0 € B and
this implies 0 € B/A, which implies B/A # ()

2. Let z, y € X/A be such that y € B/A and z —y € B/A. Then
y € B and x —y € B. Again from hypothesis, since B is an ideal
of X, we get x € B. Then 7 € B/A.

Hence B/A is an ideal of quotient algebra of X/A.

[]

Theorem 11. If B* is an ideal of quotient subtraction algebra of X/A |then
B = Uzep+T is an ideal of X and A C B.

Proof. To prove this we need to check that,

a. Since A is an ideal of X and A = 0 € B*, we get 0 € B, by prop.(2)
Which implies B #

b. Again since A is an ideal of X and for any # € A,z € 0 C B, then
A C B, by prop.(2)
Let x —y € B be such that y € B, and it becomes Z — j = x — y € B*
and § € B* | by theorem (9). Which implies y € B
Therefore, B is an ideal of X.

]

The set of all ideals of subtraction algebra of X is denoted by A(X). Also
we show that the set of all ideals which are containing A on X by A(X, A).
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Theorem 12. Let A be an ideal of subtraction algebra of X. There exists a
one-to-one and onto mapping f : A(X,A) — A(X/A) defined by, for any
B e A(X,A), f(B) = B/A.

Proof. Using the Theorem (11), fis onto. For any I, J € A(X, A), let f(I) =
f(J) but I # J. Then, at least for any x € J, we have x ¢ I. Since
f) = f(J), we get z € f(I) and T € f(J). Then there exists z € I such
that Z = Z. Hence we obtain x ~ z, that is, z — 2z € A. By symmetry, we
have z —x € A. Since A C I , we have x — z € I and also since z € I, we
obtain x € I by the definition of an ideal, which contradicts x is not in A.
Therefore, f is one to one. O
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Chapter 5

Isomorphism Theorems of
Subtraction Algebras

In almost all the algebraic structures in mathematics, there is a natural
question of isomorphism. Given two algebraic structures of the same type,
most of the time we want to determine if they have the same structure
regardless of their elements. The most common examples are; isomorphisms
of groups; isomorphisms of rings; isomorphisms of vector spaces and so on.
In this part of our work we consider isomorphisms of our main algebraic
structures; subtraction algebras.

5.1 Definitions and Some basic Properties of
Subtraction Algebra Homomorphisms

In this section we will explain the definition and some properties of homo-
morphism of subtraction algebras.

Definiton 11. Let (X, —) and (Y,©) be any two subtraction algebras. A

mapping
p: X— Y

that satisfies the condition
Oz —y) = o(z) © d(y)
for all z,y € X is called a homomorphism of subtraction algebras.
Let (X, —) and (Y, ©) be two subtraction algebras and
f: X—Y

be a homomorphism of subtraction algebras.
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(a) If the mapping f is an onto function, that is for each element in Y there
exist a pre-image in X such that , f(X) =Y , where

f(X) ={f(z):z X},

then f is called an epimorphism and Y is said to be homomorphic image
of X.

(b) If the mapping f is a one-to-one function, then f is called an monomor-
phism.

(¢) The mapping is called an isomorphism if it is both an onto and one-to-
one.

If there exists an isomorphism f : X — Y, then we call X to be isomorphic
toY , written X 2 Y. Obviously X 2 Y impliesY 2 X and X XY, Y = 7
implies X & Z. In case if X =Y, then a homomorphism is called an endo-
morphism and an isomorphism from X into itself is called an automorphism.

Example 9. Let (X,—) and (Y,0) be two subtraction algebras.

(a) The identity map 1 : X — X defined by 1(x) = x for all x € X is an
isomorphism. Thus X = X.

(b) The zero homomorphism 0 : X — Y defined by 0(x) = 0 for all
x € X, where 0" is the zero element for Y.

We denote the set of all homomorphisms from X into Y by Hom(X,Y)
and for any f € Hom(X,Y') and any nonempty subset B C Y, the set

{r e X : f(x) € B}

is denoted by f~1(B), called the inverse image of B under f.
In particular, f~1(0')is called kernel of f. Note that

U ={z e X f(x) =0},
we will write kerf instead of f~!(0/).

Theorem 13. Let A be an ideal of a subtraction algebra of X. The mapping
p: X — X/A

which is given by p(x) = T for all z in X is a homomorphism.
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Proof. For any two elements x,y € X,

—

z—y)
-y
(by the definition of " —" on the set X/A)
= »(@) —ey)
(by the definition of ¢ on the set X/A).

pr—y) =

H I

This implies p(z —y) = p(z) — ¢(y) and hence ¢ is a homomorphism. [

Theorem 14. If B is an ideal of quotient subtraction algebra of X/A, then
f~Y(B) is an ideal of X and A C f~(B).

Proof. A mapping f : X — X/A, given by f(z) = z, is a homomorphism.
Then we need to check that the following axioms are true.

i. Let 0 € X, f(0) =0 € B, implies 0 € f~!(B),
thus f~1(B) # 0.

ii. For any z € X and y € f~!(B) such that z —y € f~}(B). Then
flyy=y€Band f(r—y)=2—y=7—7 € B. Since B is an ideal
of X/A, we have z € B or z € f~!(B). Hence f~!(B) is an ideal of X.
Then by Prop.(2) above, for all z € A,z € 0 in B, we get 0 € f~!(B).
And this implies z € f~!(B). And A C f~1(B).

O

Let (X, —) and (Y, ©) be two subtraction algebras. For any two elements
z,y € X and x <y if f(z) < f(y), then f is called isotone. In the following
theorem, we shall see that every homomorphism of between two subtraction
algebras is an isotone.

Theorem 15. Let (X, —) and (Y,9) be two subtractions algebras and
f: X —Y
be a homomorphism. Then,
(a) f(0)=0" and
(b) f is an isotone.

Proof.
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(a) If 0 is the identity element in X and 0’ is the identity element in Y,
then we have
f(0) = f(0—0) (since (0 —0=0in X))
= f(0) & f(0) (by the definition of f)
= 0c0.
= 0

This implies f(0) =0'.
(b) Ifz,y € X and <y, then x —y = 0. Now using (a) we have

flz)— fly) = f(x—y), since f is homomorphism
= f(0), sincex —y =0
= 0/, by (a) above

Thus f(x)— f(y) = 0/ which implies f(z) < f(y). Hence f is an isotone.
[

Homomorphisms of subtraction algebras can be used to define some ide-
als of subtraction algebras that are related with the given homomorphisms.
Some of these ideals are given in the following theorem

Theorem 16. Let (X,—) and (Y,©) be two subtraction algebras, B be an
ideal in Y and f: X — Y be a homomorphism. Then,

(a) the set f~Y(B) is an ideal of X.
(b) Kerf ={a€ X : f(a) =0} is an ideal of X.

(¢) The set Imf ={beY :b= f(a) for some a € X} is called the image
of f and it is an ideal of Y.

Proof.
(a) Since B is an ideal of Y and f(0) = 0, we have f(0) = 0" € B. This
implies 0 € f~1(B).

Assume that z —y € f~%(B) and y € f~'(B). Then f(z —y) € B and
f(y) € B. This implies f(z) © f(y) € B and f(y) € B. Since B is an
ideal of Y, f(x) € B. Thus z € f~(B) and hence f~'(B) is an ideal
of X.

48



(b) Since {0’} is an ideal of Y and Kerf = f~({0'}), by (a) above we have
Kerf is an ideal of X.

(¢) We have f(0) = 0', which implies 0’ € Imf.
[

Example 10. If (X, —) is a subtraction algebra and A is an ideal of X, then
in Theorem 9 we have seen that X/A is a quotient subtraction algebra and
in Theorem 13 we have seen that X/A is a homomorphic image of X, as the

mapping
p: X — X/A

given by
o(z) =2 forallz e X

a homomorphism. Thus X/A is a homomorphic image of X.

5.2 Isomorphism Theorems on Subtraction Al-
gebras

In this section we consider the isomorphism theorems on Subtraction Alge-
bras. We start with the first isomorphism theorem.

Theorem 17. Let (X, —) and (Y,8) be two subtraction algebras and f :
X — Y be an epimorphism. Then X/Kerf =Y.

Proof. Since Kerf is an ideal of X, X/Kerf is a subtraction algebra. Define
g: X/Kerf —Y by g(z) = f(x).

(a) If z =y, then v —y,y — x € Kerf. This implies
fle—y)=fx)6 fly) =0 and f(y —z) = f(y) © f(z) =0

Then using Lemma 1, we have f(y) = f(x) which implies ¢(Z) = ¢().
Hence g is well defined.

(b) If z,y € X/Kerf, then

9(z—y) = glx—y)
= flx—vy)
= f(z)e fy)
= 9(%) —g(y)

Hence g is homomorphism
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(¢) For z,y € X/Kerf, if & # y, then z —y ¢ Kerf or y — 2 ¢ Kerf.
Suppose © —y ¢ Kerf. Then f(x) © f(y) = f(z — y) # 0'. Therefore
f(x) # f(y) and hence ¢g(Z) # g(y). Thus, g is one-to-one.

(d) For any y € Y, there exists x € X such that y = f(z) as f is onto.
Thus

9(1) = f(x) =y,
which means that g is onto.

Therefore, ¢ is an isomorphism and then X/Kerf =Y.
O

Theorem 18. Let (X, —) and (Y,8) be two subtraction algebras and f :
X — Y be an epimorphism. If B is an ideal of Y, then X/A =Y /B, where

A= f1(B),

Proof. The mapping g : Y — Y/B given by ¢g(y) = ¥ is epimorphism. Then
the composition mapping

gof: X —Y/B
is an epimorphism. Now let us prove that
Ker(go f) = f'(B).

For any = € X, we have

(g0 f)lz) = g(f(2)) = f(2).

Suppose y € f~1(B). Then f(y) € B and hence f(y) = B. That is

(90 f)ly) = B.
This implies y € Ker(go f) and then
J7H(B) S Ker(go f).

Let z € Ker(go f). That is, (g o f)(x) = B. Therefore, we have f(y) = B,
and so f(z) € B. That is x € f~!(B).

Thus Ker(go f) = f~(B).

Therefore by Theorem(17), we have X/A = Y/B. O

Lemma 5. Let (X,) and (Y,0) be two subtraction algebras, f: X — Y be
an epimorphism and A be an ideal of X. If Kerf C A , then f~(f(A)) = A.
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Proof. Since A is an ideal in X, it is obvious that A C f~1(f(A)).
Suppose z € f~!(f(A)), then € f(A). There is exists y € A such that

f(x) = f(y)., so
fle—y)=flx)o f(y) =0.

Thus © —y € Kerf C A. Sincexz —y € A and y € A, we have © € A.
Therefore f~1(f(A)) C A. O

Theorem 19. Let A and B be two ideals of a subtraction algebra X, A C B
and
f: X— X/A

and

g9: X/A— (X/A)/(B/A)
be epimorphisms. Then X/B = (X/A)/(B/A).

Proof. Let h = go f. Then h : X — (X/A)/(B/A) is an epimorphism.
Hence

X/Kerh 2 (X/A)/(B/A).

Then have prove that Kerh = B. Since Kerh = {x € X : h(x) = B/A}, by
theorem 10,19 and Lemma 5 we have

Kerh = h™(h(B)) = B.
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Conclusion

This Project work is conducted on quotient subtraction algebra. The key ele-
ments to proceed this project are subtraction algebra and ideal of subtraction
algebra. With out these topics we can’t talk about quotient of subtraction al-
gebras. To have a good knowledge on quotient of subtraction algebra, firstly
we know-it-all the meaning of subtraction algebras and ideals of subtraction
algebras, unless and otherwise it is difficult to speak about quotient of sub-
traction algebra. In general I got a good image on the proposed topic to
conduct another project around the topic.
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