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Abstract

A variety of applications arise in Mathematics with the growing concepts of
Graph Theory. Among the different applications; one of the first Optimiza-
tion problem studied in operations research is the Transportation problem.
The problem can be seen as the transport of products from warehouses to
stores, with a minimum possible transportation costs, in such a way that the
total supplies from all Warehouses are sufficient to meet the demands at all

the Stores.
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Introduction

The Graph Theory has a definite starting place, a paper published in 1736
by the Swiss Mathematician Leonhard Euler(1707-1783). The main idea
behind this work grew out of a problem known as the seven bridges of Konigs-
berg. This area of Mathematics grew fast since it models many problems in
science, specially in Computer Science.

An efficient algorithm developed to solve the maximum flow problem was in-
troduced by Lester R.Ford, Jr. and Delbert Ray Fulkerson. Basically,
it is designate to increase the flow in a transport network N iteratively, until
no further increase is possible.

Among the various applications of Graph Theory which is studied in Opera-
tions research is the Transportation Problem. The goal of the problem is
to find a routing of all the items from Warehouses to Stores that minimizes

the transportation costs.

il



Chapter 1

Preliminaries

1.1 Undirected Graphs

Definition 1.1.1. An undirected graph G is an ordered triple ( V(G), E(G),
ta) consisting of a nonempty set V(G) of vertices, a set E(G) disjoint from
V(G), of edges, and an incidence function Vg that associates with each edge
of G an unordered pair of(not necessarily distinct vertices of G). If e is an
edge and u and v are vertices such that ¥g(e) = (u,v), then e is said to

join u and v; the vertices uw and v are called the ends of e.

Example 1.1.1. Let G = (V,E), where V. = {vy,vq, 03,04, 05},

E = {e1,ez,e3 €4, €5, ¢6, €7, 5, €9, €10, €11} and Ya(er) = {vi,v3}, Ya(e2)
{vi,vs}, Yales) = {vi,va}, Yales) = {va,vs}, Yales) = {va,v3}, Yales) =
{v2, 04}, Yaler) = {vs,vs}, vales) = {vs, v}, Yaley) = {va, vs}, Yelew) =
{vs, vs} and Yg(eir) = {vs, vs}.

A graph can be represented using a picture, where points are used to rep-
resent vertices, and line segments to represent edges. Note that neither the
points nor the line segments have to do with the geometrical concepts of points

and line segments. They are simply there to show discrete objects and their
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connections.

Figure 1.1: A graph G

The definition and concepts in graph theory are suggested by the graph-
ical representation. The ends of an edge are said to be incident with the
edges, and viceversa. Two vertices which are incident with a common edge

are adjacent, as are two edges which are incident with a common vertex.

Definition 1.1.2. An edge with identical ends is called a loop, and an edge
with distinct ends a link. Two or more links with the same pair of ends are
said to be parallel edges. If a vertex of G has no incident with it or a vertex

which has no vertices adjacent to it then the vertex is called an isolated vertex.

Example 1.1.2. let G = (V,E), where V. = {u,v,w,x,y},

E = {a,b,c,d,e, f,g,h} and

Yala) = {v,u}, Pa(b) ={u,u}, dalc) ={v,w}, dald) ={w,z},

vale) ={v,z}, val(f) ={w 2}, velg) ={u.z}, va(h) ={zy}.

The edge b is a loop and edges d and f are parallel edges. See the graph G
on Figure 1.2.



Figure 1.2:

Definition 1.1.3. A graph is finite if both its vertex set and edge set are
finite.

Note that in this paper we consider only the finite graphs, and so the
term ’graph’ always means 'finite graph’. Any graph with just one vertex is

referred to as trivial and all other graphs are non trivial.

Definition 1.1.4. let G be a graph then,

i. G is empty if it has no edge. (a null graph)

it. A graph G is said to be simple if it has no loop and parallel edges.

Notation 1. The number of vertices(the order of the graph G) and edges(the
size of G) are denoted by |G| and |G| respectively.

Definition 1.1.5. A graph G is a weighted graph if each edge e of G is

associated with a real number, w(e) which is its weight.

Definition 1.1.6. A bipartite graph is one whose vertex set can be partitioned
into two subsets X and Y, so that each edge has one end in X and one in

Y'; such a partition (X,Y) is called a bipartition of the graph.

Definition 1.1.7. A complete bipartite graph is a simple bipartite graph with
bipartition (X,Y) in which each vertex of X is joined to each vertex in Y.

If | X|=m and |Y|=n, such a graph is denoted by K, .
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Example 1.1.3. The figure below is a complete bipartite graph, whose vertex

set can be partitioned into two subsets X and Y such that X = {x1, 29, 23}
and Y = {ylv 927y3}-

I Lo L3

2t Y2 ys

Figure 1.3: K33

1.1.1 Subgraphs

Definition 1.1.8. A graph H is a subgraph of G (written H C G ) if
V(H) C V(G), E(H) C E(G) and 1y is the restriction of 1g to E(H). When
HC G but H# G, we write HC G and called H is a proper subgraph of G.

Example 1.1.4. In Figure 1.4, we have a graph G and two subgraphs G,
and Gy of G such that V(G1) C V(G) and V(Gs) C V(G), E(Gh) C E(G)
and E(Gy) C E(G), and Yq, and g, are the restriction of g to E(G1) and
E(Gs) respectively.

() (Gy) (Gy)
b b b
[}
a ¢ (<] a o e
L ]
d d d
Figure 1.4:



Definition 1.1.9. A spanning subgraph of G is a subgraph H with
V(H) =V(G).

Definition 1.1.10. An induced subgraph of G is the subgraph obtained from
G by deleting some of the vertices in G together with their incident edges
and an edge-induced subgraph of G is the subgraph obtained from G by taking

some edge in G with their incident vertices.

Example 1.1.5. Consider a graph G with |G| = 4 and |G| = 5.

a b a b a

) .

| \\\\ \\\
c___~Nd ¢ d c‘—\ d

G a spanning induced subgraph
subgraph of G. of G.
Figure 1.5:

Definition 1.1.11. The degree of a vertex v in G is the number of edges of

G incident with v and denoted by dg(v), each loop counting as two.

Notation 2. We denote the minimum and mazimum degrees of vertices of

G by 6(G) and A(G), respectively.

Example 1.1.6. See the graph in Figure 1.6. dg(v) = 4, Y v € V(G).
Such a graph is known as a K-reqular graph, and K = 4 in this particular

example.



Figure 1.6:

Example 1.1.7. See the figure below,

Figure 1.7: 2-regular graph

1.1.2 Paths and Connected graphs

Definition 1.1.12. A walk in G is a finite nonempty sequence W = vgeqviea0s...€50y,

of vertices and edges, such that, for 1 < i < k, the ends of e; are v;_1 and v;.

Definition 1.1.13. A walk is said to be a path, if the vertices vy, v1, Vs, ..., U
of a walk are distinct and a walk is said to be a trail, if the edges ey, es, ..., €

of a walk are distinct.

Note 1.1.1. In a stmple graph, a walk voeijvieavs...€,0 is determained by
the sequence vgvivs...v; of its vertices; hence a walk in a simple graph can

be specified simply by its vertex sequence.



Example 1.1.8. Given a graph G = (V, E). See the figure below

b |f C
Walk: afcebdcfa
Trail: afcedbf
Path:afcdbe
d 3
Figure 1.8:

Definition 1.1.14. Two vertices u and v of G are said to be connected if

there is a (u, v) path in G.

Theorem 1.1.1. Connectedness is an equivalent relation on the vertex set

V.

Proof. We have a relation, a is connected to b, for a, b € V. Now we need
to show that this relation is an equivalent relation by showing the relation is
reflexive, symmetric and transitive.

(7). We have a (u, u) path with length zero, from the definition u is connected
to u. The relation is reflexive.

(7). Let consider a (u,v) path; u is connected to v, by reversing this path
we have another (v,u) path so by definition v is connected to u, then the
relation is symmetric.

(47i). Let we have (u,v) and (v,w) paths; u is connected to v and v is con-

nected to w, by concatenating the two path at v we form another (u,w)



path, then by definition u is connected to w. Then the relation is transitive.

Therefore by (i), (it) and (iii) the relation is an equivalent relation. O

Note 1.1.2. The proof of above Theorem is important for the partitioning
of the vertex set V into non empty subsets Vi, Vo, ..., V,,.

If there is a partition of V into non empty subsets Vi, V5, ..., V,, then
two vertices u and v are connected if and only if both u and v belong to the
same set V;. The subgraph G[Vi], G[V4],..., G[V,,] are called the components
of G. If G has exactly one component then G is connected; otherwise G is

disconnected. We denote the number of component of G by w(G).

1 4]
/k E\\\
3 3 2 6
(

b)

Example 1.1.9.

A

(a)

Figure 1.9: (a) A connected graph G, and (b) A disconnected graph G

cycles

Definition 1.1.15. A walk is closed if it has a positive length and its origin
and terminus are the same. A closed trail whose origin and internal vertices
are distinct is a cycle. A cycle of length K is called a K-cycle; a K-cycle is

odd or even according as K is odd or even.



Example 1.1.10. See the graph in Figure 1.10.

b C
A closed walk: acebdceba
Cycle: acedba
d 3
Figure 1.10:
1.1.3 Trees

Definition 1.1.16. An acyclic graph is a graph G which doesn’t contain a

cycle. A tree is a connected acyclic graph.

Example 1.1.11. The Figure 1.11 is the different form of trees in which

each tree has siz vertices.

LA

Figure 1.11: The trees on six vertices

proposition 1. In a tree, any two vertices are connected by a unique path.

Proof. We shall use proof by contradiction. Let G be a tree, and assume that

there are two distinct (u, v)-paths Py and Py in G. Since P; # P,, there is an
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edge e = xy of P; that is not an edge of P,. Clearly the graph (P, U P,) —e
is connected. It therefore contain an (z,y)-path P. But then P+e is a cycle

in the acyclic graph G, a contradiction that G is a tree. O
Theorem 1.1.2. If the graph G is a tree, then |G| = |G| —1

Proof. By induction on v

when |G| = 1, G has no edge and |G| = 0 = |G| — 1. Suppose the
theorem is true for all trees on fewer than v vertices and let G be a tree on
|G| > 2 vertices.

Let wv € E. Then G — uv contains no (u,v)-path, since uv is unique (u,v)-
path in G. Thus G — wv is disconnected and so w(G — uwv) = 2, The
components GGy and G5 of G — uv being acyclic are trees moreover, each has

fewer than v vertices. Therefore by the induction hypothesis

|G|l = [Gi| =1fori = 1, 2

Thus |G| = [|Gi] + |G|l +1
= |Gil+ G| =1
= |G| - 1. =

Definition 1.1.17. A Spanning Tree is a Spanning Subgraph which is a tree.

Cut edges and Cut vertices

Definition 1.1.18. A cut edge of G is an edge e such that w(G —e) > w(G).

Theorem 1.1.3. An edge e of G is a cut edge of G if and only if e is not

contained in a cycle of G.

Proof. Let e be a cut edge of G. Since w(G —¢e) > w(G) there exist vertices u
and v of G that are connected in G but not in G-e. There is therefore some

(u,v) path P in G which, necessarily, traverse e. Suppose that x and y are
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the ends of e, and that x precedes y on P. In G-e, u is connected to x by a
section of P and y is connected to v by a section of P. If e were in a cycle C,
x and y would be connected in G-e by the path C-e. Thus u and v would be
connected in G-e a contradiction.

Conversely, suppose that e=xy is not a cut edge of G; w(G —e¢) = w(Q).
Since there is an (x, y)-path(namely xy) in G, x and y are in the same
component of G. It follows that x and y are in the same component of G-e
and hence that there is an (x, y)-path P in G-e. But then e is in the cycle
P+e of G. [

1.1.4 Matching

Definition 1.1.19. A subset M of E is called a matching in G if its elements

are links and no two of them are adjacent in G.

Example 1.1.12. In the given Peterson graph in Figure 1.12, M = {af, ej, di, he, gb}

s a matching.

Figure 1.12: Petersen Graph

A matching M saturates a vertex v, and v is said to be M-saturated if
some edge of M is incident with v; otherwise, v is M-unsaturated. If every

vertex of G is M-saturated then the matching M is perfect.
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Definition 1.1.20. A matching M is a maximum matching if G has no

matching M with |M| > |M|.
Theorem 1.1.4. FEvery perfect matching is a Maximum matching.

Proof. let M be a perfect matching

suppose M is not a maximum matching, from the definition there exist a
matching M such that |[M| > |M]|, so it contradict that M is perfect match-
ing. But the converse is not true, we give a counter example which is a
maximum matching but not a perfect matching see the figure below whose
dark edges are in the set of maximum matching M but every vertex of the

graph is not M-saturated so its not perfect matching. O

Xg

Vs Ve

Xy A Xp

X =u

Figure 1.13:

Definition 1.1.21. Let M be a matching in G,

(i) An M-alternating path in G is a path whose edges are alternately in E\ M
and M.

(i) An M-augmenting path is an M-alternating path whose origin and ter-

mainus are M-unsaturated.

12



1.2 Directed Graphs

Definition 1.2.1. A directed graph D is an ordered triple (V(D), A(D), ¥p)
consisting of a non empty set V(D) of vertices, a set A(D), disjoint from
V(D), of arcs, and an incidence function 1p that associates with each arc
of D an ordered pair of(not necessarily distinct vertices of D). If a is an arc
and u and v are vertices such that vp = (u, v) then a is said to join u to
v; u s the tail of a and v is its head. For convenience, we shall abbreviated

‘directed graph’ to digraph.

Example 1.2.1. let D = (V, A) be a digraph such that V = {v,w,y,z,x}

and A = {vw,yw, zy,yv, vz, zx, TV}

Figure 1.14: A digraph D

With each digraph D we can associate a graph G on the same vertex set;
corresponding to each arc of D there is an edge of G with the same ends such
a graph is underlying graph G. Conversely, given any graph G, we can obtain
a digraph from G by specifying, for each link an order on its ends. Such a

digraph is called an orientation of G.

13



Example 1.2.2.

(a) (b)

Figure 1.15: (a) digraph D and (b) underlying graph G.

Definition 1.2.2. A digraph D is a subdigraph D if V(D) C V(D),
A(D) C A(D) and 1p is the restriction of ¥p to A(D).

Note 1.2.1. Every concept that is valid for graphs is automatically applied
for digraph too.

Definition 1.2.3. A directed walk in D is a finite non-null sequence W = vgaqv1...a30%
of vertices and arcs, such that fori = 1, 2,..., k. The arc a; has head v;

and tail v;_1.

Definition 1.2.4. The in-degree of a vertex v in D, denoted d,(v) is the
number of arcs with head v and the out-degree of v in D is denoted by dj,(v);
the number of arcs with tail v. We denote the minimum and mazimum
in-degree and out-degree in D by 6~ (D), A™(D) and 67(D), AT (D), respec-
tively.

Definition 1.2.5. A digraph is strict if it has no loops and parallel arcs(no

two arcs with the same head and the same tail).

14



Chapter 2

Transport Networks

2.1 Introduction

Definition 2.1.1. A network N is a digraph D(the underlying digraph of N)
with two distinguished nonempty and disjoint subsets of vertices, X and Y,
and a non negative integer valued function c defined on its arc set A. The
vertices in X are the sources of N and those in Y are the sinks of N. In a
transport network they correspond to production centres and markets, respec-
tively. Vertices which are neither sources nor sinks are called intermediate
vertices; the set of such vertices will be denoted by I. The function c is the
capacity function of N and its value on an arc a is the capacity of a. The
capacity of an arc can be thought of as representing the mazximum rate at

which a commodity can be transported along it.

This chapter provides an application for weighted directed graph D to the
flow of commodity from a source to a prescribed destination. Such commod-
ity may be gallons of oil that flow through pipelines or number of telephone
calls transmitted in a communication system. In modelling such situations

we interpret the weight of an edge in a graph as a capacity that places an
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upper limit on, for example, the amount of oil that can flow through a system

of pipelines.

Definition 2.1.2. Let N = (V, A) be a loop-free connected directed graph.
Then N is called a Transport network, if the following conditions are
satisfied;

(a) There exist a unique verter x € V with dy(x) equals to 0. This vertex
15 called the source.

(b) There is a unique vertex z € V, called the sink, where di,(z) is equal to
0.

(¢) There is a nonnegative integer-valued function ¢ from A which assigns to

each arc a = (v, w) € A a capacity, denoted by c(e) = c(v,w).

Example 2.1.1. See the Figure 2.1

Figure 2.1: A network N

Let f be a real valued function defined on the arc set A of N, and K C
A we denote ) . f(a) by f(K). Let ¢ #S C V,,, V'\ S is denoted by S,
¢ # S . If kis a set of arcs having tail in S and head in S, we denote the set
by (S, S) i.e.
(S,8) = {a€Ala=(u, v), u€ Sandv € S}

16



ae(S,9)
and
f(5.8) = f7(5) = Y fla) (2.2)
ac(S,9)
In particular, f*(v) = Zf(vu) and f~(v) = Zf(uv) (2.3)
2.2 Flow

Definition 2.2.1. A flow in a transport network N = (V, A) is a non nega-
tive integer valued function f defined on A satisfying

(a) 0 < fla) < c(a), ¥ a =(u, v)€ A (capacity constraint).

(b) fH(v) = f~(v), Vv €I (conservation condition).

Note 2.2.1. The value f(a) can be taken to be material is transported along

a under the flow f.

Notation 3. f7(S) and f~(S) stand for the total flow out of and into S. In
particular fT(v) and f~(v) are the total flows on edges leaving and entering

v, respectively.

Example 2.2.1. For the network in Figure 2.2, the label (m,n) on each arc
a stands for the capacity and the flow in the arc i.e. m = c(a) and n = f(a).
The label on each arc a satisfies f(a) < c(a). In example Figure 2.2(a) the
flow into vertex g is 5 but the flow out of g is 4. Hence the function f is not

a flow. The function f in (b) satisfies both conditions, so f is a flow.
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b 41 o b 42 d
53 " 5,2 5.3 " 5,4
a 45,2 06,4 42,1 z a 452953 42,2 z
7,5 N 65 7,5 - 6, 4
{al g 52 A {b) g 53 h
Figure 2.2:

Every network has atleast one flow, because the function by f(a) = 0

(the zero flow), clearly satisfies the properties of flow.

Definition 2.2.2. If § is a set of vertices and f is a flow in a network N,
then f+(S) - f~(95) is called the Resultant flow out of S, and f~(S) - fT(S)

s the Resultant flow into S, relative to f.

Theorem 2.2.1. Given a flow f in a network N, the net flow out of the

source x equal to the net flow into the sink z. i.e fT(x) = f~(z)

Proof. let V and A be the set of vertices and arcs of N respectively. We have,

DD f) =) fla) =D 1)

jJEV ieV acA jEV ieV
where (i,7) € A. that is

DD f6 ) =)0 F6),

JEV ieV JEV ieV

this implies that

0=S"0"r.5) > f0,1)

JeEV eV S%

separating the terms for j = x and j = z and leaving the rest together , we get

0=> f(i,2)=>_ fli)+>_ flx)=>_ fle,i+ Y O f,0)=> fG1)

1% eV icV eV jeV,j#z,2z 1€V eV

18



0=03"fi.2) = O fla.9)),

since f(z,1) = f(i,z)=0 foriz/l i€V and Zi)‘;lservation of flow,
(Z; G, 5) = Z;fo,z')) =0 forjeVand j#u,z.
since by deﬁ:ition, :
@)= f,i) and [~ (2) = (O (i, 2)). from,

eV 2%

0= f(i.2) = (Y f(x.1)) equal to,

icV i€V

(D flai) = (> f(i.2)).

eV eV

]

Note that also, the value of a flow f (valf) is the net flow f~(2)-f*(z)

into the sink z or the net flow f(x) — f~(z) and we can express it as
val(f) = fr(x) = f~(2)

Definition 2.2.3. Let f be a flow for a transport network N

(i) An arc a is said to be f — positive if f(a) > 0, f — unsaturated if
fla) < c(a) and f — saturated if f(a) = c(a).

(ii) If x is the source of N, then val(f) = > .., f(x,v) is called a value of
the flow.

Example 2.2.2. For the Transport network in Figure 2.2(b), the arc (h,d)
is [ — saturated. The arcs (a,b), (a,9), (9,b), (b,d), (b,h), (g,h), (d,z) and

(h,z) are f — unsaturated.

Definition 2.2.4. A flow f in N is a mazimum flow if there is no flow f in

N such that valf > wvalf.
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cuts

Definition 2.2.5. A cut in a network N with single source x and single sink
z is a set of arcs of the form (S, S), where x € S and z € S. Let K=(S,5)

be a cut, then the capacity of a cut K is the sum of the capacities of its arcs.

capK = Z c(a). (2.4)

Lemma 2.2.1. Given a flow f in a network N and any non empty set S CV
then,

S ()= f ) = f1(S) = ().

ves
Proof. Now we consider of the flow f(z,y) on the arc (z,y) to each side.
Thus, we have the following four cases.
casel: if z,y € S, then f(z,y) is not counted on the right, but it contributes
positively(vie f*(z)) and negatively (vie f~(x)) on the left

> (ff(z) = f(x) =0,

TES
since f*(x) — f~(z) = f(z,y) — f(z,y)=0
thus in this case satisfies the equality
le

0=fH(S)—f(S) = _(ff(z) - f(2))

z€eS
0="2> (fley) = fy2) = fley)= Y fly.2). .1
z,yeS z,yes x,yes

case 2: if z,y ¢ S then f(z,y) contributes to neither sum. This one is
neglected.
case 3: (7,y) € (S,S), then f(z,y) contributes positively to each sum that

20



is,

RS =Y flay), £(S) = 0and f~(v) = 0.

(z,)e(5,9)
YoeS...2.

case 4: if (x,y) € (S,9), then f(z,y) contributes negatively to each sum
that is,

(S == Y flyz), fF(S)=0and f*(v)=0 YweS.. .3

y,x€(5,5)

Therefore, by adding 1,2 and 3 we get,

0= Z f($7y)_ Z f(y,l')

z,yEeS z,yEeS
> fay),
x,y€(S,9)
>ty
y,2€(8,S)
RS =179 =Y fwy)= > fwo)+ >, flay— >, flyz
z,yeS x,yes x,y€(S,9) z,y€(S,S)

= f@y+ D fay) - fya)+ D fy)
z,yeS z,y€(S,5) z,yes z,y€(S,9)

but the right side of (4) can be expressed separately as

D @) =D flay)+ DY, flay)

zeS a:,yeS T ye(s S)
or@=0 fuo+ Y. flye
z€eS z,yeS z,y€(S,S)

therefore from (4) we get
FRS) = f7(S) = @)=Y @) =) (f @)= f(2)).
xeS zeS xeS

21



But note that

D ) A FHS) and Y () # f(9),

veS veS
O
Theorem 2.2.2. For any flow f and cut (S,S) in N
val(f) = [(S) = f(S).
Proof. let f be a flow, (S,S) be a cut in N and = be a source then
From the definition of flow and value of flow, we have
val(f) forv==x
fr)—f(v) =
0 forvel
summing these equation over S,
> (W) = f7(v) = valf
veS
by above lemma, valf = Z(f+(1j) — ()= fH(S) = f(9).
veS
[

Theorem 2.2.3. For any flow f and any cut (S, S) in N, the val(f) cannot
exceed ¢(S,S). That is, valf < c(S,S).

Proof. let x and 2 be the source and sink of a network IV, respectively. Since

dy(z) = 0, it follow that for any w € V' f(w,z) = 0. Consequently,

val(f) =) flz,v) =) fla,0) =) flw,z).

veV veV weV
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By the second condition of the definition of flow, For any a € S, a # «,

Zf(CL?U)_Zf(w?a):O'

veV weV

Adding the results in the above equations yields

val(f) = D) =Y flwa)l+ > D fla,v) =) flw,a)

veV weV a€S,a#x veV weV
=Y e Y s
aeS,weV aeS,weVvV
= [ flavy+ D flaw) =1 Y fwa+ Y flwa)
acSwes aeSwesS acS,wes aceS,wes
=Y e Y s
a€SwesS a€S,wes

Since

Z fla,v) and Z f(w,a),

a€eS,weS a€S,weS

are summed over the same set of all ordered pair in S x S, these summations

are equal. Consequently,

val(f Zfav waa

acSwesS acS,wesS

For a,w € V| f(w,a) > 0, so

and,

val(f) < Z fla,v) < Z c(a,v) = (S, S)

a€SwesS a€SwesS

O

Note 2.2.2. We call (S,S) ana—z cut ifa € S and z € S for a and z be

the source and sink of the network N, respectively.
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Corollary 2.2.1. For any a—z flow f and any a—z cut c¢(S, S) in a network
N,

valf = ¢(S,8) if and only if ;

(i) For each arc a € (S,S), f(a) = 0.

(ii) For each arc a € (S,S), f(a) = c(a).

Proof. Given val(f) = ¢(S,S), from the above theorem,
val(f) = fHS) = f7(S) < Y cla) =¢(S,S)

we have, JH(S)—f7(8) = Z c(a)

ac(S,9)
Z fla) = Z c(a) since, Z fla)=0
ac(S,9) ac(S,9) ac(S,S)
f(a) = c(a).
Conversely, val(f) = fT(S)— f(S) < Z c(a) = c(S, S)
ac(S,9)
= [TS) = f(S)< ) cla)=¢(S,9)
ac(S,5)
val(f) = ¢(S, S), since
Y flay=0by (i)and Y f(a) = c(a) by (ii).
ac(S,S) ac(S,9) ac(S,9)

]

Definition 2.2.6. A cut K in N is a minimum cut if there is no cut K in N

such that capf( < capK. ]ff is a mazimum flow and K is a minimum cut

then valf < capf(.

24



Corollary 2.2.2. Let f be a flow and K be a cut such that valf = capK,

Then f is a maximum flow and K is a minimum cut.

Proof. Let f be a maximum flow and K be a minimum cut. By above
definition,

val f < val f < capK < capK since, by hypothesis, valf = capK, it follows
that valf = valf and capK = capK. Thus f is a maximum flow and K is a

minimum cut. O

2.3 Maximum flow problem

In this section we develop an efficient algorithm to solve the maximum flow-
minimum cut(max-flow min-cut) problem, and establishing the max-flow
min-cut theorem. The algorithm we introduce was initially presented in
the work of Lester R.ford,Jr. and Delbert Ray Fulkerson. Basically, it
is designate to increase the flow in a transport network N iteratively, until

no further increase is possible[6].

Definition 2.3.1. Let N = (V, A) be a transport network and let P be a
path from the source to the sink, s = wvoaiviasvs...V,_10,v, = t, be an
alternating sequence of vertices and edges, where the edges taken from the
underlying graph associate with D. For2 <i<mn-—1, ifa; = (v;_1,v;) that
15 a; is the directed arc in N from v;_y to v; then a; is called a forward arc
and if a; = (vj,vj_1) that is (vj_1,v;) is the actual directed edge in N then

a; 15 called a backward arc.

Definition 2.3.2. For a flow f in a transport network N, an f- augmenting
path is a source to sink path P in the underlying graph G such that for each
a€ A(P),
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(i) f(a) < c(a), for a forward arc and
(it) f(a) > 0, for a backward arc.

From above definition we see that along an f — augmenting path P, the
flow on a forward arc can be increased for no such forward arc is saturated
and for each backward arc the flow is positive, so it can be decreased. The
maximum possible increase or decrease is given in terms of A,, the tolerance

on an arc a.

Definition 2.3.3. Let P be an f — augmenting path in a transport network
N, for each arc a on the path P,

c(a) — f(a) for a forward arc
Ag=

f(a) for a backward arc

The quantity A, is often called the tolerance on arc a.

note that, we have A, > 0 for each a on P. Further, we find that

Ap= Mmingep{Aa}

is the maximum increase (for the forward arc) and maximum decrease (for the
backward arc) that we can have and still maintain the conservation condition

of flow.

Lemma 2.3.1. Let f be a flow in a transport network N, and let P be an
[ — augmenting path in N with A, = min.ep{A.}. Define a flow fi by

)
fla)+ Ap; ais a forward arc of P

fila) =< f(a)— A,; ais a backward arc of P

f(a); ais not in P.

\

Then fi is a flow in N with val(fi) = val(f)+ 4,
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Proof. Here f is defined as

(

fila) =< fla)— Ap: ais a backward arc of P

\
Thus, we shall show that:
(i) f1 is a flow, and

(ii)oal(f,) = val(f)+ 4,

fla)+ Ap; ais a forward arc of P

f(a); ais not in P.

1

(i) To show f; is a flow; we need to show that the capacity constraint and

conservation conditions are satisfied.

From the case of equation (1), we have, f;(a)=f(a)+ A, for every forward arc

a on P. In addition, since always tolerance of a path is positive, i.e A, > 0.

fi(a) > f(a) > 0 for every forward arc a of P ...2

From the definition of tolerance A,.

Therefore, by (2) and (3), we have

0 < fi(a) < c(a) for a forward arc on P ..
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From the second case of equation(1), we have

fila) = f(a) — mingep{A.} for every backward arc on P.
fi(a) = f(a) — fla)=0...5

since A, 15 positive,
fi(a) < f(a) this implies that

0 < fi(a) < c(a) for every backward arc on P...6

From the third case of equation (1), we have
fi(a) = f(a) for those arc a not on P, since f is a flow for all arc on the

network, so we have

0< fila) <c(a)...7

Thus by 4 , 6 and 7 it satisfy the capacity constraint.

Now we need to show the conservation condition. Since flow on vertices,which
are not on P has no changed i.e.

i ()=f; (v) and fH(v)=f"(v) for all v ¢ V(P)...8.

We need to check only vertices of P for the conservation condition. The arcs
of P incident to an internal vertex, v of P occurs in one of the following four
cases shown below.

case (1): in this case,

fr (w)=f"(v)+ A, ...9 and
S )=f*(v)
fif () — fr (v)=f*(v) — f~(v)=0. Since f is a flow, it follow that f;"(v) —

+
+ 4, ... 10, then subtracting 9 from 10 we get,
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fi (0)=0.
Therefore, fif(v) = f; (v), for each internal vertex v on P.
case (2):

fr=f"(v)+ A,...11 and

fi (w)=f"(v)— A, ...12, then summing 11 and 12 and divide both side by 2
will give us, f; (v) = f~(v)...13. Therefore by 8 and 13, f; (v) = fi (v)
for each internal vertex v of P.
case(3):

fHW) = Fr0)-by...14

fi(v) = fr(v)+ A, ...15. then summing 14 and 15 and divide both side
by 2 will give us,f;" (v) = fT(v)...16.
Therefore, by 8 and 16 f;"(v)=f; (v), for each internal vertex v of P.
case (4):
fif(v) = ff(v)— 4,...17 and

fi (v) = f~(v)— A, ...18. Subtracting (17) and (18), and since f is a flow
then we will have,

frw) = fr(v) = f*(v) = f~(v)=0. This implies f;"(v) — fi (v)=0.
Therefore, f;f(v) = f; (v) for each internal vertex v of P.

Thus, in any of the four cases the conservation condition is satisfied. Hence
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f1 is a flow.

(#7) For the second part,

Let T' = {vy,vs, ...,v,} be the set of vertices, which are joined to the source
a that is T' is the head set of all arcs joined to a.

Clearly, no edge enter to a in the network; val(f,) = f; (a)

fi(a) = Zf(a’v">"‘ 19

and §
[T(a) = Zf(a,vi) ... 20.
i=1

f augmenting path P uses exactly one arc among all arcs,{(a, v1), (a, v2), ..., (a,v,) }. WLOG,

let it be (a,vs) so,
fila,v;) = f(a,vs) fori#3...21.
fia)= > fla,v) + fila,vs) ... 22.

i=1,£3

In addition, since (a,vs3) is a forward arc of P.

fila,vs) = f(a,vs)+ Ap ... 23.

Therefore from 21,22 and 23 we have,

fil@)= 3 fla,v)+ fla,v)+ 5,

i=1,i£3

now, we have

Therefore,

val(f1) = val(f)+ &,
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Thus, the existence of an f augmenting path P in a network is significant

since it implies that f is not a maximum flow. O]

Theorem 2.3.1. A flow f in a network N is a mazximum flow if and only if

N contains no f augmenting path.

Proof. Let f be a maximum flow in N.

Suppose N contain f augmenting path P. This implies that f cannot be a
maximum flow since f;, the revised flow on P has a large value. Thus it
contradict the fact that f is a maximum flow.

Conversely, suppose that N contains no f augmenting path.

Claim: f is a maximum flow

Let S denote the set of all vertices to which s is connected by f—unsaturated paths
in N. Clearly s € S also, since N has no f augmenting path t € S. Thus
K=(S,5) is a cut in N.

We shall show that;

(i). Each arc in (S, S) is f — unsaturated, and

(ii) Each arc in (S, 9) is f — zero.

Consider an arc a with tail u € S and head v € S. Since u € S, there exists
an f —unsaturated (s,u)—path Q. If a=(u,v) f —unsaturated, then Q could
be extended by the arc a to yield an f — unsaturated (s,v) — path Q + a.
However v € S, and so there is no such path. Therefore, a must be f —
saturated. Similarly, consider an arc a with tail v € S and head v € S
ie. a € (S,9)since N does not contain an f — augmenting path, f(a) =
0 for all & € (S,S). Therefore, & must be f — zero.

Since by corollary 2.1.1 the equality hold, i.e. val(f) = cap(K) if and only
if each arc in (S, S) is f — saturated and each arc in (S, S) is f — zero. Hence

f is a maximum flow. m
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Theorem 2.3.2. max-flow min-cut theorem
For a transport network N, the mazimum flow value that can be attained in

N is equal to the minimum capacity over all cuts in the network.

Proof. Let f be a flow for which val(f) is a maximum. Then let (S,S) be
the cut constructed as in Theorem 2.1.4. We know from Corollary 2.1.1
that val(f) = C(S,S) and then Corollary 2.1.2 shows us that (S,S) is a

minimum cut. O

Ford-Fulkerson labelling algorithm

This algorithm helps us to find a maximum flow in a given network N. It
is also called as the labelling method. Starting with known flow, for in-
stance the zero flow, it recursively construct a sequence of flows of increasing
value, and terminates with a maximum flow. After the construction of each
new flow f, a subroutine called the labelling procedure is used to find an
f — augmenting path, if one exists. If such a path P is found, then f, the
revised flow based on P, is constructed and taken as the next flow in the se-
quence. If there is no such a path, the algorithm terminate and the original
flow is still a maximum flow. See the algorithm below,

Step 1: Given a network N, define an initial flow f in N by f(a) = 0 for
every a € A(the function f satisfies the condition of the flow)

Step 2: Label the source a with (—,00). This label indicates that from the
source a as much material is available as is needed to achieve a maximum
flow.

Step 3: For any vertex v that is adjacent with a, label v as follows;

(a). If ¢(a,v) — f(a,v) > 0, define A (v) = ¢(a,v) — f(a,v) and label vertex
v with (a™, A (v)).
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(b). If C(a,v) — f(a,v)=0, leave vertex v unlabelled.

[the label (a™, A (v)) indicates that the present flow from ato v can be increased by the amount
(v) with the A (v) additional units supplied from the source a.

Step 4: As long as there exists v(# a) € V such that v is labelled, and there
is an edge (v, w) where w is not labelled, label vertex w as follows;

(a). If ¢(v,w) — f(v,w) > 0, define A (w) = min{A (v),c(v,w) — f(v,w)}
and label vertex w as (vt, A (w))

(b). C(v,w)— f(v,w) = 0, leave vertex w unlabelled. Likewise, as long as
there is a vertex v # a where v is labelled, and there is an edge (w,v) where
w is not labelled, label vertex w as follows;

(c). If c(w,v) — f(w,v) > 0, label vertex w as follows (v, A (w)), where
A (w) = min{a (v), f(w,v)}

(d). If f(w,v) =0, leave vertex y unlabelled.

[The label (v, A (w))] tells us that by decreasing the flow fromw tov, the total flow out of w
to the labelled vertices can be decreased by A (w).

Step 5. If the sink z has been labelled, go to Step 6. Otherwise choose
another labelled vertex to be scanned (which was not previously scanned)
and go to Step 4. If there are no more labelled vertices to scan let S be the
set of labelled vertices,and now (.9,5) is a saturated a — z cut. Moreover,
valf = C(S,S) and thus f is maximum.

Step 6. Find an a — z flow by backtracking with the labels vertices, the
desired augmenting path increase a flow in the forward arc on P by A (2)

units and decrease flow in the backward arc on P.

Example 2.3.1. Let N = (V, A) be a transport network shown in Figure 2.3 part(i).
Find the mazimum flow of the given network using Ford-Fulkerson labelling
algorithm.

The given flow f is not a maximum flow, since we have an f—augmenting path
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of a — z flow.

Step 1: we label the source a with (—,00).

Step 2: let b € V', b is adjacent with a, then we label b as follows; (a™t,4),
where A (b)=c(a,b) — f(a,b) =8 — 4.

Step 3: b is labelled and there exist a sink z which is not labelled and adjacent

with b so we label z by (b*,2), since A (2) = min{A (b),c(b,z) — f(b,2)} =
min{4,8 — 6} = 2.

Here we get an f — augmenting path of an a — z flow that is the path
(a,b), (b, z) then we add Ap,= min{4,2} = 2 to the present flow in the path
(a,b), (b, z). See Figure 2.3(iii).

Since the present flow is not mazimum we still find another f—augmenting path in the a—
z flow. Consider the path (a,d),(d, g), (g, 2) it is an f—augmenting path in the a—
z flow. See the Figure 2.3(iv), now we label the vertices in the path,
(a™,2),(d",2),(g",2) be labels of d,g and z respectively. We add 2 in the
present flow along the path (a,d),(d,g) and (g,z). See the Figure 2.3(v).

If we consider arcs (a,d) and (b, z) both arcs are f — saturated so we cannot

have an f — augmenting path containing the two arcs.

Still we can construct an f — augmenting path since the flow in the present
solution is not a mazimum flow. Consider the path (a,b), (b,d),(d,g), (g, z)

See Figure 2.3(vi), the arcs (a,b), (d, g) and (g, z) are forward arcs and (b, d)

s backward arc.

Now we labels the vertices as follow (a™,2), (b™,2), (d*,1) and (g7, 1) then we

add Ap=min{2,2,1,1} = 1 to the present flow along the path (a,b), (b,d), (d, g) and (g, z).
See Figure 2.3(vii), now the arcs (b,z) and (g, z) are f — saturated so we

cannot have an f — augmenting path of a — z flow.
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Therefore the flow given in Figure 2.3(vii) is maximum.
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Chapter 3

The Transportation Problem

3.1 Introduction

In this chapter we apply our knowledge of spanning trees, network flows
and matchings to study minimum-cost network flow. To simplify the
problem, consider networks whose underlying graphs are complete bipartite.
The edges here have unlimited capacity and the vertices have supplies and
demands. We refer to the supply vertices as Warehouses and the demand
vertices as Stores and edge (4, j) from each warehouse w; to each store s;.
What is new is that there is a cost ¢(i,j) charged for shipping an item on edge
(i,7). The goal is to find a routing of all the items from warehouses
to stores that minimizes the transportation costs. This optimization
problem is appropriately called the Transportation Problem. It is one of
the first optimization problems studied in operations research.

In general, warehouse ¢ has a supply of size s(i) and store j has a demand
of size d(j). We assume that the total supplied summed over all warehouses,
are adequate to meet the demand at all the stores.

A solution to the transportation problem specifies the amount z(i, j) to ship
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on each edge (7,7) so that the total shipments leaving each warehouse do
not exceed the warehouse’s supply and the total shipments arriving at each
store equal the demand of that store. The goal is to find, among all
solution, a minimum-cost solution. A mathematical statement of the
transportation problem is:
minimize Z c(i, j)x(i,7) such that
2%

Zm(z’,j) <'s; foreach i, Zx(i,j) =d; foreach j, and x(i,j) > 0.[1]
j i

Definition 3.1.1. The data describing a Transportation problem are usually

presented in a table called a Transportation Tableau.

Example 3.1.1. See the tableau and associated bipartite graph for a sample
transportation problem in Figure 3.1. The supplies s(i) of the warehouses
appear on the right side of the tableau, and the demands d(j) of the stores
appear at the bottom. The shipping cost ¢(i,7) for (i,7) appears in the upper
right half of entry (i,j) in the tableau. The number x(i,j) in the lower left
half of the entry (i,7) tells how much is shipped from warehouse i to store
j. Note that we refer interchangeably to (i,j) as an edge or an entry in the

tableau.

In the above example, the z(7, j)'s (non optimal) solutions for this trans-
portation problem. In the graph in Figure 3.1, we have thickened the edges
used in the solution. We observe that

Zx(i,j) < s; in each row i, and Zx(z’,j) = d; in each column j.

j i
The cost of the sample solution in Figure 3.1 tableau, which use the edges
(1,1),(2,1),(2,2) and (3,2) is calculated by using

> i, j)x(i, ) is equal to 30 x 4+ 30 x 6+ 30 x 7 420 x 6 = 630.

2%
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Figure 3.1:

Consider the above example the total supplies exceed the total demands. In
this type of problem we add a Dummy store to balance the problem but the
addition of a new store will not have any effect in overall transportation cost
since we assign a cost zero for shipping. Such a transportation problem is
called Balanced Transportation Problem. In Figure 3.1, the total of the
supplies is 130 and the total of demands is 110. Here we have excess supplies

of 20 unit so this goes to a demand of the dummy store. See the Figure 3.2.

STORES
Dumim,
1 e LETHTYY Supply
4 2 [+] W
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s
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s 3 20 \ 10 E
Dremand &0 50 20
Figure 3.2:
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Lemma 3.1.1. Let S be a solution to a transportation problem involving a
set of edges F(S) that contains a cycle. Then there is another solution S that

costs the same or less than S, where E(S) is a subset of E(S) containing no

cycles.

Proof. We will not give a formal proof of this lemma, but rather illustrate
it with an example and explain how this example generalized to all solution

for all transportation problems. O

Consider the solution displayed in Figure 3.2. Observe that the edges
used for shipments in S, (1,1),(2,1),(2,2),(3,2),(3,3),(1,3), form a cycle.
We can modify S by increasing the shipments 1 on odd edges and reducing
the shipment 1 on even edges. In the given above example the odd edges
in S are (1,1),(2,2),(3,3) and even edges in S are (2,1),(3,2),(1,3). This
balancing changes keep the row and column sums of the modified x(i, j)'s the
same, and the modified shipments are again a valid solution. Let us check
how the original cost of the solution changes with this modification of S.
One more unit along odd edges increases the cost by, 4 +7 + 0 = 11birr.
One less unit along even edges reduces the cost by, 6 + 6 + 0 = 12birr. The
net change is 11 — 12 = —1. Thus, this modification reduces the cost of
the solution by 1birr. To get the largest reduction in cost possible by this
modification, let us increase the shipments in the odd edges of this cycle, with
corresponding decreases on even edges of the cycle. The critical constraint in
our modification is that we cannot decrease the shipment in any even edge
of the cycle below 0. The smallest number is 10 on edge (1,3). So we can
increase the shipment level by 10 on the odd edges and reduce 10 on even
edges.

Note that by driving the level of shipment down to 0 on edge (1,3), we have

dropped this edge from the subset of edges used in a new solution. Thus, the
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new solution is cycle-free. see the Figure 3.3
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Figure 3.3:

The transportation cost of the new solution is 40 x 4+ 20 x 6 +40 x 7410 x
6 + 0 = 620birr, which is 10birr less than the cost of the solution of Figure
3.2.

If it had turned out that our modification of increasing shipments by 1 on
odd edges and decreasing shipments by 1 on even edges had increased the
cost, then we would reverse the strategy and decrease shipments on odd edges
as much as possible until one of the odd edges has a shipment of zero and
increase shipments on even edges correspondingly. Also, if our modification
resulted in no change in the cost, we would still follow the original strategy of
increasing odd edge shipments and decreasing even edge shipments as much
as possible in order to get a new solution of the same cost that was cycle-free.
From lemma.,it follows that we only need to consider solutions which contain
no cycle, that is solutions which are spanning trees or spanning forest.

For n warehouses and m stores, If the number of entries in the solution are n+
m—1 then the solution is called basic feasible solution and if its allocations
in a feasible solution are less than m + n — 1, then the solution is called
Degenerate basic feasible solution. In such solution further improvement

in the solution will face problem since we consider cycles for improvement
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and we add unused entries with zero shipping unit in the solution to get the
better solution so that we consider the solution of the transportation problem
is a non-degenerate basic feasible solution or entries in the optimal solution

form a spanning tree.

3.2 Methods For Solving The Transportation
Problem

The method to solve the transportation problem is known as Transporta-
tion Method(the simplified version of simplex method).

In this method we have two general steps in solving the problem.

(i). Finding some initial solution

First, we find some initial spanning tree solution by using one of the following
methods

1.Northwest Corner Rule

Steps:

(1) Assign largest possible allocation to the edge in the upper left-hand corner
of the tableau.

(77) Repeat step (i) until all allocations have been assigned.

(732) Stop. Initial solution is obtained.

2.Minimum Cost Rule

Steps:

(1) Find the edge that has the least cost.

(#7) Assign as much as allocation to this edge.

(#7i) Block the row\column that cannot further allocated.

(

iv) Repeat above steps until all allocations have been assigned.
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3.VAM (Vogel’s Approximation Method)

Steps:

(1) For each column and row, determine its penalty cost by subtracting their
two of their least cost.

(i) select row\column that has the highest penalty cost in step ().

(171) Assign as much as allocation to the selected row\column that has the
least cost.

(iv) Block the row\column that cannot further allocated.

(v) Repeat above steps until all allocations have been assigned.

See the above transportation problem. Find the initial solution using North-
west Corner rule.

Start at the Northwest corner of the tableau, that is entry (1, 1). Make x(1,1)
as large as possible. The value will be the minimum of s(1) and d(1). For our
problem z(1,1) = min(s(1),d(1)) = min(40,60) = 40. We have total used
up the supply at warehouse 1, and so we delete row one from the tableau
and reduce the demand at store 1 to 60 — 40 = 20.

The resulting modified table is shown in Figure 3.4.
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Figure 3.4:

To meet the rest of the demand at store 1, we turn to the Northwest corner
in the remaining tableau shown in Figure 3.4, that is edge (2,1). Make this
entry as large as possible. So z(2,1) = min(40,20) = 20. Now we satisfied
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the demand at store 1 and delete column one from the tableau and reduce

the supply at warehouse 2 to 40. See Figure 3.5.
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Figure 3.5:

We continue the procedure of repeatedly making the entry in the Northwest
of the remaining tableau as large as possible. The complete Northwest Cor-

ner Rule solution is shown in Figure 3.6, which we have seen in Figure 3.3.
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Figure 3.6:

Note 3.2.1. If the value we assign the current Northwest entry in the cur-
rent tableau uses up the supplies at the first(remaining) warehouses and also
satisfies the demand of the first(remaining) stores, then we would have to

delete both the first row and the first column of the current tableau. This will
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lead to a disconnected set of edges in the solution, that is a spanning forest.
To avoid this outcome, we arbitrary keep either the first row of first column,

although its supplies or demand is 0.

2. Finding a Better Solution
The second general step is needed to check whether the given initial so-
lution is optimal or not. This method known as Modified distributed
method(MODI). We iteratively follows the steps in MODI until no further
decrease the transportation cost
Steps;
I1.A. Determine selling prices at each warehouses and stores.
I1.B. Determining which edge to add to the current solution.
I11.C. Determining the cheaper spanning tree solution.
Step II.A. Determining selling price at warehouses and stores. We
now introduce selling prices for the commodity at the warehouses and stores
based on the transportation cost in the initial solution. We need to pick an
arbitrary price u; for the commodity at warehouse 1, let say u; = 10 birr.
We use an edge (1, 1) in our solution to transport the commodity from ware-
house 1 to store 1 at cost of ¢(1,1) = 4 birr per unit then we should sell the
commodity for, 10 birr + 4 birr = 14 birr at store 1. Store 1 also receive
shipments from warehouse 2 with a transportation cost of ¢(2,1) = 6 birr
per unit. Now we reverse the reasoning used to determine the price at store
1 from the price at warehouse 1. Given that the commodity’s price at store
1is 14 birr and it costs 6 birr to ship from warehouse 2 to store 1. The price
at warehouse 2 should be 14 — 6 = 8 birr. We can continue this process to
calculate the selling price for the rest of warehouses and stores.

The complete set of selling price is:
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Warehouse 1: w; = 10 birr Storel : vy = 14 birr
Warehouse 2: wus =8 birr Store2 : vy =15 birr
Warehouse 3: wug =9 birr Store3 : w3 =9 birr...(1)

Summarizing, we set u; equal to any arbitrary value. Then we determine
successive u;’s and v;’s as in the previous example, using the condition that
vj —u; = c(i,7), for each edge (i,7) in the current solution. Note that the
calculation of price in this fashion is only possible if the edges used in the

solution do not form a cycle.

Lemma 3.2.1. Let S be a spanning tree solution of a transportation problem
using edge set E(S), and let u; and v; be prices at warehouse i and store j,
respectively. Based on solution S according to Step II.A. The transportation

cost of this solution,

> clig)ali ),

4,7
summed over edges (i,7) in E(S), equals the profit from the sale of the stores’
demands at the stores’ price minus the cost of the warehouses’ supplies at the
warehouses’ price. That is

> (i g)xling) =Y vid; — Z uis; ... (2)

i,j J
Proof. For each edge (7, j) in E(S), the prices are determined by the condition
that ¢(i,j) = v; — u;. Then
(i, )2, 1) = (v — w)e(i, ) .- (3)
When one sums (3) over all edges in F(S), the total of the shipments z (i, )
out of warehouse i is s(i) and the total of the shipment into store j is d(j).

Thus, the right-hand side of the sum of the (3)s over all edges is equal to the
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right-hand side of (2). The left-hand side of this sum of (3)s is clearly the
left-hand side of (2). O

To illustrate the lemma for the solution in Fligure 3.6 with the associated
prices in (1), the right side of (2) is (birr 14 x 60 + birr 15 x 50 + birr 9 x
20) — (birr 10 x 40 + birr 8 x 60 4 birr 9 x 30) = birr 620. As noted earlier,
birr 620 is the sum of the transportation costs for this solution.

Step 11.B. Determining which edge to add to the current solution
We now look at the edges that are not used in the current solution. Consider
edge (1,2) with cost ¢(1,2) = birr 2. Warehouse 1’s selling price is birr 10
and Store 2’s selling price is birr 15. However,if we buy the commodity at
warehouse 1 for (birr 10) and ship it on edge (1, 2) for birr 2, we can sell it at
store 2 for birr 104 birr 2 = birr 12, reducing the selling price at Store 2 by
birr 3 per item. A reduced price at store 2 will cause a reduced profit-store
sales minus warehouse purchase, which by above lemma equals a reduced
transportation cost. This means that a cheaper solution can be obtained
by incorporating edge (1,2) into the solution. To maintain a spanning trees
solution when edge (1,2) is added, some edge in the current solution would
have to be dropped. A choice made in the next Step I1.C. Before using edge
(1,2), we check the other edges not in the current solution to see how much

each of them could reduce the profit. This result are summarizer below.

edge(1,2) : ¢(1,2) = birr 2 < vo—uy = birr 15—birr 10 = birr 5 decrease of birr 3.
edge(1,3) : ¢(1,3) = birr 0 > v3—uy = birr 9—birr 10 = birr —1 increase of birr 1.
edge(2,3) : ¢(2,3) = birr 0 < v3—ug = birr 9—birr 8 = birr 1 decrease of birr 1.
edge(3,1) : ¢(3,1) = birr 5 < v;—ug = birr 14—birr 9 = birr 5 no change . . . (4)

We see that edge (1,2) yields the greatest reduction. So we add (1, 2) to the

current solution. If there is no edge that reduces the cost of the solution,
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then the current solution is optimal and we are finished.

Step II.C. Determining a Cheaper Spanning Tree Solution

In Step II.B, an edge was chosen to be added to the current solution. the
choice is edge (1,2). When this edge is added to the set of edges in the
current solution. We have a unique cycle, for the solution in Figure 3.6. The
cycle is (1,2),(2,2),(2,1),(1,1) by lemma 3.1.1, we get a cheaper solution
by increasing the flow in the odd edges, (1,2) and (2, 1). as much as possible
while decreasing the flow in the even edges,(1,1) and (2,2), correspondingly.
The net reduction is ¢(1,2) + ¢(2,1) —¢(1,1) = ¢(2,2) =2+6 -4 -7 = —3.
Note that this calculation confirms our previous analysis that we will save
birr 3 for each unit shipped on edge (1, 2).

The limiting constraint is when the shipment in an even edge decrease to 0. In
our example, since the current shipment in both x(1,1) and z(2, 2) is 40, we
can increase the shipment in (1,2) and (2, 1) by 40 and reduce the shipments
in z(1, 1) by 40. The new solution, cheaper by 40 x birr 3 = birr 120 than the
previous solution. Note that although the flow in edges z(1,1) and z(2,2)
both decreased to 0, we cannot drop both edges. If we did, the new solution
would not be a spanning tree. We arbitrary pick one of z(1,1) and z(2,2) to
say in new solution but with shipment level 0. See Figure 3.7.

Now we repeat the three parts of Phase II to find a still better solution.
In Step II.A, using the solution in Figure 3.7, we compute new prices at
warehouses and stores. Starting with u; = birr 10 and using edge (1,2), we
find vo = uy +¢(1,2) = birr 10+ birr 2 = birr 12. Continuing as before,we
obtain the following set of prices.

Warehouse 1: w; = 10 birr Storel : v, = 11 birr

Warehouse 2: wug =25 birr Store2: vy =12 birr

Warehouse 3: wus =6 birr Store3: wv3=06 birr...(5)
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In Step II.B, we see if edges not in the current solution produce a reduction

in the transportation costs. The calculation yield:
edge(1,3) : ¢(1,3) = birr 0 > vs—uy = birr 6—birr 10 = birr —4 increase of birr 4.

edge(1,1) : ¢(1,1) = birr 4 > vy—uy = birr 11—birr 10 = birr 1 increase of birr 3.
edge(2,3) : ¢(2,3) = birr 0 < vs—ugy = birr 6-birr 5 = birr 1 decrease of birr 1.
edge(3,1) : ¢(3,1) = birr 5 = vy —ug = birr 11 — birr 6 = birr 5 no change

Since an edge (2, 3) decrease the cost by birr 1 and when we consider a unique
cycle (2,3),(3,3),(3,2),(2,2). We cannot decrease a shipment in even edges
since edge (2,2) is with shipment 0 so adding edge (2, 3) in the current solution
and dropping even edge in the cycle does not change the total transportation
cost. Thus the current solution is optimal. See the Figure below.

The transportation cost is birr 500.

STORES

1 2 Dummy Supply
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o (60D Tl =
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E 30 s
5 3 10 N\ 20 E
Demand 60 50 20

Figure 3.7:

Example 3.2.1. Solve the transportation problem in which warehouse 1 has
30 units, warehouse 2 has 30 units and warehouse 3 has 30 units and in which
store 1 needs 20 units, store 2 needs 20 units, and store 3 needs 50 units. See

the transportation tableau of this problem below.
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We first find an initial solution using Northwest Corner Rule, Minimum
Cost Rule or VAM(Vogel’s Approzimation Method).
(7). Northwest corner rule, We start at edge (1,1), x(1,1) = min(30,20) =
20. We satisfies the demand of store 1. So we delete column 1 and the

modified transportation tableau as follows

2 3
™
1 & a0 10
S
™~
2 4 6 30
3 2.3 7| 30
N
20 50
Figure 3.9:

now we take an edge (1,2) and x(1,2) = min(10,20) = 10, here we used the

supply at warehouse 1 so we delete row 1. See Figure below.
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We continuing this procedure of repeatedly making the entries in the
Northwest corner of the remaining tableau as large as possible. The complete
Northwest corner rule solution is shown below and The total transportation

cost 18 20 x birr 4+10xbirr 6+10xbirr 4-+20x birr 64+30xbirr 7 = birr 510.

Stares
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w T
d
ri i 4 6 5 30
e 20 10
h J |
(4]
u b
s 2 2 4 6 30
e 10 200 N\
: |
3 "5 ~3 AT 30
3 /30
Demand 20 20 50
Figure 3.11:

(ii). The Minimum cost rule, we start at edge with minimum cost, edge
(2,1), x(2,1) = min(20,30) = 20, we satisfies the demand of store one,

so we delete the column one and the modified tableau is given below.

50



2 3 supply

3 ™3 ~7 |30

demand 20 50

Figure 3.12:

Next, we take an edge with minimum cost in the above tableau, edge (3,2),
x(3,2) = min(20,30) = 20, we satisfies the demand at store 2 so we delete
the column. Continuing this procedure of repeatedly until all allocation have

been assigned. See the figure below.
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20 20 50
Figure 3.13:

The transportation cost is 30 X 5+20 x 2+ 10 x 6+ 20 x 3+ 10 x 7= 380
(1i1). The Vogel’s Approzimation Method. For each column and row, we
determine its penalty cost by subtracting their two of their least cost. See the

figure below.
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Figure 3.14:

We can select row 2 or row 3, let us take row 3 and edge (3,2) with
minimum. cost, x(3,2) = min(20,30) = 20. We satisfies the demand at store

2 so we delete the column and the modified tableau is shown below.

1 3 supply penalty

\ |
1 4 5 |30 1
2 2 6 ‘ 30 4
%
N |
3 5 J |10 2
demand 20 | 50
penalty 1 i
Figure 3.15:

Consider an edge (2,1) in figure, x(2,1) = min(2,1) = 20. The demand
at store 1 is satisfies so we delete column 1 and Continuing this procedure

repeatedly, we get an initial solution of the problem using VAM, see the figure
3.16.

The transportation cost 1s 20 x 2430 x 5410 X 6 + 20 x 3+ 10 x 7 = 380.
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Figure 3.16:

Note
After calculating the cost of transportation by the above three methods, one
thing is clear that Vogel’s Approzimation method and Minimum cost method
give a better solution than Northwest corner rule. So it is always worth while
to spend sometimes finding a 7 good” initial solution because it can consider-
ably reduce the total number of iteration required to reach an optimal solution.
The second part is finding a better solution using MODI, consider the initial
solution we have using VAM.
By step II.A, we determine the selling price of each warechouses and stores.
let up = birr 10 be a price at warehouse 1. then using the edges in the current
solution we have a price as follows;
Warehouse 1: wu; =10 birr Storel : vy =11 birr
Warehouse 2: wuy =9 birr Store2: vy =11 birr
Warehouse 3: wus =8 birr Store3: w3 =15 birr. Step II.B, we deter-
mine which edge is to add in the current solution to reduce the transportation

cost.
edge(1,1): ¢(1,1) = 4>v, —uy = 11— 10 =1 increase of 3.
edge(1,2) : ¢(1,2) =6 > vy —uy = 11 — 10 = 1 increase of 5.
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edge(2,2) 1 ¢(2,2) =4 > vy —ug =11 — 9 = 2 increase of 2.
edge(3,1): ¢(3,1) =5 > v, —uz =11 — 8 = 3 increase of 2.

Since non of this edges reduce the cost of the current solution, the current

solution is optimal, and we are finished.
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Conclusion

The problems of maximizing the flow and finding minimum-cost flow in net-
works, for which algorithms were described have long been of interest in
operations research. The question of finding an efficient algorithms has more
recently been the interest of computer scientists as the reference that fol-
lows make clear. Networks have been the subject of many variation and

generalizations as their applications have warranted.
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