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Abstract

Quadratic programming is one of the type of nonlinear optimization problems in which the
objective function is quadratic and all the constraints are linear. There is no single method
available for solving a quadratic programming problem. So a number of methods have been
developed for solving quadratic programming problems. In this project concerns for convex and
non convex quadratic programming problems with Lagrangian, Wolfe’s and Beale methods.
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CHAPTER ONE

1 Introduction

A quadratic programming problem (QPP) involve the maximization or minimization of a quadratic
objective function subject to linear equality and inequality constraints on the variables.

The general form of quadratic programming problem is given by:

. 1
min f(y)= cTy+§yTDy
s.t: Bysd
y=0

where D is an k x k symmetric matrix, y and c are k x 1 vectors, d is an m x 1 vector and B is an
m x k matrix .

Now this project focuses on Lagrangian method and wolfe algorithm which are used to solve
quadratic programming problems. Solving quadratic programming problems using only this method
is difficult. So they work in existence with Beale algorithm to reach an optimal solution with in
a finite iteration.

This chapter introduces the basic concepts of quadratic programming problem, its optimality
condition and solution methods as well as theorems which are needed later for a better under-
standing of the next chapters.

1.1 Preliminary concept

Consider an optimization problem

(P) min f(x)

s.t:xeS

The function f(x) is called objective function of (p).

The components of variable x are called decision variables.

S is called feasible ( constraint ) set.

The condition( inequality /equality ) describing S are called constraints.



1.1.1 Optimal Solution and Optimal Value

Optimal solution :- Let f(x) be objective function and S < R" be its feasible set.

e x* € Sis called optimal solution for minimization problem.

min f(x)
s.t:xeS
If f(x*)<f(x) forall xeS

Such x* is also called global minimize of f on S..

[x* is called a local minimizer f on S if thereis €>0 suchthat f(x*)< f(x) forall
X€Ng(x*)NS where N(x*)={xeR":|x—x*l<e} e€e—nbh of x*].

Optimal value :- If x* € S is an optimal solution then f(x*) is called the optimal (objective)
value.

1.1.2 Derivative of Function Over R*

Definition ;- Let a function ¢ : R*¥ —, R be differentiable, we define:-

A. The gradient of g at x € R* denoted by v q(x),is a vector given by:

0q 0 0
99 . _q) (if each partial derivative exist)

T_ 1L
v4(x) _(axl'dxg’ 0xp

B. The hessian matrix, v7?q(x) of g for x € R¥ is an k x k matrix given by:

2 %q .
xX)=1\q;i where ¢g;; = —=—, (symmetric
voqx) (q”)i:m,g,...,k j=1,23,..k qij ‘3xiax1’( )

Theorem : First Order Taylor’s Theorem:

Iff is differentiable and xg, x € R", then

fx) = fxo) +vf&) 7T (x—x0) , for some % € (xg, x).
Theorem : Second Order Taylor’s Theorem:

Iff is twice differentiable and x¢, x € R", then

Fx) = fxo) + v f (x0) T (x = x0) + 5 (x — x0) T /2 f(2) (x — Xp), for some % € (x, x).



1.1.3 Convex Set and Convex Function

Definition :- A non empty set S is called convex if for any x;,x, € S

Ax1+(1-MAN)x2€S, VAe]0,1]

Definition:- Let S < R"” be a convex set. A function f: S — R is said to be convex (over S)
if for any x;, xo € Sand any A € [0, 1],

fAx1+ A =AD)x2) < Af(x1) + (A=) f(x2).

e fissaid to be concave if and only if — f convex
[so, f is concave if and only if f(Ax; + (1 —A)x2) 2 Af(x1) + (1= Q) f(x2) ]

e fis strictly convex if for every distinct x;, x, € Sand A € (0, 1),

fAx1+ A =AD)x2) < Af(x1) + (1 =) f(x2).

Theorem 1:-Let S < R" is convex and f : S — R is differentiable. f is convex on S if and only
if f)=fx)+vfx)T(y—x) foreveryx,yesS.

Proof
(<) Suppose f(y) = f(xX)+vfx)T(y—x) ,Vx,yeS
Let x1,x2€S andlet x=Ax;+(1-A)x, foranyAel0,1].
So from the given taking x; and x; as y, and X as x we get:
f 2 f@+vf @ xn-% and

fo) 2z fR)+ V@ (-3

=>fx)2fE+A-)v @7 (x—x2)
and f(x) = fX)-Av (@ (x; - x0)

=>Af(x) 2 Af@+A0 - v f&X) T (x - x2) and
A-Nf2)=A-Df(E-A1-D) v f(@)T(x1—x2)

Then adding the two inequalities we get:
Af(x)+A =D f) 2 Af(D)+A -1 f(X) = f(X)

Therefor a function f is convex.



(=) Let a function f is convex

=> flx+t(y—x)<fX)+t(f(y)—f(x),t€(0,1)

= (fW - fO) = flx+tly—x)~f(x)

= f(y) - flx) = LEHYDTO - yype (o1

So taking t — 07, we get:

@) = f0) 2 lim, g VDT _ G p0T (5 - )
Therefore f(y) = f(x) +vf(x) T (y - x).

Corollary:- Suppose S € R" is convex, xp € S and f : S — R s a differentiable convex function.
If 7 f(x0) =0, then x is a global minimizer of f on S.

Proof

Let 7 f(xp) = 0 and let f be a differentiable convex function

= f(x) = f(xo) + v f(x) T (x—x0), Vx,x0€S
= f(x)= f(xp), VxeS§

Therefore xy is global min of f.

1.1.4 Minimizing Convex Function

e A problem of minimizing a convex function over a convex set is called convex programming.

e Thatis,if S is a convex set and f is a convex function(on S), then

min f(x)

s.t:xeS

is convex programming.



e In particular, if
f,qj:R" —R,j=1,2,3,.., nareall convex function and
ri:R"— R,i=1,2,3,..., mare all affine functions, then
min f(x)
st: qi(x)<0,j=123,..,n

ri(x)=0,i=1,2,3,...m
x=0

is a convex programming problem.

Theorem 2:- Let S be anon empty open convex set in R” and f : S — R be a convex function.
If xp is a local minimizer of f over S, then xg is global minimum of f over S.

Proof
Given xp € S is local minimum of f, implies that f(xp) < f(x), Vx € N¢(xp) and N¢(xp) < S for
some € > 0.

WTS:- f(xo) < f(x), VxeS

Assume that f(x*) < f(xp) forsome x* €S, x* # xo

Now take the open line segment (xp, x*) < S and take X € (xp, x*) such that x € N, (xp)
By convexity of f:

f(X) = fxo+Ax™ — x0))
< f(xo) + A(f(x™) = f(x0))
< f(xo)

So we got f(x) < f(xp) where X € N¢(xp) which contradiction to the fact that xj is local minimum.

Theorem 3:- Let S be anon empty open convex set in R and f : S — R is twice continuously

differentiable on S. f is convex if and only if its hessian matrix /2 f (%) is positive semi definite at
each x € S.

Proof
(<)Suppose v f(%) is positive semi-definite at any X € S

=>x-0T'v?f@)(x—x)=0forany x,x€ S
By 2"'d order Taylor’s theorem we also have:

FO-(f@+vf@T@-0)=30-0T v FDE-D=20



= f(x) = fE)+vfE(x—x) forany x,x€ S

Hence f is convex by theorem 1.

(=)If fisconvexon S, then f(x+ th) = f(x)+ t<v f(x)h forany he R", t € (0,1)
and from 2" d order Taylor’s theorem:
fax+th)=f+tvfOTh+ ShT G2 f(x+0thh, 0€(0,1)

ie LR f(x+0thh=f(x+th) - (f()+1v f()Th), Y(©)>0, 0€(0,1)
= CRT g2 f(x+0th)h=0, Vr>0, heR"

= thzf(x+9th)h20

Take t — 0, h'<?f(x)h=0 foranyhe R"

Therefore v/ f (x) is positive semi-definite.

1.1.5 Optimal Condition

e Optimality condition is a condition that has to be satisfied for a feasible point x* to be an
optimal solution.

Theorem. (First Order Necessary Condition)
Let f: R" — R, differentiable.
If f has local min value at x* € R", then v f(x*) = 0.

Theorem. (Second Order Sufficient Condition)
Let f: R" — R, twice differentiable at x* € R".
If

i. vf(x*)=0
ii. w2 f(x*)is positive definite

then x* is a local minimum point of f.

1.1.6 Definiteness of Matrices

Definition :- Let A be a square matrix of order n. Then A is said to be :
* Positive definite ( PD) if X" BX > 0 for all non zeroX € R".

e Positive semi- definite (PSD) if XT BX = 0 for all non zeroX € R".
(Indefinite X7 BX > 0 is Positive for some non zero X € R" and negative for some non zero
X eR").
B is said to be negative(semi)definite if —B is PD(PSD).



* The following characterizes a PD or PSD matrix.

Let By be the k x k minor sub-matrixof B: k=1,2,3,...,n.
1. BisPDiffdet(B;)>0forall k=1,2,3,..,n.

2. BisPSDiffdet(By) =0forallk=1,2,3,..,n.

1.1.7 Linear Programming Problem

A linear program (LP) is an optimization problem in which the objective function is linear in the
unknowns and the constraints consist of linear equalities and linear inequalities. The exact form
of these constraints may differ from one problem to another, but as shown below, any linear
program can be transformed in to the following standard form:

Z(max/min)= c1Xx1+CX2+...+CpXy
S.t: anxi+apxyt..+ainx,=bh

a1 X1+ AxppXo+ ...+ AopXy = bz

and x1,X2,..X, =0

where the b;’s, ¢;’s and a;;’s are fixed real constants, and the x;’s are real numbers to be
determined. We always assume that each equation ha been multiplied by minus unity, if
necessary, so that each b; = 0.

In more compact vector notation, this standard problem becomes:

Z(max/min) = cl'x

s.t: Bx=b

and x=0.

Here x is an n-dimensional column vector, ¢! is an n-dimensional row vector, B is an m x n matrix,
and b is an m-dimensional column vector. The vector inequality x = 0 means that each compo-
nent of x is non negative.



1.1.8 Nonlinear Programming Problem

A general optimization problem is to select n decision variables xj, x, ..., x,, from a given feasible
region in such a way as to optimize (minimize or maximize) a given objective function

f(xly X2y eeey xn)

of the decision variables. The problem is called a nonlinear programming problem (NLP) if the
objective function is nonlinear and/or the feasible region is determined by nonlinear constraints.
Thus, in maximization or minimization form, the general nonlinear program is stated as:-

Z(max/min)= f(x1,X2,..., Xp)
s.it: gilxy, X2, X,)  (S,=

g2(xl)x2)---)xn) (Sy:y E)bZ

I\

v
Ay

gm(xlery---vxn) (S): Z)bm

)
and x1,X2,...X, =0

where each of the constraint function g; through g, is given.

1.2 Lagrangian Method for Constrained Problems and Karush-Kuhn-Tucker
Optimal Conditions

Let f: R — R be differentiable, and S < R", we consider a constrained non linear minimization
problem:

(p) min f(x)

s.t: xeS8

e To convert p in to unconstrained problem /or relatively easier problem / we try to fined a
function fy on R" with the following property.

fo: R" — R be differentiable, and fy(x) =0, VxeS

* Then we consider an auxiliary function L such that
L:R" — R given by

L(x) = f(x) + fo(x)

e Such Lis called Lagrange function /Lagrangian/ for (p).



e Then we consider the auxiliary /Lagrangian/ problem:

(pr) min L(x)

s.t: xeR"

¢ Note that L is differentiable .

e The relation between (p)and (pr) given the following theorem.

Theorem ( Lagrangian Lemma )

A.If x* is a global minimizer of L and x* € S then x* is optimal solution of (p).
B.If x* is alocal minimizer of L and x* € S then x* is local optimal solution of (p).
Proof

Since L is given on R", If x* is a local/global minimizer of L, then v/ L(x*)=0

i.e wL(x*)=0isanecessary condition for x* to be a minimizer of L on R".

e Ifsothen y7L(x*) =0and x* € S are necessary condition for x* to be aminimizer of (p).

1.3 Lagrangian Method for Equality Constraint

e Let f:R"— R, Dbedifferentiable, and

hj:R" — R¥, be differentiable for each jeJ=11,2,3,..k}

* We consider, the problem

(p=) min f(x)
s.t: xe€S={xeR"/hj(x)=0,j€]}

¢ Now if we take

J
where uj € R then fy(x) =0forallxe S

k
Jfo(x)=) _ ujh;j(x)
-1

* So we define the Lagrangian function for (p =)as follows:



e Forany p = (1, o, ..., ix) * € R¥ called Lagrangian multipliers, let

L:R"xR¥ — R, givenby

k
Lix, ) = f(x)+ ) pjhj(x)
j=1

e Thus, the corresponding auxiliary (Lagrange) problem is:

(Ly) min L(x,u)
s.t: xe€R", peR*

e Then from the Lagrange Lemma, we have following result:

Theorem:-If (x*, 11*) is an optimal solution of (L), for some x* € R"” and p* € Rk then

1. x*eSand
2. x*is an optimal solution of (p =)

proof

1. vLy(x*,u*)=h(x*)=0, =>x"€S

2. Follow from the lagrange lemma

e Here (x*,u*) € R" x R* is an optimal solution of (L), implise
VLx(x*,u*)=0

and vL,(x",pu*)=h(x*)=0 ie hjx*)=0 forallj=1,23,..,k

Thus we have the following necessary condition for x* to be an optimal solution of (p =).

e Karush-Kuhn-Tucker (KKT) condition (for equality constrained problems):

If x*isan optimal solution of (p =) then for some p* = (u7, u3, ....,MZ)T € R¥ the following
hold:

k
1. vf(x")+ Z ,u;f v hj(x*)=0, < Dualfeasibility
j=1

2. hj(x*)=0, j=12,3,..,k, < primalfeasibility

« If x* together with some u* € R satisfy the KKT conditions, then x* is called a KKT point for
(p=).

10



* The KKT conditions are only necessary conditions. However, the KKT conditions are
sufficient condition under some convexity assumption.

Theorem:- Let x* be a KKT point for (p =) with a corresponding Lagrange multiplier 4* and
L(.,u*) be a convex function then x* is an optimal solution of (p =).

proof
L(,u*)isconvexand < L,(x*,u*)=0

= x* is optimal solution of (L,+). furthermore, x* € S Hence, by the Lagrange Lemma, x* is
optimal solution of (P =).

Corollary : Consider the problem

(p=) min f[(x)
s.t: hj(x)=0, jeJ={1,2,3,..,k}

where f is a convex function.
If x* is a KKT point of (p =) with some Lagrangian multipliers p* = (u, i, ...., 43) T and

hyus (x) = pi i (x) + ps ho(x) + ...+ ,u;hk(x) is a convex function then x* is an optimal
solution.

Note: h,(x) isconvexif

1. Each h; affine (' linear ") function or

2. hjis convex and p;f >0 foreach jeJ.

1.4 Lagrangian Method for Inequality Constraint
e Let f:R"™— R, bedifferentiable, and

gi: R" — R™, be differentiable foreach iel={1,2,3,..., m}.

e We consider, the problem

(p<) min f(x)
s.t: xeS={xeR"/gi(x)<0,iel}

* Now we define Lagrangian function for (p <) as follows :
forany A = (A1,A2,A3,...,A,m)T €R”, ie 1;=0 Vi, define

L:R"xR7"— R givenby

Lx, )= fx)+) Aigi(x)
i=1

11



(L is called Lagrange function and each A; are called Lagrange multiplier)

* Thus corresponding auxiliary problem is:

(L) min L(x,A)
s.t: xeR"™ VAeRT

* The following is the corresponding Lagrange Lemma relating (p <) and (L,) :

Theorem:- Let < A*,g(x*) >=0 forsome A* € R}". If (x*,1%) is an optimal solution of
(Ly), for some A* € R} and x* € S, then x* is an optimal solution of (P <).

* Thus, under the condition 1* € R?" and < A*,g(x*) >=0, x™ an optimal solution of (L))
over R"

implies wL,(x*,A*)=0, and

x* € Simplies g;(x*) <0, foralli =1,2,3,...,m

Hence we have the following necessarily condition for x* to be optimal solution of (p <).

¢ Karush-Kuhn-Tucker(KKT)condition (for inequality constraint problem):

If x* is an optimal solution of (p <), then for some 1* = (A}, A5, A5,..,A5) T € R
the following hold:

m
1. vf(x*)+) A vgi(x*)=0 «— Dual feasibility
i=1
Ar=0, i=1,2,3,..,m

2. 17gi(x*)=0, i=1,23,..,m <« complementary slackness

3. gi(x*)<0, i=1,2,3,..,m < primalfeasibility

e If x™ together with some 1* € R} satisfy the KKT condition then x*is called a KKT point
for (p <).

Theorem:- Let x* be a KKT point of (p <) with a corresponding Lagrange multiplier A* € R
If f is a convex function over S and each constraint function g; is convex, then x* is an optimal
solution of (p <).

12



1.5 Lagrange Method for Mixed constraint

e Let

gx) = (g1(x),8(x),83(x), ..., gm(x)T
h(x)= (M (x), ha(x), h3(x), ..., he(x) T

* We consider, the problem

(p) min f(x)
s.t: xe€S:= {xeR"/g(x)<0, h(x)=o0}

* Now, we define Lagrange function for (p) as follows:

foranyxlz(/11,/12,/13,/14,.../1m)T€RT, i.e 1;=0, Vi and u:(ul,ug,ug,....,uk)ERk
define,

L:R"xR™xR¥— R givenby

m k
LA ) = fx)+ ) Aigi(x)+ ) pjhj(x)

i=1 j=1
e Thus, corresponding auxiliary problem is:
(Lyp) min L(x, A, p)

Subject to: xeR"
VAER™ and peR*

Hence, we have the following necessary condition for x* to be optimal solution of (p).

e Karush-Kuhn-Tucker (KKT)condition (for mixed constraint problem):

If x* is an optimal solution of (p), then for some )L;.k , ,u}f € R the following hold:

m k
L @)+ 4] vegix)+ ) pjvhj(x")=0 « Dualfeasibility
i j=1

Ar=0, i=1,23,..,m

2. /l;fg,-(x*):o, i=1,23,..,m <« complementary slackness

3. gi(x")<0, i=1,2,3,..,m <« primal feasibility
hi(x*)=0, j=1,2,3,4,..k

* If x* together with some A* € R"", u* € Rk satisfy the KKT condition, then x* is called a KKT
point for (p).

13



Example:- solve the following problem using Lagrange method.

min f(x)= xf—xg—le
s.t: 2x1+3x,=6
2X1+x2 <4

X1,%X2=0
solution
flx) = xf —X2—2x1, gxX)=2x1+x,—-4 and h(x)=2x;+3x,-6
The corresponding Lagrange function is:
m k
L(x, A, ) =f (x) + i:ZIAl-gi (x) + ];uj hj(x)
=X% — Xp — 2X1 + A2x) + Xo —4) + (2X1 + 3% — 6)

This implies that:

min L(x,A, W)
Subject to: xe€R®
VYA€eR" and upeR

is the corresponding unconstrained optimization problem.
The Karush-Kuhn-Tucker (KKT) condition is:

VI +Avgx)+uvh(x)=0

2x1 -2 2 2\ (0
(2= ai) )= )
=2x1+2A+2u—-2=0 @))
A+3u—1=0 2)
A1=0 (3)
Ag8(x)=0
= /1(2)(?1 + Xo — 4) =0 (4)
h(x)=0
=2x1+3x,—6=0 ®)

14



g(x)=<0

=2x1+x2—-4<0 (6)

To solve this system of equation and inequalities we consider the following cases.

case one:- If 1 > 0, then from equation (4) and equation (5), we get (x1, X2) = (%, 1) this
substitute in to equation (1) and equation (2) to get A = '75, but this is a contradiction to
equation (3).

Hence no KKT point corresponding to this case.

case two:- If 1 =0, from equation (2) we have to get u = % substitute this in to equation (1) to
14

get x; = % and from equation (5) we get x, = 5.

Therefor (x1, x») = (%, 19—4) is KKT point.

2 14

Hence by convexity of the given problem (x1, x2) = (5,5)isan optimal solution.

15



CHAPTER TWO

2 Quadratic programming

In mathematics, Optimization means to maximize or minimize a function f(x), where the values
of x have to satisfy a set of prescribed mathematical relation. There are different methods available
for solving all optimization problems efficiently. Hence, number of methods developed for solving
quadratic programming problem which is a type of optimization problem.

A quadratic programming problem (QPP) is the special class of non linear optimization
problems in which the objective function is quadratic and all the constraints are linear .

The general mathematical formulation of a (QPP) is as follow:

(QPP) min f(y)=c'y+ %yTDy
s.t:By=<d
y=0
where D is an k x k symmetric matrix, y and c are k x 1 vectors, d is an m x 1 vector and

Bis an m x k matrix.

Consider the following optimization problem:

min f(y)= 3yf+4y§+2y1y2—2y1—3y2
S.t: 3y1+2)y,<6
Ni+ty2=2
y1,)2=0

This can be equivalent to:-

~ 2ol
= -2 =3 + —
min f(y)= | )(yz ;0w gy,
. [3 2)(n)_ (6
s [0 =0
=0
y2) \0
= This optimization problem is called quadratic programming problem.

The convexity of the quadratic objective function plays a defining role in the computational
convexity of quadratic programming problem.

Quadratic programming problems are typically classified as being convex or non convex
depending on whether D is positive definite or indefinite .

16



* Convex Quadratic Programming Problem
The QPP

1
min  f(y) :cTy+ EyTDy
s.t:By<d
y =0

is convex quadratic programming problem when D is PSD.

The QPP has a unique local minimum (also called global minimum) if the objective function
f () is strictly convex for all feasible points.

Theorem:-If D be a symmetric positive semi-definite matrix of order k, then for any x, y € R
i. 2y"Dx < (y"Dy+x"Dx) and

ii. f(»)=y"Dy+c’y, yeR¥(in QPP)is a convex function.
Proof
i. Let D be a symmetric positive semi-definite matrix of order k.

= (y—x)TD(y-x)=0,Yx,y€eR¥
WTS:- 2y"Dx< (y"Dy+x"Dx)
Suppose (y—x)TD(y-x)=0, Vx,yeRF
= y'Dy-y"Dx-x"Dy+x"Dx=0
=>yI'Dx+x"Dy<y"Dy+x"Dx

=2y"Dx<(y"Dy+x"Dx), Vx,yeRF

17



ii. Let D be a symmetric positive semi-definite matrix of order k.

WTS:- f is convex

Forany y;, )2 € Rk A€10,1]

FAy+@=Dy) = Af (1) = A=) f(r2) = Ay1 + L= A y2) ' DAy1 + (1= D) y2) — Aly{ Dy1 + ¢’ 1]
—(L=D[y; Dy2+ "yl + " Ay + A= V) ye]
=22y Dy1 + A1 = V) y{ Dy, + A1 = M)y Dy, + (1 - 1)?*y] Dy,
—Ay{ Dy1-(1-A)y; Dy,
=AA-1y{ Dy +1-ADy; Dy2(1-A-1)+2A(L - V) y{ Dy»
<AA-1Dy Dy A0 -Vy! Dy, + A0 - A)y{ Dy,
+A1-Nyd Dy,
=0

> fAn+A-Dyp)<Af)-1A-A)fy), Yy, eRF, 1elo1]

Hence a function f is convex.

* Non Convex Quadratic Programming Problem:- In the quadratic programming when D is
indefinite or negative definite the quadratic programming problem is non convex and
alocal optimal points may not be global optimal solution .

When the matrix D is negative semi-definite that is all its eigenvalues are non positive, then it is
called a concave quadratic programming problem.

Example:- Let f(y) = y" Dy + cTy, where D is k x k symmetric matrix and c, y € R¥.
1. fis concave if D is negative semi-definite.
2. f isstrictly concave if D is negative definite.

Note:- D is negative semi-definite = 2y” Dx = (y" Dy +x"Dx), Vx,yeR* as

(y—x)TD(y - x) <0 and inequalities are strict when D is negative definite.

2.1 Lagrangian Method for Equality Constraint QPP

e consider the following QPP:-

1
(p=) min f(y)= cTy+§yTDy
s.t: yeS={yeR"/hj(y)=Py—-q=0, j=12,3,..5}

18



Now if we take

J
where u; € R then fy(y) =0forallye S

S
foy) =) ujh;i(y)
=1

So, we define the Lagrangian function for (p =)as follows:

For any p = (i1, 42, ..., 4s) . € RS, called Lagrangian multipliers, let

L:RFxRS— R givenby

Ly, =fy+) pihi(y)
j=1

Thus, the corresponding auxiliary (Lagrange) problem is:
(Ly) min L(y,W
s.t: yeRF, peR*
Then from the Lagrange Lemma, we have following result:
Theorem:-If (y*, u*) is an optimal solution of (L), for someyx* € R¥and p* € RY, then

1. y*eSand
2. y*isan optimal solution of (p =).

Proof
1. vL,(y*u")=h(y*)=0, =>y*eS.

2. follow from the lagrange lemma.

e Here (y*,u*) € R* x RS is an optimal solution of (L), implies

vLy(y*,u*) =0,

and vLy,(y*,u*)=h(y*)=0 ie hj(y*)=0 forallj={1,2,3,..5}

Thus, we have the following necessary condition for y* to be an optimal solution of (p =).
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e Karush-Kuhn-Tucker (KKT) condition (for equality constrained QP P):

If y* is an optimal solution of (p =) then for some p* = (,u’l“,ug,....,u;‘)T € R’ the following
hold:

1.C+Dy*+PTu*=0 <« Dual feasibility

2.Py*=q <~ primal feasibility

e If y* together with some u* € R® satisfy the KKT conditions, then y* is called a KKT point for
(p=).

* Let y* be a KKT point of equality constrained QP P with a corresponding Lagrange multiplier
©* € R®. If the given QPP is a convex, then y* is an optimal solution of QPP.

2.2 Karush-Kuhn-Tucker (KKT) Condition for Inequality Constraint QPP
Consider the following QPP:-

1
min f(y)= cTy+§yTDy
s.t: By<d (7)
y=0 (8)

where y and c are k component column vectors, B is an m x k matrix, d is an m x 1 vector and
Dis a k x k symmetric matrix .

Let the KKT multiplier associated with the constraint (7) and (8) u € R and v € R respectively.

Then the KKT condition for the problem (QPP)are as follows:-

c'+y"D+uB-vT(1) =0
ulBy-d)—vl(y) =0
By—-d =<0

y=0, u=0, v=0

OR

c+Dy+B u-v(l) =0
By+s=d

uisi=0, i=1,2,3,4,..m
viyj=0, j=12,3,4,..,k
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* If y together with some u € R™, v € R satisfy the KKT condition then y is called a KKT point
for QPP.

* Let y be a KKT point of inequality constraint QPP with a corresponding Lagrange multiplier
ue R ve R’j . If the given QPP is a convey, then y is an optimal solution of QPP.

2.3 Karush-Kuhn-Tucker (KKT) Condition for Mixed Constraint QPP
Consider the following QPP:-

1
min f(y) = cTy+ EyTDy

s.t: By<d 9)
Py=g¢q (10)
y=0 (11)

where y and ¢ are kK component column vectors, B is an m x k matrix, P is an [ x k matrix, d is
an m x 1 vector, g isan [ x 1 vector and D is a k x k symmetric matrix .

Let the KKT multiplier associated with the constraint (9), (10) and (11)be u € R}, u € R! and
v € R¥ respectively.

Then the KKT condition for the problem (QPP)are as follows:-

'+ y"D+u’B—vT () +u'B=0
ul Bx—-d)—vl(y =0
By—-d =0
Py—q=0
y=0, u=0, v=0
OR

c+Dy+BTu—v()+BTu=0
Py=q
By+s=d
u;s;i=0, i=1,23,4,...m
ij]' = 0, j: 1,2,3,4,...,k
« If y together with some u € R™, v € R* and p € R! satisfy the KKT condition then y is called
a KKT point for QPP.

* Let y be a KKT point of mixed constraint QPP with a corresponding Lagrange multiplier

ueR™ve R’f, and pu € R, 1f the given QPP is a convex, then y is an optimal solution of
QPP.
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CHAPTER THREE

3 Methods for Solving Quadratic Programming Problem

We can solve quadratic programming problem by one of the following methods.
1. Algorithm of wolfe.

2. Beale method.

3.1 Algorithm of Wolfe

Consider the following convex QPP

1
min f(y)= cTy+§yTDy
s.t: Bysd

y=0

We can formulate an algorithm to solve a convex quadratic programming problem using algorithm
of wolf .

We consider the following steps:-

step 1. Formulate KKT condition for the given quadratic programming problem.

That is the Karush-Kuhn-Tucker( KKT) condition:-

c+Dy+BTu—-v(I)=0

ulBy-d)—vl(y =0
By—-d =<0

y=0, u=0, v=0

step 2. Introduce slack and surplus variable in order to have equation. Check, wether there is
a feasible basis. If there is a feasible basis, then the corresponding basic solution is optimal.
If there is no feasible basis, then go step 3.

step 3. Introduce artificial variables in order to get a feasible basis, Go to step 4.

step 4. Apply simplex algorithm and solve it.
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Example:- Solve the following convex QPP by using wolfe algorithm.

min f(y)= yi+2y;=2y1y2—6y1-8y»
s.t: 2y1—y2=<13
n=0
y2=0

solution

Obviously we have here

D:(_22 _42), c:(:g), Y:(ﬁ) B=(2 -1), and d=(13)

step 1. As KKT condition we get:-

c+Dx+BTu-v=0

e [ KA R R R W

=> -2y +4y,—u—v,=8

u’(By—-d)—vl(y)=0

URy1—=y2—=13)—v1y1 —v2y2 =0

By-d<0

32y1+3y2—6:0
gy) =0
2y1 ) <13

y=zo,u=0,v1=0,v2=0

step 2. By introducing of slack variable we get:-

21 —=2y2+2u—v1 =6
—2y1+4y,—u—v, =8

w

21—y +s=1
us=uv1y1="0r2y2=0
all variable=o0
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step 3. In order to get a feasible basis we have introduce artificial variable a; and a, for the first and
the second row:

max —a;—ap
s.t: 2y —2y,+2u—-vi+a; =6
=2y1+4ys—u—v2+a,=28
2y1—)y2+s=13
all variable=o

us=11y1=02y2=0

step 4. Now applying simplex algorithm technique, then the result have as follow:-

Ci | o] o olof-1]-1]0
Cg| BV | »n Y2 vi | V2 | a1 | ax | §1 | sol | ratio
z o [-2l[-1]1][1]0]0]0O
1| a [ 2] 2]2]-1]0]1]0]0]6] -
1|—a|-2| 4 |-1|{0|-1/0|1|0]| 8] 2
0| s | 2 | -1 0ojojo0o]o0|1]13]| -
z |1l o [Z][1][5]0][3]0
Ale—a| 1 [0 |5][-1]3]1 % 0[10| 10
0|y |F |1 |[FZ|o|F]o]3]0]2] -
0| ss | 3|0 |F|o]Z]o]z]|1]15] 10
z [ oJo]JoJo[o[1][1]o0
o m [ 1L ]o|3]-1[F][1]3]0]10
0| y |0 |1 |35|F|F|5]3]0]7
0| s | 0|0 |3 § s 23| 1]0

Hence from the last simplex iteration table we have the KKT point (y;, y») = (10,7). Since D is
positive definite, the program is convex. Therefore the point (10,7) is optimal solution.
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3.1.1 Convergence of Wolfe Algorithm
Consider the following QPP

1
min  f(y) :cTy+ EyTDy (12)
s.t: By=sd
y =0

where D is an k x k symmetric matrix, y and c are k x 1 vectors, d is an m x 1 vector and B is an
m x k matrix .

Now before attempting to prove that whenever D is positive semi definite Wolfe’s algorithm
will eventually find a feasible point satisfying the KKT condition, We must first demonstrate that
such a point actually exists. To obtain this result we need only show that when D is positive semi
definite, then problem (12) can not have an unbounded minimum. It will then follow that some
feasible point must be a global minimum and therefore a constrained local minimum at which the
KKT condition necessary hold.

When Wolfe’s algorithm is applied to a quadratic problem of the form(12), with D is positive
definite or positive semi definite and ¢ = 0, it will obtain with in a finite number of iteration
a feasible solution at which KKT conditions are satisfied. Because if D is positive semi definite,
then (12) is a convex program, and sufficient for the KKT condition thus guarantees that yy is an
optimal solution.

3.2 Beale method

Beale has developed a method for solving quadratic programming problem which is based on the
basic principles of classical calculus rather than the KKT condition. Beale algorithm is directly
applicable to any QPP of the following form:-

1
min f(y)= cTy+§yTDy
s.t: Bysd
y=0
where B is an m x k matrix, d is an mx 1 vector, c and y are k x 1 vectors, and D is a k x k symmetric

matrix. we do not require D is positive semi definite.
i.e We don't require the objective function to be convex.

The algorithm generally yield a local minimum of a non convex quadratic function, of course

if the objective function is convex, the local solution obtained will be global. It is assumed that the
problem is degenerate.
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3.2.1 Algorism of Beale

Beale method is an iterative procedure and begin with any basic feasible solution of the problem.

Consider the following QPP

1
min f(y)=cly+ EyTDy
s.t: By=sd
y=0

OR
k 1 k &k
min f()= Y cyi+zY, Y. djiyiyj
=1 233

k
s.t: Z byiyi <d;
)

l

k

Y briyi<ds
i=1

k
Z bmiyi = dm

i=1
y=0

By introducing slack variable we have the problem:-
k 1 k&
min f(y)= Y ciyi+=).> djiyiy;
i=1 2i3ja

k
S.l: Z biiyi+y1=d;
i=1

=~

Y biyi+jo=do
i=1

k
Z bmiyi+ ym=dm
i=1

y=0, and y,=0
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This can be equivalent to:

k

jr= di—)_ by
i=1
k

o= do—)_ baiyi

i=1

k
Vm= dm— Z bmiyi
i=1
y=0, and 7,=0
Let 71,72, 73, ccevene ,Jym are basic variable and y; be non basic variable for i = 1,2,3,4, ...... ,m
The basic variable can thus be written interns of non basic variables as:-

k
yn=dp— Z bniyi

i=1

where jy, is the h'" basic variable.

We can formulate an algorithm to solve a quadratic programming problem using algorithm of
Beale .

We consider the following steps:-
step 1. Select arbitrary basic and non basic variable(s).

step 2. Express the basic variables j;,, h=1,2,3,..., min terms of non basic variables

we will have:

k
Jn=dn—)_ bpiyi
i=1

step 3. Express the objective function f(y) in terms of the non basic variables in the symmetric
form:

k 1 k k
f = Zlciyi +52. 2 djiyiyj
i=

i=1j=1

27



step 4. Consider the partial derivative of f(y) with respect to any one of non basic variables say
Ve

10f 1

k
- diivi), t=1,2,...k
29y, z(ct+i=Z1 1iyi), for

With other non basic variables held at zero.

AIf % >0 V¢, then the current solution is optimal.

B If g—;; <0 for atleast one t, then y; increase until either:

¢ Some basic variables become zero, or

o I

3y vanish.

step 5. To determine the change in the basis, calculate

d c
noled oy as ok for bp>0, Gu>0
[Dpel” diy

min

I. Ifthe minimum occurs forsome h=v ,then y, become non basic.

II.  If the minimum occurs for the second term , introduce anew non basic variable  u;
defined by:

_1of 1 k
Uj _Ea_yt = E(Ct+;dti.)/i)

uj is unrestricted and is called a free variable.
Thus will lead to one equation and one more basic variable then before.

step 6. Go to step 2 and repeat the process until g—ft >0

for all £ and (?—LJ;_ =0 for all free variable.

step 7. Obtain the local ( global if f is convex ) optimal solution and the value of min [ byset-
ting non basic variable equal to zero in their expression .
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Example: Consider the following QP problem.

min f(x)= -n —2y2+y§
S.t: y1+2y:<4
3y1+2y, <6
Y1,¥2=20
By introducing slack variable , we have the problem,
min f()= -y-2y2+y;

S.t: y1+2y,+y3=4
3y1+2y2+y4:6
J’I,yz,J/S,J/420

Now to solve this problem using Beale method:
Step 1. Take y; and y» as basic variable.

Step 2. Express them in terms of non basic variable as:

1+1 1 d 3+1 3
= —y3— — an =+ —yy——
i4! ZY3 2)’4 2 2 43/4 43/3
Step3. f()=-y-2y2+y5

_ 3,1 3,12
= [y =—4+ys+(G+3ya—3¥3)

0 _ a _ 9 _
Step4. L =23y, 43y (%) S5<0 and 1L =F-Syrly
at  y3,y4=0
of _ 3,1 3 of _3 10f 3,1 3
= Fy T atgyaTgys (0_y4) =34>0 and 35, =5+ 16Ya" 1603
at  y3,y4=0

Step 5.Hence it is profitable to increase y3 and we calculate:

. [2 10] 10
min |-, —|=—
19 9
We introduce a free non basic variable

_10f 13 3 9

uy = za—m—g‘Fl—Gm—gJ’g
We again express basic variables in terms of non basic variables:

Y3 =E + 1J’4+ Eul
9 3 9
2 4

y2=3- 3
14 1 8

N =9 —§Y4+§u1

fn= -n-2y+y

Fonup =281, 18, +(2 4u)2
y4,1—9 3J’491331

29



2
Step 6. Now from f(y4,u1):_T%+%y4+§u1+(§—§u1), we get

of _ 32 of _ of _1
ul—?ul, (a—ul) =0, and ——§>0
at  u;=0

Step 7.Here, the minimum solution is achieved

14 2 d in =22
=—,)o=—, and minf=——
n 9 y2 3 9
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4 Conclusions

For any given quadratic programming problem the major factor limiting the choice among the
solution method is character of D in the objective function. If D is indefinite or negative semi def-
inite, convergence cannot be guaranteed for either Wolfe’s or lagrangian method, and it becomes
necessary to use some type of constrained hill-climbing approach to find the various local optima
that may exist. This strategy is embodied in the quadratic programming algorithm of Beale, as well
as in many other more general methods that can be applied to all linearly constrained problem,
regardless of the nature of their objective function.

In choosing among the algorithms, there are a number of different consideration to bear in
mind. For example, suppose analyst wishes to solve quadratic programming problem with a con-
vex objective function as quickly or as cheaply readily available, so that he is forced to modify an
existing linear programming code. In such a case his primary consideration will be that of expe-
dience, and it is clear that he should plan to use Wolfe’s algorithm. Conversion from the simplex
to the "Wolfe-simplex" method requires little more than modifying the logic by which the entering
variable is chosen, so that the complementary slackness condition x;v; =0, i=1,2,3,4,.....,nare
preserved. This may be a decisive advantage for users with limited budgets.
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