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Abstract

A game with two rational players in which the gain payoff for one is loss for the
other is called two person zero-sum game. i.e the sum of payoffs for the two players
are zero. Two person zero-sum game with finite sets of strategies are called matrix
games. Rational players always seeks to maximize his payoff by choosing a best
strategy. If the matrix of the game is payoff for Player 1, then player 1 at worst
case guarantee himself to maximize the minimum loss of player 2. Similarly player
2 at worst case guarantee himself to minimize the maximum payoff player 1. Any
mixed matrix game has optimal solution which is called saddle point in mixed
strategies.

This project is focuses only on two person zero-sum game part of Game Theory
with finite player strategies and present how to find the optimal value of the game
or optimal solution strategies(saddle point) of the players. To find optimality
solution method of primal(dual) linear programming problem and dominance strategy
methods are used. The objective is to find the optimal strategies of the players in
two person zero-sum game and optimal value of the game.
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Chapter 1

Introduction and Preliminary
Concepts on Linear Programming

1.1 What 1s a Game”?

Decision making is a rational process that results in selecting ‘the best’ of several
alternatives, as judged by the individual or group of individuals who makes decision
we call these decision makers, to realize the targeted objective. A game is type
of decision making problem where the outcome depends on the action of more
than one decision makers. It is a formal description of a strategic situation. The
decision makers in game with finite or infinite strategies or alternatives are known
as players. The decision makers in the game cooperate they do for the same
objective or they do for not the same objective. In game there is a winner and
lessor for players. A Game Theory is the study of what rational agent(player)
do in such situation and is the study of decision-making where more than one
participants(players) must make decision that influence the interests of the other
agents.

A player is an agent who makes decisions in a game with the opponent or
cooperater. A player is rational if he want to play in a manner which maximizes
his own outcome payoff by assuming that the opponent or cooperater is acting
in the best (for himself) possible way with out cheating. Strategy of player is
the alternative from the given set of possible action to the player. A payoff is a
number, also called utility, that reflects the desirability of an outcome to a player,
for whatever reason. It is a measure of value, gain or loss of a player under a given
alternatives(strategy). When the outcome is random, payoffs are usually weighted
with their probabilities.

Game Theory applied in different area such as economics, politics, business,
war and other areas can be analyzed by mathematical game theory. Mathematical



games have strict rules and specify what is allowed and what is not. Games that
can be analyzed mathematically have a fixed set of moves, usually all known in
advance. Mathematical games may have many possible outcomes, each producing
payoffs for the players. The payoffs may be measure in monetary, or it gives
satisfaction for the players. Players play move to win the outcome of the game.
The outcome of game is thrill and cannot predicted in advanced. Since its rules
are fixed and known, this implies that a game must either contain some random
elements or have more than one player. A game is always with decisions, if not
boring for the mind. For example, most sport games have a result decisions,
and can therefore at least partly be analyzed by game theory. Game in real-life
cheating may possible. Cheating means not playing by the allowed and restricted
rules. Game theory does not give acknowledge to the existence of cheating. We
will see how to win the game without cheating with only two players opposite
interest. It is assumed that the rationality the players is known by all players.

1.2 Linear Programming(LP)

Linear programming is deal with the optimization (minimization or maximization)
of a linear function while satisfying a set of linear equality and/or inequality
constraints or restrictions.

Linear programming(LP) has the following components.

Objective function: Mathematical expression of the objective of the LP.
Decision variables: Represents unknown quantity to be solved for.
Constraints: Mathematical relationship which is used to represent the
restriction /limitation.

Parameters: Are numerical or fixed values that specify the impact that one unit
of each decision variable will have on the objective and on any constraint.
Example

max z = x1 + X9 <— objective function

subject to Txy +3xy <1

constraints
2271 + 5$2 S 1

x1 > 0,29 > 0 +— decitsion variables

For our purpose we only focus on maximization < types of constraint linear
programming(LP). To solving such problems there are different mechanisms but
in this project we will see preliminaries of simplex and dual simplex methods.



1.2.1 Simplex Method

Solving problems involving more than two variables or problems involving a large
number of constraints, it is better to use solution methods that are adaptable to
computers, one such method is called the simplex method.

Maximizing linear programming problem in standard form is as follow

max z =cixry + Cxy + ...+ cpT,
st anxy + appra + ...+ arpr, <b

(911 + Q929 + ...+ QopTy Sbg

Am1T1 + Q2% + ... + Apnn S bm
$120,$220,...$n20, szO

Note that b = [b; bs. .. bm]T is right hand side non negative constant column vector
of the constraint and ¢ = [¢; ¢3... ¢,] is the row vector coefficient of the objective
function through out this project. We can rewrite this LP as below

max CZL’T

s.t Azt <b,

Where x = [x1 z3...2,) and m X n matrix A is the constant coefficient of the
decision variable in the constraint.

After adding slack variables, to balance the right and left hand side of the
constraints the corresponding system of constraint equations is

max z=cx; + cx9 +...4+ cpx, +0s; +0ss+...40s,,
s.t 1121 + a2 + ... + A1pT, + S1 :b1

a21T1 + Q9222 + ... + AopTn + So :bz (].].)

A1 T1 + AmaTe + ...+ ATy + Sy = by

Where z; > 0,290 >0,...2, >0,51>0,...,5, >0, b; >0, 1 =1,2,....,m.

A basic solution of a linear programming problem in standard form is a solution
(1,22, ..., T, S1,S2, .., Sm) of the constraint equations in which at most m
variables are nonzero. The variables that are nonzero are called basic variables.
The variables that are zero are called non-basic variables. A basic solution for
which all variables are non-negative is called a basic feasible solution.

The Simplex Tableau: The simplex method is carried out by performing
elementary row operations on a matrix that we call the simplex tableau. This



tableau consists of the augmented matrix corresponding to the constraint equations
together with the coefficients of the objective function written in the form

—z4+cx1 +cre+ ...+, =0.

And put the coefficient of this linear equation in to the initial tableau as below.
Note that the coefficient of z not need any elementary row operation it is simply to
indicate the value of the objective function at the current tableau is the negative
of the entry at the first row right corner of the tableau.

Initial tableau:

1 To ... Ty, S1 So Sm b
—z| Cy ... c, 0 0 . 0 0
S1 a1l a2 ... QA1n 1 0 . 0 bl
S9 a91 aso ... Ao 0 1 0 bg (12)
Sm | Gm1 Qma .o. Qmn 0 0 ... 1 b,
For the initial simplex tableau, the basic variables are sq, Ss, ..., S, (since in the

initial tableau the coefficient constraint matrix make identity matrix under these
variables) and these are the current solution. The nonbasic variables (which have
a value of zero) are xq, s, ..., Tp.

If the current solution is not optimal, improving the current solution. To
improve the current solution, we take a new basic variable into the solution from
the non-basic variable. This variable is call the entering variable. This implies
that one of the current basic variables must leave, otherwise we would have too
many variables for a basic solution. We call this variable the departing variable.
We choose the entering and departing variables as follows.

1. The entering variable corresponds to the greatest(the most positive) entry
in the first(object) row of the tableau.

2. The departing variable corresponds to the smallest non-negative ratio of
b;/a;;, in the column determined by the entering variable(j indicates the column
of the entering variable).

3. The entry in the simplex tableau in the entering variable’s column and the

departing variable’s row is called the pivot.
Finally, by performing elementary row operations on a matrix to the column that
contains the pivot, we improved solution. (This process is called pivoting.) To
solve a linear programming problem (1.1) in standard form, we use the following
steps.

1. Create the initial simplex tableau as in (1.2).

2. Locate the most positive(greatest) entry in the first(objective) row. The
column for this entry is called the entering column. (If ties occur, any of the tied
entries can be used to determine the entering column).
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3. Form the ratios of the entries in the b-column with their corresponding
positive entries coefficient in the entering column j. The departing row corresponds
to the smallest non-negative ratio, b;/a;;. (If all entries in the entering column j
are non positive, then there is no entering variable at this column. For ties, choose
either entry.) The entry in the departing row and the entering column is called
the pivot.

4. Use elementary row operations so that the pivot is 1, and all other entries
in the entering column are 0. This process is called pivoting.

5. If all entries in the first(objective) row are non-positive, this is the final
tableau. If not, go back to Step 2.

6. If we obtain a final tableau, then the linear programming problem has a
maximum solution, then the optimal value is the negative of the entry in the
first(objective) row right corner of the tableau.

For solving minimization LP problem we use an equivalence relation with the
LP in (1.1). i.e. minz = cz” s.t A2 <b & —maxz = —ca” s.t AzT <b.

1.2.2 Primal and Dual LP Problem

Associated with each linear programming problem there is another linear
programming problem called the dual. The dual problem is an LP defined directly
and systematically from the primal (or original) LP model. The two problems are
so closely related that the optimal solution of one problem automatically provides
the optimal solution to the other. Let as denote primal LP by (P) and the dual
by (D).

Suppose that the primal linear program is given by

max z = cx’
(P) st Az’ <b (1.3)
z>0
Then the dual of (P) is given by
minw = yb
(D) st yA>ch (1.4)
y =0,

where y is any row vector decision variable for the min LP (or D).

From (1.3) and (1.4) ca” < yAxT < yb, for any feasible solution x of (P) and y of
(D), since Az” < b and yA > ¢’. This indicates that the objective function value
of (D) for any feasible solution (D) is upper bound set of the objective function
value of (P) for any feasible solution (P) and the objective function value of (P) for
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any feasible solution (P) is lower bound set of the objective function value for any
feasible solution (D). The problem (P) always depends on maximize the minimum
value and (D) minimize the maximum value.

Theorem: Duality Theorem.

If both problems (P) and (D) have feasible solution then both of them have optimal
solution z*, y*, respectively, and

CI*T — y*b

Proof. Assume (P) and (D) have feasible solution set and denote by S = { x| AzT <
b} and S = { y| yA > c} respectivly. Since (D) has feasible solution S, then the

objective function of (P) has an upper bound set U = { by| y € S}. Any set that

have an upper bound set and also have least upper bound. The least upper bound of
the objective function value of (P) in S is the minimum of U, i.e. min U = min by,

there exit u € U such that v = y*b = min U = minyb for some y* € S. The least

upper bound of the objective function (P) in S is u = y*b i.e. max cx’ = y*b for

all x € S, this implies

max cr’ = y*b = minU = minyb (1.5)

forxe S andyeS.

Similarly, the objective function value of (P) in S is the lower bound of the
objective function value (D) in S. Let L be the set lower bound of the objective
function value (D) in S and given by L = { ca”|z € S}. A set that have lower
bound set and also have greatest lower bound. So, the greatest lower bound of the
objective function value (D) in S is max L = maxcaz”, there evist | € L such that
| = cx*’ = max L = maxcx? for some z* € S and for all x € S, then greatest
lower bound of the objective value (D) in S is

maxL = cx*’ = min yb, (1.6)

for ally € S. Therefore from (1.5) and (1.6) we have cx*t = y*b and hold at
zreSandy €S [

Optimal Dual Solution: The primal and dual solutions are so closely related
that the optimal solution of either problem directly yields (with little additional
computation) the optimal solution to the other. In the starting tableau, (1.2) the
constraint coefficients under the starting basic variable form an identity matrix.
With this arrangement, subsequent iterations of the simplex tableau generated by
the elementary row operation will modify the elements of the identity matrix until
we get optimal tableau to produce what is known as the inverse matrix and denote
by B~! (i.e. is the inverse of the original coefficient matrix of the basic variable
as they appear in the base). Let y* be the optimal solution of (D). The optimal
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solution y* of (D) can be determined from the final optimal tableau of the primal

(P) by
y* =CpB™, (1.7)

where Cp is the original objective coefficients of optimal primal basic variables.
The elements of the row must appear in the same order in which the basic variables
are listed in the Basic column of the simplex tableau.

Dual simplex: In primal simplex start with b > 0 and preserve this primal
feasibility but in some case this may not hold. Primal feasibility fail means that

there b; < 0, 2 = 1,2,...,m. In this case we use dual simplex start with ¢; < 0
and preserve this dual feasibility and work to ward making b; > 0. If b; > for all
t=1,2,...,m, then the current tableau is optimal.
T To ... Tn ST So ... Sm b
/ / / / / /
—z | ch ... Cp  Crgq oee e Crbm  Z
x ay, a ay, al b
B1 11 12 - in In+l - e In+m Y1 (1 8)
/ / / / / “
I I I I I 7
TBm | Gy Qg ove G Qrq oo e G by

Consider the tableau in (1.8) representing a basic solution of (1.1) the
maximization problem at some iteration. Suppose that the tableau is dual feasible
(that is, ¢; < 0 for a maximization problem), for all j = 1,2,...,n. If the tableau
is also primal feasible (that is, all b; > 0), then we have an optimal solution.
Dual simplex algorithm for maximization:

Initial step:

check dual feasibility i.e. ¢; <0, for all j =1,2,...,m

min step:

1. Ifb; > 0, foralli =1,2,...,m Stop; the current solution is optimal. Otherwise,
select a pivot row r with b, < 0; say, b, = minimum{b; }

2. If a;; > 0 for all j, stop; the dual is unbounded and the primal is infeasible.
Otherwise, select the pivot column k by the following minimum ratio test:

/ /

C C;
k LI 7 /
o= minimum;{—-, Ay < 0}
rk rJ

3. Pivot at a,, and return to Step 1.

We will use (P) and (D) LP in the next chapter to find optimal solution in
Game Theory what we called optimal strategies of of players in the max min and
min max problem.



Chapter 2

Normal Form Games

2.1 Two-person Zero-sum Game in Normal Form

Definition 1. The system
I=(X,Y,K), (2.1)

where X and Y are nonempty finite sets, and the function K : X xY — R is
bounded.

The elements x € X and y € Y are called the strategies of players 1 and
2(possible set of actions of a player 1 or 2), respectively, in the game T'. The
strategies x and y are the alternative action taken by player 1 and 2 respectively to
make a decision. The elements of the Cartesian product X XY (i.e. the pairs of
strategies (x,y), where x € X and y € Y') are called situations, and the function
K is the payoff of Player 1. It measures the gain and loss of player 1 at each
situation. Player 1’s payoff in situation (x,y) is set equal to K(z,y) and player
2’s payoff is —K(x,y). Therefore the function K also called payoff function of the
game I'. The value K (z,y) at situation (x,y) indicates the gain or loss of player 1,
i.e. if the value is positive indicate gain and loss if negative. The gain K(x,y) at
situation (x,y) for player 1 is loss for player 2 and vice versa, then the game I' is
called two-person zero-sum game, and the function K is called the payoff function
for the game I'. In two person zero sum game the sum of the payoffs to payer 1
and player 2 is zero. In order to specify the game I', it is necessary to define the
sets of strategies X, Y for players 1 and 2, and the payoff function K given on
the set of all situations X x Y. The game T is interpreted as follows. Players
simultaneously and independently choose strategies v € X, y € Y. There after
Player 1 receives the payoff equal to K(z,y) and Player 2 receives the payoff equal
to —K(x,y). The value of the function K(x,y) can not be the same at all situation
(x,y), since game is need decision based on the payoff outcome of the function, so
no need a decision for such the same value at all.



A game in normal form, is representation of a game with table(matrix) in which
players independently and simultaneously choose their strategies. The resulting
payoffs are presented in a matrix for each strategy combination.

The restriction of a function is a new function obtained from the original
function by choosing a smaller domain sub set of the original function.

Definition 2. The game I" = (X', Y’ K') is called a sub-game of the game T' =
(X,)Y,K) if X' C X, Y CVY, and the function K’ : X' X Y' — R is a restriction
of function K on X' xY'.

Definition 3. Two-person zero-sum games in which both players have finite sets
of strategies are called matriz games and denoted by 'y, where A is the payoff
matrix for player 1.

Definition 4. A pure strategy is a strategy that provides a complete definition of
how a player will play a game.

We focus only on two-person zero-sum matrix games in which the pure
strategy sets of the players’ are finite.

Suppose that Player 1 in matrix game (2.1) has a total of m strategies. Let us
order the strategy set X of the first player and correspond to the row of matrix i.e.

set up a one-to-one correspondence between the set M = {1,2,...,m} and X . The
set M is called pure strategies of player 1. Similarly, if Player 2 has n strategies, it is
possible to set up a one-to-one correspondence between the sets N = {1,2,...,n}

and Y. The set N is called pure strategies of player 2. The game I' is then fully
defined by specifying the matrix A = (a;;), where a;; = K(x;,v:), (1,7) € M x N,
(i,yj,) € X xY,i € M,j € N. In this case the game I' is realized as follows.
Player 1 chooses row @ € M and Player 2 (simultaneously and independently from
Player 1) chooses column j € N. Thereafter Player 1 receives the payoff a;; and
Player 2 receives the payoff —a,;. If the payoff is equal to a negative number, then
we are dealing with the actual loss of Player 1.

Example 1. Suppose player 1 in war zone has m regiments and his enemy(player
2) has n regiments. Player 2 is defending two posts. The post will be taken by
player 1 if when attacking the post he is more powerful in strength on this post.
The opposing parties are two separate regiments between the two posts. Define
the payoff to the Player 1 at each post. If player 1 has more regiments than the
enemy(Player 2) at the post, then his payoff at this post is equal to the number of
the enemy’s regiments plus one (the occupation of the post is equivalent to capturing
of one regiment). If Player 2 has more regiments than Player 1 at the post, Player
1 loses his regiments at the post plus one (for the lost of the post). If each side
has the same number of regiments at the post, it is a draw and each side gets zero.
The total payoff to Player 1 is the sum of the payoffs at the two posts.



The game is zero-sum. We shall describe strategies of the players. Suppose that
L0, L1y vy T, and Yo, Yo, - . ., Yn be strategies of player 1 and player 2 respectively.
Assume m > n. And let as place the regiments in the two post for Player 1
strategies: xo = (m,0) - to place all of the regiments at the first post and no at
the second post; rt1 = (m — 1,1) - to place (m — 1) regiments at the first post
and one at the second; ro = (m —2,2),..., xp1 = (ILm — 1), z,, = (0,m).
And for (Player 2) has the following strategies: yo = (n,0), y3 = (n — 1,1),... ,
Yn = (0,n). Suppose that the Player 1 chooses strateqy xo and Player 2 chooses
strateqy yo. Compute the payoff agy of Player 1 in this situation.Since m > n, Player
1 wins at the first post. His payoff is n+1 (one for holding the post). At the second
post it is draw. Therefore agg = n + 1.Compute agy.Since m > n — 1, then in the
first post Player 1’s payoff is n — 1+ 1 = n. Player 2 wins at the second post.
Therefore the loss of Player 1 at this post is one. Thus, agy = n — 1. Similarly,
we obtain apy =n—j+1—-1=n—7,1<j <mn. Further, if m —1 > n then
apo=n+1+1=n+2, an=n—-1+1=mn,...,a;=n—j+1-1-1=n—j—I,
2 < j < n.In a general case (for any m and n) the elements a;j, i = 0,1,...,m,
7 =0,...,n, of the payoff matriz are computed as follow:

(112, if m—i>n—ji>i
n—j+1, if m—i>n—7j1=j,
n—j—i, if m—i>n—ji<]j,
—m4+i+7, if m—i<n-—ji>],
ai; = J+1, if m—i=n—7j1>7,
-m — 2, if m—i<n-—j1<jy,
i1, if m—i=n—ji<]j,

—m+i—1, if m—i<n-—ji=],

0, if m—i=n-—7ji=].

\

Thus, with m = 4, n = 3, considering all possible situations, we obtain the payoff
matriz A of this game:

Yo Y1 Y2 Y3

o 4 2 1 0

1 1 3 0 -1
A= o] =2 2 2 =2 (2.2)

x| —1 0 3 1

x4 0o 1 2 4

Note that the negative numbers in the payoff matriz indicates the actual loss of
player 1 and 0 indicates no gain and no loss.
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Example 2. Suppose that Player 1 is searching for a mobile object (Player 2) for
the purpose of detecting it. Player 2’s objective is the opposite one (i.e. he seeks
to avoid being detected). Suppose there are three detecting places and the velocities
of player 1 at each place is denoted by o, an and asz and of player 2 at each place
B1, Ba, B3 . Player 1 can move at velocities of ap = 1, as = 2, ag = 3, respectively
to the three places. The range of the detecting device used by Player 1, depending
on the velocities of the players is determined by the matrix

B1 B2 PBs

ai 4 5 6

D= a | 3 4 5
az 1 2 3

Strategies of the players are the velocities, and Player 1’s payoff in the
situation (oy, B;) is assumed to be the search efficiency a;; = 00,5, wherei =1,2,3,
J = 1,2,3 and d;; s an element of the matriz D. Then the problem of selecting
velocities in a nowsy search can be represented by the game with matrix

B1 B2 Bs
ai 4 5 6

A= a 6 8 10 (2 3)
s | 3 6 9

2.2 Maximin and Minimax Strategies

Consider a two-person zero-game I' = (X,Y, K) as in 2.1. In this game each of
the players wants to maximize his payoff by choosing a proper strategy. But for
Player 1 the payoff is determined by the function K(z,y), and for Player 2 it is
determined by (—K(z,y)), i.e. the players’ interest are directly opposite, since
the gain for the one is loss for the other. Note that the payoff of Player 1 (or 2)
(the payoff function) is determined on the set of situations (z,y) € X x Y. Each
situation, and hence the player’s payoff do not depend only on his own choice, but
also on what strategy will be chosen by his opponent whose objective is directly
opposite, since player 1 wants to maximize the minimum gain and player 2 want to
minimize the maximum loss this is the objective of the players. Therefore, seeking
to obtain the maximum possible payoff, each player must take into account the
opponent’s behavior.

The game in example 1 (2.2) provides a good example of the foregoing. If
Player 1 wants to gain maximum payoff, he must choose the strategy zo(or x,)
row in order to get the maximum entry value 4. In this case, if Player 2 chooses
yo for strategy x4 player 1, or ys for strategy zo player 1 , then the first player

11



receives the payoff 0, i.e. he loses 4 units. Similar reasonings are applicable to
Player 2.

In the theory of games it is supposed that the behavior of both players is
rational, i.e. they wish to maximize the minimum gain and minimize the maximum
loss, assuming that the opponent is acting in the best (for himself) possible way.
What maximal payoff can Player 1 guarantee himself? Suppose player 1 chooses
strategy . Then, at worst case he will win min, K(z,y). Therefore, Player 1
can always guarantee himself the payoff max, min, K (z,y). This is the objective
of player 1. If the max and min are not reached, Player 1 can guarantee himself
obtaining the payoff arbitrarily close to the quantity

v =sup inf K(z,y). (2.4)
zeX YeY

The principle of constructing such objective strategy = of based on the
maximization of the minimal payoff is called the max min principle, and the
strategy x selected by this principle is called the max min strategy of Player 1. Asin
example 1 (2.2) the guarantee strategy for player 1 is x5 since the max; min; a;; = 1
is exist at strategy zy.

For Player 2 it is possible to provide similar reasonings. Suppose he chooses
strategy y. Then, at worst case, he will lose max, K(z,y). Therefore, the second
player can always guarantee himself the payoff min, max, K (x,y) and is the
objective of player 2. If the min and max is not reachable, Player 2 can guarantee
himself obtaining the payoff arbitrarily close to the quantity

v = inf sup K(z,y). (2.5)
YeY zeXx
The principle of constructing a strategy y, based on the minimization of maximum
losses, is called the minmax principle, and the strategy y selected for this principle
is called the minimaz strategy of Player 2. In example 1 (2.2) the guarantee
strategy for player 2 are exist y; and y, and the min; max; a;; = 3.
Consider the (m x n) matrix game I'4. Then the extrema in (2.4) and (2.5)
are reached and v and v of the game are, respectively equal to

v = max min a; (2.6)
1<i<m 1<5<n

U= min max a; (2.7)
1<j<n 1<i<m

a1 a12 Ce QA1n

21 A22 ... d2p

Am1 Am2 ... Amn
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The max min principle:

max mjin a;; = max{min{ay;};_, min{ag;}j_;, ..., min{am;}j_,}

= {miax{mjin i}y i

And the min max principle:

mjin mZ_aX a;; = min{max{a; };*,, max{a;2 };" 4, ..., max{a; }i 4}

= {mjin{mzax aij Yit1 Y

The following theorem holds for any game I' = (X, Y, K)

Theorem 1. The lower value of the game is always leas than the upper value, i.e.

v<T (2.8)

or
sup inf K(x,y) < inf sup K(z, 2.9
sup inf (z y)_;gymg (z,y) (2.9)

Proof. Let x € X be an arbitrary strategy of Player 1. Then we have
K(z,y) < sup K(z,y)
zeX

Hence we get

inf K < inf sup K .
inf (%y)_;gyilel)g (z,v)

Note that we have a constant on the right-hand side of the latter inequality, and
the value x € X has been chosen arbitrarily. Therefore, the following inequality
holds

sup inf K (x,vy) < inf sup K(x,y).
J:E)I? yey ( y) T yey xeXp ( y>

O
The values v and U are called the lower and upper value of the game respectively.As
in Example 1 in (2.2) max; min; a;; = 1 < min; max; a;; = 3.

If v = max,inf, K(z,y) = ¥ = min,sup, K(x,y), then the maxmin and
min max principles are called optimal principle. And the strategies x and y are
called the optimal strategies of player 1 and 2 in the game respectively.

Thus, the game I'y in Example 2 with the matrix (2.3), the lower value
(max min) v and the max min strategy of the first player are v = 6, an, respectively,
and the upper value (minmax) 7 and the min max strategy of the second player
are v = 6, 1, respectively. Then v = v = 6, this implies max min and min max are
optimal principle of the game and the strategies s, 1 are the optimal strategies
of player 1 and 2 respectively.
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2.3 Saddle points

Consider the optimal behavior of players in a two-person zero-sum game. In the
game ' = (X, Y, K) it is natural to consider as optimal a situation (z*,y*) € X xY
the deviation from which there is no advantage for both players. Such a point
(x*,y*) is called the equilibrium point and the optimality principle based on
constructing an equilibrium point is called the equilibrium principle. For two-person
zero-sum games, as will be shown later, the equilibrium principle is

equivalent to the principles of min max and max min the discussed above in section
(2.2) . This, of course, requires the existence of an equilibrium.

Definition 5. In the two-person zero-sum game I' = (X,Y, K) the point (z*,y*)
s called an equilibrium point, or a saddle point, if

K(z,y") < K(z",y"), (2.10)
K(z*,y") < K(z*,y) (2.11)
forallz € X andy €Y.
The set of all equilibrium points in the game I" will be denoted as
Z(), (=", y")e Z(I') C X x Y.

In the matrix game I' the equilibrium points are the saddle points of the payoff
matrix A, i.e. the points (i*, 7*) for which for all i € M and j € N the inequalities
(2.10) and (2.11) are satisfied

Qjjr < Qirjr S Qe

The element of the matrix a;«;- at the saddle point is simultaneously the
minimum of its row and the maximum of its column. For example, in the game
1 0 4
with the matrix [5 3 8| the point (2,2) is a saddle point (equilibrium).
6 0 1

Theorem 2. Let (z75,y7), (y5,23) be two arbitrary saddle points in the two person
zero-sum game I'. Then;

LK (z1,97) = K(x3,95);

2.(x1,45) € Z(1), (3, 97) € Z(T).

14



Proof. 1. From the definition of a saddle point for all x € X and y € Y we have
K(z,y7) < K(a7,97) < K(z1,y) (2.12)

K(z,y3) < K(25,y3) < K(x3,9) (2.13)

We substitute x% into the left-hand side of the inequality (2.12), y3 into the right-hand
side, x5 into the left-hand side of the inequality (2.13) and y; into the right-hand
side. Then we get

K(w5,97) < K(21,97) < K(a7,95) < K(23,95) < K(3, 47)
From this it follows that:
K(a1,y1) = K23, 45) = K(27, 45) = K (3, 47) (2.14)
2. To show the second, consider the point (x3,y5). From (2.12)-(2.14), we have

K(z,y3) < K(x3,y5) = K(21,97) = K(27,95) < K(27,y) (2.15)

for all x € X,y € Y. And also for the point x3,y; can be proved in the same
manner as the point (z7,y5).

O
From the theorem it follows that the payoff function takes the same values at
all saddle points.
In game theory optimal strategy is a strategy that satisfies the equilibrium
principle and/or the optimal principle.

Definition 6. Let (z*,y*) be a saddle point in the game I'. Then the number
v=K(z",y") (2.16)
15 called the value of the game T'.

From Theorem 2 by the second assertion suggests, in particular the following
fact. Let X* C X, Y* CY and

X*={2" e X3y €Y, (z",y") € Z(I')},

Y*={y"eY|3z" € X, (2", y") € Z(I')}

then
Z()=X"xY~" (2.17)
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Definition 7. The set X* and Y™ is called the set of optimal strategies of Player
1 and 2 respectively in the game T', and their elements-optimal strategies of the
player 1 and 2. We say these optimal strategies because for each player any change
in the chosen strategies does not improve the payoff to either player i.e. satisfies
the optimal principle.

Optimality of the players’ behavior remains unaffected if the strategy sets in
the game remain the same and the payoff function is multiplied by a positive
constant, or a constant number is added thereto.

Theorem 3. For the existence of the saddle point in the game T' = (XY, K), it
15 necessary and sufficient that the quantities

min sup K (z,y), maxinf K(x,y) (2.18)
vz Ty

exist and the following equality holds:

v = maxinf K (z,y) = minsup K(x,y) = 7. (2.19)
z oy v

T

Proof. Necessity: Let x*,y* € Z(T"). Then for allx € X and y € Y the inequality
holds
K(z,y") < K(z*,y") < K(z",y)

and hence
sup K (z,y7) < K (", y") (2.20)

inf sup K (x,y) < sup K(z,y") (2.21)
Y T T
comparing (2.20)and (2.21) we get

inf sup K (z,y) < sup K(z,y") < K(z*,y")
Yy T x

In the similar way we get the inequality

K(z*,y") <inf K(z*,y) < supinf K(z,y).
y z Y

The inverse inequality holds in (2.9). We get

supinf K (z,y) = inf sup K (z,y),
z Y ¥y =z

and finally we get

minsup K (z,y) = sup K(z,y") = K(z*,y")
Y T

T
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max inf K (z,y) = inf K(z*,y) = K(z*,y%)
Ty y

i.e. the exterior extrema of the min sup and max inf are reached at the points y*
and x* respectively.
Sufficiency: Suppose there exist the min, sup, and max, inf,

max inf K (z,y) = inf K (2", y);
x Yy )

min sup K (z,y) = sup K (z,y") (2.22)
Yy T x
and the equality (2.19) holds. We need to show that (x*,y*) is a saddle point.
K(z*,y") > inf K(2*,y) = maxinf K(z,y) (2.23)
y oy
K(z*,y") < sup K(x,y") = minsup K (z,y) (2.24)
T Y x

By (2.19) the minsup is equal to the maxinf, and from (2.23), (2.24) it follows
that the minsup is also equal to the K(x*,y*), i.e. the inequalities in (2.23) and
(2.24) are satisfied as equalities. Now we have

K(z*,y") =inf K(z*,y) < K(2*,y)
y
K(x*,y*) =sup K(z,y") > K(x,y")

for all x x y € X XY, this implies (z*,y*) € Z(I)

O
The proof shows that the common value of the min sup and max inf is equal to
K(x*,y*) = v, the value of the game, and any minsup and maxinf strategies y*
and z* are optimal in terms of the theorem, i.e. the point (z*, y*) is a saddle point.
In game the a pair of strategies player 1 and 2 that satisfy the max min = min max
is called optimal strategies.
From the proof of this theorem the following corollary

Corollary 1. If the minsup and maxinf in (2.18) exist and are reached on'y and
T, respectively, then
max inf K (z,y) = K(Z,y) = minsup K(z,y) (2.25)
z oy vy oz
The games, in which saddle points exist and is said to be strictly determined.
Therefore, this theorem establishes a criterion for strict determination of the game
and can be restated as follows. For a game to be strictly determined it is necessary
and sufficient that the min sup and maxinf in (2.18) exist and the equality (2.19)
is satisfied.
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Theorem 4. LetT'= (XY, K) and I = (X,Y, K') be two zero-sum games and
K'=BK +a, >0, a=constant, 3 = constant (2.26)
Then
Z([T")=Z(T), v = Por + a. (2.27)
Proof. Let (z*,y*) be a saddle point in the game I'. Then we have
K'(z*,y") = BK(z",y") + a < BK (2", y) + o = K'(z",y)

K'(z*y") = BK(2",y") + @ > BK(z,y") + a = K'(z,y")
foralze X andyeY
this implies
K,(l',y*) S K,({E*,y*) S K/(I,y*)
forallx xye X xY,
Therefore (z*,y*) € Z(I")
Conversely let (x*,y*) € Z(I). Then

1 o
K $*,y* — _K/ .:E*,y* _
T 3 (=", ") 3
and, by similar reasoning, we have that (x*,y*) € Z(I'). Therefore Z(I') = Z(IV).
And
K’(x*,y*) — 5K($*7y*) +a= 51}1“ + o = v

]

Corollary 2. For the m x n matriz game to be strictly determined it is necessary
and sufficient that the following equalities hold

min max @;; = max min a;; (2.28)
1<j<n 1<i<m 1<i<m 1<j<n
1 4 1
For example, in the game with the matrix |2 2 4| the point (2,1) is a
0 -1 7

saddle point. In this case

max min @;; = Minmax a;; = 2.
7 J J i
. . (10 .
On the other hand, the game with the matrix 01 does not have a saddle point,
since

min maxa;; = 1 > maxmina;; = 0.
i i
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so, the game is not strictly determined, this implies that the game have not optimal
strategies and no value of the game at these strategies. we will see in the next
section to find equilibrium point in the non strictly determined case.

Note that the game in Example 1 (2.2) is non strictly determined, but the game
in example 2 is strictly determined and the value of the game is 6 with optimal

strategy (as, f1).

2.4 Mixed Strategies of a Game

Consider the matrix game ['4. If the game has a saddle point, then the min max is
equal to the max min; and each of the players can, by the definition of the saddle
point, inform the opponent of his optimal (max min, min max) strategy and hence
no player can receive extra benefits. Now assume that the game I'4 has no saddle
point. Then by Theorem 1 and Theorem 4

min max a,; — maxmina;; > 0. (2.29)
J 1 ? J
In this case the max min and min max strategies are not optimal and the value of
the game v4 is occur in some where between max min and min max, i.e.

max min < v4 < min max

7 3
2 5
the saddle point does not exist. Denote by ¢* the maxmin strategy of Player 1
(* = 1), and by j* the min max strategy of Player 2 (j* = 2). Suppose Player
2 adopts strategy 7 = 2 and Player 1 chooses strategy ¢ = 2. Then the latter
receives the payoff 5, i.e. 2 units greater than the max min. If, however, Player 2
guesses the choice by Player 1, he alters his strategy to 7 = 1 and then Player 1
receives a payoff of 2 units only, i.e. 1 unit less than in the case of the maxmin.
Similar reasonings apply to the second player.

from this matrix game the min; max; a;; = 5, max; min; a;; = 3, that is

Definition 8. The random variable whose values are strategies of a player is called
a mized strateqy of the player.

For the matrix game I'4, a mixed strategy of Player 1 is a random variable
whose values are the row numbers i € M, M = {1,2,...,m} . A similar definition
applies to Player 2’s mixed strategy whose values are the column numbers 7 € N
of the matrix A. Since the random variable is characterized by its distribution, the
mixed strategy will be identified in what follows with the probability distribution
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over the set of pure strategies. Thus, Player I's mixed strategy x in the game is
the m-dimensional vector,

r=(& . &m) G20, ) G=1i=12...m (2.30)
i=1
Similarly, player 2’s mixed strategy y is n-dimensional vector,
y=(12 Mm% =0, Y =1, j=12...n (2.31)
j=1

In this case, { > 0 and 7; > 0 are the probabilities of choosing the pure strategies
1 € M and j € N, respectively, when the players use mixed strategies z and y.
Denote by set of vectors X and Y the sets of mixed strategies for the first and
second players, respectively.

Definition 9. Let x = (£1,&,...,&n) € X be a mized strategy of Player 1. The
set of indices
M, = {ili € M, & # 0} (2.32)

where M = {1,2,...,m}, is called the spectrum of strategy x.
Similarly, for the mized strateqy y = (71,72, ---,7) of Player 2 the spectrum
N, is determined as follows:

Ny ={jlj € N,v; # 0} (2.33)
where N ={1,2,...,n}

For any mixed strategy z the spectrum M, # (), since the vector x has
non-negative components with the sum equal to 1.

Any pure strategy i € M can expressed as a mixed strategy u; = (&1,&a,...,&m) €
X, where §; =1, =0,j #4,7=1,2,...,m. Such a strategy prescribes a
selection of the i** row of the matrix A with probability 1. Similarly for any pure
strategy j € N of player 2 can be expressed by v; = (71,72, .-, ), = 1,7 =

07/1:%‘].7]':1’27"'7”

Definition 10. The pair (z,y) of mized strategies in the matriz game I 4 is called
the situation in mized strategies.

If we mixed the game I'4 with respect the mixed strategies © = (£1,&2, ..., &m)
of player 1, we have this row matrix A = [0, an& Yoty @i .. > améil,
is the moderate payoff value for player 1 between min,; a;; and max; a;;, where
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j=1,2,...,n and also mix this with respect mixed strategy v = (71,72, --,Vn)
of player 2 and we have get

K(z,y) = Z Z a;i&i; = rAy” (2.34)

i=1 j=1

is called the payoff function of Player 1 at the point (x,y) in mixed strategies
x=(&,8, - ,&m) € X,y =(71,7%,---,7) €Y for the (m x n) matrix game
I'y. Mean that the game is mixed with the probabilities of the pure strategy. The
function K (z,y) is continuous in x € X and y € Y. When one player uses pure
strategy i(or j) and the other player uses mixed strategy z or y respectively then
the payofts K (i,y), K(x,j) are computed as follow:

n

K(i,y) = K(u;,y) :Z@z’j%‘ =ay’,i=1,2,...,m

j=1

K(Qf,j) :K(.CC,U]‘) :Z@-aij :a:aj,j = 1,2,...,”
i=1

where a;, a’ are respectively the i row and the j* column of the (m x n) matrix
A.

The game I'y = (X,Y, K), where X and Y are the sets of mixed strategies
in the game I'y = (M, N, A) and K is the payoff function in mixed strategies, is
called a mixed extension of the game I'4. The game I'4 is a subgame for I'4, i.e.
F4CT4

Definition 11. The point (z*,y*) in the game ' 4 is saddle point and the number
v = K(z*,z%) is the value of the game if for allz € X andy €Y

K(z,y") < K(z",y") < K(2",y) (2.35)

The strategies (z*,y*) appearing in the saddle point are called optimal
strategies. Moreover, by Theorem 4, the strategies #* and y* are respectively the
max min and min max strategies, since the exterior extrema in (2.18) are reachable
(the function K(x,y) is continuous on the compact sets X and Y).

Theorem 5. Let 'y and I'y be two m X n matriz games, where A’ = oA + B,
a >0, a = const, and B is the matriz with the same elements 3, i.e. 3;; = 8 for
all i and j . Then Z(T x) = Z(T4) and x4 = avs + 3, where T o and T4 are the
mized extensions of the games I'ar and Iy, respectively, and 4 and V4 are the
values of the games Ty and T 4.
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Proof. matrices A and A’ are of dimension m X n; therefore the sets of mized
strategies in the games 1" o and ' 4 coincide. We shall show that for any situation
in mized strategies (x,y) the following equality holds

K'(z,y) = aK(z,y) + B, (2.36)

where K' and K are Player 1’s payoffs in the games Ty and T 4, respectively.
Indeed, for all x € X and y € Y we have

K'(z,y) = 54T = a(e Ay") + 2By = oK (2,y) + 6.
From Theorem 8 it follows that Z(T x) = Z(T4), Uar = V4 + f3.
[

Example 3. Let us verify that the strategies y* = (%,i,i), x* = (%,}t,i) are

optimal and v = 0 is the value of the game I" 4 with the matriz

1 -1 -1
A=1|-1 -1 38
-1 5 -1

For simplicity we add 1 to all entry of matriz A and then multiply the result matriz
by % we get the following matrix

1
A= |0
0

N OO
S NN O

ie. A= %(/H— B), where B = f3;; and B;; =1, for alli=1,2,3 and j =1,2,3.
for any, y = (1,72,73) € Y, we have K'(2*,y) = e* A'y" = Sy + 572+ 5723,
and for all v = (&,6,&), K'(v,y*) = 2A'y™T = 3& + 3& + 58 = &, this implies
K'(z,y*) < K'(z*,y*) < K'(z*,y) for all (z,y) € X x Y, hence (z*,y*) € Z(Ta/).
i.e. (x*,y*) is the saddle point of the game T 4.
K'(z*,y*) =" Ay*T = 1. Since A’ = 1(A+ B), then vy = 1(va+1), va=0

In this example only see how to check the saddle point condition, but we will
see later how to find these saddle points.

2.5 Existence of a solution of the matrix game in
mixed strategies

Theorem 6. Any matriz game has a saddle point in mixed strategies.
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Proof. case 1: Let Iy be an arbitrary game with (n xm) a strictly positive matriz
A = (a;) te. a;; >0 foralli=1,2,... . mand j=1,2,....,n. We need to show
the Theorem s true in this case.

Player 1s’ mized optimal strategy © = (&1,&2,...,&n) can be determined by
solving the following max min problem.

maxmin zAv? = max{ min za’}
T vj J T 1<j<n

m

= mgax{mm{z aﬂ{i, Z a,g&, ey Z am&}}, (237)
' 1 1

1

where v; = (A1, Aay.. ., ), N\j = 1 for k=34, and A, = 0 for k # j and &’ is
column vectors of matriz A, j,k=1,2,...,n, > .["& =1
Now let

v = min{z ain&;, Z a;i2&;, . . . ,Z an&i} >0, (since A isstrictly positive)
i=1 i=1 i=1

The equality in (2.37) can be modified by

max 2 =7v

s.t Zai]fi =zA>v
i=1

S +&+. . +E& =1
1,60, >0,0=1,2,....n
v > 0.
Dividing all the constraints both side by v, we get the following.

max z =1v

s.t a11é+a215—2+...+am1@21

v v v
a12é+az2é+---+am2€—m21

v v v

v v

m 1

U B U

v v v



>0, v>0,1=1,2,...,m.
1
v

max z =v < min z =

Let ¢; = %, and % substituting by q; we get the following

1
max z=v<&mn 2=—=q@+q¢+...+gn
v

st apnqr +agqe + ...+ apigm > 1
a12q1 + A29qo + . ..+ Gmaqo > 1
a1nq1 +a'2nq2 + ... ‘l’amnCZm Z 1

§£>00>0i=1,2. .. .m

To add simplicity, the above linear programmaing problem we can rewrite as below
min z = qu’ st gA >w?, ¢>0 (2.38)

where, ¢ = (q1,q2, -, qm) ER™, u=(1,1,...,1) e R, w=(1,1,...,1) € R"
Player 2s’ mized optimal strateqgy y = (71,%2,---,7) can be determined by
solving the following min max problem.

myin max u Ay’ = myin{max{ Z a1;v; Z asjVis - -, ]Zl AmiYiths (2.39)

=1 =1

where Y5 v; =1, ui = (M, 02, 0m), e =1, for k=1d,,m; =0, fori £k, i =
1,2,...,m.
Let

n

n n
v = max{ g ai;v;, E a2Viy -« - s E am;iYj}
j=1 j=1

Jj=1

The minmax problem in (2.39) can be modified by the following:

min z =v
n
s.t Zaijyj:AyTgv,izl,Z...,m
j=1

Ntrt+t...+y=1

v; >0, v >0 (since A is strictly positive matrix)
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Dividing all the constraints both side by v,

min z =v

s.t anﬂ—i—auﬁ—i—...%—alnh S 1
v v v

G21£+G22ﬁ+---+a2nﬁ§1
v v v

4! V2 Tn

am1_+am2_+---+amn_gl

) v )

n 1

non, w1

v v v v
v =20,v>0,7=12,...,n.

1

min z =v < max z = —

)

Let p; = 2 and substituting 2 by p; and we have the following

1
mn z=v$max 2 =—=p;+pa+...+p,
v

s.t ai1pP1 +a12p2 4 ... +a1npn S 1
ag1p1 + Goapa + ... + Goppp < 1
Am1P1 +am2p2 +... +amnpn S 1

pj=>0,v>0,7=12,...,n.

This linear programmaing can be rewrite as below
max z =wp’ s.t ApT <ul,p>0 (2.40)

where, p = (p1,p2,---,Pn) ER", u=(1,1,...,1) e R, w=(1,1,...,1) e R"

The linear programming problem in (2.40) is dual linear programming to the
linear programming problem in(2.38).

The linear programming problem in ((2.38)) has a feasible solution x > 0, for
which A > w?, since A is strictly positive matriz game. Similarly y = 0 is feasible
solution of the linear programming (2.40). Therefore by the Duality Theorem both
problems have optimal solution T, i respectively, and

Tul

=wy =3§>0 (2.41)
(Tu") /6 = (wy")/6 =1
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Z/0 >0, §/d > 0 since T and g are the optimal solution of the linear programming
problem (2.38) and (2.40) respectively. i.e. T/d and §/d are mized strategies of
player 1 and 2 in the game I 4.

1= (wy")/s < (TAY")/6 < (Tul) /0 =1

this implies, (TAY")/6 = 1 & TAY' /6% = 1/6 (i.e. dividing both side by §),
implies K(/0,5/0) =1/6

Let x € X and y € Y be arbitrary mized strategies for players 1 and 2. The
following inequalities hold:

K(T/8,y) = TAY" /6 > (wy")/6 = 1/6

K(z,7/6) = 2 Ay" /6 < au’ /6 = 1/§

Therefore (T/6,7/9) is the saddle point and 1/§ is the value of the game T 4
with a strictly positive matriz.

case 2: Now consider the game I 4 with (mxn) an arbitrary matrizc A" = (a;;).
Then there exists constant 8 > 0 such that the matric A = A'+ B is strictly positive,
where B = () is an (m x n) matriz, Bi; =0, i=1,2,...,m, j=1012,...,n. In
the game T 4 there exists a saddle point (x*,y*) in mized strategies, and the value
of the game equals vy = 1/0, where § is determined as in case 1.

From Theorem 5, it follows that (v*,y*) € Z(T &) is a saddle point in the game
I'4 in mixed strategies and the value of the game is equal to

UAIIUA—ﬁzl/(S—ﬁ D

Note that from the proof of the Theorem the solution of the any matrix game
is correlate to a linear programming problem, and the solution algorithm for the
game ["4 is as follows.

1. By employing the matrix A’, construct a strictly positive matrix A = A'+ B,
where B = (Bm‘), ﬁij = B > 0.

2. Solve the linear programming problems (2.38),(2.40). Find optimal solution
vectors T, gy and optimal value. i.e. § (as in Theorem 7).

3. Construct optimal strategies for the players 1 and 2, respectively,

x*=1T/d, ¥y =75/o.

4. Compute the value of the game I' 4/

Var = 1/(5 - ﬂ
Example 4. Consider the matriz game I 4 determined with the matriz
7 3
1=l
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Associated linear programming problems(LPP) are of the form:

min w = x; + T
7l’1+2l‘221
3$1+5l’221

max 2z = Y1 + Yo
Ty1 +3y2 <1
21 +5y2 < 1
1120,22>20 y1 20,9220

Note that, these problems may be written in the equivalent standard form with
constraints in the form of equalities

Solution:

min w =z + o
st T7r1+ 2y —x3=1
31+ 51y —x4=1
212> 0,29 20,23 > 0,24 >0

max z = Y1 + Ya

st Ty +3ys +ys =1

21 +0Y2 +ya =1
120,92 > 0,y3 > 0,94 >0

Since the given LP problems are Primal and Dual each other finding solution for
one of the LP problem by some modification gives the solution of the other. So,
let as start to find the solution of the maximization LP problem by primal/dual

simplex.

Initial tableau:

max z = y1 + Y2 + 0ys + Oys
s.t Ty + 3y2ys =1

2y1 +dy2 +ys =1

y1 > 0,y2 > 0,y3 > 0,y3 > 0

Yi Y2 Yz Ya b
—2z|!1 1 0 00
v |2 5 0 11

In initial tableau the basic feasible solution is (y1,y2,ys,v4) = (0,0,1,1) with
objective function value z = 0, but tableau is not optimal since there are entries
in the first with positive value , so choose y; to enter the base column, since it has
positive objective coefficient. And y, is the row with minimum positive ratio, so
leave the base and replace by the new entering and pivoting the pivot entry 2.

tableau 2:

Y1 Y2 Y3 ys b
-zl 0 =3/2 0 —-1/2 —-1/2
ys | 0 —29/2 1 =-7/2 —-5/2
y1 |1 5/2 0 1/2 1/2
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In tableau 2 failed the primal simplex feasibility, since b} = —5/2 < 0, and then
we do with dual simplex feasibility (i.e. ¢; < 0,) for all j = 1,2,3,4, in this
method we need make b; > 0 for all « = 1,2. The second row is the pivot row,
since b} = —5/2 < 0(the entry of the second row in b column is negative), and
y3 leave the base. Choose the pivot column by the minimum positive ratio test
min{c;/ay;}, by this test the enter variable is yo and pivoting the pivot entry. This
we will do in tableau 3
tableau 3:
Y1 Yo Y3 ys b

—z| 0 0 =3/29 —4/29 -7/29

yo |0 1 —=2/29 7/29 5/29

yi |10 5/29 —=3/29 2/29
Tableau 3 is optimal tableau since b > 0 and ¢; < 0 for all j = 1,2,3,4.. we
have the optimal solution (7,,7,) = (2/29,5/29) and the optimal value z = 7/29.
For minimization problem optimal solution can get from its dual maximization.
As in (1.7) the inverse matrix in the final optimal tableau(tableau 3) is B~' =

—2/29  7/29 . . _ o | -
[ 5/29 _3/29} . The optimal solution for min problem is given by as in (1.7)T =
CpB~!, where Cp = [1 1] is the coefficient of the original max problem. So,

T = CgB™' = (3/29,4/29) = (7,,72) and w = 7/29 = z. We need to find
the value of the game for such LP problems. The optimal value of the game
[yisvg = 1/w = 29/7 and the optimal strategies are z* = T/w = (3/7,4/7),
y'=y/w=(2/7,5/7)

The linear programming problem that have optimal solution is equivalent to
the matrix game I'4.

Consider the following primal and dual problems of linear programming

min zu’

zA>uw’, (2.42)
x >0,

max wy’
Ay <u”, (2.43)
y 20,
where z € R™ and y € R" (u and w as in Theorem 7) Let X and Y be the

sets of optimal solutions of the problems (2.42) and (2.43), respectively. Denote
(1/8)X = {z/8| T € X}, (1/8)Y = {5/ FE Y}, 8> 0.

Theorem 7. Let 'y be the m x n game with the positive matriz A (all elements
are positive) and let there be given two dual problems of linear programming (2.42)
and (2.43). Then the following conditions hold.
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1. Both linear programming problems have a solution set X # 0 and Y # 0, in
which case

§ = minzu’ = maxwy”
x y
2. The value vy of the game ' 4 is
Vag = 1/5,

and the strategies

™ =1T/d, Yyt =71y/0

are optimal, where T € X is an optimal solution of the primal problem (2.42) and
7 €Y is the optimal solution of the dual problem (2.43).

3. Any optimal strategies x* € X" and y* €Y of the players can be constructed
as shown above, i.e.

X* = (1/0)X, Y* = (1/6)Y

Proof. The proof of (1),(2) and the inclusions (1/6)X C X*, (1/6)Y C Y*
immediately follows from proof of Theorem 7 (case 1 and 2). To show for the
wnverse inclusion. Let x* € X* and let as compute the value of objective function
(2.42) at T = 6", 7uT = dx*uT = § i.e. T € X is the optimal solution of (2.42),
this implies X* C (1/8)X. In similar manner Y* C (1/5)Y O

2.6 Properties of optimal strategies and value of
the game

Let (z*,y*) € X x Y be saddle in mixed strategies for the game I"4. To test the
point (x*,y*) is equilibrium point it is sufficient to check the conditions of saddle
point in (2.35) only for i € M and j € N not for all z € X and y € Y.

Theorem 8. For the situation (z*,y*) to be an equilibrium (saddle point) in the
game T4, and the number v = K (x*,y*) be the value, it is necessary and sufficient
that the following inequalities hold for all i € M and j € N:

K(i,y") < K(z",y) (2.44)
K(z",y") < K(2",j) (2.45)
Proof. Necessity: Let (z*,y*) be saddle in the T 4. The

K(z,y*) < K(z*,y") < K(z7,y)
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forallz € X and y € Y. In particular for u; € X and w; € Y, we have this
K(,y") = K(u,y*) < K(z",y") < K(z*,w;) = K(z*, )

forie M and j € N
Sufficiency: Let (x*,y*) € X XY and satisfies (2.44, 2.45) and also let

x=(&,%,...,&n) € X and y = (1,72, --,7) €Y. Multiply (2.44) by & and
(2.45) and summing, we have the following

i=1 =1

Z% ) Zvj ) = Kty (247)

From (2.46) and (2.47), we have obtained for any arbitraries of strategies v € X
and y € Y the saddle point (z*,y*) condition salisfies. ]

Corollary 3. Let (i*,j*) be a saddle point in the game L4. Then the situation
(1%, 75%) is also a saddle point in the mized extension game I 4.

Example 5. Players 1 and 2 choose integers © and j from the set 1,2,....,n
Player 1 wins the amount |i — j|. The game is zero-sum. The payoff matriz is
square (n X n) matriz, where a;; = |i — j| .

Suppose the players select integers © and j between 1 and n, and Player 1 wins
the amount a;; = |i — j| , i.e. the distance between the numbers i and j.

Suppose the first player uses strategy x* = (1/2,0,...,0,1/2). Then K(z*,j) =
1211 =4l +1/2n—j|=1/2(j — 1)+ 1/2(n—j)=(n—1)/2 for all 1 < j < n.

a. Let n =2k + 1 be odd. Then Player 2 has a pure strategy 7* = (n+1)/2 =
k+ 1 such that ajj» = |i— (n+1)/2| = |i—k—1] < k = (n—1)/2 for all
i=1,2,...,n

b. Letn = 2k be even. Then Player 2 has a strategy y* = (0,0,...,1/2,1/2,0,...

where v = 1/2, vio1 = 1/2, v =0, j #k+1, 5 #k, j=12,...,n and
K(i,y*) = 1/2]i — k| +1/2]i —k — 1| < 1/2k+1/2(k — 1) = (n — 1)/2 for all
1 < i < n. From the theorem the value of the game is v = (n — 1)/2 with optimal
strategy x* for player 1 and for player 2 if n is odd 7%, and y*, if n even. i.e.
(x*,j*) € Z(T'4) if n odd, and (z*,y*) € Z(T4) if n even.

Theorem 9. Let I'y be an (m x n) game. For the situation in mized strategies,
let (z*,y*) be an equilibrium (saddle point) in the game ', it is necessary and
sufficient that the following equality holds

max K(¢,y") = min K(z*,7) (2.48)

1<i<m 1<j<n
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Proof. Necessity: If (z*,y*) is a saddle point,then in Theorem 9 by (2.44) and
(2.45), we have
K(i,y") < K(z%,y") < K(z7, j)

forallie M and j € N
K(i,z*) < K(z*, )

for each v and j, i.e.

ax K(i,y") < min K(2",j). (2.49)
For the converse, we have
Katy) = LK) 2 iy K@) (2:50)
-
and .
K(2"y") = ;SJK(i,y*) < max K(i,y") (2.51)

from (2.50) and (2.51),we have the following

min K(z*,7) < max K(i,y") (2.52)

1<5<n 1<i<m
Therefore form (2.49) and (2.52), we get the following equality.

max K(i,y") = min K(z*,j) = K(2",y"). (2.53)

1<i<m 1<j<n

Sufficiency:
Consider the point (x*,y*), and the equality in (2.48) holds. We need to show
(x*,y*) is saddle point. From (2.53) we get the following result

K(i,y") < max K(i,y") = K(z*,y*) = min K(z*,j) < K(z*, )

1<i<m 1<j<n
for each i and j. Therefore the point (x*,y*) is saddle point. O
Theorem 10. The following relation holds for the matriz game I' 4

maxmin K (z, j) = v4 = minmax K (i,y), (2.54)
x ¥ y (2

Proof. To prove the theorem check the conditions

i.maxmin K (z,j) < vsq < minmax K (i,y),
T j y i
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ii. max min K (z,j) > vg > minmax K (i,y).
T j y i

(i) Let (x*,y*) be saddle point. By saddle point condition we have
min K (z,5) < > 75K (2, j) = K(z,y") <va
j=1
for any x. This implies

max min K (x, j) < vy.
z

And .
va < K(2*,y) =Y ¢ K(i,y) < max K(i,y)

for any y. This implies that
v4 < minmax K (i,y),
Y )

hence

max min K (z, j) < vs < min max K (i, y)
T J Y i

(i1) Let the situation (z*,y*) be saddle point of T 4 game as in Theorem 10. By
Theorem 9 in (2.44) and (2.45) we have K (i,y*) < K(z*,y*) = va < K(x*,j) for
any i1 X j € M x N.

max K (i,y") < K(z",y")

for any i € M. From this we have the following
min max K (i,y) < max K (i,y") < K(z*,y") (2.55)
Y ? %
for each i € M and y €Y. And also
K(z*,y") < min K(z*, j)
j
since K(z*,y*) < K(x*,7) for any j € N (by (2.45)in Theorem 9)
K(z*,y") < min K (2%, j) < maxmin K (z, j) (2.56)
J z

And from (2.55) and (2.56) we get the following condition

min max K (i,y) < max K (i,y") < K(z*,y*) < min K(z*, j) < maxmin K (z, j)
y (2 (3 7 x 7

so, from (i) and (it) we get the following result,

minmax K (i,y) = max K (i,y") = K(z*,y") = v4 = min K (2", j) = maxmin K (z, j)
y i i j x j

]
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Example 6. (Application of Theorem 11)(2 x n) game: We use in this
example player 1 with 2 and player 2 with n strategies. The matriz have this form

ai; a1 ... A1p
91 Q29 ... Aoy,

Suppose Player 1 choose a mized strategy x = (§,1 — &) and player 2 choose pure
strategy j € N. Then the payoff to player 1 at (z,7) is

K(z,j) = &ayj + (1 — §)ay;

The payoff function K(x,j) is linear function and geometrically a straight line
graph with coordinate (&, K).

H() = mjinK(x,j) = min{K(z,1), K(z,2),...,K(z,n)} =

min{ (a1 — a91)€ + aa1, (@12 — a22)€ + aga, - . ., (1, — a2,)€ + a2, }

is the lower part of the straight lines K(x,j) graphs.The point £, at which the
mazimum of the function H(E) is achieved with respect to £ € [0,1], yields the
required optimal solution x* = (£*,1 — £*) and the value of the game vy = H(£¥)
For definiteness, we shall consider the game with the matrix

131 4
A:[2140]

For each j = 1,2,3,4 K(z,1) = =+ 2, K(x,2) = 26 +1 ,K(i,3) = =3¢ + 4,
K(x,4) = 4€. The lower intersection part of these lines is

H(§) =min{K(z,1) = —&+2, K(x,2) =2{+1, K(x,3) = —3¢+4, K(x,4) = 4¢}

The max H (&) of the function H(§) is found as the intersection of K (x,1) = —£+2
and the K(x,4) = 4€ equations. Thus, £ is a solution of the equation.

K(z,1)=—¢(+2=4 =y
i.e. £ =2/5 this implies x = (£*,1 — &) = (2/5,3/5).
K(z*,1) = K(z*,4) =8/5
The optimal strategy y* = (v, V3,75, Vi) for player 2 is found from below reasonings.
K2, y") = K (2", 1) + 7K (27, 2) + 45 K (27, 3) + 75K (27, 4)

s =75=0, since K(z*,2) =9/5 > 8/5 and K(z*,3) = 14/5 > 8/5.

From this we have K(x*,y*) = vi K (z*,1) +vi K(x*,4) and v} ,7;f can be found
from ~f + 45 = 8/5, 27F = 8/5.

vy =4/5,7; = 1/5 and the optimal strategy of Player 2 is y* = (4/5,0,0,1/5).
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Theorem 11. Let z* = (&,&,...,&5) and yv* = (5,75, -..,7) be optimal
//strategies in the game T 4 and vy be the value of the game. Then for any i, for
which K (i,y*) < va, there must be & =0, and for any j such that vy < K(z*,7)
there must be 7; = 0. Conversely, if §§ > 0, then K(i,y*) = va, and if 77 > 0,

then K(x*,j) = va.

Proof. Suppose that for some io € M, K (ig,y*) <wva and & # 0. Then we have
K (io, y*)&h, < va&j,.

For allie M, K(i,y*) < vga, therefore
K(i,y")& < va§-

Consequently, K(x*,y*) < va, which contradicts to the fact that va is the value of
the game. The second part of the Theorem can be proved in a similar manner. [

Definition 12. Player 1’s (or 2’s) pure strategy i € M(or j € N) is called
an essential or active strateqy if there exists the player’s optimal strategy x* =

(5,65, - &n)lory™ = (V1,755 -5 ) for which & > 0 (or 7} > 0) respectively

From the definition, and from the latter theorem, it follows that for each
essential strategy ¢ of Player 1 and any optimal strategy y* € Y of Player 2
in the game I'"4 the following equality holds:

K(i,y") = ay” = va
similar equality holds for any essential strategy j € N of Player 2 and for the
optimal strategy z* € X* of Player 1
K(z*,j) = 2%a’ = vy

If the equality a;y = v holds for the pure strategy ¢« € M and mixed strategy
y € Y, then the strategy ¢ is the best reply to the mixed strategy y in the game
4. Thus, If the pure strategy of the player is essential, then it is the best reply
to any optimal strategy of the opponent.

2.7 Dominance of strategies

The complexity of solving a matrix game increases as the dimensions of the matrix
A increase. In some cases, however, the analysis of payoff matrices permits a
conclusion that some pure strategies do not appear in the spectrum of optimal
strategy. This can result in replacement of the original matrix by the payoff matrix
of a smaller dimension.
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Definition 13. Strategy «’' of Player 1 is said to dominate strategy x” in the (mxn)
game I' 4 if the following inequalities hold for all pure strategies j € 1,2,...,n of
Player 2

v'a’ > 2"’ (2.57)

Similarly, strategy i’ of Player 2 dominates his strategy g if for all pure
strategies i € {1,2,...,m} of Player 1

aiy” < ay'" (2.58)

If inequalities (2.57), (2.58) are satisfied as strict inequalities, then we are dealing
with a strict dominance. A special case of the dominance of strategies is their
equivalence.

Definition 14. Strategies ' and x” of Player 1 are equivalent in the game T 4 if
for all j € {1,2,...,n} ’

1
a’.

rad =x
We shall denote this fact by x' ~ z”.
For two equivalent strategies ' and x" the following equality holds (for every
yey)
K(z',y) = K(2",y)

Similarly, strategies vy’ and y” of Player 2 are equivalent (3’ ~ y”) in the game
[aifforallie{1,2,...,m}
aiy’T — aiy”T-
Hence we have that for any mixed strategy x € X of Player 1 the following equality
holds

K(z,y") = K(z,y").

For pure strategies the above definitions are transformed as follows. If Player I's
pure strategy ¢ dominates strategy i” and Player 2’s pure strategy j' dominates
strategy j” of the same player, then for alli =1,...,m; j = 1,...,n the following
inequalities hold

Qirj 2> g, Gijr < Qg

This can be written in vector form as follows:
jl ]'//
ay 2 ap, @ <@

Equivalence of the pairs of strategies ', i (i’ ~ ") and j', j”(j ~ j”) implies that
the conditions ay = a, (a7 = a’") are satisfied.

Definition 15. The strategy " (ory") of Player 1{or 2) is dominated if there exists
a strateqy x # x"(or y' # y") of this player which dominates z”, (y"); otherwise
strategy x"(or y") is not dominated strategy.
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Similarly, strategy a”(or y”) of Player 1(or 2) is strictly dominated if there
exists a strategy z’(or ¢') of this player which strictly dominates z”(or "), i.e. for
all j=1,2,...n(ori=1,2,...,m) the following inequalities hold

Zad > 2"d ay’t < a7
otherwise strategy z”(or y”) of Player 1,(or 2) is not strictly dominated.

Theorem 12. If, in the game I 4, strateqy =’ of one of the players dominates an
optimal strategy x*, then strategy ' is also optimal.

Proof. Let ' and x* be strategies of Player 1. Then, by dominance,
2’ > xtdd

for all j =1,2,... n. Hence, using the optimality of strategy x* (see Theorem 11),
we get

va = minz*d > minz'a’ > minx*a? = vy
J J J

forallj=1,2,... n.
m

Theorem 13. If, in the game T 4, strateqy x* of one of the players is optimal,
then strategy x* 1s not strictly dominated.

Proof. For definiteness, let x* be an optimal strateqy of Player 1. Assume that x*
is strictly dominated, i.e. there exist such strategy ' € X that

Za’ >z, =1,2,...,n.

Hence ' 4
minz’'a’ > minz*d’.
J J
However, by the optimality of x* € X, the equality min; z*a’ = va is satisfied.
Therefore, the strict inequality

max minxa’ > vy
T J

holds and this contradicts to the fact that va is the value of the game (Theorem
11). The contradiction proves the theorem. []
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. . 1 . . .
Generally the reverse of this theorem is may not true. [O (2)] in this matrix

game the first and second strategies of player 1 are no strictly dominated, and also
they are not optimal.
If v =(&,&,...,&m) € X and 1 <i < m+ 1, then the extension of
strategy x at the i place is the vector T = (£1,&,...,6.1,0,&, ..., &n) € R™HL
Thus the extension of vector (1/3,2/3,1/3) at the 2" place is the vector (1/3,0,2/3,1/3);
the extension at the 4" place is the vector (1/3,2/3,1/3,0); the extension at the
1% place is the vector (0,1/3,2/3,1/3).

Theorem 14. Let I'4 be an (mxn) game. We assume that the it" row of matriz A
is dominated (i.e. Player 1’s pure strategy i is dominated) and let T 4 be the game
with the matriz A’ obtained from A by deleting the i'™" row. Then the following
assertions hold.

1. Vgqg = Vgyr.

2. Any optimal strategy y* of Player 2 in the game U 4/ is also optimal in the
game. 1"y

3. If x* is an arbitrary optimal strategy of Player 1 in the game Iy and T} 1is
the extension of strateqy x* at the i'" place, then T; is an optimal strategy of that
player in the game I' 4.

4. If the it row of the matriz A is strictly dominated, then an arbitrary optimal
strateqy T of Player 1 in the game I' 4 can be obtained from an optimal strategy

x* in the game I 4 by the extension at the i'® place.

Proof. We assume, without loss of generality, that the last m*" row is dominated.
Let © = (&,&, ..., &m) be a mized strategy which dominates the row m. If &, =0,
then from the dominance condition for all j =1,2,...,n we get

m m—1
E §iaij = E §itlij > Ay
i=1 i=1

m—1
dGi=1,6>0i=12...m (2.59)
i=1
Otherwise (&, > 0), consider the vector ' = (£],&,...,&.,), where
[ 1— m)y ) ' )
5;:{5/( n) Z.f Z.#m (2.60)
0, if 1 =m.
Components of the vector x are non-negative, (&, > 0,1 =1,2,...,m) and > " & =

1. On the other hand, for all j =1,2,...,n we have

1 m m
[ Z&‘azj > Qmj Zf@
m i=1

=1
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or

1 m—1 . m—1
1—¢, ;giazj > amjﬁ ZZ1 &

Considering (2.60) we get

m—1 m—1

! / .
§ §zaz]2amj § gi:amj).]:172v"‘7n
i=1 i=1

-1
§=1,8>0,i=12...,m-1 (2:61)
1

3

7

Thus, from the dominance of the m™ row it always follows that it does not exceed

a linear combination of the remaining m — 1 rows.
Let (z*,y*) € Z(T'a) be a saddle point in the game U ar, a* = (&5,&5, ..., &5 1),
v = (Vs -0, To prove 1,2,3 of the theorem, it suffices to show that K (z7,,y*) =
var, and
n m—1
Z Gij’}/; S VA < Z CLi]’&k + O.ij (262)
=1 i=1
forallt=1,2,....m,7=10,2,...,n.

The first equality is straightforward, and the optimality of strategies (xz*,y*) in
the game I oo implies that the following inequalities are satisfied

n m—1
Y ay; <va <Y ayg, i=12...m—1,j=12..n (2.63)
j=1 i=1

The first of the inequalities (2.62) is evident from (2.63). We shall prove the first
inequality. To do this, it suffices to show that

n

*
E Ams7; < var
j=1

From inequalities (2.60), (2.61) we obtain

n n m-—1 m—1

* * % /
> amivy <Y D a& <Y vakl = va
j=1 j=1 i=1 i=1

which proves the first part of the theorem.

38



To prove the second part of the theorem ( 4), it suffices to note that in the case
of strict dominance of the m'™ row the inequalities (2.62), (2.63) are satisfied as

strict inequalities for all 7 =1,2,...,n; hence
n n m-—1
D e < 3D a€in; < var
j=1 j=1 i=1

From Theorem 12, we then have that the m'™ component of any optimal strategy
of Player 1 in the game "5 s zero. O

Theorem 15. Let I'y be an (m x n) game. Assume that the j column of the
matriz A is dominated and T 4 is the game having the matriz A’ obtained from A
by deleting the §* column. Then the following are true.

1. VA = Var.

2. Any optimal strateqy x* of Player 1 in the game I' s is also optimal in the
game I' 4

3. If y* is an arbitrary optimal strategy of Player 2 in the game 'y and y*
is the extension of strateqy y* at the j place, then y* is an optimal strategy of
Player 2 in the game I 4.

4. Further, if the §* column of the matriz A is strictly dominated, then an
arbitrary optimal strategy y* of Player 2 in the game "4 can be obtained from an
optimal strategy v* in the game I' 4 by extension at the 7% place.

The prove of this Theorem is in similar manner as Theorem 14. To summarize
Theorem 14 and 15, if the matrix row (or column) is not greater (or not smaller)
than a linear combination of the remaining rows (or columus) of the matrix, then
to find solution of the game, this row(or column) can be deleted. In this case,
an extension of optimal strategy in the reduced matrix game yields an optimal
solution of the original game. Note that coefficients of the linear combination of
row(or column) is in [0, 1] and their sum is 1.

Example 7. Let us consider the game with the matriz

S W NN
W = W =
O N ==
o O Ww O

Since the 3" row az dominates the 15 row (az > ay), then, by deleting the 15 row,
we obtain

Alz

S W N
W = W

1
2
0

S O W
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In this matriz the 3" column a® dominates the 15 column a'. Hence we get

A2:

W = W
O N =
Sy O W

In Ay matriz no row (or column) is dominated by the other row (or column). At
the same time, the 1% column a' of Ay is dominated by the linear combination of
columns a® and a®, i.e. a' > 1/2a*+1/2a®, since 3 > 1/2+1/2.3,1=1/2.2+1/2.0,
3=0.1/2+41/2.6. By eliminating the 1°* column, we obtain

Ay =

(el RN
YO W

In this matriz the 1% row is equal to the linear combination of the second and
third rows with a mized strategy x = (0,1/2,1/2), since 1 = 1/22 4+ 01/2, 3 =
0—1/24+6—1/2. Thus, by eliminating the 15" row, we obtain the matriz

2 0

=i g
The players’ optimal strategies x* and y* in the game with this matriz are x* =
y* = (3/4,1/4), in which case the game value v is 3/2. The Ay matriz Ay is
obtained by deleting the first two rows and columns; hence the players’ optimal

strategies in the original game are extensions of these strategies at the 1st and 2nd
places, i.e. T =7 = (0,0,3/4,1/4).
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Conclusion

A game with two rational players in which the gain payoff for one is loss for the
other is called two person zero-sum game. i.e the sum of payoffs for the two players
are zero. Two person zero-sum game with finite sets of strategies are called matrix
games. Rational players always seeks to maximize his payoff by choosing a best
strategy. If the matrix of the game is payoff for Player 1, then player 1 at worst
case guarantee himself to maximize the minimum loss of player 2. Similarly player
2 at worst case guarantee himself to minimize the maximum payoff player 1. Any
mixed matrix game has optimal solution which is called saddle point in mixed
strategies. A rational player does not choose dominated strategy.
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