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% aCI%. ( 1 ) _ /. au 

- TCUl --I au 

= %, 

Therefo re, CfJa(CfJ - a(%)) = % = CfJ a(Cf.1a(%)) for 1% 1 < 1. II n ' CfJa maps f) nt it ' ll' 

in a one to one Cashion, 

Let e be a rea l num ber then 

Hence, since - ii i = leLo - ai, 

Th is sa s that CfJa(aD ) = aD , 

leio - al 
leL o - iii 

11'1/1 (I I 

11'111 11 1' 1/1 ,1 / 
le lo - a l 
11' 1/1 ai' 

These fac t , and th 'I' P '!'linen! inr rmati 1I1 \\ hi 'h 'an b' 'a 'il 

summarized as folio " 

Proposition 2.1.2 

, ar 

tflal<lthenCfJai:a n to n'l11ar<rD - {/. ' I/. I< I }<nt 1I " lr: th imT')r 

CfJa is CfJ- a' Furth 'rm( r' , CfJa 
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\ I I u ' , h \A, Ih' l: lUll 'II' )n b u '.In u 

mma, upp sup ) ' lal < an (a) = 
o lal < 1 unl nSlanl ), mong all run 'lion 

maxi mum po ibl ' \ alu or Ij IC a)!'! 100" - lhi pr bl-m I- g Cp"ojOCP a I h n 

g: D ~ D and g(O) = CPa (r(a )) = cpuCa ) = 0, (\\ \\' 'an aprl) .. ,h\\ar;' I'mma I) 

obtai n that I gl (0) I :::; 1, ppl ying th - 'huin rul ' 

= l - Ia l~ rea) (since cp o (a) = (1 - lal 2 ) I = _l-J 
l - lal 2 a I lal 

l ienee 

Ir (a)1 :::; ~ =: : :: (2. 1.2.1) 

Moreover equal ity w ill occ ur xaelly h 'n Igl(O)1 = 1, r. b) irlu r hwarl.· 

lemma, when there is a eon lant e v i th lei = 1 and 

fe z) = CP- a(eCPa(z» ) for III < 1 (2 .1 .2.2) 

We are no read) to st I ' und pro\ ' (n I' th' m'ln 

ehwar7.' lemma. ot thaI i rie l = 1 and lal < 1 Ihen 

anal tic map of the pen L1nil disk f) on l il:ell '. !'he n ' ;..1 r ':ul l : ' .' Ih I Ih ' 

also Irue. 

T heo rem 2,1,3 

or 

Let f: D f) b 'Ion'to on an 't!)l i'll1upol' O nt)il 'Ir(mdsLi ) " (a) = . Ih'n 

ther i a om pi numb ' r e \.\ ilh lei = 1 'u ' h Ihdl f - ecpu 
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Proof 

' in f i ' n '- t - n' and (n l . Ih ' r ' I '> .In andl) II lun li>n CJ f) f) l h hal 

g([ (7. )) = L fOT ILl < l. !\'o V\ ' in ' g(l (%)) = % th 'n .ci U (a)) = Cl lor lal < 1 

(g(f (a))' = g'(f(a) )f'( ) = llhls Impll '5 g '( O)[' (a ) 1 

ince e have f(a ) = a thi s impl tes f Ca) - 0 hence a 0 an 

o u ing ineq uali t (2.1.2 .1) 10 both f and.ci gi \ ' 

1f'(a)1 :::; (1 -laI 2) - 1 and Ig' (O)1 :::; 1 - Ia l l (: il1l: ' ,q (O) = a = a ) 

ow since 1 = g'(O)f'(a) :::; (1 -l aI2 )[' (a), \\ )btain 

Therefore, If' (a) I = ( 1 - laI 2)- 1. ppl yin g G rm uh(2 .1.2.2) . \\ h' v 

It fo ll ows that CP o is the idcnli t) 111 'lpp in ' , I hus 

T herefore, f = cCPa 

2.2 Schwarz's Lemma and its application 

The SchwarL's Lemma i: ln ' Dr Ih' : impl '. '1 r': ul t: in 'III ( I' '( mp l ';" 

func ti on the ry , !\. di re t appli at i( n ur th ' I ·l.\ ill1ulll II dulu: Prin ' iplc. i l i ' 111 'r I) . 

statement about the rat f groV\ th r anal ti ' 'un ' Ii )11 ' Oil th L1llil di .' ~ , 

But ther i hardl an r ': ull thai ha: b ' ' 11 lui l ' .' inllLl 'l1lia!. " h< n ~ III art 

t ' ar A hlf' 1'5' , g ' m t1'il.ali 11 or thl.: I rc ( r (h' 'ho \\ ,t1 thai th ' " h\\ <lr/ " "mI11'1 ' 11 
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b int rp r t d in t rm ' f 'urv tur ), th' "h\\ ar/' I'mma hu .' um a 'ntnl ' n 

p v r ful ro l in mpl ' . g m'tr . 

Exa mplc2.2 .1 

Pro c that l lz l -l w I1511. - wi r r all% ,w E (( '! 

Proo f 

Iz - Wl 2 = (z - w )(% - w) = (1. - w)(% - w ) 

~ Iz - w I2 2 (l z l - lwl )2 Thi s implicsl l%I-lwll 5 17. - wi 

Examplc2.2.3 

Suppose If(%) 1 5 1 for 1% 1 < 1 and r is a non cons Lant analytic function b) 

considering the ('unction 09 : D D dclincd h) 

r(1.) - a 
g (1.) = 1 - ar(% ) 

where a = f (O). pro e that 

I[ CO)I - Izl < If(1.)1 < 1/(0 )1 11 70 1 [or 11.1 < 1 
I[ CO)lIzl - . - 1 1[(O)li .1.! 

Proof 

Since 9 ( 0) = [ C~) - a = ~ = O. 11 ' 11 " g(O) = 0, ' l \\ \\C 'Iaim 109(1.)15 1 
l - a[CO) l - aa 

cal 0 ha c 
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I (%) - al 
Ig(;;:) I = 11 _ a (%)1 $ 1 

ine' If(;;:) I ~ 1 for 121 $ 1 noV\ V\ 'an aprl) .' 'h",JrI I mm' Ig (x)1 $ 

q If(z) - a l ~ Ill11 - a[ (/.) I thi : imrli 'S 

~ - iz i - Izllallf(;;:)I ~ If(2)1 -l al and 1/ (2)1 - lal $ 121 Iz ll all (2) 1 

~ lal - Iz l ~ If(z)1 + Izliallf(z) 1 anci l[(z)I-12I1 a ll (70)1 ~ lal 121 

~ lal - Iz l ~ If(z) l(1 + Izllal) anci lf(7o )I( l -12I1 al) ~ la l I;d 

~ laHzl ~ If(z)1 anci If(2)1 < lal+lz l 
l+lzllal - l -Izlla l 

~ lal -I zl < If (z) I < lal+l,d 
l+lzllal - - l -Izllal 

If we set a = f(O) then we obtai n 

1[(0) I - Izl 1[ (0) I 1701 
1 + If(0)1I21 ~ 1[(2)1 ~ 1 - 1[ (0)1121 

Therefore thi s is the desired rc:ul l. 
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CHAPTER 3 

CONVEX FUNCTIONS AND HADAMARD'S THREE 
CIRCLES THEOREM 

3.1 Co nvex a nd Loga rithmica lly Convex Fundio n ~ 

In thi s ee ti on lA C \\ill 'Iud ) ' I n\ ' run 'lion 'i and logari thml 'all) on" 

func ti ons and how lhal such !'unct i lI1 S appear in Clmn 'ClIt n \\ ilh . IUO) 01 anal) 1I • 

func ti ons. 

Definiti on 3.1.1 

If [a , b] is an interva l in the real lin. a ('u nct io n f: la, bl ~ ' om . if ('or an) 1\\ 

po ints Xl and X2 in I a, b I 

whenever 0 :::; t :::; 1 , /\ subsel !\ C ([ i ' convex i I' \\ hen ' \ 'r % ano w ar ' in , Lz 

(1 - t)w is in A for 0 :::; t :::; 1; that is, 1\ is convc h n for ny t 0 poi nt in lh 

line segment joining the two points i. al ' ) in!\ , 

Exa mple 3.1.1 

I f x E \R{n and r > O. the open (c lo 'cd) ball 13 \\ ith nl 'r at . n ra iu ' r i: d 'fin' 1 

be the sel of all y E lI~n . uch thaI Iy - x l < r (or Iy - I:::; r ), lv\" 'all a : ' [ I;' ~ 1R" 

co nvex if AX + (1 - it)y E r: IAh 'nc\ 'r ,y E /;' and 0 < it < 1. 

For example, balls arc COlwe ' , I:or if Iy - I < r: 1% - I < r an I 0 < it < 1. \\ . h \ ' 

lAY + (1 - it);;; - x l = lit(y - x) (1 - it )(% - ) 

:::; it ly - xl (1 - it)l /. - \' 1 

:::; itr (1 - it)r 

= r 
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I~ emark 3.1.1 

functi n i on c if an I nl) i l' lh' P lrlion or lh' plan' I) in' ao)\ , Ih' 'rJph oJ lh' 

function is a con e ' se t. That i '. i I' \\ 'I k at th graph >1' f in ". Ihl un ili In "an ' 

formu lated geometri ca l! b a in ) Ihal 'a'h p inl nlh"h rtl b'I\\ . 'n ( I' ( I)) an 

(xz'[ (x z)) is abo e the graph i' f. 

Remark 3.1.2 

If f is convex on la,b l and if X,y , Xl, Y I ar p >in l. ol' l Cl , b l \\ ilh , < Xl < YI and 

'1 hal i:. j (y ) - j (x) < j(YI) / (xd 
Y x - YI 

Proposition3.).3 

A funct ion f: la, b I ~ I~ is convex i/ and only Lj the se t 

A = {(x , y): a ~ X ~ band l ex) ~ y} 

is convex . 

Proof 

(~) Suppose f: I a, b I ~ I~ i ' '\ com" ;>: i'unclil n anti 1'1 ( I' YI) 'tnt! (A2' y ,,) b' p il1l ' 

in 1\ . I f 0 ~ t ~ 1 then. by th tI li nition ),' , m '. run ' Iil n, 

c n c 

(¢=:) uppo cl\isaconvc'xs'landkl x l , l b'I \\ Or Inl IllICl, hl . lh·n 
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irlu f it it . Thu ' th ' I"initi n I ' 1\' tha 

Th r forc f i 'C nvcx. 

Propos ition 3.1.4 

(a) A function f:{a,b] Iffi is convex lff oranypOtnL Sx
l
,''', ntnla,b] 

and real numbers t1 , . . . , t n 2:: 0 with L~ 1 Lk = 1. 

n n 

fC I tkXk) $ Lk /( k) 
k - l k I 

(b) A se t A c ([ is convex iff for any poinLs /.1," ' , /.n tn and real number 

t1 , • . • , tn 2:: 0 with I Ll Lk = 1, I~= 1 t k/.k belong s La 

Proof 

(a) 

(=» supposeafunctionf:la, bl IRUsconve . 

Wc need to show lo r any points Xl . " ',Xn in la, b ] ,n r'al numb'I" LI,"',tn 2:: 0 \\ith 

I~=l tk = 1 

n n 

fcI t k Xk) $ I Lk f ( k) 

k = l k 1 

Th is is pro ed by induct ion. lor k = 2.1 I XI' l la. b]lh'n 

Cb definition of con ex function) . 

uppose iti s truerork = n - 1. i .c .. r(L~ : Lk'k)$ ' ~: LklC ,,;)( \\h 'r' ~~: £ - 1) 

need to pro C lor /( = n is truc. I.et I.· .. " 11 la, hl .lnu £I, .. ·.L II ~ 0 \\1 h 

I~= l tk = 1. Th n 
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a I t a = t l +... tn - 1 . I:or a = O. th 

O I t - ,\,n - 1 [ k 'I'h '. a =f. . ,e x - L.. k = l -;; Xk ' ' no b\ th ' Indu "tl on a limp ion. 

ince f is can ex, 

( . 1 _) 

Thus it follows from (3. J.4. J) and (3 .1.4.2) that 

T herefore, 

(¢::) Supposc for any points x1 ," · ,x" in la, b l 'lnl r " t1 numb 'rs L1,"',Ln;:::0 

wi th I~= 1 tk = 1. 

Let x1,xz E [a,bl with 0 < a < 1 

ow sinee a + (1 - a) = 1 where t l = a and tz = 1 - a 

(b) h p th si ') 

Therefore. f IS convc, . 

(b) 

(~) uppose a 'ct!! ~ ([ b" e nve,\( . . n··<.1 to:h v" ~ ~ 1 L" %k E . h r k = 2, b) th' 

d finition o r eon ex set. th e eoneILl ' i< n ")11 \.\5 1111m ' lut'h 
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sume it i true ~ r k = n. that i '. I' r an) 7.1( k - I 2 n I , - " , ,.In r In) ...; O, k = 

I ) f k = n , th' 

tatement is true . L t /.k Ii , k = 1,2 .. .. , n 1, amI i" ~ ,k = ,2, " ' , TI \\ i h 

I~= i t k = 1. Let t = I~= 1 tk ' I r t O. th 'n it loll()\\ 1m i.tll) \ urn' th \ 0 

d I - "n Lk , 'I'h an et z - L.., k = l t zk' en. by th ' inuu 'tion a ' urn plI >n , I.( 

tz + tn+l Zn+l Eli. Therefore , 

n 

tz + tn+ l Zn 1 = t I Lt /. k 

k 1 

n I 

Ln /.n I = L LI( 7.1( E 
I( I 

In " \ \ ' um ' 

(<=) suppose I~= l tk lk belongs to 11. We n ' d t h 'A Ii i ' ')11\ 'x . 

Let Xl,X2 EA with O<a < l . ow .'Incca ( l - a)= l . \\hf' L1= aand 

t 2 = 1 - a, by hypothesis we ha e aXl (1 - a) 2 eli. I'h reI' r . I: ' n\ 

Proposition 3.1.5 

A differentiable functionf on la.b l is convex iff f 'is incr a ing. 

Proof 

(=» Suppose f IS convex we neel to . hoV\ f' i .. il1rasil1 1 I ,t Cl :5 < :5 b and 

suppose 0 < t < 1 since 0 < (1 - t )x Ly - = L(y - ) . th' ll th' 1'linlllol1 r 
convex ity gives that 

t(Cl - L)XHy ) - [ (x) < ( l - L)[(X) H[Cy)- [ (x ) 

t (y-x) - L(Y- X) 

Th i can be cxprc sed a ' 

[ (X) - L[ (X)+t[(y ) - [ (x ) 

L(Y - X) 

L(f (y ) - [ (X) ) 

L(y x ) 

f ey ) f ( r ) 

y 
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f((1 - t)x 

w letting t --7 0 then (1 - L)X Ly x thi: gi \ Ihal 

['Cx) < fCy) - [Cx) C· _ 3.1.5. 1) 
y -

imilarly, using the fac t that 0 > (1 - L)X Ly - Y = C1 - L)(X - y) 

f(( l - l )X +ty) - f(y ) > (1- l ) l (x) ll (y) I(y ) 

Therefore 

( l - l )(X - y) - (l - l ) (X y) 

= f(x) - U(x) HI(y) - I(y) 

( l - l )(x - y) 

_ f(x)(1 - l ) f(y)( l - 1) 

( l - l )(X- y) 

_ (r(y) - f(X»)(l - l ) 

(1 - l ) (X- y) 

_ f(y) - r(x) 

y - x 

I( (l - l) X+ty ) - f(y) f(y) - f(x) 
--'----~--"-'- > --'------'-

( l - l )X+ ty - y - y - x 

ow lett ing t --7 1 then (1 - L)X + ty ~ y gi \'" thaI f' (y) ~ I( ) I() (3 .1.5 .2) y 

ow combining (3.1.5.1) and (3. 1.5.2) \'v C haH: [' ( 
(y) 

Therefore [' is increasin g. 

(¢=) Supposc that [' is incrcas ing and that x < u < y \\ \\ nl I 'h \\ l ' 11 \ a \} 

the Mean Value Thcorem fa r dilT rcnti ati on t fin r < nd . \\ ilh • < r < u < S < 

such that 

and 
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'(-) = fCy) - feu) 
y - u 

ince (( r) ::; ((s) thi s gi e that 

fCu) - fCx) < fCy) - fCu) 
Pr id d that < u < y u- x y - u 

In particul ar by letting u = (1 - t )x + ty wh r 0 < L < 1 

f eu ) - ((x) f ey) - (u ) 
- - -- < -:-------.::-

t (y - x) - (1 - L) (y - ) 

~ (1 - t ) ff (u ) - f (x) I ::; tl fey) - fe u) I 

~ (1- t ) rJ((1- t )x + ty ) - f (x)1 ~ tl f(y) - ((1 - 1) y l 

~ (1 - t)[((l - t)x + ty - (1 - t )f(x)) ::; t f (y) - t{ (( 1 - L) Ly) 

~ (1 - t )[((1- t)x + ty) + tf ( (1 - t )x + ty) ::; tf (y) (1 - t){ (,) 

~ [( (1 - t) x + ty) ::; t [ (y ) + (1 - t) f (x) 

Hence [ is convex. 

DEFINITION 3.1.2 

A fu nction [: la, b] ~ I~ such that f (x) > 0 fo r all x i. ' i I t b' loo-arithmically 

convex if log [(x) is a convex functi on of x . 

Remark 3.1.6 

/\ logarithmi ca ll y convex function is II 'O Il\' ';-' fun ,ti >no hut th' ' 111 \ ' r ' i: 11 I a h\ J) . 

true. 

Example 3.1.2 

[(x) = x 2 is a convex functi on. but log f(x ) = log I. = 21 g I, 1 i: 11 I a m' 

functi on and thus [ (x ) = x 2 is not loga rilhmi 'a ll , n\ ' .. n th Ih 'r han 

( 
2 I X l [ x) = eX is loga ri thmi ca ll convex a og e = l i: a ' m ' run ' II n 
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Remark 3.1. 7 

If t(x) ha a 'ccond d ri\'ati\ 'in la, bj, th n (1 n' " r) .m ult"I'I'nl un IIll f rll 

to bc con ex on that intcr al i ' that the '" nd d ri\ati\ . f "( ) ~ I lr all 

in la, b] some examples of con c. fun ,tion ' in ' Iud ' x/J r r p = 1 r c\ n p ~ 2, 

x log x for x > 0, and Ixl fo r all x. 

Before proving Thcorem 3.1.10 note that t ): y that log () I ' , n\ ' m 'an ' thai 

for a S x < u < y S b. 

(y _ x) log M (u) :::; (y - u) logM (x) (u - x) logM(y) (3 .1.6.1) 

taki ng the exponcnti al or both sides oi\ cs 

M(u) (Y-X) :::; M(X) (Y- ll )M(y) (ll xl \.\h n \ 'r a:::; < u < y ::; b (3.1. .2 ) 

I\ lso, since log M(x) is convex we ha\e th at log M(x) is b( und db) 

max{logM(a), logM(b)}.That is, for a::; x::; b 

M(x)::; max{M (a),M(b)} 

This gives the following 

Corollary 3.1.8 

:G ( i 
Let a < b and let G be the verti cal st rip {x + iy : a < x < b) .• upp 

continuous and t is not constant then If(z)1 < sup{lt(w)l : wE} or all z in G. 

Lemma 3.1.9 

Let a < b and let G be the vertical s trip {x iy : a < < b} . . uppos : C 

is continuous and furth er supp ose that If (%)1 ::; 1 fol' % [/1 de; Lh n 

It(z) l:::; 1 toralizinG . 

Proof 

For each E > 0 let g (z) = [1 + E(Z - a) r 1 r r '(1'h % in C th n r r 

z = x + iy in G-
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19 (7.)1 51 /?el l 

11 ( - u)1 1< 

(7. - u)1 I (3 .. n.) 

5 B 1 Ilm7./I 1 

if R = [x + iy: a 5 x 5 b, Iyl <;} in' lualit) (3. 1.8.1) gi\· I (7.)Yr(7.)1 ~ Il r 

Z in 8R. It follow from thc Ma imum odulu. I h 'or 'm lhut 

I/(z)9£(£') 1 5 1 lor z in R. But if' 1m 7.1> !!. lh 'n (3. 1.8.1) 
( ' 1\ 's 

that I/(z)9£(z)1 5 1 Thus 1'01' all 7. in C. 

(7. - a) I. 

Lctting E approach /.cro 

If(z)15 1 [or all 7. in (; . 

n cntire function (fntegral function) i. a fun ti n \\ hi hi ' d fin '0 nd unul) II ' In lh' 

who le complex plane. 

T heo rem 3.1.10 

Let a < b and let C be a vertical strip { iy : a < , 

continuous and analytic in G' . I [ we de [ine M : I a, b I 
M(x) = sup{l/(x + iy)l: - x < y < f} (3. 1.10.1) and I 

for all z in G', then log M(x) is a C0 11 e !'uncLL011. 

Proof 

< b} .. LiPpOS> I 
by 

(7.) 1 < I] 

(; -. IS 

To pro c the thcorcm I,.vC n' 'u onl) ·~tahili. (ll)" (I (a)h (h)" 

lor a < u < b. R call that 1'01' a 'on: lanl > O. I. - p (7.log) i .1Il 'n ir ' II n II n 
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, (b 'I 

Z ith no zeros. ow define g (z) = M ( ) (b (I ) (b)b(ll'un'nllr',n' 'r !nIh. 

and (because IA z 
1 = ;1ReZ ) for z = x iy 

(b- x) (x a) 

Ig(z)1 = M(a )(b a)M(b)(h uJ (3 1.10.2) 

It i ass umed here that M(a) and M(b) O. 110\\ ' \ 'r. if' 'ith 'r 

then f == 0) since the expression on thc ri ght hand <;id ' of' (3 .1.102) I '(lnlin )l 

in la, b] and never vani shes. Igl - 1 mu t be bou nded in G 10. Ig(a ly)1 = j (CI) 

and Ig(b + iy)1 = M(b) so that 1 f(z ) 1 S; 1 for z in aC 'an r 'a li ' Ii '. lh' h)p lh' i 01 
g (z) ' g 

Lemma (3. 1.9) .Thus If(z) 1 S; Ig (z) I, 7. E C. 

sing (3.1.10.2) this gives for a < u < b 

(b- u) (u- a) 

M(u) S; M(a) (b- a)M(b) (b- a) (3.1.10.3) 

Thi s is the desired conclusion. 

Example 3.1.3 

Show that if f: (a, b) ~ I~ is convex thcn f is c ntilllt) u: I) : lhi : r 'mai n lru' If ( I 

defined on the closed interva l 1 a, b 17 

Solution 

Since f is convex on (a,b) and ira < x < u < y < b, 

W h 
f (u ) - f (x) < f (y )- f (x) < f (Y )- / (u ) 

eave _ -
u - x y - x y - u 

(3. 1.3. 1) \" hi 'h \\ ' \\ ant l h \\ . 

Let a < x < u < y < b, u = Ax + (1 - A)y \\ it h A = Y u E (0,1) In' , f IS 

convex on (a, b) we get f(Ax + (1 - A)Y) S; Ar() (1 - A)f( y) LllI Impll's 

feu) ~ y - u f(x) + u - x fey) 
y - x y - x 

~ (u - x)f(y) + (y - u ) f (x) - (y - x) { (u ) ~ 0 (3 . 1. 3.2) 

~ u f (y) - x f (y) + y f (x) - u l (x ) - y I (u) . f ( LL ) ~ 0 
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• rom (3 .1.3.2) we get (rearrang t rm ' and udd/ 'uhtra ' 1 a 

=> uf(y) - uf(x) - xf(y) + xf (x) - yf (u) - yf ( ) 

=> (y - x) (t (y) - f ( u)) - (y - u) (f (y) - f (x)) ~ 0 

f (y) - f(x ) f (Y )-{ (u ) " 
=> ::; . I hus we ha e proved (3 1 ') 1) y - x y - u .. . ) . 

f eu) - f( )::: 0 

Given x E (a I b) choose o· > ° such that Ix - () IX 81 c (a ,b ) 

Claim 

f(x) - f(x-8) < f( z)- f(x ) < f (x+8 )- f(x ) [ II . ( 8 £) 
8 - z-x - 8 OT a z E x - I X U (3. 1.3.3) 

. [ (x) - [(x - 8 ) ( [ex 8)-[ (x ) 
is eqwvalent to 8 z - x) ::; fez) - f(x ) ::; 8 (z - x) 

. . h h [ (x )- / (x - 8) ( [ ex 8) [ ex ) 
the hmlt z ~ x. we ave t at 6" 7. - x) ---+ ° and 0 (2 - x) o. 

Thus fez) - f(x) ~ 0, that is 17. - xl < 8 => If(z ) - f( x) I < E: V\ hi ' h h \\ . Ihat 

continuous. Now it remains to show thc claim i. true . Th pr r U ' . ( .1.3.1) lin. 

consider a pointzE(x-8,x) and appl y the second in qualit in (3 .1.3.1) ~i\" 

f (x)-f(x-8) ::; f (z)- [ (x) which gives the first inequalit in (3. 1.3.3) . ppl) in' th' uI'r 
8 z-x 

. , . [ (x) f( /. ) I ( 18) I ( ) 
inequality (3 .1.3 .1) into the three P01l1t s z < x < x + 0 gl\ ' S ::; II :::) 

X /. 

[ (z)-f(x) ::; f (x+8 ~ -[ (x) whieh gives the second inequality in (3 .1.3 .3) . . t \\ . n: id'r 
z - x (j 

the case x < /. < X + o. 'Then the first inequality in (3.1.3.3) appli ' It Ih Ihr 'p in!: 

x - 8,x,2 

f (x )- f (x- 8) < [ (z)- f(x ) => [ (x) - [ (x - 8) < [ (z) - [ (x ) Thu e ha pr I th' laim . 
x - x+8 - z - x 8 - z - x 

The statement is not true if [ is defined on the I : 'd int I'\ ull a, b I· . II 'r I ' a 

::ounter example. Define f: I a, b 1 ---+ IR<. by 

[ex) = {
O, 
1, 
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x E la, b) 
x = b 



Clearly, f is convex on la, b], but fin t ' ntinu U ' ' t X = b (bu lh lun ' i n i 

continuous on (a, b), 

Example 3.1.4 

Show that a function f : la, bl ~ I~ \ ' com x if an i onl) if an) or lh' ()I1()\\in' 

eq ui valent conditions is sati sfied: 

(a) a ~ x < u < y ~ b gives det f(x ) 
(

leU) 
U 1) 
x 1 ~ 0; 

fCy ) y 1 

(b) a ~ x < u < y ~ b givcs [ Cu ) - [ Cx ) ~ f(y) { (X) : 
u- x y x 

(c) a ~ x < u < y ~ b gives [ (u ) - { (x ) ~ ( CY)- / Cu ) 
u - x y - u 

Solution 

(a) Suppose f is convex on[a, bl and let a ~ x < U < Y ~ b. U = ;L (1 - A) 

with A = y - u E (0,1) 
y - x 

Since f is convex on [a, b J, we have f(A x + (1 - A)Y) ~ Af(x) + (1 - A)f(y ) 

=> feu) ~ y - u f(x) + u - x fey) 
y - x y-x 

=> (y - x)fCu) ~ (y - u)f(x) + (u - x)f(y) 

=> (y - x)f(x) + (u - x)f(y) - (y - x)leu) ~ 0 

=> yf(x) - uf(x) + uf(y) - xf(y ) - yt(ll ) + xleu) ~ 0 

=> y f (x) - x f (y) + u (t (y) - f (x)) + f ( II ) (x - y) ~ 0 

~herefore 

(

f(U) 
det f(x) 

fey) 
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(b) Suppose f is convex on \.a,bl and I t a $ x < u < y $ b. ' nd u = 
y-u 

ith A = - E (0,1) . 
y - x 

Since f is convex on r a, b I we get f(Ax (1 - A)y) $ A () (1 )f (y) 

~ feu) ~ y - u f(x) + u - x f(y ) 
y - x y - x 

~ (y - x)f(u) ~ (y - u)f(x) + (u - x) f( y) 

~ y feu) - xf(u) ::; y f(x) - uf(x) + uf (y) - xf(y) 

~ y f(x) - uf(x) + uf(y) - xf(y) - y f (u ) + xf(u) ~ 0 

~ y f(x) - yf(u) - uf(x) + uf(y) - xf(y) x{(u) ~ 0 

~ u f (y) - uf(x) + yf(x) - yf(u) + x f (u) - xf(y) ~ 0 

~ uf(y) - uf(x) + yf(x) - xf(x) - yf(u) + xf (u ) - xf(y) xf(x) ~ 0 

~ u(t(y) - f(x)) + (y - x)f(x) + (x - y)f'(u ) + x(f (x) - fey )) ~ 0 

~ (y - x) (t(x) - feu)) + (u - x )(f(y ) - f (x)) ~ 0 

~ (y - x)(t(x) - feu)) ~ - (u - x) (f(y ) - f (x)) 

~ f(x)- f( u) < f(y ) - f(x) 

-(u- x) - y - x 

~ f(u)- f(x) < f (y ) - f (x ) 

u-x - y - x 

( - ) 

:c) Suppose f is convex on fa, bl and let a ::; x < u < y ::; h and u = A (-)y 

Nith 

A = y - u E (0,1) . 
y - x 

Since f is convex on r a, b 1 we have f(A x + (1 - A)y $ Af(x) (1 - A) (y) 

~ feu) ~ y - u f(x) + u - x fey) 
y - x y - x 
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I so LhaL 

Hence, f and q; sati sfy the hypothesis of Ihe Phragm n-Lind lo/" Th r m . lh I 

If( z) I ~ M for each z in C. 

Remark 3.3.5 

The size of the angle of the secto r C i ' the onl) r 'l \ ant f~1 ' I in lhi : 'oroll, r) : il.· P ' iIi n 

is inconsequential. So if C is any sector or angle ~ Ih' 'onclu ' i)n r'main \ alid . 
a 

Corollary 3.3.6 

1 
Let a 2 -, 

2 

and suppose that for every w in dC' , lim ;- .w ,·up lf (7.)1 ~ 1. Moreover, assum e that 

for every 0 > a th ere is a con stant p (which may dep nd on 0) such th t 

(3.2. 15.1) 

for z in C and 17.1 is sufficiently large. 'f'hen 1/(7. )1 $ M or allz in C. 

Proof 

LeI > a be arbitrar,. J) 'lin' I;' (; ) ([ h) H/. ) = ! (/.)e, p( lo U) ..,upp S' > 0 an 

o i eh 'n \\ ilh 0 < e; < Ih 'n th '1'1'" a 'on..,tant I \\Ith W(/.)I $ P' pi ce; - ) (II 

bUI th 'n iI" (1.) I a as I in I . 0 1 - SLLp{WC )1,0< \ < I) < 00 I 'lin 

IT 
/I = {7. E C: 0 < arg1. < 2a} 
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- 1[ 
11_ = {~ E C: a > aT 9 ~ > - } 

2a 

Then lim z->wsuplf (z) l ::=; Mz fG r all z in all , and all u:in 1 th' hyp lh ·i · (3.2 .1S.1). 

coro ll ary(3.2.13) gives IF (~)I::=; M'l. I'or all % in 1I 1~.lJ1d II helle II-'(%) I::=; I It)r all % 

in C. 

We claim Mz = M. if'M 'l. = Ml > M lh'll 11-'1 a " um' its ma, imum \ alu' in 

C at some point X, a < X < oc. (since IF(x)1 ~ a as X and lim x 0 up l[ (x)1 = 

limx->D supIF(x) 1 ::=; M < Ml)' So F is constant by Maximum dul Prin ipl 

M = Ml and IF(z) 1 ::=; M for all z in C; that is 1[ (z)1 ::=; Mexp(ERez a) [aT all z in C: a 

M is independent of E, we can let f ~ 0 and ge l If(x)1 ::=; MfoT all % in C 

Example 3.4 

Let C = {x: Z =1= 0 and laro% 1 < ~} an I leI f ez) = exp(%U) I' lr % E C. I h n 
,7 2(1 

If(z) 1 = exp(lzl)acosa8) where 8 = argz. S f' r x in dC, 1/ (z)1 = 1: bUI / (11.) i 

unbounded in C .. In fac t on any ray in C we h'IV' thall[(z)1 f. I·hi . ·ho\.\ th t th 

growth condition (3.2. 15.1) i ' \'cry delica te and 'annol b' imprc \ c I. 
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