






























































Now let us see how these functions ¢, can be used in applying Schwarz’s
lemma. Suppose f is analytic on D with |f(2)] < 1. Also suppose |a| < 1and f(a) = a
(so |a] < 1 unless f is constant). Among all functions having these properties what is the
maximum possible value of |f'(a)|? to solve this problem let g = @ 0fo0¢_,. Then
g:D - D and g(0) = wa(f(a)) = @q(a) = 0. Now we can apply Schwarz's lemma to
obtain that | g"(0)| < 1. Applying the chain rule

9'(0) = (@a0f) (¢-a(0)p (0)
= (pq0f)'(a)(1 = |al?)
=¢ (f@)f (@@ - lal*

=@ (@)f (@1 -lal®) (since f(a) = a)

1-|al? 1

= 1-|al? f(@) (Sincc(pa(a) =(1-lal*) = 1 lalz)
Hence
E 2
If'@)l < =55 (212.1)

Moreover equality will occur exactly when |g'(0)] = 1. or. by virtue of Schwarz’s

lemma, when there is a constant ¢ with |¢| = 1 and

flzg)= tp_a(apa(z)) for |21 <1 (21.2.2)

We are now ready to state and prove one of the main consequences of
Schwarz’s lemma. Note that if |¢] = 1 and |a| < 1 then f = cg, defines a one to one
analytic map of the open unit disk D onto itself. The next result says that the converse is

also true.

Theorem 2.1.3

Let f:D — D be a one to one analytic map of D onto itself"and suppose f(a) = 0. Then

there is a complex number ¢ with [¢| = 1 such that f = cg,.
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Proof
Since f is one-to-one and onto. there is an analytic function g: D — D such that
9(f(2)) = z for |z| < 1.Now since 9(f(2)) = z then g(f(a)) =a for|a] <1
(9(f(@))" = g'(f(a))f'(a) = 1 this implies g"(0)f'(a) = 1
Since we have f(a) = a this implies f(a) = 0 hence a = 0 and
Now using inequality(2.1.2.1) to both f and g gives
If'(@] < (- a|®)™" and |g'(0)] < 1 - |a|? (since g(0) = a = a)
Now since 1 = g'(0)f'(a) < (1 — |al?)f'(a), we obtain

(1-lal*)" ' < |f'(a)l.
Therefore, |f'(a)| = (1 —|al*)"". Applying formula(2.1.2.2), we have

[(2) = ¢ alcpa(2))
It follows that ¢ is the identity mapping. Thus

f(2) = ¢ o(cpu(#)) = ¢ (c0u(2)) = @u(2)

Therefore, f = co,

2.2 Schwarz’s Lemma and its application

The Schwarz’s Lemma is onc of the simplest results in all of complex
function theory. A direct application of the Maximum Modulus Principle, it is merely a

statement about the rate of growth of analytic functions on the unit disk.

But there is hardly any result that has been quite so influential. Thanks in part

to Lars Ahlfors’s geometrization of the proof (he showed that the Schwarz’s lemma can
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be interpreted in terms of curvature). the Schwarz's lemma has assumed a central and

powerful role in complex geometry.
Example2.2.1
Prove that ||z| — |w|| < |z —w| forallz,w € C ?
Proof
z—wl*=Z-w)Z=w)=(z-w)(Z-w)
= |z|* + |w|? = (Wz — w2z)
= |z —w|? = |z +|w|? — (Wz — w2z) = |z|> + |w|? — 2Re(zw)
> |z|*+|w|? = 2|z||w|
= (lz] - |w|)?
= |z —w|? = (|z| — |w|)?. This implies||z| — |w|| < |z — w|

Example2.2.3
Suppose [f(z)| <1 for |z| < 1and f is a non constant analytic function by
considering the function g: D — D defined by

W
CS gy
where a = f(0), prove that

£ (0)1-|2] (014121
L e s 48 JNSL. 545 & < .‘ < B0 8 Al AL Ml et A8
rrrona > @ S Do

for |z <1
Proof

Since g(0) = 292 = 2% _ o }jence g(0) = 0. Now we claim |g(2)| < 1
1-af(0) 1—-aa 2

We also have
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If(z) - a| -
11-af(z)| ~

lg(2)| =
Since |f(2)] < 1 for |z| <1 now we can apply Schwarz lemma |g(z)| < 1
& |f(2) = al < |z||11 - af (z)| this implies
@I =lall < |f(2) —al <11 -af(2)| < |z]|al|f(2)]
= |1f(2)] = lall < |z| + |z]]a]|f (2)|
= —lz| = |zllallf(2)| < |f(2)| - |a| < |2] + |z|a||f (2)|
= =lz| = lzllallf (D] < If(@)| - la| and |f(2)| - |a| < |z| + |z||a||f (2)]

= la| = |z| < |f (D] + |zllallf ()| and |f(2)| - |z||al|f (z)| < |a| + |2]

= la| = |z| < |f(DI(1 + |zllal) and |f(2)|(1 = |z|lal) < |a| + ||

|al—|z| la)+|z]
5 —< 7 7 < —
TP If(2)| and |f(2)] < il
lal—|z| |al+|z]|
< | g il
e = @I = oG

If we set a = f(0) then we obtain

1/ (0)] - || If(0)] + |z]

1+ o = O = TR

Therefore this is the desired result.

17




CHAPTER3

CONVEX FUNCTIONS AND HADAMARD'S THREE
CIRCLES THEOREM

3.1 Convex and Logarithmically Convex Functions

In this section we will study convex functions and logarithmically convex
functions and show that such functions appear in connection with study of analytic

functions.
Definition 3.1.1

If [a,b] is an interval in the real line. a function f:[a,b| = R is convex il for any two

points x; and x, in |a,b]
f(tx, + (1 =t)x,) <tf(x;) + (1 —=0)f(xy)

whenever 0 < t < 1. A subset A c C is convex if whenever z and w are in A, tz +
(1-t)wisinA for 0 <t < 1;thatis, Ais convex when for any two points in A the

line segment joining the two points is also in A.
Example 3.1.1

If x € R® and r > 0. the open (closed) ball B with center at x and radius r is defined to
be the set of all y € R™ such that |y — x| <r(or|y —x| = r).We call a set £ € R"

convex if Ax + (1 —A)y € E whenever x,y € E and 0 <A< 1.
I'or example. balls are convex. For ifly—x|<ri|lz—x|<r and 0 < A < 1, we have
Ay+ (1 -Dz—x|=|Ay—x)+ (1-2A)(z—-x)
<Ay—-x|+(1-2)|z- x|

<Ar+(1-=A)r
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Remark 3.1.1

A function is convex if and only if the portion of the plane lying above the graph of the
function is a convex set. That is. if we look at the graph of f in R, this condition can be
formulated geometrically by saying that cach point on the chord between (x,, f(x,)) and

(x5, f(x;)) is above the graph of f.

Remark 3.1.2

If f isconvex on [a,b] andif x,y,x,,y, are points of [a, b] with x < x, <y, and
x <y < y,, then the chord over (x,,y,) has larger slope than the chord over (x,y):

That is. TO-f(x) o [)-f(x3)
Yi—%,

Proposition3.1.3

A function f:|a,b] = R is convex if and only if the set
A={(x,y):a<x<band f(x) <y}

LS convex.

Proof

(=) Suppose f:[a,b] - R is a convex function and let (x,,y,) and (x;,y,) be points

inA.If 0 < t < 1 then. by the definition of convex function.
ftx, + (1 —0)x;) Sth(xy) + (1= Of(xy) Sty + (1-ty,

Thus t(x,, ¥,) + (1 —t)(xy,y1) = (tx, + (1=0)x,,ty, + (1 =t)yy)is in A; so A is

convex

(&) Suppose 4 is a convex set and let Xy, X, be two points in [a, b]. Then

(txz +(1—=0)xy, tf(x) +(1- )f(x,)) isinAif 0t <1 by
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virtue of its convexity. Thus the definition of A gives that
fltxy + (1= 0)x;) < th(xy) + (1 - Of(x,)

Therefore f is convex.

Proposition 3.1.4

(@) A function f:{a,b] - R is convex iff for any points x,, -, x, in [a, b]

and real numbers t,,--,t, > 0 with Il =1,

/'(Z teXy) < i t f(xy)

k=1

(b) Aset A c C is convex if f for any points z,, +, Zy In A and real numbers

ty, o th 20 with ¥¢_, t, =1, X3, tyz, belongs to A.
Proof
(a)
(=) suppose a function f:|a,b] = R is convex.

We need to show for any points x; =, x, in[a,b] and real number t,,++,t, = 0 with

22:1 ty =1

n n
/'(Z bty Xg) < Z te f(xy)
k=1 k=1
This is proved by induction. for k = 2. let x,.x, € |a, b| then
ftyxy + t5%5) = f(tyxy + (1 = t)x;) S 4 f(x) + (1 = 4)f(xz) where ty, +t;, = 1
(by definition of convex function).
Suppose it is true for k = n — 1, Le.f(ERo1 texi) < ko te f(xi) (where ZR21 6 = 1)

=n is true. Letx;, -, X, € |a,b] and t;,-+,t, 2 0 with

We need to prove for
Si=1ty = 1. Then
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on 1
Lk:l thk s ;(l lll\xk + [nxn

Now let a =¢t; +-+¢t,_, . For a =0, the statement holds trivially. Assume that

t
a#0. Letx = 331 kx,( Then, by the induction assumption,
—— o : 2
f(x)—f("":‘ = 11l—‘/ 1,\)~-L 18 f(x). (3.14.1)
Since f is convex,
flax + t,x,) S af(x)+ t,f(x,). (3.1.4.2)

Thus it follows from (3.1.4.1) and (3.1.4.2) that

flax +tnxn) < @ZR2E F(x) + oy = B2, tf ().

Therefore.

f(i ‘kxk> i ti f(xg).

k=1 k=1

(<) Suppose for any points Xy, X, inla,bland real numbers t,, -+, t, =0

with X0 b =1,

f (k=1 texi) < TRy by f(xx) We need to show f:[a,b] = R is convex.
Let xp,x; € [a,b]with0 < a < 1

Nowsince a4+ (1 —a) = 1wheret, =aandt, =1—a

flax; + (1 —a)x,) < af(x;) + (1 —a)f(x,)  (by hypothesis)
Therefore, f is convex.

(b)

(=) Suppose a set A € C be convex. We need to show Y3, ty 2, € A. For k = 2, by the

definition of convex set, the conclusion follows immediately.
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Assume it is true for k = n, that is, for any z,€A, k = 1,2,....,n,and forany t, > 0,k =
1,2,..,n with Yt =1, Yk=1tk zx €A.  We need to show for k = n + 1, the
statement is true. Let zyeA k=12,..,n+1, and 620, k=12..,n+1 with

stite =L Let t=X2 .t If =0, then it follows trivially. Assume that ¢t # 0

t
e R L\ : . ¥
and let z = Zk:]le— I'hen. by the induction assumption. z€A. Since A is convex

tZ + t;412n4+1€A. Therefore,

n ¢ n+l
k o

tz + th1Znsr = tZTzk t lhs1Zn4r = Z{kzk €A
k=1 k=1

(&) suppose Yji_qtyz, belongs to A. We need to show A is convex.

Let x3,x, €A with 0<a<1.Now sincea+ (1—a)=1, where t, =aand

t, =1 — a, by hypothesis we have ax; + (1 — a)x; €A. Therefore. A is convex
Proposition 3.1.5

A dif ferentiable function f on |a,b] is convex iff f'is increasing.

Proof

(= ) Suppose f is convex we need to show f' is increasing let a < x <y < b and
suppose 0 <t <1 since0<(1-t)x+ty—x=t(y—x). then the definition of

convexity gives that

F((-t)x+ty)-f(x) <(l-—L)/‘(x)#-l/'(y%/(x)
t(y—x) E t(y-x)

-t @)~ (x)
i t(y-x)

_ @ -fx)
i t(y-x)

_[y)-f(x)
3 y-=X

This can be expressed as
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fF(A-Ox+ty)-f(x) _f(y)-f(x)
< b 54 4
A-tx+ty—x v y—X

Now letting t = 0 then (1 —t)x + ty — x this gives that

f'(x) < (3.1.5.1)

y—X
Similarly, using the fact that 0 > (1 - Ox+ty-y=01-t)(x~-y)

f((1-t)x+ty)—f(y) oL Of(x)+ti(y)~f(y)
(1-0(x-y) = (1-1(x-y)

f(x)—ti(x)+ti(y)-f(y)
(1-t)(x-y)

_fx)(-D+H(y)(1-1)
(1-t)(x-y)

A (f(y)—f(x))(t-1)
(1=t)(x=Y)

_ fy)-f(x)
y—X

f((1-Ox+ty)-fy) o f)-1x)

Therefore
(1-Ox+ty-y y-X

Now letting t —» 1 then (1 - t)x + ty — y gives that f'(y) 2 ”—\: Lm (3.1.5.2)

S k. g 4 s f(y)—=1(x)
Now combining (3.1.5.1) and (3.1.5.2) we have f'(x) £ ==~ <f(y)
Therefore f' is increasing.

(&) Suppose that f' is increasing and that x <u <y wew ant to show f is convex apply
the Mean Value Theorem for differentiation to find 7 and s with x <r<u<s<y
such that

f(u) — f(x)

F0=—y=x"

and
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fy) - t(u_)
y-u

F(g) =

Since f (r) < f(s) this gives that

flu)-f(x) _ f(y)-f :
< yy_u(u) Provided that x <u < y

u-x

In particular by letting u = (1 = t)x + ty where 0 < ¢ < 1

f) - 1) _ fO) - fw)
ty-x) ~ (1-00-x

= (1 =0[f W) = f(x)] < tf(y) - f(u)]

= (1= 0[f((Q1 = Ox +ty) = f(0)] < tf(y) = f((1 - )x + ty]

2 (1=-0f(1-x+ty-1A-0f(x) <tf) - tf(1-)x + ty)
>A-0f(A=-Ox+ty) +tf(1-Ox+ty) <tf(¥) + (1 - O)f (x)
= f((A-Ox+ty) <tf(y)+ A -Of(x)

Hence f is convex.

DEFINITION 3.1.2

A function f:[a,b] - R such that f(x) > 0 forall x is said to be logarithmically
convex if log f(x) is a convex function of x.

Remark 3.1.6

A logarithmically convex function is a convex function. but the converse is not always

true.
Example 3.1.2

f(x) = x? isaconvex function. but log f(x) = logx* = 2log|x| is not a convex
function and thus f(x) = x? is not logarithmically convex. On the other hand,

2. > ’ FENTLR N | ST iy e
f(x) = e*" is logarithmically convex as loge™ = Xx“ 1saconvex function
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Remark 3.1.7

If f(x) has asecond derivative in [a, b], then a necessary and sufTicient ,r

condition for it

to be convex on that interval is that the second derivative f"(x) = 0 for all x

in [a, b] some examples of convex functions include x” forp = Torevenp 2 2

&,

x log x for x > 0, and |x]| for all x.

Before proving Theorem 3.1.10 note that to say that log M(x) is convex means that

fora<x<u<y<hb,

(y = x)logM () < (y —u) logM(x) + (u—x) logM(y) (3.1.6.1)

taking the exponential of both sides gives
M) ™ < M) WM(y) ™ * whenever a < x <u <y < b (3.1.6.2)
Also. since log M (x) is convex we have that log M (x) is bounded by
max{log M (a),log M(b)} . That is. fora<x<b
M(x) < max{M(a),M(b)}
This gives the following
Corollary 3.1.8

et a<b and let G be the vertical strip {x + iy:a < x < b}.Suppos¢ f:G-=>C 1is
continuous and f is not constant then |f(2)| < sup{|f(w)|:w € dG) for all zinG.

lLemma 3.1.9
Let a < b and let G be the vertical strip {x + iy:a < x < b}. Suppose f:6- = C

is continuous and further suppose that |f(z)| <1 for z In dG then

If(z)| <1 forallzinG.
Proof
Fot cach & > 0 letgu(z) =1 +elz= a)]~! foreach zin G~ then for

z=x+iyin G~
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19¢(2)| < |Re[1 + (2 - a))|!
1+ e(x - a)l ' <1
Sofor z in G |f(z)g.(2)] < 1. Also. since f is bounded by B in
lf(2)gc(2)| < BI1 + ¢( - a)l ' (3.181)
< B lellm z|] !

- e , B) . o § it . .
Soif R= {x tiyra<x<b,lyl < (—} inequality (3.1.8.1) gives |f(2)g.(2)| < 1 for

z in dR. It follows from the Maximum Modulus I'heorem that

[f(2)ge(2)| <1 for z in R.Butif| Im z| > Zthen (3.1.8.1) gives
that |f(2)g.(z)| <1 Thus forall z in .
f(2)| <1+ €(z-a).
Letting € approach zcro
lf(z)| <1 for all z in G.

An entire function (Integral function) is a function which is defined and analytic in the

whole complex plane.
Theorem 3.1.10

Let a < b and let G be a vertical strip {x + iy:a < x < b}. Suppose [: G~ - Cis
continuous and analytic in G.1f we define M:|a, b] — R by
M(x) = sup{|f(x + iy)]: = < y < =} (3.1.10.1) and |f(2)| < B

forall zin G, then logM(x) is a convex function.

Proof

: A b~ a
To prove the theorem we need only establish M(u)? ¢ < M(a)? “M(b)*

for a < u < b. Recall that for a constant A > 0. AZ = exp(zlog A) is an entire function
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. . vt \.'3_/," so0
of z with no zeros. Now define g(z) =M (a)®-® M(b)o-a is an entire, never vanishes
and (because |A%| = AR¢%) for z = x + iy

(b-x) (x-a)
lg(z)| = M(a)-OM(b)(P-a) (3.1.10.2)

(It is assumed here that M(a) and M(b) # 0. However. if cither M(a) or M(b) is zero
then f = 0) since the expression on the right hand side of (3.1.10.2) is continuous for x

in [a, b| and never vanishes. |g|™! must be bounded in G . Also. |g(a + iy)| = M(a)
and |g(b + iy)| = M(b) so that |%| < 1 for z in 3G;and ’; satisfies the hypothesis of
Lemma (3.1.9).Thus |f(2)| < |g (2)],z € G.

Using (3.1.10.2) this gives fora <u <b

(b-u) (u-a)
M) < M(a)b-aM(b)b-a)  (3.1.10.3)

This is the desired conclusion.
Example 3.1.3

Show that if f:(a,b) = R is convex then f is continuous Does this remains true if [ 1s

defined on the closed interval | a, b]?
Solution
Since f is convex on (a,b) andifa <x <u<y< b.

We have f(u)—]'(x)<]'(y)—]'(x)<w (3.1.3.1) which we want 10 show
u-x N y—x i y-u

I,cla<x<u<y<b,u:/1x+(1—/1)y \\ithA:':—l:_E((),l) since fis

convex on (a,b) we get f(Ax + (1-y) < Af(x) + (1 - A)f (y) this implies
y-u U—x
f) <52 f0) +52fO)

S>wu-x)f(y)+G-wflx)— - X)f(w =0 (3132)

> uf(y) — xf () + yf () —uf () = yf (W) + ¥/ (W) 20

27




From (3.1.3.2) we get (rearrange terms and add/subtract a term)

= uf () = uf () = xf () + xf(x) = yf(w) - yf(x) + xf () - xf(x) >0

=@ -00O-fW)-G-wWFG) - f&x) =0

f-fx) - FO)-f(W) .
i< = = ‘Thus we have proved (3.1.3.1)

Given x € (a,b)choose § > 0 such that [x — § , x + 8l c(a,b)

Claim

x)—f(x=8) _ [@)-f(x) f(X+5) 1
= §" e ohe 2 forallz € (x -, x+68) (3.1.33)

—f(x-8
f(x) g(x )(Z

‘ s g
is equivalent to -x)<f(2)-f(x) < M (z—=x) Now taking

f(x)~f(x-86) (z
1)

the limit z - x. we have that -x) -0 and M( -x) = 0.

Thus f(2z) — f(x) = 0,that is |z — x| < § = |f(z) — f(x)| < & which shows that f is
continuous. Now it remains to show the claim is true. The proof uses ( 3.1.3.1) first,
consider a pointz € (x — & ,x) and apply the sccond inequality in (3.1.3.1) gives

f(x)—f(x-8) = f(z2)-f(x)
) A Z—X

which gives the first inequality in (3.1.3.3). Applying the outer

[(x)-f(z) < f(x+48) D_r__) 2

inequality (3.1.3.1) into the three points z < x < x + § gives

[(Z)=F(x) < Flxtd)—Ff(x) which
W [}

gives the second inequality in (3.1.3.3). . Now consider
Z—X

the case x < z < x + 6. Then the first inequality in (3.1.3.3) applied to the three points

X—0,X,%

f)-f(x-8) . f@-f(x) _ [~ (x=8) o [ T0) g we have proved the claim.

xX—x+6 =T Z—X o 5 z—x
The statement is not true if f is defined on the closed interval |a, b]. . Here is a
counter example. Define f: [a, b| = R by

x €|a,b)

f(x)={(1): x=b

28
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Clearly. f is convex on|a,b]|, but f is not continuous at x = b (but the function is

continuous on (a,b).

Example 3.1.4
Show that a function f:|a,b]

= R is convex if and only if any of the following

equivalent conditions is satisfied:

fu) u 1
(@ asx<u<y<sbgivesdet| f(x) x 1]>0:

f vy 1
blasxsu<v=h givcsMSM;
u-x y=x

e=srx<stt=p=h givcswgw
U=X% y-u

Solution

(a) Suppose f is convex onfa,b] and let a <x<u<y<bh u=2Ax+(1-2)y
with A = % € (0,1)
Since f is convex on [a, b], we have f(Ax + (1= 2)y) < Af(x) + (1 =) f(¥)
> f) = FO) e i
= -0fw) <@ -wflx)+w-x)f()
> -0f)+@-0f@)--0fw=20
= yf0) —uf(x) +uf () —xf () —yf(w) + xf(u) 20

= yf) —xf) +u(f) - f)) + fWx—y) =0

“herefore
fuy et
detl fix). x.. 1) 240
E62 T A
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(b) Suppose f is convex on[a,b] and leta < x < y < y<b, and u = Ax

with 1= % € (0,1).

Since f is convex on [a, b] we get f(Ax + (1 - A)y) < Af(x) + (1= Df(y)

> fW) <= f(x) +-— )

=>@-0fW G-+ u-x)f(y)

= yf(w) —xf(w) < yf(x) —uf(x) + uf(y) - xf(y)

= yf) —uf) +uf () —xf) —yf(w) + xf(u) >0

= yf(x) =yf(W) —uf () +uf(y) = xf(y) + xf(w) >0

= uf () —wf () +yf () —yf (W) + xf(u) = xf(y) = 0

2 uf(y) —uf(x) + yf(x) —xf(x) = yf W) + xf (W) = xf(y) + xf(x) 2 0
= u(f() = f)) + = )f () + (x =y f @ + x(f(x) - f(3)) 2 0

= (- 0)(f() - fW)+ w-0)() - f(x) 20

= (= 0(f() — fW) 2 ~(u-0(f () - f(x)

o f(x)—f(u) < f(y)—f(x)
—(u=x) y—Xx

5 flu)—f(x) < F)—f(x)
u=x y—X

¢) Suppose f is convex on [a,b] and let a S x <u<y<band u= Ax + (1

~ith
_yu
1=22e0).
Since f is convex on [a, b] we have f(Ax + (1 - Dy <Af(x)+(1-Df)
> fu) s == fmH— 1)

30
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< pexp(r® —nrep)
But r® —nr¢p = r(r®=¢ —np).Since b < ¢,r* € = 0*as r — = so that
r? —nrép > —was r - o, Thus
limsup|f(z)||g(2)[" = 0

Hence, f and ¢ satisfy the hypothesis of the Phragmen-Lindeléf Theorem so that

|f(2)] < M for cach z in G.
Remark 3.3.5

The size of the angle of the sector G is the only relevant fact in this corollary: its position

G ; ot it e . n 2 a :

1s inconsequential. So if G is any sector of angle - the conclusion remains valid.
o

Corollary 3.3.6

Let a >

N8| =
~

v n
G = {z:|argz| < Z}'

and suppose that for every w in dG, lim,_.,, sup|f(z)| < M. Moreover, assume that

forevery & > 0 there is a constant p (which may depend on &) such that
If(2)| < pexp(5]z]|®) (3.2.15.1)
for zin G and |z| is suf ficiently large.Then |[f(z)] <M forall zinG.
Proof
Let € > 0 be arbitrary. Define F: G = € by F(z) = [(z)exp(—€z*) suppose x > 0 and
& is chosen with 0 < & < € then there is a constant p with |F(z)| < pexp[(§ — €)x“]
but then |F(2z)] » 0asx - » inR;soM, = sup{|[F(x):0 <x < x} < . Define
M, = max{M,, M} and

[
=47 ¥ O <
H,={z€G:0<argz Za}
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H.o={z€G:0>argz > —_n}
2a

Then lim,_,,, sup|f(z)| < M, forall z in 0H, and dH  using the hypothesis (3.2.15.1).
corollary(3.2.13) gives |F(z)| < M, for all z in H,and H_ hence |F(z)| < M, for all z
inG.

We claim M, = M. if M, = M; > M then |F| assume its maximum value in
G atsome pointx, 0 <x <« (since |F(x)| - 0as x - x and lim,_, sup|f(x)| =
limy_osup|F(x)] <M < M;). So F is constant by Maximum Modules Principle
M = M; and |F(z)| < M forall zin G; that is |f(z)| < Mexp(eRez*) for all zin G: as

M is independent of €, we can let € — 0 and get |f(2)| < Mforall zin G
Example 3.4

LetG ={zz+# 0and |argz| < ﬁ} and let f(z) = exp(z*) forz € G. Then
|f(2)| = exp(|z])%cosal) where 8 = argz. So for z indG, |f(z)| = 1: but f(z) is
unbounded in G.. In fact on any ray in G we have that [f(z)| = =. This shows that the

growth condition (3.2.15.1) is very delicate and cannot be improved.
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