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ABSTRACT 

Although Ethiopian Building Code Standard, EBCS-2, is based on the Eurocode, EC-2, there 
are some clear differences between the two codes, most notably, with respect to the provisions 
for the design of slender columns in sway frames. The provision in the EBCS -2 for columns 
in sway frames is based on the American concrete institute, ACI; however, the former 
introduces the concept of the substitute frame, which is not in the ACI, to determine the 
stiffness of columns for the determination of the critical load, Ncr, thereby the sway moment 
magnification factor. This research is thus intended to investigate the suitability of the 
substitute frame for the intended purpose by comparing the design internal actions obtained 
based on the ACI and EBCS sway moment magnification provisions with the iterative P-Δ 
second order analysis, which is believed to be a more realistic approach, by taking different 
types of building frames subjected to different loading conditions. The results of the 
investigation reveal that, though the results are on the unsafe side, the provision in EBCS-2 
yields design moments close to the iterative P-Δ second order analysis, except for the case of 
frames with vertical irregularities where it deviates by 6.4%. 

Key Words: Sway frames, slender columns, substitute beam-column frame, ETABS, critical 
load, sway moment magnification, second-order analysis. 
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1. INTRODUCTION 

1.1. General 

Columns are vertical structural members supporting axial compressive loads, with or without 

moments. They mainly support vertical loads transferred from floors and roof and transfer the 

loads to the foundations. Although columns are mainly meant for their axial compression 

capacity, they, in many cases, are subjected to bending moments about one or both axes of the 

cross section due to eccentric loading or transverse loading.  

Because of the occurrence of these moments, the axial load capacity of columns, which they 

are intended for, decreases substantially. Interaction diagrams are usually used to describe the 

interaction between moment and axial load in a column, and determine the failure loads. 

The maximum moment in a column could happen at the ends as in columns of sway frames or 

somewhere at the span of the column in between the two ends as in slender columns of 

nonsway frames. The analysis and design of columns in sway and nonsway frames have 

distinct procedures given in codes. However, the analysis and design procedures given in the 

Ethiopian Building Code Standard, EBCS-2[4] for the design of slender columns in sway 

frames need detail investigations. 

1.2. Background of the Study 

It is well known that the Ethiopian Building Code Standard, EBCS-2- Part 1[4] is based on 

the previous versions of Euro code, EC-2[5]. As a result, the two Codes are very similar, with 

only few exceptions in some parts of the Codes. One of the sections where EBCS-2[4] 

deviates significantly from EC-2[5] is with respect to the provisions for the design of columns 

in sway frames. 

EC-2[5] gives detailed simplified design provisions for slender reinforced concrete columns 

that may be considered as isolated columns. These are individual columns with articulation in 

non-sway structures, slender bracing elements, and columns with restrained ends in a non-

sway structure. Corresponding provisions for the design of columns in sway frames are not 
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provided by EC-2[5]. According to EC-2[5], such columns are to be designed using the more 

rigorous approach based on the results of a second order global analysis.  

The EBCS-2[4] seems to be more complete in this respect, because it gives additional 

simplified procedures for the design of columns in sway frames. A closer look into the 

provisions reveals that they are based on the corresponding procedures according to the 

American Concrete Institute, ACI [1]. The interrelationships between the two provisions, 

however, are not immediately obvious because of some significant differences in the 

procedures such as the concept of the substitute frame adopted by EBCS-2[4] for column 

stiffness computation. 

Therefore the design of slender reinforced concrete columns in sway frames has long been a 

controversial subject among practicing structural engineers with lack of consensus with 

regard to its suitability as a design tool or even the validity of the results. [10] 

Zerayohannes G. [10] has tried to address this issue through his paper “Influence of ACI 

Provisions for the Design of Columns in Sway Frames on EBCS-2:1995”; however, only one 

frame has been used to compare the results with the results of the ACI provision. It is thus 

very important to make a detailed investigation on the validity of the results obtained from the 

provision in EBCS-2[4] by comparing them with the provision in ACI [1] and iterative P-Δ 

second order analysis results, by taking different sway frame models of varying story number 

and height for different load conditions. 
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2. LITERATURE REVIEW 

2.1. Slender Columns vs. Short Columns 

Columns are broadly categorized in to two as short and slender columns. Short columns are 

columns for which the strength is governed by the strength of the materials and the geometry 

of the cross section. In short columns, Second-order effects are negligible. In these cases, it is 

not necessary to consider slenderness effects and compression members can be designed 

based on forces determined from first-order analyses. 

When the unsupported length of the column is long, lateral deflections shall be so high that 

the moments shall increase and weaken the column. Such a column, whose axial load 

carrying capacity is significantly reduced by moments resulting from lateral deflections of the 

column, is referred to as a slender column or sometimes as a long column. “Significant 

reduction”, according to ACI, has been taken to be any value greater than 5%. [6] 

When slenderness effects cannot be neglected, the design of compression members, 

restraining beams and other supporting members shall be based on the factored forces and 

moments from a second-order analysis. The dimensions of each member cross section used in 

the analysis should be within 10 percent of the dimensions of the members shown on the 

design drawings or the analysis should be repeated [1]. Total moment including second-order 

effects in compression members, restraining beams, or other structural members, should not 

exceed 1.4 times the moment due to first-order effects in order to avoid stability failure. [1] 

2.2. Sway Frames vs. Nonsway Frames 

The axial load carrying capacity of columns is highly affected by the magnitude of bending 

moments they have to support in addition to the axial forces. Before going to details of the 

analysis and design of columns, let‟s define what sway and nonsway frames are since 

columns in these frames behave differently. 

A nonsway (braced) frame is one in which the lateral stability of the structure as a whole is 

provided by walls, bracings, or buttresses, rigid enough to resist all lateral forces in the 

direction under consideration.  
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A sway (unbraced) frame is one that depends on moments in the columns to resist lateral 

loads and lateral deflections. The applied lateral-load moment, Vl, and the moment due to the 

vertical loads, ΣP∆ shall be equilibrated by the sum of the moments at the top and bottom of 

all the columns as shown in the figure below. [6] 

Σ(Mtop + Mbtm) = Vl + ΣP∆                    (2.1) 

       

Fig 2.1 Column moments in a sway frame 

For design purpose, a given story in a frame can be considered “non-sway” if horizontal 

displacements do not significantly reduce the vertical load carrying capacity of the structure. 

In other words, a frame can be “non-sway” if the P-∆ moments due to lateral deflections are 

small compared with the first order moments due to lateral loads. 

In sway frames, it is not possible to consider columns independently as all columns in that 

frame deflect laterally by the same amount. The beams and other flexural members shall also 

be designed to resist the full magnified end moments from the columns to prevent the 

formation of plastic hinges at the ends of the beams and thus to assure the stability of the 

frame. [1] 

2.3. Sway Moments, Ms vs. Nonsway Moments Mns 

Two different types of moments occur in frames: 
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i) Nonsway moments, Mns, are the factored end moments on a column due to loads that 

cause no appreciable sidesway, as computed by a first-order elastic frame analysis. These 

moments result from gravity loads. 

ii) Sway moments, Ms, are the factored end moments on a column due to loads which cause 

appreciable sidesway, calculated by a first-order elastic frame analysis. These moments 

result from either lateral loads or large unsymmetrical gravity loads, or gravity loads on 

highly unsymmetrical frames. [6] 

2.4. First-order vs. Second-order Frame Analyses: 

A first-order frame analysis is one in which the effect of lateral deflections on bending 

moments, axial forces, and lateral deflections is ignored. The resulting moments and 

deflections are linearly related to the loads.  

When slenderness effects cannot be neglected, the design of compression members, 

restraining beams and other supporting members shall be based on the factored forces and 

moments from a second-order analysis. [1] 

A second-order frame analysis, on the other hand, is one which considers the effects of 

deflections on moments, and so on. The resulting moments and deflections include the effects 

of slenderness and hence are nonlinear with respect to the load. The stiffness, EI, used in the 

analysis should represent the stage immediately prior to yielding of the flexural reinforcement 

since the moments are directly affected by the lateral deflections. 

In a second order analysis, column moments and lateral frame deflections increase more 

rapidly than do the loads. Thus, it is necessary to calculate the second order effects at the 

factored load level. [6] 

2.5. Stiffness of the Members: 

The stiffness appropriate to Ultimate Limit State must consider the lateral deflections 

accurately at the factored load level. Different stiffness values have been given in ACI 318-08 

section 10.10.4.1 in order to consider the different degrees of cracking at ultimate loads. This 

shall be done by reducing the gross moment of inertia of the member cross sections. 
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Beams: I = 0.35Ig                   (2.2) 

Columns: I = 0.70Ig                   (2.3) 

2.6. Effect of Sustained Loads 

Columns in structures are subjected to sustained dead loads and sometimes to sustained live 

loads. The creep of the concrete under sustained loads increases the column deflections, 

thereby increasing the moment M = P (e + δ) and thus weakening the column. The effect of 

the sustained loads has been to increase the mid-height deflections and moments, causing a 

reduction in the failure load.  

Loads causing appreciable sidesway such as wind or earthquake, however, are generally short 

duration loads, and thus do not cause creep deflections. However, if lateral loads on an 

unbraced structure are sustained, the EI values used in the frame analysis should be reduced 

by dividing them by (1 + d) where, 

 
 
  

                                               

                                  
 .                      (2.4) 

  
Fig 2.2 Load-moment behavior for hinged columns subjected to sustained loads (creep 
buckling) 
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2.7. Methods of Second Order Analysis 

2.7.1. Iterative P-∆ Analysis 

The iterative P-delta method is based on the simple idea of correcting first-order 

displacements, by adding the P-delta shears to the applied lateral forces at each story.  

When a frame is displaced sideways under the action of lateral and vertical loads as shown in 

fig 2.1, the column end moments must equilibrate the lateral load moments, Vl, and a moment 

equal to (∑P)∆; that is Σ(Mtop + Mbtm) = Vl + ΣP∆, where ∆ is the lateral deflection of the top 

of the story relative to the bottom of the story.  

The moment ΣP∆ in a given story can be represented by shear forces      

 
. The algebraic sum 

of the story shears from the columns above and below a given floor gives rise to a sway force 

acting on that floor. The sway forces are added to the applied lateral loads at each floor, and 

the structure is reanalyzed, giving new lateral deflections and larger column moments. This 

process shall be repeated iteratively by calculating new sway forces, reanalyzing the structure 

and calculating new deflections until successive deflection values converge to an acceptable 

limit. The values can be assumed to converge when the change in deflection between two 

consecutive analyses is less than 2.5 percent [6]. 

2.7.2. Direct P-∆ analysis 

This is a method which allows the second order moment to be obtained directly from the first 

order moment, multiplying them by what is called a sway magnification factor. It describes 

the iterative P-∆ analysis mathematically as an infinite series. The sum of the terms in this 

series gives the second order deflection. [6] 

 




)()(1 0

0

VlPu                   (2.5) 

Where V = shear in the story due to factored lateral loads acting on the frame above the story 

under consideration, 

l = story height, 
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ΣPu = the total axial load in all the columns in the story, 

γ ≈ 1.15, flexibility factor, 

∆0= first-order lateral deflection of the top of the story relative to the bottom of the 

story,  

∆ = second order lateral deflection, 

ACI 318-08 section 10.10.5.2 defines the stability index for a story as  

Vl
PQ u 0)( 


         

           (2.6) 

Substituting Q and omitting the flexibility factor, the above equation gives: 

0.1
1

1





Qs

        
           (2.7) 

The magnified sway moment shall thus be ssM and it closely predicts the second-order 

moments in a sway frame until δs exceeds 1.5. [6] 

2.7.3. Amplified Sway Moments Method 

It is an approximate design procedure where first-order sway moments are multiplied by a 

sway moment magnifier, δs, which is a function of the factored axial load Pu and the critical 

buckling load Pc, to account for slenderness effects. However, if torsional displacements are 

significant, a three-dimensional second-order analysis should be used [1]. 

1
)75.0(1

1





  cu
s PP



      
           (2.8) 

Where ∑Pu is the design value of the total vertical load 

∑Pc is its critical value for failure in a sway mode. 
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3. DESIGN PROVISIONS FOR SLENDER COLUMNS IN SWAY 
FRAMES ACCORDING TO ACI AND EBCS CODES 

3.1. Introduction 

Column moments due to symmetric gravity loads do not cause appreciable sway. They are 

magnified when the column deflects by an amount  relative to its original straight axis such 

that the moments at points along the length of the column exceed those at the ends. This is 

referred to as the member stability effect or P-δ effect, where the lower case refers to 

deflections relative to the chord joining the ends of the column. Such column end moments 

should not be magnified by P- moments.  
 

Column moments due to lateral loads, on the other hand, cause appreciable sway. They are 

magnified by the P- moments resulting from sway deflections,  of the beam-column joints 

in the frame from their original undeflected locations. This is referred to as the P-Δ effect or 

lateral drift effect. 

Treating the P-δ and P-Δ moments separately simplifies design. The nonsway moments 

frequently result from a series of pattern loads. The pattern loads can lead to a moment 

envelope for the nonsway moments. The maximum end moments from the moment envelope 

are then combined with the magnified sway moments from a second-order analysis or from a 

sway moment-magnifier analysis. 

The two codes, ACI and EBCS, seem to have similar provisions for design of slender 

columns in sway frames but they do have some clear differences in some aspects. One of 

these major differences is the introduction of the substitute beam-column frame in the EBCS 

for the determination of the effective column stiffness in sway frames to calculate the critical 

buckling loads. 
 

A detail and closer view of the provisions of the two codes for the design of slender columns 

is thus necessary to investigate the acceptability of the results obtained from the substitute 

beam-column frame given in EBCS-2.  
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3.2. Moment Magnification Procedure for Sway Frames According to ACI 

3.2.1. Factored Load Combinations 

Three different load cases shall be considered. 

Case 1: Gravity and wind loads, U = 0.75(1.4D + 1.7L) + (1.6W),               (3.1) 

For wind loads that did not include a directionality factor, 1.6W drops to 1.3W. 

Assuming it did not: U = 1.05D + 1.275L   1.3W.                      (3.2) 

Case 2: Gravity and EQ loads, U = 0.75(1.4D + 1.7L) + (1.0E),              (3.3) 

  U = 1.05D + 1.275L + 1.0E,                                     (3.4) 

Case 3: Gravity loads only, U = 1.4D + 1.7L                 (3.5) 

3.2.2. Check whether a Story is Sway or Not 

According to ACI 318-08 Section 10.10.5.2, a story in a frame can be assumed nonsway if: 

05.0



cu

ou

lV
P

Q
    

                           (3.6) 

Where, Q = stability index 

Pu = total factored axial load in the story 

o = 1st order relative deflection between the top and bottom of that story due to Vu 

lc = story height 

NB: Pu, o, and Vu shall be obtained from elastic first-order analysis using section properties 

prescribed in ACI 318-08, section 10.10.4.1. 

3.2.3. Check for Slenderness 

According to section 10.10.1 of ACI-318-08, a column in an unbraced frame is slender and 

thus its slenderness effects cannot be neglected if the slenderness ratio:  
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                               (3.7) 

Where k = effective buckling length factor 

lu = clear height of the story 

r = radius of gyration of the column cross section.  

3.2.4. Computation of Effective Buckling Length Factors 

The effective buckling length factors of columns shall be determined from nomographs given 

in ACI 318-08, section 10.10.1, based on the relative stiffness of columns to beams at the top 

and bottom of the story under consideration. The minimum practical value for „k‟ for sway 

frames is about 1.20 due to lack of truly fixed connections at both ends of a column. Thus it is 

recommended to take k = 1.2 whenever smaller values of k are encountered [6]. 

 

(a) Nonsway Frames                                                       (b) Sway Frames 

Fig 3.1 Nomographs for effective length factors 
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For beams and columns just on top of the columns under consideration, 





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)/(
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ccc
top lIE

lIE
                      (3.8)  

For beams and columns just below of the columns under consideration, 





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bbb

ccc
bottom lIE

lIE
                                          (3.9) 

3.2.5. Computation of Magnified Moments 

The total design moments M1 and M2 at the ends of the columns shall be obtained by adding 

the unmagnified nonsway moments, Mns, and the magnified sway moments δsMs.  

M1 = M1ns + δsM1s                       (3.10) 

M2 = M2ns + δsM2s                           (3.11) 

The magnified sway moments δsMs shall be taken as 

i) The column end moments calculated using a second-order analysis based on 

member stiffness values accounting for cracks. (ACI 318-08, section 10.10.4.1) 

ii) s
s

ss M
Q

MM 



1


  

                     (3.12) 
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

  )75.0(1


 
                     (3.13) 

Where: Q is stability index as defined in Eq. 2.6. 

Pu = the sum of the factored axial loads in all the columns in the story 

Pc = the sum of the critical buckling load Pc of all the columns in the story obtained 

for each member by: 

2

2

)( u
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EIP 


  
                         (3.14) 
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Where: 

d

sesgc IEIE
EI






1
2.0

 
                         (3.15)
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


1
4.0

   
                     (3.16) 

lu = the unsupported length of columns, equal to the clear distance between floor slabs, 

beams or members capable of providing lateral support in the direction considered.
 

Ec, Es = moduli of elasticity of the concrete and the steel respectively 

Ig = gross moment of inertia of the concrete section about its centroidal axis 

Ise = moment of inertia of the reinforcement about the centroidal axis of the concrete 

section 

βd = ratio of maximum sustained shear with in the story to the total factored shear in 

the story for the same load combination. (ACI 318-08, section 10.10.4.2) 

If δsMs calculated by equation (3.12) above exceeds 1.5 times Ms, it is recommended to use 

(3.11) or (3.13) because it is less accurate for higher values of δs. 

The constant 0.75 in the denominator of (Eq. 3.13) is a stiffness reduction factor while the 

term (1 + d) reflects the effect of creep on the column deflections.  

The first equation for determining EI (Eq. 3.15) is more accurate than the second (Eq. 3.16), 

but is more difficult to use since Ise is not known until the steel is chosen. 

3.2.6. Check if the Maximum Column Moments Occur between the Ends of 

Columns 

In most columns in sway frames, the maximum moment will occur at one end of the column. 

However, for very slender, highly loaded columns, the deflection of the column can cause the 

maximum P-δ moment between the ends of the column to exceed the P-∆ moment at the ends. 



 

- 14 - 
 

ACI 318-05, Section 10.13.5 states that it is necessary to check whether the moment at some 

point between the ends of the column exceeds that at the ends of the column. It also states that 

the maximum moment will occur at a point between the ends of the column and will exceed 

the maximum end moment by more than 5 percent if: 

gc
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35
                           (3.17) 

Where: Pu = factored axial load in the column 

 fc
‟ = characteristic cylindrical compressive strength of concrete 

 Ag = gross column cross section 

In such a case the maximum moment is calculated by magnifying the end moments using Eq. 

(10-11) of ACI 318-08, provision for columns in nonsway frames. 

3.2.7. Check the Stability of the Structure as a Whole under Gravity Loads Only 

In addition to load combinations involving lateral loads, the strength and stability of the 

structure as a whole under gravity loads shall be considered. ACI 318-05, Section 10.13.6 

states that side-sway buckling will not be a problem if the following conditions are satisfied. 

a) When sMs is computed from second-order elastic analysis, i.e. method (i) of section 3.2.5, 

the ratio of second-order lateral deflections to first-order lateral deflections for factored dead 

and live loads plus factored lateral loads applied to the structure shall not exceed 2.5; 

b) When sMs is computed from equation (3.12), the value of Q computed using Pu for factored 

dead and live loads shall not exceed 0.60 which is equivalent to s = 2.5; 

c) When sMs is computed from equation (3.13), s computed using Pu for 1.4D + 1.7L and Pc 

based on 0.40 EI/ (1 + d), shall be positive and shall not exceed 2.5. 

In a), b) and c) above, d shall be taken as the ratio of the total sustained axial loads to the 

total axial loads, as defined in ACI 318-05, Section 10.13.6.  

d) According to ACI318-08, however, the check is made simply by limiting the ratio of the total 

moment including second order effects to first-order moments to 1.40. 
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3.3. Moment Magnification Procedure for Sway Frames According to 
EBCS 

3.3.1. Factored Load Combinations 

Three different load cases shall be considered. 

Case 1: Gravity and wind loads,   Sd = S (1.20(G + Qvk + Qhk)            (3.18) 

       Sd = 1.20D + 1.20L  1.20W          (3.19) 

Case 2: Gravity and earthquake loads,  Sd =0.75(1.30D + 1.60L)  1.0E     (3.20) 

       Sd =0.975D + 1.20L  1.0E             (3.21) 

Case 3: Gravity loads only,   Sd = S (1.30G + 1.60Qvk)                 (3.22) 

3.3.2. Check whether a Story is Sway or Not 

According to Section 4.4.4.2 of EBCS-2, 1995, a story in a given frame may be classified as 

non-sway story if: 

1.0
cr

Sd

N
N

                  
(3.23)  

Beam-and-column type plane frames in building structures with beams connecting each 

column at each story level may be classified as non-sway story if: 

1.0
HL
N                   (3.24) 

Where, in both equations, 

NSd, N = total factored axial load in the story, 

Ncr = story buckling load, 

H = total horizontal reaction (shear) at the bottom of the story, 

 = first-order relative deflection between the top and bottom of that story due to the 

design loads (vertical and horizontal), plus the initial sway imperfection, 

L = story height. 
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The displacement   shall be determined based on stiffness values for beams and columns 

appropriate to Ultimate Limit State. 

3.3.3. Check for Slenderness 

(i) Generally, the slenderness ratio of concrete columns should not exceed 140. 

(ii) According to section 4.4.6 of EBCS-2, second order effects for columns in sway frames 

need not be taken into account if:  

  Max (25, 15/ d )              (3.25a) 

Where d = NSd/ (fcdAc),               (3.25b) 

        fcd = design compressive strength of concrete, 

 Ac = gross cross-sectional area of the columns 

3.3.4. Computation of Effective Buckling Length Factors 

The effective buckling length factors of columns in a sway frame shall be computed by using 

approximate equations given in EBCS-2 Section 4.4.7 based on EI values for gross concrete 

sections provided that the α values do not exceed 10. For higher values of 1  or 2 more 

accurate methods must be used. 

15.1
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Or conservatively, 
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Where, for columns being designed and beams and columns just above them, 
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For columns being designed and beams and columns just below them 
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(3.30) 

3.3.5. Computation of Magnified Moments 

The magnified sway moments, sMs, are computed using the amplified sway moments 

method given in EBCS-2 Section 4.4.11. The total design moments M1 and M2 at the ends of 

the columns shall then be obtained by adding the unmagnified nonsway moments, Mns, found 

by a first order analysis using member stiffnesses in EBCS-2, Section 3.7.6, and the 

magnified sway moments δsMs. Sway moments could arise from horizontal loading or from 

vertical loading if either the structure or the loading is asymmetrical. 

M1 = M1ns + δsM1s        
         

(3.31) 

M2 = M2ns + δsM2s        
         

(3.32)       

The sway moment magnification factor δs shall be computed from  




crSd
s NN1

1
        

         
(3.33) 

Where NSd is the design value of the total vertical load 

     Ncr is its critical value for failure in a sway mode 

The amplified sway moments method shall not be used when the critical load ratio NSd/Ncr, is 

more than 0.25. 

3.3.6. Determination of Story Buckling Load, Ncr 

The most difficult part of design of slender columns of sway frames according to EBCS-2 is 

the determination of the story buckling load. This is because of the introduction of the 

concept of substitute beam-column frame in order to use a more accurate method of 

determination of the critical buckling load which considers the effect of the stiffness of the 

reinforcing steel.  
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The substitute beam-column frame is a propped half portal made of substitute columns and 

beams as shown in Fig. 3.2. According to the provisions of EBCS-2 Section 4.4.12(1), the 

buckling load of a story may be assumed to be equal to that of the substitute beam-column 

frame. EBCS-2 Section 4.4.12(4) states that the equivalent reinforcement areas, As,tot, in the 

substitute column are obtained by designing the column at each floor level to carry the story 

design axial load and magnified sway moment at the critical section. 

2
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(3.34) 

Where, the effective stiffness of a column EIe shall be taken from EBCS-2 Section 4.4.12(1),   
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Or alternatively, 
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                 (3.36) 

Where: Ec = 1100 fcd = modulus of elasticity of the concrete,            (3.37) 

 Es = modulus of elasticity of the steel,  

  Ic = gross moment of inertia of the concrete section about its centroidal axis, 

Is = moment of inertia of the reinforcement about the centroidal axis of the concrete 

section, 

Mbal = balanced moment capacity of the column, 

(1/rbal) = curvature at the balanced load and may be taken as: 

 

    
 

 

 
                                (3.38) 

The term (1 + d) in both equations reflects the effect of creep on the column 

deflections as stated in Section 4.4.13(4)). 
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 (a) Actual frame               (b) Substitute frame 

Fig 3.2 Substitute multi-story beam-column frame 

3.3.7. Check if the Maximum Column Moments Occur between the Ends of 

Columns 

EBCS-2 Section 4.4.8.1(2) also requires checking whether moment at some point between the 

ends of the column exceeds that at the end of the column but does not give any explicit 

equation as in the ACI. The check is done by comparing the magnified moments for nonsway 

columns that are determined using the design procedure in EBCS Section 4.4.9 and 4.4.10 

with those of the magnified column end moments. 

3.3.8. Check the Stability of the Structure as a Whole under Gravity Loads Only 

EBCS-2 section 4.4.8.1(1) states that all frames shall have adequate resistance to failure in a 

sway mode, but it does not place any explicit limit on s or the critical load ratio as in the 

ACI.  
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4. DESIGN EXAMPLE 

Figure 4.1 shows the plan of the main floor and a section through a five-story building. The 

building is clad with nonstructural precast panels. There are no structural walls or other 

bracing. The beams in the North-South direction are all 300 mm wide, with an overall depth 

of 600 mm. The floor slabs are 180 mm thick. Design an interior and an exterior column in 

the ground-floor level of the frame along column line 3 for dead load, live load, and North-

South wind loads or earthquake loads according to the ACI and EBCS-2. Use fck = 30 MPa 

and fy = 460 MPa. 

    

(a) Plan                                                                   (b) Section 

Fig.4.1 Plan and section of a five story regular building  
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4.1. According to the ACI 

Factored Load Combinations: 

Three different load cases will be considered. 

Case 1: Gravity and wind loads, U = 1.05D + 1.275L   1.3W, 

Case 2: Gravity and EQ loads, U = 1.05D + 1.275L + 1.0E, 

Case 3: Gravity loads only, U = 1.4D + 1.7L. 

4.1.1. Load Case 1: Gravity and Wind Loads  

U = 0.75(1.4D + 1.7L)  (1.3W) = 1.05D + 1.275L   1.3W 

4.1.1.1. Check whether the Story is Sway or Not 

According to section 3.2.2, a story in a frame can be assumed nonsway if: 

05.0



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Where, for the first story, from elastic first-order analysis: 

Pu = total factored axial load in all 28 columns in the floor = 40669.92 kN, 

o = 6.67 mm (from a first-order elastic analysis), 

Vu = total factored shear in the first story in all seven frames = 611.14 kN, 

lc = story height = 4500 mm. 

05.0099.0
450014.611
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Thus, the first story of the frame is a sway story. We shall treat the entire frame as a sway 

frame. 
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4.1.1.2. Check for Slenderness 

Section 3.2.3 defines a column in an unbraced frame as slender if klu/r  22 (Eq. (3.7)). 

However, k is not known at this stage. For the ground floor columns, lu = 4500 – 600 = 

3900 mm. From ACI 318-08, Section 10.10.1.2, r = 0.3h. 

Preliminary selection of column size for maximum load combination shows that b = h = 

450 mm is required. Let‟s now try to determine k from the relative stiffness of columns 

and beams. It shows that the minimum value of k is 1.50. (Refer section 4.1.1.4 below.) 

2233.43
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Thus, the columns are slender. 

4.1.1.3. Computation of the Factored Axial Loads Pu, the Mns, and Ms Moments 

from a First-order Frame Analysis 

For the ground floor columns, the following values have been obtained from an elastic 

first-order analysis using section properties prescribed in ACI 318-08, section 10.10.4.1. 

Table 4.1 First-order analysis outputs for frame on axis 3, for load case 1 

Design Action Effects Exterior Columns Interior Columns 
Factored axial force, Pu (kN) 1.05 D + 1.275 L 1150.91 2172.17 
Factored Mns moments (kN-m) At top 100.53 -8.29 

At bottom -110.87 11.83 
Factored Ms moments (kN-m) At top -45.35 -71.19 

At bottom 26.88 61.63 

Note that sway moments have been computed by a first-order frame analysis for 1.3W 

only. 

4.1.1.4. Computation of Effective Buckling Length Factors 

Effective buckling length factors shall be obtained from nomographs given in section 

3.2.4 (fig. 3.1), with  based on EI values given in Section 2.5 for d = 0. 

i. Compute EcIc/lc for the columns. 
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Ec = 4700 '
cf  = 25743 MPa 

Ic = 0.70Ig = 2.392  109 mm4 

Columns above and below: 
c

cc

l
IE

Ec  6.834  105 

Columns being designed: 
c

cc

l
IE

Ec  5.316  105 

ii. Compute EbIb/lb for the beams. 

Effective width of T and L-sections are given in ACI 318-08, section 8.12.2 and 8.12.3 as: 

For T-sections:  

       

{
 
 

 
 

 

  

 
                       

   (
 

 
                           )                        

 

}
 
 

 
 

 

       = 2000mm 

For L-sections: 

        {

    
  

  

                   

    
 

 
                           

 } 

     = 965mm 

Ib = 0.35 Ig = 0.35  11.224   109 = 3.928  109 mm4 for T-beams 

Ib = 0.35 Ig = 0.35  8.894   109 = 3.113  109 mm4 for L-beams   

Thus EI/l of beams on all spans becomes: 
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iii. Compute  and k. 

Columns of interior frames: 

Exterior columns: 



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From the nomographs for sway frames, k = 1.70.  

Interior columns: 

top = bottom = 1.237, thus k = 1.37.  

Columns of exterior (sidewall) frames: 

Exterior columns: 





)/(
)/(

bbb

ccc
bottomtop lIE

lIE
 3.123 

From the nomographs for sway frames, k = 1.86.  

Interior columns: 

top = bottom = 1.561, thus k =1.50  

4.1.1.5. Computation of the Magnified Moments for Load Case 1 

i) Compute EI. Since the reinforcement is not known at this stage, let‟s use Eq. (3.16) to 

calculate EI. 
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Where, Ec = 25743 MPa, Ig = 3417.19   106 mm4. 
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Because this is a sway frame, the definition for d shall be taken as stated in section 3.2.5. 

Since there is no sustained load shear in the story, d = 0.  

Therefore, 210
6

mm-N 10 x 75.3518
)01(

) 10   x  3417.19 x 25743 x (0.4



EI  

ii) Compute sway moment magnifier 

From Eq. (3.13) of section 3.2.5,  
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Where: Pu = the sum of factored axial loads in all columns in the story for load case 1.  

  = 40669.92 kN 
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Columns of interior frames (frames on axes 2, 3, 4, 5 & 6): 

Exterior columns: 
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Interior columns: 
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Columns of exterior (sidewall) frames (frames on axes 1 & 7): 

Exterior columns (corner columns): 
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Interior columns: 


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
 3

2

102

10
)3900 1.50(
10 x 75.3518

cP 10147.90 kN 

Pc = 10  7900.61 + 10  12165.15 + 4  6599.83 + 4  10147.90  

      = 267648.46 kN 
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                   = 1.254 Ms 

iii) Compute magnified moments 

Exterior columns in first story: 

Top of column: Mns = 100.53 kN-m; 

         Ms =  45.35 kN-m; sMs = 1.254   45.35=  56.87 kN-m; 

From Section 3.2.5: Mtop = 100.53 + 56.87 = 157.40 kN-m. This is M2. 

Bottom of column: Mns = -110.87 kN-m; 

          Ms =  26.88 kN-m; sMs = 1.254   26.88 =  33.71 kN-m; 

Mbottom = -110.87 – 33.71 = -144.58 kN-m. This is M1. 

Interior columns in first story: 

Top of column: Mns = -8.29 kN-m; 

    Ms =  71.19 kN-m; sMs = 1.254   71.19 =  89.28 kN-m; 

    Mtop = -8.29 – 89.28 = -97.57 kN-m. This is M2.  

Bottom of column: Mns = 11.83 kN-m; 

         Ms =  61.63 kN-m; sMs = 1.254   61.63 =  77.29 kN-m; 
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         Mbottom = 11.83 + 77.29 = 89.12 kN-m. This is M1. 

4.1.1.6. Check whether the Maximum Column Moment Occurs between the Ends 

of the Column. 

Section 3.2.6 states that the maximum moment will occur at a point between the ends of 

the column and will exceed the maximum end moment by more than 5 percent if: 
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We will check this first for interior columns, since they have the largest axial loads, Pu.  
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Since 28.89 < 58.53, the maximum moment is at the end of the column. The same is true 

for the exterior columns. 

Summary of Load Case 1: 

 Exterior column: Pu = 1184.26 kN, Mc = 157.40 kN-m 

 Interior column: Pu = 2175.68 kN, Mc = 97.57 kN-m 

4.1.2. Load Case 2: Gravity and Earthquake Loads 

U = 1.05D + 1.275L +1.0E 

4.1.2.1.  Check whether the Story is Sway or Not 

For the first story, 

Pu = 40669.92 kN, o = 30.22 mm, Vu = 2466.84 kN and lc = 4500 mm 
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Thus, the first story of the frame is a sway story. We shall treat the entire frame as a sway 

frame. 

4.1.2.2. Check for Slenderness   

This step is the same as that in load case 1. Thus, the columns are slender.  

4.1.2.3. Computation of the Factored Axial Loads Pu, the Mns, and Ms Moments 

from a First-order Frame Analysis 

For the ground floor columns, the values are as follows. 

Table 4.2 First order analysis outputs for frame on axis 3, for load case 2 

Design Action Effects Exterior Columns Interior Columns 
Factored axial force, Pu (kN) 1.05 D + 1.275 L 1150.91 2172.17 
Factored Mns moments (kN-m) At top 100.53 -8.29 

At bottom -110.87 11.83 
Factored Ms moments (kN-m) At top -182.76 -292.54 

At bottom 122.33 263.43 

Note that the sway moments have been computed by a first order frame analysis for 1.0E 

only. 

4.1.2.4. Computation of Effective Buckling Length Factors 

This step is the same as that in load case 1. 

4.1.2.5. Computation of the Magnified Moments for Load Case 2 

i) Compute EcIc/lc for the columns. 

210
6

mm-N x1075.3518
)01(

) 10 x 3417.19 x 25743 x (0.4



EI

 

ii) Compute sway moment magnifier 

This step is the same as that in load case 1. 
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Where: Pu = 40669.92 kN and Pc = 267648.46 kN 

s
s

ss M
M

M 



)267648.4675.0/( 92.066941

  

  = 1.254Ms 

iii) Compute magnified moments 

Exterior columns in the first story: 

Top of column: Mns = 100.53 kN-m; 

       Ms =  182.76 kN-m; sMs = 1.254   182.76 =  229.19 kN-m; 

From Section 3.2.5: Mtop = 100.53 + 229.19 = 329.72 kN-m. This is M2. 

Bottom of column: Mns = -110.87 kN-m; 

Ms =  122.33 kN-m; sMs = 1.254   122.33 =  153.41 kN-m; 

Mbottom = -110.87 – 153.41 = -264.28 kN-m. This is M1. 

Interior columns in the first story: 

Top of column: Mns = -8.29 kN-m; 

        Ms =  292.54 kN-m; sMs = 1.254   292.54 =  366.87 kN-m; 

        Mtop = -8.29 – 366.87 = -375.16 kN-m. This is M2.  

Bottom of column: Mns = 11.83 kN-m; 

   Ms =  263.43 kN-m; sMs = 1.254   263.43 =  330.36 kN-m; 

   Mbottom = 11.83 + 330.36 = 342.19 kN-m. This is M1. 
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4.1.2.6. Check whether the Maximum Column Moment Occurs between the Ends 

of the Column. 

This will be the same as that in load case 1. The maximum moment is at the end of the 

column.  

Summary of Load Case 2: 

 Exterior column: Pu = 1338.88 kN, Mc = -329.72 kN-m 

 Interior column: Pu = 2192.99 kN, Mc = 375.16 kN-m 

4.1.3. Load Case 3: Gravity Loads Only, U = 1.4D + 1.7L 

Although this load case does not include lateral loads, it must be considered because the 

columns must be designed for the axial loads and moments from this case. It is also 

necessary to check whether the frame is subjected to side sway buckling under high 

gravity loads. 

4.1.3.1. Check whether the Story is Sway or Not 

This step is the same as that for load case 1. 

4.1.3.2. Check for Slenderness   

This step is the same as that for load case 1. 

4.1.3.3. Computation of the Factored Axial Loads Pu, the Mns, and Ms Moments 

from a First-order Frame Analysis 

For the ground floor columns, the values are as follows. 

Table 4.3 First order analysis outputs for frame on axis 3, for load case 3 

Design Action Effects Exterior Columns Interior Columns 
Factored axial force, Pu (kN) 1.4 D + 1.7 L 1534.55 2896.23 
Factored Mns moments (kN-m) At top 134.03 -11.06 

At bottom -147.83 15.78 
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4.1.3.4. Computation of Effective Buckling Length Factors 

This step is the same as that for load case 1. 

4.1.3.5. Computation of the Magnified Moments for Load Case 3 

Since there are no lateral loads, Ms = 0 in all columns. 

Exterior columns: Mtop = Mns + sMs = 134.03 + 0 = 134.03 kN-m. This is M1. 

    Mbottom = -147.83 kN-m. This is M2. 

Interior columns: Mtop = -11.06 kN-m. This is M1. 

    Mbottom = 15.78 kN-m. This is M2. 

4.1.3.6. Check whether the Maximum Column Moment Occurs between the Ends 

of the Column. 

For interior columns: 
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Since 28.89 < 50.69, the maximum moment in the column is at one end. 

4.1.3.7. Check whether the Frame can Undergo Side-sway Buckling under 

Gravity Loads. 

Since sMs has been calculated from Eq. (3.13) of section 3.2.5, section 3.2.7(c) says that 

side-sway buckling will not be a problem if s, computed by using Pu for 1.4D + 1.7L, 

and Pc based on 0.40 EI/ (1 + d), with d computed as the ratio of the total sustained 

axial loads to the total axial loads, is positive and does not exceed 2.5. 
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 For the first story, total sustained loads = 38069.60 kN, total axial loads for load case 3, 

Pu = 54226.58 kN, giving: d = 38069.60 / 54226.58 = 0.702. 

EI = 0.40 EcIg/ (1+ d) = 3518.75  1010/ (1+0.702) = 2067.42  1010 N-mm2. 

Columns of interior frames (frames on axes 2, 3, 4, 5 & 6): 

Exterior columns: 





 3

2

102

10
)3900 701.(
10 x 2067.42

cP 4641.96 kN 

Interior columns: 





 3

2

102

10
)390037.1(
10 x 2067.42

cP 7147.56 kN 

Columns of exterior (sidewall) frames (frames on axes 1 & 7): 

Exterior columns (corner columns): 





 3

2

102

10
)3900 86.1(
10 x 2067.42

cP 3877.69 kN 

Interior columns: 





 3

2

102

10
)3900 1.50(
10 x 2067.42

cP 5962.34 kN 

Pc = 10  4641.96 + 10  7147.56 + 4  3877.69 + 4  5962.34 = 157255.27 kN 





)157255.2775.0/( 54226.581

1
s 1.85 

Since s = 1.85 is less than 2.5, side sway buckling will not be a problem. 

Summary of Load Case 3:  

 Exterior column: Pu = 1534.55 kN, Mc = 147.83 kN-m 

 Interior column: Pu = 2896.23 kN, Mc = 15.78 kN-m 
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4.2. According to the EBCS-2 

Factored Load Combinations: 

Three different load cases will be considered. 

 Case 1: Gravity and wind loads, Sd = 1.20D + 1.20L  1.20W, 

Case 2: Gravity and earthquake loads, Sd =0.975D + 1.20L  1.0E, 

Case 3: Gravity loads only, Sd = S(1.30G + 1.60Qvk). 

4.2.1. Load Case 1: Gravity and Wind Loads 

Sd = 1.20D + 1.20L   1.20W 

4.2.1.1. Check whether the Story is Sway or Not 

According to section 3.3.2, a story in a frame may be assumed to be nonsway if: 

1.0
HL
N

   

Where, for the first story, 

N = total factored axial load in all 28 columns in the floor = 44036.05 kN, 

 = 6.15 mm (from a first-order elastic analysis), 

H = total factored shear in the first story in all seven frames = 546.16 kN, 

L = story height = 4500 mm, 

1.0107.0
450016.564

15.6 44036.05







HL
N

 
(even w/o including initial sway imperfection)  

Thus, the first story is a sway story. We shall treat the entire frame as a sway frame. 

4.2.1.2. Check for Slenderness   

According to Section 3.3.3(ii), second order effects can be neglected for columns in sway 

frames if: 
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  max(25, 15/ d ), where d = Nsd/(fcdAc) 

  

√  

 
  

√                         
       

lu = 4500 – 600 = 3900 mm 

53.35
4503.0
390023.1





  (Taking the minimum value of Le/L = 1.23, as 

computed in section 4.2.1.4 below). Thus, the columns are slender. 

4.2.1.3. Computation of the Factored Axial Loads Pu, the Mns, and Ms Moments 

from a First-order Frame Analysis 

For the ground floor columns, the values are as follows. 

Table 4.4 First order analysis outputs for frame on axis 3, for load case 1 

Design Action Effects Exterior Columns Interior Columns 
Factored axial force, Pu (kN) 1.20 D + 1.20 L 1249.73 2343.45 
Factored Mns moments (kN-m) At top 107.04 -8.74 

At bottom -118.10 12.49 
Factored Ms moments (kN-m) At top -41.47 -65.18 

At bottom 24.32 56.24 

4.2.1.4. Computation of Effective Buckling Length Factors 

Effective buckling length factors shall be computed using the approximate equation given 

in section 3.3.4 (Eq. 3.26) based on EI values for gross concrete sections provided that the 

α values do not exceed 10. 

(a) Compute EcIc/lc for the columns. 

Ic = Ig = 3.417  109 mm4 

 Columns above and below: 
c

cc

l
IE

 
Ec  9.763  105 mm3 

 Columns being designed: 
c

cc

l
IE

 
Ec  7.594  105 mm3 
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(b) Compute EbIb/lb for the beams. 

Effective width of T and L-sections are given in EBCS 2 section 3.7.8 by: 

For T-sections:        {
    

  

 
  

 ⁄              
 } 

        = 1900 mm 

For L-sections:         {
    

  

  

                                             
 } 

         = 1100 mm 

Ib = Ig = 11.063   109 mm4 for T-beams 

Ib = Ig = 9.317   109 mm4 for L-beams   

Thus EI/l of beams on all spans becomes: 


b

bb

l
IE

{
            

                

            
                

 

(c) Compute Le.  

 Columns of interior frames (frames on axes 2 - 6) 

Exterior columns, (on axes A-2 to A-6 and D-2 to D-6): 





 5

55

21 10 13.828
10  7.59410 9.763

 1.255 

15.1  1.42 =
1.2551.2555.7

1.2551.2556.1)1.2551.255(45.7
3800





 ee L

L
L

  

Interior columns, (B-2 to B-6 and C-2 to C-6): 





 55

55

21 10 13.82810 13.828
10  7.59410 9.763

 0.628 
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23.1
L
Le  

 Columns of exterior frames (frames on axes 1 & 7) 

Exterior columns, (A-1, D-1, A-7, and D-7): 





 5

55

21 10 11.646
10  7.59410 9.763

 1.490 

490.1490.15.7
490.1490.16.1)490.1490.1(45.7

3750 


 ee L

L
L

= 1.48 

Interior columns, (B-1, C-1, B-7 and C-7): 





 55

55

21 10 11.64610 11.646
10  7.59410 9.763

 0.745 

26.1
L
Le  

4.2.1.5. Computation of the Magnified Moments for load case 1 

i) Compute EI.  

As stated in section 3.3.6, the buckling load of a story may be assumed to be equal to 

that of the substitute frame and may be determined as: 

2

2

e

e
cr L

EI
N


   

Where ,
1

2.0

d

sscc
e

IEIE
EI




   

Ec = 1100fcd and Es = modulus of elasticity of steel, 

Ic, Is = moments of inertia of concrete section and reinforcement   respectively, 

of the substitute column. 
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Since there is no sustained load shear in the story, d = 0. 

ii) Design the substitute column and compute Is. 

The actual frame and substitute frame are shown in Fig. 4.2 (a) and (b) below. The 

equivalent reinforcement area, As,tot, in the substitute column is obtained by designing the 

column at each floor level to carry the story design axial load and amplified sway moment 

at the critical section. Since the amplified sway moment requires the knowledge of the 

story buckling load, the design involves iteration. EBCS-2, Section 4.4.12(5) states that, 

the amplified sway moment, to be used for the design of the substitute column may be 

found iteratively taking the first-order design moment in the substitute column as an 

initial value. 

         kb = 13.828  105mm3         13.828  105mm3            13.828  105mm3  (Interior frame)               2kb = 8.297106 mm3 

    kb = 11.646  105mm3          11.646  105mm3            11.646  105mm3   (Exterior frame)             2kb = 6.988106 mm3 

 
a) Actual frame                   b) Substitute frame 

Figure 4.2 Beam and column stiffness for the substitute beam-column frame 

The load causing appreciable sway is the wind load. Its distribution on the substitute 

frame is as shown in Fig. (4.3). 



 

- 38 - 
 

 

 

Figure 4.3 Wind loading on substitute frames 

Compute EIe of column in interior substitute frames iteratively with reinforcement 

determined using first-order analysis sway moments as first trial. 

Design strengths of concrete and steel, 





5.1

3085.085.0

c

ck
cd

f
f


17 N/mm2 and 

15.1
420

s

yk
yd

f
f


365 N/mm2 

Table 4.5 Story axial load and first-order moment for the design of substitute column of 
interior frames 

Design Action Effects Substitute Column 
Factored story axial force, Pu (kN) 1.20 D + 1.20 L 7186.36 
Factored story Ms moments (kN-m) At top 236.79 

At bottom 181.23 

Cross-section of substitute column, 

b / h = 636/ 636 mm with h‟/ h = 0.1 

Determine related normal force and moment: 
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045.1
63617

107186.36
2

3







ccd

Sd
Sd Af

N
  

054.0
63617

1079.236
3

6







hAf
M

ccd

Sd
Sd  

From EBCS-2: Part 2, Uniaxial Chart No. 2, h’/h = 0.10,  

 = 0.19, and bal = 0.197 





400

6361719.0 2

,
yd

ccd
tots f

Af
A

 3266.30 mm2 

As,min = 3235.97 mm2 

As,tot/4 = 816.58 mm2 at each corner. 

Compute EIe: 

                EIe = 0.2EcIc + EsIs 

          = 0.2  1100  17  6364/12 + 200000  4( 32.244/64 + 816.58  254.402) 

          = 5.0994   1013 + 4.2321  1013 

          = 9.3315  1013 N-mm2 

Or alternatively, 





3

3

10)4.5725(
63617197.0

)1( bal

bal
e r

M
El 9.8632  1013 N-mm2 > 0.4EcIc 

(1/rbal) = (5/d)10-3 

Determine the effective length Le of the substitute column: 

Compute EcIc/Lc and EbIb/Lb: 

Columns above and below: 3.905  106 
 Ec 

Column being designed: 3.038  106  Ec 
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Beam: 8.267  106  Eb 

6

66

21 10 8.267
10 038.310 3.905




 = 0.837 

0.8370.8375.7
0.8370.8376.1)0.8370.837(45.7






L
Le = 1.292 < 1.15 

 Le = 1.292  3900 = 5039.07 mm 

Determine story buckling load Ncr: 

2

132

2

2

)5039.07(
103315.9 




e

e
cr L

EI
N = 36270.29 kN 

Compute sway moment magnification factor: 

36270.2936.71861
1

1
1







crSd
s NN

 = 1.247 

Continue iteration with amplified sway moment as shown in Table 4.6: 

Table 4.6 Determination of critical load for interior frames iteratively 

b/h NSd Ms δ  Ms*δs    As,tot As,min As,tot/4 Ø EIe Ncr δ  

636 7186 237 1.247 295.30 1.045 0.068 0.23 3954 3236 988.5 35.48 1.0224E+14 39737.57 1.221 

636 7186 237 1.221 289.07 1.045 0.066 0.23 3954 3236 988.5 35.48 1.0224E+14 39737.57 1.221 

   
1.221 

            
Compute EIe of column in exterior substitute frames iteratively with reinforcement 

determined using first-order analysis 

Table 4.7 Story axial load and first-order moments for the design of substitute column of 

exterior frames 

Design Action Effects Substitute Column 
Factored story axial force, Pu (kN) 1.20 D + 1.20 L 3884.44 
Factored story Ms moments (kN-m) At top 107.79 

At bottom 79.14 
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565.0
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103884.44
2
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025.0
63617

10107.79
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



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hAf
M

ccd

Sd
Sd  

From EBCS-2: Part 2, Uniaxial Chart No. 2, h’/h = 0.10, 

 = 0.00, thus As,tot = 0.00 

As,min = 3235.97 mm2; As,tot/4 = 808.99 mm2 at each corner. 

Compute EIe: 

        EIe = 0.2EcIc + EsIs 

  = 0.2  1100  17  6364/12 + 200000  4( 32.094/64 + 808.99  254.402) 

  = 5.0994   1013 + 4.1928  1013 

  = 9.2922  1013 N-mm2 

Determine the effective length Le of substitute column: 

Compute EcIc/Lc and EbIb/Lb: 

Columns above and below: 3.905  106  Ec 

Column being designed: 3.038  106  Ec 

Beam: 6.988  106  Eb 

6

66

21 10   6.988
10 038.310 3.905




 = 0.994 

0.9940.9945.7
0.9940.9946.1)0.9940.994(45.7






L
Le = 1.340 > 1.15 

 Le = 1.340  3900 = 5224.95 mm 
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Determine story buckling load Ncr: 

2

132

2

2

)5224.95(
102922.9 




e

e
cr L

EI
N = 33593.28 kN 

Compute sway moment magnification factor: 

33593.2844.38841
1

1
1







crSd
s NN

 = 1.131 

Continue iteration with amplified sway moment as shown in Table 4.8: 

Table 4.8 Determination of critical load for exterior frames iteratively 

b/h NSd Ms δ  Ms*δs    As,tot As,min As,tot/4 Ø EIe Ncr δ  

636 3884 108 1.131 121.88 0.565 0.028 0 0 3236 809 32.09 9.2922E+13 33593.28 1.131 

636 3884 108 1.131 121.88 0.565 0.028 0 0 3236 809 32.09 9.2922E+13 33593.28 1.131 

   
1.131 

           
Determine a single sway moment magnification factor for the whole story: 

265874.4105.440361
1

1
1







 crSd
s NN



 
= 1.199 

Ncr = 5 x 39737.57 + 2 x 33593.28 = 265874.41 kN 

iii) Magnified design column end moments: 

Columns of interior frames in the ground floor: 

Exterior columns: 

Top of column: Mns = 107.04 kN-m; 

  Ms =  41.47 kN-m; sMs = 1.199   441.47 =  49.73 kN-m; 

Mtop = 107.04 + 49.73 = 156.76 kN-m. This is M2. 

Bottom of column: Mns = -118.10 kN-m; 

           Ms =  24.32 kN-m; sMs = 1.199   24.32 =  29.16 kN-m; 
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Mbottom = -118.10 – 29.16 = -147.26 kN-m. This is M1. 

Interior columns: 

Top of column: Mns = -8.74 kN-m; 

   Ms =  65.18 kN-m; sMs = 1.199   65.18 =  78.15 kN-m; 

   Mtop = -8.74 – 78.15 = -86.89 kN-m. This is M2.  

Bottom of column: Mns = 12.49 kN-m; 

         Ms =  56.24 kN-m; sMs = 1.199   56.24 =  67.43 kN-m; 

         Mbottom = 12.49 + 67.43 = 79.92 kN-m. This is M1. 

4.2.1.6. Check whether the Maximum Column Moment Occurs between the Ends 

of the Column. 

Compute the design axial loads NSd and moments MSd for load case 1 from a first-order 

frame analysis. For ground floor columns, the values are as follows. 

Table 4.9 First order analysis outputs for frame on axis 3, for load case 1 

Design Action Effects Exterior Columns Interior Columns 
Design axial force, NSd (kN) 1.20D + 1.20L + 1.20W 1280.18 2346.62 
Design moments MSd (kN-m) At top -148.51 -73.92 

At bottom 142.42 68.73 
 
 Exterior column: 

 e02 = 148.51  106/ (1280.18  103) = 116.01 mm  

 e01 = 142.42  106/ (1280.18  103) = 111.25 mm 

EBCS-2, Section 4.4.10.2(3) states that, for first-order moments varying linearly along 

the length, the equivalent eccentricity is the higher of the following two values. 

ee = 0.6e02 + 0.4e01 = 0.6  116.01 – 0.4  111.25 = 25.10 mm 

ee = 0.4e02 = 46.40 mm 
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The effective buckling length of the column, 

Le = 1.416  3900 = 5521.17 mm 

 = Le/ i = 5521.17 / (0.3  450) = 40.90 

Second order eccentricity, )1(
10

2
1

2 r
Lk

e e  

Since  > 35, k1 = 1.0 

3
2 10)5(1 

d
k

r
 

Taking k2 = 1 conservatively, (1/r) = (5/405)10-3 = 12.346  10-6/ mm 

 6
2

2 10 12.346
10

)5521.17)(0.1(e 37.63 mm 

Additional eccentricity, ea = Le/300  20 mm 

etot = ee + ea + e2 = 46.40 + 20 + 37.63 =104.04 mm < 111.25 mm  

Therefore the maximum moment is at the end of the column. A similar check for interior 

columns, however, reveals that the maximum moment occurs between the ends of the 

columns. Thus it is advisable to always check whether the maximum moment occurs at the 

ends or between the ends so that the cross section shall be designed for the maximum 

possible moment.  

Summary of Load Case 1: 

Exterior column: NSd = 1280.18 kN, MSd = 156.76 kN-m  

Interior column: NSd = 2346.62 kN, MSd = 86.89 kN-m (End moment) 

4.2.2. Load Case 2: Gravity and EQ loads 

Sd =0.75(1.3D + 1.60L)  1.0E = 0.975D + 1.20L  1.0E 
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4.2.2.1. Check whether the Story is Sway or Not 

For the first story, 

N = 37917.68 kN,  = 30.13 mm, H = 2466.84 kN, and L = 4500 mm. 

103.0
450084.2466

13.03  37917.68







HL
N

 
> 0.1 (even w/o including initial sway 

imperfection) 

Thus, the first story is a sway story. We shall treat the entire frame as a sway frame. 

4.2.2.2. Check for Slenderness   

(15/ d ) = 15/ ))45017(28(10 37917.68 23  = 23.92 

lu = 4500 – 600 = 3900 mm 

53.35
4503.0
390023.1





  (Taking the minimum value of Le/L=1.23, as 

computed in section 4.2.2.4 below). Thus, the columns are slender. 

4.2.2.3. Computation of the Factored Axial Loads Pu, the Mns, and Ms Moments 

from a First-order Frame Analysis 

For the ground floor columns, the values are as follows. 

Table 4.10 First order analysis outputs for frame on axis 3, for load case 2 

Design Action Effects Exterior Columns Interior Columns 
Factored axial force, Pu (kN) 0.975 D + 1.20 L 1073.26 2025.35 
Factored Mns moments (kN-m) At top 94.08 -7.73 

At bottom -103.83 11.03 
Factored Ms moments (kN-m) At top -180.90 -289.92 

At bottom 120.06 260.40 

4.2.2.4. Computation of Effective Buckling Length Factors 

They are the same as those values computed for load case 1. 
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Columns of Interior frames (frames on axes 2, 3, 4, 5 & 6) 

Exterior columns, (on axes A-2 to A-6 and D-2 to D-6): 

42.1
L
Le  

Interior columns: (B-2 to B-6 and C-2 to C-6): 23.1
L
Le  

Columns of Exterior frames, (frames 1 & 7): 

Exterior columns, (A-1, D-1 and A-7, D-7): 48.1
L
Le  

Interior columns, (B-1, C-1 and B-7 and C-7): 26.113.1 
L
L

L
L ee  

4.2.2.5. Computation of the Magnified Moments for Load Case 2 

i) Compute EI.  

As stated in section 4.3.6, the buckling load of a story may be assumed to be equal to that 

of the substitute frame and may be determined as: 

2

2

e

e
cr L

EI
N


    

Where ,
1

2.0

d

sscc
e

IEIEEI



    

Ec = 1100fcd and Es = modulus of elasticity of steel, 

Ic, Is = moments of inertia of concrete section and reinforcement respectively, 

of the substitute column. 

Since there is no sustained load shear in the story, d = 0. 
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ii) Design substitute column and compute Is. 

The procedure to be followed is the same as that for load case 1 except that the design 

axial forces and internal moments are based on the load combination under consideration. 

The sway moments here are caused by earthquake loads. 

         kb = 13.828  105mm3        13.828  105mm3          13.828  105mm3 (Interior frame)           2kb = 8.297106 
mm3 

    kb = 11.646  105mm3       11.646  105mm3         11.646  105mm3   (Exterior frame)       2kb = 6.988106 mm3 

 

a) Actual frame      b) Substitute frame 

Figure 4.4 Beam and column stiffness for the substitute beam-column frame 

The load causing appreciable sway is the earthquake load. Its distribution on the substitute 

frame is as shown in Fig. 4.5. 
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Figure 4.5 Earthquake loading on substitute frames 

Compute EIe of column in interior substitute frames iteratively with reinforcement 

determined using first-order analysis 

Design strengths of concrete and steel, 





5.1

3085.085.0

c

ck
cd

f
f


17 N/mm2 and 

15.1
420

s

yk
yd

f
f


365 N/mm2 

Table 4.11 Story axial load and first-order moment for the design of substitute column of 

interior frames 

Design Action Effects Substitute Column 
Factored story axial force, Pu (kN) 0.975 D + 1.20 L 6197.22 
Factored story Ms moments (kN-m) At top 934.07 

At bottom 768.45 

Cross-section of substitute column, 

b/ h = 636/ 636 mm with h‟/ h = 0.1 
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Determine related normal force and moment: 

901.0
63617

106197.22
2

3







ccd

Sd
Sd Af

N
  

214.0
63617

10934.07
3

6







hAf
M

ccd

Sd
Sd  

From EBCS-2: Part 2, Uniaxial Chart No. 2, h’/h = 0.10 

 = 0.50, and bal = 0.32. 





400

6361750.0 2

,
yd

ccd
tots f

Af
A

 8595.54 mm2 

As,min = 3235.97 mm2 and thus As,tot/4 = 2148.89 mm2 at each corner. 

Compute EIe: 

      EIe = 0.2EcIc + EsIs 

             = 0.2  1100  17  6364/12 + 200000  4( 52.314/64 + 2148.89  254.402) 

           = 5.0994   1013 + 11.1554  1013 

           = 16.2548  1013 N-mm2 

Or alternatively, 





3

3

10)4.5725(
6361732.0

)1( bal

bal
e r

M
El 16.0214  1013 N-mm2 > 0.4EcIc  

Determine the effective length Le of substitute column: 

Compute EcIc/Lc and EbIb/Lb: 

Columns above and below: 3.905  106  Ec 

Column being designed: 3.038  106  Ec 

Beam: 8.297  106  Eb 
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6

66

21 10297.8
10 3.03810905.3




 = 0.837 

0.8370.8375.7
0.8370.8376.1)0.8370.837(45.7






L
Le = 1.292 > 1.15 

 Le = 1.292  3900 = 5039.07 mm 

Determine story buckling load Ncr: 

2

132

2

2

)5039.07(
102548.16 




e

e
cr L

EI
N = 63180.00 kN 

Compute sway moment magnification factor: 

 63180.0022.61971
1

1
1







crSd
s NN

 = 1.109 

Continue iteration with amplified sway moment as shown in Table 1: 

Table 4.12 Determination of critical load for interior frames iteratively 

b/h NSd Ms δ  Ms*δs    As,tot As,min As,tot/4 Ø EIe Ncr δ  

636 6197.2 934 1.109 1035.66 0.901 0.237 0.56 9627 3235.97 2406.8 55.36 1.7597E+14 68398.47 1.100 

636 6197.2 934 1.100 1027.13 0.901 0.235 0.56 9627 3235.97 2406.8 55.36 1.7597E+14 68398.47 1.100 

   
1.100 

           
Compute EIe of column in exterior substitute frames iteratively with reinforcement 

determined using first-order analysis 

Table 4.13 Story axial load and first-order moment for the design of substitute column of 

exterior frames 

Design Action Effects Substitute Column 
Factored story axial force, Pu (kN) 0.975 D + 1.20 L 3318.76 
Factored story Ms moments (kN-m) At top -924.25 

At bottom 720.50 
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483.0
63617

103318.76
2

3







ccd

Sd
Sd Af

N
  

211.0
63617

10924.25
3

6







hAf
M

ccd

Sd
Sd

 

From EBCS-2: Part 2, Uniaxial Chart No. 2, for h’/h = 0.10, 

 = 0.24, and bal = 0.214. 





400

6361724.0 2

,
yd

ccd
tots f

Af
A

 4125.86 mm2 

As,min = 3235.97 mm2 and thus As,tot/4 = 1031.46 mm2 at each corner. 

Compute EIe: 

      EIe = 0.2EcIc + EsIs 

             = 0.2  1100  17  6364/12 + 200000  4( 36.244/64 + 1031.46  254.402) 

           = 5.0994   1013 + 5.3472  1013 

           = 10.4466  1013 N-mm2 

Or alternatively, 





3

3

10)4.5725(
63617214.0

)1( bal

bal
e r

M
El 11.0204  1013 N-mm2 > 0.4EcIc 

Determine the effective length Le of substitute column: 

Compute EcIc/Lc and EbIb/Lb: 

Columns above and below: 3.905  106  Ec 

Column being designed: 3.038  106  Ec 

Beam: 6.988  106  Eb 
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6

66

21 10 6.988
10 3.03810905.3






 
= 0.994 

0.9940.9945.7
0.9940.9946.1)0.9940.994(45.7






L
Le

 
= 1.340  1.15 

 Le = 1.340  3900 = 5224.95 mm 

Determine story buckling load Ncr: 

2

132

2

2

)95.2245(
10   10.4466 




e

e
cr L

EI
N

 
= 37766.95 kN 

Compute sway moment magnification factor: 

 37766.9576.33181
1

1
1







crSd
s NN



 
= 1.096 

Continue iteration with amplified sway moment as shown in Table 4.14: 

Table 4.14 Determination of critical load for exterior frames iteratively 

b/h NSd Ms δ  Ms*δs    As,tot As,min As,tot/4 Ø EIe Ncr δ  

636 3318.8 924 1.096 1013.3 0.483 0.232 0.28 4814 3236 1203.4 39.14 1.1339E+14 40993.62 1.088 

636 3318.8 924 1.088 1005.7 0.483 0.230 0.28 4814 3236 1203.4 39.14 1.1339E+14 40993.62 1.088 

   
1.088 

           
Determine a single sway moment magnification factor for the whole story: 

 423979.6168.379171
1

1
1







 crSd
s NN



 
= 1.098 

Ncr = 5 x 68398.47 + 2 x 40993.62 = 423979.61 kN 

iii) Magnified design column end moments: 

Columns of interior frames in ground floor: 

Exterior columns: 

  Top of column: Mns = 94.08 kN-m; 
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          Ms =  180.90 kN-m; sMs = 1.098   180.90 =  198.63 kN-m; 

         Mtop = 94.08 + 198.63 = 292.71 kN-m. This is M2. 

Bottom of column: Mns = -103.83 kN-m; 

          Ms =  120.06 kN-m; sMs = 1.098   120.06 =  131.83 kN-m; 

         Mbottom = -103.83 – 131.83 = -235.66 kN-m. This is M1. 

Interior columns: 

Top of column: Mns = -7.73 kN-m; 

    Ms =  289.92 kN-m; sMs = 1.098   289.92 =  318.33 kN-m; 

   Mtop = -7.73 - 318.33 = -326.06 kN-m. This is M2.  

Bottom of column: Mns = 11.03 kN-m; 

          Ms =  260.40 kN-m; sMs = 1.098   260.40 =  285.92 kN-m; 

         Mbottom = 11.03 + 285.92 = 296.95 kN-m. This is M1. 

4.2.2.6. Check whether the Maximum Column Moment Occurs between the Ends 

of the Column. 

Compute the design axial loads NSd and moments MSd for load case 2 from a first-order 

frame analysis. For ground floor columns, the values are as follows. 

Table 4.15 First order analysis outputs for frame on axis 3, for load case 2 

Design Action Effects Exterior Columns Interior Columns 
Design axial force, NSd (kN) 1.05D + 1.275L +1.0E 1259.09 2045.73 
Design moments MSd (kN-m) At top -274.99 -297.65 

At bottom 223.90 271.43 

 Exterior column: 

 e02 = 274.99  106/ (1259.09  103) = 218.40 mm  

 e01 = 223.90  106/ (1259.09  103) = 177.83 mm 
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ee     {

                          

                 
 

Effective buckling length of the column, Le = 1.416  3900 = 5521.17 mm 

 = Le/ i = 5521.17 / (0.3  450) = 40.90 

Second order eccentricity, )1(
10

2
1

2 r
Lk

e e  

Since  > 35, k1 = 1.00 

3
2 10)5(1 

d
k

r
 

Taking k2 = 1 conservatively, (1/r) = (5/405)10-3 = 12.346  10-6/ mm 

 6
2

2 10346.12
10

)5521.17)(00.1(e 37.63 mm 

Additional eccentricity, ea = Le/300  20 mm 

etot = ee + ea + e2 = 87.36 + 20 + 37.63 = 144.99 mm < 177.83 mm (even with ea) 

Therefore the maximum moment is at the end of the column. The same is true for the 

interior columns. 

Summary of Load Case 2: 

 Exterior column: NSd = 1259.09 kN, MSd = 292.71 kN-m 

 Interior column: NSd = 2045.73 kN, MSd = 326.06 kN-m 

4.2.3. Load Case 3: Gravity Loads Only, Sd = 1.3D + 1.6L 

4.2.3.1. Check whether the Story is Sway or Not 

This step is the same as that for load case 1. 

4.2.3.2. Check for Slenderness   

This step is the same as that for load case 1. 



 

- 55 - 
 

4.2.3.3. Computation of the Factored Axial Loads Pu, the Mns, and Ms Moments 

from a First-order Frame Analysis 

For ground floor columns, the values are as follows. 

Table 4.16 First order analysis outputs for frame on axis 3, for load case 3 

Design Action Effects Exterior Columns Interior Columns 
Factored axial force, Pu (kN) 1.3 D + 1.6 L 1431.01 2700.47 
Factored Mns moments (kN-m) At top 125.44 -10.30 

At bottom -138.44 14.70 
 

4.2.3.4. Computation of Effective Buckling Length Factors 

This step is the same as that for load case 1. 

4.2.3.5. Computation of the Magnified Moments for Load case 3 

Since there are no lateral loads, Ms = 0 in all columns. 

Exterior columns: 

 Mtop = Mns + sMs = 125.44 + 0 = 125.44 kN-m. This is M2. 

 Mbottom = -138.44 kN-m. This is M1. 

Interior columns: 

 Mtop = Mns + sMs = -10.30 + 0 = -10.30 kN-m. This is M1. 

 Mbottom = 14.70 kN-m. This is M2. 

4.2.3.6. Check whether the Frame can Undergo Side-sway Buckling under 

Gravity Loads. 

The EBCS provision requires the check to be made for frame stability as given in EBCS-2, 

Sections 4.4.8(1); but it does not put any explicit limit on s or the critical load ratio as in 

the ACI.  

Summary of Load Case 3: 

 Exterior column: NSd = 1431.01 kN, MSd = 138.44 kN-m 

 Interior column: NSd = 2700.47 kN, MSd = 14.70 kN-m 
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5. RESULTS AND DISCUSSIONS 

Four different types of frames have been analyzed according to the ACI and EBCS sway 

moment magnification provisions for the intended purpose. The results obtained from the two 

provisions have been compared with iterative P-∆ analysis results for the corresponding load 

combinations. The analysis outputs of each frame have been summarized and discussed in the 

preceding sections. One can refer the appendices for detail analyses of the frames. 

5.1. Five Story Regular Building 

The detail analysis of this frame has been shown in chapter 4 as a design example. The results 

obtained based on the ACI and EBCS sway moment magnification provisions as well as the 

iterative P-∆ analysis are summarized in table 5.1 below. The comparison of the results is 

shown in the table as a percent change. Figure 5.2 also shows the results in graphical form. 

  
a) Plan      b) Section 

Fig. 5.1 Plan and section of a five story regular building 
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Table 5.1 Comparison of sway moment magnification and iterative P-∆ analysis outputs 

ACI δs 
Design 
Action 
Effects 

Exterior Columns Interior Columns 

MM 
Iterative 

P-∆ 
Outputs 

ETABS 
P-∆ 

Outputs 

% 
Change MM 

Iterative 
P-∆ 

Outputs 

ETABS 
P-∆ 

Outputs 

% 
Change 

Load case 1 1.254 P (kN) 1184.26 1187.5 1180.38 -0.273 2175.68 2175.92 2175.91 -0.011 
M (kN-m) 157.4 154.12 152.06 2.128 97.57 92.61 89.03 5.356 

Load case 2 1.254 P (kN) 1338.88 1351.77 1348.98 -0.954 2192.99 2194.03 2193.96 -0.047 
M (kN-m) 329.72 311.60 307.05 5.815 375.16 345.99 339.04 8.431 

EBCS   

Load case 1 1.199 P (kN) 1280.18 1283.14 1282.1 -0.231 2346.62 2346.83 2346.83 -0.009 
M (kN-m) 156.76 156.04 154.22 0.461 86.89 85.92 82.65 1.129 

Load case 2 1.098 P (kN) 1259.09 1270.83 1269.05 -0.924 2045.73 2046.66 2046.67 -0.045 
M (kN-m) 292.71 300.6 298.41 -2.625 326.06 338.76 335.42 -3.749 

Where: δs = Sway moment magnification factor 

MM = Results of the Sway moment magnifier method provisions, 

Iterative P-∆ = Results of iterative P-∆ analysis method (calculated manually) 

Etabs P-∆ = Results of Etabs 9.7.4 software iterative P-∆ analysis 

Load case 1 = gravity and wind loads 

        = {
                                      

                                      
 

Load case 2 = gravity and earthquake loads 

        = {
                                     

                                      
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Fig. 5.2 Comparison of ACI and EBCS provision results with iterative P-Δ analysis results 

From table 5.1 and fig. 5.2 one can see that: 

 The sway moment magnification method provision of the EBCS gives a closer result 

to the iterative P-Δ analysis results than the ACI provisions; numerically: 

o For load case 1: 0.461% vs. 2.128% deviation for exterior columns, and 

1.129% vs. 5.356% for interior columns. 

o For load case 2: 2.625% vs. 5.815% deviation for exterior columns, and 

3.749% vs. 8.431% for interior columns 

 For load case 2, however, the results of the EBCS provision are smaller than the 

iterative P-Δ analysis results. 
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5.2. Nine Story Regular Building Frame 

Refer appendix A for the detailed analysis of this frame. Only the results obtained based on 

ACI and EBCS sway moment magnification provisions are summarized and compared with 

the iterative P-∆ analysis results for the corresponding load combinations in table 5.2 below. 

The comparison of the results is shown in the table as a percent change. Figure 5.4 also shows 

the results in graphical form. 

   

 a) Plan      b) Section 

Fig. 5.3 Plan and section of a nine story regular building 
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Table 5.2 Comparison of sway moment magnification and iterative P-∆ analysis outputs 

ACI δs 
Design 
Action 
Effects 

Exterior Columns Interior Columns 

MM 
Iterative 

P-∆ 
Output 

ETABS 
P-∆ 

Output 

% 
Change MM 

Iterativ
e P-∆ 

Output 

ETABS 
P-∆ 

Output 

% 
Change 

Load case 1 1.183 P (kN) 2436.04 2447.7 2443.39 -0.476 4172.81 4173.32 4173.36 -0.012 
M (kN-m) 235.91 224.14 225.85 5.251 195.84 187.91 178.52 4.220 

Load case 2 1.183 P (kN) 2829.91 2866.42 2857.14 -1.274 4200.58 4202.42 4202.39 -0.044 
M (kN-m) 466.01 439 436.47 6.153 584.48 548.04 532.23 6.649 

EBCS   

Load case 1 1.114 P (kN) 2620.1 2630.74 2626.78 -0.404 4478.64 4492.69 4492.75 -0.313 
M (kN-m) 225.4 229.4 224.03 -1.744 166.56 172.05 163.37 -3.191 

Load case 2 1.087 P (kN) 2667.57 2700.83 2694.41 -1.231 3919.43 3921.09 3921.19 -0.042 
M (kN-m) 419.08 431.59 425.12 -2.899 518.97 536.16 526.18 -3.206 

 

Where: δs = Sway moment magnification factor 

MM = Results of the Sway moment magnifier method provisions, 

Iterative P-∆ = Results of iterative P-∆ analysis method (calculated manually) 

Etabs P-∆ = Results of Etabs 9.7.4 software iterative P-∆ analysis  

Load case 1 = gravity and wind loads,  

        = {
                                      

                                      
 

Load case 2 = gravity and earthquake loads,  

        = {
                                     

                                      
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 Fig. 5.4 Comparison of ACI and EBCS provision results with iterative P-Δ analysis results 

From table 5.2 and fig. 5.4 one can see that: 

 The sway moment magnification method provisions of the EBCS give a closer result 

to the iterative P-Δ analysis results than the ACI provisions; numerically: 

o For load case 1: 1.744% vs. 5.251% deviation for exterior columns, and 

3.191% vs. 4.220% for interior columns. 

o For load case 2: 2.899% vs. 6.153% deviation for exterior columns, and 

3.206% vs. 6.649% for interior columns. 

 In all cases above, however, the results of the EBCS provision are smaller than the 

iterative P-Δ analysis results. 
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5.3. Five Story Building with Plan Irregularity 

Refer appendix B for the detailed analysis of this frame. Only the results obtained based on 

ACI and EBCS sway moment magnification provisions are summarized and compared with 

the iterative P-∆ analysis results for the corresponding load combinations in table 5.3 below. 

Figure 5.6 also shows the results in graphical form. 

 

a) Plan      b) Section 

Fig. 5.5 Plan and section of a five story building with plan irregularity 

Table 5.3 Comparison of sway moment magnification and iterative P-∆ analysis outputs 

ACI δs 
Design 
Action 
Effects 

Exterior Columns Interior Columns 

MM 
Iterative 

P-∆ 
Output 

ETABS 
P-∆ 

Output 

% 
Change MM 

Iterative 
P-∆ 

Output 

ETABS 
P-∆ 

Output 

% 
Change 

Load case 1 1.157 P (kN) 1424.28 1443.01 1438.57 -1.298 2312.79 2314.57 2314.43 -0.077 

M (kN-m) 392.45 385.75 385.45 1.737 451.27 450.45 440.91 0.182 

EBCS 
 

Load case 1 1.088 P (kN) 1345.65 1362.97 1359.95 -1.271 2158.77 2160.41 2160.4 -0.076 

M (kN-m) 367.74 382.58 378.71 -3.879 424.04 445.85 440.2 -4.892 
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Where: Load case 1 = gravity and earthquake loads,  

             = {
                                     

                                      
    

        

      Fig. 5.6 Comparison of ACI and EBCS provision results with iterative P-Δ analysis results 

From table 5.3 and fig. 5.6 one can see that: 

 The sway moment magnification provision of the ACI gives a closer result to the 

iterative P-Δ analysis results than the EBCS provisions. Numerically, 1.737% vs. 

3.879% deviation for exterior columns, and 0.182% vs. 4.892% for interior columns. 

 The results of the EBCS provision are smaller than the iterative P-Δ analysis results. 
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5.4. Nine Story Building with Elevation Irregularity 

Refer appendix C for the detailed analysis of this frame. Only the results obtained based on 

ACI and EBCS sway moment magnification provisions are summarized and compared with 

the iterative P-∆ analysis results for the corresponding load combinations in table 5.4 below. 

Figure 5.8 also shows the results in graphical form. 

 

a) Ground and first floor plans 
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b) Typical Floor Plan 

 
c) Section 

Fig. 5.7 Plan and section of a nine story building with elevation irregularity 
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Table 5.4 Comparison of sway moment magnification and iterative P-∆ analysis outputs 

ACI δs 
Design 
Action 
Effects 

Exterior Columns Interior Columns 

MM 
Iterative 

P-∆ 
Output 

ETABS 
P-∆ 

Output 

% 
Change MM 

Iterative 
P-∆ 

Output 

ETABS 
P-∆ 

Output 

% 
Change 

Load case 1 1.319 P (kN) 2552.31 2589.54 2576.5 -1.438 3782.4 3782.43 3782.98 0.000 
M (kN-m) 565.51 510.74 468.54 10.724 634.08 553.16 518.86 14.629 

EBCS   

Load case 1 1.097 P (kN) 2412.24 2450.65 2440.1 -1.567 3534.1 3534.12 3534.62 0.000 
M (kN-m) 473.56 505.75 468.34 -6.365 528.27 563.74 520.7 -6.292 

 
Load case 1 = gravity and earthquake loads, 

        = {
                                     

                                      
       

         

      Fig. 5.8 Comparison of ACI and EBCS provision results with iterative P-Δ analysis results 

From table 5.4 and fig. 5.8 one can see that: 

 The sway moment magnification method provisions of the EBCS give a closer result 

to the iterative P-Δ analysis results than the ACI provisions. Numerically, 6.365% vs. 

10.724% deviation for exterior columns, and 6.292% vs. 14.629% for interior 

columns. 

 In both cases, however, the results of the EBCS provision are smaller than the iterative 

P-Δ analysis results. 
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6. CONCLUSIONS AND RECOMMENDATIONS 

6.1. Conclusions 

From this research the following conclusions have been made. 

1. Generally, the ACI provisions give more conservative results (higher design axial load 

and design moment) than those of the EBCS provisions reflecting the differences in 

load combinations used in the two codes. However, when designing structures for 

gravity and wind loads, the axial loads obtained from EBCS provisions are higher than 

those from ACI provisions. 

2. In all the building frames considered, except the case with plannar irregularity, the 

EBCS provision gives results closer to the iterative P-∆ analysis than the ACI 

provision, although the results are, almost always, on the unsafe side. 

3. Unlike the ACI provision, the sway moment magnification provision of the EBCS 

gives design moments smaller than the iterative P-∆ analysis outputs, with maximum 

deviation of 6.365% for the nine story frame with vertical irregularity. 

4. Results of the design examples also show that the sway-moment magnification factors 

from EBCS provision are slightly less than the ACI sway moment magnification 

factors in all cases.  

5. While using the sway moment magnification provision of the EBCS for designing 

slender columns in sway frames, one has to recall that the sway-moment 

magnification factor is different for different load conditions. This is because of the 

introduction of the substitute frame which has to be designed for the load combination 

under consideration to determine the effective stiffness, critical load and hence the 

sway moment magnification factor.  

6. The provision in EBCS does not give any explicit limit as in the ACI for checking 

frame stability under gravity loads only; though it requires the check to be made. 
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6.2. Recommendations 

1. When using the EBCS provision for the design of slender columns of reinforced 

concrete sway frames, the author recommends increasing the design moments by 3 - 

7%, higher values for buildings with irregularities (up to nine stories), which does not 

significantly affect the overall economy of the structure while ensuring safety. 

However, further study is needed to give exact correction factors for different frames. 

2. When using the sway moment magnification method provisions of the ACI and the 

EBCS for the design of slender columns of sway frames with irregularities, precaution 

should be made since the reliability of the results decreases with irregularities. 

3. The author recommends the following limits for checking the possibility of sidesway 

buckling under gravity loads only, which are equivalent to the limits in ACI 318-05. 

i) When sMs is computed from second-order elastic analysis, the ratio of 

second-order lateral deflections to first-order lateral deflections for factored 

dead and live loads plus factored lateral loads applied to the structure shall not 

exceed 2.5; 

ii) When sMs is computed using the sway moment magnification procedure, s 

computed by equation (3.33) using NSd for 1.3D + 1.6L and Ncr based on

d

sscc
e

IEIE
EI






1
2.0

, shall be positive and shall not exceed 2.5. 

iii) The critical load ratio NSd/Ncr, NSd computed using NSd for 1.3D + 1.6L and 

Ncr based on 
d

sscc
e

IEIE
EI






1
2.0

 shall not exceed 0.60, which is equivalent 

to s = 2.5. 

In i), ii) and iii) above, d shall be taken as the ratio of the total sustained axial 

loads to the total axial loads.  

iv) As in ACI318-08, the above three checks can be ignored simply by limiting 

the ratio of the total moment including second-order effects to first-order 

moments to 1.40. 
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Appendix A 

1. Nine Story Regular Building Frame 

Figure A-1 shows the plan of the main floor and a section through a nine-story building. The 

building is clad with nonstructural precast panels. There are no structural walls or other 

bracing. The beams in the North-South direction are all 300 mm wide, with an overall depth 

of 700 mm. The floor slabs are 180 mm thick. Design an interior and an exterior column in 

the ground-floor level of the frame along column line 3 for dead load, live load, and North-

South wind forces and earthquake forces. Use fck = 30 MPa and fy = 460 MPa. 

      

Fig A-1 Plan and Section of a nine story regular building       

A.1. According to the ACI 

Factored Load Combinations: 

Three different load cases will be considered. 

Case 1: gravity and wind loads, U = 1.05D + 1.275L   1.3W, 

Case 2: gravity and EQ loads,  U = 1.05D + 1.275L + 1.0E, 

Case 3: gravity loads only, U = 1.4D + 1.7L. 
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A.1.1. Load Case 1: Gravity and Wind Loads 

 U = 0.75(1.4D + 1.7L)  (1.3W) = 1.05D + 1.275L   1.3W 

A.1.1.1. Check whether the Story is Sway or Not 

According to section 3.2.2, a story in a frame can be assumed nonsway if: 

05.0



cu

ou

lV
P

Q    

Where, for the first story, 

Pu = 79372.99 kN, o = 6.93 mm, Vu = 1259.07 kN and lc = 4500 mm. 

05.097.0
4500 1259.07

93.6 79372.99





Q  

Thus, the first story of the frame is a sway story. We shall treat the entire frame as a sway 

frame. 

A.1.1.2. Check for Slenderness   

Preliminary selection of column size for maximum load combination shows that b = h = 

600 mm is required. From section A.1.1.4 below, the minimum value of k is 1.70.  

lu = 4500 – 700 = 3800 mm 

.2289.35
6003.0
380070.1







r
klu Thus, the columns are slender. 

A.1.1.3. Computation of the Factored Axial Loads Pu, the Mns, and Ms Moments 

from a First-order Frame Analysis 

Table A.1 First order analysis outputs for ground floor columns on axis 3, for load case 1 

Design Action Effects Exterior Columns Interior Columns 
Factored axial force, Pu (kN) 1.05 D + 1.275 L 2311.81 4165.31 
Factored Mns moments (kN-m) At top 116.95 -1.94 

At bottom -130.30 6.05 
Factored Ms moments (kN-m) At top -96.55 -157.37 

At bottom 46.36 126.28 
A.1.1.4. Computation of Effective Buckling Length Factors 

Effective buckling length factors shall be obtained from nomographs given in section 

3.2.4 (fig. 3.1), with  based on EI values given in Section 2.5 for d = 0. 
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i. Compute EcIc/lc for the columns. 

Ec = 4700 '
cf  = 25743 MPa and Ic = 0.70Ig = 7.560  109 mm4 


c

cc

l
IE

 {
            

                             

             
                             

 

ii. Compute EbIb/lb for the beams.  

Effective width of T and L-sections are given by: 

be = 2000 mm for T sections and be = 965 mm for L sections 

Ib = 0.35 Ig = 0.35  17.82   109 = 6.24  109 mm4 for T-beams 

Ib = 0.35 Ig = 0.35  14.05   109 = 4.92  109 mm4 for L-beams   

Thus EI/l of beams on all spans becomes: 


b

bb

l
IE

 {
           

             

            
              

 

iii. Compute  and k. 

Columns of interior frames: 

Exterior columns: 



)/(
)/(

bbb

ccc
bottomtop lIE

lIE
 4.926 

From the nomograph for sway frames; k = 2.19. 

Interior columns: top = bottom = 2.463; k = 1.70. 

Columns of exterior (sidewall) frames: 

Exterior columns: 



)/(
)/(

bbb

ccc
bottomtop lIE

lIE
 6.246 

From the nomographs for sway frames; k = 2.43.  

Interior columns: top = bottom = 3.123; k =1.85. 

A.1.1.5. Computation of the Magnified Moments for Load Case 1 

i) Compute EI. Since the reinforcement is not known at this stage, let‟s use Eq. (3.16) 

to calculate EI. 

d

gc IE
EI




1
4.0

 

Where Ec = 25743 MPa and Ig = 10.800   109 mm4. 

Since there is no sustained load shear in the story, d = 0. Therefore, 
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212
9

mm-N 10 x 210.111
)01(

) 10    x  10.800 x 25743 x (0.4



EI

 
ii) Compute sway Moment Magnifier 

From Eq. (3.13) of section 3.2.5, 

s
cu

s
ss M

PP
M

M 



  )75.0(1

  

Where: Pu = 79372.99 kN, and 2

2

)( u
c kl

EIP 
  

Columns of interior frames (frames on axes 2, 3, 4, 5 & 6): 

Exterior columns: 



 3

2

122

10
)3800 19.2(
10 x 210.111

cP 15848.47 kN 

Interior columns: 



 3

2

122

10
)3800 1.70(
10 x 210.111

cP 26301.32 kN 

Columns of exterior (sidewall) frames (frames on axes 1 & 7): 

Exterior columns: 



 3

2

122

10
)3800 43.2(
10 x 210.111

cP 12872.50 kN 

Interior columns: 



 3

2

122

10
)3800 1.85(
10 x 210.111

cP 22209.15 kN 

Pc = 10  15848.47 + 10  26301.32 + 4  12872.50 + 4  22209.15 = 561824.51 kN 

s
s

ss M
M

M 


 1.232Ms
)561824.5175.0/( 99.793721

  

iii) Compute magnified moments 

Exterior columns in first story: 

Top of column: Mns = 116.95 kN-m; Ms =  96.55 kN-m; 

           Mtop = 116.95 + 1.232   96.55 = 235.91 kN-m. This is M2. 

Bottom of column: Mns = -130.30 kN-m; Ms =  46.36 kN-m; 

           Mbottom = -130.30 – 1.232   46.36 = -187.42 kN-m. This is M1. 

Interior columns in first story: 

Top of column: Mns = -1.94 kN-m; Ms =  157.37 kN-m; 

           Mtop = -1.94 – 1.232   157.37 = -195.84 kN-m. This is M2.  

Bottom of column: Mns = 6.05 kN-m; Ms =  126.28 kN-m; 

     Mbottom = 6.05 + 1.232   126.28 = 161.64 kN-m. This is M1. 
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A.1.1.6. Check whether the Maximum Column Moment Occurs between the Ends 

of the Column. 

We will check first for interior columns, since they have the largest axial loads, Pu.  

36.56

36000030
104165.31

3535

11.21
60030.0

3800

3

'




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
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



gc

u

u

Af
p

r
l

 

Since 21.11 < 56.36, the maximum moment is at the end of the column.  

Summary of Load Case 1: 

 Exterior column: Pu = 2436.04 kN, Mc = 235.91 kN-m 

 Interior column: Pu = 4172.81 kN, Mc = 195.84 kN-m 

A.1.2. Load Case 2: Gravity and Earthquake Loads:  

U = 1.05D + 1.275L +1.0E 

A.1.2.1. Check whether the Story is Sway or Not 

For the first story: Pu = 79372.99 kN, o = 23.08 mm, Vu = 3720.94 kN & lc = 4500 mm. 

05.0109.0
4500 3720.94

08.23   79372.99










cu

ou

lV
P

Q  

Thus, the first story of the frame is a sway story.  

A.1.2.2. Check for Slenderness   

This step is the same as that in load case 1. The columns are slender. 

A.1.2.3. Computation of the Factored Axial Loads Pu, the Mns, and Ms Moments 

from a First-order Frame Analysis 

Table A.2 First order analysis outputs for ground floor columns on axis 3, for load case 1 

Design Action Effects Exterior Columns Interior Columns 
Factored axial force, Pu (kN) 1.05 D + 1.275 L 2311.81 4165.31 
Factored Mns moments (kN-m) At top 116.95 -1.94 

At bottom -130.30 6.05 
Factored Ms moments (kN-m) At top -283.31 -472.81 

At bottom 156.15 398.25 
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A.1.2.4. Computation of Effective Buckling Length Factors 

This step is the same as that in load case 1. 

A.1.2.5. Computation of the Magnified Moments for Load Case 2 

i) Compute EcIc/lc for the columns. 

212
9

mm-N 10 x 210.111
)01(

) 10    x  10.800 x 25743 x (0.4



EI  

ii) Compute sway moment magnifier 

This step is the same as that in load case 1. ssM  = 1.232Ms. 

iii) Compute magnified moments 

Exterior columns in first story: 

Top of column: Mns = 116.95 kN-m; Ms =  283.31 kN-m; 

         Mtop = 116.95 + 1.232   283.31 = 466.01 kN-m. This is M2. 

Bottom of column: Mns = -130.30 kN-m; Ms =  156.15 kN-m; 

   Mbottom = -130.30 – 1.232   156.15 = -322.69 kN-m. This is M1. 

Interior columns in first story: 

Top of column: Mns = -1.94 kN-m; Ms =  472.81 kN-m; 

                Mtop = -1.94 – 1.232   472.81 = -584.48 kN-m. This is M2.  

Bottom of column: Mns = 6.05 kN-m; Ms =  398.25 kN-m; 

          Mbottom = 6.05 + 1.232   398.25 = 496.73 kN-m. This is M1. 

A.1.2.6. Check whether the Maximum Column Moment Occurs between the Ends 

of the Column. 

This will be the same as in load case 1. The maximum moment is at the end.  

Summary of Load Case 2: 

 Exterior column: Pu = 2829.91 kN, Mc = 466.01 kN-m 

 Interior column: Pu = 4200.58 kN, Mc = 584.48 kN-m 

A.1.3. Load Case 3: Gravity Loads Only: U = 1.4D + 1.7L 

A.1.3.1. Check whether the Story is Sway or Not 

This step is the same as that for load case 1. 
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A.1.3.2.  Check for Slenderness   

This step is the same as that for load case 1. 

A.1.3.3. Computation of the Factored Axial Loads Pu, the Mns, and Ms Moments 

from a First-order Frame Analysis 

Table A.3 First order analysis outputs for frame on axis 3, for load case 3 

Design Action Effects Exterior Columns Interior Columns 
Factored axial force, Pu (kN) 1.4 D + 1.7 L 3082.42 5553.75 
Factored Mns moments (kN-m) At top 155.94 -2.60 

At bottom -173.73 8.07 

A.1.3.4. Computation of Effective Buckling Length Factors 

This step is the same as that for load case 1. 

A.1.3.5. Computation of the Magnified Moments for Load Case 3 

Since there are no lateral loads, Ms = 0 in all columns. 

Exterior columns: Mns + sMs = 155.94 + 0 = 155.94 kN-m. This is M1. 

           Mbottom = -173.73 kN-m. This is M2. 

Interior columns: Mtop = -2.60 kN-m. This is M1. 

           Mbottom = 8.07 kN-m. This is M2. 

A.1.3.6. Check whether the Maximum Column Moment Occurs between the Ends 

of the Column. 

81.48

36000030
105553.75

3535

11.21
60030.0

3800

3

'













gc

u

u

Af
p

r
l

 
Therefore the maximum moment in the column is at one end. 

A.1.3.7. Check whether the Frame can Undergo Side-sway Buckling under 

Gravity Loads. 

For the first story, total sustained loads = 73516.96 kN, total axial loads for load case 1, 

Pu = 105830.76 kN, giving d = 73516.96 / 105830.76 = 0.695.  
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EI = 0.40 EcIg/ (1+ d) = 111.21  1012/ (1+0.695) = 6562.34  1010 N-mm2 

Columns of interior frames, (frames on axes 2, 3, 4, 5 & 6): 

Exterior columns: 



 3

2

102

10
)380019.2(
10   x 6562.34

cP 9351.97 kN 

Interior columns: 



 3

2

102

10
)3800 70.1(
10  x 6562.34

cP 15520.07 kN 

Columns of exterior (sidewall) frames, (frames on axes 1 & 7): 

Exterior columns: 



 3

2

102

10
)3800 43.2(
10  x 6562.34

cP 7595.90 kN 

Interior columns: 



 3

2

102

10
)3800 1.85(
10  x 6562.34

cP 13105.33 kN 

    Pc = 10  9351.97 + 10  15520.07 + 4  7595.90 + 4  13105.33 = 331525.35 kN 





) 331525.3575.0/(   105830.761

1
s 1.74 

Since s = 1.74 is less than 2.5, side sway buckling will not be a problem. 

Summary of Load Case 3:  

 Exterior column: Pu = 3082.42 kN, Mc = 173.73 kN-m 

 Interior column: Pu = 5553.75 kN, Mc = 8.07 kN-m 

A.2. According to the EBCS-2 

Factored Load Combinations: 

Three different load cases will be considered. 

 Case 1: Gravity and wind loads,  Sd = 1.20D + 1.20L  1.20W, 

Case 2: Gravity and earthquake loads, Sd =0.75(1.30D + 1.60L)  1.0E, 

Case 3: Gravity loads only,   Sd = S(1.30G + 1.60Qvk). 

A.2.1. Load Case 1: Gravity and Wind Loads:  

Sd = 1.20D + 1.20L   1.20W 

A.2.1.1. Check whether the Story is Sway or Not 

For the first story, N = 85824.23 kN,  = 6.39 mm, H = 1162.22 kN and L = 4500 mm. 
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105.0

450022.1162
39.6 85824.23







HL
N

> 0.1  

Thus, the first story is a sway story, even without including initial sway imperfection.  

A.2.1.2. Check for Slenderness   

 
(15/ d ) = 15/ ))60017(28(10 85824.23 23  = 21.20 

77.29
6003.0
380041.1





  (Taking the minimum value of Le/L = 1.41 for the sway 

frames as computed in section A.2.1.4 below). Thus, the columns are slender. 

A.2.1.3. Computation of the Factored Axial Loads Pu, the Mns, and Ms Moments 

from a First-order Frame Analysis 

Table A.4 First order analysis outputs for ground floor columns on axis 3, for load case 1 

Design Action Effects Exterior Columns Interior Columns 
Factored axial force, Pu (kN) 1.20 D + 1.20 L 2506.74 4485.43 
Factored Mns moments (kN-m) At top 124.46 -2.04 

At bottom -138.73 6.38 
Factored Ms moments (kN-m) At top -88.23 -143.81 

At bottom 41.69 114.82 

A.2.1.4. Computation of Effective Buckling Length Factors 

They are computed by using approximate equations given in section 3.3.4 (Eq. 3.26) 

based on EI values for gross concrete sections. 

(a) Compute EcIc/lc for the columns 

Ic = Ig = 10.800  109 mm4 


c

cc

l
IE

 {
              

                             

              
                             

 

(b) Compute EbIb/lb for the beams 

Effective width of T and L-sections are given by: 

be = 1900 mm for T-sections and be = 1100 mm for L-sections 

Ib = Ig = 17.562   109 mm4 for T-beams 

Ib = Ig = 14.738   109 mm4 for L-beams   

Thus EI/l of beams on all spans becomes: 
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
b

bb

l
IE

 {
             

             

              
              

 

(c)  Compute Le.  

Columns of Interior frames (frames on axes 2-6) 

Exterior columns, North and South walls (A-2 to A-6 and D-2 to D-6): 





 5

55

21 10 21.953
10   24.00010 30.857

 2.499 

15.173.1
2.4992.4995.7

2.4992.4996.1)2.4992.499(45.7
3800





 ee L

L
L

  

Interior columns (B-2 to B-6 and C-2 to C-6): 





 55

55

21 10 21.95310 21.953
10   24.00010 30.857

 1.249, and 41.1
L
Le  

Columns of Exterior frames (frames 1 & 7) 

Exterior columns (A-1, D-1, A-7 and D-7): 





 5

55

21 10 18.423
10   24.00010 30.857

 2.978 

84.1
2.9782.9785.7

2.9782.9786.1)2.9782.978(45.7
3800





 ee L

L
L

  

Interior columns (B-1, C-1, B-7 and C-7): 





 55

55

21 10 18.42310 18.423
10   24.00010 30.857

 1.489, and 48.1
L
Le  

A.2.1.5. Computation of the Magnified Moments for Load Case 1 

i) Compute EI. Section 4.3.6 states that, the buckling load of a story may be assumed to 

be equal to that of the substitute frame and may be determined as: 

2

2

e

e
cr L

EI
N




 
 

Where 
d

sscc
e

IEIE
EI






1
2.0

   

Since there is no sustained load shear in the story, d = 0. 

ii) Design substitute column and compute Is. 
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The actual frame and substitute frame are shown in Fig A.2 (a) and (b) below. The 

equivalent reinforcement area, As,tot, in the substitute column is obtained by designing the 

column at each floor level to carry the story design axial load and amplified sway moment 

at the critical section. Since the amplified sway moment requires the knowledge of the 

story buckling load, the design involves iteration. EBCS-2, Section 4.4.12(5) states that, 

the amplified sway moment, to be used for the design of the substitute column may be 

found iteratively taking the first-order design moment in the substitute column as an 

initial value. 

  kb = 21.953  105mm3          21.953  105mm3          21.953  105mm3  (Interior frame)            2kb = 13.172  106 mm3    

   kb = 18.423  105mm3          18.423  105mm3          18.423  105mm3   (Sidewall frame)           2kb = 11.054  106 mm3    

 

a) Actual frame                     b) Substitute frame 
Fig. A.2 Beam and column stiffness for the substitute beam-column frame 

The load causing appreciable sway is the wind load. Its distribution on the substitute 

frame is as shown in Fig. A.3. 
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Figure A.3 Wind loading on substitute frames 

Compute EIe of column in interior substitute frame iteratively with reinforcement 

determined using first-order analysis sway moments as first trial. 

Design strengths of concrete and steel, 





5.1

3085.085.0

c

ck
cd

f
f


17 N/mm2 and 

15.1
420

s

yk
yd

f
f


365 N/mm2 

Table A.5 Story axial load and first-order moment for the design of substitute column of 
interior frames 

Design Action Effects Substitute Column 
Factored story axial force, Pu (kN) 1.20 D + 1.20 L 13984.34 
Factored story Ms moments (kNm) At top -452.88 

At bottom 408.31 

Cross-section of substitute column, 

b / h = 848 / 848 mm with h‟/ h = 0.1. 
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Determine related normal force and moment: 

      
;144.1

84817
1013984.34
2

3







ccd

Sd
Sd Af

N


      
044.0

84817
1088.452

3

6







hAf
M

ccd

Sd
Sd  

From EBCS-2: Part 2, Uniaxial Chart No. 2, h’/h = 0.10 

 = 0.26, and bal = 0.225. 





400

8481726.0 2

,
yd

ccd
tots f

AfA  7946.10 mm2 

As,min= 5752.83 mm2 and thus As,tot/4 = 1986.52 mm2 at each corner. 

Compute EIe: 

      EIe = 0.2EcIc + EsIs 

            = 0.2  1100  17  8484/12 + 200000  4(  50.294/64 + 1986.52  339.202) 

            = 1.6117  1014 + 1.8310  1014 

            = 3.4427  1014 N-mm2 

Or alternatively, 





3

3

10)2.7635(
8481722.0

)1( bal

bal
e r

MEl 3.5128  1014 N-mm2 > 0.4EcIc 

Determine the effective length Le of substitute column: 

Compute EcIc/Lc and EbIb/Lb: 

Columns above and below: 12.343  106  Ec 

Columns being designed: 9.600  106  Ec 

Beam: 13.172  106  Eb 

6

66

21 10 13.172
10 600.910 12.343




 = 1.666 

1.6661.6665.7
1.6661.6666.1)1.6661.666(45.7






L
Le = 1.527 > 1.15 

 Le = 1.527  3800 = 5803.84 mm. 

Determine story buckling load Ncr: 

2

142

2

2

) 5803.84(
10 3.4427




e

e
cr L

EI
N = 100870.86 kN 

Compute sway moment magnification factor: 

100870.8634.139841
1

1
1







crSd
s NN

 = 1.161 

Continue iteration with amplified sway moment as shown in Table A.6: 
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Table A.6 Determination of critical load for interior frames iteratively 

b/h NSd Ms δ Ms*δs    As,tot As,min As,tot/4 Ø EIe Ncr δs

848 13984 453  525.77        3.5837E+14  

848 13984 453  522.46        3.5837E+14  

   


           
Compute EIe of column in exterior substitute frame iteratively with reinforcement 

determined using first-order analysis 

Table A.7 Story axial load and first-order moment for the design of substitute column of 
exterior frames 

Design Action Effects Substitute Column 
Factored story axial force, Pu (kN) 1.20 D + 1.20 L 8057.04 
Factored story Ms moments (kN-m) At top -245.00 

At bottom 216.97 

     
;659.0

84817
108057.04
2

3







ccd

Sd
Sd Af

N


    
024.0

84817
10245.00

3

6







hAf
M

ccd

Sd
Sd  

From EBCS-2: Part 2, Uniaxial Chart No. 2, h’/h = 0.10 

 = 0.00, thus As,tot = 0.00. 

As,min = 5752.83 mm2 and As,tot/4 = 1438.21 mm2 at each corner 

Compute EIe: 

      EIe = 0.2EcIc + EsIs 

            = 0.2  1100  17  8484/12 + 200000  4(  42.794/64 + 1438.21  339.202) 

            = 1.6117   1014 + 1.3251  1014 

            = 2.9368  1013 N-mm2 

Determine the effective length Le of substitute column: 

Compute EcIc/Lc and EbIb/Lb: 

Columns above and below: 12.343  106  Ec 

Column being designed: 9.600  106  Ec 

Beam: 11.054  106  Eb 

6

66

21 10  11.054
10 9.60010  12.343




 = 1.985 

1.9851.9855.7
1.9851.9856.1)1.9851.985(45.7






L
Le = 1.609 > 1.15 
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 Le = 1.609  3800 = 6113.25 mm. 

Determine story buckling load Ncr: 2

142

2

2

)  6113.25(
109368.2 




e

e
cr L

EIN = 77558.20 kN 

Compute sway moment magnification factor: 

 77558.2004.80571
1

1
1







crSd
s NN

 = 1.116 

Continue iteration with amplified sway moment as shown in Table A.8: 

Table A.8 Determination of critical load for exterior frames iteratively 

b/h NSd Ms δ Ms*δs    As,tot As,min As,tot/4 Ø EIe Ncr δs

848 8057 245 1.116 261.76    0 5752.8 1438.2 42.8 2.9368E+14 77558.2 1.116 

848 8057 245 1.116 261.76    0 5752.8 1438.2 42.8 2.9368E+14 77558.2 1.116 

   
1.116 

           
Determine a single sway moment magnification factor for the whole story: 

 680135.4323.858241
1

1
1







 crSd
s NN

 = 1.144 

Ncr = 5 x 105003.81 + 2 x 77558.2 = 680135.43 kN 

iii) Magnified design column end moments: 

Columns of interior frames in the first floor: 

Exterior columns: 

Top of column: Mns = 124.46 kN-m; Ms =  88.23 kN-m; 

Mtop = 124.46 + 1.144   88.23 = 225.40 kN-m. This is M2. 

Bottom of column: Mns = -138.73 kN-m; Ms =  41.69 kN-m; 

Mbottom = -138.73 – 1.144   41.69 = -186.42 kN-m. This is M1. 

Interior columns: 

Top of column: Mns = -2.04kN-m; Ms =  143.81 kN-m; 

      Mtop = -2.04 – 1.144   143.81 = -166.56 kN-m. This is M2.  

Bottom of column: Mns = 6.38 kN-m; Ms =  114.82 kN-m; 

Mbottom = 6.38 + 1.144   114.82 = 137.73 kN-m. This is M1. 
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A.2.1.6. Check whether the Maximum Column Moment Occurs between the Ends 

of the Column. 

Compute the design axial loads NSd and moments MSd for load case 1 from a first-

order frame analysis. 

Table A.9 First order analysis outputs for ground floor columns on axis 3, for load case 1 

Design Action Effects Exterior Columns Interior Columns 

Design axial force, NSd (kN) 1.20D + 1.20L + 1.20W 2620.10 4478.64 
Design moments MSd (kN-m) At top 212.69 -145.84 

At bottom -180.42 121.20 

Exterior column: 

 e02 = 212.69 106/ (2620.10 103) = 81.18 mm  

 e01 = 180.42  106/ (2620.10 103) = 68.86 mm 

ee     {

                         

                 
 

The effective buckling length of the column, Le = 1.732  3800 = 6580.79 mm 

 = Le/ i = 6580.79 / (0.3  600) = 36.56 

Second order eccentricity, )1(
10

2
1

2 r
Lk

e e  

Since  > 35, k1 = 1.00 

1. = k  takingmm,6/ -10   9.25910)
540
5(00.110)5(1

2
33

2  

d
k

r
 

 6
2

2 10  9.259
10

) 6580.79)(1.00(e 40.10 mm 

Additional eccentricity, ea = Le/300  20 mm 

etot = ee + ea + e2 = 32.47 + 21.94 + 40.10 =94.51 mm > 81.18 mm.  

Therefore the maximum moment is not at the end of the column. A similar check for other 

columns reveals that the maximum moment occurs between the ends. It is thus advisable 

to always check whether the maximum moment occurs at the ends or between the ends so 

that the cross sections shall be designed for the maximum possible moment.  

Summary of Load Case 1:  (End moment) 

 Exterior column: NSd = 2620.10 kN, MSd = 225.40 kN-m  

 Interior column: NSd = 4478.64 kN, MSd = 166.56 kN-m 
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A.2.2. Load Case 2: Gravity and Earthquake Loads  

Sd =0.75(1.3D + 1.60L)  1.0E = 0.975D + 1.20L  1.0E 

A.2.2.1. Check whether the Story is Sway or Not 

For the first story, N = 74009.01 kN,  = 22.99 mm, H = 3720.97 kN and L = 4500 mm. 

102.0
4500 3720.97

99.22 74009.01







HL
N > 0.1  

Thus, the first story is a sway story, even without including initial sway imperfection.  

A.2.2.2. Check for Slenderness   

 (15/ d ) = 15/ ))60017(28(10 74009.01 23  = 22.82 

77.29
6003.0
380041.1





  (Taking the minimum value of Le/L=1.41, as computed in 

section A.2.1.4 for load case 1). Thus, the columns are slender. 

A.2.2.3. Computation of the Factored Axial Loads Pu, the Mns, and Ms Moments 

from a First-order Frame Analysis 

Table A.10 First order analysis outputs for ground floor columns on axis 3, for load case 2 

Design Action Effects Exterior Columns Interior Columns 
Factored axial force, Pu (kN) 0.975 D + 1.20 L 2155.51 3884.82 
Factored Mns moments (kN-m) At top 109.28 -1.85 

At bottom -121.82 5.65 
Factored Ms moments (kNm) At top -280.11 -467.57 

At bottom 152.35 392.16 

A.2.2.4. Computation of Effective Buckling Length Factors 

They are the same as those values computed for load case 1. 

A.2.2.5. Computation of the Magnified Moments for Load Case 2 

i) Compute EI.  

Section 3.3.6 states that, the buckling load of a story may be assumed to be equal to that 

of the substitute frame and may be determined as: 

,2

2

e

e
cr L

EIN 
 where, 

d

sscc
e

IEIE
EI






1
2.0
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Since there is no sustained load shear in the story, d = 0. 

ii) Design substitute column and compute Is. 

The procedure to be followed is the same as that for load case 1 except that the design 

axial forces and internal moments are based on the load combination under consideration.  

  kb = 21.953  105mm3          21.953  105mm3          21.953  105mm3  (Interior frame)            2kb = 13.172  106 mm3    

   kb = 18.423  105mm3          18.423  105mm3          18.423  105mm3   (Sidewall frame)           2kb = 11.054  106 mm3    

 
a) Actual frame                      b) Substitute frame 

Figure A.4 (a) Actual frame; (b) Substitute frame 

The load causing appreciable sway is the earthquake load. Its distribution on the substitute frame 

is as shown in Fig. (3). 
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Figure A.5. Earthquake loading on substitute frames 

Compute EIe of column in interior substitute frame iteratively with 

reinforcement determined using first-order analysis 

Design strengths of concrete and steel, 

fcd = 17 N/mm2 and fyd = 365 N/mm2 

Table A.11 Story axial load and first-order moment for the design of substitute column 
of interior frames 
Design Action Effects Substitute Column 
Factored story axial force, Pu (kN) 0.975 D + 1.20 L 12080.68 
Factored story Ms moments (kNm) At top -1289.07 

At bottom 1186.92 
 

Cross-section of substitute column, 

b/ h = 848/ 848 mm with h‟/ h = 0.1 



 

- 89 - 
 

Determine related normal force and moment: 

;988.0
84817

1012080.68
2

3







ccd

Sd
Sd Af

N


  
124.0

84817
1007.2891
3

6







hAf
M

ccd

Sd
Sd  

From EBCS-2: Part 2, Uniaxial Chart No. 2, h’/h = 0.10 

 = 0.33, and bal = 0.25. 





400

8481733.0 2

,
yd

ccd
tots f

AfA  10085.43 mm2 

As,min = 5752.83 mm2 and As,tot/4 = 2521.36 mm2 at each corner. 

Compute EIe: 

      EIe = 0.2EcIc + EsIs 

            = 0.2  1100  17  8484/12 + 200000  4(  56.664/64 + 2521.36  339.202) 

            = 1.6117   1014 + 2.3248  1014 

            = 3.9365  1014 N-mm2 

Or alternatively, 







3

3

10)2.7635(
8481725.0

)1( bal

bal
e r

MEl 3.9559  1014 N-mm2 > 0.4EcIc 

Determine the effective length Le of substitute column: 

Compute EcIc/Lc and EbIb/Lb: 

Columns above and below: 12.343  106  Ec 

Columns being designed: 9.600  106  Ec 

Beam: 13.172  106  Eb 

6

66

21 10 13.172
10 600.910 12.343




 = 1.666 

1.6661.6665.7
1.6661.6666.1)1.6661.666(45.7






L
Le = 1.527 > 1.15 

 Le = 1.527  3800 = 5803.84 mm 

Determine story buckling load Ncr: 

2

142

2

2

) 5803.84(
109559.3 




e

e
cr L

EIN = 115339.97 kN 

Compute sway moment magnification factor: 

 115339.9768.120801
1

1
1







crSd
s NN

 = 1.117 

Continue iteration with amplified sway moment as shown in Table A.12: 
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Table A.12 Determination of critical load for interior frames iteratively 

b/h NSd Ms δ Ms*δs    As,tot As,min As,tot/4 Ø EIe Ncr δ

848 12081 1289  1439.9    11308 5752.8 2827 60 4.2188E+14 123612.83 1.108 

848 12081 1289  1428.7    11308 5752.8 2827 60 4.2188E+14 123612.83 1.108 

   


           
Compute EIe of column in exterior substitute frame iteratively with 

reinforcement determined using first-order analysis 

Table A.13 Story axial load and first-order moment for the design of substitute column 
of exterior frames 

Design Action Effects Substitute Column 
Factored story axial force, Pu (kN) 0.975 D + 1.20 L 6892.48 
Factored story Ms moments (kNm) At top -1393.03 

At bottom 1262.24 

    
;564.0

84817
106892.48
2

3







ccd

Sd
Sd Af

N


  
134.0

84817
101393.03.09

3

6







hAf
M

ccd

Sd
Sd  

From EBCS-2: Part 2, Uniaxial Chart No. 2, h’/h = 0.10 

 = 0.05 and As,tot = 1528.10. 

As,min = 5752.83 mm2 and thus As,tot/4 = 1438.21 mm2 at each corner. 

Compute EIe: 

      EIe = 0.2EcIc + EsIs 

            = 0.2  1100  17  8484/12 + 200000  4(  42.794/64 +1438.21   339.202) 

            = 1.6117   1014 + 1.3251  1014 

            = 2.9368  1014 N-mm2 

Determine the effective length Le of substitute column: 

Compute EcIc/Lc and EbIb/Lb: 

Columns above and below: 12.343  106  Ec 

Columns being designed: 9.600  106  Ec 

Beam: 11.054  106  Eb 

6

66

21 10 11.054
10 600.910 12.343




 = 1.985 
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1.9851.9855.7
1.9851.9856.1)1.9851.985(45.7






L
Le = 1.609  1.15 

 Le = 1.609  3800 = 6113.24 mm. 

Determine story buckling load Ncr: 

2

142

2

2

)6113.24(
10  2.9368 




e

e
cr L

EIN = 77558.20 kN 

Compute sway moment magnification factor: 

 77558.2048.68921
1

1
1







crSd
s NN

 = 1.098 

Continue iteration with amplified sway moment as shown in Table A.14:  
Table A.14 Determination of critical load for exterior frames iteratively 

Determine a single sway moment magnification factor for the whole story: 

20.7755801.740091
1

1
1







 crSd
s NN

 = 1.106 

Ncr = 5 x 123612.83 + 2 x 77558.20 = 773180.54 kN 

Magnified design column end moments: 

Columns of interior frames in the first story: 

Exterior columns: 

Top of column: Mns = 109.28 kN-m; Ms =  280.11 kN-m; 

  Mtop = 109.28 + 1.106   280.11 = 419.08 kN-m. This is M2. 

Bottom of column: Mns = -121.82 kN-m; Ms =  152.35 kN-m; 

  Mbottom = -121.82 – 1.106  152.35 = -290.32 kN-m. This is M1. 

Interior columns: 

Top of column: Mns = -1.85 kN-m; Ms =  467.57 kN-m; 

  Mtop = -1.85 - 1.106   467.57 = -518.97 kN-m. This is M2.  

Bottom of column: Mns = 5.65 kN-m; Ms =  392.16 kN-m; 

        Mbottom = 5.65 + 1.106   392.16 = 439.38 kN-m. This is M1. 

b/h NSd Ms δ Ms*δs    As,tot As,min As,tot/4 Ø EIe Ncr δ

848 6892 1393  1528.9    2751 5752.8 1438 42.8 2.937E+14 77558.20 1.098 

848 6892 1393  1528.9    2751 5752.8 1438 42.8 2.937E+14 77558.20 1.098 

   

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A.2.2.6. Check whether the Maximum Column Moment Occurs between the Ends 

of the Column. 

Compute the design axial loads NSd and moments MSd for load case 1 from a first-

order frame analysis. For ground floor columns, the values are as follows: 

Table A.15 First order analysis outputs for frame on axis 3, for load case 2 

Design Action Effects Exterior Columns Interior Columns 
Design axial force, NSd (kN) 0.975D+1.20L+1.0E 2667.57 3919.43 
Design moments MSd (kN-m) At top -389.39 -469.41 

At bottom 274.17 397.81 

 Exterior column: 

  e02 = 389.39  106/ (2667.57  103) = 145.97 mm  

  e01 = 274.17  106/ (2667.57  103) = 102.78 mm 

ee     {

                        

                 
 

Le = 1.732  3800 = 6580.79 mm, and  = Le/ i = 6580.79 / (0.3  600) = 36.56 

Second order eccentricity, )1(
10

2
1

2 r
Lk

e e  

Since  > 35, k1 = 1.00, 

 (1/r) = (5/542)10-3 = 9.259  10-6/ mm 

 6
2

2 10 9.259 
10

)6580.79)(00.1(e 40.10 mm 

Additional eccentricity, ea = Le/300  20 mm 

etot = ee + ea + e2 = 58.39 + 21.94 + 40.10 = 120.42 mm < 145.97 mm (even with ea). 

Therefore the maximum moment is at the end of the column. The same is true for the 

interior column (e02 =119.77, e01 = 101.50 and etot. =87.76 < 101.50 mm). 

Summary of Load Case 2: 

 Exterior column: NSd = 2667.57 kN, MSd = 419.08 kN-m 

 Interior column: NSd = 3919.43 kN, MSd = 518.97 kN-m 

A.2.3. Load Case 3: Gravity Loads Only:  

Sd = 1.3D + 1.6L 
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A.2.3.1. Check whether the Story is Sway or Not 

This step is the same as that for load case 1. 

A.2.3.2.  Check for Slenderness   

This step is the same as that for load case 1. 

A.2.3.3. Computation of the Factored Axial Loads Pu, the Mns, and Ms Moments 

from a First-order Frame Analysis 

Table A.16 First order analysis outputs for ground floor columns on axis 3, for load case 3 

Design Action Effects Exterior Columns Interior Columns 
Factored axial force, Pu (kN) 1.3 D + 1.6 L 2874.01 5179.76 
Factored Mns moments (kN-m) At top 145.70 -2.45 

At bottom -162.42 7.54 

A.2.3.4. Computation of Effective Buckling Length Factors 

This step is the same as that for load case 1. 

A.2.3.5. Computation of the Magnified Moments for Load Case 3 

Since there are no lateral loads, Ms = 0 in all columns. 

Exterior columns: Mtop = Mns + sMs = 145.70 + 0 = 145.70 kN-m. This is M1. 

  Mbottom = -162.42 kN-m. This is M2. 

Interior columns: Mtop = Mns + sMs = -2.45 + 0 = -2.45 kN-m. This is M1. 

 Mbottom = 7.54 kN-m. This is M2. 

Summary of Load Case 3: 

 Exterior column: NSd = 2874.01 kN, MSd = 162.42 kN-m 

 Interior column: NSd = 5179.76 kN, MSd = 7.54 kN-m 
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Appendix B 

B. Five Story Building with Plan Irregularity 

Figure B.1 shows the plan of the main floor and a section through a five-story building. The 

building is clad with nonstructural precast panels. There are no structural walls or other 

bracing. The beams in the North-South direction are all 300 mm wide, with an overall depth 

of 700 mm. The floor slabs are 180 mm thick. Design an interior and an exterior column in 

the ground-floor level of the frame along column line 2 for dead load, live load, and Earth 

Quake loads. Use fck = 30 MPa and fy = 460 MPa. 

     

Fig B.1 Plan and Section of a five story building with plan irregularity  

B.1. According to the ACI 

Factored Load Combinations: 

Case 1: Gravity and EQ loads, U = 1.05D + 1.275L + 1.0E, 

Case 2: Gravity loads only, U = 1.4D + 1.7L. 

B.1.1. Load Case 1: Gravity and Earthquake Loads  

U = 1.05D + 1.275L +1.0E 
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B.1.1.1. Check whether the Story is Sway or Not 

For the first story: Pu = 27191.89 kN, o =37.46 mm, Vu = 1783.94 kN, lc = 4500 mm. 

.05.0127.0
45001783.94

46.37 27191.89










cu

ou

lV
PQ  

Thus, the first story of the frame is a sway story. 

B.1.1.2. Check for Slenderness   

Preliminary selection of column size for maximum load combination shows that b = h = 

450 mm is required. From section B.1.1.4 below, the minimum value of k is 1.25. 

.2219.35
4503.0
380025.1







r
klu

 
Thus, the columns are slender. 

B.1.1.3. Computation of the Factored Axial Loads Pu, the Mns, and Ms Moments 

from a First-order Frame Analysis 

Table B.1 First order analysis outputs for ground floor columns on axis 2, for load case 1 

Design Action Effects Exterior Columns Interior Columns 
Factored axial force, Pu (kN) 1.05 D + 1.275 L 1163.38 2281.96 
Factored Mns moments (kN-m) At top 100.82 -10.56 

At bottom -109.05 14.36 
Factored Ms moments (kN-m) At top -251.38 -380.51 

At bottom 201.06 359.43 

B.1.1.4. Computation of Effective Buckling Length Factors 

i) Compute EcIc/lc for the columns. 

Ec = 4700 '
cf  = 25743 MPa and Ic = 0.70Ig = 2.392  109 mm4. 


c

cc

l
IE

 {
            

                             

             
                             

 

ii) Compute EbIb/lb for the beams.  

Effective width of T and L-sections are given by: 

be = 2000 mm for T-sections and be = 965 mm for L-sections:  

Ib = 0.35 Ig = 0.35  17.82   109 = 6.23  109 mm4 for T-beams 

Ib = 0.35 Ig = 0.35  14.05   109 = 4.92  109 mm4 for L-beams   
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Thus EI/l of beams on all spans becomes: 


b

bb

l
IE

 {
           

             

            
              

 

iii) Compute  and k. 

Columns of interior frames: (on axes 2, 3, 5, 6 & 4-D) 

Exterior columns: 



)/(
)/(

bbb

ccc
bottomtop lIE

lIE
 1.56; k = 1.47.  

Interior columns: top = bottom = 0.78; k = 1.25. 

Columns of exterior (sidewall) frames: (on axes 1, 4-A, 4-B, & 7) 

Exterior columns: top = bottom = 1.98 

From the nomographs for sway frames; k = 1.58.  

Interior columns: top = bottom = 0.99; k =1.31. 

Column on Axis 4-C: top = bottom = 0.87; k = 1.28. 

B.1.1.5. Computation of the Magnified Moments for Load Case 1 

i) Compute EI. Using Eq. (3.16) to calculate EI, 

210
6

mm-N 10 x 75.3518
)01(

) 10   x  3417.19 x 25743 x (0.4
1
4.0








d

gc IE
EI

  
ii) Compute sway moment magnifier 

From Eq. (3.13) of section 3.2.5, s
cu

s
ss M

PP
M

M 



  )75.0(1

  

Where Pu = 27191.89 kN for load case 1 and 2

2

)( u
c kl

EIP 
  

Columns of interior frames (on axes 2, 3, 5 6, & on axis 4-D): 

Exterior columns: 



 3

2

102

10
)3800 1.47(
10x  75.3518

cP 11129.76 kN 

Interior columns: 



 3

2

102

10
)3800 1.25(
10x  75.3518

cP 15392.19 kN 

Columns of exterior (sidewall) frames (on axes 1, 4-A, 4-B & 7): 

Exterior columns: 



 3

2

102

10
)38001.58(
10x  75.3518

cP 9633.99 kN 
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Interior columns: 



 3

2

102

10
)3800 1.31(
10x  75.3518

cP 14014.51 kN 

Column on axis 4-C: 



 3

2

102

10
)3800 1.28(
10 x 75.3518

cP 14679.14 kN 

            Pc = 9  11129.76 + 4  15392.19 + 5  9633.99 + 3  14014.51 + 14679.14  

             = 266629.25 kN 

ss
s

ss MM
M

M 


 1.157 =
)   266629.2575.0/( 89.719121

  

iii) Compute magnified moments 

Exterior columns in first story: 

Top of column: Mns = 100.82 kN-m; Ms =  251.38 kN-m; 

           Mtop = 100.82 + 1.157   251.38 = 391.66 kN-m. This is M2. 

Bottom of column: Mns = -109.05 kN-m; Ms =  201.06 kN-m 

         Mbottom = -109.05 – 1.157   201.06 = -341.68 kN-m. This is M1. 

Interior columns in first story: 

Top of column: Mns = -10.56 kN-m; Ms =  380.51 kN-m; 

           Mtop = -10.56 – 1.157   380.51 = -450.81 kN-m. This is M2.  

Bottom of column: Mns = 14.36 kN-m; Ms =  359.43 kN-m; 

           Mbottom = 14.36 + 1.157   359.43 = 430.22 kN-m. This is M1. 

B.1.1.6. Check whether the Maximum Column Moment Occurs between the Ends 

of the Column. 

We will check this first for interior columns, since they have the largest axial loads, Pu.  

11.57

20250030
1096.2812

3535

15.28
45030.0

3800

3

'













gc

u

u

Af
p

r
l

 

Since 28.15 < 57.11, the maximum moment is at the end of the column. The same is true 
for the exterior column. 

Summary of Load Case 1: 

 Exterior column: Pu = 1424.28 kN, Mc = 391.66 kN-m 

 Interior column: Pu = 2312.79 kN, Mc = 450.81 kN-m 
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B.1.2. Load Case 2: Gravity Loads Only:  

U = 1.4D + 1.7L 

B.1.2.1. Check whether the Story is Sway or Not 

This step is the same as that for load case 1. 

B.1.2.2.  Check for Slenderness   

This step is the same as that for load case 1. 

B.1.2.3. Computation of the Factored Axial Loads Pu, the Mns, and Ms Moments 

from a First-order Frame Analysis 

         Table B.2 First order analysis outputs for ground floor columns on axis 2, for load case 2 

Design Action Effects Exterior Columns Interior Columns 
Factored axial force, Pu (kN) 1.4 D + 1.7 L 1551.17 3042.62 
Factored Mns moments (kN-m) At top 134.42 -14.07 

At bottom -145.40 19.15 

B.1.2.4. Computation of Effective Buckling Length Factors 

This step is the same as that for load case 1. 

B.1.2.5. Computation of the Magnified Moments for Load Case 2 

Since there are no lateral loads, Ms = 0 in all columns. 

Exterior columns: Mtop = Mns + sMs = 134.42 + 0 = 134.42 kN-m. This is M1. 

      Mbottom = -145.40 kN-m. This is M2. 

Interior columns: Mtop = -14.07 kN-m. This is M1. 

      Mbottom = 19.15 kN-m. This is M2. 

B.1.2.6. Check whether the Maximum Column Moment Occurs between the Ends 

of the Column. 

For interior columns,  

46.49

20250030
103042.62
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Since 28.15 < 49.46, the maximum moment in the column is at one end. 

B.1.2.7. Check whether the Frame can Undergo Side-sway Buckling under 

Gravity Loads. 

For the first story, total sustained loads = 25526.97 kN, and total axial loads for load case 

2, Pu = 36255.87 kN, giving: d = 25526.97 / 36255.87 = 0.704  

EI = 0.40 EcIg/ (1+ d) = 3518.75  1010/ (1+0.704) = 2064.90  1010 N-mm2 

Columns of interior frames (on axes 2, 3, 5, 6, & on axis 4-D): 

Exterior columns: 



 3

2

102

10
)3800 1.47(
10 x 2064.90

cP 6531.55 kN 

Interior columns: 



 3

2

102

10
)3800 1.25(
10 x 2064.90

cP 9032.98 kN 

Columns of exterior (sidewall) frames (on axes 1, 4-A, 4-B & 7): 

Exterior columns: 



 3

2

102

10
)38001.58(
10 x 2064.90

cP 5653.75 kN 

Interior columns: 



 3

2

102

10
)3800 1.31(
10 x 2064.90

cP 8224.48 kN 

Columns on axis 4-C: 



 3

2

102

10
)3800 1.28(
10  x 2064.90

cP 8614.52 kN 

 Pc = 9  6531.55 + 4  9032.98 + 5  5653.75 + 3  8152.71 + 8224.48 

  = 156472.57 kN 

   
45.1

) 156472.5775.0/( 255.87631
1




s  

Since s = 1.45 is less than 2.5, side sway buckling will not be a problem. 

Summary of Load Case 2:  

 Exterior column: Pu = 1551.17 kN, Mc = 145.40 kN-m 
 Interior column: Pu = 3042.62 kN, Mc = 19.15 kN-m 

B.2. According to the EBCS-2 

Factored Load Combinations: 

Case 1: Gravity and earthquake loads, Sd =0.75(1.30D + 1.60L)  1.0E, 

Case 2: Gravity loads only,  Sd = S(1.30G + 1.60Qvk). 
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B.2.1.  Load Case 1:  Gravity and Earthquake Loads 

Sd = 0.975D + 1.20L   1.0E 

B.2.1.1. Check whether the Story is Sway or Not 

For the first story, N = 25351.04 kN,  = 33.30 mm, H = 1783.90 kN and L = 4500 mm. 

105.0
450090.1783

30.33 25351.04 







HL
N

 
> 0.1  

Thus, the first story is a sway story, even without including initial sway imperfection.  

B.2.1.2. Check for Slenderness   

 (15/ d ) = 15/ ))45017(22(10  25351.04 23  = 25.92 

37.32
4503.0
380015.1





  (Taking the minimum value of Le/L = 1.15, as computed 

in section B.2.1.4). Since 31.94 > 25.28, the columns are slender. 

B.2.1.3. Computation of the Factored Axial Loads Pu, the Mns, and Ms Moments 

from a First-order Frame Analysis 

Table B.3 First order analysis outputs for ground floor columns on axis 2, for load case 1 

 

B.2.1.4. Computation of Effective Buckling Length Factors 

Columns of interior frames (frames 2, 3, 5, 6) 

Exterior columns, (on axes A-2, A-3, C-5, C-6, D-2, D-3, D-4, D-5and D-6):  

28.1
L
Le  

Interior columns, (on axes B-2, B-3, C-2, C-3 and C-4): 15.1
L
Le  

Columns of exterior frames (frames 1, 4, & 7) 

Design Action Effects Exterior Columns Interior Columns 
Factored axial force, Pu (kN) 0.975 D + 1.20 L 1084.63 2127.94 
Factored Mns moments (kN-m) At top 94.12 -9.86 

At bottom -101.80 13.41 
Factored Ms moments (kNm) At top -251.38 -380.51 

At bottom 201.06 359.43 
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Exterior columns, (on axes A-1, A-4, D-1, D-7 and C-7): 33.1
L
Le  

Interior columns, (on axes B-1, C-1 and B-4): 18.1
L
Le  

B.2.1.5. Computation of the Magnified Moments for Load Case 1 

i) Compute EI. Section 3.3.6 states that, the buckling load of a story may be assumed to 

be equal to that of the substitute frame and may be determined as: 

,2

2

e

e
cr L

EI
N




 
where 

d

sscc
e

IEIE
EI






1
2.0

  

ii) Design substitute column and compute Is. 

    kb = 21.953  105mm3         21.953  105mm3         21.953  105mm3  (Interior frame)            2kb = 13.172  106 mm3    
kb = 17.798  105mm3         17.798  105mm3         17.798  105mm3   (Sidewall frame)            2kb = 10.679  106 mm3    

 
         a) Actual frame                          b) Substitute frame 
Figure B.2 (a) Actual frame; (b) Substitute frame 
The earthquake load distribution on the substitute frame is as shown in the table B.4. 
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Table B.4 Earthquake loading on substitute frames (kN) 

Frames on Axes Axes 2 & 3 Axis 1 Axis 4 Axes 5 & 6 Axis 7 
Roof 119.98 125.28 110.36 35.30 33.41 

Fourth 86.20 90.90 76.82 28.23 26.21 
Third 70.29 73.60 63.84 21.87 20.56 

Second 54.35 56.00 51.17 15.54 15.12 
First 36.82 39.12 32.04 13.93 13.01 

Ground 15.15 21.28 2.40 11.25 7.31 

Compute EIe of column in interior substitute frames (on axes 2 & 3) iteratively 

with reinforcement determined using first-order analysis 

Design strengths of concrete and steel, 

fcd = 17 N/mm2 and fyd = 365 N/mm2 

Table B.5 Story axial load and first-order moment for the design of substitute column of 
interior frames on axes 2 & 3 

Design Action Effects Substitute Column 
Factored story axial force, Pu (kN) 0.975 D + 1.20 L 6569.78 
Factored story Ms moments (kNm) At top 828.78 

At bottom 803.83 

Cross-section of substitute column, 

b/ h = 636/ 636 mm with h‟/ h = 0.1. 

Determine related normal force and moment: 

;955.0
63617

106569.78
2

3







ccd

Sd
Sd Af

N


 
190.0

63617
10828.78

3

6







hAf
M

ccd

Sd
Sd  

From EBCS-2: Part 2, Uniaxial Chart No. 2, h’/h = 0.10 

 = 0.47, and bal = 0.31. 





400

6361747.0 2

,
yd

ccd
tots f

Af
A

 8079.81 mm2 

As,min = 3235.97 mm2 and As,tot/4 = 2019.95 mm2 at each corner. 

Compute EIe: 

      EIe = 0.2EcIc + EsIs 

            = 0.2  1100  17  6364/12 + 200000  4(  50.714/64 + 2019.95  254.402) 

            = 5.8780   1013 + 11.3121  1013 

            = 15.5838  1013 N-mm2 
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Or alternatively, 





3

3

10)4.5725(
6361731.0

)1( bal

bal
e r

M
El 15.5207  1013 N-mm2 > 0.4EcIc 

Determine the effective length Le of substitute column: 

Compute EcIc/Lc and EbIb/Lb: 


c

cc

l
IE

 {
            

                             

             
                             

 

Beam: 13.172  106  Eb 

6

66

21 10 13.172
10 3.03810905.3




 = 0.527 

0.5270.5275.7
0.5270.5276.1)0.5270.527(45.7






L
Le = 1.192 > 1.15 

 Le = 1.92  3750 = 4530.90 mm. 

Determine story buckling load Ncr: 

2

132

2

2

)90.4530(
105838.15 




e

e
cr L

EI
N = 74920.86 kN 

Compute sway moment magnification factor: 

 91226.2686.66651
1

1
1







crSd
s NN

 = 1.096 

Continue iteration with amplified sway moment as shown in Table B.6: 
Table B.6 Determination of critical load for interior frames on axes 2 & 3 iteratively 

b/h NSd Ms δ Ms*δs    As,tot As,min As,tot/4 Ø EIe Ncr δ

636 6569.8 829  908.44    8767 3236 2191.9 52.83 1.6478E+14 79222.18 1.090 

636 6569.8 829  903.72    8767 3236 2191.9 52.83 1.6478E+14 79222.18 1.090 

   


           
Compute EIe and then Ncr of column in sidewall substitute frame (Frame on axis 

1) iteratively. 

Table B.7 Story axial load and first-order moment for the design of substitute column of 
frame on axis 1 

Design Action Effects  Substitute Column 
Factored story axial force, Pu (kN) 0.975 D + 1.20 L 3433.36 
Factored story Ms moments (kNm) At top -868.33 

At bottom 840.92 

After iteration, EIe = 10.6697 x 1013 N-mm2 and Ncr= 47974.48 kN. 
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Compute EIe and then Ncr of column in substitute frame for frame on axis 4) 
iteratively. 

Table B.8 Story axial load and first-order moment for the design of substitute column of 
frame on axis 4 

Design Action Effects Substitute Column 
Factored story axial force, Pu (kN) 0.975 D + 1.20 L 4301.17 
Factored story Ms moments (kNm) At top -752.11 

At bottom 732.13 

After iteration, EIe = 10.4466 x 1013 N-mm2 and Ncr= 46971.37 kN. 

Compute EIe and Ncr of column in interior substitute frame (On axes 5 & 6) 
iteratively. 

Table B.9 Story axial load and first-order moment for the design of substitute column of 
frame on axes 5 & 6 

Design Action Effects Substitute Column 
Factored story axial force, Pu (kN) 0.975 D + 1.20 L 2355.72 
Factored story Ms moments (kNm) At top -259.77 

At bottom 250.28 

After iteration, Ncr= 19479.45 kN. 

Compute EIe of column in sidewall substitute frame (Frame on axis 7) iteratively. 

Table B.10 Story axial load and first-order moment for the design of substitute column 
of frame on axis 7 

Design Action Effects Substitute Column 
Factored story axial force, Pu (kN) 0.975 D + 1.20 L 1349.47 
Factored story Ms moments (kNm) At top -244.62 

At bottom 236.36 

After iteration, Ncr= 19479.45 kN. 

Determine a single sway moment magnification factor for the whole story: 

55.31182804.253511
1

1
1







 crSd
s NN

 = 1.088. 

Ncr = 2 x 79222.18 + 47974.48 + 46971.37 + 3 x 19479.45 = 311828.55 kN. 

Magnified design column end moments: 

Columns of interior frames in first story: 

Exterior columns: 

     Top of column: Mns = 94.12 kN-m; Ms =  251.38 kN-m; 
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Mtop = 94.12 + 1.088  251.38 = 367.74 kN-m. This is M2. 

Bottom of column: Mns = -101.80 kN-m; Ms =  201.06 kN-m; 

          Mbottom = -101.80 – 1.088  201.06 = -320.65 kN-m. This is M1. 

Interior columns: 

Top of column: Mns = -9.86 kN-m; Ms =  380.51 kN-m; 

Mtop = -9.86 - 1.088  380.51= -424.04 kN-m. This is M2.  

Bottom of column: Mns = 13.41 kN-m; Ms =  359.43 kN-m; 

           Mbottom = 13.41 + 1.088  359.43 = 404.65 kN-m. This is M1. 

B.2.1.6. Check whether the Maximum Column Moment Occurs between the Ends 

of the Column. 

Compute the design axial loads NSd and moments MSd for load case 1 from a first-

order frame analysis.  

Table B.11 First order analysis outputs for ground floor columns on axis 2, for load case 1 

Design Action Effects Exterior Columns Interior Columns 
Design axial force, NSd (kN) 0.975D+1.20L+1.0E 1345.65 2158.77 
Design moments MSd (kN-m) At top -345.50 -390.27 

At bottom 302.86 372.67 

 Exterior column: 

ee     {

                        

                  
 

Le = 1.28  3800 = 4864.00 mm, thus  = Le/ i = 4864.00 / (0.3  450) = 36.03 

Second order eccentricity, )1(
10

2
1

2 r
Lk

e e  

Since  > 35, k1 = 1.00  

(1/r) = (5/405)10-3 = 12.346  10-6/ mm,  

 6
2

2 10346.12
10

)27.4855)(00.1(e 29.21 mm 

Additional eccentricity, ea = Le/300  20 mm 

etot = ee + ea + e2 = 102.70 + 20 + 29.21 = 151.91 mm < 225.07 mm (even with ea) 

Therefore the maximum moment is at the end of the column. The same is true for the 

interior columns. 
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Summary of Load Case 1: 

 Exterior column: NSd = 1345.65 kN, MSd = 367.74 kN-m 

 Interior column: NSd = 2158.77 kN, MSd = 424.04 kN-m 

B.2.2. Load Case 2: Gravity Loads Only: Sd = 1.3D + 1.6L 

B.2.2.1. Check whether the Story is Sway or Not 

This step is the same as that for load case 1. 

B.2.2.2.  Check for Slenderness   

This step is the same as that for load case 1. 

B.2.2.3. Computation of the Factored Axial Loads Pu, the Mns, and Ms Moments 

from a First-order Frame Analysis 

       Table B.12 First order analysis outputs for ground floor columns on axis 2, for load case 2 

Design Action Effects Exterior Columns Interior Columns 
Factored axial force, Pu (kN) 1.3 D + 1.6 L 1446.17 2837.25 
Factored Mns moments (kN-m) At top 125.21 -13.15 

At bottom -135.74 17.88 

B.2.2.4. Computation of Effective Buckling Length Factors 

This step is the same as that for load case 1. 

B.2.2.5. Computation of the Magnified Moments for Load case 3 

Since there are no lateral loads, Ms = 0 in all columns. 

Exterior columns: Mtop = Mns + sMs = 125.21 + 0 = 125.21 kN-m. This is M2. 

      Mbottom = -135.74 kN-m. This is M1. 

Interior columns: Mtop = Mns + sMs = -13.15 + 0 = -13.15 kN-m. This is M1. 

      Mbottom = 17.88 kN-m. This is M2. 

Summary of Load Case 2: 

 Exterior column: NSd = 1446.17 kN, MSd = 135.74 kN-m 

 Interior column: NSd = 2837.25 kN, MSd = 17.88 kN-m 
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Appendix C 

C. Nine Story Building with Elevation Irregularity 

Figure C.1 shows the floor plans and a section through a nine-story building. The building is 

clad with nonstructural precast panels. There are no structural walls or other bracing. The 

beams in the North-South direction are all 300 mm wide, with an overall depth of 700 mm. 

The floor slabs are 180 mm thick. Design an interior and an exterior column in the first-floor 

(second story) level of the frame along column line 2 for dead load, live load, and Earth 

Quake loads. Use fck = 30 MPa and fy = 460 MPa. 

 

d) Ground and first floor plans 
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e) Typical Floor Plan 

 
f) Section 

Fig C.1 Plans and section of a nine story building with elevation irregularity 
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C.1. According to the ACI 

Factored Load Combinations: 

Case 1: Gravity and EQ loads, U = 1.05D + 1.275L + 1.0E, 

Case 2: Gravity loads only, U = 1.4D + 1.7L. 

C.1.1. Load Case 1: Gravity and Earthquake Loads:  

U = 1.05D + 1.275L +1.0E 

C.1.1.1. Check whether the Story is Sway or Not 

For the second story: Pu = 48254.14 kN, o =32.35 mm, Vu = 2741.13 kN, lc = 5500 mm 

05.0104.0
55002741.13

35.32 48254.14





Q  

Thus, the second story of the frame is a sway story.  

C.1.1.2. Check for Slenderness   

Preliminary selection of column size for maximum load combination shows that b = h = 

550 mm is required. From section C.1.1.4 below, the minimum value of k is 1.49. 

..2267.49
5503.0
480049.1







r
klu

 
Thus, the columns are slender. 

C.1.1.3. Computation of the Factored Axial Loads Pu, the Mns, and Ms Moments 

from a First-order Frame Analysis 

Table C.1 First order analysis outputs for first floor columns on axis 2, for load case 1 

Design Action Effects Exterior Columns Interior Columns 
Factored axial force, Pu (kN) 1.05 D + 1.275 L 2059.11 3782.43 
Factored Mns moments (kN-m) At top 75.95 0.00 

At bottom -24.89 0.00 
Factored Ms moments (kN-m) At top -335.94 -467.30 

At bottom 409.87 480.73 

C.1.1.4. Computation of Effective Buckling Length Factors 

i) Compute EcIc/lc for the columns. 

Ec = 4700 '
cf  = 25743 MPa and Ic = 0.70Ig = 5.338  109 mm4. 
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
c

cc

l
IE

 {
             

                             

             
                             

 

ii) Compute EbIb/lb for the beams.  

Effective width of T and L-sections are given by: 

be = 2000 mm for T-sections and be = 965 mm for L-sections:  

Ib = 0.35 Ig = 0.35  17.82   109 = 6.23  109 mm4 for T-beams 

Ib = 0.35 Ig = 0.35  14.05   109 = 4.92  109 mm4 for L-beams   

Thus EI/l of beams on all spans becomes: 


b

bb

l
IE

 {
           

             

            
              

 

iii) Compute  and k. 

Columns of interior frames: (frames on axes 2, 3, 4, 5& 6) 

Exterior columns: 



)/(
)/(

bbb

ccc
top lIE

lIE
 3.201, bottom = 1.601 

From the nomographs for sway frames, k = 1.66.  

Interior columns: top = bottom = 1.601; k = 1.49. 

Columns of exterior frames: (frames on axes 1 & 7) 

Exterior columns: top = 4.059, bottom = 2.030 

From the nomographs for sway frames, k = 1.80.  

Interior columns: top = bottom = 2.030; k =1.59. 

C.1.1.5. Computation of the Magnified Moments for Load case 1 

i) Compute EI. Using Eq. (3.16), 

210
6

mm-N 10.15x  7852
)01(

) 10    x  7625.52 x 25743 x (0.4
1
4.0








d

gcIE
EI

  
ii) Compute sway moment magnifier 

s
cu

s
ss M

PP
M

M 



  )75.0(1

  

Where, Pu = 48254.16 kN and 2

2

)( u
c kl

EIP 
  

Columns of interior frames (frames on axes 2, 3, 4, 5 & 6): 
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Exterior columns: 



 3

2

102

10
)4800 1.66(
10 x .15 7852

cP 12206.46 kN 

Interior columns: 



 3

2

102

10
)4800 1.49(
10 x .15 7852

cP 15150.72 kN 

Columns of exterior frames (frames on axes 1 & 7): 

Exterior columns: 



 3

2

102

10
)48001.80(
10 x .15 7852

cP 10381.52 kN 

Interior columns: 



 3

2

102

10
)4800 1.59(
10 x .15 7852

cP 13304.90 kN 

Pc = 10  12206.46 + 5  15150.72 + 4  10381.52 + 2  13304.90  

 = 265954.11 kN 

ss
s

ss MM
M

M 


 1.319 =
) 265954.1175.0/(16.482541

  

iii) Compute magnified moments 

Exterior columns in the second story: 

Top of column: Mns = 75.95 kN-m; Ms =  335.94 kN-m; 

                      Mtop = 75.95 + 1.319   335.94 = 519.06 kN-m. This is M1. 

Bottom of column: Mns = -24.89 kN-m; Ms =  409.87 kN-m;  

          Mbottom = -24.89 – 1.319   409.87 = -565.51 kN-m. This is M2. 

Interior columns in the second story: 

Top of column: Mns = 0.00 kN-m; Ms =  467.30 kN-m; 

           Mtop = 0.00 – 1.319   467.30 = -616.37 kN-m. This is M2.  

Bottom of column: Mns = 0.00 kN-m; Ms =  480.73 kN-m; 

     Mbottom = 0.00 + 1.319   480.73 = 634.08 kN-m. This is M1. 

C.1.1.6. Check whether the Maximum Column Moment Occurs between the Ends 

of the Column. 

For interior columns,  

21.54

30250030
103782.92

3535

09.29
55030.0

4800

3

'













gc

u

u

Af
p

r
l
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Since 29.09 < 54.21, the maximum moment is at the end of the column. The same is true 

for the exterior column. 

Summary of Load Case 1: 

  Exterior column: Pu = 2552.31 kN, Mc = 565.51 kN-m 

 Interior column: Pu = 3782.43 kN, Mc = 634.08 kN-m 

C.1.2. Load Case 2: Gravity Loads Only: U = 1.4D + 1.7L 

C.1.2.1. Check whether the Story is Sway or Not 

This step is the same as that for load case 1. 

C.1.2.2.  Check for Slenderness   

This step is the same as that for load case 1. 

C.1.2.3. Computation of the Factored Axial Loads Pu, the Mns, and Ms Moments 

from a First-order Frame Analysis 

Table C.2 First order analysis outputs for first floor columns on axis 2, for load case 2 

Design Action Effects Exterior Columns Interior Columns 
Factored axial force, Pu (kN) 1.4 D + 1.7 L 2745.48 5043.25 
Factored Mns moments (kN-m) At top 101.27 0.00 

At bottom -33.18 0.00 

C.1.2.4. Computation of Effective Buckling Length Factors 

This step is the same as that for load case 1. 

C.1.2.5. Computation of the Magnified Moments for Load Case 2 

Since there are no lateral loads, Ms = 0 in all columns. 

Exterior columns: 

 Mtop = Mns + sMs = 101.27 + 0 = 101.27 kN-m. This is M2. 

 Mbottom = -33.18 kN-m. This is M1. 

Interior columns: 

 Mtop = Mbottom = 0.00 kN-m.  



 

- 113 - 
 

C.1.2.6. Check whether the Maximum Column Moment Occurs between the Ends 

of the Column. 

For interior columns, 

95.46

30250030
105043.25

3535

09.29
55030.0

4800

3

'












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Since 29.09 < 46.95, the maximum moment in the column is at one end. 

C.1.2.7. Check whether the Frame can Undergo Side-sway Buckling under 

Gravity Loads. 

For the second story, total sustained loads = 45038.56 kN, total axial loads for load case 2, 

Pu = 64338.84 kN, giving d = 45038.56 / 64338.84 = 0.700. 

EI = 0.40 EcIg/ (1+ d) = 7852.15  1010/ (1+0.700) = 4618.91  1010 N-mm2 

Columns of interior frames (frames on axes 2, 3, 4, 5 & 6): 

Exterior columns: 



 3

2

102

10
)4800 1.66(
10 x 4618.91

cP 7180.27 kN 

Interior columns: 



 3

2

102

10
)48001.49(
10 x 4618.91

cP 8912.19 kN 

Columns of exterior (sidewall) frames (frames on axes 1 & 7): 

Exterior columns: 



 3

2

102

10
)48001.8(
10 x 4618.91

cP 6106.78 kN 

Interior columns: 



 3

2

102

10
)4800 1.59(
10 x 4618.91

cP 7826.41 kN 

Pc = 10  7180.27 + 5  8912.19 + 4  6106.78 + 2  7826.41  

 = 156443.59 kN 

 2.214 =
)   156443.5975.0/(64338.831

1


s         

Since s = 2.214 is less than 2.5, side sway buckling will not be a problem. 

Summary of Load Case 2:  

 Exterior column: Pu = 2745.48 kN, Mc = 101.27 kN-m 

 Interior column: Pu = 5043.25 kN, Mc = 0.00 kN-m 
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C.2. According to the EBCS-2 

Factored Load Combinations: 

Case 1: Gravity and earthquake loads,  Sd =0.75(1.30D + 1.60L)  1.0E, 

Case 2: Gravity loads only,    Sd = S(1.30G + 1.60Qvk). 

C.2.1. Load Case 1: Gravity and Earthquake Loads: 

Sd =0.75(1.3D + 1.60L)  1.0E 

C.2.1.1. Check whether the Story is Sway or Not 

For the second story, N = 44989.88 kN,  = 33.80 mm, H = 2741.11 kN, L = 5500 mm. 

101.0
5500  2741.11

80.33 44889.88







HL
N

 
> 0.1  

Thus, the first story is a sway story, even without including initial sway imperfection.  

C.2.1.2. Check for Slenderness   

 (15/ d ) = 15/ ))55017(21(10 44989.88 23  = 23.24 

24.37
5503.0
480028.1





  (Taking the minimum value of Le/L=1.28 for sway frames 

as computed in C.2.1.4 below). Thus, the columns are slender. 

C.2.1.3. Computation of the Factored Axial Loads Pu, the Mns, and Ms Moments 

from a First-order Frame Analysis 

Table C.3 First order analysis outputs for first floor columns on axis 2, for load case 1 

Design Action Effects Exterior Columns Interior Columns 
Factored axial force, Pu (kN) 0.975 D + 1.20 L 1922.09 3534.12 
Factored Mns moments (kN-m) At top 71.19 0.00 

At bottom -23.07 0.00 
Factored Ms moments (kN-m) At top -334.85 -466.77 

At bottom 410.66 481.56 

C.2.1.4. Computation of Effective Buckling Length Factors 

Columns of Interior frames (frames on axes 2, 3, 4, 5 & 6) 

Exterior columns: 40.1
L
Le
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Interior columns: 28.1
L
Le  

Columns of Exterior frames (frames on axes 1 & 7) 

Exterior columns: 47.1
L
Le   

Interior columns: 34.1
L
Le  

C.2.1.5. Computation of the Magnified Moments for Load case 1 

i) Compute EI. 2

2

e

e
cr L

EI
N


  where

 d

sscc
e

IEIE
EI






1
2.0

  

Since there is no sustained load shear in the story, d = 0. 

ii) Design substitute column and compute Is. 
For second floor - roof: 

                           kb = 21.953  105mm3         21.953  105mm3       (Interior frame)            2kb = 87.812  105 mm3    
                       kb = 17.798  105mm3         17.798  105mm3        (Sidewall frame)            2kb = 71.192  105 mm3    

 
        For ground and first floors:               (Interior frame)                      2kb = 17.562  106 mm3    

                  (Sidewall frame)                    2kb = 14.238  106 mm3    

 

                    a) Actual frame               b) Substitute frame 
Figure C.2 (a) Actual frame; (b) Substitute frame 
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The distribution of the earthquake load on the substitute frame is given in table C.4. 

Table C.4. Earthquake loading on substitute frames 

Floor Interior Frames (kN) Exterior Frames (kN) 
Roof 108.22 101.94 

Eighth 66.91 62.02 
Seventh 59.89 55.20 

Sixth 53.06 48.26 
Fifth 44.98 46.01 

Fourth 50.59 22.50 
Third 39.16 27.61 

Second 20.71 62.15 
First 32.12 -40.65 

Ground 1.00 81.72 
  

Compute EIe of column in interior substitute frames iteratively with 

reinforcement determined using first-order analysis 

Design strengths of concrete and steel, 

fcd = 17 N/mm2 and fyd = 365 N/mm2. 

Table C.5 Story axial load and first-order moment for the design of substitute column of 
interior frames 

Design Action Effects  Substitute Column 
Factored story axial force, Pu (kN) 0.975 D + 1.20 L 7383.30 
Factored story Ms moments (kN-m) At top -554.68 

At bottom 1673.24 

Cross-section of substitute column, 

b/ h = 723/ 723 mm with h‟/ h = 0.1. 

Determine related normal force and moment: 

     
;83.0

72317
107383.30
2

3







ccd

Sd
Sd Af

N


     
26.0

72317
101673.24
3

6







hAf
M

ccd

Sd
Sd  

From EBCS-2: Part 2, Uniaxial Chart No. 2, h’/h = 0.10 

 = 0.57, and bal = 0.35. 





400

7231757.0 2

,
yd

ccd
tots f

Af
A

 12663.11 mm2 

As,min = 4181.83 mm2 and thus As,tot/4 = 3165.78 mm2 at each corner. 
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Compute EIe:  

      EIe = 0.2EcIc + EsIs 

            = 0.2  1100  17  7234/12 + 200000  4(  63.494/64 + 3165.78  289.202) 

            = 8.5162   1013 + 21.2458  1013 

            = 29.7620  1013 N-mm2 

Or alternatively, 





3

3

10)7.6505(
7231735.0

)1( bal

bal
e r

M
El 29.2646  1013 N-mm2 > 0.4EcIc 

Determine the effective length Le of substitute column: 

Compute EcIc/Lc and EbIb/Lb: 


c

cc

l
IE

 {
            

                    

            
                             

             
                    

 


b

bb

l
IE

 {
            

                 

              
                  

 

6

66

1 10 8.781
10 159.410536.6




 = 1.218, 6

66

2 10 17.562
10 159.410251.7






 
= 0.650 

 0.6501.2185.7
0.6501.2186.1)0.6501.218(45.7






L
Le = 1.317 > 1.15 

 Le = 1.317  4800 = 6319.41 mm. 

Determine story buckling load, Ncr: 

2

132

2

2

)41.6319(
10  29.7620 




e

e
cr L

EI
N = 73554.25 kN 

Compute sway moment magnification factor: 

 73554.2530.73781
1

1
1







crSd
s NN

 = 1.111 

Continue iteration with amplified sway moment as shown in Table 1: 

Table C.6 Determination of critical load for interior frames iteratively 

 

b/h NSd Ms δ Ms*δs    As,tot As,min As,tot/4 Ø EIe Ncr δ

723 7378.3 1673  1859.8    14440 4181.8 3610.1 67.8 3.2754E+14 80948.93 1.100 

723 7378.3 1673  1841.1    14440 4181.8 3610.1 67.8 3.2754E+14 80948.93 1.100 

   

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Compute EIe of column in exterior substitute frames iteratively with 

reinforcement determined using first-order analysis 

Table C.7 Story axial load and first-order moment for the design of substitute column of 
exterior frames 

Design Action Effects Substitute Column 
Factored story axial force, Pu (kN) 0.975 D + 1.20 L 4183.20 
Factored story Ms moments (kN-m) At top -517.54 

At bottom 1655.97 
 

Cross-section of substitute column, 

b/ h = 723/ 723 mm with h‟/ h = 0.1. 

Determine related normal force and moment: 

     
;471.0

72317
104183.20
2

3







ccd

Sd
Sd Af

N


  
258.0

72317
101655.97
3

6







hAf
M

ccd

Sd
Sd  

From EBCS-2: Part 2, Uniaxial Chart No. 2, h’/h = 0.10 

 = 0.35, bal = 0.26. 





400

7231735.0 2

,
yd

ccd
tots f

Af
A

 7775.59 mm2 

As,min = 4181.83 mm2 and As,tot/4 = 1943.90 mm2 at each corner. 

Compute EIe:  

      EIe = 0.2EcIc + EsIs 

= 0.2  1100  17  7234/12 + 200000  4(  49.754/64 + 1943.90  289.202) 

            = 8.5162   1013 + 13.0305  1013 

            = 21.5467  1013 N-mm2 

Or alternatively, 





3

3

10)7.6505(
7231726.0

)1( bal

bal
e r

M
El 15.2221  1013 N-mm2 > 0.4EcIc 

Determine the effective length Le of substitute column: 

Compute EcIc/Lc and EbIb/Lb: 


c

cc

l
IE

 {
            

                    

            
                             

             
                    

 


b

bb

l
IE

 {
            

                 

              
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        6

66

1 10 7.119
10 4.15910536.6




 = 1.502, 6

66

2 10 14.239
10 4.15910251.7






 
 = 0.801 

0.8011.5025.7
0.8011.5026.1)0.8011.502(45.7






L
Le = 1.379 > 1.15 

 Le = 1.379  4800 = 6618.81 mm. 

Determine story buckling load: 2

132

2

2

) 6618.81(
10  5467.12 




e

e
cr L

EI
N = 48542.32 kN 

Compute sway moment magnification factor: 

  48542.3220.41831
1

1
1







crSd
s NN

 = 1.094 

Continue iteration with amplified sway moment as shown in Table C.8: 

Table C.8 Determination of critical load for exterior frames iteratively 

b/h Nsd Ms δ Ms*δs    As,tot As,min As,tot/4 Ø EIe Ncr δ

723 4183 1656  1812.1    9109 4181.8 2277.1 53.8 2.379E+14 53585.73 1.085 

723 4183 1656  1796.2    8886 4181.8 2221.6 53.2 2.341E+14 52744.94 1.086 

723 4183 1656  1798.6    8886 4181.8 2221.6 53.2 2.341E+14 52744.94 1.086 

   


            

Determine a single sway moment magnification factor for the whole story: 

51.51023488.449891
1

1
1







 crSd
s NN

 = 1.097 

Ncr = 5 x 80948.93 + 2 x 52744.94 = 510234.51 kN 

Magnified design column end moments: 

Columns of interior frames in first floor: 

Exterior columns: 

     Top of column: Mns = 71.19 kN-m; Ms =  334.85 kN-m; 

          Mtop = 71.19+ 1.097   334.85 = 438.52 kN-m. This is M1. 

Bottom of column: Mns = -23.07 kN-m; Ms =  410.66 kN-m; 

           Mbottom = -23.07 – 1.097   410.66 = -473.56 kN-m. This is M2. 

Interior columns: 

Top of column: Mns = 0.00 kN-m; Ms =  466.77 kN-m; 

Mtop = 0.00 - 1.097   466.77 = -512.04 kN-m. This is M2.  
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Bottom of column: Mns = 0.00 kN-m; Ms =  481.56 kN-m; 

Mbottom = 0.00 + 1.097   481.56 = 528.27 kN-m. This is M2. 

C.2.1.6. Check whether the Maximum Column Moment Occurs between the Ends 

of the Column. 

Compute the design axial loads NSd and moments MSd for load case 1 from a first-order 

frame analysis.  

Table C.9 First order analysis outputs for first floor columns on axis 2, for load case 1 

Design Action Effects Exterior Columns Interior Columns 
Design axial force, NSd (kN) 0.975D+1.20L+1.0E 2415.24 3534.12 
Design Moments MSd (kN-m) At top -409.04 -466.77 

At bottom 433.73 481.56 

 Exterior column: 

ee     {

                        

                 
 

Le = 1.40  4800 = 6720.00 mm; thus  = Le/ i = 6720.00 / (0.3  550) = 40.73. 

Second order eccentricity, )1(
10

2
1

2 r
Lk

e e  

Since  > 35, k1 = 1.00; (1/r) = (5/405)10-3 = 12.346  10-6/ mm 

 6
2

2 10101.10
10

)6720)(00.1(e 45.61 mm 

Additional eccentricity, ea = Le/300  20 mm 

etot = ee + ea + e2 = 71.83 + 20 + 45.61 = 139.85 mm < 168.12 mm (even with ea) 

Therefore the maximum moment is at the end of the column. The same is true for the 

interior column. 

Summary of Load Case 1: 

 Exterior column: NSd = 2415.24 kN, MSd = 473.56 kN-m 

 Interior column: NSd = 3534.12 kN, MSd = 528.27 kN-m 

C.2.2. Load Case 2: Gravity Loads Only:  

Sd = 1.3D + 1.6L 
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C.2.2.1. Check whether the Story is Sway or Not 

This step is the same as that for load case 1. 

C.2.2.2.  Check for Slenderness   

This step is the same as that for load case 1. 

C.2.2.3. Computation of the Factored Axial Loads Pu, the Mns, and Ms Moments 

from a First-order Frame Analysis 

Table C.9 First order analysis outputs for first floor columns on axis 2, for load case 2 

Design Action Effects Exterior Columns Interior Columns 
Factored axial force, Pu (kN) 1.3 D + 1.6 L 2562.78 4712.17 
Factored Mns moments (kN-m) At top 94.92 0.00 

At bottom -30.76 0.00 

C.2.2.4. Computation of Effective Buckling Length Factors 

This will be the same as in load case 1. 

C.2.2.5. Computation of the Magnified Moments for Load case 1 

Since there are no lateral loads, Ms = 0 in all columns. 

Exterior columns:  Mtop = Mns + sMs = 94.92 + 0 = 94.92 kN-m. This is M2. 

        Mbottom = -30.76 kN-m. This is M1. 

Interior columns: Mtop = Mns + sMs = 0.00 + 0.00 = 0.00 kN-m. This is M1. 

       Mbottom = 0.00 kN-m. This is M2. 

Summary of Load Case 2: 

 Exterior column: NSd = 2562.78 kN, MSd = 94.92 kN-m 

 Interior column: NSd = 4712.17 kN, MSd = 0.00 kN-m 
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Appendix D 

D. Iterative P-∆ Second-order Analysis Example  

It is well known that direct P-∆ analysis and amplified sway moments method are 

approximate methods which have been introduced to simplify the more rigorous, but more 

realistic, method of the iterative P-∆ second order analysis. ACI and EBCS give 

procedures for the sway moment magnification method. As can be seen from section 5 of 

this material (results and discussions), the results of the ACI and EBCS provisions have 

been compared with the iterative P-∆ second order analysis results. Although some 

commercial structural analysis softwares such as ETABS and SAP do the iterative P-∆ 

second order analysis, all the iterative P-∆ second order analyses have also been made 

manually so that the results can be used as references to evaluate the validity of the two 

code provisions. The outputs of ETABS 9.7.4 iterative P-∆ second order analysis have 

also been included in the report for comparison purpose.  

The five story regular building frame in section 4.1.2 and section 5.1 under gravity and 

earthquake loading (load case 2) has been selected as an illustrative example to show how 

the iterative P-∆ second order analyses were done for all the frames chosen for the 

intended purpose. 

Load combination according to ACI: U = 1.05D + 1.05L +1.0E  

For this load combination, the lateral earthquake loads at each floor level, to be applied at 

5% accidental eccentricity from the center of mass, are given in table D.1 below. 

Table D.1 Lateral earthquake loads  

Floor Level Lateral EQ Loads (kN) 
Roof 800.312 

Fourth 580.462 
Third 470.645 

Second 360.828 
First 254.577 

Ground 111.378 

After loading these earthquake loads and undergoing a first order analysis, the horizontal 

displacements Δ of the top of each story relative to the bottom of the story shall be 

obtained. These relative displacements shall then be used to calculate the sway forces to 

be added to the lateral EQ loads for the next iteration. This iteration shall be repeated until 

the horizontal displacements between two consecutive iterations converge adequately 
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(less than 2.5%). Then the column end moments (sway moments) due to the earth quake 

loads shall be taken from the last iteration and added with the nonsway moments to obtain 

the design moments.  

Table D.2 Calculation of Sway Forces - Load case 2 - Iteration No. 1 

Floor Story ∑Pu 

(kN) 
Floor ∆ 
(mm) 

Story ∆ 
(mm) 

lc 

(mm) 

     

  
 

Sway Force  
(kN) 

EQ Loads 
(kN) 

 
Roof  

 
111.175 

   
8.605 808.918 

 5th 5680.69 
 

5.302 3500 8.605 
  4th  

 
105.873 

   
28.021 608.483 

 4th 14390.79 
 

8.908 3500 36.627 
  3rd  

 
96.965 

   
42.854 513.499 

 3rd 23100.88 
 

12.042 3500 79.480 
  2nd  

 
84.923 

   
59.325 420.152 

 2nd 31810.96 
 

15.272 3500 138.805 
  1st  

 
69.651 

   
134.280 388.858 

 1st 40669.92 
 

30.216 4500 273.085 
  Ground  

 
39.435 

   
283.287 394.665 

 Ground 49380.06 
 

39.435 3500 556.372 
  Base         

 

The earthquake loads obtained after iteration no.1 by adding the sway forces shall be applied 

in the structure and a new set of horizontal displacements and sway forces and thus lateral 

forces shall be obtained as shown in iteration no. 2 below. This iteration shall be repeated 

until the results converge adequately. 

Table D.3 Calculation of Sway Forces - Load case 2 - Iteration No. 2 

Floor Story ∑Pu (kN) Floor ∆ 
(mm) 

Story ∆ 
(mm) 

lc 

(mm) 

     

  
 

Sway Force 
 (kN) 

EQ Loads 
(kN) 

 ∆2/ ∆1 

Roof  
 

124.919 
   

8.766 809.078 
  5th 5680.69 

 
5.401 3500 8.766 

  
1.019 

4th  
 

119.518 
   

29.004 609.466 
  4th 14390.79 

 
9.186 3500 37.770 

  
1.031 

3rd  
 

110.332 
   

45.552 516.197 
  3rd 23100.88 

 
12.624 3500 83.322 

  
1.048 

2nd  
 

97.708 
   

66.054 426.881 
  2nd 31810.96 

 
16.435 3500 149.375 

  
1.076 

1st  
 

81.273 
   

159.192 413.769 
  1st 40669.92 

 
34.142 4500 308.567 

  
1.130 

Ground  
 

47.131 
   

356.385 467.762 
  Ground 49380.06 

 
47.131 3500 664.952 

  
1.195 

Base          
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Table D.4 Calculation of Sway Forces - Load case 2 - Iteration No. 3 

Floor Story ∑Pu 

(kN) 
Floor ∆ 
(mm) 

Story 
∆ 

(mm) 

lc 

(mm) 

     

  
 

Sway Force 
(kN) 

EQ 
Loads 
(kN) 

 ∆3/ ∆2 

          
Roof  

 
127.143 

   
8.773 809.085 

  5th 5680.69 
 

5.405 3500 8.773 
  

1.001 
4th  

 
121.738 

   
29.050 609.513 

  4th 14390.79 
 

9.199 3500 37.823 
  

1.001 
3rd  

 
112.539 

   
45.749 516.394 

  3rd 23100.88 
 

12.662 3500 83.572 
  

1.003 
2nd  

 
99.877 

   
66.903 427.730 

  2nd 31810.96 
 

16.556 3500 150.475 
  

1.007 
1st  

 
83.321 

   
163.515 418.092 

  1st 40669.92 
 

34.742 4500 313.990 
  

1.018 
Ground  

 
48.579 

   
371.391 482.769 

  Ground 49380.06 
 

48.579 3500 685.381 
  

1.031 
Base          

 

Table D.5 Calculation of Sway Forces - Load case 2 - Iteration No. 4 

Floor Story ∑Pu (kN) Floor ∆ 
(mm) 

Story 
∆ 

(mm) 

lc 

(mm) 

     

  
 

Sway Force 
(kN) 

EQ Loads 
(kN) 

 ∆4/ ∆3 

          
Roof  

 
127.535 

   
8.773 809.085 

  5th 5680.69 
 

5.405 3500 8.773 
  

1.000 
4th  

 
122.13 

   
29.050 609.513 

  4th 14390.79 
 

9.199 3500 37.823 
  

1.000 
3rd  

 
112.931 

   
45.782 516.427 

  3rd 23100.88 
 

12.667 3500 83.605 
  

1.000 
2nd  

 
100.264 

   
67.024 427.852 

  2nd 31810.96 
 

16.573 3500 150.629 
  

1.001 
1st  

 
83.691 

   
164.282 418.860 

  1st 40669.92 
 

34.844 4500 314.912 
  

1.003 
Ground  

 
48.847 

   
374.251 485.628 

  Ground 49380.06 
 

48.847 3500 689.162 
  

1.006 
Base          

 

Thus the results have converged adequately. The sway moments of the columns under 

consideration are those values of end moments at the fourth cycle (after the iterative P-∆ 

second order analysis has converged) and are given in table D.7 below. 
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Table D.6 Determination of Sway moments due to EQ loads  

Design Action Effects Exterior Columns Interior Columns 
δsMs (kN-m) At top 211.07 337.70 

At bottom 127.72 295.68 

Table D.7 First order analysis outputs for frame on axis 3, for load case 2 

 
Design Action Effects 

Exterior 
Columns 

Interior 
Columns 

Factored axial force, Pu (kN) 1.05 D + 1.275 L 1351.77 2194.03 
Factored Mns moments (kN-m) At top 100.53 -8.29 

At bottom -110.87 11.83 
 

The final design end moments shall thus be obtained by adding the magnified sway 

moments given in table D.6 and the nonsway moments given in table D.7. 

M1 = M1ns + δsM1s  (Eq.3.10) 

M2 = M2ns + δsM2s     (Eq.3.11) 

Exterior columns in first story: 

Top of column: Mns = 100.53 kN-m; sMs =  211.07 kN-m 

Mtop = 100.53 + 211.07 = 311.60 kN-m. This is M2. 

Bottom of column: Mns = -110.87 kN-m; sMs =  127.72 kN-m 

Mbottom = – 110.87 - 127.72 = 238.59 kN-m. This is M1. 

Interior columns in first story: 

Top of column: Mns = -8.29 kN-m; sMs =  337.70 kN-m 

Mtop = -8.29 – 337.70 = -345.99 kN-m. This is M2.  

Bottom of column: Mns = 11.83 kN-m; sMs =  295.68 kN-m 

Mbottom = 11.83 + 295.68 = 307.51 kN-m. This is M1. 

Summary of Iterative P-Δ Analysis for Load Case 2: 

 Exterior column: NSd = 1351.77 kN, MSd = 311.60 kN-m 

 Interior column: NSd = 2194.03 kN, MSd = 345.99 kN-m 
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