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and then let (vk(-k))2 = ;(l +gk_l’kJ and vk(j) =i k-1 , J=k+1,...,n

s PN
where the plus or minus sign will be chosen below. The motivation for (40) can
be found in the algebra leading to the proof that the desired n — k elements in the
(k — 1) * row (column) of Ay are zero and that (41) is satisfied.Proceeding as
above at each step, we arrive at a tridiagonal matrix A,.;.

The accuracy of this method depends naturally on the accuracy of the matrices Py,
and these in turn depend upon the accuracy of the components of (39). The key to

k)

making this accuracy as great as possible is to make vi*) as accurate as possible,

which we do by choosing the sign in (40) to be that of gy, thus avoiding a
possible loss of significant figures resulting from the subtraction of almost equal

quantities. We then use the same sign in (40). The total number of operations is

2 . 4 . o .
of the order of §n3, compared with EHB for Given’s method,it is twice. At

each stage it would appear that two square roots are required one for /S and one

for

/2
(vk(k))z] . However, by arranging the calculations properly, the latter or these

two need not be calculated. Therefore, Householders method requires

(n—-2) square roots compared with (n— 2)(n-1)/2 for Givens’ method. For
large matrices, then, Householder’s method is a more efficient way than Givens’
method to reduce a symmetric matrix to tridiagonla form. The discussion in Sec.
2-4 on finding the eigenvalues and eigenvectors of tridiagonal matrices also
applies here. Calculation of the eigenvectors of A from the eigenvectors of a
tridiagonal matrix found using Householder’s method is considered in QR method
sec.2-7.

Example 2-6; Apply Householder’s method to the matrix of Example 2.2a

As in example:2-4, there is only one step to perform.

2
WehaveS=12+(%] :% ., /S ~1.11803

Since a;2 = 1, we choose the + sign in (41) and get
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. 1 1/2
1@ < _[H ] 97385
2 1.11803

3 & 1 ~.22975
xX (1. X.
4 (1.11803)x 97325

(In fact the calculation of the square root required to get v,

@) can be avoided, as

mentioned above . The best way to proceed with the computation is to note that
AP = A —2wivi with wie = A vy
and then to use the result
A =P AP = A — 2V — 2QuV &
with qx = W — (Vkka)vk,. In this example then we compute
W' =v,'A=[1.08813 1.03069 .70281]
Then va'w;=1.16459 and q,' =[1.08813 -.10275 .43525]

1 —1.11803 0
Finally 4, =|-1.11803 1.40000 -.55000|=B
0 —.55000  1.60000

Then we can find Det(B-tI) and apply Newton's method as in Given's method or
QR method to get the eigenvalues 2 .53653 ,1.48012, -0.0166473 Which except
for round off and some sign changes is the same matrix as B in example2:4.
Because only a single orthogonal transformation is needed in this case, we expect
Given's and Householder’s methods to lead to essentially the same tridiagonal
matrix. But for higher-order matrices, this will not be the case. Note the
desirability of computing double precision scalar products in this method in order
to minimize round off.

2.6.1 Methods for nonsymmetric matrices (Hyman’s method)

(Reduction to lower Hessenberg form)

Our approach to nonsymmetric matrices will be similar to that of Given's and
Householder’s methods in the sense that we shall perform a series of

transformations on the matrix A similarity more often than orthogonal in order to
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reduce A to a matrix B with the same eignvalues as A but whose eigenvalues are
more easily calculable. In the method to be considered the matrix B will be
tridiagonal, as in the case of Givens’ and Householder’s methods. In Sec.2-6-2
we shall consider techniques for reducing A to a matrix B which has the form
shown in Fig. 2.2. Such a matrix is said to be in super triangular or, more
commonly, in lower Hessenberg form (where as the transpose of such a matrix is

said to be in upper Hessenberg form).

bll blZ

bZI bzz b23 O
n=1,n

_bnl -

Figure:2.2 a matrix in lower Hessenberg form.
A vital aspect of the calculation of the eigenvalues of nonsymmetric matrices is

the stability of the calculation with respect to the growth of round off errors. The
details of the round off-error analysis of the methods we are about to consider are
beyond the scope of this seminar paper. We shall content ourselves with making
some general comments on this matter in what follows; for more details the reader
is referred to the references mentioned in the Bibliographic Notes.

2-6-2 Supertriangularization (Reduction to Hessenberg form)
If Givens' or Householder's method is applied to nonsummetric matrix A, the
result is a Hessenberg matrix, as shown in Fig-2.2 . However it is possible to
reduce a general matrix A to Hessenberg form with considerably less computation
than is required by the methods mentioned above. This can be achieved by using
Gaussian elimination instead of orthogolnal transformations. Moreover, by using
partial pivoting, this process can be made extremely stable with respect to
round off error.
As in Given's and Householder's methods, we proceed row by row to make the

off-tridiagonal elements (in the upper triangle) zero. Suppose we have done this
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forrows 1, ..., k-1. For convenience let the elements in the matrix at this stage

still be denoted by a;;. Then for row k we

1. Select the largest element ay in magnitude among ay ax+, .. akn and
interchange columns k + 1 and 1.

..
2. Caleulate my; =——"— j=k+2,.,n (41)

Ak

where, because of step 1, |m ¥ | = 1l

3. Add my times column k + 1 to columnj, j=k+2,..n

Step 1 and each part of step 3 are equivalent to post multiplying the matrix by
elementary column matrices. Thefefore, to complete the similarity transformation
for row k, it is only necessary to premultiply by the inverses of these
(nonsingular) elementary matrices. It is quite easy to see that the zero elements in
rows 1, ..., k - 1 remain zero. Therefore, performing this algorithm fork =1, ...,
n-2 results in a matrix B = [bjj] in Hessenberg form. The stability of this method
with respect to round off results from the fact that the my; in (41) are all no greater

than 1 in magnitude.

The number of multiplications and divisions required is §n3 +0(n?)

While Householder's method for nonsymmetric —matrices requires

4
5 n® +0(n*) operations plus (n - 2) square roots.

In the next section we shall consider a powerful method for calculating all the
eigenvalues o f amatrix in Hessenberg form. In the remainder o f this section,
however, we shall consider how we can calculate an eignvalue and eigenvector of
such a matrix. We assume throughout the remainder of this section that no b; j+; is
0, for if so we can then consider a reduced matrix .
The system of equations (B - AI) x = 0 can be written
(bi1-A)x1 + biaxa =
ba1x1 + (b2 -A)Xz + basxs =) (42)

buix) +bupxz + ... + (ban - A)Xq —
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Now let us assume a value of A and set x; = 1 in the first equation. The first n-1
equations can then be solved recursively for x5,...,x,. But the last equation will be
satisfied only if A is an eigenvalue . Denote the value of the left-hand side of the
last equation by F(A). We shall now show that F(A) is multiple of the
characteristic equation.

The matrix B - Al has the form

B-Al=|"", = %, e (43)

Fori=2, ..., n we multiply the i column by x; as found above and add this to the

first column, thereby obtaining the matrix

D e (45)

F LAY by o o by = 4

We have then
n—l
|B - Al = F()] [ b, = cF(A) (40)
i=1

where c is nonzero since we have assumed no bjj:; = 0. Since our object is to find
a zero of F(A), we can use one of the techniques in (1.0) of unit-I to find this
zero. Since the eigenvalues of B may be complex, an appropriate choice is
Newton’s method in (1.0), which can find a complex root starting with real
approximations and which has good convergence properties. Alternatively, we
could compute one or two derivatives of F(A) and use the Newton-based method
of Sec.1.To compute F()), we differentiate (42) with respect to A, taking into

account that the x;, i = 1,..., n, are function of A.
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We get the system (b - A)x'; - Ax; + bypx';, =0

b21x't + (b2 - A)x'2 - Axz + bysx'3 =0

bn1x't + bugx’s + ...+ (byy - A)x'h - A%, =0 (47)
Setting x; = 1, x'y = 0, we solve (47) successively for x%,....,x', using the
previously computed values Xa,...,x,. The value of the left-hand side of the last
equation is then F' (). We proceed similarly for F"().
It might seem that the accuracy of this procedure would be severely curtailed if
any of the b;;+ are very small in magnitude because of the necessity of dividing
by bij+1 in the recursion used to solve the firstn -1 equations of (42). But,
in fact, it can be shown that there is little correlation between the accuracy
of the method and the magnitude of the b;;1,1=1, ...,n- 1.
Having computed an eigenvalue of B by the procedure above, we compute the
corresponding eigenvector by inverse iteration (Sec.2-2), which is quite efficient
for Hessenberg matrices.

Once we have computed one eignvalue A, we apply an implicit deflation and find

a zero of
Fi(A) =F(A)/(\ - 11). More generally, once we have computed A4, . . ., A,
we seek a zero of F (1) = - (48)

P
1—[ (l . ’1,')
i=l
evaluating F(A) by (42). The Newton-based method can be computed using the

formulasin (1.0) as 4,y =4, - F(4,)/ F'(4,)

Example 2:7 Apply the Gaussian elimination and deflation methods of this

section to the matrix

Interchanging the second and third columns of the matrix and then eliminating the

element in the (1, 3) position, we obtain the matrix
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(49)

Then premulitplying by the inverses of the elementary matrices used to derive

(49), we obtain g

9

b—l‘v—‘ o8]

3
5 i1
3
!

i

3

To calculate an eigenvalue of B let us take as initial approximations A = 0,

1 : .
= Y, and A = —. Then using equations (42) we calculate

L
3
cF(L) = Det(B- AI) = Det(A-AD) = -A* + 2A%45A-6. ¢ =3/11.

F(0) = ~§, F ~l :—@, and A =.912537. Convergence to A;=1
11 2 88

is very rapid (five iterations).

Now suppose we have found A; = 1. Then, to calculate the next eigenvalue of B,

we use the same initial approximations, and using (47), we calculate

F1(0) = —%, F (— —] =——, and F](%)=Z—j Using the same method again,

A, converges to —2 in one iteration._ Similarly A3 = converge s to 3 in one
iteration,

Eigensystem[A] gives eigenvalues -2,1,3 and eigenvectors (-11,-1,-14),
(1,1,1) and (-1,1,1).



57

2-7  The LR and QR algorithms

The basis of these methods is the successive factorization of a sequence of
matrices {Ay}, all of which have the same form as the original matrix A, = A; for
example, if A is tridiagonal, so is every Ay.The key to these methods is the
observation that if A, is factored into the product F,G,, where F, is nonsingular,
then if we multiply F, and G, in reverse order, the matrix A; = G,F; has the same
eigenvalues as A;. This is true because
Ay =GF, =F/'AF, (50)
So that A; and A; are similar. Now A, itself can likewise be decomposed into
Aj =F,Gy, and in this way we define a sequence of matrices
Ag = Fi Gy = Gy Fiy k=23, n
A =A=F G (51)
The following properties of the matrices Ay ,Fy, and Gy are of interest to us:
All the matrices Ay are similar and therefore have the same eigenvalues.
This follows from (50).
Let Ex = F, ... Fy, so that Ei is nonsingular. Since, as in (50),
A1 =R ARy,
it follows inductively that
Awn = E A By (52)
Let Hy = Gy, ... Gy. Since FiG;= G;.iF;.,
ExHy =F, ... F.iFkGiGyi ... Gi =Fj ... F1Gr1Fx1Gke1 ... G1 = Ex.1AxHy.

Hence using (52) with k replaced by k - 1, ExHyx = A Ex. Hy.1.
By repetition of this process we arrive at EHy = A, (53)
The LR and QR algorithms come from the following two factorizations of A.
LR : If we assume that there exists a unique triangular decomposition for
each Ay,
Ay = LUy with Ly unit lower triangular and hence nonsingular, then
Fi = Ly, and Gy = Uy defines the LR transformation. Such a decomposition may

not necessarily exist even if Ay is nonsingular. In this case, all we know is that for
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some permutation matrix P, PAy = LiUiHence, the above assumption is
nontrivial.

QR: If we assume that it is possible to decompose an arbitrary real matrix A into
a product QR, where Q is orthogonal and R is upper triangular with nonnegative
diagonal elements, and that when A is nonsingular, this decomposition is unique,

then Fy = Qx, Gk = Ry defines the QR transformation.

In contrast to the LR case, we now show that QR decomposition always exists
by construction.
To obtain this decomposition, we apply to A a sequence {Pyx} of Householder
transformations, as in Sec. 2.5, making sure at each stage that the diagonal
element becomes nonnegative.
This is always possible since such transformations are determined up to a sign.
Thus, we find that

PyiPog.. PiA=R (54)

Since each P; is orthogonal, we have that A = QR, where
Q=[Pni ... P11’

Since each Pj is uniquely determined by the nonnegativity condition if the
diagonal element a?; is not 0 when P; is applied, it follows that when A is
nonsingular, the decomposition is unique.

Since the product of triangular matrices is triangular and that of orthogonal
matrices is orthogonal, we have that Ey is the lower triangular or orthogonal factor
of A" . Hence the convergence of either the LR or QR process is determined by

the behavior of the sequence {Ey}, since Ay = E' A E,.

Theorem2:2 If {Ex} converges to a nonsingular matrix E., as k—>c0, and if each
Gy is an upper triangular matrix, then limy_,.. Ay exists and is an upper triangular

matrix.

proof: Since {Ex} converges, the following limits also exist
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lim lim
koot :k—moE bl =4 (53)
lim lim 4 lim
G, = . —>aon = _)wAHlF = vaooE kA E,
= E'wAiEs

exists and is upper triangular, which proves the theorem.

An investigation of the convergence of the Ey in general is beyond the scope of this
seminar topic. However, we shall prove a quite general theorem for the QR case,
since this is the case of practical importance, and quote some results for cases not
covered by the theorem.

First we make the following definition.If the sequence {Ay} produced by either
algorithm tends to upper triangular form even though elements above the main
diagonal may not converge, we say that the algorithm converges essentially. If the
sequence {Ay} converges, we say that the algorithm converges.

Theorem 2-3: Let the real (n x n) matrix A; = HAH’I, where

A=diag {Ay, ..., A} If | M| > | Ag|>. .. > Ay >0, and ifH'=Y hasan LU
factorization L,Uy, then the QR algorithm converges essentially.

PROOF : A", =HA'H' = HA*L,U, = H(A"L,A™)(A*U,) (56)
Now A L,A™ =1+ By, where

we thus have that

A¥ = H(I + By )(A'Uy) (57)
where, since [Ai/Aj| <1,1>], By &> 0 ask — <.
Now, by our previous construction, H can be decomposed into Q4R,, where
Ry has positive diagonal elements.
Therefore, A = QR(I+ B)(A*U,) = QI + R,B{R (R, A*U,) (58)
Since By — 0, 1 + R.BR, will eventually become nonsingular and hence will

have a unique factorization Q,R, ,where 0, — I,R, — I as k—w.



60

Thus A" = (0.0, JRRAU,) (59)
This need not be the QR factorization of Ak1 since the diagonal of the second factor
need not be positive because of A" and U,. We therefore define diagonal orthogonal

matrices Dy and D; such that D|A and D,Uj, have positive diagonal elements.
Therefore, 0,0,D">D, is the orthogonal factor of A’
Hence, with 0.0, D™D, playing the role of E,
A1 =DD2Q 707 x40.0,D 72D ™ —D4D,0" 40D D™,
= D"1(D:RAR™,D™)D™) (60)
ask — oosince O, —»7 and A, = ORARYO 5

T DY converges so does Ax. But D, = diag (%1, ..., £1), and so

D*, will not converge if any diagonal element is negative.

However, this has no effect on the diagonal elements of R,AR,

(nor on the magnitudes of the elements in the upper triangle). Hence, we

have essential convergence. Further more, since the diagonal of

RAR™, = A, we see that the eignevalues appear on the diagonal in decreasing

order of magnitude.Further results on convergence, which we state without proof, are
the following,.

If, in addition to the hypotheses of Theorem 2:3, X has an LU factorization, then the
LR algorithm converges. If Y does not have an LU factorization, then since Y is
nonsingular, there exists a permutation matrix P such that PY does have such a
factorization. It is then not difficult to show that the QR algorithm still converges
essentially. However, in contrast to the case of Theorem 2,3, the eigenvalues do not
appear on the diagonal in decreasing order of magnitude. In fact, the sequence {Ax}
always converges to block triangular form, each diagonal block having roots of equal
magnitude. In general, this does not cause problems. Only when there are distinct
eigenvalues of equal modulus, do we have convergence to a form which is
troublesome. Thus, even with real multiple eigenvalues, the convergence is to
triangular form, while for multiple complex-conjugate pairs of eigenvalues, the

limiting form of Ay will yield these roots in a string of 2 x 2 sub matrices along the
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diagonal. Hence, except for rare cases, the liming form of Ay is some modification

of the form
A s X X X .. X x|
0 A5 X X X X
0 0 & o X x X X
0 0 0 X y
1
0 0 0 Bl X (>3]
0 0 0 0 0
B
0 0 0 0 0 |

Where m + 2L = n,(m,n,L € N) each B; is a 2 x 2 real submatrix with complex
conjugate eigenvalues which are eigenvalues of A, and the real eigenvalues A; and
the B; may appear in any order along the diagonal. Cases in which this limiting form
is not achieved almost never arise in practice since, as we shall see below, the QR
transformations are modified by shifts, which greatly reduce the possibility of
distinct eigenvalues of equal modulus.Returning to Theorem 2;3, we see that

(k

a®i — A as k — o,

In fact, it can be shown that
k k k k
at )if = ﬂi+0(r i) at )i+1,i = O(r 1') (62)

A

i+1

A,

i

Where r; = max [—‘

2

=1

] /10350 /1"-!—1:0

, and our strategy is to try

Which is a linear convergence. In particular, #, = [i" /2,

to modify the algorithm to make r, very small so that a,, = A, and a,,.; — 0 very
rapidly. Looking ahead a little, if the A were upper Hessenberg or tridiagonal,

then once a, .1 converged to 0 to with good accuracy, we would have computed
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A = .

Then we could deflate the matrix and work only with the matrix of order n - 1
consisting o fthe firstn - 1 rows and columns of Ay. T hus successive d eflations
would result in less and less work to compute succeeding QR
transformations.Recalling our discussion of the power method (Sec. 2;1 and 2.2), we
know that the eigenvalues of Ay -pI are A; - p; :i= 1, ..., n, so that if we can choose an
appropriate value of p, the ratio |[(Ay-p)/(An1 - p)| will converge to 0 very rapidly. A

good estimate of A, would serve this purpose very well. In order to allow us to

choose the best estimate at each iteration, we must work with Ay = Pyl, involving the
variable shift px. This gives us the modified algorithm

Factor Ay - pil into Fy Gy

K=12,3,.. (63)

Form Ay = GeFi + pil
Then, as before,

A =Fy . FLAF, ... F =B AE

k

and EH, =][4-PI)

J=1
k
If we define ¢, (1) = I I g (A- P the proof of Theorem 2;3 will carry over to the
=

modified algorithm when A%; is replaced by #,(4,). Thus, provided the P; are chosen

so that
|@, (A)] # |4, (A,) |,i#s, for K> s and so that ¢, (4,)=# 0, then the modified algorithm

will converge. We defer until later our discussion of the choice of P;.

2.7-2 The simple QR algorithm
As indicated above, we shall restrict our attention to the QR algorithm. We do
this because the LR algorithm is numerically unstable. This is clearly true for the

general situation since the LU decomposition of a matrix without pivoting may
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lead to disaster. While it is possible to modify this algorithm to include
pivoting, the theoretical basis of the convergence proof is lost, and, in fact, simple
examples can be constructed for which convergence does not take place. Even
when the LU decomposition without pivoting can be justified, as in the case of
positive definite symmetric matrices, in practice there is a loss of accuracy.
Hence, even though the QR algorithm is more expensive than the LR algorithm,
its superior numerical properties more than make up for the extra labor.If we
count the number of operations involved in a single FG transformation applied to
a full matrix, we find that it is of the order of n’. Since many iterations may be
necessary before convergence, this could be quite an expensive task. Fortunately,
the workload decreases substantially if we work with Hessenberg or tridiagonal
matrices, which we can do in as much as the QR transformation leaves these
forms invariant. The work involved in a single transformation is of the order of
n? operations for Hessenberg matrices and of n operations for triadiagonal
matrices. We shall henceforth restrict our discussion to such matrices, where we
further assume that all elements on the sub diagonal are nonzero, since otherwise
we could decompose our problem into smaller ones. We now distinguish between
two cases. In this section, we shall deal with the case where we know that all the
eigenvalues are real. In Sec. 2: 6-2 we dealt with the case where some of the
eigenvalues may be complex. In the first case there is a very efficient scheme for
implementing the QR transformation.Since Ay is now assumed to be Hessenberg
or tridiagonal form, we need not use Householder transformations to transform Ay
to upper triangular form but can use plane rotations.Recalling the notation of Sec.
2:4, we apply the sequence of transformations (i,1+ 1,1),i=1, ..., n-1 to

Ay - pkl, where premultiplication by the corresponsiding matrix STi LA

th

annihilates the element in the ith column and (i+ 1)" row. We thus have

STn—I,n,n—l--- ST2,3,2ST1,2,1 (A K - ka)= R | sothat

Qx="51,2,1 .« Sp-1,n,n-1,a0d Ay+1 =RyS12,1 ... Sneinn-1 + Pl (64)

Each such transformation takes about 4n” multiplications and n - 1 square roots.
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The shift pi is determined from the eigenvalues iy and vy of Ty, the bottom 2 x 2

submatrix of Ay. If both are real, we take px to be px or vi according as

(k)

or ’vk —a'm| 1s smaller. Otherwise we set px = Re py .

| ™
If our matrix A, is symmetric and tridiagonal, then since the QR transformation
preserves symmetry, all subsequent matrices Ay will be symmetric and hence
tridiagonal . In this case, the QR algorithm with shifts is very efficient. Thus the
combined algorithm of first reducing a symmetric matrix to tridiagonal form by
Householder transformations and then applying the QR algorithm is probably the
most effective way to evaluate all the eigenvalues of a symmetric matrix.

QR:inshort, A, = QR; and Aj4 = QiTAiQi

Example 2: 8 Apply the simple QR algorithm to find all the (real) eigenvalues of the

symmetric tridiagonal matrix A, where

1200 -90.86 0 0
A=A;=|-9086 1572 6759 0 (65)

0 67.59 1240 —-46.26

0 0 —4626 78.84

The computations below were carried out to about 14 significant figures.
We give the results rounded to five figures. We give the transformation from

Aj to Ay in full detail. After that, we shall only give the shifts, px, and the

matrices Ay.

.61061 — .79193 0 0

Pi=49.943; gr  _ | 79193 .61061 0 0
0 0 1 0

0 0 0 1

11473  —14042  —53.527 0

e 0 ~6.4629 41.271 0

121 == =

s 0 67.590 74.057 —16.260

0 0 16.260 28.390
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1 1 1
. 0 —.155 .185  .99546 0
S am =
0 — .99546 — 095185 0
0 0 0 1
11473 14042 -53527 O
0 67.898  69.792 —46.050
S 3028 21(A - pI) =
0 0 —48.133 4.4032
0 0 — 46260  28.897
1 0 0 0
. 0 1 0 0
ST =
0 0 — .72099 — .69294
0 0 .69294 — 72099
Ri= 11473 -14042 —53.527 0
-
T oF o |0 67.898  69.792 - 46,050
el s 0 66759 23198
0 0 0 -17.783
18126  5.1182 —53.527 0
. —53.771 41459  69.792 —46.050
B 0 66.759 —23.198
0 0 0 =17.783
181.26 —53.771 0 0
~53771  65.529 —47914 —46.050
R151215232=
0 66.456 —6.3544 —23.198
0 0 0 ~17.783
181.26 —53.771 0 0
T T ~53.771 65.529 66.456 0
TR L 0 66.456  20.657 12.323
0 0 12.323  12.822



231.20
—=33.771

4, = 5

0

25132
-23029 13629

B=53752 A=

25518

~96151
P,=64087 A, =

P, = 64.003 A, =

00

~53.771 0 0
115.47 66.456 0
66.456  70.600 12.323

0 12.323 62.765

=23029 0 0
38237 O
0 38237 28568 -2.8312
0 0 -28312 63861 |

-96151 0 0 ]
140163  24.060 0
24060 20690 —.0047934
0 —.0047934 64003

255.86 —3.9842 0 0
—3.9842 142.45 14.730 0

0 14.730 17.730 <107"°
0 0 <107 64.003

We now deflate and continue on ZS , the 3 x 3 submatrix of As, then

255.96

P.=16.014 4, =|-2.1128
0

B =16013

-2.1128 0
144.07  —.00010338

—-.00010338 16.013

- 25599 —1.1273 0
A, =[-1.1273 14404 <1077
0 <10 16013

We now deflate again and continue on A4, the 2 x 2 sub matrix of 4, .

P; = 144 .03

3 AB =

256 .00
< 10~10

<1010
144 .03

We are now through, and the eigenvalues, read off the diagonal of the full

matrix Ag, are as given in “EigenSystems[A]” as 256.00,144.03,16.013, 64.003
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Note that they are not in decreasing order of magnitude.

We see that each premultiplication by S'i;s; affects only rows i and i + 1 and,
similarly, each post multiplication by S;;+;; affects only columns j and j + 1. From
this we see that if A is tridiagonal, then R is a band matrix of bandwidth [0,2]. This
implies that the storage requirements in this case are 0(n) rather than 0(n®) and
similarly for the number of operations per iteration. We also notice that each Ay is
tridiagonal and symmetric, as expected.

We also notice that at the same time that the element in the lower right-hand corner
of the matrix is converging to an eigenvalue, the other diagonal elements are also
converging although at a slower rate. Similarly, the other off-diagonal elements are
tending to 0 although not as fast as a, ,.;. Thus, subsequent iterations on the later
deflated matrices converge in less iterations than are required for the earlier ones.
We point out one final item connected with the organization of the computation. We
have applied formulas (64) in a straightforward fashion here. This requires saving
the matrices S;;+;, 1 =1, ... n-1, or more accurately, the two values, sin 6; and cos 6;
which determine S;;;;;. However, we can reorganize the computation to avoid
saving these values by noticing that, for example, after computing STmsT] 21

(A; = pil), the first two columns remain unchanged and no information contained in
S"2328 121

(A1 = p11)Si21 before premultiplying by ST343 and therefore we need not save S;;; any
more. In general, we post multiply by Si.;.i.; after the premultiplication S”;+1.; i =2,
..., n-1 and finally, post multiply by S;.; nn-1. This saves about 2n storage locations.
Further savings in computation and storage can be obtained in the symmetric

tridiagonal case if we take into account the fact that each Ay is of the same form.

2:8  Analysis of errors in calculated eigenvalues and eigenvectors
In most of the methods considered above, we do not compute the eigenvalues
directly from the matrix itself but from a similar matrix B to which the
transformation is made. Actualy, we do not intend to compare the accuracy of the

methods as in iterations but we do compare their fastness. In the process of similarity
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there will occur round off errors due to perturbation.However, by backward error
analysis, it can be shown that for all the methods discussed in this chapter B is
similar to A + 8A, where the elements of 8A are small. In the course of the
computation of B from A, round off errors enter, so that B is not strictly similar to A.
Thus, in the reduction of the given matrix A to Hessenberg or tridiagonal form by
Householder transformations using t-digit floating-point binary arithmetic, it can be
shown that
oAl <m?27 Al (66

where y is a constant of order 1.If inner products are accumulated to double

precision, the bound (66) becomes
oAl <yn2~"[A] (67)
The important question to consider is the effect of perturbations of the

elements of A on its eigenvalues.
Let us first consider the symmetric case, where both A and B, and hence also dA, are

symmetric. If the eigenvalues of these matrices are a;, Pi, and §;, respectively,

arranged in non-increasing order, it can be shown that
o+ O, <Pi< o, + O, (68)

If the elements of A are all less than ¢ in magnitude, we have further that

nd <8,<6<nd
So that -n§ <Pi-ai<ns (69)
These results hold even when there are multiple eigenvlaues, and so it follows that
the eigenvlalue problem for a symmetric matrix is always well conditioned.
In the nonsymmetric case, we may have ill conditioning. Let o; be a simple
eignevalue of A and x; and y; the corresponding right and left eigenvectors

normalized so that x|, =[], =1.Then 8A tends to the null matrix, A + 8A has an

eignevalue o; + & such that
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T six
PR e (70)
T,
Y o iXx;
Thus, for A small enough, |5in < o4
|y ix; |

where (yi)Txi is the cosine of the angle 6, between y; and x;. Matrices e xist with
simple eignenvalues for which the cos 0; are arbitrarily small, and any such
eigenvalue is very sensitive to perturbations in the elements.

Still, if ||§A|| y 5 8, we have that |§q| 56/|c056}| and the right-hand side is linear
ing.

If a; is not a simple root, the situation may be worse. For example, the matrix

c 0

A=y (71)

c

has the double eigenvalue o; = oz = ¢, while the perturbed matrix

[c é‘}
=A+ 51 (72)
1 ol

has the double eignevalues ¢ + § 2.

We see that for a particular matrix A, some eigenvalues may be sensitive while other
are not.

For simple eigenvalues, it depends on the angle 6; between the corresponding right
and left eigenvectors. In case cos 0; is not small, o; is well determined and a good

algorithm should give accurate results.
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2:9 Application of eigenvalue proplems

1. consider the vibrating vertical spring

i B 8

D

Block

mg

This motion is defined by the boundary value second order differential
equation,
el oV b R ey s ) T TR — (73)

Y = 0 means no motion .

This is a linear second order differential equation with constant coefficients.
Hence, let y (1) = e

LY +HAYD) = (PP +A)e” =0=>pP+i=0
p:i«/zi

=y(t)= ¢ € Vit

it cy e
=AcosAt+BsinyAt
And applying boundary conditions, we get y(t) = Sin(wt).
VA =w is the eigenvalue since Dy = wy and it is found to be n eN.
w is the natural frequency (eigenvalue) of the spring that represents

the general behavior of the motion and has minimum value 1.The solution

here is un stable since the frequency or the eigenvalues vary with n in N.
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2. Application to Markov Chains' process

In the study of Markov chains the elements of the transition matrix are

the probabilities of moving from any state to any other state. A Markov
process can be described by a square matrix whose entries are all
positive and the column sums are all equal to 1. For example, a 3x3

transition matrix looks like

P11 Pi,: Pi,
R=p:a1 D22 P13

Pa,r Pi,: DPaa

where Pii+Pra+P31 =1 Pra2+Pe2+Pre =1 gnd Pra+Pro+Pra =1

Xp X 0 0
Po = Yo ] = 0 ] + Yo | + [ 0
. The initial state vector is Zo 0 0 Zo
Pia1 Pi,t D1, X P1,1 %o P11
Pz,1 D2,z DPi,a { 0 ] = [ Pra xo} =Xy | Pra
The computation ‘P31 Pa,z Pi 0 D11 Xo Pa1/ shows

how the *u is redistributed in the next state. Similarly we see that

P11 D1,z P 0 Pi,t Yo o) I
Pi.1 Pttt Pt |«|¥o| = | Pe,e¥o| = Yo | P2,z
Pa,x Pa,x Paa 0 P, Yo Da:

shows how the *s and yg
are redistributed in the next state.

and
P11 Pi,t Pip P12 2 P12
[lﬂz,l Pr,r Praa| = | PraZo | = Z9 [ Pi,3
Pyl Da,z Daga Bi.a Zo P22/ shows how the *u,ypand 2o are

redistributed in the next state.

Therefore, the distribution for the next state is

P11 Pi1,t P13 Xo
Py = (DP2,1 Pt,t Pt |-|Yo| = RPy
Pa,1 Pa,t D, Zy




72

A recursive sequence is generated using the general rule

Pra =RP  for k=0,1,2,....

P = linP
We desire to know the limiting distribution k= " Since we will also

lim P)HJ_ = P F F
have = we obtain the relation

e -1 (an) - 20

From which it follows that

Therefore the limiting distribution P is the eigenvector corresponding to
the dominant eigenvalue 41=1. The following subroutine reminds us of

the iteration used in the power method.

Mathematica Subroutine (Markov Process).

Markov[P0 , n_] := Module[{},
T=2z=y=x="Table[0, {i, 0, n}];
P = Transpose[{x, ¥, z}]1;
Pnp = PO;
Print["P"p, " = ", MatrixForm[Pnyl1]:
For[i=1,i=smn,i++,
Tpiap =1t
Priap = A.Pray s
Print["P";, " = ", MatrixForm[Ppsi, y11: 1:
Return[Priql: ]
Example . Let B0 = &, ¥, 2" record the number of people in a certain
city who use brands X, Y, and Z, respectively.
Each month people decide to keep using the same brand or switch brands.
The probability that a user of brand X will switch to brand Y or Z is 0.3 and 0.3,
respectively.
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The probability that a user of brand ¥ will switch to brand X or Z is 0.3 and 0.2,
respectively.
The probability that a user of brand Z will switch to brand X or Y is 0.1 and 0.3,
respectively.

The transition matrix for this process is Px«a = 2Px or

x k) 0.4 0.3 0.1y (x0
y+l) | = 1 0.3 0.5 0.3 yi
Z (L) 0.3 0.2 0.6 7 (k)

Assume that the initial distribution o = (2000, 6000, 4000)"
1. Find the first few terms in the sequence {Px} .
2. Verify that 41 =1 is the dominant eigenvalue of A.

3. Verify that a corresponding eigenvector is Vi = (3000, 4500, 4500)"

4. Conclude that the limiting distribution is = " = *.

Solution

1. Enter the matrix A and vector Po and use the subroutine Markov to find
the first few terms in the sequence {(Px} .
0.4 0.3 0.1
A= [0.3 0.5 0.3]:
0.3 0.2 0.6
PO = £2000, 6000, 4000);

Print["R = ", MatrixForm[#A]];
Z = Markov[PO, 11];

P, = | 6000

1}

iy
m
o
o

Py

Py = | 4560,




3011.4
4502. 4

4486.2
f 3003.9

Ps = | 4500.48

4495, 62 |
(3001.27

P; = | 4500.1

\ 4498. 64
( 3000.4

P, = | 4500.02

\ 4499, 58 |
[ 3000. 12y

Py

4500.

4499.87 |
[ 3000.04

Pa

4500.
4499, 96

3000.01
Pig = [ 4500. ]

4499.99
300a0.
[4500. ]

4500.

Py

Py

2. Verify that 41 =1 s an eigenvalue of A.
Print["A = ", MatrixForm[A]]:
Print["The eigenvalues are ", Eigenvalues[A]];

O oo
w W
o oo
NG oW
2 B8

o W~
—

The eigenvalues are {l1l., 0.3, 0.2}

3. Verify that 4.=1 js an eigenvalue of A and a corresponding

eigenvector is Vi = (3000, 4500, as00)"

i EEo

X = {3000, 4500, 4500};

Print["A = ", MatrixForm[#A]];

Print["The eigenvalue iz A = ", A];

Print["An eigenvector is X = ", MatrixForm[X]]:
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Print["R X = ", MatrixForm[#], MatrixForm[X], " = ", MatrixForm[R.X]]:

Print["A X = ", A MatrixForm[X], " = ", MatrixForm[A X]];

e
{_;rér Qﬁ“ A4 »

™ ey
d @&
i -9

G
&’

W



]
[

The eigenvalue is A

3000
in eigenvector is X [4500]

4500

r0.4 0.3 0.1y 3000 3000.
A X =10.3 0.5 D.B][ZISDD] = [4500.]
v0.3 0.2 0.6/\4500 4500.
3000 3000
A X = |4500| = [4500]
\ 4500 4500

4. The iteration in part (a) appears to be converging

to Vi = (3000, 4500, 4500)"

.We can graph the situation !

Heeds["Graphics Colors'"]:;

ptsl = Transpose [{T, Transpose[PIpy}]:

pts? = Transpose[{T, Transpose [F]py}]:

pt=3 = Transpose [{T, Transpose [P1pg}]:

grl=LigtPlot[ptsl, PlotStyle —» {Red, PointSize[0.02]}, DigplayFunction - Identity];
gr2 = ListPFlot[pts?, PlotStyle —» {Blue, PointSize[0.02]}, DisplayFfunction — Identity];
gr3 = LiztPlot[pts3, PlotStyle —» {Green, PointSize[0.02]}, DisplayFunction — Identity];
grd = ListPlot[ptsl, Plotdoined - True, PlotStyle - Red, DisgplayFunction - Identity]:
grh = ListPlot[pts2, PlotJoined — True, PlotStyle —» Blue, DisplayFunction - Identity];
gro = ListPlot [pts3, PlotJoined — True, PlotStyle — Green, DisplayFunction - Identity]:
Show[grl, gr2, gr3, grd, grhd, gr6, PlotRange - All, DisplayFunction —» $DisplayFunction];
Print [" Py = ", MatrixForm[PO], ", Jltﬂl Ppp =P =", !«Iatrixf‘um[X]] H
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6000
S000
= = e
a000d~""
2000
2 o [} L] 10

2000 3000
Py = [suan]F lin Py = P = [4590

4000 - 4500

Heeds["Graphics Colors™"];

ptzl = Transpoze[{T, Transpose[P]ng}]:

pts? = Transpose[{T, Transpose [P]q}]:

pted = Transpose[{T, Transpoge [P]=7}]:

grl=ListPlot[ptsl, PlotStyle — {Red, PointSize[0.02]}, DisplayFunction - Identity];
gr2 = ListPlot[pt=s2, PlotStyle —» {Blue, PointSize[0.02]}, DigplayFunction — Identity]:
gr3 = ListPlot [pt=s3, PlotStyle » {Green, PointSize[0.02]}, DisplayFunction - Identity]:
grd = ListPlot[ptsl, PlotJoined —» True, PlotStyle —» Red, DisplayFunction — Identity]:
grh = ListPlot [pts2, PlotJoined — True, PlotStyle — Blue, DisplayFunction — Identity]:
grt = ListPlot[pts3, PlotJoined - True, PlotStyle — Green, DisplayFunction — Identity]:
Show[grl, yr2, yr3, grd, gr5, gré, PlotRange — {{0, 4}, All}, DisplayFunction — $DisplayFunction];
Print[" Py = ", MatrixForm[PO], ", L:l:_n Pp =F= Y !{atrixf‘um[}(]]:

50004
5000
M : ]
—
PTTLY
2000 o » ”
0.5 1 1.5 2 2.5 3 2.5 a
2000 3000
Py = [EUDD], %im P =P = [4500
4000 = 4500
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2:10 Summary;

The methods of finding eigenvalues by characteristic polynomial (Newton’s
method),similarity method and estimate by bounds are not efficient for many
reasons. Further a large degree polynomial is difficult to solve for roots and also
errors occur due to rounding . It is not simple also to calculate the matrix T of

similarity transformation. The method of bounds does not give exact value(s).

The refinement in these are the power,Wielandt’s,Jacobi’s,Given’s, QR and
LR methods. Almost all of reduction steps (tridiagonal,diagonal,normal or
Hessenberg form) involve similarity.Reductions minimize number of
operations.The Householder reduction is the most powerful method to Jacobi and
Given’s and is followed by QR for finding all eigenvalues including complex
ones, which is cubic convergent.The Jacobi method is quadratic convergent.
Diagonal matrices are the simplest forms. Given’s method involves twice number
of operations as Householder.Jacobi method is an infinite process but converges
to a diagonal matrix.Hence,the Householder's method is recommended for large

order n to tridiagonalize giving orthogonal set of eigenvectors by QR.

We have determined how classical methods are used to find eigenvalues of
tridiagonal or Hessenberg matrix by seeking zeros of polynomials. The prototype
is iterative and Wielandt’s is a refinement but QR is the best method of all, also to
LR for calculating eigenvalues.The power method gives only the one dominant

value.It is slow linear convergent to one dominant (4, ) and is used conditionally

where Wielandt’s is preferred to it. After Householder, we can apply QR or use
bisection or Newton’s method (1.0) for finding the roots of characteristic
polynomial of A, but the method of Hyman is mostly recommended. The LR

method involves elimination and LU decomposition and hence can’t be applied to
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arbitrary matrix. The stability of each method mainly depends on the type of
matrix (like Hermitian, tridiagonal).
The Evps are applicable in practical problems.For instance, in wave
motion,heat conduction,Population statistics (markov chains' process) and so on.
To conclude, since every method has'both positive and disadvantage sides,
we would like to say and try to gei most powerful method and fast computer

aided programs for the future.

1

2:11 Mathematica program

“Matrix Solver” gives eigenvalues and eigenvectors”,

Sol = EigenSystem[N[A]]; | ‘

Print[*{x1} =",Sol;;];

Print[**];

Prin[*{x1} =", TableForm[Transpose[Sol}y];

Eigenvectors[a] gives eigenvectors

Eigenvalues[a] gives eigenvalues .

CharacteristicPolynomial[a,x] gives characteristic polynomial of A
Nsolve[CharacteristicPolynomial{a,x] == 0,x] finds roots

“Newton’s method for some approximate roots”

g[x] = D[CharacteristicPolynomial[a,x],x] gives derivative

P[x] = x-CharacteristicPolynomial[a,x]/g[x]

X=

X1 = p[x]

c=xX

¢ - plc]

d = N[p[c]]

v ="N[p[d]]
NewtonRaphson([a,b]

Print[*v =,"v] ; gives approximate root at fourth step.



EigenSystem[a]//N lists eigenvalues and eigenvectors

¢ Matrix operation”

JordanDecomposition[A]
SchurDecomposition[A]
LUDecomposition[A]
LUBackSubstitution| LUDecomposition[A],b]
QRDecomposition[A]
HessenbergDecomposition[ A]
Minors[A] finds minors of matrix A
Minors[a,k] finds minor of order k
RowReduce[A]

NullSpace[A]

Dot[A,B] = A.B: computes the product
Inverse[A] gives inverse

Transpose[A]

Det[A] gives determinant

Tr[A] gives the trace of A
MatrixPower[A,n] gives power of A

SingularValues[A] gives singular values of A
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