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¢ 25;4 X, ¥,
Noxs
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2(6) = _1 -1 x5y,
2X,
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2X,
I x »

From formula (3.32), it is easily verified that

¢i(e)(xjsyj)={

3
and Y419 (x,y)=1
=]

We also have

Lifi=j
Oifi;tj>

g Y o4 _ %5 =4

Ox 24, T oy 2A,
04 yi—y 04  x —x,

Ox 2A, 0Oy 2A,
08 _y-y2 Y _x-x

) —

ox 24, oy 24, |

(3.32)

(3.33)

5

> (3.34)

Using equations (3.34), the element matrices K éf?) and F'° in (3.22) can

then be easily computed. These computations will be demonstrated through

a simple example.
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3.5: Illustration of FEM for two-dimensional problems
We consider a particular case of the problem defined by equations (3.17a)

and (3.17b), viz., the Poisson equation

2 2

= a—’j+a—z‘ =2,0<x<1,0<y<1 (3.5.1)
ox“ Oy

with the condition u = 0 (3.5.2)

on the boundary of the square 0 < x<1,0< y <1
We divide the square region along the line of symmetry x =y and

then consider only the lower triangular part. We again subdivide the lower
triangular part into four triangular elements as shown in fig.3.5. Let the
elements be numbered as shown in the figure and it is seen that elements

a,b, and d are symmetrical. Hence the element matrices for these elements
will all be of the same type.

A
6
(0,1) L)
, d
e 3
¢

a b
1 i .
0 2 (1,0)

Fig.3.5 division of the region in to triangular elements.

48



Now the vertices 1, 2 and 3 of the element a are given by (0,0), (1/2,0),

(1/2,1/2) respectively. For this element, we obtain A, =1/8 and equations

(3.32) give

#9 =1-2x

75" =20x-

and ¢}(,a) =2y

)

(3.5.3)

It is easy to see that ¢51(“) +¢§“) +¢3(“) =1, thus verifying (3.33). The

element matrices K9 and F‘ can now be computed easily using

(3.23) and (3.24).

We first obtain the derivatives

~

a¢l(a) 3 a¢1(a) i
ax Y

i - od” )l
ax oy

o (@) (a)
ax Y

Equation (3.23) now gives
| .
Kl(cll) = [[ 4dxdy = Kl(g) = [[~4dxdy=-1/2 :Kg?

A123
_la) Aa) _

Similarly equation (3.24) yields

@ _

13

K@ _

AIZB
_ K@ gla) _
-1/2=K3, K39 =1/2]

23

L

(3.54)

(3.5.5)
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\

9_1 /@ @ _
K =+ where 1 = [, q,(1-20ds

h

(3.5.6)

a_1 0 @ _
Fé —1—2+l , where lza —J'qnqn(Zx—Zy)ds

3

1
F9 = -!-l:ga), where lga) = jcmqn 2yds

J

Let the global nodes be U,,U,,U,,U,,Us,and U scorresponding to the
nodes u;, u,, Uz, U, Us and ugat the respective vertices. As there are six

nodes, the corresponding matrices will be of order 6. Hence, we obtain for

element a:
"12 -1/2 0 0 0 0] 1] [10]
=172 1 =12 0 0 O 1 lg)
k@) - ¢ =2 U3 9 LW and F@ = : + lgl) (3.5.7)
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0] 0] | o

Since the elements b and d are similar to a, their element matrices will be of

the same type as those of a given in (3.5.7). Thus, for element b,

0 0 0 0 0 O] 0] | O

0 1/2 0 -1/2 0 0 1| [1®
gor_|0 0 0000 e L9, 8) (3.559)

0 -1/20 1 -1/20 121 |5

0 0 0-1/2 1/2 0 1) |2

0 0 0 0 0 o0 0] | 0
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Similarly for element d,

0

KD _

o O O O O

0 0
0 0
0 1/2
0 0
0 —-172
0 0

0 0
0 0
0 —1/2
0 0
0 1
0 -1/2

0
0
0
0

-1/2
1/2

andF(d) =i
12

= - O = O O

0

0
C)
ll

0
4
12

“)
L7 ]

(3.59)

Similarly, for element ¢, we note that the correspondence between its

vertices and those of a is given by 5 - > 1, 3->2 and 2->3. Hence, we have

K(C) -

0
0
0
0

0

0
1/2
-1/2
0
0
0

0
~1f2
1
0
—-1/2
0

0
0
0
0
0
0

0
0
-1/2
0
172
0

0] [0]
0 1
. and F© =i ;
0 12{0
0 1
0 1]

0]

3)
ll

0
3
&

0

(3.6.0)

Assembling the element matrices in (3.5.7), (3.5.8), (3.5.9)- and (3.6.0) and

simplifying, we obtain the matrix equation

-1
0
0
0
0

M| =

-1
4

-2 4

-1
0
0

0 0
=4

0
0 2
-2 =1
0 0

e s (a)

0 uj [1 lla
o il 3] [19410 0
0 Juy|_|3], 5D 419 419

0 Uy - 1 [52)
-1 3 b d
Us [§ )+ll(c) +1 )

1 __MGJ _1_ [(d)

f 3

(3.6.1)
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From the boundary conditions, we have (see fig.3.5)
u, =ty =y =Us =t =0 3.62)

Hence, equation (3.4.1) gives

—uy =1/4+1" +10 + (D (3.6.3)
2uy =1/4+ 1D +19 + /(D (3.6.4)
—u=1/4+12 +19 + [V (3.6.5)
From (3.4.4) we obtain
u3 =1/8+1/20{® + 11D +1{%) (3.6.6)

But
l_.ga) = k}zsq,(f).Zyds

=6 [qf(fa)-zy]y=odx+ J({))'S[qr(wl)-zy]mody + Jg_s[q,(f) 'Zy]y=x
=0

This is true since the first integral vanishes and the remaining two integrals

cancel each other.
In a similar manner it can be shown that [$> = /{*) = 0.Hence, it follows

that u=1/8=0.125.From the analytical solution, the exact value is 0.14734
and hence the finite element solution obtained above has an error of 15%.
This accuracy is obtained for coarse mesh used above; but if a finer mesh is
used, i.e., if the number of elements is increased, then the accuracy of the

finite element solution can be improved.
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3.6; Concluding remarks

We have attempted, in this report, to discuss some basic numerical
methods, which are indispensable for the current scientific research. Many
methods have been excluded since they are broad and can be studied and
produced as a solid seminar report by themselves. There is indeed much
more to include. Unfortunately, the limitations of the space and the credit
given for it have forced us to exclude many important topics such as eigen
value problems in differential equations, linear and non — linear
programming, convergence and stability criteria for partial differential
equations and numerical solution of singular integral equations. Our
motivation throughout has been to present the FEM in a very simple way so
as to enable the reader to understand and apply them to solve the specific

problems arising in his/her work.
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