


































































































1 
U, u2 u3 

a, =--
2.1e 

x, x2 x3 
y, 12 Y3 

1 
U, u2 u3 

a2 = -- y , Y2 Y3 
2.1e 

1 1 1 

1 
U, u2 u3 

a3 =-- 1 1 1 
2.1e 

x, x2 x3 

1 x, y, 

Where .1e = area of the triangle = .!. 1 x2 Y2 
2 

1 X3 Y3 
Substituting for a" a 2 , a 3 in (3 .25) and simplifying, we obtain 

(3.28) 

(3.29) 

(3.30) 

Collecting the coefficient of u" U 2' and u 3 in the above, equation (3.30) can 
be written in the form 

3 <el U(x ,y) = IUitPi (x,y) (3.31) 

Where the tPiel are linearly interpolating functions for the triangular 
elements under consideration and are given by 
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1 x Y 
¢(e) = _ 1_ 1 x2 Y2 I 2t-. 

e 1 X3 Y3 

1 X Y 
¢(e) = _ 1_ 1 X3 Y3 (3.32) 

2 2X 
e 1 

XI YI 

1 X Y 
¢(e) = _ 1_ 1 

XI YI 
3 2X 

e 1 x2 Y2 

From formula (3.32), it is easily verified that 

(e) _ {I, if i = j 
¢i (x), y) - 0 if· . 

l l *- ] 
(3.33) 

3 
and I¢/e)(x,y) = 1 

i=1 

We also have 

a¢ie) Y2 - Y3 a¢ie) _ x3 - x2 
- , -

ax 2t-.e ay 2t-.e 

a¢ie) _ Y3 - Y I a¢ie) _ X I - x3 
- , -

ax 2t-.e ay 2t-.e 
(3.34) 

a¢ie) _ YI - Y2 a¢ie) _ x2 - XI 
- , -

ax 2t-.e ay 2t-.e 

Using equations (3.34), the element matrices KJe) and F';( e) in (3.22) can 

then be easily computed. These computations will be demonstrated through 

a simple example. 
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3.5: Illustration of FEM for two-dimensional problems 

We consider a particular case of the problem defined by equations (3.17a) 

and (3 .17b), viz., the Poisson equation 

_((f~ + a2~J = 2,0::; x::; 1,0::; y::; 1 
ax ay (3.5.1) 

with the condition u = 0 (3.5.2) 

on the boundary of the square 0 ::; x ::; 1, 0 ::; Y ::; 1 
We divide the square region along the line of symmetry x = y and 

then consider only the lower triangular part. We again subdivide the lower 

triangular patt into four triangular elements as shown in fig.3.5. Let the 

elements be numbered as shown in the figure and it is seen that elements 

a,b, and d are symmetrical. Hence the element matrices for these elements 
will all be of the same type. 

(0,1),f-------" 

1 
O~--~~----~~----· 

Fig.3.5 division of the region in to triangular elements. 
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Now the vertices 1,2 and 3 of the element a are given by (0,0), (112,0), 

(112,112) respectively. For this element, we obtain t3. e =118 and equations 

(3.32) give 

¢j(a)=1-2x 

¢~a) = 2(x _ y) 

and ¢Ja) = 2y 

(3.5.3) 

It is easy to see that tfia) +tfia) +tfia) = j, thus verifying (3.33). The 

element matrices K(e) and F(e) can now be computed easily using 

(3.23) and (3.24). 

We first obtain the derivatives 

Equation (3.23) now gives 

Kf~) = If 4dxdY=~,Kf~ = If-4dxdy=-1/2=~a{ 
L'l123 2 L'l123 

,J'a) -0- ,J'a) ,J'a) -1 TJ'a) _ / _ ,J'a) ,J'a) _ / 
A13 - -A3l ,A22 - ,A23 --1 2-A32,A33 -1 2 

Similarly equation (3.24) yields 

(3.5.4) 

(3 .5.5) 
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da) =l +zCa) where zCa) = r ~ q (1-2x)ds 
1 12 1 ' 1 .(;'123 n 

F!;,a) = /2 +1~1\ where l~a) = ~23 qn(2x-2y)ds (3.5.6) 

Ffa) =l +l(a) where zCa) = C q 2yds 
3 12 3 ' 3 ~23 n 

Let the global nodes be U1, U2 ,U3 ,U4 , Us, and U6 corresponding to the 

nodes u1, u2 , u3 , u4 , Us and u6 at the respective vertices. As there are six 

nodes, the corresponding matrices will be of order 6. Hence, we obtain for 

element a: 

112 -1 / 2 

1 

o 0 0 0 

- 1/ 2 0 0 0 

1 

1 

z(l) 
1 

,(1) 
2 

- 1/ 2 

o 
o 

- 112 

o 
112 

o 
o 

o 0 0 1 
and F(a) = 

000 

000 

o 
o 
o 

Z(1) 
+ 3 (3.5.7) 

o o 
o o o 0 0 0 

o 
o 
o 

Since the elements band d are similar to a, their element matrices will be of 

the same type as those of a given in (3.5.7). Thus, for element b, 

o 
o 

K(b) = 0 

o 0 

112 0 

o 0 

o 
-112 

o 

o 
o 
o 

o -112 0 I -1/ 2 

o 0 0 -112 112 

o 000 0 

000 
o 1 fi2

) 

o ....Ib) 1 0 0 
andJ<' =- + f(2) o 12 1 2 

(3.5.8) 

o I P) 
3 

o 0 0 
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Similarly for element d, 

0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 

~d)= 
0 0 1/2 0 - 1/2 0 

andp(d) =~ 1 zC4) 
1 

+ 
0 

(3.5.9) 
0 0 0 0 0 0 12 0 

0 0 - 1/2 0 1 -1/2 1 zC4) 
2 

0 0 0 0 -112 1/2 1 /4) 
3 

Similarly, for element c, we note that the correspondence between its 

vertices and those ofa is given by 5 - > 1, 3->2 and 2->3. Hence, we have 

0 0 0 0 0 0 0 0 

0 112 -112 0 0 0 1 [ (3) 
I 

KCe) = 
0 - 112 1 0 - 112 0 

and FCc) =~ 1 [(3) 

+ I (3.6.0) 
0 0 0 0 0 0 12 0 0 
0 0 -112 0 112 0 1 [ (3) 

I 
0 0 0 0 0 0 1 0 

Assembling the element matrices in (3 .5.7), (3.5.8), (3.5 .9) and (3 .6.0) and 

simplifying, we obtain the matrix equation 

1 -1 0 0 0 0 ul 
[Ca) 
I 

- 1 4 -2 - 1 0 0 tl2 3 [Ca) + [Cb) + [Ce) 
2 I 3 

1 0 - 2 4 0 -2 0 tl3 3 [Ca) + [Cc) +[Cd) 
= + 3 2 I (3.6.1) 

2 0 - 1 0 2 -1 0 u4 1 [(2) 
2' 

0 0 -2 -1 4 - 1 Us 3 ,Cb) +ZCc) +[Cd) 
3 I 2 

0 0 0 0 -1 u6 1 [Cd) 
3 
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From the boundary conditions, we have (see fig.3 .5) 

Hence, equation (3.4.1) gives 

-u -1I4+I(b) +/a) +l(a) 
3 - 1 2 3 

2u3 =1I4+ I~a) +l~c) +IId) 

-u = 1I4+I~b) +l}c) +l~d) 

From (3.4.4) we obtain 

u -11 8 + 1I2(Z(a) + Z(d) + z(c)) 
3 - 3 1 2 

But 
z<a) = r _ q(a) .2yds 
3 .lC123 n 

= ~.5[q~a).2yt=odx+ ~.5[q~1).2YLody+ ~5[q~a)2Yly=x 
= 0, 

(3.6.2) 

(3.6.3) 

(3.6.4) 

(3.6.5) 

(3.6.6) 

This is true since the first integral vanishes and the remaining two integrals 

cancel each other. 

In a similar manner it can be shown that li3
) = It4

) = O.Hence, it follows 

that u= 1/8=0.125.From the analytical solution, the exact value is 0.14734 

and hence the finite element solution obtained above has an error of 15%. 

This accuracy is obtained for coarse mesh used above; but if a finer mesh is 

used, i.e., if the number of elements is increased, then the accuracy of the 

finite element solution can be improved. 
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3.6; Concluding remarks 

We have attempted, in this report, to discuss some basic numerical 

methods, which are indispensable for the current scientific research. Many 

methods have been excluded since they are broad and can be studied and 

produced as a solid seminar report by themselves. There is indeed much 

more to include. Unfortunately, the limitations of the space and the credit 

given for it have forced us to exclude many important topics such as eigen 

value problems in differential equations, linear and non - linear 

programming, convergence and stability criteria for partial differential 

equations and numerical solution of singular integral equations. Our 

motivation throughout has been to present the FEM in a very simple way so 

as to enable the reader to understand and apply them to solve the specific 

problems arising in his/her work. 
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