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_ i[9 o¢
f(y)—g (5) +(5] —2¢f |dxdy (2.10)

Using (2.6) and ¢;(x) = ¢,(x, ) this functional may be written as

2 2
[(al,az,...,o:,,)=H{(§af%} +[§aia—¢"] —2§af¢,f}dxdy,
5=l * Ox i oy i=l

=1

2 2
=af£j{@x¢f] +[‘2y¢’} }dxdy+
2Yaa ;] %% +a¢" %,

dxdy
J#i s\Lox &x oy Oy
—2a ; [[¢; fdxdy+termsindependetiof « ;.
;

Therefore,
LI +2 Ao, — 2h (2.11)
by ¢ T '
0. 0,
where 4; = [[ 04, %9, +6¢, /) dxdy (2.12)
s\Ox ox 0Oy Oy
And h, = [[¢, fdxdy. (2.13)
S

Now the parameters «; are to be chosen such that 7 (a1,%55...,,) is a

minimum.
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Thus

Equation (2.11) then gives

n
YAy =hi,i=1,...,n

i=1
Or Aax=nh. (2,14)
Where the elements of the matrices A and h are given by (2.12) and (2.13)

and az(al,az,...,ar”). The system in (2.14) is a system of linear

equation, for the unknown parameters, which has a unique solution provided
that A is non — singular.

Example 2.1: Consider the two-point boundary value problem defined by
y'4a =10,
with the boundary conditions
y(0)=y(1)=0
Solution: The set of independent basis in (2.6) is frequently taken to be a set

of polynomials. Suppose a cubic approximation is taken, then the trial

function is of the form
v(X) = @y + X + ox” X
Two of these coefficients may be evaluated immediately in order that v
satisfies the Dirichlet boundary conditions v(0) = v(1) = 0.
Thus v(x) = ax(1-2x) + bx 2 (1-x).
Using the one dimensional forms of (2.12) and (2.13) and — »''=x, we

have

18



1
Ay = j(1—2x)2dx=1,
: 3
] 1
Ay = Ay = [(1-2x)(2x —3x*)dx =
0
1 252 2
A, = [(2g-55"F =—,
22 J(x x") 15
1
hlzf(x—xz)xdx:i,
0

and by = f(xz X )xdx = %

Thus the Rayleigh — Ritz equations of (2.14) are

1y (L
3 6 . 12
to2) T
L6 15 20
This implies
4a+2b=1
10a +8b =3
From this it follows
a=b=l
2

Thus the Rayleigh — Ritz cubic approximation is given by

v(x)= gx(l — x)*. Which is the exact solution of the problem.



Example 2.2: Consider the two-point boundary value problem,

-y’ =x% 0<x<1

$(0) =¢(1)=0
Solution:  The set of independent basis functions in (2.6) is frequently
taken to be a set of polynomials. Suppose v(x) = a;x(1-x) + oi,x°(1-x) be the
trail function, which satisfies the homogeneous Dirichlet boundary

conditions v(0) = v(1) = 0, with ¢;(x) = x(1-x) and ¢o(x) = x*(1-x).

Using the same procedure as in example (2.1), the value of the
unknown parameters is o; = % and o, = % Hence the Rayleight-ritz

cubic approximation is given by

= ES%(LX) 2+ 5%)

" X : ‘
The exact solution is vy = E(l-x3), and a comparison between v and vy is

shown in the figure 2.1.

¥

—— Exact Value

______ Rayleigh - Ritz

| = 1o o b

G 1 3

Fig 2.1 Comparison of the Rayleigh-Ritz approximate solution with the exact solution.
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In this particular example, the Rayleigh — Ritz method gives a good

approximation to the exact solution with only two parameters o and o, .

This is due to the simplicity of the problem and the fact that the exact
solution is a quartic polynomial, thus a cubic approximation would be
expected to produce reasonable results. In fact the exact solution would be
recovered if a quartic trial function was used.

For problems in which the exact solution is a transcendental function,
a low order polynomial approximation is not likely to yield a good
approximation. In deeded even a trial function which itself is a similar

transcendental function will not yield satisfactory results.

2.5 Galerkin’s Method

The Rayleigh — Ritz method discussed in section 2.3 is a powerful
technique for the solution of boundary value problems. It has, however, the
disadvantage of requiring the existence ot a functional, which is not always
possible to obtain. In the case where such a functional does not exist, or
cannot be found, techniques of numerical solutions have to be considered.
Galerkin’s method belongs to a wider class of methods called the Weighted
— residual methods.

In this method, an approximating function called the trial function (which
satisfies all the boundary conditions) is substituted in the given differential
equation and the result is called the residual (the result will not be zero since
we have substituted an approximating function). The residual is then

weighted and the integral of the product, taken over the domain, is then set
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to zero. It can be shown that if the Euler — Lagrange equation corresponds to
a functional coincides with the differential equation of the problem, then the
Rayleigh — Ritz and Galerkin methods yield the same system of equations.
To explain Galerkin’s method, we consider the boundary value problem
defined by

y' +pXx)y +qx)y=1f(x), a<x<b, (2.16a)

with the boundary conditions

py(a)+q,y'(a)= lo}
pyb)+qy'(b)=1

Choose base functions ¢.(x)as in the Rayleigh-Ritz method to find an

(2.16b)

approximate solution of the problem in (2.16). Then an approximate

solution v (x) is given by

V)= Dad (),

v (x) will not, in general, satisfy (2.16a) but produces a residual or
discrepancy. This is equal to the difference between the left hand and
right hand sides of the equation (2.16a) when on the left — side y (x) is
replaced by v(x).If R(v) is the residual, then we write

R(v)=v"+px) Vv +qXx)v-—1f(x) (2.17)

Taking the weight function as y;(x), we write
b
Jw.(X)R(V)dx =0 (2.18)

Which yields a system of equations for the unknown parameters
o; and can be solved. In Galerkin method, we usually take \; = ¢;. The

method is illustrated with the following example.
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Example2.3: We consider a two — point boundary value problem
YV4+y==x 0<x <l
»(0)=y(1)=0

Solution;

As our first approximation we choose,

W(x) = a9, (x) = a1 x(1-x)
where ¢,(0)=¢,(1)=0

Substituting for v in (2.3.1), we obtain
R(v)=v'+v+x
Hence using (2.18), we write

f; (V' v+ x)g (x)dx = 0, wherey, = ¢,

That 1s

_E (V''+v+x)x(1-x)dx =0
Now ﬁv"x(l —x)dx=[v'x(1- x)]iJ - ﬁv’ (1-2x)dx
=— [ v'(1-2x)dx
= —[v(1-2x)]; + _ﬁ— 2vdx
= -2 [ vdx, since v(0) = v(1) = 0

Hence (2.3.5) becomes

Pl 2v+va-2x)+ - x)lix =0.

(2.3.1)
(2.3.2)

(233)

(2.3.4)

(2.3.5)

(2.3.6)
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From this it follows

= 2[; vdx + j; vx(1—x)dx + f; x*(1-x)dx=0
~ 20y | x(1-x)dv+ || x*(L-x)dx + | x*(1=x)dx = 0

5 5
= a :ﬁg—’: v(x)zﬁx(l—x)

To obtain a better approximation let us assume

V(%) = aqx(1—x) + apx? (1-x) (23.7)
sothat  V'=-201+ay(2—6x)

Equation (2.18) now gives the two equations

GO+ x)x(1-x)dx (2.3.8)
and [+ )3 (1-x)dx (2.3.9)
Substituting for v in (2.3.8) and (2.3.9) and simplifying, we obtain the two
equations
5
200+, = ) (2.4.0)
and 3 L 1 (2.4.1)

—j Oy = —
20 105 20

Solving the above equations, we obtain ¢y =0.1924 and «, =0.1707
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The comparison of two successive approximates of Galerkin and the exact

solution is shown in the table 2.1 given below.

X First app. Second app. Exact solution
0 1 0 0

0.1 0.025 0.0188 0.0186

0.2 0.044 0.0362 0.0361

0.3 0.058 0.0512 0.0512

0.4 0.0667 0.0626 0.0628

1 0 0 0

Table 2.1

The table shows that the second approximation is more appropriate and
shows a reasonable result compared to the exact solution.
2.5 Application to two-dimensional Problems
In section (2.3) we have already formulated our Rayleigh —Ritz method both
in one-dimensional x and two-dimensional space. Therefore, here we are
intended only to develop the procedure for Galerkin’s method in two —
dimensional space. We use the same procedure as in one-dimensional x.
Consider the boundary-value problem
Lo=1f,inR.... (2.19)

Subject to the boundary conditions ¢ = g(s) on some part C,; of the boundary,

and g—¢+0(s)d) = h(s) on the remaining boundary C,. An approximate
n
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solution ¢ will not, in general, satisfy (2.19) exactly, and associated with

such an approximation solution is the residual defined by
R(p)=Ld-f (2.20)
If the exact solution is¢, then
R(¢y)=0 (2.21)

As in the Rayleigh — Ritz of section (2.3), a set of basis functions v is

chosen and an approximation of the following form is made.
n
¢n = E]Cf% (2‘22)

In the weighted residual method the unknown parametersc;are chosen to

minimize the residual in some sense. The integral of the residual, weighted

by the basis functions, is set to zero. i.e.,

§R(pW,dxdy =0,i=1,2, ....n
s

This yields the following n equations for the n parameters c; i.e.

g,]cjﬁw,-L wdxdy =1 fydxdy,i=1,...,n (2.23)
Jj= S S
Now let us define
A= - [Jw,Vy dxdy (2.24)
S
hy = [ w, fdxdy (2.25)
S

In the special case L = -V, these equations are of the form
Ac=h.... (2.26)

Where A4 = (Aij)i,jzl,z,...,n
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h=(h;)i=1,.,ns
and c¢= (Cj)j=l,..,n
Next, we illustrate the application of Rayleigh — Ritz and Galerkin methods

with the following.

Example 2.4;Consider Poisson’s equation

with ¢ = Oon the boundary C of the region S.
Solution;

a) Rayleigh — Ritz method:

Using the equation (2.12) and (2.13),we obtain

- 8¢:‘ a¢j a¢z‘ a¢f'
4, = y[ o + % o jdxdy and

h; = ”@dedy

Let v(x,y)=axy(x—1)(y—1) be a first approximationto ¢.Clearly,

¢@'satisfies, the boundary condition.i.e.,#'= O on the boundary C.

Hereg (x,y) = xy(x —1)(y —1).
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Then the derivatives are given by

% —? - pex-1, Doyt -x)
X oy
Thus

4y = g{[%}z + {%T}dxdy
- 87 -slex-F eles-k2 - e
- E{(yz -y )R Cx-1Vdsiy+ E{(Zy—l)zj(])(xz ﬂx)zdx}dy

b2 of g2,
= d
b
(a0 53
=—|—|+—| =
3130/ 3013
s
45
1 14,2 L(x2 i
hl=[0j01ay(x—1)(y—1)dxdy:kjo{(y - —x)dX}dy=£

Hence using (2.14), we have

1 k 5
— :—:>(ZI =k,
45 36 4

Therefore, the first function ¢' forg is given by ¢ ~ ¢'= %xy(x -D(y-1).

b) Galerkin method

Using the same trial function v, we have

31 (x,) = w(x -1y -1 = (x* ) - ).
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Then the derivatives are given by

B _ 2x-1)32 =) = (2 — )2y -
PG e vl

2 2
IO 202y Tha?

o Y -
2 2
and V2¢1 = i | +M. Using (2.24) and(2.25 weobtain
PP
Ay == hAV hdxdy
=LA [2()/2 - 1)+ 2(x2 —x)]dxdy, since V2@ =2(y% —y)+2(x* —x)
1
45
and

k

Iy = | phdxdy= | jé/og(x—l)(y—1)dmry=3—6

Hence using (2.26), we obtain Lm LA @ = 2k,
45 36 4

It follows the required approximation is given by

124

y ¢'=§fay(x—1)(yk1) .

This shows that the two methods give the same approximation solution due
to the reason that the Euler — Lagrange equation corresponding to a

functional coincides with the differential equation of the problem.
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3. The Finite Element Method (FEM)

3.1; Introduction
The Rayleigh — Ritz and Galerkin methods discussed in chapter two
cannot be applied directly for obtaining the global approximate solutions
of engineering problems due to the following two basic reasons:
I. The difficulties associated with the choice of trial
functions (satisfying boundary conditions) particularly for
complicated boundaries.
1. Even if the approximating functions are available, very high order
polynomials have to be used to obtain global solutions with a
reasonable accuracy.
In the FEM, the ideas of both Rayleigh — Ritz and Galerkin methods are
used in such a way that the above mentioned problems are taken care. In
this method the region of interest is subdivided into a finite number of
sub regions called ELEMENTS, and over each element the variational
formulation of the given differential problem is constructed using simple
functions for approximations. The individual elements are then
assembled and the equations for the whole problem are formed by a
piecewise approximation of the variatinal method. For better accuracy it
will not be necessary to increase the order of the functions used, but it

would be sufficient to use a finer mesh (sub divisions). In this way, the
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difficulties encountered in the direct application of the variational
methods are taken care. We shall now present FEM both for one and two-
dimensional problems.

3.2: FEM For One Dimensional Problem.

Consider the two-point boundary value problem defined by

[p(0)y] =-f(x), a<x<b (3.1a)
with the boundary conditions

y(a@)=0

[p(x)y'],_, =0 (3.1b)

We shall now present the basic steps involved in FEM, to understand the

boundary value problem defined in (3.1).

Step 1: Discretization of the domain

This is the first step in the FEM. It constitutes the division of the region
[a,b] in to a finite number of simpler sub regions, called elements, of
unequal length, in general; but more often we use equal length to
simplify the problem at hand.

, 9y &g
1 | | |

a=X, X; X, Xy=b

Fig 3.1 Discretization of the region

In the figure, the points x,, X;,---, x,;, which are the intersection points
between the elements and are called nodal points; and the values of y at x;,

fori=0,1,2, ... ,N, denoted by y, is called a Nodal value.In the sequel
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we shall use Q° to represent the element [xe_l,xe], and the element Q° is

assigned the number e.After dividing the domain (region) into such a finite

number of elements, we shall find an approximation y,to the solution of

(3.1a) on Q°such that

V,(x)=0,Vx g QF°.
The solution y(x) of (3.1a) on [a,b] will then obtained as

y(x) =2y (%),
where e runs over all the elements.

Step 2: Variatonal formulation on Q°

Once the discretization process is completed, an arbitrary element Q° will

be isolated and a variational approximation of (3.1a) on Q°will be
formulated over it.

Let v be a function of x that is satisfying boundary conditions given in
(3.1b).
From (3.1a), we obtain
Ee] v[py']'dx = —Ee vfdx,
e el

which 1s written as

Loy, = i (pv'y)dx+ [ vfdx=0
= [ (pv'y)dx = [« vfdv+v(x) DS +v(x, )DL (32)

where Dl(e) =[- py']xe_l

(3.3)
DY) =[py],

32



Step 3: Rayleigh — Ritz approximation over the element Q°

In this step, we use a variational method to approximate equation (3.2). We
demonstrate this by using Rayleigh — Ritz method.

Let y,(x)be an approximation to y(x) over the element Q¢ so that

I
yo@ =Y ai’, ) (3.4)
j=1
where the o * are parameters to be determined and ¢, (x) are approximation

functions to be chosen. Substituting (3.4) in (3.2) and letting v = ¢, (x), we

obtain

a1, pod el = [ s 4e DY + 4,5, DY

=125+ n (3.5)
Now defining

K;J(,e) = Eee_l p¢’i ¢j'dx

‘ (3.6)
FO = [ fpdx+g,(x)DS +y(x, )DL

Equation (3.2) can be written as

K©g© _ p© (3.7)
k€ =(kf)

Where a© = (o e))j - (3.8)
F(e)ﬁ( (9))T

i=1,2

.....
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The matrices k(e)and F (e)arc called element stiffness matrix and element

force vector respectively.

In the Rayleigh — Ritz and Galerkin methods, the system of equation is

obtained in terms of the arbitrary parameters o ;» in the FEM, on the other

hand, the system of equations is obtained in terms of the nodal values y;.
This is done in the following way. Let

Yo (@) =af? + af)x (3.9)

be an approximation in the element 2°. Then we have

Ve (xe—l) a a(c‘) + aZE) Xe-1 =V (e) (3 10)
()= +alx, =
Solving equations in (3.10), we obtain
(6) (e)
P x e
a9 =2 ' (3.11)
x '_.x ]
© - @
and =22 "N (3.12)
KXo = Xe
Equation (3.9) now becomes
(f-’) (e) 5 (e) (e)
Y .
ye(x)_ 1 — N2 X 1+y — N
Xe = Xe-1 KXo = Xe-1
_ X, — X _)/l(e) + X=X, yge)
Xe = Xe1 Xe =™ Xe-i
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From this we set

S (@) 5(e)
Ye(X) =239, (3.13)
i=l1
y e j
1( )(x) R
Xe = Xe-1
Where e (3.14)
A4 (x) = X~ X
’ e Ye-1)

The ¢, (i =1,2) in (3.14)are linearly dependent. Besides, with this choice for

¢., v,(x)in (3.13) satisfies the essential boundary conditions and
ye ('xe—l) = yl(E)

¥ (%)= 3t

And the parameters (Ritz coefficients) are the nodal values yfe) fori=12.
This is the type of approximation that we require in FEM.
Instead of equation (3.7) we now have

K@y =F®© (3.15)

K and F®are given by (3.8) and
Where

Ve = (yzge))i=1,2,---,r.'

Equation (3.15) gives the system of equations for each element 2°. The
next step will be assembling the equations to the over all system of

equations.
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Step 4: Assembly of element equations
For the systematic description of the summation of the solution y(x) of (3.1)

from y,,let us first define

yT 3=(yos}’1aJ’2,"',yN)

where y;, for1=0,1,2,...,N are the nodal values

Let us set B, = (blg‘?))k:l,z;j:(),],z,---,N to be the 2 x (N x 1) matrix defined by
b, (© _{I,ifk=1andj=eork=2and j=e+l1
ki 710, otherwise
with this we observe that
Ye =B,
where y, is as in (3.15) and y is the transpose of y".
The equation (3.15) may be written as

EWR y=F .
Multiplyin g both sides from the left by B, ,we have
BIK®B,y = BTF9,
Adding these over the N elements, we obtain
LA - N o fd]
Y8, KB 3= 3B F*,

. e=1 e=1
Now setting

N N
K=3YB'K“B,yand F=3BIF©,

e=1 e=1

Ky=F. (3.16)

we obtain

Which is the system of equations for the global system.
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Step 5: Imposition of boundary conditions
The assembly procedure for K and F described in step 4 does not include the
enforcement of the essential boundary conditions.

To describe the enforcement of essential boundary conditions, assume

as a trial case first that y, = Ois given. The overall system has been set up
assuming that all the variables y,,i =0,1,2,---, N, are available for
minimization of the functional. But if y, = 0, it follows that the equation
obtained by minimizing with respect to y,, is identically 0. This means that
the first equation Ky = F should be deleted. More over since y, = 0, all
terms in Ky = F that contain y, should be zero. Thus the introduction of
essential boundary condition y, = 0 is effected by deleting the first row and
the first column in K and the first entry in F. Similarly, if y (a) =y, #0 the
introduction of such a non-homogeneous essential boundary condition is
effected by deleting the first equation in (3.16), deleting the first entry in F,
and substituting the numerical value for y , ,wherever it appears. A similar
treatment can be used if an essential boundary condition y (b) =y, is given.

After imposing the essential boundary condition, the resulting system of
equations will be solved for the remaining unknown nodal values. Once all
the nodal values are determined the finite element solution y of (3.1) is

finally given by

N
y(x) = giye(X)
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3.3; An illustration of FEM for one dimensional problem

To demonstrate the FEM, we consider the following two point boundary
value problem (BVP)

- y''(x)=2 g x<l (3.3.1)
y0)=y' D=0
Consider an N element descretization of [0,1] with N+1 nodes as in fig.3.2,

where 0 =x; <X <+ o< xy =1

T rO°l 1

0-Xpy By Hogsis Roug X, win X y=1
Fig. 3.2 discretization of the domain [0,1]

For an element Q¢ = [xe_1 ,xe] , the system of equations as given in (3.15) is

K®y =F®© (3.3.2)
From (3.6) and (3.14) withh=x_,-xe -1, we have
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K = [ @00 e =

e

e Xe
Klz = K:gl) = LH ¢1(e)¢£e)dx S

K9 = [ @F )dezhi

e

R = [ 2¢{9dx+ ¢ (x,.)D + 4 (x,)D5? = h, + D"
F9 = [7 2,%dx+ 41 (x,)D{ + 4 (x,)D5” = h, + D5

Thus the matrices K'© and F©are

(e)
K(‘e)zL ¢ = r:mdF(e)zL he + D)
-1 1 o\ + DO

with y, =( (‘2),)/2 ) ,the system (3.3.2) will be

1(1 —1] n| [k, +DP
hff -1 I yge) he+D§

If we now consider a special case where the number of elements N = 2, then

yT = (yo s Vs Vo )T (the vector of nodal values). Now the system of equations

for the two elements will be as follows
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1 1
. =1, x,,=0,x,=—and h, =—
i) fore=1x, 4 h 2an 5

The system is then
1
[ -4 wa i
-2 2 ygl) l+D(1)
5 2

,)c(,zla'ndhe:l
2

oz 1
ii)fore=2,x, | = -

The system is then

L o
2 =
(2 —ZIyPJ_ 2
— 2
2 2 )2) 7|1, po
2
We can now assemble these equations to the whole system. From the matrix

B, introduced in step 4 (section3.2) we have

1 0 0 010
01 0 0 0 1

Then proceeding as in step 4, equation (3.16) will be of the form Ky =F.
That is:

e=l e=1

which is the same as

(BTK®B, + BIK®B, )y = BTF" + BT F® (33.3)
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When the actual matrices are substituted in (3.3.3) we obtain

(1+D1(‘)
2 2 0Yw) |2
-2 2+2 =2{y |={1+D + D (3.3.4)

0 -2 2 \y, l+D§2)

\ 2 )

By virtue of step 5 of section 3.2, the homogeneous boundary condition y

= y(x() =0 is effected by deleting the first row and the first column in K

and the first entry in f. Moreover, from the boundary condition y'(1) =0,

we have Déz) =0, and by definition, D{*) + D{V = 0.
Thus the system (3.3.4) will be
4y, -2y, =1

1
=2y +2y, )

; : 3
From which we obtain y, = 1 and y, =1.

Thus the finite element solution of (3.3.1) with two elements is
|
1D () + 1,80 (x) for o< x < -

y(x) = ’
M 1(2)(36) . y2¢2(2)(x) for 5 <x<l1

3 1
—X or0<x<-—
2 f 2

x+1 1
—— for—<x<I1.
2 f 2

If we increase the number of elements to four, a similar procedure gives the

finite element solution as
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y(x) =1

The following figure gives the comparison of the two and four element

solution of (3.3.1) with the exact solution y (x) = 2x - x%. We observe that

the refined mesh with four elements gives a better approximation than the

two-element mesh. Thus the more the elements we use the better the

approximation will be.

Y
A
4 Exact solution
Y Finite element solutions:
]/2 = /! ....................... Four elements
________ Two elements
: » X
0 R B! 1

Fig.3.3 Comparison of the finite element solutiong with the exact solution.
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3.4: Application in two — dimensional problems

The finite element method described in the previous section can be

extended to two — dimensional problems. Since the two — dimensional

problems are modeled by partial differential equations, the analysis will be

complicated and we demonstrate this application by considering the Poisson

equation. Moreover we consider triangular elements only, although the

geometric shapes chosen could be rectangles or quadrilaterals.
Consider the Poisson equation
B o*u  0’u
axz ayZ
with the conditon u = ()

on the boundary of the square a<x<b,a<y<b.

Step 1: Variational formulation of the problem

The variational form of (3.17a) using (1.28) is given by

HHa—u@ﬁ—u@J—vf dxdy — [vg,ds =0 (3.18)
R |\OxOx 0Oy oy ¢
ou ou , o _
Where g, =17, —+1, 7, and n , being the direction cosines of a
Ox oy

unit normal 7 on the boundary C and ds is an arc length of an infinitesimal

element along the boundary, and v = v(x,y) is a test function.

+—]:f(x,y) (3.17a)
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Step 2: Setting up a finite element model for the given equation

To do this, we approximate u by the expression

n
U= 2 ujp;
#=1
where u; =(x;,y;)and ¢; have the property
1iri=j
(x:,y:)=6s =
¢l(jyj) ij {O{fi;ﬁj

Substituting (3.19) in (3.18) and putting v=¢,, we obtain

n 0.
OZ.Z ﬂ'[aai‘ ;j: aaﬁ ;;ju dxdy — Hfgzﬁdxdy jgbqnds

=12, 8
Equation (3.21) can be written in the form

ZK(‘) () = B9, i=1,2,,n

0 09,
where K(e) U[@(ﬁ 9, %ﬁ@? edy
and F = [[fgdxdy + [q,4,ds

c

e

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

Equation (3.22) represents the finite element model of the Poisson equation.

Step 3: Interpolating linearly functions for the triangular elements

Consider a triangular element (see fig. 3.4) in which the nodes are numbered

in the counter clockwise direction and derive the interpolating functions for

it. We assume the interpolating polynomial in such a way that the number of
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terms in it equals the number of nodes in the triangular element.

Accordingly, we assume

u(x,y)=a, +a,x+azy (3.25)
as the required approximation.

T

1(x;, 1)

2(x3,¥2) 3(x3,¥,)
>

Fig.3.4 representation of triangular nodes.

We also set
i E Y, Y=y, i=125 (3.26)
Where (x;, y;),7=1,2,3 denote the three vertices of the triangle.
Substituting (3.26) in (3.25) we obtain

U, =a + ayx + az )
Uy =a; +ayx, + a3y, (3.27)

Uy = a <+ X3 + as Vs

Solving equations (3.27) we obtain
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| Uy Uy Uy
=— X X
1 24, 1 2 3
Y1 Va2 V3
| Uy Uy U
a, = EA—E noYa »ilt (3.28)
1 1 1
| Uy Uy U
a=——11 1 |
A,
X Xy X5
i 1 x »
Where A, = area of the triangle = 5 1 x, y, (3.29)
I x;3 s

Substituting for a;, a,, a; in (3.25) and simplifying, we obtain
1
u(x,y) = 27[”1 (X273 = X305) +uy (X3 — X1 3) Hus (X9, — x2y|)]
e

|
+E[u](y2 =y)+uy(y; —y) +uy(n _yz)lx

+i[u1(x3_x2)+u2(xl—x3)+u3(x2_xl)] (3.30)

e

Collecting the coefficient of u;, u,, and u in the above, equation (3.30) can
be written in the form

= zl w9 (x, ) (331)

Where the ¢,.(e) are linearly interpolating functions for the triangular
elements under consideration and are given by
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1 x vy
e) 1
¢ 25;4 X, ¥,
Noxs
1 x y
2(6) = _1 -1 x5y,
2X,
1 x
1 x y
3(6) - I x y
2X,
I x »

From formula (3.32), it is easily verified that

¢i(e)(xjsyj)={

3
and Y419 (x,y)=1
=]

We also have

Lifi=j
Oifi;tj>

g Y o4 _ %5 =4

Ox 24, T oy 2A,
04 yi—y 04  x —x,

Ox 2A, 0Oy 2A,
08 _y-y2 Y _x-x

) —

ox 24, oy 24, |

(3.32)

(3.33)

5

> (3.34)

Using equations (3.34), the element matrices K éf?) and F'° in (3.22) can

then be easily computed. These computations will be demonstrated through

a simple example.
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3.5: Illustration of FEM for two-dimensional problems
We consider a particular case of the problem defined by equations (3.17a)

and (3.17b), viz., the Poisson equation

2 2

= a—’j+a—z‘ =2,0<x<1,0<y<1 (3.5.1)
ox“ Oy

with the condition u = 0 (3.5.2)

on the boundary of the square 0 < x<1,0< y <1
We divide the square region along the line of symmetry x =y and

then consider only the lower triangular part. We again subdivide the lower
triangular part into four triangular elements as shown in fig.3.5. Let the
elements be numbered as shown in the figure and it is seen that elements

a,b, and d are symmetrical. Hence the element matrices for these elements
will all be of the same type.

A
6
(0,1) L)
, d
e 3
¢

a b
1 i .
0 2 (1,0)

Fig.3.5 division of the region in to triangular elements.
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Now the vertices 1, 2 and 3 of the element a are given by (0,0), (1/2,0),

(1/2,1/2) respectively. For this element, we obtain A, =1/8 and equations

(3.32) give

#9 =1-2x

75" =20x-

and ¢}(,a) =2y

)

(3.5.3)

It is easy to see that ¢51(“) +¢§“) +¢3(“) =1, thus verifying (3.33). The

element matrices K9 and F‘ can now be computed easily using

(3.23) and (3.24).

We first obtain the derivatives

~

a¢l(a) 3 a¢1(a) i
ax Y

i - od” )l
ax oy

o (@) (a)
ax Y

Equation (3.23) now gives
| .
Kl(cll) = [[ 4dxdy = Kl(g) = [[~4dxdy=-1/2 :Kg?

A123
_la) Aa) _

Similarly equation (3.24) yields

@ _

13

K@ _

AIZB
_ K@ gla) _
-1/2=K3, K39 =1/2]

23

L

(3.54)

(3.5.5)
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\

9_1 /@ @ _
K =+ where 1 = [, q,(1-20ds

h

(3.5.6)

a_1 0 @ _
Fé —1—2+l , where lza —J'qnqn(Zx—Zy)ds

3

1
F9 = -!-l:ga), where lga) = jcmqn 2yds

J

Let the global nodes be U,,U,,U,,U,,Us,and U scorresponding to the
nodes u;, u,, Uz, U, Us and ugat the respective vertices. As there are six

nodes, the corresponding matrices will be of order 6. Hence, we obtain for

element a:
"12 -1/2 0 0 0 0] 1] [10]
=172 1 =12 0 0 O 1 lg)
k@) - ¢ =2 U3 9 LW and F@ = : + lgl) (3.5.7)
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0] 0] | o

Since the elements b and d are similar to a, their element matrices will be of

the same type as those of a given in (3.5.7). Thus, for element b,

0 0 0 0 0 O] 0] | O

0 1/2 0 -1/2 0 0 1| [1®
gor_|0 0 0000 e L9, 8) (3.559)

0 -1/20 1 -1/20 121 |5

0 0 0-1/2 1/2 0 1) |2

0 0 0 0 0 o0 0] | 0
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Similarly for element d,

0

KD _

o O O O O

0 0
0 0
0 1/2
0 0
0 —-172
0 0

0 0
0 0
0 —1/2
0 0
0 1
0 -1/2

0
0
0
0

-1/2
1/2

andF(d) =i
12

= - O = O O

0

0
C)
ll

0
4
12

“)
L7 ]

(3.59)

Similarly, for element ¢, we note that the correspondence between its

vertices and those of a is given by 5 - > 1, 3->2 and 2->3. Hence, we have

K(C) -

0
0
0
0

0

0
1/2
-1/2
0
0
0

0
~1f2
1
0
—-1/2
0

0
0
0
0
0
0

0
0
-1/2
0
172
0

0] [0]
0 1
. and F© =i ;
0 12{0
0 1
0 1]

0]

3)
ll

0
3
&

0

(3.6.0)

Assembling the element matrices in (3.5.7), (3.5.8), (3.5.9)- and (3.6.0) and

simplifying, we obtain the matrix equation

-1
0
0
0
0

M| =

-1
4

-2 4

-1
0
0

0 0
=4

0
0 2
-2 =1
0 0

e s (a)

0 uj [1 lla
o il 3] [19410 0
0 Juy|_|3], 5D 419 419

0 Uy - 1 [52)
-1 3 b d
Us [§ )+ll(c) +1 )

1 __MGJ _1_ [(d)

f 3

(3.6.1)
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From the boundary conditions, we have (see fig.3.5)
u, =ty =y =Us =t =0 3.62)

Hence, equation (3.4.1) gives

—uy =1/4+1" +10 + (D (3.6.3)
2uy =1/4+ 1D +19 + /(D (3.6.4)
—u=1/4+12 +19 + [V (3.6.5)
From (3.4.4) we obtain
u3 =1/8+1/20{® + 11D +1{%) (3.6.6)

But
l_.ga) = k}zsq,(f).Zyds

=6 [qf(fa)-zy]y=odx+ J({))'S[qr(wl)-zy]mody + Jg_s[q,(f) 'Zy]y=x
=0

This is true since the first integral vanishes and the remaining two integrals

cancel each other.
In a similar manner it can be shown that [$> = /{*) = 0.Hence, it follows

that u=1/8=0.125.From the analytical solution, the exact value is 0.14734
and hence the finite element solution obtained above has an error of 15%.
This accuracy is obtained for coarse mesh used above; but if a finer mesh is
used, i.e., if the number of elements is increased, then the accuracy of the

finite element solution can be improved.
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3.6; Concluding remarks

We have attempted, in this report, to discuss some basic numerical
methods, which are indispensable for the current scientific research. Many
methods have been excluded since they are broad and can be studied and
produced as a solid seminar report by themselves. There is indeed much
more to include. Unfortunately, the limitations of the space and the credit
given for it have forced us to exclude many important topics such as eigen
value problems in differential equations, linear and non — linear
programming, convergence and stability criteria for partial differential
equations and numerical solution of singular integral equations. Our
motivation throughout has been to present the FEM in a very simple way so
as to enable the reader to understand and apply them to solve the specific

problems arising in his/her work.
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