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Abstract

In this thesis, we studied the Coulomb blockade oscillations of conductance through

quantum dots. Quantum dots provide a new challenge to theoretical calculations for

their properties using many body methods. We consider a quantum dot, which is weakly

coupled by tunneling barriers to two electron reservoirs. Using the constant interaction

model between the charge carriers have calculated the conductance G of the quantum

dot is defined as G = I
V

, in the limit V → 0. We have shown the effect of the charging

and thermal energy, and level spacing on the conductance. Since transport through

quantum dot proceeds by tunneling through its discrete electronic states, it will be clear

that for a small V a net current can flow only for certain values of the gate voltage (if

δE >> kBT ). We found an analytical expression for the conductance of a single electron

transistor in the regime when temperature, level spacing, and charging energy of a dot

are all of the same order.

In addition, we consider the model of equidistant energy levels in a dot in the se-

quential tunneling approximation. For δ = 0.3, the normalized conductance is highly

oscillating with the largest amplitude and the normalized conductance becomes less os-

cillatory as δ increases and in our case the least oscillation occurs for δ = 0.8 which is

consistent with the fact that the conductance becomes constant at high temperature.

To carried out the study we used a thermal energy for different level of spacing en-

ergy. In this work we have done the numerical computation using fortran program and

plotted the result using gnuplot. We also studied the Coulomb blockade oscillations

of conductance at high and low temperatures using the variation of level spacing and

thermal energy. At low temperature there are sharp Coulomb blockade peak and for

high temperatures kBT >> Ec, δE, Coulomb blockade is lifted and small oscillations of

the conductance can be observed.
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Chapter 1

Introduction

The free electrons are confined in all three dimensions leading to quantum effects that

strongly influence electronic transport at low temperatures. Like in atoms, the energy

levels of small quantum dots can be probed by optical spectroscopy techniques. That is

why quantum dots are nick named as artificial atoms. When photons are pumped into

a semiconductor, electrons are excited in to the conduction band, leaving behind holes

in the valence band. The free electrons are strongly confined to the interface between

GaAs and AlGaAs, forming a two dimensional electrons gas (2DEG), Coulomb blockade,

conductance of quantum dot and weakly coupled quantum dots. An important element

of electronic transport through quantum dots is Coulomb blockade. An extra electron

can only be added to the dots, if enough energy is provided to overcome the coulomb

repulsion between the electrons[1].

The next step after studying individual quantum dots is to study systems of more

than one dots. In this thesis, we will assume that the bias voltage is infinitesimally small,

V → 0. This corresponding to linear response regime. In order to via the quantum dot,

an electron in the left lead has to overcome a charging energy, Ec = e2

2C
, where e > 0

is the elementary charge; C is the capacitance of the quantum dots. If kBT << Ec

the conductance through the system is exponentially suppressed. This phenomenon is

called the Coulomb blockade. However, if we apply a voltage (Vg) to the additional gate

capacitively coupled to the dot, the Coulomb blockade can be lifted. Indeed, changing Vg
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one can shift the position of energy minimum so that energies of the quantum dot withNe

and (Ne+1) electron will become equal and an electron can freely jump from the left lead

onto the dot and then jump out into the other lead. Thus, current event has occurred

and a peak in the conductance or G, corresponding to this gate voltage is observed. By

changing the gate voltage one can observe an oscillation of the conductance or Coulomb

blockade oscillations. One particle energy levels in quantum dot, Ei, are given by the

solution of the schrodinger equation in the quantum dot’s potential. The mean spacing

between these energy level is δE. The conventional assumption that Ec >> δE is not

valid in the case of sufficiently small dots[2,3]. In this thesis, we wish to study only some

recent result based on quantum phenomenon in micro structured semiconductors which

are related to the tunneling quantum dots, and quantum conductance and Coulomb

blockade oscillations.

Our present study Coulomb blockade oscillations of conductance in a quantum dots,

the discreteness of the electron charge manifests itself in the conductance as a result of

the Coulomb repulsion of individual electrons. The transfer by tunneling of one electron

between two initially neutral regions, the mutual capacitance C increases the electro-

static energy of the system by an amount of e2

2C
. At low temperatures and the small

applied voltages, conduction is suppressed because of the charging energy. This phe-

nomenon is known as the Coulomb blockade of single electron tunneling. The Coulomb

blockade can be removed by capacitive charging (by means of a gate electrode) of the

regime between two barriers. In this thesis, we derive the analytical expression for the

linear conductance, G = I
V

in the limit of V → 0. The analytical treatment of the

quantum dots are equidistant energy[4,5].
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1.1 Organization Of This Thesis

The outlines of this thesis, Chapter one introduces about Coulomb blockade oscillations

of conductance in a quantum dots as a research topic, and has described Coulomb block-

ade, Coulomb blockade oscillation, conductance from different temperature, including

basic semiconductor as well as a basic mesoscopic phenomena. Chapter two describes

electron transport through quantum dots, like the 2D lateral quantum dots, Coulomb

blockade oscillations in the conductance of a quantum dot, constant interaction model

and single particle of hamiltonian. Chapter three describe linear conductance at low

and high temperature which includes quantized charge tunneling, linear conductance in

limit cases. Chapter four explains numerical result and discussion of electron transport

through quantum dot depending on the result of the investigation, and Chapter five

presented summary and conclusion of the thesis.
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Chapter 2

Electron Transport Through
Quantum Dots

In this Chapter, we wish to determine an analytical expression for the conductance of a

single electron transistor in the regime when the temperature, level spacing, and charging

energy of a grain are all of the same order. We will explain the constant interaction

model and single particle of hamiltonian and 2D lateral quantum dots. Effects from the

non Fermi dirac distribution of electrons among the energy levels (occurring when kBT

is comparable to the level separation) are fully included. A linear response theory is

developed for resonant tunneling through a quantum dots of a small capacitance, in the

regime of thermally broadened resonance.

2.1 Two Dimensional Lateral Quantum Dots

Recent advances in materials science made possible the fabrication of small conducting

devices known as quantum dots. In particular, in 2D lateral quantum dots from one to

several thousand electrons are confined to a spatial region whose linear size is from about

40nm to 1µm. These quantum dots are typically made by forming a two dimensional

electron gas on the interface of semiconductor hetero structure and applying electrostatic

potential to the metal surface electrodes to further confine the electrons to a small

region (quantum dots) in the interface plane. The transport properties of a quantum
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dot can be measured by coupling it to leads and passing current through the dot[6]. The

electrons phase is preserved over distances that are large compared with the size of the

system (quantum coherence), giving rise to new phenomena not observed in macroscopic

conductors. The coupling between a quantum dot and its leads can be experimentally

controlled. In an open dot, the coupling is strong and the movement of electrons across

dot lead junctions is classically allowed and in closed dot the coupling is weak and its

leads are set as tunnel barriers. However, when the point contacts are pinched off,

effective barriers are formed and conduction occurs only by tunneling. In these almost

isolated or closed quantum dots, the charge of the dot is quantized and the low lying

energy levels are discrete with their widths smaller than the spacing between them, see

Chapter 3. The advantage of these artificial systems is that their transport properties

are readily measured and all parameters the strength of the dot-lead tunnel coupling,

the number of electrons in the dot, and the dots size and shape are under experimental

control.

The tunneling of an electron onto the dot is normally blocked by the classical

Coulomb repulsion with the electrons already in the dot; hence, the conductance is

very small. This phenomenon is known as the Coulomb blockade. However, by the

changing the voltage of the back-gate Vg, one can compensate for this repulsion and, at

the appropriate value of Vg, the charge of the dot can fluctuate between Ne and Ne + 1

electrons leading to a maximum in the conductance. Thus, one can observe Coulomb

blockade oscillations of the conductance as a function of the back-gate voltage, see Fig-

ure 4.4. At sufficiently low temperatures these oscillations turn into sharp peaks that are

spaced almost uniformly in Vg. Their separation is approximately equal to the charging

energy e2

2C
[6].
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2.2 Constant Interaction Model And Single Particle

Hamiltonian

Electron-electron interactions in a quantum dots in the Coulomb blockade regime are

conventionally described by the constant interaction model of the Hamiltonian system

in the quantum dots[6,7].

Edot =
∑
kα

nkαEk + U(N) (2.1)

Where the first term is the kinetic energy of electrons in the quantum dots. Ek is a

discrete set of the quantum dots energy levels for spinless particles. The second terms,

U(N) describes the electron electron interaction in the quantum dot. We adopt the

simplest model for interaction, namely the constant interaction model. In this model

the Coulomb interaction of the electrons depends only on the total number of electrons

in the quantum dot[4]. Hence, an electrostatic potential difference φ(Q) can be arise

between the dot and the reservoirs in equilibrium (Q = -Ne is the charge on the dot).

Fig.(2.1), where a small dot with self capacitance CT is weakly coupled to source and

Figure 2.1: Schematic drawing of a typical electrode arrangement for a single electron
transistor

drain contact via tunnel barriers. The Coulomb blockade of expressing φ in terms of

total capacitance C between dot and the reservoirs, including also a contribution φext

6



from external charges.

φ(Q′) =
Q

C
+ φext (2.2)

CT = Cd + Cs + Cg (2.3)

The electrostatic energy is

U(N) =

∫ −Ne

0

φ(Q′)dQ′

=
(Ne)2

2C
−Neφext (2.4)

This is self interaction model of quantum dots. In two dimensional electron gas, the

external gas are supplied by ionized donors and by gate electrode (with an electrostatic

voltage V gate between gate and reservoirs). One has φext = φdonor + αVgate, where α

(as well as C) is a rational function of the capacitance matrix elements of the system.

Where Qext = Cφext plays the role of an externally induced charge on the dot, which

can be varied continuously by means of V gate. If there is doping φext = Vext.

Vext = Vgate + Vdonor (2.5)

Vext =
Cg

CT

Vg = αVg (2.6)

For the spinless particles N ≥ 1, at T = 0 and equally spaced discrete energy levels, ∆,

total kinetic energy is

KE =
N∑

k=1

nkEk

= ∆ + 2∆ + 3∆........+N∆

KE = N(N + 1)
∆

2
(2.7)

Assuming constant interaction model, the same interactions between electrons, Ec = e2

2C
,
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Figure 2.2: Energy levels

the total interaction in potential energy can be calculated. Each electron interaction

with the rest (N-1) electrons.

U1(N) = (N − 1)
e2

2C
(2.8)

The interaction potential energy of N electrons

U(N) = NU1(N)

U(N) =
N(N − 1)Ec

2
(2.9)

Where Ec = e2

2C
is the charging energy. The total potential energy is

U(N) = U(N) − eNVext

=
N(N − 1)Ec

2
− eNVext

= N2Ec

2
−N

Ec

2
−NeVext

=
Ec

2
[N2 −N − 2NeVext

Ec

]

=
Ec

2
[N2 − 2N(1/2 +

eVext

Ec

)]

U(N) =
Ec

2
[N2 − 2NNext] (2.10)

Next =
1

2
+
eVext

Ec

8



Then, the total potential energy is

U(N) =
Ec

2
[N2 − 2NNext +N2

ext −N2
ext] (2.11)

The total energy of the quantum dot is

E(N) = KE(N) + U(N) (2.12)

Substituting Eq.(2.7) and Eq.(2.11) into Eq.(2.12), the total energy is

E(N) =
N(N + 1)∆

2
+N(N − 1)

Ec

2
− eNVext

E(N) =
N2∆

2
+
N∆

2
+
N2Ec

2
− NEc

2
− eNVext

= (
Ec

2
+

∆

2
)[N2 −

(Ec

2
+ eVex − ∆

2
)N

Ec

2
+ ∆

2

]

= (
Ec

2
+

∆

2
)[N2 − 2N

(Ec

2
+ eVex − ∆

2
)

Ec + ∆
]

= (
Ec

2
+

∆

2
)[N2 − 2NNext +N2

ext −N2
ext]

E(N) =
1

2
(Ec+ ∆)[(N −Next)

2 −N2
ext] (2.13)

Where

Next =
(Ec

2
+ eVex − ∆

2
)

Ec + ∆
(2.14)

We have used the constant interaction model to the describe the electron- electron

interaction. Discrete energy levels are resolvable for small sizes less than 10nm. ∆ is

mean spacing between the one particles energy levels in quantum dots. When Ec >> ∆

energy levels in quantum dots are equidistant[7].
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2.3 Conductance Of A Quantum Dot Coupled To

Two Electron Reservoirs

We consider a confined region which is weakly coupled via tunnel barriers to two electron

reservoirs(left and right). We formulate the problem of the influence of the charging

energy on resonant tunneling through a quantum dots, which is weakly coupled to

two electron reservoirs. We specialize to the linear response regime and obtained an

expression for the conductance Eq.(2.62) which can be evaluated straight forwardly,

given the energy spectrum and tunnel rates. The confined region or ”quantum dots”,

has a single electron energy levels at Ep (p = 1, 2, 3, 4......), labeled in ascending order

and measured relative to the bottom of the potential well each level contains either one

or zero electrons. Each reservoirs is taken to be in thermal equilibrium at temperature T

and chemical potential EF . A continuum of states is assumed in the reservoirs occupied

according to the Fermi Dirac distribution[8,9].

f(E − EF ) = [1 + e
E−EF

KT ]−1 (2.15)

f(∆E) = [1 + eβ∆E]−1

The Fermi levels in the right and left reservoirs and the discrete energy levels in the

quantum dots are indicated dashed lines.

The tunnel rate from level p to the left and right reservoirs in Figure 2.3 is denoted

by Γl
p and Γr

p respectively. We assume that both KT and ∆E are >> ~(Γl + Γr) (for

all levels participating in the conduction), so that the finite width ~Γ = h(Γl + Γr)

of the transmission resonance through the quantum dot can be disregarded. Energy

conservation up on tunneling from an initial state p in the quantum dot (containing

N electrons) to a final state in the left reservoir at energy Ef,l, (in excess of the local

electrostatic potential energy )are equal.

Ef,l(N) = Ep + U(N)− U(N − 1) + ηeV (2.16)

10



Figure 2.3: (a) Confined region (”quantum dot”)weakly coupled to two electron reser-
voirs via tunnel barriers(hatched), (b) profile of the electrostatic potential energy (solid
curve) along a line through the tunnel barriers.

Here η is the fraction of applied voltage V which drops over the the left barrier. The

energy conservation condition for tunneling from an initial state Ei,l in the left reservoir

to a final state p in the quantum dot is occupied[9].

Ei,l(N) = Ep + U(N + 1)− U(N) + ηeV (2.17)

Where N is the number of electrons in the dot before the tunneling event. Similarly, for

tunneling between the quantum dot and the right reservoirs the right energy level Ep

must be empty on has the conditions[6,7].

Ef,r(N) = Ep + U(N)− U(N − 1)− (1− η)eV (2.18)

Hence, the initial state level p in the right reservoirs

Ei,r(N) = Ep + U(N + 1)− U(N)− (1− η)eV (2.19)

In equilibrium, this probability distribution is the Gibbs distribution in the grand canon-

ical ensemble:

Peq(ni) = Z−1e
−1
KT

(
∑∞

i=1 Eini+U(N)−NEf ) (2.20)

11



Where the total energy of the quantum dot is:

E(N) =
∞∑
i

niEi + U(N) (2.21)

And Ω(N) = E(N)−NEF , N =
∑

i ni and Z is the partition function.

Z =
∑
(ni)

e
−1
KT

(
∑∞

i=1 Eini+U(N)−NEf ) (2.22)

Then, the left reservoirs is occupied with the probability of f(El,i(N))and unoccupied

with (1 − f(Ef,l(N)). The non equilibrium probability distribution p is a stationary

solution of the kinetic equation.

∂

∂t
P ({ni}) = 0

= −
∑

p

P ({ni})δnp,0[Γ
l
pf(Ei,l(N)− Ef ) + Γr

pf(Ei,r(N)− Ef )]−
∑

p

P (ni)δnp,1

(Γl
p[1− f(Ef,l(N)− Ef )] + Γ

r

p[1− f(Ef,r(N)− Ef )])+∑
p

P (n1, n2, ...np−1, 1, .np+1, )δnp,0 × (Γl
p[1− f(Ef,l(N + 1)− Ef )]+

Γr
p[1− f(Ef,r(N + 1)− Ef )]) +

∑
p

P (n1, ..., np−1, , 0, np+1, )δnp,1

× [Γl
pf(Ei,l(N − 1)− Ef ) + Γr

pf(Ef,r(N − 1)− Ef )] (2.23)

The kinetic equation (2.23) for the stationary distribution function is equivalent to the

set of detailed balance equations (one for each p = 1, 2...).

P (n1, ...np−1, 1, np+1....)(Γ
l
p[1− f(Ef,l(N + 1)− Ef )] + Γr

p[1− f(Ef,r(N + 1)− Ef )])

= P (n1, , , np−1, ..0, , np+1)[Γ
l
pf(Ei,l(N̂)− Ef ) + Γr

pf(Ei,r(N̂)− Ef )]

(2.24)

Where the notation N̄ =
∑

i6=p. The linear response problem is

P ({ni}) = Peq({ni})[1 +
eV

KT
Ψ({ni})] (2.25)

The linear response using Taylor series given by

f ′(ε+ ηeV ) = f(ε) + ηeV
∂f

∂ε
(2.26)

12



f r(ε− (1− η)eV ) = f(ε)− (1− η)eV
∂f

∂ε
(2.27)

The first order terms with respect to V can be written in the form of:

Peq(n1, .., np−1.., 1, np+1..)(ψ(n1, , np−1, .1, , np+1, )(Γ
l
p + Γr

P )[1− f(E)]

−[Γl
pη − Γr

p(1− η)]KTf ′(E)) = Peq(n1, , np−1, , 0, , , np+1)(ψ(n1, , np−1, , 0, np+1)

(Γl
p + Γr

p)f(E) + [Γl
pη − Γr

p(1− η)]) (2.28)

The zeroth order terms in eV is

Peq(n1, , np−1, , 1, np+1)[Γ
l
p(1− f(E) + Γr

p(1− f(E))] = Peq(n1, , np−1, , 0, np+1)

[Γl
p(f(E) + Γr

p(f(E))] (2.29)

The linearize first order terms in terms of eV

Peq(n1, , np−1, , 1, np+1)[βΨeV (Γr
p + Γl

p)(1− f(E)− eV f ′(E)(Γl
pη − Γr

p(1− η))]

= Peq(n0, , np−1, , 1, np+1)[eV βΨΓr
p + Γl

p)f(E) + (ηΓl
p − (1− η)Γr

p)f(E)] (2.30)

By the eliminating the same terms from Eq.(2.30) and it reduced as

Peq(n1, , np−1, , 1, np+1)[Ψ(Γr
p + Γl

p)(1− f(E))− Peq(n1, , np−1, , 1, np+1)]

= Peq(n1, , np−1, , 0, np+1)[Ψ(Γr
p + Γl

p)f(E) + Peq(n1, , np−1, , 0, np+1)] (2.31)

Where f ′(E) = ∂f(E)
∂E

and abbreviated ε = Ep +U(N̄ + 1)−U(N̄)−EF . We know that

the Fermi Dirac distribution is

f(E) =
1

1 + eβE

1− f(E) = 1− 1

1 + eβE
= f(E)eβE (2.32)

13



Then,

Peq(n1, , np−1, , 0, np+1)[Ψ(n1, np−1, 0, np+1)

(Γr
p + Γl

p)(1− f(E))− (Γl
pη − Γr

p(1− η)KTf ′(E)]

= Peq(n1, , np−1, , 0, np+1)[Ψ(n1, np−1, 0, np+1)

(Γr
p + Γl

p)f(E) + (Γr
p + Γl

p)f(E) + (Γl
pη − Γr

p(1− η)KTf ′(E)] (2.33)

Equation (2.37) can be simplified by making subsequently the substitutions:

1− f(E) = f(E)e
ε

KT (2.34)

We have this equation from zeroth order terms in terms of eV using detailed balance.

Peq(n1, , np−1, , 1, np+1)(Γ
r
p + Γl

p)(1− f(E)) = Peq(n1, , np−1, , 0, np+1)(Γ
r
p + Γl

p)f(E)

(2.35)

Then, cancel out the same terms from the above equation and it reduces

Peq(n1, , np−1, , 1, np+1)(1− f(E)) = Peq(n1, , np−1, , 0, np+1)f(E) (2.36)

Hence, 1 − f(E) = f(E)e
ε

KT . Then, the probability at equilibrium for the first order

terms becomes

Peq(n1, , np−1, , 1, np+1)f(E)eβE = Peq(n1, , np−1, , 0, np+1)f(E)

Peq(n1, , np−1, , 1, np+1) = Peq(n1, , np−1, , 0, np+1)e
−βE (2.37)

From the zeroth order terms f ′(E) = −βf(E)
1+e−βE .

KTf ′(E)(1 + e
−ε
KT ) = −f(E) (2.38)
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The first order of linear response in terms of eV is

Peq(n1, .., np−1.., 1, np+1..)(ψ(n1, , np−1, .1, np+1, )(Γ
l
p + Γr

P )[1− f(E)]− [Γl
pη − Γr

p

(1− η)]KTf ′(E)) = Peq(n1, , np−1, , 0, , , np+1)(ψ(n1, , np−1, , 0, np+1)(Γ
l
p + Γr

p)f(E)

+[Γl
pη − Γr

p(1− η)]

(2.39)

The factors Peq and f cancel from the Eq(2.38) and one is left with the simple equation

ψ(n1, , np−1, , 1, , np+1, , ) = ψ(n1, , , np−1, 0, np+1, , ) +
Γr

p

Γl
p + Γr

p

− η (2.40)

The first order non equilibrium correction ψ to Peq is zero if η =
Γr

i

Γl
i+Γl

i
for all i. This

will happen in the particularly for two identical tunnel barriers (when η = 1
2
,Γl

i = Γr
i ).

The solution is the total sum over occupation number is

ψ(ni) = const+
∞∑
i=1

ni(
Γr

i

Γl
i + Γr

i

− η) (2.41)

The constant term in Eq.(2.41) takes care of the normalization of P to the first order in

V. Hence, substitute the linearization of Eq.(2.41) into Eq.(2.25) and it gives

P ({ni}) = Peq({ni})[1 +
eV

KT
Ψ({ni})]

= Peq({ni})[1 +
eV

KT
[const+

∞∑
i=1

ni(
Γr

i

Γl
i + Γr

i

− η)]] (2.42)

Where Ei,landEf,l are the energies of the initial and final states in the left reservoirs.

The stationary current through the left barrier equals that through the right barrier,

and is given by

I = −e
∞∑

p=1

∑
{ni}

Γl
pp({ni})× (δnp,0f(Ei,l(N)− EF )− δnp,1[1− f(Ef,l(N)− EF )] (2.43)

The second summation is over all realizations of occupation numbers n1, n2, ..... = ni

of the energy levels in the quantum dot, each with stationary probabilityp(ni). The

numbers ni can take on only the values 0 and 1.

I = −e
∞∑

p=1

∞∑
{ni}

P ({ni})[δnp,0f(E + ηeV )− δnp,1(1− f(E + ηeV ))] (2.44)
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Where E + ηeV = Ei,l(N)− EF and El,f (N)− EF = E + ηeV . The linearizing of f(E)

using Taylor series is given by

f(E + ηeV ) = f(E) + ηeV
∂f

∂E

I = −e
∞∑

p=1

∞∑
{ni}

P ({ni})[δnp,0(f(E) + ηeV
∂f

∂E
)− δnp,1(1− (f(E) + ηeV

∂f

∂E
))]

= −e
∞∑

p=1

∞∑
{ni}

P ({ni})[δnp,0(f(E) + ηeV
∂f

∂E
)− δnp,1(1− f(E)− ηeV

∂f

∂E
)]

= −e
∞∑

p=1

∞∑
{ni}

P ({ni})[(δnp,0 + δnp,1)f(E) + ηeV
∂f

∂E
(δnp,1 + δnp,0)− δnp,1] (2.45)

Hence, using normalization condition δnp,0 + δnp,1 = 1 and we can obtain the expression

of current as follows

I = −e
∞∑

p=1

∞∑
{ni}

P ({ni})[(f(E) + ηeV
∂f

∂E
)− δnp,1] (2.46)

The current I through the quantum dot for the first order in V is obtained by the

linearization after substituting p({ni}) and we obtained

I = −e
∞∑

p=1

∞∑
{ni}

P ({ni})[1 +
eV

KT
Ψ(ni)][δnp,0(f(E) + ηeV

∂f

∂E
)− δnp,1(1− f(E)− ηeV

∂f

∂E
)]

(2.47)

I =
e2V

KT

∑
p

∑
ni

Γl
pPeq(ni)[δnp, 0ηKTf

′(E) + δnp, 1ηKTf
′(E) + ψ(ni)δnp, 0f(E)− ψ(ni)

δnp, 1(1− f(E))]

=
e2V

KT

∑
p

∑
ni

(δnp, 0 + δnp, 1)ηKTf 2(E)eβE + ψ(ni)δnp, 0f(E)− ψ(ni)δnp, 1f(E)eβE)

(2.48)

Where eβE = 1−f(E)
f(E)

,KTf ′(E) = f(1− f(E)).

I =
e2V

KT

∑
p

∑
ni

Γl
pf(E)eβE[(δnp, 0 + δnp, 1)f(E)− η + ψ(ni)δnp, 0 + Peq({ni})δnp,1]

=
e2V

KT

∑
p

∑
ni

Γl
p[−η + δnp,0f(E) + Ψ(ni)δnp,0f(E)−Ψ(ni)δnp,1 + f(E)eβE] (2.49)
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Where (Peq({ni})δnp,0 + Peq({ni})δnp,1)ηKTf
′(E) = Peq({ni}δnp,0ηf

′(E). Then, we

have

Peq(n1, np−1, 1, np+1)Ψ(n1, np−1, 1, np+1)e
βE = Peq({ni}δnp,0Ψ(n1, np−1, 1, np+1 (2.50)

By arranging Eq.(2.49) and Eq.(2.50), we can get

I =
e2V

KT

∑
p

∑
ni

Γl
pf(E)δnp,0[η + Ψ(n1, np−1, 1, np+1)−Ψ(n1, np−1, 0, np+1)] (2.51)

Hence, η + Ψ(n1, np−1, 1, np+1)−Ψ(n1, np−1, 0, np+1) =
Γl

p

Γl
p+Γr

p
.

I =
e2V

KT

∑
p

∑
ni

Γl
pPeq({ni})f(E)δnp,0

Γl
p

Γl
p + Γr

p

Since, Ep + U(N + 1)− U(N)− EF = E

I =
e2V

KT

∑
p

∑
ni

Γl
pΓ

r
p

Γr
p + Γl

p

Peq(ni)δnp,0f(Ep + U(N + 1)− U(N)− EF ) (2.52)

The two terminal linear response conductance G of the quantum dot is defined as

G = lim
V−→0

(
I

V
) (2.53)

Then, substitute Eq.(2.53)in to Eq.(2.54)and is given by

G =
e2

KT

∞∑
P=1

∞∑
ni

Γl
pΓ

r
p

Γr
p + Γl

p

Peq(ni)δnp,0f(Ep + U(N + 1)− U(N)− EF ) (2.54)

G =
e2

KT

∞∑
P=1

∞∑
ni

Γl
pΓ

r
p

Γr
p + Γl

p

Peq(n1, np−1, 0, np+1)f(E)eβEδnp,0

=
e2

KT

∞∑
P=1

∞∑
ni

Γl
pΓ

r
p

Γr
p + Γl

p

Peq(ni)δnp,0(1− f(E)) (2.55)

Where Peq(n1, np−1, 1, np+1) = Peq(n1, np−1, 0, np+1)f(E)eβE and 1− f(E) = f(E)eβE.∑∞
ni
Peq(ni)δnp,0 =

∑∞
N Feq(Ep/N)Peq(N). The equilibrium probability distribution is

Peq(N) =
∑
ni

Peq(ni)δN,
∑

ni =
e−Ω(N)

KT∑
N e

−Ω(N)
KT

(2.56)
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Feq(E/N) =
1

Peq(N)

∑
ni

Peq(ni)δnp, 1δN,
∑

ni = e
F (N)
KT

∑
ni

e
−1
KT δnp, 1δN,

∑
ni (2.57)

Here Ω(N) is the thermodynamic potential of the quantum dot, and F(N) is the free

energy of the internal degrees of freedom:

Ω(N) = F (N) + U(N)−NEf (2.58)

F (N) = −KT ln[
∑
ni

e
−1
KT

∑∞
i=1 Einiδnp, 1δN

∑
ni] (2.59)

The function Peq(N) is the probability that the quantum dot contains N electrons in

the equilibrium; the function Feq(Ep/N) is the conditional probability in equilibrium

that levels P is occupied given that the quantum dot contains N electrons. By the

combination of Eq.(2.59)and (2.60) and it becomes

Feq(E/N) =
1

Peq(N)

∑
ni

Peq(ni)δnp, 1δN,
∑

ni (2.60)

G =
e2

KT

∞∑
P=1

∞∑
N=0

Γl
pΓ

r
p

Γr
p + Γl

p

Peq(N)[1− Feq(
Ep

N
)]f(Ep + U(N + 1)− U(N)− Ef ) (2.61)

Since, 1− F (Ep/N) = Feq(Ep/N),
∑∞

N=1

G =
e2

KT

∞∑
p=1

∞∑
N=1

Γl
pΓ

r
p

Γr
p + Γl

p

Peq(N)Feq(
Ep

N
)[1− f(Ep + U(N)− U(N − 1)− Ef )] (2.62)

This equation is the conductance of quantum dots.
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Chapter 3

Linear Conductance In Quantum
Dot

In this Chapter, we will find an analytical expression of linear conductance at low and

high temperatures in quantum dot limit cases. At low temperatures there are sharp

coulomb blockade peaks. At high temperatures, kBT >> Ec, δE, coulomb blockade is

lifted and small oscillations of the conductance can be observed as follows.

3.1 Linear Conductance

In sequential tunneling approximation (STA), conservation of energy was assumed in

each tunneling process and co tunneling was neglected. This means Ne −→ Ne + 1 −→

Ne −→ Ne + 1. We will obtain an analytical expression for the conductance analyze its

limiting cases. In the linear response regime an analytical formula for the conductance

has been obtained[10,11].

G =
e2

kBT

∞∑
i=1

Γl
iΓ

r
i

Γr
i + Γl

i

∞∑
Ne=1

Peq(Ne)Feq(Ei/N)× [1−f(Ei−µ+U(N)−U(N−1)], (3.1)

Where the tunneling coefficients are given by Fermis Golden rule.

Γl
i =

2π

h

∑
k

|tki
|2δ[Ei − Ek + U(N)− U(N − 1)]

And

Γr
i =

2π

h

∑
p

|tpi
|2δ[Ei − Ep + U(N)− U(N − 1)]
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are widths of the quantum dots level i associated with tunneling into the left and right

leads respectively. Peq(Ne) is the equilibrium probability that the quantum dots contains

Ne electrons; Feq(Ei/Ne) is the occupation number of levels i given that the dot contains

Ne electron; F (E) is the Fermi dirac distribution; and µ is the chemical potential in

the leads. The quantity Feq(Ei/Ne) is the most non trival one to calculate. It is the

occupation number of the levels i in the canonical ensemble (Ne is fixed ). In the limit

δE/kBT −→ 0, kBT >> δE. Feq(Ei/Ne) becomes a fermi dirac distribution with the

appropriately chosen chemical potential µ̄ = Eo+E1

2
, where Eo is corresponds to the

energy of the last occupied energy level at T = 0[10].

E0 = µ0 =
~2

2m
(
3π2Ne

V
)

2
3 (3.2)

E1 corresponds to the energy of the first empty energy level at T=0.

E1 = E0 + δE = µ0 + δE (3.3)

µ̄ = (µ0 + µ0 + δE)/2 = µ0 + δE/2 (3.4)

In the opposite limit δE/KT −→ ∞, δE >> kBT , the Fermi Dirac distribution with

µ̄ = E0+E1

2
apparently breaks down. The reason for writing this equation is to that

analytical calculation of the occupation numbers is hardly possible for the arbitrary

quantum dots energy level structure Ei. The occupation number of level j = 1 is n1 =

e
−δE

T , not e
−δE
2T as the Fermi dirac distribution would product[3-5].

Feq(Ei/Ne) =
1

Peq(Ne)

∑
(ni)

Peq(ni)δni, 1δNe,
∑

ni

= eβF (Ne)
∑
{ni}

e−β
∑

Einiδni, 1, δNe,
∑

ni (3.5)

Where Peq(ni) is the equilibrium probability of the | ni〉 state of the quantum dot;

β = 1/kBT and the detailed definition of F (Ne) will follow. For equidistant energy
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Figure 3.1: (a) Occupation numbers in the canonical ensemble for the equidistant energy
levels at T=0; b) mapping sum over i onto sum over j (N=2 case as shown)

levels one can use bosonization techniques to find the exact analytical expression for the

occupation numbers in the canonical ensemble[12].

Feq(Ei/Ne) =
∞∑

m=1

(−1)m−1e
−1
2 [m2 + (2j − 1)m]

δE

kBT
, (3.6)

Where[6]

j =
Ei − ζ

δE
+

1

2
= integer, (3.7)

δE/kBT = δ = const, ζ is the energy corresponding to the highest occupied energy

level at T = 0 plus δE/2. The difference, ζ − µ is a linear function of the gate voltage.

Therefore, by properly adjusting zero values of the gate voltage it can be put to zero. We

assume that ζ−µ = 0. To calculate the conductance we also need to know Peq(Ne), the

probability that the dot in the thermodynamic equilibrium with the reservoirs, contains

Ne electrons. It can be calculated in the grand canonical ensemble[12].

Peq(Ne) =
1

Zµ

e−βϕ(Ne), (3.8)

Where Zµ =
∑∞

Ne e
−βΩ(Ne) is the grand partition function; Ω(Ne) is the thermodynamic

potential of the quantum dot. F (Ne) can be expressed via free energy of the dots internal
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degrees of freedom.

Ω(Ne) = F (Ne)− µNe+ U(N), (3.9)

Hence,

Peq(Ne) =
1

Zµ

e−βU(N)Z(Ne) (3.10)

Where

Z(Ne) = e−β[F (Ne)−µNe] =
∑
ni

e−β
∑

(Ei−µ)niδNe,
∑

ni

This is the partition function in the canonical ensemble. To calculate the Zexc explicitly

we need to assume that energy levels of the dot are equidistant. If energy levels of

quantum dot are equidistant Ei = i∆.

Z(Ne) =
∑
ni

e−β
∑

i(i∆−µ)niδNe ,
∑

ni (3.11)

∑
(Ei − µ)ni = E0n0 + E1n1 + E2n2 + ..−Nµ

∑
i

(i∆− µ)ni = ∆n2 + 2∆n3 + 3∆n4 + ...

∑
i

(Ei − µ)ni =
∆

2
Ne(Ne− 1)− µNe =

∆

2
[(N −Ni)2 −Ni2] (3.12)

Hence, Ne = Ni and from Eq.(3.7)

Ei = (j − 1/2)δE + ζ

Ei − µ = (j − 1/2)δE + ζ − µ

By substituting the above equation partition function in the canonical ensemble be-

comes.

Z(Ne) = e(−(Ne−Ni)
2) δ

2Zext (3.13)
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Now, let us substitute Eq.(3.13) in Eq.(3.10) and it is given by

Peq(Ne) =
1

Zµ

e−βU(N)e(−(Ne−Ni)2) δ
2Zext (3.14)

Peq(Ne) =
1

D′
o

e−β[U(N)+N2 δE
2

], (3.15)

Where

D′
o =

∞∑
N=−∞

e−β[U(N)+N2 δE
2

] (3.16)

Where Ne = Ni corresponds to the equilibrium number of the excess electrons (ζ = µ);

Zext is the partition function of the thermal excitations.

U(N) +N2 δE

2
= N2 δE

2
+N(N − 1)

Ec

2
−NeVex

= N2(δE/2 + δEc/2)−N(
Ec

2
+ eVext)

=
1

2
(δE + Ec)[N

2 − 2N(Ec/2 + eVext)

δE + Ec

] (3.17)

Hence, ∆ = δE,

Nex =
Ec

2
+ eVex

∆ + Ec

=
Ec + 2eVex

2(∆ + Ec)
(3.18)

U(N) +N2 δE

2
=

1

2
(∆ + Ec)[N2 − 2NNext] (3.19)

U(N) +N2 δE

2
=

2Ec + δE

2
[(N −Nex)

2 −N2
ex] (3.20)

The probability of the equilibrium in the quantum dot is

Peq(Ne) = Ce−β 2Ec+δE
2 [(N −Nex)

2 −N2
ex]

= Ce−
2Ec+δE

2KT [(N −Nex)
2]

= Ce−
(N−Nex)2

2σ2 (3.21)
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Where σ2 = kBT
δE+2Ec

. Thus, we are well equipped to calculate the conductance in the

case of equidistant energy levels in the quantum dot at arbitrary ratio δ.

U(N) +N2 δE

2
=

1

2
(∆ + Ec)[N

2 − 2NNext +N2
ext −N2

ext]

=
1

2
(∆ + Ec)[(N −Next)

2 −N2
ext]

= N2Ec −NeVext +N2 δE

2

= N2[Ec +
δE

2
]−NeVext

=
2EC + δE

2
[N2 − 2NeVext

2Ec + δE
] (3.22)

Where ∆0 − 1
2

= eVext

2Ec+δE
.

U(N) +
N2δE

2
= (Ec +

δE

2
)[N2 − 2N(∆0 − 1/2) + (∆0 − 1/2)2 − (∆0 − 1/2)2]

= (Ec +
δE

2
)[(N −∆0 + 1/2)2 − (∆0 − 1/2)2]

=
2Ec + δE

2
[(N −∆0 + 1/2)2 + C1] (3.23)

Where

C1 = −(Ec+
δE

2
)(∆0 − 1/2)2 = constant

= −(Ec +
δE

2
)(

e2V 2
ext

(2Ec + δE)2
)

= −1/2(2Ec + δE)(
e2V 2

ext

(2Ec + δE)2
)

= −1

2
(

e2V 2
ext

(2Ec + δE)
) (3.24)

And ∆0 = eV e
2Ec+δE

+ 1/2. Hence, the probability of the equilibrium in quantum dot is

Peq(N) = ce−β 2Ec+δE
2 [N −∆0 + 1/2]2 (3.25)

Since N = ∆0+1/2, U(N)−U(N−1) = (2N−1)Ec−eV e, then eVe = (∆0−1/2)(2Ei+

δE) and combined by U(N)− U(N − 1) = (2N − 1)Ec − (2Ec + δE)(∆0 − 1/2). For j

= 0, N = ∆0. Then, ∆0 = 0, 1, 2, 3, ......

Peq(N) =
e−ε0(N−∆0+1/2)2

D′
0

(3.26)
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Where

D′
0 =

∑
N

e−ε0(N−∆0+1/2)2 (3.27)

And

ε0 = β(Ec + δE/2)

=
1

2σ2
(3.28)

σ2 =
kBT

δE + 2Ec

=
kBT

3δE
=

1

δ
(3.29)

By substitution of the above equation and is given by

Peq(N) =
e
−(N−N0)2

2σ2∑
N e

−(N−N0)2

2σ2

(3.30)

Where N0 = ∆0 − 1/2, if N < 0, (N = -1, -2,) is the excess hole. If N = Ne − Ni = 0

and N = -1, Ne = Ni − 1, ε0 = 3/2δ. Peq(N) is maximum at N0 = ∆0 − 1/2. By

varying ∆0, N0 also varies. If ∆0 = 1/2,−1/2, 3/2 and N0 = 0,−1, 1. Then, δ is a large

if δE >> kBT , σ is small or sharply peaked. For a small value of ∆ (close to zero)

only N = 0, -1 contribute to the sums. Then, Γl
i and Γr

i can be considered constant and

evaluated at the chemical potential; Γl
i ≈ Γl

µ = Γl; Γr
i ≈ Γr

µ = Γr. There is a simple

relation between these widths and conductances of the corresponding junctions[11].

Γl =
hGl

e2
δE, (3.31)

Γr =
hGr

e2
δE. (3.32)

Let us substitute Eq.(3.31) and Eq.(3.32) in Eq.(3.1)and becomes

G =
GlGr

Gl +Gr

δ

D′o

∑
N

e−β[
U(N)+N2δE

2
]
∑

i

Feq(Ei/Ne)× [1− f [Ei− µ+U(N)−U(N − 1)]]

(3.33)
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j =
Ei− ζ

δE
+ 1/2 = integer (3.34)

Ei− µ = Ei − ζ
′
+ (ζ

′ − ζ)

= (j − 1/2)δE +NδE (3.35)

Where ζ
′ − ζ = NδE is the energy of the highest occupied energy level in the dot with

N excess electrons at T = 0 plus δE/2 and Feq(Ei/N) = nj.

Ei − µ+ U(N)− U(N − 1) = (j − 1/2)δE +NδE + (2N − 1)Ec − (2Ec + δE)(∆0 − 1/2)

= (j − 1/2)δE + (δE + 2Ec)N − Ec − (2Ec + δE)(∆0 − 1/2)

= (j − 1/2)δE + (δE + 2Ec)(N −∆0 + 1/2)− Ec

= jδE + 2(Ec +
δE

2
)(N −∆0 + 1/2)− (Ec +

δE

2
)

= jδE + 2
ε0
β

)(N −∆0 + 1/2)− ε0/β

= jδE + 2
ε0
β

(N −∆0) (3.36)

∆0 =
eVe

2Ec + δE
+ 1/2 (3.37)

has been chosen so that ∆0 = 0 corresponds to the maximum of the conductance peaks.

U(N)− U(N − 1) = (2N − 1)Ec − eVe = (2N − 1)Ec − (2Ec + δE)(∆0 − 1/2) (3.38)

After substituting these result in Eq.(3.33), we obtain

G(∆0)

G∞
=

δ

D0

∑
N

e−ε0(N−∆0+1/2)2
∑

j

nj

e−jδ−2(N−∆0)ε0 + 1
, (3.39)

Where

D0 = eβC1D′
0 =

∑
N

e−ε0(N−∆0+1/2)2 ; (3.40)
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ε0 = β(Ec + δE/2), G∞ = GlGr

Gl+Gr is the classical, Ec, δE << kBT << µ, limit of the

conductance. We have also used the identity 1− f(E) = (1 + e−βE)−1. Eq.(3.39) is the

general expression for the linear conductance in the spinless case for equidistant energy

levels in the quantum dots at arbitrary values of Ec, δE and T. When δE = Ec, ε0 =

3/2βδE = 3/2βEc.

ε0 = β(Ec +
δE

2
) =

3Ec

2KT
=

3δE

2KT
=

3

2
δ (3.41)

Then, 2Ec+ δE = 3δE.

∆0 =
eV e

2Ec + δE
+ 1/2 (3.42)

∆0 − 1/2 =
eV e

2Ec + δE
=

eVe

2(Ec+ δE/2)
(3.43)

Feq(Ei/Ne) =
∞∑

m=1

(−1)m−1e
−1
2 [m2 + (2j − 1)m]

δE

T
(3.44)

Using recrusion relation

m2 + (2j − 1)m = m2 + 2(j − 1/2)m = (m+ j − 1/2)2 − (j − 1/2)2 (3.45)

nj =
∞∑

m=1

(−1)m−1e
−δ
2

[(m+j−1/2)2−(j−1/2)2]

= e
δ
2
(j−1/2)2

∞∑
m=1

(−1)m−1e
−δ
2

(m+j−1/2)2 (3.46)

G(∆0) = G(∆o +M), where M is an integer. In the gate voltage units

e∆Ve = 2Ec + δE (3.47)

∆Ve = (2Ec + δE)/e is a period of the conductance oscillations. This property reflects

symmetry with respect to adding or removing an electron to the quantum dots. Due to

the electron hole symmetry, conductance is an even function of ∆o: G(∆o) = G(−∆o).

At low temperatures there are sharp coulomb blockade peaks. At high temperatures,
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kBT >> Ec, δE, Coulomb blockade is lifted and small oscillations of the conductance

can be observed[12].

D′
o =

∞∑
N=−∞

eε0(N−∆0+1/2)2 (3.48)

eε0(N−∆0+1/2)2 has maximum at N = ∆0 − 1/2. The sum has major contribution

D′
o = e−ε0(N−∆0+1/2)2 + e−ε0(N−∆0+1/2)2

= e−ε0(0−∆0+1/2)2 + e−ε0(−1−∆0+1/2)2

= e−ε0(∆0−1/2)2 + e−ε0(∆0+1/2)2 (3.49)

For summation over j, only N = 0 contribute to the sum and ∆.

G(∆0)

G∞
=

δe−ε0(∆0−1/2)2

e−ε0(∆0−1/2)2 + e−ε0(∆0+1/2)2

=
δ

1 + eε0[(∆0−1/2)2−(∆0+1/2)2]
(3.50)

The sum over j at the N = −1 is O(e−2ε0) and, therefore, can also be neglected. Hence,

line shape of the conductance peak at ∆0 = 0 is given by

G(∆0)

G∞
=

δ

1 + e−2ε0∆0

∑
j

nj

1 + e−jδ+2ε0∆0
(3.51)

Hence, Ec >> kBT , δE or ε0 = Ec+δE/2
kBT

= 3δE
2kBT

= 3/2δ, ε0 >> 1, δ and we use the

identity of 2ε0∆0 = βe(V e− V e(0)) = βeφ0.

e−jδ−2(N−∆0)ε0 + 1 = e−jδ+2(∆+1)ε0 + 1

= e2ε0∆0+2ε0−jδ + 1

= e2ε0(1+∆)−jδ+1 + 1

= e2ε0 + 1 = e−2ε0 (3.52)

For j=0, -1, -2,

G(∆0)

G∞
=

δ

1 + eβeφ0
[

n0

1 + eβeφ0
+

n−1

1 + eβeφ0−δ
+

n−2

1 + eβeφ0−2δ
+ ..]

=
δ

1 + e−βeφ0
[e−βeφ0(n0 + n−1e

δ + n−2e
2δ + .....)]

= δe−βeφ0 [(n0 + n−1e
δ + n−2e

2δ + .....)] (3.53)
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When eβeφ0 >> 1. Using recursion relation the following expression is given by

n0 =
∞∑

m=1

e−δ/2(m2−m)(−1)m−1

=
∞∑

m=1

(−1)m−1eδ/2m(m−1)

=
∞∑

m=1

(−1e−δm/2)m−1

= 1− e−δ + e−3δ + e−6δ + ..... (3.54)

And

n−1 =
∞∑

m=1

(−1)m−1e−δ/2(m2−3m)

= 1 + e−δ − eδ (3.55)

Then, multiplying both side by eδ and it becomes

n−1e
δ = 1− e2δ + eδ − e−δ + e−5δ + .... (3.56)

n−2 =
∞∑

m=1

(−1)m−1e−δ/2(m2−5m)

= e2δ − e3δ + e3δ − e2δ + 1− e−3δ

= 1− e−3δ (3.57)

Again multiplying both side by e2δ and gives

n−2e
2δ = e2δ − e−δ (3.58)

G(∆0)

G∞
= δe−βeφ0 [2 + e2δ − e−δ] (3.59)

For j ≤ 0

1

1 + e−jδ+βeφ0
=

1

(1 + e−jδ+βeφ0)(1 + e−βeφ0)

=
1

e−βeφ0 + 1 + eβeφ0−jδ + e−jδ

=
1

1 + e−βeφ0 + e−jδ(1 + eβeφ0)
(3.60)
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For the j values of 0 and -1.

∑
j

nj

1 + e−jδ+βeφ0
=

∑
j,m

(−1)m−1e−δ/2(m2+(2j−1)m)

1 + e−jδ+βeφ0

=
e−δj

1 + e−jδ+βeφ0
− e−δ(2j+1)

1 + e−jδ+βeφ0

=
1

ejδ + eβeφ0
− 1

e(2j+1)δ + eβeφ0+(j+1)δ

=
1

1 + eβeφ0
− 1

eδ(1 + eβeφ0)
+

1

e−δ + eβeφ0
− 1

e−δ + eβeφ0

=
1

1 + eβeφ0
[1− e−δ]

=
1

1 + eβeφ0
[1− (1− δ)]

=
δ

1 + eβeφ0
(3.61)

3.2 Conductance At High Temperature

To study the line shape of a separate peak let us consider the limit of large charging

energy: Ec >> kBT , δE or, equivalently, ε0 >> 1, or at low temperature, δ in the

dimensionless units. In Eq.(3.39) only N = −1, 0 terms in the sum over N give sub-

stantial contribution to the conductance near ∆0 = 0; all other terms are exponentially

suppressed[13]. It is most instructive to rewrite this equation as follows:

G(φ)

G∞
=

δ

1 + e−βeφ0

∑
j

nje
−βeφ0

e−jδ + e−βeφ0

=
δ

1 + e−βeφ0

∑
j

nj

eβeφ0(e−jδ + e−βeφ0)

=
δ

1 + e−βeφ0

∑
j

nj

e−jδ+βeφ0 + 1
(3.62)

Where φ0 = Ve − V 0
e ;V 0

e is chosen so that φ0 = 0 corresponds to center of the

conductance peak. In the classical regime kBT >> δE or at high temperature is a line
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shape of the conductance peak is given by

G(φ0)

G∞
=

βeφ0

eβeφ0 − e−βeφ0

=
βeφ0

2 sinh(βeφ0)
(3.63)

Where eβeφ0−e−βeφ0

2
= sinh(βeφ0) is hyperbolic function.

3.3 Conductance At Low Temperature

In the opposite limit of δE >> kBT or δ >> 1 or at low temperature[13].

G(φ)

G∞
=

δ

2 + 2 cosh(βeφ0)

=
δ

2 + eβeφ0 + e−βeφ0

=
δ

2[1 + cosh(βeφ0)]
(3.64)

Where eβeφ0+e−βeφ0

2
= cosh(βeφ0) is the hyperbolic function. Nevertheless, its interesting

that the exact conductance peak is higher than both of the limiting cases peaks. The

peaks height is given by

G(0)

G∞
=
δ

2

∑
j

nj

1 + e−jδ
= {1/2, T >> δE, δ/4, δE >> kBT >> Γi (3.65)
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Chapter 4

Numerical Results And Discussion

In this Chapter, we discuss the numerical computation of electron transport through

quantum dot. However, we plot the graphs depends on the obtained equations in chapter

three the numerical computation using fortran program and plotted the result using

gnuplot.

4.1 Numerical Computation Of Electron Transport

Through Quantum Dots

We present the physical meaning of the graphs of the result equations that we have

derived. Linear conductance cannot be evaluated analytically but can be evaluated nu-

merically. We have evaluated Eq.(3.51) numerically for different values of level spacing

and plotted the normalized conductance as a function of gate voltage as shown in Fig-

ure 4.1. As the level spacing energy increases, the conductance of the quantum dot

also increases. It can be seen that at high temperature the linear conductance of the

quantum dot has a maximum value near Vg = 0 (sharply peaked) and then decreases

rapidly to the small constant values for both positive and negative gate voltages. As

the level spacing energy increases from δ = 0.5 to δ = 5.0 the exact line of shape the

conductance is observed. Here, δ is the ratio of the thermal energy (ETH) to the average

level spacing between successive energy levels (EDEL).
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Figure 4.1: The normalized conductance given in Eq.(3.51) plotted as the function of
the gate voltage (as a unit volt)

We have plotted the numerically solved Eq.(3.39) for different values of thermal

energy for the given fixed value of the level spacing and plotted the normalized conduc-

tance as a function of the gate voltage as shown Figure 4.2. As the magnitude of the

gate voltage for both negative and positive values increases, the normalized conductance

as a function of the gate voltage oscillates. The normalized conductance oscillation is

highly peaked Vg = −2.9V,−0.9V,−1.1V, 0.9V, 1.1V, 2.9V and has minimum values at

Vg = −4.0V,−2.0V, 0.0V, 2.0V, 4.0V . As can be seen from the graph the conductance is

a periodic function of the gate voltage with period of Vg = 2.0V and conductance am-

plitude varies with thermal energy. For δ = 0.3, the normalized conductance is highly

oscillating with the largest amplitude and the normalized conductance becomes less os-

cillatory as δ increases and in our case the least oscillation occurs for δ = 0.8 which is

consistent with the fact that the conductance becomes constant at high temperature.

As thermal energy increases, oscillation decreases and the amplitude of the conductance

oscillation is decreases. The effect of varying the gate voltage is to shift the energy of

the quantum dot upward so that for different values of the gate voltage different energy
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Figure 4.2: Normalized conductance given in Eq.(3.39) plotted as a function of the gate
voltage (as a unit volt) at δE = Ec

levels of the quantum dot would coincide with the fermi level of either reservoir so that

resonant tunneling can take place. At these points the normalized conductance shows

sharp maxima and the quantum dot is said to be in open state. For other values of the

gate voltage resonant tunneling is lowered and conductance is less. Despite the fact that

the Coulomb blockade of tunneling is lifted at the maximum of the conductance peak,

the peak height G(Vg) in the classical coulomb blockade regime δE <<< kBT << Ec

is a factor of two smaller than the conductance G∞ in the high temperatures regime

kBT >> Ec of negligible charging energy in the case of energy independent tunnel rates.

We found the conductance of the individual barriers and the quantum dot in the high

temperature limit kBT >> δE,Ec where neither the discreteness of the energy levels nor

the charging energy are important. The conductance then does not exhibit oscillations

as a function of gate voltage. The high temperature limit is of interest for comparison

with the low temperature results, and because its measurement allows straight forward

estimate of the tunnel rates through the barriers. In general, at high temperature the

conductance is remain constant. At low temperatures there are sharp Coulomb blockade
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Figure 4.3: Normalized conductance given in Eq.(3.39) plotted as a function of the
normalized gate voltage at δE = Ec

peaks while at high temperatures kBT >> δE,Ec Coulomb blockade is lifted and small

oscillations of the conductance can be observed.

We have evaluated Eq.(3.39) numerically for different values of thermal energy and

plotted normalized conductance as a function of normalized gate voltage as shown in

Figure 4.3. As can be seen from the graph it has a similar behavior as that of the

normalized conductance plotted as a function of the gate voltage shown in Figure 4.2

for different values of the thermal energy.

In Figure 4.4, the numerically solved normalized conductance is plotted as a func-

tion of gate voltage for different values of thermal energy for the given fixed value

of the level spacing. The conductance shows oscillatory behavior for both positive

and negative gate voltages. As the magnitude of the gate voltage for both nega-

tive and positive values increases, the normalized conductance as a function of the

gate voltage oscillates. The normalized conductance oscillation is highly peaked Vg =

−1.75,−1.25V,−0.75V,−0.25V, 0.25V, 0.75V, 1.25V, 1.75V , and has minimum values at

Vg = −2.0V,−1.5V,−1V,−0.5V, 0.0V, 0.5V, 1V, 1.5V, 2.0V, 4.0V . As can be seen from
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Figure 4.4: Coulomb blockade oscillations of the conductance as a function of the dimen-
sionless gate voltage (as a unit volt), ∆0 at δE = Ec of Eq.(3.39). Curves are plotted
for different temperatures: δ = 0.15, 0.25, 0.35, 0.45, 0.55, 0.65, 0.75,.

the graph the conductance is a periodic function of the gate voltage with period of

Vg = 0.5V and conductance amplitude varies with thermal energy. For δ = 0.35, the

normalized conductance is highly oscillating with the largest amplitude and the nor-

malized conductance becomes less oscillatory as δ increases and in our case the least

oscillation occurs for δ = 0.75 which is consistent with the fact that the conductance be-

comes constant at high temperature. As thermal energy increases, oscillation decreases

and the amplitude of the conductance oscillation is decreases. The effect of varying the

gate voltage is to shift the energy of the quantum dot upward so that for different values

of the gate voltage different energy levels of the quantum dot would coincide with the

fermi level of either reservoir so that resonant tunneling can take place. At these points

the normalized conductance shows sharp maxima and the quantum dot is said to be

in open state. For other values of the gate voltage resonant tunneling is lowered and

conductance is less.

In Figure 4.5, the numerically solved normalized conductance, Eq.(3.39), is plotted
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Figure 4.5: Normalized conductance given in Eq.(3.39) plotted as a function of normal-
ized gate voltage

as a function of gate voltage for different values of thermal energy for the given fixed

value of the level spacing. The conductance shows oscillatory behavior for both positive

and negative gate voltages. As can be seen from the graph it has a similar behavior as

that of the normalized conductance plotted as a function of the gate voltage shown in

Figure 4.4 for different values of the thermal energy.

In Figure 4.6, the numerically solved normalized conductance, Eq.(3.62), is plotted

as a function of gate voltage for different values of level spacing for the given fixed value

of the thermal energy. The conductance shows sharp oscillatory behavior for both pos-

itive and negative gate voltages. As can be seen from the Figure 4.6, the alternating

pattern of conductance peaks and suppressed regions conductance as a function of gate

voltage is observed. When the electrochemical potential of the source and drain are

equal, the number of electron on the dot various by one and a peak in the conductance

is observed. Any peak occurs when the electrochemical potential of the dot fall into

one particular energy level of the quantum dot that is shifted by the bias voltage. In

the valleys, between the peaks, the number of electrons on the dot is fixed because of

37



Figure 4.6: Normalized conductance given in Eq.(3.62) plotted as a function of gate
voltage (as a unit volt).

Coulomb blockade. The conductance shows sharp maximum values at the gate voltages

Vg = −3.2V,−2.0V,−0.8V, 0.6V , and the conductance minima occurs at the gate volt-

ages Vg = −2.9V,−1.2V, 0.0V, 1.2V, 2.9V, 3.5V , at which the quantum dot is completely

closed or blocked, that is Coulomb blockade is observed, and the conductance is zero.

As can be seen from the graph the conductance is a periodic function of the gate voltage

with period of Vg = 1.2V and conductance amplitude varies with level spacing. At

the conductance peak, there is no electron in the quantum dot and hence there is no

Coulomb blockade and thus the quantum dot is open to accept electrons from either

reservoir.

The numerically solved normalized conductance, Eq.(3.62), is plotted as the function

of dimensionless gate voltage ∆o at δE = Ec as shown in Figure 4.7, for different values

of level spacing for the given fixed value of thermal energy. As can be seen from the graph

it has a similar behavior as that of the normalized conductance plotted as a function

of the gate voltage shown in Figure 4.6 for different values of the level spacing. We
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Figure 4.7: Normalized conductance given in Eq.(3.62) plotted as a function of normal-
ized gate voltage

conclude that peaks increase as level spacing energy become large compared to thermal

energy. The conductance is maximum when energy level of quantum dot coincides with

the energy of either left or right reservoirs while minimum occurs when there is no

coincidence between energy level of quantum dot and energy of reservoirs.
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Chapter 5

Summary and Conclusion

We have studied Coulomb blockade oscillations of conductance through quantum dots

weakly coupled to the lead via multichannel tunnel junctions in the sequential tunnel

approximation. To obtain analytical result we have assumed that the energy levels in

the dot are equally spaced. We have plotted the numerical conductance as a function of

gate voltage for various values of thermal energy, and level spacing. However, Coulomb

blockade oscillation is clearly observed where the quantum dot is open means no electron

in quantum dots and conductance is non zero and blocked mean that one electron

occupied in quantum dot and conductance is constant. For a fixed given thermal energy

and different level spacing, we observe well separated sharp conductance maximum and

minima. The normalized conductance shows high oscillatory behaviors as a function of

both gate voltage and dimensionless gate voltage. Amplitude of oscillation is maximum

and sharp oscillatory behavior of the quantum dot is visible for large level spacing.

For fixed level spacing, the conductance peaks are far apart and well separated for low

temperature. The amplitude of oscillation decreases as thermal energy increases and

finally oscillation of conductance would disappear at high temperature.

For Ec, δE >> kBT conductance shows oscillation, but the degree of oscillation is

different for different values of thermal energy and level spacing. Conductance is very

sensitive to the materials parameters like capacitance, temperature and level spacing of

energy. As the temperature increases, the amplitude of oscillation decreases and finally
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becomes constant as gate voltage varies. At high temperature the conductance of the

quantum dot is constant and there is no oscillations. If the capacitance is very small,

the voltage build up can be large enough to prevent another electron from tunneling.

The thermal energy in the source contact and the thermal energy in the dot must be

less than the charging energy. For negative gate voltage CT = 1.59 × 10−18F and

EF = 7.04V , conductance shows no oscillations rather has a constant positive values of

δ = 0.85. For δ = 0.35, the normalized conductance is highly oscillating with the largest

amplitude and the normalized conductance becomes less oscillatory as δ increases and

in our case the least oscillation occurs for δ = 0.75 which is consistent with the fact that

the conductance becomes constant at high temperature.

The effect of varying the gate voltage is to shift the energy of the quantum dot

upward so that for different values of the gate voltage different energy levels of the

quantum dot would coincide with the fermi level of either reservoir so that resonant

tunneling can take place. At these points the normalized conductance shows sharp

maxima and the quantum dot is said to be in open state. As thermal energy increase,

oscillations decrease and the amplitude of the conductance oscillation is decreases at δ

= 0.35. In addition, the peak height decreases as temperatures increases, whereas in

classical blockade the peak height is roughly constant with temperatures. However, as

gate voltage is varied or increased, the various energy levels will rise and coincide with

energy of the left or right reservoirs. At that point resonance tunneling takes place and

as a result conductance rises to it is maximum.
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