


























1.4 Advantages of a mathematical model

1. A model provides logical and systematic approach for solving or understanding a
problem.

2. Models help in incorporating useful changes even without changing the system or
problem under consideration.

3. Models help in finding scope of new methods for solving a problem and improvement
in the system.

4. Models indicate the nature of measurable quantities in a problem.

5. Models help in the understanding and economic explanation of the operations of the
system.

6. Though a model, the problem under consideration becomes controllable.

1.5 Limitations of mathematical modelling

In our models, some intangible factors may be incorporated in a realistic problem. In
order to construct a mathematical model, assumptions are made about the importance and
nature of some factors. Even if is possible to construct a mathematical model including
all factors, it would be too complex and unwieldy for business purposes and furthermore,
the manipulation needed to solve the problem would be time consuming and expensive.
For these and other related reasons, mathematical modelling of large systems (in the
study of global models of population environment, pollution control, economic
conditions, global economy, oceanlogy, e. t. c.) possess large or even a larger number of
situations which have not yet been mathematically modelled either because the situations
are sufficiently complex or because mathematical models formed are numerically

intractable.



Chapter-two

2. Some Mathematical Models in Medical and Biological Sciences.
Under this topic, we are going to see how mathematical models are constructed in
detecting diabetes, cardiography and nutrient exchange in the placenta, which involve

second order ordinary differential equations one after the other.

2.1 A Model for Detecting Diabetes
Glucose, an end product of carbohydrate digestion is converted in to energy in the cells of
the body. The hormone insulin secreted by pancreas, facilities the absorption of glucose

by cells other than those of the brain and nervous system.

A delicate balance is maintained between the amounts of glucose and insulin in the
bloodstream. If the insulin concentration is too low, then too little glucose is absorbed
from the blood stream. The unabsorbed glucose is then lost in the urine along with other
nutrients. If, on the other hand, the insulin concentration is too high, then cells other than
those of the brain and nervous system absorb too much glucose; lack of glucose available
to the cell of the brain then impairs its function. Then end result in either case, whether

too little or too much insulin, can be coma and even death.

In the medical disorder Diabetes Mellitus, the pancreas secretes not enough
insulin. People suffering from this require supplements of insulin in the form of regular
injections, together with a modification of their diet to regulate glucose input. In this
section a simple model of the interaction between glucose and_insulin_in the body is
presented, we then use this model to discuss a clinical test for the detection of mild forms

of diabetes.



The model

The main features that a model of a glucose insulin regulation system must take into

account are as follows.

2)

b)

d)

D

2)

3)

A rise in the concentration of glucose in the bloodstream results in the liver absorbing
more of the glucose, which it converts and stores as glycogen; a drop in the
concentration of glucose reverses the process.

A rise in the concentration of insulin in the bloodstream enables the glucose to pass
more readily through the membranes of the cells in skeletal muscle, resulting in
greater absorption of glucose from the bloodstream.

A rise in the concentration of glucose in the bloodstream stimulates the pancreas to
produce insulin at a faster rate; a drop in the glucose concentration lowers the rate of
insulin production.

Insulin produced by the pancreas is constantly being degraded by the liver.

Assumptions

The model omits details of the biochemistry involved and ignores the effects if other
hormones.

It treats the bloodstream as if it were contained in a single compartment throughout
which concentrations of glucose and insulin are uniform at each instant.

No recent digestion, glucose and insulin concentrations will be in equilibrium. It is

from this equilibrium that the system responds to change.

Let x={excess glucose concentration}

y={excess insulin concentration. }, at time t.

Equilibrium occurs for x=y=0. Positive values of x and y corresponds to concentrations

greater than the equilibrium values and negative values to concentrations less than the

equilibrium values.

If either of x or y is given a non-zero value, then the body tries to restore the equilibrium.

We assume that the rate of changes of these quantities depend only on the values of x and

y so that
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Y =F, (x, y), for some functions F; and F;.

The simplest way to construct a model is to assume that these differential equations are
linear with constant coefficients.
Since x =y =0 are equilibrium solutions, it now follows that the linear differential

equations must be homogenous. Hence, we assume them to be of the form

dx

— = g=-ax-by, 1
at x —by 1
dy .

—=y =cx—dy, P
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where a, b, ¢ and d are positive constants. We are going to see that each constant is
positive. What happens if initially x = 0 and y > 0 in equation (2)? From this we have:

dy

2 sl

a7
at the initial instant. But the liver will immediately start to degrade the insulin, as noted in
(d) above, since the concentration of the insulin has exceeded its equilibrium value. Thus

its concentration starts to drop so that initially

Hence, the previous equation shows that d must be positive.

Now, a>0, since %< 0 for y=0 through tissue uptake of glucose, and b >0, since y>0

tends to decrease blood glucose levels. It is also true that ¢>0 for x>0 causes the
endocrine glands to secrete those hormones that tend to increase y.

a. Testing for diabetes (Glucose Tolerance Test)

In a glucose tolerance test a patient is asked to fast overnight and the following morning
is given an injection of glucose. Blood samples are then taken at subsequént times and the
concentration of glucose measured, to test the response of the glucose — insulin regulatory
system. We might expect the glucose concentration to return after a time to the

equilibrium level and to take longer in diabetic patients than in normal ones.



In modelling this test we suppose that during the short time interval while the glucose is
being injected, the insulin concentration stays zero. Thus, if gy is the total amount of
glucose injected, then
X=gy,y=0 at t=0 3)
Our model for the glucose and insulin concentrations is thus the solution of the pair of
differential equations (1), (2) with the initial conditions (3).
Find a second order differential equation for x alone by differentiating (1) to get
X =ax-by
=-a X -b(cx-dy) (by using equ. 2)
=-a x -bex+bdy

ax+ x

=-a x -bex-bd [ ) (by using equ. 1)

This implies that,
X+(a+d)x+(ad +bc)x =0 4)

The solution for x as a function of t can then be substituted into

y=- 5+ ax) ©)
The initial conditions for (4), which can be found from (3) and (5), are

X=gp, X =-agy at t=0 (6)
Let a solution to (4) be given by x(t) = e“ . Then the characteristic equation of (4) is
characterized by

A +(a+d)h+(ad+bc)=0 )

From equation (7), we have three possible options:

1) Suppose (7) has two distinct real roots, A, andA, (say). Then the solution to equation
(4) is given by:

X (H)=c, e'l" +c, e}”” and X(t) =c,Ae* +c,Ae™
But using the initial conditions in equation (6), we have:

X (0)=¢c, +c, =g, and X(O) =c A +c,4, =—ag,



(o8 +C2 =8

led +e,4, =—ag,
Solving these equations simultaneously, we have the following:

_8 (a+d) _ & (a+2)

& = and Gy =
l ’12 -4 /12 _’11
So, the solution of equation (4) becomes:
((a+ 2,)e™ —(a+ 2,)e™)

A‘z - ;Ll

x (=g, @®

2). Suppose (7) has two equal roots, say A, then the solution to this equation becomes:
x(0) = go(1-(a+ 2))e"

3). Suppose that (7) has two distinct imaginary roots, say A = —a % io , then its solution

under consideration is:

x(t)= &gy (COS((UI) + % Sin(a)t))e"”
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Glucose concentration returning to normal after glucose tolerance.




The type of solution obtained will depend on the number of real solutions of the

characteristic equation
A2 +(a+d)h+(ad +bc)=0
This intern depends on the values of a, b, ¢ and d .The solutions of x in the various cases

are listed as shown above. From the fact that a, b, ¢ and d are all positive it can be shown

that the solution of (7) for A are negative or have negative real part. Hence the factors

o

eM',e*',e*and e ', which occur in the previous page, must all decay
exponentially with time. Thus, our model predicates that the glucose concentration will
approach its original undisturbed value with sufficient lapse of time. This is just as we
would expect.

In these solutions x is a linear function of g, this is a consequence of our assumption that
the differential equations are linear. It can be shown that these solutions are good
approximations to those of any smooth non-linear model of the problem, if gy is

sufficiently small.

Experimental Results

Some experimental evidences show that the average values for normal individuals are as
follows.
a=2.92, b=4.34, c=0.208, d=0.780
measured in units corresponding to grams for mass and hours for time. Substituting these
values in to the characteristic equation (7) and then solving A gives:

A, =-1.36, A, =-2.34
Thus the characteristic equation has two real roots. Hence substituting the numerical

values to equation (8), we get x as a function of t and then using equation (5) to get y.
X(t)=go(-0.56 M +1.56¢™2")
Y()=0.202g, (™ — ™2 ) )

By putting x=0 we can find the time at which the glucose concentration returns to normal

(and slightly undershoots before coming back up again to approach the equilibrium value

exponentially)



b) Orally Administered Glucose
In an alternative version of the glucose tolerance test, the glucose is administered orally,
rather than by injection. The differential equations, which model this test, are no longer
homogeneous. In particular, the differential equation (4) is replaced by:
X+(a+d)x+(ad +bc)x=58(t) (10)
Where S(t) is a ”forcing” which takes account of the glucose coming in through the
digestive system (the external rate at which the blood glucose concentration increased).

Equation (10) can be written in the form of
#4200 + 02 x = S(t) (11)

Where 2a=a+d and m02 =ad + bc and where the forcing term S (t) is chosen on

the basis of our modelling assumptions.

Let us put w? = (002 —o? and assume that o >0 (so that the characteristic equation

has two unreal solutions) and Ackerman, Rosevar and McGuckin (1964) deduce that the
solutions of (11) are:

X (ty=ASin (ot ) g~
where A is an arbitrary constant.

As experimental results show the value of the parameter o a reliable guide as to whether

or not an individual is diabetic. They called the value T = = the “resonant period” and
®o

claimed that normal individuals have resonant period of less than 4 hrs; whereas diabetics

have periods greater than 4 hrs.



2.2 Cardiography
A field of medicine that deals with the study of the heart is called cardiology. The nature
and effects of vibrations of the heart as it pumps blood through the circulatory system of
the body are a great source of mathematical applications. An important aspect involves
the recording of such vibrations known as cardiography. The instrument that records
such vibrations is called an electrocardiograph (ECG). It translates the vibrations in to
electrical impulses, which are then recorded.

It is interesting to translate the heart vibrations into mechanical vibrations instead of
translating these vibrations into electrical impulses. This can be done in the following
manner:

Suppose that a parson rests on a horizontal table, which has springs so that it can
vibrate horizontally but not vertically. Then, due to the pumping of the heart, the table
undergoes small vibrations, the frequency and the magnitude of which will depend on the
various parameters associated with the heart. Thus, by investigating the motion of the
table some important conditions about the vibrations of the heart can be drawn.

Let x denote the horizontal displacement of some specified point of the table (as, for
example, one end) from some fixed location (such as a wall). Let M be the combined
mass of the person and that portion of the table, which is set into motion. If we assume
that there is a damping force proportional to the instantaneous velocity and a restoring
force proportional to the instantaneous displacement, then the differential equation

describing the motion of the table is:

2
_x. P
dt’

Where p and a are constants of proportionality and F is the force on the system due to

L

B +ox=F (1)

the pumping action of the heart. Suppose that m is the mass of the blood pumped out of
the heart during each vibration and y is the instantaneous center of mass of this quantity

of blood. Then by Newton’s law, we have



d’y
dt®

As a first approximation it may be assumed that y can be expressed as a simple sinusoidal

F=m

2)

function of t given by
y =aSin(wt) A3)
Where a and o are constants. Equation (3) suggests that there is only one frequency
associated with the vibrations of the heart, where as evidences show that there are many
frequencies. This leads us to replace equation (3) by
y = a,Sin(ot) + a,Sin(2wt) + a,Sin(3wt) + ... 4)
The series of the terms on the right is called a Fourier Series. The first term on the right
of equation (4) represents a first approximation to the function, the sum of the first two
terms a better approximation, and so on. Using only the first two terms of the series (4) in
(2), and then putting the result into equation 1, we obtain:
d’x
dt’

Which can be solved subject to various possible conditions. The general solution of

M

% ﬁ% +ox =—ma’ (a, Sin(wt) -H'azSin(Zcot)) 3

equation (5) consists of two parts:

1) the general solution of the equation with the right side replaced by zero.

2) aparticular solution

The first part is the transient solution and will disappear rapidly provided 3 >0.The
second part will be the steady state solution in which we are interested. This steady state
solution can be easily obtained as

mo’a,[(Mo® - a)Sin(8at) + PoCos(ot)|

o= (Mco2 —a)z + o’

| 4ma’a, l4M0? - a)SinQ2ar) + 2 poCos20r))
(4Ma)2 —0.')2 +40° B?

The corresponding solution can be found assuming any number of terms in equation (4).



2.3. Nutrient exchange in the placenta

— .Y 4— Umbilical cord
CNne artery  placenta Umbilical artery

j " Umbilical vein ___

Uterine vein

ﬁi,_,,«w

Fig.1 Placenta provides interface between the bloodstream of the mother and fetus.

In the placenta nutrients pass from mothers to fetus, while waste products from the fetus
go the other way. During this exchange the blood of the mother and the fetus don’t mix
but are separated by a membrane across which nutrients and waste must pass. The
nutrients flow from a high concentration in the mother blood to a lower concentration in
the fetal blood. For both mother and fetus, blood flows to the placenta along an artery and

returns via a vein, as shown in figure 1.
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Fig,2 schematic view of countercurrent blood flow in neighbouring blood vessels in a

rabbit or sheep placenta.

There is some variation among species in the arrangement of blood vessels within the
placenta. In humans, fetal blood vessels are bathed in maternal blood. In rabbit and
sheep,on the other hand,there is a system of maternal blood vessel adjacent to the fetal
ones. The blood which they contain is believed to flow in opposite directions as shown in
fig.2 above.

Simple mathematical models can be used to compare the advantages and
disadvantages of the different types of arrangements of blood vessels with in the placenta.
The model to be described here is for the type of placenta shown in fig. 2.

The nutrient concentrations in both maternal and fetal blood vessels can be expected to
vary with the distance along fetal blood vessels since, as nutrients are transferred, the
concentrations change. It will be assumed that the concentrations have reached a steady

state, so that they depend only on the distance along the blood vessels.



The model
The model of the placenta we will describe is illustrated above, our notation being as
follows. We use Q; and Q, to denote the rates of flow of the maternal and fetal blood
respectively. We suppose that the blood vessels of the mother and fetus stay in contact
with the membrane along a total length L..We choose as coordinate the distance x of a
typical point along the blood vessels from the point where they first make contact with
the membrane. The concentration of nutrient in each blood vessel is then a function of x

and we put

nutrient concentration

Ci= |in the maternal blood Di(x)

at a distance x
)
nutrient concentration
Cy=|in the fetal blood = DOy(x)

at a distance x
Thus,C, and C; are functions of x while L,Q and Q, are constants independent of x. we
now consider the amount of nutrient contained within two planes, perpendicular to the
blood vessels, which pass through the points with coordinates x and x+d&x respectively.

See the planes as follows:

‘ Maternal ,
"__..-";‘;:w Q;ﬁ{x}—""’ ——*Qﬁﬂﬁbx)
T T T
s ENYETER T AR TRy
/@ : " /-’Hmis f}!’fl":,'f,',*”;j;’;!,'f‘f!;
a” ¢! b I o
; t48x ' v
(@ S Pb(C]"Czjsr
) Fetal
r : » L1-AYiQ)
' x ¥+ 8%)
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In the maternal bloodstream, nutrient enters at the first plane and leaves at the second. It
also leaves, to enter the fetal bloodstream, via the membrane. Thus, as the mass of

nutrient is conserved,

massint ering mass leaving mass leaving
through plane | = through plane + across 2)
at x at x+ ox membrane

Now in any time interval of length &¢ ;

mass entering )
rateof flow concentration ,
through plane | = X x (time)
of blood of nutrient
arx
= Qi @, (x)ot 3)
and similarly,
mass leaving
through plane | =0, ®, (x+ dx)ot “4)
at x + &x

The princeple which enables us to estimate the amount of nutrient transported across the
membrane, known as Fick’s law, states that if the concentrations on either side of the

membrane were homogeneous, then

Rateof transport difference between
area of _
through the = p % X | concentrations
membrane _ :
membrane of either side

where p is called the permeability of the membrane and is a constant.

In our problem, we wish to apply Fick’s law across the portion of memberane cut off
by the two planes, which has area bdx where b is the width of the membrane, assumed
constant.The difference in concentration across this portion of membrane is

approximately @, (x)—-®,(x) =¢, —¢,, with an error which approaches 0 as dx

approaches 0.
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Thus, Fick’s law gives:

Rateof flow
- pb &(Cl —C;)
through membrane
and hence
mass of nutrient
leaving across = pbdx(c, —c,)ot (5)

membrane

Now substitute (3),(4) and (5) into (2) and then divide by &t and rearrange to get

0,(®,(x+ %) - D, (x)) + pb(c, —¢,)é =0,

the error involved in the approximation being small compared with &x .Hence, dividing

by dx and then letting dx approach 0 gives:

d®,(x) dc,

—_— ==, (e, —C 6

T T (¢, —¢,) (6)
where a, = pb/Q,

A similar derivation for the fetal bloodstreem gives:

d®,(x) dc,
dx dx

=_U-2(C| _Cz) )

where a, = pb/Q,
Let us use the notations

. do . d’® . dd .. d’d
O, x)=—=, O,(x)=—, D,(x)=—2> and D,(x)= -
dx dx dx

2

2 ?

Solving the differential equations

The pair of differential equations (6),(7) are linear with constant coefficients and their

solutions are as follows:

From equation (6), we have:

O, =—a,(®,-D,) as ® =¢, and @, =c, noticed above.

=-,[®, +a, (D, - D,)] using equ.(7)

=-a,0, -a,a,0, +a,a,D,
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Equation (6) is equivalent to:

®, =0, + b, /a, ®)
Substituting (8) in the equation previous to it yields:

D, =(~a, +a,)D, 9)
The auxilary equation of (9) is given by:

2 —
7o (e —a)r=0 s roots are r=0,and r=a, -«

Hence, the solution of equation (9) is:

(Dl(x) = Bl +Bzem2“u|]x (10)

where £, and [3, are arbitrary constants whose values are going to be determined.
From equ.(10) , ®,(0)= B, + 5,
But &, (x)= P, (at, -0t )e ™ (11)

Substituting equ.(10) and equ.(11) in equ.(8), we can get the following derivations:

@,(x) = O,X)+D, /¢

(a, — 2, ),Bze(""“')" +a,pB, + a,ﬁze(”z‘“‘)"

a,

(12)

q)z(o) - alﬂ] +a2ﬁ2
6rl
By solving the pair of equations

jq)i(o) = ﬂl +ﬁ2
(D;g (0) - a]ﬁ[ +a2ﬁ2

| a

simultaneously for B, and f,,we can get:




a,(®,(0)-@,(0))

a, —aq,

py=2,(0)+ and

a,(®@,(0)-D,(0)
o, -,

B, =

By substituting these values in equations (10) and (12) ,the solutions respectively are:

D, (x) = (D](O)-a’(q);fo)_;q)z(o))(e‘“*'“"" ~1) and  (13)
0,9 = 0,0)- 22O _) (14)
Comparisons

The placenta modelled above is called a countercurrent type of placenta because the
two bloodstreams flow in opposite directions. Middleman (1972) gives further details,
and he modelled other types of placenta, obtained solutions analogous to equ.(13) and
equ.(14) for the concentrations of the nutrients. On the basis of solutions, he is able to
make some comparisons between the efficiency of the various types of placenta in
exchanging nutrients. Models analogous to that of the countercurrent nutrient exchange
system also occur in othe applications. These include simple models of an artificial

kidney machine and oxygen exchange in the swim bladders of deep sea fish.
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Chapter-three.

3. Stochastic Epidemic Model
3.1 Nature and Spread of Epidemic Diseases.

An important problem in biology and medicine deal with the occurrence , spread
and control of a contagious disease, that is one which can transmitted from one individual
to another. The science that deals with this study is called epidemiology, and if a large
number of population gets the disease, we say that there is an epidemic.

In nature, populations of different species interact with each other. Forexample, one
species may be the food for another species or two species may be in direct competition
for the same food supply.Even populations of a single species may be divided into
several groups which interact with each other. An example of this is the study of
infectious diseases where the population can be divided into several groups: those who
have recovered and those who are susceptible to catching the disease.Problems involving
the spread of disease can be very complicated. Forexample, it is known that some
individuals may not actually get a disease even when exposed for long periods of time to
others having the disease. In such case, we say that the individual has an immunity to the
disease either because having had the disease before he has built up resistance to
recurrence or by having initial resistance (natural immunity) he is not able to contract the
disease. In some cases, individuals are immune to a disease but are capable of
transmitting into others; such individuals are called carriers. An example to this effect is
the cause of typhoid fever.

We are going to see how mathematical models on epidemic diseases are classified
based on the latent period (the period between catching the disease and becoming

contagious), size of the popullation and other parameters.

a) when sufficient latent period is registered
A typical example to this class of diseases is measles epidemic. Measles is a highly
contagious disease, caused by virus and spread by effective contact between individuals.
It tends to affect mainly children. Immediately after a child fist catches the disease, there

is a latent period where the child is not contagious and does‘t exhibit any syptoms of the
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disease. This is because the virus has not yet multiplied sufficiently. The latent period
lasts, on average, 5 to 7 days. After this the child enters the contagious period. The child
is now called an infective since it is possible for another child who comes in contact with
the infective to catch the disease. This period lasts approximately one week. After this
time red spots appear on the skin of the child for a few days after which the child
recovers. During this period, and subsequently, the child is immune to the disease and
cannot be reinfected.Due to the sufficient latent period and other assumptions mentioned
above, leads to a coupled difference equationes which have as their solution a pair of

infinite sequences.

b) when latent period is not noticeable
The reason for the applicability of difference equations mentioned above was the
significant latent period between catching the disease and becoming contagious. If this
latent period is small (ideally zero) a model of an epidemic involving coupled differential

equations can be formulated.

For this purpose of formulating our model for the spread of a disease, the
popullation will be divided into three groups: susceptibles, infectives and removed(who
hove previously had the disease and may not be reinfected because they are immune,
have been quarantined or have died from the disease.)

The following modelling assumptions will be made:
1. The disease is transmitted by close proximity or contact between an infective and
susceptible.
2. A susceptible becomes an infective immediately after transmission.
3. Infectives eventually become removed.
4. The popullation of susceptibles is not altered by immigration, emigration, births
and deaths.

5. Each infective infects a constant fraction £ of the susceptible popullation per unit
time.
6. The number of infectives removed is proportional to the number of infectives
present.
As mentioned above it is assumption(2) which makes a formulation involving differential
equations rather than difference equations.

24



Diseases for which this assumption is applicable include diphtheria, scarlet fever and
herpers. The mathematical model of a pair of differential equations based on the above
assumptions is formulated in the book““Australian Mathematical Society Lecture Series
10.%

Alternative versions of the model can be formulated by altering some of the
assumptions (1) to (6). These include allowance for births, diseases where immunity is
not conferred on sufferers with the disease, and diseases with carriers. These models are
prototypes for much more complicated Stochastic Models. Which allows for randem

variation in infectivity and are not restricted to large popullations.

3.2 Deterministic Versus Stochastic Models.

A debate that has involved philosophers for many years is whether the world is
basically deterministic or whether there are elements of chance in the unfolding of natural
processes. Whether to look at the world as deterministic or stochastic is a fundamental
decision, which faces the mathematical modeller. He is not necessarily making a
philosophical decision by making this choice. We may be able to understand a
fundamentally stochastic world by looking at it deterministically, or a fundamentally

deterministic world by looking at it stochastically.

Deterministic models of popullation growth are derived under the assumptions that
popullation growth is such that the future development of the popullation can be
predicted exactly once its state at some initial time is specified. These models donnot
permit many random fluctuations; that is, a particular event such as a birth must occur
with absolute certainty. In deterministic models, the popullation is assumed large enough
and the factors determining individual bith and death rates are constant enough that the
consequence of random fluctuations can be ignored. This would probabily be true only
for a very large popullation under highly idealized conditions, where we can ignore the
choice or random aspects.

Stochastic models of popullation growth are derived under the basic assumption
that popullation growth is a random event; that is, an organism(cell or parasite) may

reproduce during a given time period with a certain probability p , where 0 < p <1.
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No events occur with absolute certainty. We can build these ideas into the model by
allowing chance or random fluctuations in the process. Some popullations are small

enough or variable enough that random fluctuations can be appreciable.For a given

problem, stochastic solution gives us, in a sense, more information than the deterministic

solution; may modellers therefore consider it to be the better approach, regardless of
one’s philosophy of the world. Some people feel, on the other hand, that one goes to
stochastic models only because one doesn’t realy understand the correct deterministic
process. What we are going to see in this seminar paper is a stochastic epidemic model
which is mentioned under section (3.4)

A stochastic process is much more complicated in that it is connected with the
dynamics of a system, the process of which is determined by elementary random
variables. It has nice applications in the growth of populations, the theory of nuclear
reactors, and the dynamics of a service system with variable times of arrival of users

and/or variable times involved in service, a field known as Queueing Theory.

3.3 Basic Definitions and Theorems

Definition1: Two events A; and A, are said to be mutually exclusive if they have no

outcome in common.
This condition can be written as 4, (1 4,=¢, the empty set.

Theorem: If n events A; Az, ...,A, are mutually exclusive, then

p(4, U4, U....UA4 )=p(A)) + p(Az) +....+ p(An).

Definition 2: A number of events A; A, , ...,A, are said to be exhaustive if their union is

the possibility space S, hence we have p(4, U4, U...U4,)=1.

p(4,|A ,)is a probability that Ay occurs, given that A, has occurred. The probability

space is no longer S, but A,. The event set is no longer Ay, but that part of Ay, which lies

inside A, namely 4, (1 4,.

n(4,N4,) L= p(4,N4,)
n(4,) r(4,)

Therefore, p(4, | 4,)=

n(A, ﬂAz): p(A, NA,) ‘

And p(A, [A))= (A oA)
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In general, the two conditional probabilities are not equal. If we cross-multiply, we have
(4, N 4y)=p(4)p(4, | 4)=p(4,)p(4, | 4,).
This relationship is known as the multiplicative law (the compound probability property)
for probabilities and it is this aspect of conditional probability, which we deal with first.
Definition 3:Two events A; and A; are said to be independent if and only if

(4, N 4)=p(4)p(4,).
This is the special simplified form of the multiplicative law for independent events. It
may be extended to any number of independent events, so that
(4, N4, N........ NA,)=p(4,)p(4,).....p(4,) if and only if A}, A, ...., A, are
independent events. We can say intuitively that events are independent if knowledge of
the occurrence or non-occurrence of one of them doesn’t alter the probabilities of the

others occurring.

Total probability and Bayes’ Theorem.

Let us consider a possibility space S with two events A and B. We have
p(B)=p(A B)+ p(4'(1B). Therefore, p(B)=p(A)p(B|A)+p(A’) p(B| A").
This idea can be extended to situations where the probability space is divided into more

mutually exclusive parts as shown below.

Al A2 —AI' B An-'ll
™~ ]
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Suppose the probability space S is divided into » mutually exclusive and exhaustive

events Ay, Aa, ...., Ay Then:
P(B) = p(A4, N B)+ p(4, N B)+........ +p(4, N B)

= p(BIADP(A,) + p(B|A,)P(A,)+ e +p(B[A,)p(A,)

= Zp(B | A, )p(A,). This is known as the Total Probability expression for p(B).

r=1
Bayes’ Theorem

But B can be written in the probability form. Therefore,

p(B|A)p(A,)

n

Zp(B |AP(A,)

p(A, |B)= In general if the possibility space S in the

above figure can be divided into mutually exclusive and exhaustive events Ay, A,, .....,

A, and B is some other event. Then

p(B| A )p(A,)
p(B)

which is what we call Bayes’ Theorem.

p(A, |B)=

Definition 4: Let ag, a;, a3, ....... be a sequence of real numbers. If
A(s) =ap +a;s + as’ + 21353 it s converges in some interval -sy <s<sy, then
A(s) is called the Generating Function of the sequence {a, }
Two points must be noticed are:
1) sisjust a dummy, in effect a place holder
2) if the sequence {a, } is bounded, then A(s) will converge for at least |s|< 1.
Example. Let ap=1, a;=1/1!, a;=1/2!, a;=1/3!,...., ax=1/k!, .....
Then A(s)=1+1/1!s +1/2!s* +1/3!s” +....=¢*. The generating function for the
sequence 1,1/1!,1/2!, 1/3!, ....., 1/k!,....is €.
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A very interesting special case occurs where the elements of the sequence {a, } are
probabilities. All such sequences are bounded. Suppose X is a discrete random variable
which takes on the values 0, 1, 2, 3, 4, ..... with certain probabilities pi=p,[X=1].

Then the generating function p(s) = Z p,s' is called the probability generating

all values

function.

3.4. Partial Differential Equation Model For a Stochastic

Epidemic Process With No Removal.
Let X(t) be the size of susceptibles at time t. The value of X(t) will be governed by
probabilistic laws. Technically, X(t) is a random variable and {X(t):t> 0} defines a
stochastic process .The parameter t, which we interpret as time, is real and continuous,
but the random variable X(t) will have a discrete set of possible values, the non-negative
integers, corresponding to population sizes of susceptibles. Our aim is to determine the
probability distribution p_(t)= p,[X(t) = n], n =012 .

We will use the following notation in our development.

OE;M) =0 .That is o( At)— > 0 more quickly than

1) o( At) is a quantity such that lim

At—> 0.

2)E, is the set of the system at some point in time t, where t > 0, if exactly n individuals
are present at the end of the interval 0 to t. Therefore, we can say that p (t)is the

probability of being in state E_at time t.
Our stochastic model will be derived by using the following postulates.
1) If, at time t, the system is in state E,, the probability of an increase or decrease of one

in the population of susceptibles in the ensuing short interval of time, t to t+ At, is
assumed to be f;(n)At +o(At). Here f;(n)is the infectivity rate of susceptibles when

the system is in state E,,.

2) If we assume that at time t, t{he szﬁim is in state E,, then the probability of an increase
oV (€3S .
or decrease greater than'one organism in the ensuing short interval of time, t to t + At

is assumed negligible, i.e., o(At).

3) We assume that events in non-overlapping time intervals are independent.
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These assumptions will be used to determine p, (t), the probability that at time t, the

susceptible size will be n, with n>0.The whole process is easy to conceptualize by
vy : e .

consider two adjacent (non-overlapping) intervals of time (0,t) and (t, t + At).

Schematically, we represent these two intervals by.

o
L \ﬂ_/

At 1+AL

Specially, we will start by considering the possible ways we can have a population of

susceptibles of size n at time t + At, by considering what can happen in the intervals
(0,t) and (t,t + At). Schematically, we find the following ways to attain a population of

susceptibles of size n, where At is small.

Number of susceptibles in each interval Total
Casel. n 0 n
0 i _.;7—/ 1+AL
Case2. n-j ] J#0 n
0 S e

At 1+AL

The following factors enable us to use this formulation.

1) The events in the non-overlapping intervals are independent.

2) The process has a lack of memory. That is, the only thing of interest in casel is that
at time t the population size of susceptibles is n, not what happened before; in case2,

the population size of susceptibles is n-j at time t, not what happened before time t.

3) We have a time homogeneous process. That is the probability of getting an infective in
short interval of time depends only on the length of the interval and not on when it
occurs. We are assuming that all factors governing the process remain constant so that
the probability of an increment or decrease is the same for all short time intervals and
is independent of the past development of the process.

For each of the two cases, we can determine the probability that there will be n

susceptibles at time t + At by using our assumptions.

Casel: Exactly n events occur in (0,t) and none in (t, t+ At). This happens with

probability p, (t)[l -1, (n)At] :

Case2: Exactly n-j events occur in (0,t) and j in (t,t+ At ), j # 0.Since these events are
mutually exclusive for each value of j, the probability that one of these events occurs is
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Zp“_j (n)f, (n — j)At+o(At)

Since all these events are mutually exclusive, it follows that
p, (t+A0=p, (t){l -3, (n)AtJ + 3,5 (OF (- PAt+o(At)
j#0 j#0
All the above details are summarized as follows:

Let pu(t) be the probability that there are n susceptible persons in a system and let
fi(n) At +0(At) give the probability that the number will change to - in the time interval

(t,t + Ar).Here j is any positive or negative integer and o(At) is an infinitesimal which is

such that Jim O1AL) = 0. The probability that there is no change in the time interval
At—0

(t,t +At)is given by p,(Af)=1-)" f,(n)At +o(A?).

Jj#0

Using the theorems of total and compound probabilities, we get:

p,t+A=p, (t‘)[l =¥ 1 (H)AIJ + 2 Py (Of (0= AL +o0(At) 0y

Jj=0 j#0
Transferring pp(t) to the left hand side, dividing by Af and taking the limit as Az - 0,
ap,
we get—rt==p,(02, f,(m) +3_p,, (01, (1= J) @)
J#0 Jj#0

Multiplying (2) by s”, summing for all » and using the definition of the probability

generating function @(s,?) = Z p,()s" , we get

n=0
B‘D——Z t)f,(n)s" Ip.(OF, (0= j)s™ 3
PR DI ACHCEED WL MICHCES 3
J#0 n j#0 n
giving the basic partial differential equation,
oD _
==Y (-1, (S—)CD(S ) @)

J“#O

For a two dimensional stochastic epidemic process, the corresponding partial differential

equation obtained in the same manner is
d 0
2> v 1) v R 5)

J#0 k=0
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where @ (u,v,t) =ZZp(m, n,Ou™v" (6)

m n

p(m,n,t) is the probability of there being m individuals of the first kind and » individuals

of the second kind and [, , (m,n)At +o(At) is the probability of the number of the two

kinds changing from m to m+j and n to n+k in the time interval (7,7 + Af) .

Example: (Showing Stochastic Epidemic Model with No Removal)

Let there be initially at =0, n susceptibles and one infective in the system. Also let the
probability of there being  susceptible persons at time ¢ be p, (). We assume that the

probability of one more person becoming infected in time Az is

p.(A)=pfr(n+1-r)At +0o(At), so that

_ | Pr(n+1-r) whenj=-1
/i) = {O when j # —1 @

Construct the model to this problem and find its solution.
Construction of the model
Substituting equ.(7) in equ.(4) , we get

aLﬁ:,B(s'l -1 si(n+l—s£]¢)
ot Os 0Os

oD oD salm}

2
or @zﬂ(l—s{n@-sa CZDJ t))
Os
This is the required partial differential equation model. We find the solution of this

equation. The initial conditions are as follows:

n n—1
p,(0)=1 by the given assumption. Since Z p,(0)=p, (0)+Zpr 0)<1

r=0 r=0
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(by the laws of probability), then we can draw the conclusion that p_ (0)=0
foreach re {0,1,2,..., n-— 1}.

The probability generating function CD(s,t)=Z p,(t)s" has the following partial

r=0
derivatives:
d n 2 n
ol P’ §F @:errs"l and ¢ ?:Zr(r—l)p,_s’ .
ot r=0 os r=2

Substituting the probability generating function and its derivatives in equ.(8), and

equating coefficients of various powers of s , we have the following:

n

Z d;" s"=p(0- s{nz p,s —sir(r —l)prs"zj
par =2

=ﬁ{zn: nrp,s™ =3 r(r-1)p,s" —inrprs’ + ir(,. o l)p,sr}
r=1 7=l e

r=2

=ﬁ{np, —npls+ir(n +1-1)p,s"™ —ir(n +1 —r)prs’}

r=2 r=2

From the final result, we can concludc that:
N/
i) %zﬁ(r +1n-r)p,., —pBr(n+1 —r)p,; forre {0,1,2,3, ...... sN — 1} and;

oo 0
11)Lt"=— Pnp, for r=n.

From ( ii),

i ‘;( ) + pnp, (t) =0. We have the integrating factor u(t) =e

!

And so, ( At p,,) =0. This implies that p, (f)=c,e”™" for an arbitrary constant c, .

But from the initial condition p,(0)=1, ¢, =1 and hence,

p,@)=e"™ ®
Substituting equ.(9) into (i) and letting r=n-1, we have:
dp” '(t) =pnp, (t)-28(n-1)p, , (¢) . From this follows,
dpn I( )

3 i 1 28(n—-1)p, ()= fne”™ . The integrating factor is u(f) = "',

[ puat _
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Andsso, (" p, (1)) = fne 210

Pas ()= e 07V [eleap 4o 200

n—

But from the initial condition p,(0)=0 for each r € {0,1,2,3,...,11 - 1},We have

p.(0)=—"—+c, = 0. This implies that ¢, =——— . And therefore,

n- n-—
L. n - fnt —2}3("4)!
1= g —i 10
P, () n—2( ) (10)
Following the same procedure what we did above, we can get the following:

1 B 2e-2P(n-1) g 3B(n-2)
P, (1) =n(n- ){(n “2fn-3) (1-2fn-4) (@-3)fn- 4)}

0-2)o-3) @-2)n-5) @-3Ya—6) (@—5)a—6)

As it is expected from our solutions, the initial conditions are satisfied, that is

n(n - 1)(11 - 2) e —Pnt 3¢ 2Bl-1) 3¢~ 3B(n-2)t o 4Bn-3)
pn—B(t) = (ﬂ _ 4) —

n

p,(0)=e™@ =1; p_.(0)= 2(1—1)=0;and S0 on.

n —
This shows the validity of our solution to the initial value problem. For any positive

constant B and a positive integern, 0< ¢ ™™™ <1, for all t>0.

noo_ e ; : ;
=——e™ 4,6 Wwhere ¢, is an arbitrary constant to be determined.
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