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I Example 2.8:
In example 2.7 if we introduce a feedback i.e., u(t) = Ky(t) , then the state equation becomes

x(t) = (A + BK(I = DK)~*C)x(t)
and y(t) = (I — DK)~*Cx(v).

This implies

= D+x@e )= %o

1 2
and y(t) = (2 5)x(t).
Then A := (21K 5K2+ 1), the characteristic equation, |sI - ﬁl = ( ,becomes
|
s2—2(K+1)s—-(K+1) =0, (2.24)

solving for s , we get

wn

s=(K+1)+JK+1DK+2). (2.25)

Since the eigenvalues of A can be controlled by setting K appropriately, if we want to modify one
of the poles to s = —2 (say the one with minus sigh) then K becomes  —7/3 and the other
eigenvalue (pole) become s = —2/3 (solving equation (2.24)). Hence the feedback is stable
unlike the open loop system. One advantage of a feedback is stabilizing the unstable system. But
here we need to make sure that the open loop system is controllable, i.e., rank [B, AB] = n (full
rank).

Example 2.9: |

Consider the system

= ({1} %)x+(é)u (2.26)
and y=(1 0)x

We can easily see that one cannot modify the pole at s = 2.

Wehave A=((1) ;).B=({1)).C=(I 0) and D = 0.

Introducing the feedback u = Ky , the equations (2.25) becomes

k=, ;)x + (o) K (2.27)
and y=(1 0)x.
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This implies

= Drra ox=(3x D,

0 2 0 2
Hence the state matrix of the feedback system becomes 4 := (1 -5 K ;)
The characteristics equation is
det(sl — 4) = 0,
or
(s—(+k)s=2)=0. (2.28)

Thus the pole at s = 2 cannot be modified while the pole at s = 1 can be modified by
appropriate choice of K. Since 2 > 0, the feedback loop remains unstable. The reason for this is
that the open loop system is uncontrollable since rank[B, AB] = 1(not full).

Feedback with set point (reference) input

In addition to feedback, an input r(t) can be added such that u(t) = Ky(t) + r(t).

x(t) = Ax(t) + Bu(t)
and y(t) = Cx(t) + Du(t). (2.29)
Replacing u(t) by Ky(t) + r(t) we get

x(t) = Ax(t) + BKy(t) + Br(t) (2.30)
y(t) = Cx(t) + DKy(t) + Dr(t).

Solving the output equation for y(t) and substituting in the state equation results in
x(t) = (A + BK(I + DK)~*C)x(t) + B(1 + K(I + DK)~*D)r(t) (2.31)
y(t) = (I = DK)~Cx(t) + (1 = DK)~1Dr(t) .
One fairly common simplification to this system is removing D, which reduces the equations to
(2.32)

x(t) = (A + BKC)x(t) + Br(t)

y(t) = Cx(t).
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Chapter 3

Feedback Characteristics of Control Systems

| 3.1 Introduction

Open and closed-loop controls

The basis for analysis of a control system is the foundation provided by linear system theory,
which assumes a cause-effect relationship for the components of a system. A component or
process to be controlled can be represented by a block. Each block possesses an input (cause)
and output (effect). The input-output relation represents the cause-and-effect relationship of the
process, which in turn represents a processing of the input signal to provide an output signal
variable, often with power amplification. An open-loop control system utilizes a controller or
control actuator in order to obtain the desired response.

Desired
Output ==

Response

Controller Process Output

Y

Fig 3.1 Open-loop control system

In contrast to an open-loop control system, a closed-loop control system utilizes an additional
measure of the actual output in order to compare the actual output with the desired output
response. A standard definition of a feedback control system is a control system which tends to
maintain a prescribed relationship of one system variable to another by comparing 1'unctiuns_ of i
these variables and using the difference as a means of control. In the case of the driver steering [
an automobile, the driver uses his or her sight to visually measure and compare the actual
location of the car with the desired location. The driver then serves as the controller, turning the
steering wheel. The process represents the dynamics of the steering mechanism and the
automobile response.

Desired |

Qutput —»| Comparison _ﬁ Controller Process »  Qutput
Response

3

Y

Measurement |4

Fig. 3.2 Feedback control system 28
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A feedback control system often uses a function of a prescribed relationship between the output
and reference input to control the process. Often, the difference between the output of the
process under control and the reference input is amplified and used to control the process so that
the difference is continually reduced. The feedback concept has been the foundation for control
system analysis and design.

Applications of feedback systems

Familiar control systems have the basic closed-loop configuration. For example, a refrigerator
has a temperature setting for desired temperature, a thermostat to measure the actual temperature
and the error, and a compressor motor for power amplification. Other examples in the home are
the oven, furnace, and water heater. In industry, there are controls for speed, process temperature
and pressure, position, thickness, composition, and quality, among many others. Feedback
control concepts have also been applied to mass transportation, electric power systems,
automatic warehousing and inventory control, automatic control of agricultural systems,
biomedical experimentation and biological control systems, and social, economic, and political
systems.

Advantages of feedback control

The addition of feedback to a control system results in several important advantages. A process,
whatever its nature, is subject to a changing environment, aging, ignorance of the exact values of
the process parameters, and other natural factors which affect a control process. In the open-loop
system, all these errors and changes result in a changing and inaccurate output. However, a
closed-loop system senses the change in the output due to the process changes and attempts 1o
correct the output. The sensitivity of a control system to parameter variations is of prime
importance. A primary advantage of a closed-loop feedback control system is its ability to reduce
the system's sensitivity.

One of the most important characteristics of control systems is their transient response, which
often must be adjusted until it is satisfactory. If an open-loop control system does not provide a
satisfactory response, then the process must be replaced or modified. By ~ contrast, a closed-loop
system can often be adjusted to yield the desired response by adjusting the feedback loop
parameters. |

A second important effect of feedback in a control system is the control and partial elimination
of the effect of disturbance signals. Many control systems are subject to extraneous disturbance
signals which cause the system to provide an inaccurate output. Feedback systems ‘h‘a\x_- the
beneficial aspect that the effect of distortion, noise, and unwanted disturbances can be effectively
reduced.

Costs of feedback control

While the addition of feedback to a control system results in the advantages outlined above, it is
natural that these advantages have an attendant cost. The cost o feedback is first manifested in
the increased number of components and the complexity of the system. The second cost of
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feedback is the loss of gain. Usually, there is open-loop gain to spare, and one is more than
willing to trade it for increased control of the system response. Finally, a cost of feedback is the
introduction of the possibility of instability. While the open-loop system is stable, the closed-
loop system may not be always stable.

Stability of closed-loop systems

|| The transient response of a feedback control system is of primary interest and must be
investigated. A very important characteristic of the transient performance of a system is the
stability of the system. A stable system is defined as a system with a bounded system response.
That is, if the system is subjected to a bounded input or disturbance then the response of the
system is bounded in magnitude, this system is said to be stable.

The concept of stability can be illustrated by considering a right circular cone placed on a plane
| horizontal surface. If the cone is resting on its base and is tipped slightly, it returns to its original
[ equilibrium position. This position and response is said to be stable. If the cone rests on its side

and is displaced slightly, it rolls with no tendency to leave the position on its side. This position
is designated as neutral stability. On the other hand, if the cone is placed on its tip and released, it
falls onto its side. This position is said to be unstable.

The stability of a dynamic system is defined in a similar manner. The response to a displacement,
or initial condition, will result in a decreasing, neutral, or increasing response.

3.2 Sensitivity of Control Systems to Parameter Variation

One of the important properties of negative feedback systems is the reduction in the sensitivity to
variations in the parameters of the forward path. In the design of control systems, it is important
that the transfer function of the closed loop system be relatively insensitive to small changes in
the values of the parameters of the components in the forward path of the system.

Let p be a parameter of G(s). Then the sensitivity of G(s) with respect to the parameter p is
defined as
AG

S = ]im&u_.g'('i?) ¢
u

which can also be written as

g6 — dInG _ dG/G _ udG (3.4)
H dinpu du/p G du

which is considered as the fractional change in G due to a very small fractional change in p. This
is defined as the “sensitivity” of the transfer function G to variations inj.

For open loop system ‘
R O R
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Therefore

u dG . . Al :
E = Gau,* Since G is the system transfer function.

For a closed loop system

us) ¢ Eq(s) Gs) JY(s)

A

H(s)

Y(s) = G(s)Eqa(s),
where E, is the actuating error and
E.(s) = U(s) — H(s)Y(s).
This implies

S (3.2)
Y(s) = 1+G(s)H(s}U(5)‘

and the actuating error is given by

Ea(s) = u(s). (<)

1
14+G(s)H(s)

In order to reduce the error, the loop gain G (s)H(s) should be made large over the range of
frequencies of interest, i.e., |G(s)H(s)| > 1.

The transfer function of a closed loop system is given by

Y ) (3.5)
T(s) = U(s)  14G(s)H(s)

Hence the sensitivity of the closed loop system to variations in u is given by
] = 44T _ (s (ar) (dc)
K Tdu G dG/ \du
O u(HGH})( 1 )2 (E)
T ( G 14GH du
= (O )
= \¢/ \au/ \1+GH/’
G and S is given by

Therefore, the relationship between the two sensitivities Sy

ST — sk ' (3.6)
H 1+G(s)H(s)
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Thus. feedback has reduced the sensitivity to variation in u by the factor 1/[1 4+ G(s)H(s)],
which is small over the range of frequencies of interest.

But it should be clear that feedback does not reduce the sensitivity to variations in the parameter
of the feedback path. To show this, let u be a parameter of H(s). Then we have

75O BE

H (t’.)(—c_m

H \1)(1+GH)?
_ _CH GH
3 S’" (1+GH) (3.7)

It follows that the magnitude of the two sensitivities S and S are nearly equal when the loop
gain G(s)H(s) » 1.

Due to the improvement in sensitivity of feedback there is a loss of system gain. The open loop
system has a gain G(s) while the gain of the closed loop system is G(s)/[1 + G(s)H(s)]. So by
using feedback, the system gain is reduced by the same factor as by which the sensitivity of the
system to parameter variations is reduced. Sufficient amount of open loop gain can, however, be
easily built in to a system so that we can afford to lose some gain to achieve improvement in

sensitivity.
Example 3.1:

In the closed loop system shown below G;(s) = ;1—1 , Gy(s) = i; and H(s) = % find the

sensitivities SZ, and S¢, and the sensitivity of the open loop system.

_HY(s)

R(s) —»| Gy(s) —> Ga(s)

H(s) 1<

Fig 3.3 Closed loop system

The closed loop transfer function is given by

__ G41(8)G2(8)
7’(5) T 1+G(S)H(S)

The sensitivity of the system to variations on G, is calculated as
SRR X [1+GZH“GE{1+G£HJI i
Gi— Tag, L G 1lLQa+GH)

This is clearly because there is no feedback on the

transfer function Gj.
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The sensitivity of the system to variations on G, is calculated as

T =G 0T _(+GHI[__ Gy

T 4G, (1+G,H)?
- 1 - S(5k2) 1
14G,H ~ (s+1)2 (s+1)"

The open loop system transfer function is given by T(s) = G,(S)G;(s).

G, dT G
: =_zGl=1‘

p— o 8 ~ T - T
» sensitivity of S¢. is then calculated as Sz, = ——
The sens y G, Al it

33 Controls over System Dynamics by Using Feedback

Consider a simple feedback system shown below:

R(s) £ LY (s)
; s+ u

Fig 3.4 Feedback control system

The open loop transfer function of the system is

G(s) = -
The output of the non feedback system to an impulse input i.e., R(s) = 1,is given by
Y(s) = = . 5
For the feedback system, we have
=)
o) = - 39)
s+h

Note that in the Fig. 3.4 the feedback path has a transfer function H(s) = 1.

In order to find the impulse response of the system We take the inverse Laplace Transform of the

equations (3.8) and (3.9), from which we have
3.10)
y(t) = ke™ (

- y(©) = ke R, B2

ck system.

respectively, corresponding to the non-feedback system and the feedba
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Also from the transfer functions of the non-feedback system and feedback system we can see
that - and —(u + k) are the respective zeros (poles) of their characteristics equations. And the

nature of their response is an exponential decay with a time constant 7 = landt=—
u (k+ )

non-feedback and feedback systems respectively. For positive values of k, the time constant of
the feedback system is reduced and hence the control in the dynamics of the system. As
k increases, the system dynamics becomes faster and so the transient response decays more

rapidly.

for the

It can be seen that feedback controls the dynamics of the system by adjusting the location of the
poles. As a result feedback increases the possibility of instability of systems.

3.4 Control of Disturbance Signal in feedback Control Systems

Feedback in systems controls and partially eliminates the disturbance signal in the system. These
disturbance signals cause the system to generate inaccurate output. Examples of disturbance
signals are thermal noise in amplifiers, wind gusts on antenna of radar systems etc. Disturbance
may be introduced in the forward path, feedback path or at the output of the system.

3.4.1 Disturbance in the forward path of the system

These disturbances may be either due to the properties of the elements present in the forward
path or can be due to the surrounding condition changes of forward path elements.

Ty(s)

R(s Gals) Gafs) Y(s)

H(s)

Fig.3.5 A system with disturbance signal in the forward path

Now we have, that the ratio of Y(s) to disturbance Ty (s)is

Ya(s) _ -Gy (s) (3.12)
Ta(s)  14G1(s)G2(S)H(s)

Note that here we assume the input R(s) is ero.

If G,(s)G,(s)H(s) > 1, then we have from equation (3.12)

AV L =@l =2
Ma(s) = Ta®)  G1(8)G2(HH(S)  Ca1(HE)
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Hence we have

_ _—Ta(s)
Ya®) = Gomne (3.13)
From equation (3.13), it is clear that if G, (s) is made very large the effect of disturbance Ty(s)
on the output will be very small. Therefore, it is always desired to have large G,(s) , so that the
output may not change due to disturbances in the forward path of the system. The sensitivity of
the system for changes in the forward path transfer function G, (s), for disturbance input in the

system, we have

M oM G; 1
bGdz( d)(_“)= 7‘-'-"0.,
2 aG, My 1+G,G,H

if G, (s) is made very large.

3.4.2. Disturbance in the feedback path

These disturbances are produced due to changes in the feedback path elements like sensing
devices. In Fig 2.8, the transfer function relating the disturbance Ty(s) with the output Y4(s) is
given by

o Yd(S} L ‘G]{S)Gz(S)Hz(S) - 14
Md(s) Ta(s)  1+G;3(s)Ga(s)H;(s)Hz(s) Wk
R(s 3 Gi(s) » Gs(s) —»Y(s)

3

Ha(s) 4 ®; H,(s)

+
T—I‘d(s)

Fig.3.6 A system with disturbance signal in the feedback path

If G,(s)G,(s)H,(s)H,(s) > 1 equation 3.14 reduces 10

Ya(s) _ -1 (3.15)
Ta(s)  Hi(s)’
—Ta(s) (3.16)
" Ya(®) = 5,5

e effect of disturbance in feedback path Ty(s) . is

Thus by makin ,
S D) o proper value of H; (s) th Teed
St ty of the system for disturbances due 10

r_cduccd at the output of the system. The sensitivi
feedback path is given by

s = (Sl
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3.4.3. Disturbance at the output of the system

Disturbance at the output of the system are introduced at the output terminals of the system as in
Fig 3.7. +
& L4(s)

R(s) G(s) Y(s)

H(s)

Fig 3.7 A system with disturbance at the output

We have

_ Ya(s) _ 1
Mq(s) = Tals) ~ 1+G(s)H(s) ' @.17)

For G(s)H(s) > 1, the equation (45) reduces to
1
Ya(s) = sons Ta(®):
I'herefore the effect of disturbance on the output can be controlled by changing the values of G(s) and

H(s). The sensitivity of the system to the disturbance at the output terminal for variations in G(s) and
H(s) is given by

s = (i) (G (3.18)
and S:fd = (Mia) (%%E)_ (3.19)

Introducing feedback to a control system has the advantage of reducing sensitivity, improving transient
response and minimizing the effects of disturbance signals. But the use of I'ccdback_ increases the m‘lmbfr
of components of the system, hence increasing the complexity of the system. Also it reduces the gain of
the system and introduces the possibility of instability.




Example 3.2 :

An automatic speed control of an automobile is described in the block diagram of Fig 3.8.

de(S)
Kg
R[S} K] ! '.[ % +’ KZ o Y(S}
(10s + 1) (I5s+ 1) %
1 e
10
|
| Fig 3.8

& > = ; 10 K e
‘ l'o determine the effect of disturbance Ty(s) = — on the output, we let G, = [1—5;—1}- Uy ==

Ky
(10s+1)

and G3 =

| From the block diagram in Fig 3.8 we get

K
’ Ya(s) G, (s) L (1552+1)

— —-_— - K p
| KT~ 0 )
‘ This implies
’ | IOKQ KZ

Y,(s) = KaTa(s)Ga(s)  _ s (15s+1)K '
T T 1606066 1-(5) 56) ast)

laking the inverse Laplace Transform, we get

ya(t) = m(wKz(Pi P,P;Py)Kq)
Where Py ==10 % J5+1;K F
1503

P, = eg—:}—%(25+‘f25+601(1]<2]t.

1 ]+12K)X21
EF 12K K, +e0V ¢

o
]

~o
Il

2v5K,K, + 5(V5 + /5 + 12K;Kz ) .
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Chapter 4
Feedback in Optimal Control

4.1 Introduction

Optimal control theory, an extension of the calculus of variations, is a mathematical optimization
method for deriving control policies. The method is largely due to the work of Lev Pontryagin.
Optimal control deals with the problem of finding a control law for a given system such that a
certain optimality criterion is achieved. A control problem includes a cost functional that is a
function of state and control variables. An optimal control is a set of differential equations
describing the paths of the control variables that minimize the cost functional. The optimal
control can be derived using Pontryagin's maximum principle (a necessary condition).

We begin with a simple example. Consider a car traveling on a straight line through a hilly road.
Then we question how the driver presses the accelerator pedal in order to minimize the total
traveling time? Clearly in this example, the term control law refers specifically to the way in
which the driver presses the accelerator and shifts the gears. The "system" consists of both the
car and the road, and the optimality criterion is the minimization of the total traveling time.
Control problems usually include additional constraints. For example the amount of available
| fuel might be limited; the accelerator pedal cannot be pushed through the floor of the car, speed
limits, etc.

A proper cost functional is a mathematical expression giving the traveling time as a function of
the speed, geometrical considerations, and initial conditions of the system. It is often the case
that the constraints are interchangeable with the cost functional.

4.2, Necessary conditions of Optimality
Theorem 4.1:

Let a,b,a,B € R, a < b,and L be continuously partially differentiable with regard to the first
IWo variables. In addition, let

fly) = fa" L(y,y,t)dt, and S={y € C™[a,b]ly(a) =a, y(b) =B}

If'yy is a minimum point of f on S, then y, satisfies

2 ' ! 4.1)
7Ly 0o, Yo, ©) = Ly(Yo, Yo, 1) - (

The equation (4, 1) is called Euler-Lagrange Differential Equation (ELDE).
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Theorem 4.2:

Leta,b,a €R, a<b and L be continuous and continuously partially differentiable with
regard to the first two components and y, be a solution of (P),av
free end point.

ariational problem with one
b ] :
(P) f(y) = [, Ly(t), y(t),)dt » min,  yeR,
R:={y € C"[a,b]"|y(a) = a}.

Then

1. il‘y(yﬂft)’-‘;’o(t)» t) = Ly (yo(t), Yo (1), ), (ELDE)
2. Ly(yo(b),yo(b),b) = 0.

The second necessary condition is called transversality condition (TR).
Theorem 4.3:
Leta,b € R, consider the optimal control problem
f(xu)s= fab k(x(t),u(t),t)dt = min, (x,u) ER

R:={(xu) € Kx QIx(t) = @(x(t),u(t),t), t€ [a,b]}

K € RCS™®[a, b]",

Q = {u € RS[a, b]™|u(t) € U(t), t€ [a,b]}.
LetA € RS[a,b]", x € K be fixed and u* be a minimum point of the function f;(x,u) on Q,
where

fi(x,u) = f(x,u) + jab < A(x,%,u,t), %(t) — @(x(t),u(t),t) > dt

= [Pk(x(0),u(®),)dt + [ < A0 %, u,8), X(t) — 9(x(D),u(t), 1) > dt

= fab[< A(x,%, u, ), X(t) = @(x(t), u(t),t) > +k(x(t), u(t), ]dt,

then

L(x,x,u*,At) = minyeq L(x, %, u,A,t)  for allt € [a,b]




This condition is called minimum condition (condition MIN),

Theorem 4.4: (Sufficient condition)

Le X be a vector space, U € X be a convex set and f: U —» R be a convex function. Then for any
algebraically local minimum x; of fon U, it follows that Xo 1s a minimize (global minimum) of
fon U.

General Nonlinear Optimal Control

A more abstract framework of general nonlinear optimal control problem goes as follows.
Minimize the cost functional

f(x, u) = ®(x(a),a,x(b),b) + [ L(x(t), u(t), )dt, (xu) € R 42)

R:={(x,u) € Kx Q| X(t) = W(x(t),u(t),t), t € [a,b]},

K := {x € RCSW[a, b]"|d(x(a), a,x(b), b) < 0},

Q = {u € RS[a, b]™|u(t) € U(t) € R™, t € [a,b]},
where x(t) is the state, u(t) is the control. t is the independent variable and a is the initial time.
and b is the terminal time. The terms ® and L are called the endpoint cost and Lagrangian,
respectively.
4.3 Quadratic Optimal Control

A special case of the general nonlinear optimal control problem is the quadratic optimal control
problem (also called the linear quadratic optimal control). This problem is stated as follows.

Minimize the quadratic cost functional

f(x, u) = ~xT(b)Sx(b) + s™x(b) + fa” (%xTCx +cTx+>u"Du + dTu) dt, (xu)€R

R := {(x,u) € K X Q|x = Ax + Bu}, (4.3)
K = {x € RCS™[a,b]"|x(a) = a},
Q :== RS[a, b]™.

In equation (48), we have that

S € R™™ be a positive semi definite, symmetrical matrix,

A € RS[a, b]™™,

Be Rs[a’b]nxm ,

C € RS[a,b]™™  be a positive semi definite and symmetrical matrix for all t € [a, b],
D € RS[a,b]™™m  be a positive definite and symmetrical matrix for all t € [a,b],

s € R™, ¢ € RS[a, b]", d € RS[a,b]™ .




-

________—___7—*—*

Then we have the Lagrange function

; 1
L(x, % u,A) = -xTCx + cTx+ % u™Du + d™u + AT[x — Ax - Bu] (4.4)

1 1
. = ExTCx + cTx+ATx — ATAx + EuTDu +d"u - ATBu.

Let

G(x % 4) = ZxTCx + cTx + ATx — ATAx,
W(u,2) = %uTDu + dTu - ATBu,

Clearly G is convex with regard to x and X and W is convex with regard to u. Hence, as sufficient
condition, for (x", u*) to be a solution of the optimal control problem: '

i) From the condition MIN, we get
minyeq W(u,2A) = minUEQ{%uTDu +d"™u—2ATBu} = %u'TDu' +dTu* —ATBu".
But by the convexity and differentiability of W we get (by taking the derivative w.r.t u*)
Du*+d-B™A =0,
and since det(D) # 0 (D is positive definite) we have
u*=D"1BTA-D14. (4.5)

ii) If we substitute in the differential equation x = Ax + Bu, then

| (x) =Ax*+BD'B"A-BD7Md ,x'(a) = a . (4.6)
iii) By ELDE
o d
le. E(L*) == Lxs
we get
A=—ATA+Cx" +c. (4.7)

iv) By the Transversality condition TR we get

A(b) = —Sx*(b) —s. (4.8)




So we have from equations (4.6) and (4.7) the system of differential equations

(;) = (‘é B[:;.PT) (D + (—Blg_ld), x(a) = a, A(b) = -Sx*(b) —s.

Particular Case: s =0, ¢ =0and d = 0, in equation (4.3) the cost functional becomes
f(x,u) = %xT(b)Sx(b) + %fab(xTCx + uTDu) dt - min, (x,u) €R,
then by the transformation
A(t) = =P()x(t), P e CW[a,b]™",

we get by substituting in differential equation (4.7):

A = (ATP + O)x.
By the product rule we get from equation (4.9)

A= —Px—Px
or A+Px+Px=0.
In equation (4.11), we substitute equations (4.6) and (4.10). Then we get

(ATP +C + P + PA— PBD"'BTP)x = 0.
Clearly, x = 0 is a trivial solution. Also equation (.12) is satisfied if

p=P@BD BT)P-ATP-PA-C.
Equation (4.13) is known as a Riccati differential equation.

Moreover, if we choose

P(b) =S.

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

then the transversality condition in equation (4.8) is satisfied and the system of differential

equations (4.13) and (4.14) has a uniquely determined solution P".

If we have P*, then we can calculate x* as a solution of the system of differential equations

(4.6) and (4.9).

x=[A—(BD'BT)P']x, x(a) = a.




Then we can calculate A° by

A'==P’x°, A'(b) = -Sx*(b).

Finally, we can calculate u® by equation (4.5):
u* = —D1BTp*x*, (4.15)
So, we have that (x*,u") is a solution of our optimal control problem.

[t is especially interesting to note that in equation (4.15) the optimal control input is described in
the form of a feedback by a linear function of the state variable x".

The matrix K = =D BTP* s called feedback matrix.
Example 4.1:
In order to solve the quadratic optimal control be given by

f(x,u) = x%(1) + fol (xz(t)+%uT(t)u) dt - min, (x,u) €R

= {(x,u) €KX Q|x(t) = ?x(t) +u(t), te[o01]},

{x € RCSW[0,1]|x(0) = 3}
RS[0,1]

R
K
Q

.

Il

Wehave S=2,s=0,¢c=0,d=0,C=2D = -1, A :_?3' B=1Ln=1m=1
By the transformation

A(t) = =P(t)x(t), PeCcDo,1],

we have the Ricatti differential equation,
P =P(BD"'BT)P— ATP - PA-C,
That is

P=P(1(-1)"11T)P - ('T'“‘)T P-(3)P-2,

2

or P=—-P24+3P-2=-P24+3P-2.
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When we solve the Riccati differential equation we get

__ 2et-q
p(t) == el—c;
and if P(b) =S i.e. P(1) = 2,thenc, = 0. Thatis p*(t) = 2.

To find x(t), we have X = [A — (BD™*B™)P*]x and x(a) = a.

This is the same as

x=[2=1A=D"1M2]x and x(0)=1,

or X = %x and x(0) = 1.
Then we get
x () =x(tj= e%H :
To find A.(t) we use the equation A(t) = —P*(t)x"(t) .
Hence, A(t) = —ZE%t_l.
Finally to find u(t), we use the equation '

| u*(t) = —D-1BTP*()x" (1) |

Thus

1 1
u* = —(-1)"11T(2)ez"! = 2e2" .

Therefore, the solution of the quadratic optimal control problem is (x*,u").
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Mathematica Program for the paper




ﬁﬁ

Remove ["Glcbal ™ *"];

(*Irput«)

ap=1; by =1;

coleft = {1, 2, 2}; (*coeffincentes of left side of differential equations)

coright = {1, 3}; (vcoefficients of right side of differential equtionx)

(#vuaft ] =t3; %) (¥it is better to let u in a general form and define u later in the prgrams)

(Wrorrmmmm— *) .
(*¥initializationx)

n= Length[coleft];

m = Length[coright];

Table[a; =coleft[[i]], {i, 1, n}];

Table[b; = coright[[i]], {i, 1, m}];

£ly_] = ) ai*Dly[t], {t, n-1}];
i=0

glu ] = ) by #D[ult], {t, m-i}];
i=0

Print ["The differential equation is given by:"]; |
Prj_nt[u ", f[Y]: L - ", g[U]];

(% %)
(* initial conditions )
iniy = Table[ (D[y[t], {t, i}] /. {t=0}) =0, {i, 0, n-1}];

iniu=Table[ (D[u[t], {t, i}] /. {t=0}) =0, {i, 0, m=1}];

inily = Join[ {LaplaceTransform[y[t], t, 8] »y¥[s]}, iniy];
inilu = Join[{LaplaceTransform[u[t], t, s] »uU[s]}, iniu];

(Fmmm e = *)




(#calculation of Laplace Transform of the differential equations)

Tofis = Laplaoe’l‘ransfmn[zai *DIy[t], {t,n-1}], t, 8] /. inily // Simplisy;
i=0

rights = LaplaceTransforn| ) by «D[u[t], {t, m-1}], ¢, 8] /. inilu// Simplify;
i=0

Print["The Lagrange Transform of the differential equation is given by:"];

Print[""];

Print[" ", lefts, " = ", rights];

Print[""];

(% *)

(vcalculation of transfer function G (s) #)

denami = Coefficient [lefts, yY[s]];

mumer = Coefficient [rights, uU[s]];

gG[s] = mumer / denami ;

Print["The transfer function is given by:"]

Print[""];

Print[" G(s) = ", gG[s]];

Print["The characteristic polynomial is given by:"]

Print [" ", dencmi] ;

(% *)

(* roots of the denaminator )

0 = Solve [denami == 0, s];

ro=s/. ro;

Print["The roots of the characteristic polyncmial are;"];

Table[ Print["p(", i, ") = ", ro[[i]]], {i, 1, Length[ro]}];

re=Table[Re[ro[[i]]], {i, 1, Length[ro]}];

1f[And[Table[re[[i]] <0, {i, 1, Length[re]}]] == {True},
Print["The System is asymptotical stable."]];

If[And[Table[re[[i]] > 0, {i, 1, Length[re]}]] == {True}, Print["The System is unstable."]];

(Hmme e - *)

(*Solution of differential Equations)
(*Definition and u #)

U.[t_] = e-t;

Print["The functien u is given by:"];
Print [» u(t) = ", uft]];




(= -—%)

ini = Table[ (D[y[t], {t, i}] /. {£-0}) =0, {i, 0, Length[coleft] -1}];
inil = Join[{£[y] =g[u]}, ini];

Print ["The solution of the initial value problem:"];

Print[" ", £ly]l, " = ", g[u]);

Print[" ", Table[ini[[j]]., {3, 1, Length[ini]}]];
DSolve[inil, y[t], t];

ylt 1=y[t] /. %[[1]];

Print["is given by:"];

Print[" y(t) = " y[t]l]:
Plot[y[t], {t, 0, 10}];
(s -— -=*)

<< LinearAlgebra MatrixManipulation™;
id = IdentityMatrix[n-1];
o=Table[{0}, {i, 1, n-1}];

a = -Reverse [coleft];

/3 = AppendRows [0, id];

aA = AppendColums [B, {a}];

bB = Append[o, {1}];

xx=Table[{x;}, {i, 1, n}];

xxx = Table[{%;}, {i, 1, n}];

y = Flatten[Prepend [o, 1]].xx;

Print["If g(u) = u, then the state space Form is given by:"];

Print [x0x // MatrixForm, " = ", aA // MatrixForm, xx // MatrixForm, " + ", bB // MatrixForm, "u"];

Print["y = ", Flatten[Prepend[o, 1]], xx // MatrixForm];

(Hmmmm e - --#)

(*calculation of diagonal form)

ev = Eigenvalues[aA];

Print ["The eigenvalues are given by:"];

Print[" ", ev];

ei = Transpose [Eigenvectors[aA]];

ei // MatrixForm;

iei = Inverse[ei].aA.ei // FullSimplify;

% // MatrixForm;

zz =Table[{z;}, {i, 1, n}];

zzz = Table[{2;}, {i, 1, n}];

Y = Flatten[Prepend[o, 1]].xx;

Print ["The diagonal form is given by:"];

Print [zzz // MatrixForm, " = ", iei // MatrixForm, zz // MatrixForm, " + ",
iei.bB // MatrixForm, "u"];

Print["y = ", Flatten[Prepend[o, 1]].iei, zz // MatrixForm];




B e ——SSE B T O

(*SENSITIVITY OF A NEGATIVE FEED BACK SYSTEM*)

i Remove ["Global " *"];

I gG[S 1=s"3; (*TRANSFER FUNCTION ON THE FORWARD PATH*)

| r hH[s ]1=1/8"2; (*TRANSFER FUNCTION ON THE FEEDBACK PATH*)

| é tTc[s 1=gG[s]/(1+gG[s]l*hH[s]); (*Transfer function of a closed
loop system¥*)

| tTo[s 1=gG[s]; (*Transfer function of an open loop system*)

(* *)
l (*The loop gain of the closed system*)
loopG[s ]=gG[s]*hH[s];

| (* *)
(*Sensitivity of the closed loop system to variations on G(s)*) '
sSensicG=(gG[s] /tTc[s])*((D[tTc[s],s])/(DIgG[s],s])); |
(* *)
(*Sensitivity of the closed loop system to variations on H(s)*)
sSensicH=(hH[s] /tTc([s])*((D[tTc(s],s])/(D[hH[s],s]));
(¥ *)
(*Sensitivity of Open loop *)
sSensiO=(gG[s] /tTols])*((D[tTo[s],s])/(D[gG[s],s]));

(" *)

| Print ["THe loop gain of the closed system is
‘ " , loopGl[s]];
Print ["The sensitivity of the system to changes in G(s) is
‘ " , Apart[sSensicG]];
Print ["The sensitivity of the system to changes in H(s) is
" , Apart[sSensicH]];
! Print ["The sensitivity of the open loop system is
", Apart[sSensiOQ]];
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