


















































r- r ' 

Therefore, the transfer matrix is G(s) is given by 

G(s) = = C[sl- Ar' B = [2 5] [s - 1 1 ]-' [1]- ,,., 
1 s - 2 0 - (5- 1)(s - 2)- 1 ' 

or 

yes) 25+1 

U(s) 52+3s+1' 

Note that the system is unstable because the poles are both positi ve i.e., 3+JS and 3- J'S, We shall , , 
see in the following section that introducing feedback in to the system makes the system stable. 

2.6 Feedback State Space Representation 

A common method for feedback is to multiply the output yet) by a matrix K and setting thi s as 
the input to the system i.e., uCt) = Ky(t ). Since the va lues of K arc unrestricted the va lues can 
cas il y be negated for negative feedback . 

x(t) = Ax(t) + Bu(t) 
yet) = Cx(t) + Du (t) • 

replacing u(t) by Ky(t) equat ion 2.19 becomes 

and 
x(t) = Ax(t) + BKy(t) 
yet) = Cx(t) + DKy(t) . 

Solving the output equation for yet) and substituting in the slate equation results in 

and 
x(t) = (A + BK(I- DK)- 'C)x(t) 
yet) = (1- DK) - 'Cx(t). 

(2.20) 

(2.21) 

(2.22) 

The advantage of this is that the eigenvalues of A ::;; A + BK(J - DK) -l C can be controlled by 
setting K appropriately through eigendecomposition of A + BK(I - DK)-l C. This assumes that 
the open-loop system is controll able or that the unstable eigenvalues of A can be made stable 
through appropriate choice of K. One fairl y common simplilication to thi s system is removing D 
and selling C to identity. which reduces the equations to 

x(t) = (A + BK)x(t) (2.23) 

and yet) = x(t). 

This reduces the necessary eigendecomposi tion only to A + BK . 
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I Example 2.8: 

In example 2.7 if we introduce a feedback i.e., u(t);;:: Ky(t). then the stale equati on becomes 

x(t) = (A + BK(I- DK)-lC)X(t) 
and yet) = ( I - DK)-lCX(t). 

This implies 

X(t) =((~ ~)+K(~)(2 5))X(t)=(2
1
K 5Kt 1) x(t) 

and yet) = (2 5)x(t). 

'I'h A- (2 K 5K+1) h h .. . 1 -I en := 1 2' tee aractcn stJc equation, sl - A = 0 ,becomes 

" - 2(K + 1), - (K + 1) = 0, (2.24) 

solv ing for s • we get 

, = (K + 1) ± ,J(K + 1)(K + 2). (2.25) 

Since the eigenvalues orA can be controlled by setting K appropriately, if we want to modify onc 
of the poles to s = - 2 (say the one wi th minus sigh) then K becomes -7/3 and the other 
eigenvalue (pole) become s = -2/3 (solving equation (2.24», Hence the feedback is stable 
unlike the open loop system. One advantage of a feedback is stabilizing the unstable system. But 
here we need to make sure that the open loop system is controllable, i.c .. rank fB. ASJ ::: n (full 
rank). 

Example 2.9: 

Consider the system 

x = (~ ~)x +@u (2.26) 

and Y = (1 O)x. 

We can easily see that one cannot modify the pole at s = 2. 

We have A = (~ ~) , B = (~) ,C = (1 0) and D = O. 

Introducing the feedback u = Ky , the equations (2.25) becomes 

x = (~ ~) x + (~) Ky 
(2.27) 

and Y = (1 O)x. 
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This implies 

Hence the state matrix of the feedback system becomes A != C ; K i). 
The characteristics equation is 

det(sl -.4) ; 0, 
or 

(s - (1 +k»)(s - 2); O. (2.28) 

Thus the pole at s ;; 2 cannot be modified while the pole al S = 1 can be modi fied by 
appropriate choice of K. Since 2 > 0, the feedback loop remains unstable. The rcason for thi s is 
thai the open loop system is uncontrollable since rank[B, AB) ;::; l (not full) . 

Feedback with set point (reference) input 

In addition to feedback, an input ret ) can be added such that u ( t); Ky (t) + r et). 

x(t) ; Ax( t) + Bu(t) 

and yet) ; Cx(t) + Du(t) . 

Replacing u(t) by Ky(t) + ret) we get 

x(t) ; Ax(t) + BKy(t) + Br(t) 
yet) ; Cx(t) + DKy(t) + Dr(t) . 

Solving the output equation for yet) and substituting in the slate equation results in 

x(t) ; (A + BK(i + DK)- IC)X(t) + B(I + K( I + DK)-I D)r(t) 

y(t); (i - DK) - ICx(t) + (J - DK) - IDr(t). 

(2.29) 

(2.30) 

(2.3 1 ) 

One fai rly common simplificati on to Ihi s system is removing D. which reduces the equations to 

x(t) ; (A + BKC)x(t) + Br(t) 

yet) ; Cx(t). 

(2.32) 

27 



r 

Chapter 3 

Feed back Cha racteristics of Control Systems 

3.1 Introd uction 

Open and closed-loop controls 

The bas is fo r analysis of a control system is the foundation provided by linear system theory, 
wh ich assumes a cause-effect relationship fo r the components of a system. A component or 
process to be controlled can be represented by a block. Each block possesses an input (cause) 
and output (effect). The input-output relation represents the cause-and-cfTec! relationshi p of the 
process, which in tum represents a processing of the input signal to provide an output signal 
variable, often with power amplification. An open-loop control system utilizes a controller or 
control actuator in order to obtain the desired response. 

Desired 
Output 
Response 

--~"011 Controller I "L---JI Process ~ 

Fig 3. 1 Opt:n-Ioop control system 

Output 

In contrast to an open-loop control system, a closed- loop control system utilizes an additional 
measure of the actual output in order to compare the actual output with the desired output 
response. A standard definit ion of a feedback control system is a control system which tends to 
maintain a prescribed relationship of one system variable 10 another by comparing funct ions of 
these vari ables and using the difference as a means of contro l. In the case of the driver steering 
an automobile, the driver uses his or her sight to visually measure and compare the actual 
locati on of the car with the desired location. The driver then serves as the contro ller. turning the 
steering whee l. The process represents the dynamics of the steering mechanism and the 

automobile response. 

Desired 
Output 
Response 

Comparison Controller Process 

Measurement r 

Fig. 3.2 Feedback control system 

Output 
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A feedback contro l system often uses a funcl ion of a prescribed relat ionship between the output 
and reference input to control the process. Often, the difference between the output of the 
process under contro l and the reference input is amplified and used to control the process so thaI 
the difference is continually reduced. The feedback concept has been the foundation for control 
system analysis and design. 

Applications of feed back systems 

Familiar control systems have the basic closed- loop configuration. For example, a refrigerator 
has a temperature setting for desired temperature, a thermostat 10 measure the actual temperat ure 
and the error, and a compressor motor for power amplification. Other examples in the home afC 

the oven, furnace, and water heater. In industry, there are controls for speed, process temperature 
and pressure, position, thickness, composition, and quality, among many others. Feedback 
contro l concepts have also been applied to mass transportation, electric power systems, 
automatic wareho using and inventory control , automat ic control of agricultural systems, 
biomedical experimentation and biological control systems, and soc ial , economic, and po litical 
systems. 

Advantages of feedback control 

The addition of feedback to a control system results in several important advantages. A process, 
whatever its nature, is subject to a changing environment, aging, ignorance of the exact values o f 
the process parameters, and other natural factors which affect a control process. In the opcn.loop 
system, all these errors and changes result in a changing and inaccurate output. However, a 
closed-loop system senses the change in the output due to the process changes and attempts to 
correct the output. The sensitivity of a control system to parameter variations is o f prime 
importance. A primary advantage ofa closed- loop feedback control system is its ability to reduce 
the system's sensiti vity. 

One of the most important characteristic s of control systems is their transient response, whi ch 
often must be adjusted until it is satis factory. If an open- loop control system does not provide a 
sati sfactory response, then the process must be replaced or modified. By contrast, a closed- loop 
system can often be adjusted to yield the desired response by adjusting the feedback loop 
parameters. 

A second important effect of feedback in a control system is the contro l and partial el imination 
of the e ffect of disturbance signals. Many control systems are subject to extraneous di sturbance 
signals whic h cause the system to provide an inaccurate output. Feedback systems have the 
beneficia l aspect that the effect of distortion, noise, and unwanted di sturbances can be effecti vely 
reduced. 

Costs of feedback control 

While the add iti on of feedback to a control system results in the advantages outlined above, it is 
natural that these advantages have an attendant cost. Th~ cost. of feedbac k i~ first manifested ill. 
the increased number of components and the complexity 01 the system. rhe second cost of 
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feedback is the loss of gain. Usuall y, there is open-loop gain to spare, and one is more than 
willing to trade it for increased control of the system response. Finall y, a cost of feedback is the 
introduction of the possibility of instabi lity. While the open-loop system is stable, the closed­
loop system may not be always stable. 

Stability of closed-loop systems 

The transient response of a feedback control system is of pri mary interest and must be 
investigated. A very important characteri stic of the transient performance of a system is the 
stabi lity of the system. A stable system is defined as a system with a bounded system response. 
That is, if the system is subjected to a bounded input or disturbance then the response of the 
system is bounded in magnitude, this system is said to be stable. 

The concept of stabi li ty can be illustrated by consideri ng a ri ght circu lar cone placed on a plane 
hori zontal surface . If the cone is resting on its base and is tipped slightly. it returns to its ori gi na l 
equil ibrium position. This position and response is said to be stable. If the cone rests on its side 
and is displaced slight ly, it rolls with no tendency to leave the position on its side. This position 
is designated as neutral stability. On the other hand, if the cone is placed on its tip and released, it 
fa lls onto its side. This pos ition is said to be unsta~ l e. 

The stability of a dynamic system is defined in a similar manner. The response to a displacemen t, 
or initial condition, will result in a decreasing, neutral, or increasing response. 

3.2 Sensitivity of Control Systems to Parameter Variation 

One of the important properties of negative feedback systems is the reduction in the sensiti vi ty to 
variations in the parameters of the forward path. In the design of control systems, it is importan t 
that the transfe r funct ion of the closed loop system be relatively insensit ive to small changes in 
the values of the parameters of the components in the forward path of the system. 

Let ~ be a parameter ofG(s). Then the sensiti vity of 'G(s) with respect to the parameter ~ is 
defined as 

SG. 1° ('~) 
~ .= Im~w_'o (~) , 

which can also be written as 

sG = dinG = dG/ C =~dG, 
~ dlnll dlll ll Cdll 

(3.4) 

which is considered as the frac tional change in G due to a very small fractional change in 11 · This 

is defined as the "sensiti vity" of the transfer function G to vari ati ons in~. 

For open loop system 
U(s) -1 Gis) f---. Yes) 

yes) = G(s)U(s) 
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Therefore 

SG ;;;; ~ dG ~ G d~' since G is the system transfer function. 

For a closed loop system 

U,-,(~s )- .. t is(r-=E~.(:'.s)_IG-(s-) f--_-,--+ y(S) 

yes) = G(s)E.(s) , 

where Ea is the actuating error and 

E,(s) = U(s) - H(s)Y(s). 

This implies 

yes) - G(,) U() 
- l+G{s) H(s) s, 

and the actuating error is given by 

In order to reduce the error, the loop gain G(s)H(s ) should be made large over the range o r 

frequencies of interest, i.e. , IG(s) H(s)1 » 1. 

The transfer function of a closed loop system is given by 

T(s) = Y(,) = G(,) 
U(s} 1 +G(s) H{s) . 

Hence the sensitivity of the closed loop system to variations in l' is gi ven by 

ST = ~ dT = ("( I+GH)) (!'!.) (dG ) 
p. Td p. G dG dp. 

= ("(I+GH)) (.2-)' (!!E) 
G 1+GH dp. 

= m(:~)c.~J 
There ro re, the relationship between the two sensiti vities Sff and s~ is given by 

S T ;;;; s~ 
p. l+G(S) H(S)" 

(3.2) 

(3.3) 

(3.5) 

(3.6) 
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Thus, feedback has reduced the sensiti vity to variation in Jl by the factor l / {l + G(s)H(s)}, 
which is small over the range of frequencies of interest. 

But it should be clear that feedback does not reduce the sensitivity to variations in the parameter 
of the feedback path. To show thistlet Ii be a parameter of H(s). Then we have 

ST ; ~ !!!: ; (~) (dH) (!!.) (!!!:) 
~ T dp. H dJ.l T dH 

:;; SH (!!.) (-G )(G) 
J.I. T (1+GH) 2 

- _SH(~) 
- J.I. 1+GH 

(3.7) 

It follows that the magnitude of the two sensitivities SJ and S: arc nearly equal when the loop 

gain G(s) H(s) » 1. 

Due to the improvement in sensitivity of feedback there is a loss of system gain. The open loop 
system has a gain G(s) whi le the gain of the closed loop system is G(s)j[1 + G(s)H(s)] . So by 
using feedback, the system gain is reduced by the same factor as by which the sensi ti vity of the 
system to parameter vari ations is reduced. Sufficient amount of open loop gain can, however, be 
easily built in to a system so that we can afford to lose some gain to achieve improvement in 

sensitivity. 

Example 3. t : 
1 1 1 

In the closed loop system shown below G1(s) = ;.;:t , G2(s) = s+2 and H(s) =; , lind the 

sensitivit ies S~ and SeT and tbe sensitivity of the open loop system. , , 

H(s) 

Fig 3.3 Closed loop system 

The closed loop transfer function is given by 

r (s) ; G,(S)G, ( S) . 
l+G1{S) H(S) 

The sensitivity oftbe system to variations on G1 is calculated as 

T _ S or _ [~] [G2( t+G 1H)] = 1. 
5G1 - T aG I - G2 ( t+G zH)Z . 

This is clearly because there is no feedback on the transfer function G1 · 
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The sensit ivity of the system to variations on G2 is calculated as 

ST = G2 ~= (1+GzH) [ G, 1 
Gz T c1G z G1 (1+G ZH)2 

_ _ , _ _ s(s+2) _ 1 1 

- 1+G zH - (5+1)2 - - (5+1)Z' 

The open loop system transfer function is given by T(s) ; G, (S)G,(s). 

The sensitivity of S~ is then calculated as STG = G
z ~ = G

z G, ; 1 z 2Tc1Gz T' 

3.3 Controls over System Dynamics by Using Feedback 

Consider a simple feedback system shown below: 

R(s) ~ ~ f-I ~_. Yes) 

Fig 3.4 Feedback control system 

The open loop transfer function of the system is 

k 
G(s); - . .. , 

The output of the non feedback system to an impulse input i.e., R(s) 

Yes); ~ . .. , 
For the feedback system, we have 

Y(s); (f,;;) ; 2-
1+(-"-) s+1I+k . .. , 

1, is given by 

Note that in the Fig. 3.4 the feedback path has a transfer function H(s) = 1. 

(3.8) 

(3.9) 

In order to find the impulse response of the system we take the inverse Laplace Transfoml of the 

equations (3 .8) and (3.9), from which we have 

yet) ; ke-,t 

and yet) ; ke-(,+k)t, 

respectively. corresponding to the non-feedback system and the feedback system. 

(3.10) 

(3. 11 ) 
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Also from the transfer functions of the non-feedback system and feedback system we can sec 
thaI - J.l and -(p + k) are the respective zeros (poles) of their characteristics equations. And the 

nalure of their response is an exponential decay with a ti me constant t = !. and t :: -'- for the 
Po (k+p) 

non-feedback and feedback systems respecti vely. For positi ve values of k. the time constant of 
the feedback system is reduced and hence the control in the dynamics of the syslCm. As 
k increases, the system dynamics becomes fas ter and so the transient response decays more 

rapidly. 

It can be seen that feedback controls the dynamics of the system by adjusting the location of the 
poles. As a result feedback increases the possibi lity of instabi lity of systems. 

3.4 Control of Disturbance Signal in feedback Control Systems 

Feedback in systems contro ls and part iall y el iminates the disturbance signal in the system. These 
disturbance signals cause the system to generate inaccurate output. Examples of disturbance 
signals are thennal noise in ampli fie rs, wind gusts on antenna of radar systems etc. Disturbance 
may be introduced in the forward path, feedback path or at the output of the system. 

3.4.1 Distu rbance in the fon vard path of the system 

Thesc di sturbances may be either due to the properties of the elements present in the forward 
path or can be due to the surround ing condition changes of forward path elements. 

T "s) 

+ 
R(s)--.( ~G~,(S~)j-T--+ yes) 

H(s) 

Fig.3.5 A system with disturbance signal in the forward path 

Now we have, that the ratio ofY(s) to disturbance Td(S) is 

Y deS) _ -Gz(S) 
(3. 12) 

Td(s) l+G 1(s)G z(s) H(s) 

Note that here we assume the input R(s) is zero. 

If G,(s)G,(s) H(s)>> 1, then we have from equation (3.12) 

Yd(S) - Gz(s) _ -1 

Md(s) := Td(S) ,::::: G1(s)Gz(s) H(S) - G1(s) H(S) 
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Hence we have 

(3.13) 

From equation (3. 13), it is clear that if Gt (5) is made very large the effect of di sturbance Td(S) 
on the output will be very small. Therefore, it is always desired to have large Gt (s) ,so that the 
output may not change due to disturbances in the forward path of the system. The sensitivity of 
the system for changes in the fonvard path transfer function G2(s) , for disturbance input in the 

system, we have 

ifGt(s) is made very large. 

3.4.2. Disturbance in thc feedback path 

These di sturbances are produced due to changes in the feedback path elements like sensing 
devices. In Fig 2.8, the transfer function relati ng the di sturbance Td(s) with thc output Yd(s) is 

given by 

(3. 14) 

R(s}--1>{)(}-~ G ,(5) f----r-+ y(s) 

FigJ.6 A system with disturbance signal in the feedbac k path 

If G1 (s)G, (5) H,(s) H1 (5) » 1 equation 3. 14 reduces to 

or y() = -Td(S). 
d s H1(S) 

Thus by making proper value of H
t 
(s) the effect of disturbance in fee~back path Td (S) . is 

reduced at the output of the system. The sensitivity of the system fo r dtsturbances due 10 

feedback path is given by 

(3. 15) 

(3. 16) 

lS 



r 

3.4.3. Disturbance at the output of the system 

Disturbance at the output of the system are introduced at the output terminals of the system as in 
Fig 3. 7. 

Td(s) 

R(s) -4\.tX\r---I.I~G~(S~) JI __ +~_-+y(S) 

I H(s) L 

Fig 3.7 A system with di sturbance at the output 

We have 

M (5) _ Yd(S) _ 1 
d - T deS ) - 1+G(s) H(s) (l . ll ) 

For G(s)H(s) » 1, the eq uation (45) reduces to 

Therefore the effect of disturbance on the output can be cOnlrollcd by changing the values of G(s) and 
H(s). The sensitiv ity of lhe system to the disturbance allhe output tenninal for variations in G(s) and 
H(s) is given by 

SM, ~ (-"-) (aM,) 
G Md iJG 

(l . IS) 

and SM, ~ (-"-) (aM,). 
H Md iJ H 

(3 . 19) 

Imroduc ing feedback to a contro l system has the advantage of reducing sensitivity, improving transient 
response and min imizi ng the effects of di sturbance signals. But the use of feedback increases the number 
of components of the system, hence increasing the complexity of the system. Also it reduces the gain of 
the system and introduces the possibility of instability. 
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Example 3.2 : 

An automat ic speed control of an automobile is described in the block diagram of Fig 3.8. 

i Tdes) 

I Kd I 
R(s ) 
~ 

K, -J" n K, 
I-r (lOs + 1) (ISs + 1) 

Vis) 

-

1 -
10 

Fig 3.8 

10 ~ 1 
To detennine the effect of disturbance Td(s) = 7" on the output, we let G1 = (15s+1) I Gz :: 10 
and G = Kl . 

3 (10s+ 1) 

From the block diagram in Fig 3.8 we get 

G, (s) 
2L-
( 155+1) 

( K, )(')( K, ) . 
1 - ~ 10 i'ii"S+i" 

This implies 

Taking the inverse Laplace Transfonn, we get 

..!..Jl+~ t 
P3 = -s{5 - Z{5K,K, + SJS + lZK,K , + e" " 

P, = 2{5K,K, + S({5 + JS + lZK,K,). 
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Chapter 4 

Feedback in Optimal Control 

4.1 Introduction 

Optimal control theory, an extension of the calculus of vari ations, is a mathematical opt imization 
method for deriving control polic ies. The method is largely due to the work of Lev Pontryagin. 
Opti mal control deals wi th the problem of finding a cont ro l law for a given system such that a 
certain opt imality criterion is achieved. A control problem includes a cost functional that is a 
function of state and control vari ables. An optimal control is a sct of differential equat ions 
desc ribing the paths of the control vari ables that minimize the cost functional. The opti mal 
conlro l can be deri ved using Ponlryagin's maximum principle (a necessary condition). 

We begin with a simple example. Consider a car traveling on a straight line through a hilly road. 
Then we question how the driver presses the accelerator pedal in order to minimize the tota l 
travel ing time? Clearly in this example, the tenn control law refers specificall y to the way in 
wh ich the driver presses the accelerator and shifts the gears. The "system" consists of both the 
car and the road, and the optimality criterion is the mi nimization of the lotal travel ing time. 
Control problems usually include additional constrai nts. For example Ihe amount of avai lable 
fuel might be limited; the accelerator pedal cannot be pushed through the floor of the car, speed 
lim its, etc. 

A proper cost functional is a mathematical expression giving the traveling time as a function of 
the speed, geometrical considerations, and initial conditions of the system. It is often the case 
that the constra ints are interchangeable with the cost functional. 

4.2. Necessary conditions of Optimality 

Theorem 4.1: 

Let a, b, a, p E lm, a < h, and L be continuously parti all y di ffe rentiable with regard to the firs t 
Iwo variables. In addition, let 

r(y) ~ J: L(y.Y. t)dt. and S ~ (y E C(1) [a. bl ly(a) ~ a. y(b) ~ ~}. 

If Yo is a minimum point of f on S, then Yo sat isfies 

(4.1 ) 

The equation (4. 1) is called Euler.Lagrange Di ffe rential Equation (ElDE). 
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Theorem 4.2 : 

Let a, b, a E JR, a < b and L be continuous and continuously partially differentiable wi th 
regard to the first two components and Yo be a solution of (P), a variat ional problem with one 
free end point. 

(P) 

Then 

fey) ,~ f: L(y(t), yet), t)dt -> min, 

R'~ (y E C(I) [a, bJ"ly(a) ~ a}. 

Y E R, 

I. :,Ly(Yo(t),yo(t),t) ~ Ly(yo(t),yo(t), t) , 

2. Ly(yo(b),yo(b), b) ~ O. 

The second necessary condit ion is called transversal ity condition (TR). 

Theorem 4.3: 

Let a, b E JR, consider the optimal control problem 

f(x, u) ,~ f: k(x(t), u(t), t)dt -> min, (x,u) E R 

R ,~ (x, u) E K x Qlx(t) ~ cp(x(t), u(t), t), t E [a, bJ) 

K ~ RCS(I) [a, bJ" , 

Q ,~ (u E RS[a, bjmlu(t) E U(t), t E [a, blJ . 

(EWE) 

Let A E RS[a, b]n, x E K be fixed and u' be a minimum point of the function f}, (x, u ) on Q, 

where 

then 

fA (x, u ) ,~ f(x, u) + f,b < A(x, X, u, t), x(t) - cp(x(t), u( t), t) > dt 

~ f: k(x(t), u(t), t) dt + f,b < A(x,x, u, t), x(t) - cp(x( t), u(t), t) > dt 

~ f:[< A(x, x, u, t),x(t) - cp(x(t), u(t), t) > +k(x(t), u(t), t)Jdt, 

L(x, X, u',I<, t) ~ min"Q L(x, x, u, 1<, t) for a ll t E [a, bJ 
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This condition is called minimum condition (condition MIN). 

Theorem 4.4: (Sufficient condition) 

Le X be a vector space, U S; X be a convex set and f: U -+ III be a convex function. Then for any 
al gebraica ll y local minimum Xo of f on U, it fo llows that Xo is a minimize (global minimum) of 
f on U. 

Cenera l Nonlinear Optimal Control 

A more abstract framework of general nonlinear optimal control problem goes as foll ows. 
Minimize the cost functi onal 

b 
fCx, u) ,= <l> CxCa), a, xCb), b) + f, LCxCt), uCt), t)dt, Cx, u) E R 

R ,= (CX, u) E K x Q I xCt) = 'l'CxCt), uCt), t), t E [a, b]j, 

K ,= (x E RCS(l) [a, b]"I<I>CxCa),a,xCb),b)'; 0), 

Q ,= [u E RS[a, b)mluCt) E UCt)!;; 11m, t E [a, bJ], 

(4.2) 

where x(t) is the state, u(t) is the control, t is the independent variable and a is the initial time, 
and b is the terminal time. The terms ¢ and L are called the endpoint cost and Lagrangian, 
respectively. 

4,3 Quadratic Optimal Control 

A special case of the general nonl inear optimal control problem is the quadratic optima l control 
problem (a lso call ed the linear quadratic optimal control). Th is problem is stated as follows. 

Minimize the quadrat ic cost functional 

fCx, u) ,=.'. x TC b)SxCb) + s T xCb) + Jb (.'.x TCX + cT x+.'. u TDu + dT u) dt, (x, u) E R 
2 a 2 2 

R ,= {(x, u) E K x Qlx = Ax + Bu) , (4 .3) 
K ,= (x E RCS(l)[a,b)"lx(a) = oj, 
Q ,= RS[a, b)m 

In equat ion (48), we have that 

S E IIlnxn be a pos it ive semi de fini te, symmetrica l matrix, 

A E RS[a , b] """, 
B E RS[a, b] ""m , 
C E RS[a, bJ nxn be a posit ive semi de fi nite and symmetrical ma trix fo r all t Ela, b], 

o E RS[a, b] mxm be a pos itive definite a nd symmetrica l matri x fo r all t E (a, b] , 

S E 1111", c E RS[a, b] ", d E RS[a, b] m . 



Then we have the Lagrange funct ion 

LeI 

G(X,)(,A) !::::; ~X TCX + CTX + ).Tjc _ ATAx, 

W(u,A) ,= iu TDu + dT u - AT Bu . 

(4.4) 

Clearly G is convex with regard to x and x and W is convex with regard to u. Hence, as sufficient 
condit ion, for (x', u') to be a solution of the optimal control problem : 

i) From the condition MIN, we get 

But by the convexity and differentiability of W we gel (by taking the derivative W.f. t u') 

Du' + d - BTl. = 0 , 

and since det(D) '* 0 (D is positi ve defin ite) we have 

(4.5) 

ii) If we substitute in the differential equat ion x = Ax + Bu, then 

(4.6) 

iii) By EWE 

I.e. d 
d . (L,) = L" 

we gel 

~ = -ATA + ex' + c. (4.7) 

iv) By the Transversa lity conditi on TR we gel 

A(b) = - Sx'(b) - s. (4.8) 
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I So we have from equations (4.6) and (4.7) the system of differential equations 

(X) (A BD-I BT) (X) (-BD- Id) ~ = C _ AT )J + c ,x(a) = a, I.(b) = -Sx' (b) - s. 

Particu lar Case: s = 0, C = 0 and d ::; D, in equati on (4.3) the cost functional becomes 

f(x, u) = ~x T(b)Sx(b) + ~ f "ex TCX + u TDu) dt -> min, , , , (x, u) ER, 

then by the transfonnation 

I.(t) = -P(t)x(t), P E C(I)[a, b]"'" , 

we get by substituting in differential equati on (4.7): 

~ = (ATp + C)x. 

By the product rule we get from equation (4.9) 

~ =-i'x-Px 

or ~ + i'x + px = O. 

In equation (4.11 ), we substitute equations (4.6) and (4.10). Then we gel 

(ATp + C + i' + PA - PBO- I BTp)x = o. 

Clearly, x ::; 0 is a tri vial so lut ion . Also equation (.12) is satisfied if 

i' = P(BO- I BT)P - ATp - PA - C . 

Equation (4 .13) is known as a Ri ccati differential equation. 

Moreover. if we choose 

P(b) = S, 

then the transvcrsality condition in equation (4 .8) is sati sfied and the system of differential 
equations (4 . J 3) and (4. 14) has a uniquely determined solution p' . 

(4.9) 

(4 .10) 

(4.11 ) 

(4 .12) 

(4 .13) 

(4 .14) 

If we have p' , then we can calculate x' as a solution of the system of differential equat ions 
(4 .6) and (4.9). 

X = [A - (BO- I BT) P"]x, x(a) = a . 

42 



..... ., 

Then we can calculate A' by 

A' = -P'x', A'(b) = -Sx'(b). 

Finally, we can calcu late u' by equation (4.5); 

(4. 15) 

So, we have that (x', u') is a solution of our optimal control problem. 

It is especially interesting to note that in equation (4. 15) the optimal control input is described in 
the form ora feedback by a linear function of the state variable x', 

The matrix K = _D-1 STp' is called feedback matrix. 

Example 4.1: 

In order to solve the quadratic optimal control be given by 

f(x, u) = x'(l) + fo' (x'(t)+ i u T(t)U) dt .... min, (x, u) E R 

-3 R ,= [(x, u) E K x Q I x(t) = ,x(t) + u(t), t E [O,1]}, 

K ,= (x E RCS (1) [O,l]lx(0) = 3) 
Q ,= RS[O,l] 

-3 We have S = 2 s = 0 c = 0 d = 0 C = 2 D = -1 A = - B = 1, n = 1, m = I. ' , , , , , 2 ' 

By the transfonnation 

A(t) = -P(t)x(t), P E C(1) [0,1], 

we have the Ricatti differential equation, 

That is 

p = pel. (-1r ' 1T) p - (~3f P _ (~3) P - 2, 

Or p = _P' + 3P - 2 = -P' + 3P - 2. 
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When we solve the Riccati differential equation we get 

and if PCb) ~ S i.e. P(1) ~ 2, then c, ~ O. That is p'Ct) ~ 2. 

To find xCt), we have x ~ [A - CBO- 'BT)p']x and xCa) ~ u. 

This is the same as 

or 

Then we get 

-3 T 
X ~ [,- (1C-1)- 'l )2]x and xCO) ~ 1. 

x ~ ~ x and xCO) ~ 1. 
2 

, 
x'Ct) '~xCt) ~ ei l-l . 

To find ACt) we use the equation ACt) ~ -P'Ct)x'Ct) . 

, 
1·lence, A(t) = _Zei t- l. 

Finally to find u(t) . we use the equation 

u'Ct) ~ -O- lBTp'Ct)x'Ct). 

Thus 

Therefore, the solution of the quadratic optimal control problem is (x', u') . 
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Mathematica Program for the paper 
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ao = 1; 1:10 = 1; 

coleft = {I, 2, 2} i (*COeffincentes of left aide of differential equaticn.) 

ooright= {I, 3}; (*ooefficienta of right side of differential e::p.ticn*) 

(*u(t_ J=t
J
;*) (*it is better to let u in a genera], form and define u later in the PLgtan*) 

(*----------------------------------------------------*) 

(*initialization* ) 

n ~ LeD;jth[ooleft]; 

m ~ LeD;jth [ooright] ; 

Tab1e["' ~ooleft[[ilJ, {i, 1, n]]; 

Tab1e[b, ~ooright[[i]], (i, 1, ml]; 
n 

f[y_ ] ~ L:'" *D[y[t], (t, n- iJ]; 
L.O 

m 

g[u_ ] ~ L:b,*D[U[t], (t, m-il]; 

"0 
Prlnt("'Ihe differential equaticn is given by:"]; 

Print(" ", f[yJ," = ",g(uJJ; 

(*------------------------------------------------------*) 

(* :initial o::o:iiti<XlS *) 

iniY~Tab1e[ (D[y[tJ, {t, il]/. {t .. Oll .. 0, {i, 0, n-ll]; 

iniu~Table [(D[u[t], {t, il]/. (t .. Ol) .. 0, (i, 0, m-l)]; 

inily~Join[(LaplaceTransfonn[y[tJ, t, s]"yv[SJ), iniy]; 

inilu~Join[ {LaplaceTransform[u[t], t, s] .. oll[sJ), iniu]; 

(*-----------------------------------------------------------*) 



(.ocalculaticn of Laplace Transfcmn of the diffO<Ontial ~tial*) 
D 

lefts = Lapl.aoeTl=sfann(L.;", .D[y[tJ, (t, n- i)J, t. "j /. lnily /I Slnplify; ... 
• 

rights = LaplaceTransfcmn[L)< .D[u[tJ. It. m- i)]. t. "j / . inilu /I Slnpllfy; ... 
Print ["'Ibe Lagraa¥, Transfcmn of the diffe:rential. er:paticn is given by: ~ 1 ; 
Print["II]; 

" lefts ,,- II -I~_]. , , - , ... ~.....a. 

(*-------------------------------------------------------*) 
(wcalculatial of transfer fmxtial G (s) *) 

den:::mi = OJefficient{lefts, yY[s]] i 

nurer = Cbef ficient[rights. uU[s]); 

gG[s] = """",1_; 

Print["'Dle transfer fwx±i.cn is given by: "] 

Print [""J ; 

Print[" G(s ) = ". gG[s]); 

Print["'lbe characteristic polyn::m;.u is givon ~,, "] 

Print[" " . _]; 

(*------------------------------------------------------*) 
(* roots of the den:mi.nator *) 

00= Solve[denani. == 0, sJ; 

ro =a /. ro; 

Print["'1be roots of the characteristic ~lyncmial. are;"]; 

TabJ.e[Print ["p(". i. ") = ". ro[[i]]]. [i. 1. ""¢h[ro])]; 

"'=TabJ.e[Re[ro[[i]]). (i. 1. ""¢h[ro])]; 

It[_[Table [re[[i]) < 0, (i. 1. ""¢h[re])]] == (True), 

Prlnt["lhe _ is asynptotics1 stable."]); 

If[_[Table[re[[i]) > O. (i. 1. Iagth[re])]] == (True). Print["'lbe _ is unstable."]); 

(*-----------------------------------*> 
(.Solutial of differential. Fqatial*) 

(*lJefiniticn arxi u *) 
u[t_l = e-t ; 

Print ["'nle £uncticn u is given by: II]; 

Print[" u (t) = ". u[t]); 



(.--------------------------------------.) 
ini = Tab1e[(D[y[t), It, i)) / . ( t~O» ~~O , (i, 0, Length[co1eft) - 1»; 

inil= Join[[f [y) ~~g[u)), ini); 

Prlnt["'Ibe solution of the initial value prciJlem:"]; 

Print[" ", fly), " = ", g[u» ; 

Print[" ", Tab1e[ini[[j)), (j , 1, Length[ini)))); 

DSo1ve[ini1, y[t), t); 

y [t_ ) = y[t) / . \ [ [1)); 

Print ["iS given by:"]; 

Print [" y(t) = ", y[t)); 

P10t [y[t), (t , 0, 10»; 

(.-------------------------------------------------------.) 
« LinearAlgebra "'Matri.J<Manipulation ~ ; 

i d = l dentityMatrix[n -1]; 

0=Tab1e[ (0 ), Ii, 1, n-1»; 

a = - R.eYeree[coleft]; 

~ = ~[o,id); 

aA = AppendCo1ums (fl, (a»; 

hB=!\ppend[o, (1»; 

= = Tab1e[(",), (i, 1, n » ; 

xxx=Tab1e [{x,), Ii, 1, n»; 

y : Flatten[Prepend[o,l]].xx; 

Print["If g(u) = u, then the state space Fonn is given by:"]; 

Print [xxx / / MatrixFonn, " = ", aA / / MatrixForm, xx / / MatrixForm, " + ", bB / / MatrixForm, "u"]; 
Print["y = ", Flatten[Preperxl[o, 1]], xx // MatrixForm]; 

(.----------------------------------------------------.) 
(.calculation of diagonal fonn*) 

ell = Eigenvaluee[aA}; 

Print["'ltle eigenvalues are given by:"]; 

Print[ " ", ev]; 

e i = Transpose (Eigenvectore [aA]]; 
ei II MatrixFonn; 

iei = Inverae[ei] .aA.ei / / FUllSinplify; 

'\ / / MatrixFonn; 

zz = Table[{zil , {i , 1, n}]; 

zzz=Table[{zi }, {i, 1, n}]; 

y = Flatten [Prepend (0, 1]] .xx; 

Printr"'Ibe diagonal fonn is given by:"]; 

Print [zzz / / MatrixFonn, " = ", iei / / MatrixForm, zz / / MatrixFonn, " + ", 

iei.bB / / MatrixFonn, "u"] i 

Print["y = ", Flatten[Preperxl[o, 1]].iei, zz Il MatrixFo:cn]; 



(-SENSITIVITY OF A NEGATIVE FEED BACK SYSTEM-) 

Remove["Global~-"] ; 
gG[ S_ ]=SA3 ; (-TRANSFER FUNCTION ON THE FORWARD PATH-) 
hH[s_ ]=1 / s A2; (-TRANSFER FUNCTION ON THE FEEDBACK PATH-) 
tTC(s_ ]=gG[s] / (l+gG[s)-hH[s); (-Transfer function of a closed 
loop system-) 
tTO[S_ )=gG[s); C-Transfer function of an open loop system-) 

(* -) 

(-The loop gain of the closed system-) 
loopG[B ]=gG[B]*hH[B]; 

(- -) 

(*Sensitivity of the closed loop system to variations on G(s)*) 
BSenBieG=(gG[B]/tTe[B])*« O[tTe[s] ,s])/ (O[gG[s] ,sJ» ; 

(- -) 

( -Sensitivity of the closed loop system to variations on HCs)*) 
BSenBieR= (hH [B] I tTe [B]) * ( (0 [tTe [sJ ,s J ) I (0 [hH [sJ ,sJ ) ) ; 
( * *) 

(* Sensitivity of Open loop *) 
BSenBiO= (gG [B] I tTo [B] ) * ( ( 0 [tTo [sJ ,sJ ) I ( 0 [gG [sJ ,sJ » ; 

(*--------------------------------------------------*) 

Print("THe loop gain of the closed system is .. loopG[s])i , 
Print (liThe sensitivity of the system to changes in G (B) iB .. Apart[sSensicG]); , 
Print [If The sensitivity of the system to changes in H (B) iB .. Apart [sSensicH)] ; , 
Print ("The sensitivity of the open loop system is .. Apart (sSensiO)] ; , 



t 
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