












































Proof: First let's show yey =& .Itis sufficient to show that 1 e f ~€,where € isthe
constant path at the pointx.

f(z“)! SE |:0.

Define F:1° — X by F(s,t) =1 f-0), SEP -~

f(2s), se [0. } .
Then, F(s,0) =< =L 1 =(fef)s)and
f(2s=1),s€ [;l]

L,)"(2—25), SE .1}

1(2s), s=0
F(s.1) =4 £(0), sel01]= £(0)=x=e(s) for se[0,1]
f(2-2s), s=I

Since F is continuous by pasting lemma, F(s,r)is the homotopy between fe f and e.

Thus, y'}_f =£ .

Now let’s show, yey = ¢, . Itis sufficient to show that fef ~e, where €,is the constant

path at the point y.

£(25), sel:(),%(l—r)

- 1 |
Define G:1* - X by G(s,0) =1 f(1-1), .s'e[;(l”f),;(f”}

> 1 ]
f(2-2s), SEI:-E—(I+1).]
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1(2s), S€E [0. {1 L
== 17 28)

% |

1
l,l] f-@2s-1)), se [2— l}
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[J —

Then G(s,0)={ (), 2

7(2 -28) 8 e[

f(2s), 56[0 ﬂ 7(2s), se[ﬁ,%} b
= ! 1 =(f e f)s),and
f("x—l) se [5, :l fQ2s-1), se[i,l]
f@2s), s=0
G(s, 1) = Z(O), sel0,1]= £(0) = f(1) = y = e(s) for s €[0,1].
f(2-2s), s=1

Since G is continuous by pasting lemma, G(s,7)is the homotopy between fef ande,

Therefore, y o7 = & -

From now on we will denote the path class ybyy . The conditions of the above lemma
characterize ¥ ' uniquely.

Lemmalf f, , f,:1 - X,suchthat f; ~ f,, then TR

Proof: Since f, ~ f,there isa continuous map /: 1* - X Such that F(s,0) = f,(s)and
F(s.1)= f,(s) Vs el.

DefineG : I* — X by G(s,t) = F(1-s,t) .Then G(s, t) is continuous as Fis. And
G(1.0) = F(1-1,0) = f,(1-1) = fo(t) and G(t,1) = FA-t,)) = fi(1-0) = 1) Yie[o,1]

Thus G is the required homotopy between £, and Tas

The lemmas just proved showed that all path classes in X satisfy the axioms for a group, if
the product of two paths is always defined.




Definition: A path, or péth class, is called closed, or a loop, if the initial and terminal points
are the same. The loop is said to be based at the common end point.

(or a continuous function a:/ — X suchthat a(0) = a(1) = x is called a loop in X based at
the point x. See the first figure below.)

I l
s At 2

[0, 1] »1

Let x be any point of X; since the conditions in the above lemmas are satisfied, the set of all
loops based at x is a group. This group is called the fundamental group or Poincaré group of
X at the base point x and is denoted by mi(X, X).

i.e. (X, x)= { [7] y is a loop based at x} is a group with respect to the multiplication
[/][4]=[72] and with neutral element &, = {x}.

Note: The fundamental group is introduced by the great French Mathematician Henri
Poincare((29 April 1854 - 17 July 1912)) in 1895(Analysis Situs, J. Ecole Polytechn.

1(1895), 1-121).

Definition: If for any 7 € 7, (X, x) such that y ~ &, then the fundamental group of X is

trivial. That is 7, (X, x) = {1}




pefinition: Let f, f; :[a, b] = X be two paths in X such that f,(a) = f,(a), f,(b) = f,(b) (ie.

the two paths have the same initial and terminal points).We say that these two paths are
equivalent, denoted by f,~ £, ,if and only if there exists a continuous map

f :la,b]xI = X, such that

£,0) = £,(0)
ﬂupﬁm}mwm

f(a,s)= fy(a)= f(a) el
f(b,s)= f,(b)=£,(b)

Theorem If X is arcwise connected, the groups mi(X, x) and mi(X, y) are isomorphic for any
two points x, yeX.

Proof Let x and y two points in X, and let y be a path class with initial point x and terminal
point y (hence, X and y belong to the same arc component of X). Define a mapping
w:m, (X.x) > m(X,y) by u(@)= yay,for a € 7, (X, x).

The map u is well-defined because the product operation of loops is well-defined i.e. if @ is

a loop based at x, then ¥ 'ay isaloop basedaty. It is pictured below.

™

Then fora, B € 7,(X,Xx),
u(as B)y=y " @s By =7"(ar*r P = (7)o (y " Br) = u(@) *u(p)

Thus is a homomorphism of ;r,(X,x)imurr‘(X.)-) :
Also v: 7,(X,y)— m(X,x) byv(B) = yy™ , Bem(X.,y)isa homomorphism.
Since, for A, B € 7,(X,¥),

WA B)=y(he By =7y o1BI" = Ay ) e By ) =R e v(P)
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Thus vis a homomorphism of 7, (X, y)intor, (X, x) .
Also, w)(B)=u((B)=u(yByr™)=y"' By ")y = BB e x,(X,y).
and (vu)(a)=wu(a))= vray ) =y(yay" "' =a Ya e z,(X,x).

Thus the composed homomorphisms vu and uv are the identity maps of
7,(X,x) and 7, (X,y) respectively. Whence, u and v are isomorphisms, each of which is

the inverse of the other. Therefore, ,(X,x) and =, (X,y)are isomorphic.

Remark: Given two base points x, andx, in X, we cannot in general expect any relationship

between 7,(X,x,) and 7,(X,x,).For example, if x, and x, do not lie in a common

connected subset of X, there can be no relationship.

Consider the disjoint union X of a circle and a point x, (See fig. below)

X,
\ J 0
™,
.
LW

For x, in the circle, ,(X,x,) has non trivial elements, whereas 7z,(X,x,)is clearly trivial.

Also, if X is not arcwise connected, we can expect no relationship between these groups.
Consider the space X = X, UX, U X, c R*, where X,is the graph of

sin(l/x) for0<x<l, X, = {O}XI and X, isacircle tangent to the yaxisat (0, 1) with center

to the left of the y axis(See fig below).

For x, € X,, m,(X,X,)is trivial. But for x, = (0.1), 7,(X,x,) has non-trivial elements.

16
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The Effect of a Continuous Mapping on the fundamental Group
We now see how continuous maps effect 7, :

Let ¢ : X — Y be a continuous mapping, and let f,, f, : / — X be pathsin X .

Then if f,~ f,,then ¢f, ~¢f, represented by the composed functions.

Proof: Since fo ~f1, there is a homotopy F: 12 = X such that F(s, 0) = fo(s) and F(s, 1) = fi(s)

To show @f, ~ ¢f,. Define G : I* > Y by G(s,1) = p(F(s, 1))

Then, G(5,0) = @(F(s, 0)) = 9(f,(8)) = (@ )(5), G(s,1) = @(F (s, 1)) = (£, (5)) = (¢, (5)

and since G is continuous as it is composition of continuous maps, G is the required

homotopy between ¢f; ~ ¢f, .

Note: If @ : X — Y is a continuous map and if f;,f,:/ — X be pathsin X

with s ()= £,0), then @(f, ® £))=(@)* (@) ie.

e }m:{(o(fu(m)) for 1€[0,1/2] _[(@p)2)  for tefl0. V2] _
is ofo@i-T)  for te[V/21]  |(@)2-1)  for te[V21] L

fort €[0,1]
_» Y is a continuous map that carries the point

Definition: (Based map) Suppose that ¢ : X
).If fisaloopin X based at

x, of X to the point y,of ¥, denote this by @: (X,x,) = (Y.,

x,, then the composite o f: 1 —> Yis aloopin Y based at y.

(X,x,) > (Y,y,)bea continuous map. Define @, : 7, (X, X, )y, (Y, y,)

Definition: Let ¢
o relative to the

by @.([f])=[¢@° f].The map ¢, is called the homomorphism induced by
base pointx,.

The induced map is well-defined since a homotopy f, of loops based at x; yields a

composed homotopy ¢f, of loops based at y,, and so if [fo] = [f1], then

0./, )=1g]1=[e1=0.l1)




Theorem Let a denotes the path class that contains a homotopy f, of loops based at x, i.e.

a=[f,],1 € I and denote ¢, (@) =[gf, Jthe path class that contains the paths ¢f . o.(a) is
the image of the path class & in the space ¥ . Then we have the following:

If @ and g are path classes in X such that ¢ e f is defined, then
o.(ae f)=(p.a)*(p.p).
For any point xe X, ¢, (¢ )=¢

pla)”

o.(a)=(p.2)".

If y :Y — Zis also a continuous map, and id, : X — X is the identity map, then

d) (ve). =v.o.

e) id,,(a) = a for any path class ain X ; i.e. id,, is the identity homomorphism.
Proof: By definition of the mapg,, i.e.¢,([f]) =[@° f], we have that

a=[f], B=|g,] suchthat fg,is defined for € I.Theng,(a) = [¢f,], .(B) = [¢%,] and
a-p=[1]e]=1/e].

o.a-P=0.lf, gl=lo°(-))=l@> 1) (e 2)=[o £ loo 8. ]= 0.(2)-0.(5)
Let £, =[e], e:7— X be the constant map such that e(/) = {x{, denote the

equivalence class of the constant map of [0, 1] onto x € X . Then ¢ e = {¢(x)} is the
constant path in Y.and, ¢,(¢,) = ¢. le]=lp° e]= [e®)]=£,.,

o.a =01 =0l |=lee 17

but (@ £ )™ (s) = (@o £ )1 =)= p(f,A-) = 0(f; ") = (p= £ Ns)ie(pe f) =@ /"

Thus, ,(a™) = (p.a)™".
d) o). (f) =)o (f)=Ww(ee =v.(p°]) =w.o.(f)
e) idy (a)= “d,\‘.[f; ] = [id.\' 2 f;]'_“ [j;]: a

18
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Thus the mapping ¢ = @, preserves composition and identity maps. In the language of
category theory, such mapping is called a functor.

Theorem If ¢ : (X,xy) = (Y,9(x,)) is a homeomorphism, then ¢, : 7, (X, x,) = 7, (¥, @(x,))

is an isomorphism.

Proof: Let oY > X ,and [a],[f] € 7,(X,x,), then for po¢ ‘=id, o,y and
W-l o =idy ), wehave(idy ). = (@' op).=0.co(p™"), =id_ o, -similarly

(@), 0@, =id (x5

@.is homomorphism: o.([2][B]) = o.([@B)) = po ([af)) = (pea).(p° f) = o.(laDe.(1B))-

@, is monomorphism: Let o.(al) =&, then poa=£,, = (@oa)t) =4, (") Viel
= a(t) = 0" (€, () =07 (@(x,)) = X, =& (1) VI €. Thus, [a] =&,

0. is epimorphism: Lety € 7, (Y, p(x,)), then ™' (7(0)) = @' (7(1)) = x, and since ¢ 'is

continuous @ 'y € 7, (X,X,)-
Therefore, @, is an isomorphism with ("), =(p.)"

Thus the fundamental group is a topological invariant in that homeomorphic spaces have
isomorphic fundamental groups.

Definition: Two continuous maps @, @, : X =71, are homotopic if and only if there exists a

continuous map ¢ : XxI > Y such that for x € X,¢(x,0) = @, (x), @(x,1) = o,(x).
Notation: If two maps @, and ¢, are homotopic, we shall denote this by @, = ¢,

Here @,(x) = @(x.1) for any (x,1) € XxI.Thenforany tel, ¢ :X 2 Y is a continuous

map and as t varies from 0 to 1 @, is continuously deformed to ¢,.
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Definition: Two maps @y, ¢, : X — Y, are homotopic relative to the subset A of X , ifand

only if there exists a continuous map ¢ : X x / - ¥ such that @(x,0) = ¢, (x), W

o(x,1)=p,(x).
pa)=p (@)= (a),acd tel.(ie o, =g|,), denoted by p: ¢, ~ g, rel 4.

Theorem: Let ¢,,¢, : X — ¥ be maps that are homotopic relative to the subset x| Then

0o, = O (X, x) = 7, (Y, (x)), 1.e. the induced homomorphisms are the same.

Proof: Let ¢y, : X — ¥ maps that are homotopic relative to the subset{x}.

Then exists a continuous map ¢ : Xx/ — ¥ such that 9(x,0) = g, (x),
o(x,1) =@, (x).
A={x},o(x,1) = @, (x) =@,(x), 1 € I. Letfbe aloop in X based at x, then ¢, = f and ¢, - f are
loops in Y based atg, (x) = ¢,(x), define F(s, 1)=p(f(s),r) then F is the required
homotopy between @, © f andg, o fie. [p,° f1=[¢,° f]. So,0, [f1=[@,° f1=[@,° f]

= ¢, [ /], since fis arbitrary loop in X based at x, we have ¢, = ¢, .

for x € X, and since

Definition: A subset A4 of a topological space X is called a retract of X if there exists a
continuous mapr : X — A4 (called a retraction) such thatr(a) = a foranyae A.

ie.amap r: X — Xsuchthat r(X)=4 and r| =id,.

Equivalently, denoting by the inclusion, i: A © X a retraction is a continuous map r such
that

roi=id, thatis, the composition of » with the inclusion map is the identity of A.

For instance, any space retracts to a pointin the obvious way (the constant map yields a
retraction).

Definition: A subset 4 of a topological space X is called a deformation retract of X if there
exists a retraction r: X — Aand a homotopy f: X x/ — X such that

RS }xeX,
f(x,)=r(x)

fla,t)=a, ae A, L€l

T e e,

L R T

g ol R TS

sr.

A
|l
|
ft;
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ie.afamilyofmaps f,: X > X, tel: fy=id, , f(X)=A.and {| =id Wiel
where the associated map f(x, £)= f/(x) V¥xe X is continuous

in other words, a deformation retraction is a homotopy between a retraction and the
identity map on X. The subspace A is called a deformation retract of X

Remark 1. A retract need not be a deformation retract. For instance, having a single point as

a deformation retract would imply a space is path connected(in fact it would imply
contractibility of the space). )

2. A continuous map r from X into A is a deformation retraction if it is a retraction
and its composition with the inclusion map is homotopic to the identity map on X. In this
formulation, a deformation retraction carries with it a homotopy between the identity map
on X and itself.

Examples

1. LetS' = {.\' eR*:|d= 1}, be the circle. Then S' x S'is a torus, with a center circle S x {05,

The homotopy f(x,y,f) = (x,(1-1)y)shows that the solid torus can be deformed onto the

center circle, so S x {0} = §'is a deformation retract of §'xS'.

Proof Let X =S'xS" and A=S"'x{0} .Then X ={(x,y):x € R*,ye R’ |x=1,|y=1}and
A={(x,0):xe R*|x|=1}.Let r: X — Abe such thatr(x, y) = (x,0), Vx € X then, ris
retraction of X, then . Define a homotopy f: X'x /= X by

[ y,0)=(x,(1-t)y), %,y € X and t € I.Then,

f(x,y,0)=(x,y) and f(x,y, )= (x,0)=r(x) vxe X and f(a,)=(a,0)€ A Thus Aisthe

deformation retract of X .
) 1
But 4=S',and hence S'is the deformation retractof §' xS

2.Let X =[0,1] , 4 ={0}.Then f(x0)=(l

Proof Let r: X — Abe the retraction of X, then r(x) =0 Vx€ X . Define a homotopy

f:XxI— Xbyf(xn=>0-Nx,xeX and te 1.Then, f(x0)=x, f(xD= 0=r(x)
Vxe Xand £(0,r)=0.Thus Aisthe deformation retract of.X".

21
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3, Let B denote the z-axis in R3. Consider the Space R3-B.It has the punctured x-y plane
(R* -0)x0, as deformation retract. The map f defined by f(x,y,2,0) = (x,y,(1 : '
deformation retraction. X, ¥,

-f)z) 15 a

4.S" is a deformation retract of R? - {(0,0)}.
Proof: Define r: R? — {(0,0)} — S defined by r(x) = u_x;i then for every
X

x € R2 = {(0,0)},r(x) € S*.Then, r a retraction.

L
LA

Ifi:S* & R? — {(0,0)}, then i o r:R? — {(0,0)} = R? — {(0,0)} is just regarded as a map
into RZ — {(0,0)}. Since R? — {(0,0)} contains the line segment joining x and r(x)

X

—pr====———ccaly | W 1 T T TR

For every x € R? — {(0,0)},
F(x,t) = t((i or)(x)) + (1 — t)x is a homotopy from idpz_(ig.0)y to i o -

(ie. F(x,0) = x, F(x,1) = (i o r)(x)and satisfies F(a,t) = t((io r)(a))+(1-t)a=ta+
a—ta=aforalla€ S andallt € [0,1].)

it
4
p
|
)
j
b
i
|
{

So, §' is a deformation retract of R* —{(0,0)}.

Theorem: If A is a deformation retract of X, then the inclusion map i: A © X induces an
isomorphism of 7,(4,a)onto 7,(X,4a) forany a€ 4.

Proof: Let - X —> A be a retraction and i A & X the inclusion map. For any point a€ A,
consider the induced homomorphisms

i, :m(A,a)—> 7,(X,a),and . 7, (X,a) > 7 (4,a).

Then riis the identity map of 4and r.i,is the identity homomorphism of the group

31{:’4.“).
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U E'(A!a) =R monomorphism: Let 6 m(A,a)and i,([7])=1{£,}, @ and e be

the representatives of [¥] and & . Then

i, (a)(r) = e(t) Vt € I'whichimplies (o a)(r) = e(r) Y1 € I ie. (a)(t) = e(t) ¥t  Jora =e¢.
Thus [7] =&, So i, is also injective.
i, :m (A,a) —> 7, (X,a)is an epimorphism: Let[8) € ,(4,a).1f £ : X = X, te/ isthe

deformation retraction, then the composition f,5:7 — X gives a homotopy of # toa loop
in 4,

ie. £,5(0)= f,B()= f,(a)= f(a,t)=aand
foB(s) = F(B(5),0) = B(s) ie. foB = Palso f,B(s) = f(B(s),]) = r(B(s)) ie. f,p=rp
Since r is a retraction rf € m,(4, a).So i, is also surjective. As required.

Example In the above examples, the corresponding spaces are homeomorphic to the
corresponding deformation retracts.

Definition: A topological space X is contractible to a point if there exists a point  x, € X

such that {x,:,} is a deformation retract of X .

Definition: A topological space X is simply connected if it is arcwise connected and
(X, x) = {1} for some (and hence any) x€ X .

Corollary:1f X is contractible to a point, then X is simply connected.

Proof Let X be contractible to a point then there exists a point X, € X such that {x, | isa

deformation retract of X .

That is there is a retraction 7 : X = {x,} of Xie.r(x)=x, Vx€ X and a homotopy

N=x
f:Xx1— X suchthat /(x0) }xeX, S (xg51) = Xg5 tel.
f(xsl)=xﬂ

Now f(x.fye X for all xe X,tel.Define F:I—=>XDby F(O)= f(x,nfor xe Xyrel.

Then F(O) - f(x,O) = x,F(l)-*f(x,l) =xoand F([) = f(IJ) eX for xe X, 1 € i.

J
i
|




Thus F is a path in X, with initial point x and terminal point x,, and F(I) = X . Thus X is
arcwise connected. ’ c X.ThusXis

Now we show (X, x) ={l}.Let y : ] - X be aloop based at x, Define //: X x/ — X by

. )= f(y(s).1) where f: f(x0)=x|
H(s, 1) = f(7(5):1) f:XxI—- X suchthat e Dot lL_rs.\'. JS(x5.0)=x,, L€L

Then H(s, 0) = f(7(s) ,0)=y(s) ,s e Iand H(s, 1)= f(y(s) ,])=x, ,and
H(O0, 1) = f(7(0) ,O)=f(x0, =%, , H(, )= f(1(1) ,t)= f(x,, 1) = x,

Thus ¥ ~ X, and hence since y is arbitrary, we have z(X, x) = {l}.

Example 1 A subset X of the plane or, more generally, of Euclidean n-space R"is called
convex if the line segment joining any two points of X lies entirely in X.

Any convex subset of R" is contractible to a point. In particular the unit disk D%is
contractible to a point.

ProofLet x, € X be arbitrary, define f: Xx/—> X by the formula f(x,1) =(1-1)x+1x,

Forany (x,7)e X x[I (ie. f(x,r)is the pointon the line segment joining xand x, which

divides it in the ratio (1-t): t).Then f is continuous, f(x,0)=x,and f(x.])=x,.

Example 2 The unit (n-1)-sphere $"is a deformation retract of D" - {0}, the closed unit n-

dimensional disc minus the origin.

Proof: Define f : X x I = X ,where X = D" -{0}= {x eR":0<|x< l}, by the formula |-

x - M-
fx,)=(0-nNx+ 1~ . Then fis continuous, f(x,0) = x, f(x))= M eS"",and
x -

if xeS"" ,thenf(x,t)=x foralltel.

In particular, for n=2, we see that the boundary circle is a deformation retract ofa

punctured disc.




The fundamental group of a circle

So far we only know 7,(X)for X c R"convex and in that case 7,(X)=11!

We now turn to techniques for calculating 7, of given spaces

. 1 =
The circle S is path connected, and thus its fundamental group is independent of the
choice of the base point. The natural base pointis x, = (1, 0)e §' .

. ! = it
Theorem: 7,(S") = Z .Intuitively the homotopy class of a loop on S'depends only on how
many times it winds around the circle and in what direction.

We will show that the homotopy class of a loop at x; € S is uniquely determined by the
direction and the number of times it “wraps around” S, if x, = (1,0), then the elements of

7,(S", x,) are represented by the maps

a,:I->S'

a, (s) = (cos2ms, sin2ms) for n= (i 85 ) e 7. &
and n —> [, ]is an isomorphism of Z onto 7, (S, %)

Definition: Given continuous maps f: X =Y, p:E->Y. If there exist a continuous map

f:X - E such that pof=f then we say that f liftof f to E

The map e: R — S'is defined by e(t) = exp(27it) . Then e is continuous,
e(t, +1,) = e(t,)e(t,)and, e(t,) = e(t,)if and only if £, —,is an integer. It follows that
is a homeomorphism of the open interval (-1/2,1/2) onto S'\{exp(7i)}.

¢
(=112,112)

Let log: S \ {exp(zi)} - (-1/2.1/2) be the inverse of ¢ ., .

Definition: A subset X c R"is called starlike from a point x, if, wheneverx e X, the closed

segment [x,,x] from x,to x liesinX .
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Lemma (Existence) Let X be compact and starlike from x, € X . Given any continuous map

f:X-> S'and any #, € Rsuch that e(t,) = f(x,), there is a continuous map f: X =R

such that f(x,) =t,and ee f(x) = f(x)forall xe X.

proof Clearly we can translate X so that it is star like from the origin; hence there is no

loss of generality in assumingx, = 0. Since X is compact, / is uniformly continuous and

there exists & > 0 such thatif “x— x'“ <&, then u.f(x) - f(x")| <2.Since X is bounded there

' exist a positive integer nsuch that"i“

_H

)4
n n

cant S((+1)x/n)
It follows that the quotient T(ix/n)

<¢ Vxe X.Thenforeach 0< j<nand allxe X

(j+hx _Jjx
n n

< ¢ and

<2.

is a point of S' \ {exp(mi)}.
p

Let g, : X = 8" \{exp(zi)} for 0< j <nbe the map defined by

i f((j+Dx/n)
TR f(jx/n)

Then for all x € X, we see that f(x)=f (0)g,(x)g,(x)...8,.1(x).
We define f : X = Rby
F(x)=t, +log(go(x)) +log(g,(x) +...+ log(g,-(x))-

Since f is the sum of n+1continuous functions from X fo R, itis continuous. Clearly
|

f(0)=1, and eo f = f .

Lemma (Uniqueness) Let X bea connected space and let f,g: X =R be maps such that

eof =eog and f(x,)=g(x,) for some X, € X.Then f =8 -

pmofLeth_?_E.X__,R.S;nceegf”og,echistheconstantmapof XtwleS§'.

: ' se X Is
Thus his a continuous map from X fo R, taking only integral values. Becau
;

. = = X E .’Y.
connected, 4 is constant, and since h(x,) = 0, h(x)=0Vx
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Leta:l—>S be a closed path atl. Because I is starlike from 0 and a(0)=1= e(0) it follows

—» R such thate - a = a . Because

from the above lemmas there exists a unique lifting @ : /
he degree of a by

e(@(1)) = a(l)=1, it follows that @(1)is an integer. We define t

deg(a) = a(l).

Lemma Let & and 3 be homotopic closed paths in S' at 1. Then,deg(a) = deg(f).

y for a and f.Because I x 1is starlike subset of R’

proof Let F:Ix1— S'beahomotop
. [ x [ = R such that F(0,0)=0and

ue) lifting F

from (0,0, it follows that there is a (uniq
s F(0.1) and F(1,r)take on only integral values

coFF=FandF(0,)=F(,N=1VI€ I.Thu
for all ¢ € I.1t follows that F(0,/)mustbea constant an
Because F(0,0)=0,F(0,)=0for all t. Let @ J : I — R be the maps defined by

G(1) = F(t,0) and B(1)= F(t.)). Then @(0) = B.Thus

d F(1.r)must be a constant.

ﬁ(o):o-ff'-'a‘-=a and eo B =

deg(a)=a(l)= F.0)=F,0=FOD= B(1)=deg(B)-

It follows that there is a well-defined function deg from 7,(S'.1) to Z defined by
deg([a]) = deg(a)
S'HtoZ.

Theorem The function degis an isomorphism of groups 7 (

and J3 be two closed pathsin S' at land
product in the group multiplication of

. f=p. Let

degisa homomorphism, let &

Proof To Prove that
heir pointwise

let af be the closed path which st

. | —> R such that 5(0)=B(U)=U‘ eod =a and e

S'. Let &@,p

7 =g+ f:1->R.Then

7(0)=0 and e(7)=ap - Thus

deg([a]*[B)) = deg((ap)) =7 (D) = G+ B(1) = deg({@)) + deg(LAD-
morphism: For any integer n, let & I = Rbe the path defined by
.G :1—S'. Then, deg({al) =" The map deg is a monomorphism: If
Rwith a@(0)=a(l)= 0 and ecd

The map deg is an epi
G(t)=tnand let a=¢€°
0, then there is @ path a@:/—

—a.Since Ris

Jre

deg(la)) =
.and @ =ecd =e°&

contractible, @ = &o; |
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Example 7,(S")=1for n>2.
Proof Case 1.For 2<n<w®,

Letp = (0,...,0,1) € R"*'and q = (0, ...,0, —1)be the “north pole” and the “south pole” of
S"respectively.

we show that if n > 1, the punctured sphere S — p is homeomorphic to R".
Define f: (S™ — p) = R™ by the equation

f(x) = f(xlrxz ,,,,, xn+1.) = 1_1_—(?51,1'2, O
= An+l
The map f is called stereographic projection. (If one takes the straight line in R"** passing
through the north pole p and the point x of S — p, then this line intersects the n — plane
R" x 0 c R™1 in the point f(x) X 0). One checks that f is a homeomorphism by showing
that the map

g:R™ - (S" —p) given by

2 g . : .
gly) = 9y, y2, v Yn) = (1+1yt=y" '"'1+1£ylz Poiid = 1713:.?) is the right and left inverse for

f.

Also the reflection map (X1, ..., Xp) Xn41) = (X1, 000 Xn) —Xp4,) defines a homeomorphism of
S" — p with S™ — g, so the latter is also homeomorphic to R™.

Now we prove the theorem. Let U = S" — pwith V = S" — q be the open sets of S". Note
that for n = 1, the sphere S™ is path connected. This follows from the fact that the spaces
U and V are path connected (being homeomorphicto R")and U NV = (1,0, +:0) &S™.

And for n = 2, the sphere S™ is simply connected. The spaces Uand V are simply connected,
being homeomorphic to R". Their intersection equals S" — p — q, which is homeomorphic
under stereographic projection to R" — 0. The latter space is path connected, for every
point of R" — 0 can be joined to a point of S"~'by a straight-line path, and S"~1 is path
connected for n = 2. Then by the Seifert-Van Kampen Theorem, special case, we have

x(S")=1for n22,

Case 2. Forn=w, §* ={£ eI’ :|¢| =1} (“infinite dimensional sphere”). Where I’

denote the set of sequences & =(&,,5;,--) of complex numbers that are square summable
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(Z|“-:"]h < ») with its usual inner product (< £,n >= ) _£,7, ) and corresponding norm (

|&|” =< &.& >). 1" is a metric space (d(&.n) = |¢ - n)and so a topological space, and

S* ={& el :|¢| =1} is a subspace of /°.
To show 7,(S”) = li.e. $”is contractible.
Let T :1* = I? be the shift operator T(¢) =T(§,,4,,...) = (0,§,.&,,.-)

We show that 7 is an isometry with no eigenvalues.

T is injective: As ,ifx EkerT =2 Tx =0 = 0,¢4,%5,..) = (00,..)=§=0Vi= I -
ker T = {0}.

T is surjective: Fory = (0,ny,m4,...) € (#,3x = (01, M, ..) € [®suchthat Tx = y.
Thus, T is bijective.

Also, [ITxII? = 1(0, &1, 82, --)II* = 11 €2, ~NI? = lIx||2.Thus T is isometry .

Now we show T has no eigen values.

Let A € K be the eigen value, then
dx # OTx = Ax = (0: Ell{Zl"') = A(Elrfz: ) (‘) = (Olflrzb ) = (Afi-)'zb'") =
l A8, = 0 and Afiyy = & i =12, 2 A=00r

‘ €]=0and/1£[+l=£l-'f=1'2,_._

' if A=0,then (») = § = 0 Viwhichisa contradiction. if & = 0, from Abjj1 =
& we have §; = 0 Vi which is again a contradiction.

Thus T has no eigen values.

Now, let x € S®, then ||x]| = 1,Tx = 0,665, ... ) =2Tx € S*and hencex = Txisa
bijection.
Define F:S* x I = S®by

oy (1-t)x+Tx
Fx,t) = I(1-0)x+Tx|l

Then, since (1 — t)x + Tx # 0 Vx € S®, F is continuous and
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x y ' "
F(x0) =55 = idse(x) i.e.Fo = idg=, F(x,1) = n:'iu = T|.. which implies id . =T|...

Now we show that 7| = x, =(1,0,0,...) .

Define G:T|.. xI - S*b — (-Oxp#Tx Eok -
E y G(x,t) = vt then G(x,0) = =% = X, and

Tx L
G(x,1) = T T\

e, ?'\S, = X,

Therefore, id . is null-homotopic and hence $”is contractible to a point, and since S* € [*

is pathwise connected, we have that ($7)=1

The fundamental group of a product space
Let X. Y. and Abe topological spaces. If f:4— XxYisanymap, let us denote the

coordinates of f(a)by (f,(a), f;(a)) for any point a € A. Then f, and f, are maps of
Ainto X and Y,respectively, and it is well known fis continuous if and only if both

f, and f,are continuous.

Also if we denote by p: X xY = X and g: X xY =Y, the projection of the product space

onto its factors, then f, = pf and [, = qf .

Now let us apply this for4=1, the unit interval. We see that there is a natural one-to-one
correspondence between paths f:/—> XxY and in the product space and pairs of paths

firl>X, f: 1= X in the factors. Also it holds fi=pf and [, = qf as before.

Theorem If X and Y are path connected, then the fundamental group of the product space,
| 7, (X xY, (x,y)) is naturally isomorphic to the direct product of the fundamental groups,
7,(X, x)xm, (Y, y).The isomorphism is defined by assigning to any element @ €

7, (XY, (x.y)),the ordered pair (p.a. g.a), where p: X xY = X and q: X xY —> Y the

|
UL

-

projection of the product space onto its factors.

ProofLet us denote the fundamental group of the product space by 7, (X xY, (x,¥)).
Choose base pointsx, € X, ¥, € Y, then(x,,y,) € X xY thenwe have continuous

projections p: X x Y > Xandg: X xY =Y and thus the induced homomorphisms

e T T T
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p. (X xY,(x,)) > m(X,x)and g, : 7, (X xY,(x,»)) = 7, (F, )
and thus a homomorphism @: 7, (X x Y, (x,,¥,)) = 7,(X,x,) x 7 (Y, y,) defined by
la] = (p.la], g.[a])

We show ¢ is an isomorphism. ¢ is onto: Let ([£], [7]) € r(X)xx (Y)then a =(f,y)isa
loop in X x ¥ with p(a)=fand g(a)= y so that o([a]) = ([AL.I7))-

¢ is one-to-one: Suppose ¢([a]) = (&, .5, ) = Eie poa~e, via F and gea~e, Via g

then H(s,t) = (F(s,1),g(s,1))is the required homotopy for a and e, ,,i.e[a]=¢.
Thus ¢ is an isomorphism.
Example Torus: 7> =§'x 8", 7,(T*)=Z*Z.

Proof: Since T* = S' xS'and S'is path connected, we have by the above theorem that
7,(S'xS") =7, ($")x7,(S") and 7,(S") = Z implies 7,(T*)= Zx Z .Geometrically, the

representatives of two generators for m(T: )are described below.

Figure Two representatives of generators of the torus.

In general, for n-torus we have 7,(8' x..x8') = Z XX Z.

Corollary If ¥ is simply connected then 7, (Y x X) = m,(X) for any X.
For instance, cylinder S' x[0,1] =circle ' solid torus §' x D* = circle 5

Proof Assume Y is contractible. Choose y, € Y and a homotopy F:Y x 1 —Y such that

F(y,0)=y, F(y, D)=y from id, to the constant map with value y,.




Define

_f:XXY_‘)XX{yU}if(xvY)=(I, Yo)r i Xx{y,} > XxY:i(x, y,)=(x, ¥)

Thus, F oi=idy.y,- Define G: (X xY)xI = XxYby G((x,y).0)=(x,F(y,1))

G((x.7).0) = (x, F(y,0)) = (x, y) =id ., (x,y),and
G((x. ). ) = (6 Fr.D)) = (x,2,) = (e )X, y)s0 ie f ~id,,,.

Therefore, X xY = X x{y,} = X.
Example 1.7,(S* xS) = Z.

2.Since7,(S°) =1, 8% x S'and S*are not homeomorphic spaces.

Applications
1. The No-Retraction Theorem (Dimension 2)

s! is not a retract of D%.

Proof Since D is contractible, any map defined on D? is nullhomotopic, and in particular
+ would be so too. But this would be a contradiction, since the composition of with the
i clusionS! & D2, which isid,, , would also be null homotopic. Such r cannot exist.

2. Brouwer’s Fixed Point Theorem (Dimension 2)

Any continuous map f D? — D*has a fixed point. (i.e. there is a point x, € D* such that
. .)‘I{xn) = xu)

Proof Let f:D* — D: f(x)#xVxE€ D*. We use it to build a retraction r: D' = S'thus

contradicting the existence of this retraction.

fx)
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e D?, then f(x)#x V. Zimpli
Let x € f(x)#x Vxe D implies xand f(x)determinealine rx+(1-1)f(x),1¢ R

On this line the norm is a quadratic function of ¢.
lex + Q=0 f ) = (x+A=0f()lex+(1=1) f(x))

=[x~ f(x)“! +2£(x)(x = £C +|f )

This quadratic is <lfor 0<r< 1(D1 is convex). Thus, there is a unique ¢, 2 1 for which it
takes the value 1. The quadratic equation gives this /,as a continuous function of x ( f(x)

is continuous and the denominator 2(x).(x = f(x)) is nonzero). Thus, the map r: D' = §
defined by

r(x)=6x+ (1=1,)f(x)

is continuous. By definition, r(x) € S'and,ifxe S', thent, =1, and we getr(x) = x. Thisisa

contradiction. Thus, there is x € D*such that f(x) =x.

3. Fundamental theorem of algebra

Every non constant polynomial with complex coefficients has a root.
Thatis,if f(z)=2z"+@,,2"" +..taz+a, h> 0, Gy Gyseres@py €Cs
then there exists z, € C such that f(z,)=0.

Proof- Assume £ does not have a root, the mapping z — f(z)would determine a map
f:C>C-{0}ie f(z)z0Vzel and we show that this impliesn =0.

The plan is to construct, in two steps, homotopy relative to {0, 1}from ¢*™ to the trivial
loop at 1in S'and then appeal to ...to conclude n=0.

f(re’™) f(r)
F . . . !' ‘l — ________———-—-_-_
or each fixed r > 0define @, :I =S by a,(5) .f(re”“)r’f(ﬂ'l

Then, |a, (s)|=1Vse! and a,(0)=a,(1)= limplies each &, isaloopatlin S
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Moreover, a,(s)=1Vseland F(s,f)=a, (s)is a homotopy relative to {0, 1} from &,to a,

so [@,]=[1]i.e. Vr 20 (all of thea, represent the trivial element of 7,(S") ).
Now fix some rsuch thatr > max{l, |a, ,||a, .| +..+|a,/}.
Thenon |z =7,

n=1

> (|a,

Al @+t

n n
1: \zr =rr

2| = la,a |+ la,

R

Z‘a

-1
Zlan_,z" +.+ au‘

— A

So |z |>1a 2™ taatdy
Now Vit e I, define f,(z)=2" +t(a, 2" +..+a,),(S0 that f,(z)=z" and f,(2)= f(2)).
Then f,(z) has no roots on |z| = because 0= f,(z)implies

1 X
+oot al,‘ Zl:"l—~aﬁ_1:" '4..+a,

0=z" +1(a, 2" +.tap)| 2
i.e. l:\ < la"_lz”“ +oot an‘and this is impossible on |2| = r by (*).

Now for this fixed rand ¢ € / define F(s,1)= \J;ig—e——l)%'—(—%\
[, (re™) 1, (r

Then F:1°— S'iscontinuous ( rez"‘" =|f|=rand f(2)# 0 for|z|=r),and

., 2 ;rf n - _
F(s, 0)= E-e—;—)——rﬂﬂ (fo(2)=2")
\(re"" ) i h'"‘

F(s,1)=a,(s) (f, =f) F@O,n=F(01) =1

F:e™ =a,rel {0,1}
~1rel{0,1)

And therefore, This implies n = 0i.e. f(z)has degree 0.
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