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Abstract

The notion of BRK-algebras were introduced by Ravi Kumar Ban-
daru in 2012 as a generalization of BCK/BCI/BCH/Q-algebras. He
obtained some properties of BRK-algebras by introducing the classi-
cal notions such as subalgebras and ideals. In this thesis we further
investigate the properties of BRK-algebras by considering homo-
morphisms, right maps, left maps and multipliers. We construct
Quotient BRK-algebra using a special type of ideal called transla-
tion ideal. Moreover we introduce two new sub classes of BRK-
algebras, namely anti-symmetric BRK-algebras and weak positive
implicative BRK-algebras that have special properties. Finally we
have proved that finite direct product of BRK-algebras is again a

BRK-algebra and obtained certain properties.
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Chapter 1

Introduction

The notion of BCK/BClI-algebras were first introduced by Y. Imai
and K. Iseki [9, 10] in 1966 as a generalization of BCK/BCI preposi-
tional Calculi. It is known that the class of BCK-algebras is a proper
subclass of BCI-algebras. Since then many authors have introduced
several new algebras as a generalization of BCK/BCl-algebras. and

studied the properties of these generalized algebras.

In 1983, Hu and Li [7] introduced BCH-algebras as a generalization
of BCl-algebras. In 2001, Neggers et al.[20] introduced a new class
of algebras namely Q-algebras by generalizing BCH-algebras. As
another generalization of BCH-algebras, Y. B. Jun, E. H. Roh and
H. S. Kim [11] introduce the notion of BH-algebra . It is known

that BH-algebra and Q-algebra are independent notions.

In 2002, Neggers and Kim [19] introduced a new class of algebras
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Chapter 1 : Introduction

called B-algebras and obtained several results. In 2007, Walendziak
[23] introduced BF-algebras as a generalization of B-algebras. C. B.
Kim and H. S. Kim [14] introduced BG-algebras as another general-
ization of B-algebras. It is known that BG-algebra and BF algebra

are different notions and every BG-algebra is a BH-algebra.

In 2012, Ravi Kumar Bandaru [2] introduced BRK-algebras, which
is a generalization of BCK/BCI/BCH/Q-algebras. He established
that BRK-algebras and B/BG/BH/BF-algebras are independent .
Further he obtained many properties of BRK-algebras by introduc-
ing the classical notions such as subalgebra, ideal, G-part and p-

radical and obtained several results(see section 2.3 and 2.4).

Thus, in this thesis we further investigate the properties of BRK-
algebras by considering homomorphisms, quotient algebras and cer-
tain special maps. Also we introduce a new subclass of BRK-
algebras, namely anti-symmetric BRK-algebras and weak positive

imlicative BRK-algebras.

The rest of the thesis is divided into four chapters. The second
chapter is meant for preliminaries. In this chapter we collect certain
important definitions, examples and results concerning BCK/BCI-

algebras which we would like to use in the sequel. We also recall
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basic definitions and results on BRK-algebras from([2])

In chapter 3, we introduce the notion of homomorphisms in BRK-
algebras (see definition 3.2.7) and obtain certain results. We also
introduce a special type of ideal called translation ideal (see defi-
nition 3.2.1) and furnish some examples. Further we (see example
3.2.5 and 3.2.4) show by examples that there are ideals that are not
translation. Also we prove that the quotient algebra induced by
a congruence relation on a BRK-algebra also form a BRK-algebra
(see theorem 3.3.3). Also we obtain a congruence relation with a
translation idea. In fact an arbitrary ideal may not give rise a con-
gruence relation in general (see theorem 3.3.10. This we justify by
giving an example 3.3.12). We conclude the chapter by introducing
a new subclass of BRK-algebra called anti-symmetric BRK-algebra
(see definition 3.4.1) and this subclass enjoys the property of the

first isomorphism (homomorphism) theorem (see theorem 3.4.8).

In chapter 4, we introduce another new subclass of BRK-algebra
called weak positive implicative BRK-algebra (see definition 4.1.1)
and furnish some examples. Further we obtain certain basic proper-
ties as a consequence of the definition . Further we introduce right
maps and left maps on BRK algebra and investigate the proper-
ties of BRK-algebra through these maps. We prove that the set of
left maps on weak positive implicative BRK-algebra forms a weak

positive implicative BRK-algebra (see theorem 4.2.8). We also in-
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troduce the notion of multipliers on weak positive implicative BRK-
algebra and obtain basic results. Further we prove that the set of all
right multipliers form a weak positive implicative BRK-algebra. Fi-
nally we conclude this chapter by obtaining a relationship between

right(left) maps with left(right) multipliers.

Finally in chapter 5, we have introduce the notion of direct prod-
uct of BRK-algebras and prove that finite direct product of BRK-
algebras is again a BRK-algebra (see theorem 5.1.1). Many proper-
ties have been obtained as a consequence of the definition. In the
last , we introduce two canonical mappings (see definition 5.2.2 and

5.2.5) and obtain their properties.



Chapter 2

Preliminaries

In this chapter, we collect certain important definitions, examples
and results from the resulting literature. In the first part we recall
main results on BCK/BCl-algebras which are related to our work

whereas the second part is meant for BRK-algebras based on ([2])

2.1 Definitions and some results on BCI-Algebra

Definition 2.1.1. An algebra (X, x,0) of type (2,0) is called a BCI-
algebra if it satisfies the following conditions for any x,y,z € X,
BCI1: ((xxy)*x(zx2))*(2*xy)=0
BCI2: (x*x(x*xy))*xy=0
BCI3: x+xx =0

BClj: xxy =0 and y*xx =0 implies v = y.

Definition 2.1.2. A BCI-algebra X is called BCK-algebra if it sat-
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1sfies the condition,

BCK1: 0xz=0Vr € X.
Example 2.1.3. Let S be a set and P(S) be power set of S. Then
(P(S),—,0) where — is the usual set difference is a BCK-algebra.
Example 2.1.4. Let (G,+,0) be an abelian group. If we define x
on Gbyxxy=ux—y then (G,*,0) is a BCK-algebra.
Example 2.1.5. Let X = {0,1,2}. Define x on X by the following

table

*lo)1]2

00102

111102

2121210
Clearly (X, *,0) is a BCI algebra, but not BCK-algebra since 02 =
240

Remark 2.1.6. A BCI algebra which is not BCK is called proper

BCI algebra.

Theorem 2.1.7. In any BCI algebra (X, *,0) , x %0 =x Vr € X,

Corollary 2.1.8. Let (X, *,0) be a BCl-algebra. If z %0 = 0 for

some x € X, then x = 0.

Lemma 2.1.9. Let X be a BCI algebra. Then for any z,y,z € X
rxy=0= (zxy)*(zxx)=0.

Theorem 2.1.10. Let (X, *,0) be a BCI algebra. Define a binary

relation < on X by x <y < xxy=0. Then (X,<) is a poset.

Definition 2.1.11. The ordering < in Theorem 2.1.10 is called
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BCI-ordering on X.
Remark 2.1.12. In terms of the BCI ordering the axioms of BCI-
algebra are

BCI'1: ((xxy)*(x*x2)) < (zxy)

BCI 2: (x* (xxy)) <y

BCI 3: x <z

BCI 4: x <y andy < x implies x =y
Remark 2.1.13. From corollary 2.1.8, it can be easily observed
that 0 1s a minimal element of the BCI-algebra X. Moreover if X
18 BCK, then 0 will be the least element.
Theorem 2.1.14. In any BCI-algebra (X, *,0), (zxy)*z = (x*z)*y

Vr,y,z € X.

The identity in the above theorem is called head fixed commu-
tative law. The following corollary is an immediate consequence
of head fixed commutative law.

Corollary 2.1.15. Let (X, <) be a BCl-algebra. Then
1. Ifexy <z then xxz <.

2. BCI1 is equivalent to (x xy) * (zxy) < x * 2.
Lemma 2.1.16. Let X be a BCIl-algebra. Then

1. If x <y then zxy < z*x.

2. Ifx <y thenx*xz<yx*z.
Lemma 2.1.17. In any BCK-algebra X, (zxy)*xx =0 iexxy < x.
Theorem 2.1.18. Let X be a BCI-algebra. Then X is BCK-algebra



Chapter 2 : Preliminaries

if and only if xxy < x Vr,y € X.
Theorem 2.1.19. In any BCIl-algebra X the following properties

are true for all x,y € X.
1. zx(zx(x*xy)) =z *y (called the absorbent of element).

2.0x(x*xy)=(0xz)*% (0xy) (called left distributive of zero).
Definition 2.1.20. Let (X, *,0) be a BCI-algebra. A subset Y of
X s called a subalgebra of X if the constant 0 of X is in Y and
(Y, *,0) idtself is a BCl-algebra.
Theorem 2.1.21. A non empty subset Y of a BCIl-algebra X is a
subalgebra of X if and only if v,y €Y = x*xy €Y.
Remark 2.1.22. X and {0} are obviously subalgebras of X which
are called trivial subalgebras of X. Y is proper sub algebra of X if
Y& X.
Theorem 2.1.23. Let (X, *,0) be a BCI algebra.
Let B={x € X :0<z} and P be the set of all minimal elements
of X . Then B and P are subalgebras of X.
Definition 2.1.24. A subset I of BCI-algebra X is called an ideal

of X if
1.0el

2.x€l andyxx €l implyy € I forallz,y € X.
Remark 2.1.25. Clearly {0} and X are ideals of X. I is called a
proper ideal of X if I # X.

In general an ideal of a BCI algebra may not be a subalgebra and
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vice verse as illustrated in the following examples

Example 2.1.26. Let X = (Z,—,0) be the BCI algebra of set of
integers under subtraction. Then the set I of all non negative integer
forms an ideal which is not a subalgebra. Indeed clearly 0 € I and
ifx,y—x € I then 0 < x and 0 < y — x which imply 0 < y and
hence y € 1. Thus I is an ideal of X. On the other hand since I is
not closed under subtraction, I is not a subalgebra of X.

Example 2.1.27. Let X be the BCI algebra in example 2.1.5 1.e
X ={0,1,2} and * defined by the following table

lo|11]2

0100|2

111102

212120
Then P = {0,2} (which is the set of all minimal elements of X) is a

subalgebra of X which is not an ideal of X as2 € P and 1x2 =2 € P
but 1 & P.

Definition 2.1.28. An ideal I of a BCI algebra X is called closed
ideal if it is closed under x of X (i.e I a subalgebra of X).
Remark 2.1.29. The set B in Theorem 2.1.23 is closed ideal of X
but not P (see example 2.1.27)

Theorem 2.1.30. An ideal I of a BCI algebra X is closed If and

only if Oxxz € I for any x € I.
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2.2 Quotient BCI-Algebras

We begin this section by recalling the definition of a congruence
relation.
Definition 2.2.1. Let X be a BCl-algebra and let 6 be an equiva-
lence relation on X. Then 0 is called a congruence relation on X if
it has a compatibility property:
(x,y) € 0 and (u,v) € 0 imply (v *x u,y xv) € 0 for all

x,y,u,v € X.
Given a congruence relation # on a BCl-algebra X, we denote 6, for
the equivalence class determined by x i.e. 0, = {y € X : (y,x) € 0}
and X/0 for the quotient set {0, : x € X}.
Remark 2.2.2. Let 6 be a congruence relation on a BCI-algebra X .
Then

1. (x,y) €00, =10,

2. the binary operation x on X /0 given by 6, * 0, = 0., is well

defined.

3. the equivalence class 0y is a closed ideal of X

4. we call the algebra (X /0, %, 0y) the quotient algebra of X induced
by 0
Theorem 2.2.3. Let 6 be a congruence relation on a BCl-algebra

X. Then the quotient algebra (X/6,*,0y) may not be a BCI-algebra.

Next we define a congruence relation on X using ideal in such away

10
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that the induced quotient algebra becomes a BCI-algebra.
Lemma 2.2.4. Let I be an ideal of a BCI algebra X. Define a rela-
tion ~ on X byx ~y < xxy,ysxx € 1. Then ~ is a congruence

relation on X.

We use the notation I, for the equivalence class determined by x
and X /I for the set of all equivalence classes of X.

Clearly I, ={y € X 1z ~y} and X/I ={[,:x € X}.

Theorem 2.2.5. Let X be a BCl-algebra and I be an ideal of X.
Define x on X /I by I,*1, = I, for allz,y € X. Then (X/I,*, 1)
1s a BCI-algebra.

Definition 2.2.6. (X/I,x, Iy) is called the quotient BCI algebra of
X.

Remark 2.2.7. Let X be a BCI algebra. Then

1. in general for an ideal I of X, Iy may not be equal to I (see

example 2.2.8)

2. an ideal I of X 1s closed if and only if Iy = 1.
Example 2.2.8. Let Q* be the set of all non zero rational numbers.
Then we can very easily verify that set Z* of all non negative integers
forms an ideal of the BCI algebra (Q*,+,1). Now in the quotient
algebra Q* /Z* the zero equivalence class Z7 of (Q*,+,1) is given by
Z7 = {—1,1} which is a proper subset of Z*.
Definition 2.2.9. Let X and Y be BCI-algebras and let f : X — Y

be a map. Then

11
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1. fis called BCI-homomorphism if f(x xy) = f(x) * f(y) for all
r,y € X.

2. If f is an injective BCI-homomorphism, then it is called a

monomorphism.
3. If f s a serjective BCI-homomorphism , then it is called an
epimorphism.

4. If f s a bigective BCI-homomorphism , then it is called an
1somorphism.

Remark 2.2.10. We say X is isomorphic to Y, symbolically X =

Y, if there exists an isomorphism from X toY and we say Y s a

homomorphic image of X if there is an epimorphism from X toY.
Theorem 2.2.11. Let X and Y be BCI algebras and f : X — Y
be a BCI homomorphism. Then

1. f(0) =0.

2. f is isotone (preserves order) ie v1 < x9 = f(x1) < f(x2) .
Remark 2.2.12. Let f : X — Y be a BCI-homomorphism. We

define kernel and image of f in the usual way by
1. Ker(f)={z € X : f(z) =0} and

2. Im(f)={y €Y : 3z € X such thatf(x) = y}.
Theorem 2.2.13. If f : X — Y is a BCI homomorphism, then

1. Ker(f) is a closed ideal of X.

2. Im(f) is a subalgebra of Y.

12
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In general I'm(f) may not be an ideal of Y.
Example 2.2.14. Let X = {0,1,2}. Define x on X by

loj11]2

0|00

0
1111010
2121210
Then (X,%,0) is a BCI algebra. Let f : X — X be a mapping

defined by 0 — 0,1 — 0,2 —— 2. Very easily we can show
that f is a homomorpism on X and Im(f) = {0,2}. Now since
2,1%x2=0¢€Im(f) and 1 &€ Im(f), Im(f) is not an ideal of X.

Nevertheless, if f is an epimorphism, we have the following result.
Theorem 2.2.15. Let f : X — Y be an epimorphism. Then if
I'is an ideal of X, then f(I) is also an ideal of Y. Moreover if I is
closed, then so is f(I).

Theorem 2.2.16. Let f : X — Y be a BCI homomorphism. If
I =ker(f), then X/I = Im(f).

2.3 Definitions and examples on BRK-Algebras

Before we give the definition of BRK-algebra, first let us recall the
definitions and relationship of certain classes of algebras which are
very useful for the study of BRK-algebra.

Definition 2.3.1. Let X = (X, %,0) be an algebra of type (2,0).
Then X s called

13
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d.

6.

. a BCH-algebra if it satisfies BC13, BCILj and

BCHI: (x*xy)*xz=(xx2)xy
a Q-algebra if it satisfies BC13, BCHI and Q1: x %0 = x.

a B-algebra if it satisfies BCI3, Q1 and
Bl: (zxy)xz=x% (2% (0xy))

. a BF-algebra if it satisfies BCI3, Q1 and BF1: Ox(xxy) = y*x

a BM-algebra if it satisfies Q1 and BM1: (xxy)x(x*xz) = zxy

a BH-algebra if it satisfies BCI1, BCL4 and Q1

7. a BG-algebra if it satisfies BCI1, Q1 and

BG1: (x*xy)* (0*xy) = x.

Definition 2.3.2.

1. A Q-algebra X is called Q)S-algebra if it satisfies

(xxy)*(x*xz)=2zx*xy for any x,y,z € X.

2. A B-algebra X 1is called 0-commutative if it satisfies

rx (0xy)=yx*(0xx) for any z,y € X.

Remark 2.3.3. It 1s known that

1. every BCl-algebra is a BCH-algebra but not conversely.

2. every BCH-algebra is a Q-algebra but not conversely.

3. every B-algebra s a BF-algebra but not conversely.

/.

Q)-algebra and B-algebra are different notions.

14
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Note: The relationship between these algebras is shown in the fig-

ure below.
BRK
BH BF
A
BCH BG
BCI B
BCK BM
Figure 1.

Definition 2.3.4. An algebra (X, *,0) of type (2,0) is called a BRK
algebra if it satisfies Q1 and BRK 1: (xxy) *x = 0xy.

Example 2.3.5. Let X = R\ {—n}, 0 #n € Z* where R is the set
of real numbers and Z is the set of positive integers. If we define

a binary operation x on X by

n(z —y)

T kY =
4 n+y

)

then (X, *,0) is a BRK algebra.

15
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Example 2.3.6. Let X = {0,1,2}. Define x on X by the following
table

o1

0|0

1|1

S| D | ™ |

S| D |

212
Then (X, *,0) is a BRK algebra.

Example 2.3.7. Let X = {0,1,2,3}. Define x on X by the follow-

ing table

21211]10]1

31312130
Then (X, *,0) is a BRK-algebra which is not a BCK/BCI/BCH/Q-
algebra (as (3x1)x2=0%# 2= (3%2)x1 ie BCHI dose not hold).

We know that every QS-algebra is a BM-algebra and we can observe
that every BM-algebra is a BRK-algebra but the converse is not
true.

Example 2.3.8. Let X = {0,1,2,3}. Define x on X by the follow-

ing table

16
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2

2

2
0
0

2
2
0
0

3
0
2
2

3

3

1

1

0

Then (X, *,0) is a BRK-algebra which is not a QS/BM-algebra.

It is easy to see that B/BG/BF/BH- algebra and BRK-algebra are

different notions .

For example Example 2.3.6 is a BRK-algebra

which is not a BH-algebra and Example 2.3.7 is a BRK-algebra

which is not B/BG/BF-algebra.

Example 2.3.9. Let X = {0,1,2,3,4,5}. Define x on X by the

following table

lol112)384]5
olol2 11345
11110 214|53
21 2/10|5|3]4
3181415021
I 415081]0]|2
505081412/ 1|0

Then (X,%,0) is a B/BF/BG/BH-algebra

algebra.

which 1s not a BRK-

Theorem 2.3.10. If (X, *,0) is a BRK-algebra, then for any x,y €

X the following properties are true.

17
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1. BCI1: xxx =0
2.xxy=0=0x2x=0xy

3. 0x(x*xy)=(0xx)*(0xy)
Theorem 2.3.11. Fvery BRK-algebra X satisfying xx(x*xy) = x*y
for all z,y € X is a trivial algebra i. e. X = {0}.
Theorem 2.3.12. Every BRK-algebra X satisfying (z+y)*(x*xz) =

zxy for all x,y,z € X 1s a BCIl-algebra.

2.4 Subalgebras and Ideals of BRK-algebra

Definition 2.4.1. Let X be a BRK-algebra and let I be nonempty
subset of X. Then

1. I s called a subalgebra of X if xxy €I forall x,y € 1
2. I 1s called an ideal of X if for any x,y € X:
(i) 0 €I,
(ii) xxy €l andy € I imply x € I.
3. I 1s called closed ideal of X if it s an ideal and O x x € I for
all x € 1.
Example 2.4.2. Let X be the BRK-algebra in Example 2.3.6. Put
I ={0,2}. Then I is a subalgebra, an ideal, and a closed ideal of
X.

Theorem 2.4.3. Every closed ideal of a BRK-algebra is a subalge-

bra.

18
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Note: The converse of the preceding theorem is not true.
Example 2.4.4. Let X be the BRK-algebra in FExample 2.3.7. Put
I =1{0,1,2}. but then I is a subalgebra which is not a closed ideal
of X.

Definition 2.4.5. Let X be a BRK algebra. For any subset S of X,
we define G(S) ={x € S:0xx =x}. In particular, if S = X ,then
we say that G(X) is called the G-part of X .

Definition 2.4.6. Let X be a BRK-algebra. The set B(X) = {x €
X : 0% 2 =0} is called a p-radical of X.

Remark 2.4.7. If X is a BRK-algebra, then clearly G(X)NB(X) =
{0}.

Theorem 2.4.8. For any BRK-algebra X, B(X) is a subalgebra
and an ideal of X.

Theorem 2.4.9. The G-part of every BRK-algebra is a subalgebra.
Lemma 2.4.10. In a BRK-algebra X if a xb = a * ¢ for some
a,b,c € X then 0xb=0xc

Theorem 2.4.11. Let X be a BRK-algebra. Then left cancellation
law holds in G(X) ie. if for some a,b,c € G(X) axb=axc, then
b=c

Lemma 2.4.12. In any BRK-algebra X if x € G(X) then 0 xx €
G(X).

The converse of the above lemma need not be true, for example

in Example 2.3.7 we can see that 0 x 1 = 2 € G(X) = {0,2} but
1 ¢ G(X).

19
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Theorem 2.4.13. Let X be a BRK algebra. Theny € B(X) if and
only if (x xy)*x =0 for any v € X.
Definition 2.4.14. Let X = (X,*,0) be a BRK-algebra. Then X
15 called
1. a p-semisimple if B(X) = {0}
2. a positive implicative if ((z xy) *xy) * (0xy) = x xy for any
x,y € X.

3. a medial BRK-algebra if (x xy) * (z xu) = (z % z) % (y x u) for

any x,Y,z,u € X.

4. an associative BRK-algebra if the binary operation * s asso-
ciative i.e T x (y*x z) = (x xy) x z for any z,y,z € X.
Theorem 2.4.15. Let (X, *,0) be a BRK-algebra. If G(X) = X,
then X 1s p-semistmple.
Theorem 2.4.16. Let (X, *,0) be medial BRK-algebra. Then for
any x,y,z € X the following hold:
Lax(y*xz)=(x*xy)*(0x2),

Corollary 2.4.17. Every medial BRK-algebra is a @Q-algebra
Theorem 2.4.18. A BRK-algebra X s medial if and only iof it

satisfies:
(i) xxy=0x(y*xx) forall x,y € X

(ii) (xxy)*z=(xx*z2)*xyforalzyzeX.

20



Chapter 2 : Preliminaries

Remark 2.4.19. If (X, *,0) is associative BRK-algebra then B(X) =
{0} and G(X) =X
Theorem 2.4.20. Fvery associative BRK-algebra (X, *,0) is a group

under the binary operation x
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Chapter 3

Quotient BRK-Algebras

3.1 Introduction

In this chapter we introduce the concept of quotient BRK-algebra
and establish homomorphism theorem for a special subclass of BRK-

algebra which we call anti-symmetric BRK-algebra.

3.2 Translation Ideals, Homomorphisms

We begin this section by introducing a special type of ideals in

BRK-algebra.

Definition 3.2.1. An ideal I of a BRK algebra X 1is called trans-

lation ideal if it satisfies the condition:

rxy,yxx €1 = (xx2)*x(y*xz),(zxx)*(zxy) €I for all

x?yﬂzeX'
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Example 3.2.2. Let X = (Z,—,0) be the BRK-algebra of set of

integers under the usual subtraction of integers. Then the set I

of all non negative integers form a translation ideal of X. Indeed

clearly I is an ideal of X (see Example 2.1.26).

Now ifx —y,y—x €I, thenx —y and y — x = —(x — y) are non

negative integers and hence x =vy. But then for any z € X,
(x—2)—(y—2)=(x—2)—(r—2)=0€1 and
(z—x)—(z—y)=(z—2)—(z2—2)=0€1.

Thus I s translation.

Remark 3.2.3. Every ideal need not be translation.

The following two examples clarify the above remark.
Example 3.2.4. Let X = {0,1,2,3} be a set with the following

Cayley table:

lol112]3
0,010(0]0
11110(0]0
21212(0]0
31310 1|0

Then (X, *,0) is a BRK-algebra. Clearly I = {0} is an ideal but
not translation since 31,1 %3 € I but (3x2)* (1%x2)=1¢ I.
Example 3.2.5. Let X = {0,1,2,3} be a set with the following

Cayley table:
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*lol112]3
010{0[0]|0
1111011
21213(0]2
3131310]0

Then (X, *,0) is a BRK-algebra and I = {0,1} is an ideal of X
which is not translation since 0x1, 1x0 € I but (2x0)x(2x1) =2 ¢ 1.
Remark 3.2.6. In BCl-algebra, every ideal is a translation ideal.
To see this let I be a an ideal of a BCl-algebra X and suppose
xxy,y*xx € I. But then for any z € X, we have (xxz)*(y*xz) < xxy
and (zxx)*(2xy) < yxx which implies (xx2)*(yxz), (zxx)*(2xy) € [
as xxy,yxx € I. Hence I 1s translation.

Definition 3.2.7. Let X and Y be BRK-algebras.

A mapping f : X — Y s called a BRK-homomorphism from X
into Y if f(xxy) = f(x)* f(y) for all z,y € X.

Remark 3.2.8. Let f be a BRK-homomorphism from X into Y.
Then f is called:

1. @ monomorphism if it is injective.
2. an epimorphism if it is surjective.
3. an isomorphism if it 1s bijective.

4. X and 'Y are said to be isomorphic, written X =Y, if there
exists an isomorphism form X ontoY

Definition 3.2.9. Let f : X — Y be a BRK-homomorphism.
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Then
1. the kernel of f, denoted by Ker(f) is given by:
Ker(f)={r e X : f(z) =0}.
2. the image of f,denoted by Im(f) is given by:
Im(f) = {f(z) - € X}.

The following Lemma is a simple consequence of definition of a

homomorphism.

Lemma 3.2.10. Let f : X — Y be a BRK-homomorphism. Then
1. f(0)=0
2. xxy =0 implies f(x)* f(y) =0.
Proof.
(1) f(0) = f(0%0) = f(0) * f(0) = 0.
(2) If zxy = 0, then f(xxy) = f(0) which implies f(x)*f(y) =0. O
Theorem 3.2.11. Let f: X — Y be a BRK-homomorphism.
i. If S is a subalgebra of X, then f(S) a subalgebra of Y.

. If K is a subalgebra of Y, then f~1(K) is a subalgebra of X

containing kerf.

i, If I is an ideal(respectively a closed ideal) of X and f is injec-
tive, then f(I) is an ideal (respectively a closed ideal) of f(X).

w. If J is an ideal(respectively a closed ideal) of Y, then f~1(J) is

an ideal(respectively a closed ideal) of X.
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v. If I'is a translation ideal of X and f is injective, then f(I) is

VI,

a translation ideal of f(X).

If J is a translation ideal of Y, then f~1(J) is a translation
wdeal of X.

Proof.  i. Suppose S is a subalgebra of X and y;,y, € f(5). But

11.

1il.

1v.

then there exists x1,z9 € S such that f(z1) = y; and f(zy) =
y2. Now yi * yo = f(x1) * f(w2) = f(21 * 22) which implies
y1*y2 € f(5) as x1 xx9 € S. Thus f(S5) is a subalgebra of Y.
Let K be a subalgebra of Y and z; * 25 € f }(K). Then
f(x1), f(z2) € K. Now f(x1*x9) = f(z1) * f(z2) € K. Thus
r1 %79 € fT1(K) and so f71(K) is a subalgebra of X.

Suppose [ is an ideal of X and f is injective. Then clearly
0 e f(I) (as 0 = f(0) and 0 € I). Let z,y € f(X). Then
there exist a,b € X such that f(a) = z and f(b) = y. Now if
xxy,y € f(I), then there exists ¢,d € I such that f(c) = xxy
and f(d) = y. But then f(axd) = f(a)x f(d) =xzxy € f(I)
and so axd € I as f is injective. Now since [ is an ideal and
de I, ael and hence v = f(a) € f(I). Therefore f(I) is an

ideal.

Let J be an ideal of Y. Then clearly 0 € f~1(J). If x xy,y €
f7YJ), then f(z xy) = f(z)* f(y), f(y) € J which implies
f(z) € J. Thus x € f~1(J) and so f~!(J) is an ideal of X.
If € Ker(f), then f(z) =0 € J so xz € f~!(J) Therefore
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Ker(f) € f~1(J).

v. Let I be a translation ideal of X and f is injective. By (iii), f(I)
is an ideal of f(X). Let 2,9,z € f(X) then there exist a,b, c
such that f(a) = z, f(b) = y and f(c) = 2. fxxy,y*z € F(I),
then f(axb) = f(a)x f(b) = z xy, f(bxa) = f(b) * f(a) =
yxx € f(I)and so axb,bxa € I as f is injective. Since I is
translation ideal, (a*c)* (bxc), (c*a)* (c*b) € I.Now we have

(% 2) * (y* 2) = (f(a) * f(c)) * (f(b) * f(c))

Flaxc)* f(bxc)

Fllaxc)x (bxc)) e f(I).

Similarly (z*x)* (2*y) € f(I) and hence f([) is a translation

ideal.

vi. Let J be a translation ideal of Y. By (iv) f~!(J) is an ideal of
X. faxy,yxx € f71(J), then f(x*xy) = f(2)*f(y), f(y*x) =

f(y) * f(x) € J.But then since J is a translation ideal, for any

z € X we have

(f(@)* f(2) = (f(y) * f(2)) € J
= f((z*x2)x(yxz2))eJ

= (x*x2)x(y*xz)e fHJ).
Similarly (z x z) * (z xy) € f71(J).

Therefore f~1(J) is a translation ideal.
L]

Corollary 3.2.12. If f : X — Y is homomorphism of BRK alge-
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bras, then kerf is a closed ideal of X and Imf is a subalgebra of
Y.

Remark 3.2.13. For any BRK-homomorphism f,
1. ker f = {0} may not imply f is injective.
For instance,consider the BRK-algebra X = (X,x*,0) where
X ={0,1,2} and * is given by the Cayley table:

o1

0|0

1|1

2
2
0
0

S| D |

2|2
Let f: X — X be defined by f(0) =0 and f(1) = f(2) = 2.1t

can be easily see that [ is a homomorphism with ker f = {0}

but f is not injective.

2. ker f may not be a translation ideal of X .
To see this, consider the BRK-algebra X n Example 5.2.4.
Clearly the identity map id : X — X is a homomorphism,

but ker f = {0} is not a translation ideal.

3.3 Congruence in BRK-Algebra

We define a congruence relation on BRK-algebra as in the usual
way.
Definition 3.3.1. An equivalence relation 6 on a BRK-algebra X

15 called a congruence relation if it has a compatibility property:
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(x,y) € 0 and (u,v) € 0 imply (x x u,y xv) € 0 for all
Yy, u,v e X.

Given a congruence relation # on a BRK-algebra X, we use the

notation 6, for the equivalence class determined by z i.e. 6, = {y €
X : (y,x) € 0} and X/0 for the quotient set {6, : z € X}.
Remark 3.3.2. Let 0 be a congruence relation on a BRK-algebra
X. Then
1. (z,y) €0 <0, =0,
2. the binary operation x on X /0 given by 6, * 0, = 0., is well
defined.

3. the equivalence class 0y s closed ideal of X

4. we call the algebra (X /0, *,0y) the quotient algebra of X induced
by 6
Theorem 3.3.3. Let X be a BRK-algebra. Define x on the quotient
algebra X/0 by 0, * 0, = 0,.,. Then (X/0,%,6y) is a BRK-algebra
which s called a quotient BRK-algebra induced by the congruence
6.

Proof. Since 6 is a congruence relation * is well defined. For any
0,0, € X/ we have

(1) 6, % 60y = 0,0 = Oy, and

(2) (0p % 0y) %0, = Osyy % 0 = 0guyysr = Oouy = Op % 0.

Thus (X/0,*,0y) is a BRK-algebra. O

29



Chapter 3 : Quotient BRK-Algebras

Remark 3.3.4. Unlike BCI-algebra, the quotient algebra determined
by any congruence relation on BRK-algebra is also a BRK-algebra.
Theorem 3.3.5. Let X/0 = (X/0,%,0y) be the quotient BRK-

algebra induced by a congruence 6. Then 0y is a closed ideal of

X.

Proof. Since (0,0) € 0, 0 € . Suppose z,y*x € 0y, then (x,0) € 0
and (y x z,0) € 0. Now from (y,y) € 6 and (z,0) € 6 we have
(yxx,y) € 0. Also from (y * z,y) € 6 and (y *x 2,0) € 6 we get
(0,y) € 6 and hence by symmetry we have (y,0) € 0 i.e. y € 6.
Therefor 6y is an ideal of X. Next, if z,y € 6y then (x,0) € 6
and (y,0) € 6§ and hence (z *xy,0) € 6 i.e. x*xy € . Thus it is
closed. []

Next, we will construct a congruence relation on BRK-algebra X

by using a homomorphism and a translation ideal.

Congruence relation determined by a Homomorphism

Theorem 3.3.6. Let f : X — Y be a homomorphism of BRK-
algebras. Define a relation «~ on X by x «~ y if and only if f(x) =
fly) for all x,y € X. Then « is a congruence relation on X which

15 called the congurence relation determined by the homomorphism

f

Proof. Clearly «~ is an equivalence relation on X. Next suppose
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r «~yand u «~ v. Then f(z) = f(y) and f(u) = f(v). Now since
Flawu) = [(@)* F(u) = Fy) * (o) = F(y*v), 2%~ y*v. Thus

v is a congruence relation on X. ]

Note: We denote the equivalence class of x determined by « by
(2] and the set of all equivalence classes by X/f i.e. [z]; = {y €
X:xwy}land X/f ={[z];: v € X}

Corollary 3.3.7. Let f : X — Y be a homomorphism of BRK-
algebras. Define x on X/ f by [x]r*[y|; = [xxy]|s. Then (X/f,*,[0]f)
18 a BRK algebra. It 1s called the quotient BRK-algebra determined

by the homomorphism f.

Proof. Since « is a congruence relation on X, (X/f,*,[0]f) is a

BRK-algebra by Theorem 3.3.3. ]

Remark 3.3.8. Clearly [0]; = Kerf.
Theorem 3.3.9. Let f : X — Y be homomorphism of BRK-

algebras. Then the image of f is isomorphic to the quotient BRK-
algebra determined by f, i.e. X/f = Imf.

Proof. Define a mapping 0 : X/f —> Imf by 0([z];) = f(z). Then
1) 6 is well defined. Indeed suppose [z]; = [y];. Then
[z]; =[]y = z € [y]y = f(z) = f(y). Thus 0([z];) = 0([y];)-
2) 6 is homomorphism. Indeed for any [z];, [y]; € X/f we have
O[]y + [y]y) = O([v x yly) = flw xy) = f(2) * f(y) = 0([z]5) *
0(lyly)
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3) Clearly 6 is bijective.

Hence X/f = Imf. O

Congruence relation determined by a translation ideal

Theorem 3.3.10. Let I be a translation ideal of a BRK-algebra X.
Define a relation «~ on X byx ~y < xvxy,yxx € 1. Then « is a
congruence relation on X which is called the congruence relation of

X wnduced by a translation ideal I.

Proof. For any x € X, since xxx = 0 € I, we have x «~ x hence « is
reflexive. From the definition of «, it is clear that « is symmetric.
Ifzxvyandy « zthen xxy,yxx,yxz, zxy € [. Now xxy,y*xx € [
implies (x*z)*(y*z) € I. Since [ is an ideal and yxz € I, x*z € I.
Similarly z*x € I. Thus « is transitive. Hence -~ is an equivalence
relation. Next suppose z «~ y and u «~ v. But then since [ is a
translation ideal we have z xy,y*xx € [ = (z*u) * (y*v) € [ =
((xsxu)*(yxv))*((y*xu)*(y*v)) € I and hence (x*xu)*(yxv) € [
(as I is an ideal and (y * u) % (y * v) € I). Similarly we can show

that (y *v) % (x xu) € I. Thus « is a congruence relation. O

Remark 3.3.11. In theorem 3.3.10 the relation —~ may not be a con-
gruence relation if we consider an arbitrary ideal instead of transla-
tion ideal. This we justify here under.

Example 3.3.12. Consider the BRK-algebra X and its ideal I in

Example 3.2.5. Define ~ on X byx ~y < x*xy,y*xx € I. Then
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2~2and0~1but2x0=2»3=2%1as2%3=2¢ [ hence not

a congruence relation.

Note:For any translation ideal I of a BRK-algebra X we use the
notation [, for the equivalence class determined by = and X/I for
the set of all equivalence classes of X for the congruence relation of
X induced by I. Clearly I, = {y € X : x ~ y} and X/I = {I, :
re X}

Corollary 3.3.13. Let X be a BRK-algebra and I be a translation
ideal of X. Define x on X /I by I, *1, = I, for allz,y € X. Then
(X/I,%,1y) is a BRK-algebra.

Definition 3.3.14. (X/I,x*, 1y) is called the quotient BRK-algebra
of X determined by a translation ideal I

Remark 3.3.15. Let X be a BRK-algebra. Then

1. in general for a translation ideal I of X, Iy may not be equal to

I and

2. a translation ideal I of X is closed if and only if Ip = 1.

3.4 Anti-symmetric BRK-Algebras

In this section we introduce a new subclass of BRK-algebra called
anti-symmetric BRK-algebra and we will establish the homomor-
pism theorem for this subclass.

Definition 3.4.1. A BRK-algebra X 1is called an anti-symmetric
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BRK-algebra if it satisfies BCL4: ©xy = 0 and y xx = 0 imply

x =1y forany x,y € X.

The following examples illustrate such algebra exist.

Example 3.4.2. Let X = {0,1,2} be a set with cayley table:

o1

2
0|102|2
111100

2121010
Then (X, *,0) is a BRK algebra which is not anti-symmetric BRK-
algebra as 21 =1%x2=0 but 1 # 2.

Example 3.4.3. Let X = {0,1,2,3} be a set with cayley table:

lol112]3

010/ 1|0]1

111/0(1]0

21211]10]|1

31312130
Then (X, *,0) is an anti-symmetric BRK-algebra which is not BCH

as B*x1)x1=0#2=(3%2)x1.
Example 3.4.4. Let X = {0,1,2,3} be a set with cayley table:
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*1o|1

S| S| D |

3
3 2
111]0 0
2122 3

31313 1(0
Then (X, *,0) is a BH-algebra which is not an anti-symmetric BRK-

algebra as (2% 3)x2=1+#£2=0x%3.
Remark 3.4.5. Fvery anti-symmetric BRK-algebra is a BH algebra

but not conversely.

The following figure shows the relation ship of the algebras.

BRK
\ BH
e
Q Anti-Svmm. BRK
/
BCH
BCI
BCK

Figure 2.
Theorem 3.4.6. Let X and Y be anti-symmetric BRK-algebra and
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f: X — Y be BRK-homomorhism. Then f is injective if and only
if kerf = {0}.

Proof. Obviously if f is injective then clearly Kerf = {0}. On
the other hand, suppose that z,y € X and f(x) = f(y). Then
flxxy) = f(z)* f(y) = f(z) * f(x) = 0. Hence z xy € Kerf and
so x xy = 0. Similarly, we have y x x = 0. Thus x = y and hence f
is injective. [l
Theorem 3.4.7. Let X and Y be anti-symmetric BRK-algebra and
f: X —Y be a BRK-homomorhism. Then Kerf is a translation
wdeal of X.

Proof. Since Kerf is an ideal of X, it is enough to show that it is
translation. If z * y,y = z € kerf, then f(z) = f(y) = f(y) * f(z) =
0= f(z) = f(y). For any z € X,

fllz*z) = (y*2)) = (f(2) = f(2) = (f(y) * (2))
(f(@) = f(2) = ((f (@) * f(2))
—0

Hence (z % z) * (y x z) € kerf. Similarly, (z xx) % (z xy) € kerf.

Thus Kerf is a translation ideal. ]

Theorem 3.4.8. Let X and Y be anti-symmetric BRK-algebras
and f : X — Y be a BRK homomorphism. If I = Kerf, then
X/I=1Imf.

Proof. As1is a translation ideal of X, X /I is a BRK algebra. Define
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a mapping a : X/I — Imf by a(l,) = f(z). Then

(1) a is well defined. If I, = I, for some I, I, € X/I, then we have

I,=1,=zxyy*xxecl

Thus « is well defined.

(2) « is a homomorpism. For any I,, I, € X/I we have
ol % 1) = a(Ty) = f(@ % 9) = f(2) * F(y) = alL,) % a(L,).
Therefore o is a homomorphism.
(3) ais injecive. Suppose a(l;) = a(I,) for some I,, I, € X/I. Then
a(ly) = ally) = f(x) = f(y)
= f(x)* f(y) = f(y) = f(x) =0
= flzxy) = flyxz)=0
=>cxy,yxxr el
=1, =1,
Hence « is injective.

(4) « is surjective. Let y be any element in I'mf. But then there
exists x € X such that f(z) = y. Now [, € X/I and «(l,) =
f(x) =y and hence « is Surjective.

Hence « is an isomorphism and X/I = Imf. O]

Theorem 3.4.9. Let X, Y and Z be anti-symmetric BRK-algebras
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and let h : X — Y be an epimorphism and g : X — Z be a homo-

morphism. If Kerh C Kerg, then there is a unique homomorphism

f:Y — Z such that foh =g.

Proof. Since h is onto, for any y € Y there exists £ € X such that
y = h(z). Now define a mapping f : Y — Z by f(y) = g(x).
Then:

(1) f is well defined and f o h = g. Indeed suppose y; = yo but
then there exist z1, x5 € X such that y; = h(z1) = h(z2) = yo.
Now h(xi*xe) = h(xy)*h(zy) = 0 which implies z1xzy € Kerh.
Since Kerh C Kerg xy x x9 € Kerg. So 0 = g(z1 *x x9) =
g(x1) * g(x9). Similarly we can show that g(xs * g(x1) = 0.
Thus g(x1) = g(x2) which means f(y1) = f(y2) i.e. f is well
defined. Clearly g(x) = f(h(z)) for any x € X.

(2) f is homomorphism. Indeed for any yi,y2 € Y there exists

x1, T2 € X such that y; = h(x1),y2 = h(x2). Now we we have

[y *y2) = f(h(x1 * h(z2) = f(h(21 % 22)) = g(z1 % 22) =
g(x1) * g(x2) = f(y1) * f(y2). Hence f is a homomorphism.

(3) f is unique. Indeed suppose f : Y — Z such that foh = g.
For any y € Y there exists x € X such that h(z) = y. Now

f(y) = f(h(z)) = g(z) = f(y) and hence f = f.
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Theorem 3.4.10. Let X,Y and Z be anti-symmetric BRK-algebras
and let g : X — Z be a homomorphism and h : Y — Z be a

monomorphism. If Img C Imh, then there is a unique homomor-

phism f: X — Y such that ho f = g.

Proof. Forany x € X, g(x) € Img C I'mh. Since h is a monomorhism
there is unique y € Y such that h(y) = g(z). Now define f : X —
Y by f(x) = y. Then clearly f is well defined and ho f = g. To show
f is a homomorphism, for any x1,xs € X we have h(f(x1 *x z3)) =
g(@1 % @2) = g(@1) * g(w2) = h(f(21)) * h(f(22)) = h(f(21) * f(22)).
Since h is monomorphism f(z1 * x9) = f(x1) % f(x2), hence f is ho-

momrphism. For the uniqueness suppose f : X — Y such that

ho f=g. Now for any x € X, we have h(f(x)) = g(x) = h(f(z)).

But then since A is monomorphism f(z) = f(x). So it is unique. [J

If I is a translation ideal of an anti-symmetric BRK-algebra X, then
amap p: X — X/I defined by p(x) = I, is a homomorphism and
called the canonical mapping. Note that Kerp =1

Lemma 3.4.11. Let X and Y be anti-symmetric BRK-algebras and
let f: X —Y be a homomorphism. If I is a translation ideal of
X such that I C Kerf, then a map f : X/I — Y defined by
f(L,) = f(x) for all x € X is a homomorphism .

Proof. We show that f is well-defined. Now if I, = I, then x xy €
I C Kerf. So we have f(x)* f(y) = f(z *y) = 0. Similarly we
can show that f(y) * f(z) = 0. Hence f(z) = f(y). Therefor f is

39



Chapter 3 : Quotient BRK-Algebras

well-defined. Clearly f is a homomorphism. ]

Theorem 3.4.12. Let X and Y be anti-symmetric BRK-algebras
and let f : X — 'Y be a homomorphism I be a translation ideal of

X.Then the following are equivalent:

(i) there is a unique homomorphism f : X/I — Y such that

fop= f where p is the canonical mapping.
(ii) I C Kerf.

Furthermore, f is monomorphism if and only if I = Kerf

Proof. (i) = (ii). If a € I, then f(p(a)) = f(0) =0 forall a € I,
since fop = f and Kerp = I. Hence a € Kerf.

(ii) = (7). By lemma 3.4.11, we have a homomorphism f : X/I —
Y defined by f(I,) = f(z) for all x € X. Since (fop)(x) = f(I,) =
f(x) for all x € X, we have f op = f. The uniqueness of f follows
from the fact that p is surjective.

Moreover, f is a monomorphism if and only if f(z) = 0 implies

I.,=1y=1,1ie., if and only if Kerf C I. Thus Kerf =1 []

Theorem 3.4.13. Let X and Y be anti-symmetric BRK algebras.
If a homomorphism f : X — Y can be expressed as a composite

homomrphisms of anti-symmetric BRK-algebras
XaABB~Y
4A44BLY,
where o 1s epimorphism, B is an isomorphism, and vy 1S monomor-

phism, then A= X/Kerf and B = Imf.
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Proof. Consider the following diagram

X/Ker(f)— T, Im(f)
p \

where 7o fop is canonical decomposition of f. Now Since f = vyoBoa
and -, f monomorphism, we have f(z) = 0 if and only if a(x) = 0.
Hence ker(a) = ker(f) = ker(p). By theorem 3.4.9, there exists
unique homomorhpism h : A — X/ker(f) such that hoa = p.
Now since ker(a) = ker(p), h is injective and h is surjective as p is
surjective. Thus h is an isomorphism.

On the other hand since im(v) = Im(f), by Theorem 3.4.10 we have
a unique homomomorphism k : im(f) — B such that v o k = i.
Clearly k is surjective and since ¢ is injective so is k. Thus k is an

isomorphism.
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Chapter 4

Special Maps in BRK-algebras

In this chapter we discuss about some special maps on BRK-algebras
namely right map, left map, right multiplier and left multiplier. We
begin this chapter by introducing a special subclass of BRK-algebra

called a weak positive implicative BRK-algebra.

4.1 Weak Positive Implicative BRK-algebra

Definition 4.1.1. A BRK-algebra X = (X, *,0) is said to be weak

positive implicative if it satisfies the condition:
(xxy)xz=(rxz2)x(y*x2) forall x,y,z € X

Example 4.1.2. Let X = {0,1,2,3} be a set with the following

cayley table:
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~
~

| D | D
~ D

S| S| S | L

212 0

31313130

Then (X, *,0) is a weak positive implicative BRK-algebra.

The following example shows the existence of weak positive implica-
tive BRK-algebra which is not BCH-algebra.
Example 4.1.3. Let 7Z be the set of integers. Define x on Z by

x, ify=20

0, fy#0
Then (Z,*,0) is a positive implicative BRK-algebra which is not

TkY =

BCH-algebra (as 2+ 3 =3%2 =0 but 2 # 3 hence BCL} not hold).
Lemma 4.1.4. In any weak positive implicative BRK-algebra X,
the following hold for all x,y € X.

1. 0xx =0

2. (xxy)xx =0

3. xxy=(r*xy)*xy

4. (@ (z*y))xy=0
Proof. Let z,y € X. Then

1. 0xax=(z*xx)*x
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=0x0=0.
Therefore 0 x x = 0 for all x € X
2. (zxy)xx=0x%xy=0.
Thus (x xy)xx =0 for all z,y € X.
3.xxy=(x*xy)*0
= (zxy)*(y*y)
= (x *xy) xy.
Thus zxy = (x *y) xy for all x,y € X.
4 (zx(zxy))xy = (zxy)*((zxy)*y)
= (x*xy)*x(xxy)=0.
Hence (z x (x*xy))*xy =0 for all x,y € X.

[]

Remark 4.1.5. If X is a weak positive implicative BRK-algebra,
then G(X) = {0} and B(X) = X.
Theorem 4.1.6. Fvery weak positive implicative BRK-algebra is

positive implicative.

Proof. Let X = (X, *,0) be a weak positive implicative BRK-algebra.
For any z,y € X, we have
((@xy)*y) = (0xy) = ((xxy)*y) 0
=(r*xy)*xy=2x*y.
Thus X is positive implicative BRK-algebra. ]

Remark 4.1.7. The converse of the above theorem is not true.
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The following example justifies the above remark.

Example 4.1.8. Let X = {0,1,2} be a set with Cayley table:

1ol 1

2
0|102|2
111,00

2121010

Then (X, *,0) is a positive implicative BRK-algebra which is not a
weak positive implicative (as (1x1)x1=2#0=(1*1)%(1x1)).
Theorem 4.1.9. Let X = (X, %,0) be a weak positive implicative
BRK-algebra. If X is associative, then X s the trivial algebra i. e.
X = {0}.

Proof. Let X be associative weak positive implicative BRK-algebra.
Then for any x € X we have:
r=xx0=zx(x*xzx)=(r*xz)xx=0%x2=0.

Thus X = {0} O

4.2 Left and Right maps

In this section we investigate the properties of R-maps and L-maps
and show that the set of all left maps over weak positive implicative
BRK-algebra becomes a weak positive implicative BRK-algebra.
Definition 4.2.1. Let X = (X, *,0) be a BRK-algebra and a € X
be a fized element. Then:
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1. the map R, : X — X given by R,(z) = x *x a is called right

map of X and

2. the map L, : X — X given by L,(x) = axx is called left map
of X.
Definition 4.2.2. A right map R, is called idempotent if R,o R, =
R, where o is the usual composition of maps.
Lemma 4.2.3. Let X be a BRK-algebra and a € X. Then R, is

idempotent if and only if (rxa)*xa=x*a for allx € X.

Proof. R, is idempotent < R, o R, = R,
& Ry(Ry(z)) = Ry(x), Ve e X
& Ry(rxa)=z%a, VreX
& (xxa)*xa=xzxa, VYrelX.

Thus R, is idempotent if and only if (z *a) *xa = x * a. ]

Theorem 4.2.4. If a BRK-algebra X = (X, *,0) is weak positive

implicative, then every right map on X s idempotent.

Proof. Let a € X. Then for all x € X we have:
Riz)=zxa=(rxa)x*a
= Ra(Rq(2))
= (Ryo Ry)(2).
Hence R, o R, = R,. Therefore R, is idempotent. ]

Theorem 4.2.5. A BRK-algebra X = (X, *,0) is a weak positive

implicative iof and only if every right map is a homomorphism.
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Proof. Suppose X is a weak positive implicative BRK-algebra. Then
for each a € X,
Ro(zxy) = (xxy)*a
= (zxa)x*(y*xa)
= Ru(x) * Ra(y).
Thus R, is a homomorphism.
Conversely, suppose that every right map is a homomorphism. Now
for any x,y, 2 € X we have
(x*xy)*xz=R.(x*xy)
= R.(x) * R.(y)
Hence X is weak positive implicative ]
Theorem 4.2.6. In any BRK-algebra X = (X,*,0), if L, is a

homomorphism, then a = 0.

Proof. Suppose L, is a homomorphism for some a € X. Then
a=ax0=L,0)
= L,(0%0)
= L,(0) * Ly(0)
=(ax0)x(ax0)=axa=0.
Thus a =0 []

Now let us denote the set of all left maps on a BRK-algebra X by
L(X) and on IL(X') we define a binary operation ® by (L,®Ly)(z) :=
L,(z)* Ly(x) for any L, Ly, € L(X). We have the following Lemma.
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Lemma 4.2.7. Let X = (X, %,0) be weak positive implicatice BRK-
algebra. For any L,, Ly, L. € L(X), we have

i. Ly ® Ly = Loy, i.e. Ly ® L € L(X).

0. (La ® Lb) ® L. = (La ® Lc) ® (La ® Lc)

Proof. Let Ly, Ly, L. € IL(X). Then:

i. For any x € X we have
(Lo ® L)(2) = Lo(z) ® Ly(x)
= (a*xx)* (b*x)
= (a*b)*x
= L ().
Therefore L, ® Ly = Lysp.
ii. By (i.) we have
(La ® Ly) ® Le = Law ® L
= L(asb)se
= L(ase)s(bre)
= Loxe ® Lipsc
= (La ® Lc) ® (Lo ® Le).
Thus (Lo ® Lp) ® Le = (Lo ® L) ® (Lo ® Le).
[l

Theorem 4.2.8. If X = (X,%,0) is a weak positive implicative
BRK-algebra, then L(X) = (L(X),®, Ly) is a weak positive im-

plicative BRK-algebra.
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Proof. 1t is enough to show that L(X) = (IL(X), ®, Ly) is a BRK-
algebra. Now for any L,, Ly € L(X) we have

1. La ® L() = La*O = La, and

2. (Ly ® Ly) ® Ly = Lgsbysa = Lowy = Lo ® Ly,
Therefore L(X) is a BRK-algebra and hence by the above lemma it
is weak positive implicative. ]

Theorem 4.2.9. Let X = (X, %,0) be a weak positive implicative
BRK-algebra. Then the map f : X — IL(X) given by f(z) = L,
is an epimorphism and X/f = L(X) where X/f is the quotient

BRK-algebra determined by the homomorphism f.

Proof. Let X be a weak positive implicative BRK-algebra and let
f X — L(X) be a map given by f(z) = L,. But then for
any z,y € X, f(x xy) = Ly = Ly ® L, which implies f is a
homomorphism. Clearly f is onto and hence f is an epimorphism.

Therefore, by Theorem 3.3.9 we have X/f = L(X).

4.3 Multipliers

Here we introduce the notion of multipliers in a weak positive im-
plicative BRK-algebra and discuss about their properties. Through
out this section by X we shall mean a weak positive implicative

BRK-algebra unless stated otherwise.
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Definition 4.3.1. . Let f : X — X be a map. Then f is called:
1. a left multiplier on X if f(xxy) =z * f(y) for all x,y € X.

2. a right multiplier on X if f(xxy) = f(x) xy for all z,y € X.
Example 4.3.2. 1. The identity map I : X — X gqiven by
I(x) = x is both right multiplier and left multiplier.

2. The zero map 0 : X — X given by 0(x) = 0 is right multiplier
but not left multiplier. Indeed for any x,y € X, 0 =0(x*y) =
Oxy=0(x)xy,zx0y)=2+x0=2#£0=0(zx*y)

Lemma 4.3.3. . Let f: X — X be a right multiplier, then

1. f(0)=0

2. f(x) <z forallx e X

3. x<y= f(zx) <y foralxyecX

Proof. (1) f(0) = f(0= f(0)) = f(0) = f(0) =0

(2) Let & € X. Then 0 = £(0) = f(x %) = f(x) % 2. Hence
f(z) <z

(3) Lot 2,y € X and < y. Then 0 = F(0) = f(z +y) = f(z) * .
Thus f(x) <.

Lemma 4.3.4. Let f : X — X be a left multiplier, then

1. f(0) =0

2.z < f(x) forallz € X
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3. x<y=ux<f(y) forallx,y € X

Proof. (1) f(0) = f(0%0)=0%f(0)=0

(2) Let z € X. Then 0 = f(0) = f(z*z) = 2 * f(z). so x < f(x).

(3) Let z,y € X and z < y. Then 0 = f(0) = f(zxy) =z * f(y).
Thus = < f(y).

[]

Lemma 4.3.5. Let f and g be right(left) multipliers on X. Then

their composition f o g is a right(left) multiplier on X.

Proof. Let f and g be right multipliers on X. Then for any x,y € X
(fog)wxy) = fg(zry)) = fg(x)xy) = f(9(x))xy = (fog)(z)*y.
Hence f o g is a right multiplier. Similarly we can show for left

multipliers [

Remark 4.3.6. Let [ be a right(left) multiplier on X. For any non
negative integer n we define " inductively by f* = I and f* =
f"lof forn>1.

Theorem 4.3.7. If fis a right(left) multiplier, then f"(z) < f*" 1(x)
(" Hz) < fY(z) for alln > land for all x € X.

Proof. Let f be a right multiplier on X. Then

0= f(0) = f(f" @) [ (x)) = f(f*H (@) = f77 (@) = f"(x) *
f"Y(x). This implies f*(z) < f* ().

Similarly we can show for left multiplier. ]
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Theorem 4.3.8. Let RM(X) be the set of all right multipliers
on X. Define a binary operation ® on RM(X) by (f ® g)(x) =
f(z) * g(z) then (RM(X),®,0) is a weak positive multiplicative
BRK-algebra.

Proof. Since the zero map 0 is a right multiplier, RM (X) # (.To
Show & is well defined suppose f1, f2, 91,92 € RM(X) with f; = fo
and g1 = go. But then for any x € X we have (f; ® g1)(z) =
fi(@)xgi(z) = fo(z)*g2(2) = (f2®92)(x) and hence fi®g1 = f2®g».
Thus it is well defined. Now for any for any f,g,h € RM(X)

(1) (f®g)(r*y) = flxxy)*glxxy)

= (f(z) xy) * (g(z) * y)
= (f(z) x g(z)) xy

= (f®g)(z) *y.

Thus f® g € RM(X).

*Y
*g

(2) (f ®0)(x) = f(z) * 0(z)

So f®0=f

3) (f®g)® f)(z)=(f(z)*g(x)) = f(x)
= 0% g(z) = (0% g)(v).
Thus (f®g)® f=0%g

(4) (f®@g)®h)(x) = (f(2x) * g(x)) * h(z)
= (f(2) * h(x)) * (g(z) * h(z))
= ((f@h)(z)*(g®h)(x)
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=((f®h)®(g®h))(z).
Hence (f®g)®h=(f®h)® (g ® h).

Therefore (RM (X)), ®,0) is a weak positive implicative BRK-algebra.
[]

Theorem 4.3.9. Let f be a right multiplier on X. Then
1. Ker(f)={x € X : f(z) =0} is a subalgebra of X.

2. Im(f) ={y € X :3x € X such that f(x) =y} is a sub algebra
of X.

3. Fiz(f)={x € X : f(x) =z} is a subalgebra of X

Proof. Let f be a right multiplier on X. Then:

1. Since 0 € Ker(f), Ker(f) # 0. Suppose z,y € Ker(f). Then
f(z) = f(y) =0. Now f(x*xy)= f(x)*xy =0xy =0. Thus

xxy € Ker(f) so it is a subalgebra.

2. Clearly Im(f) # 0 (as 0 € Im(f)). Let z,y € Im(f). Then
there exist «’,y" € X such that f(2') =z and f(y') = y. Now
since o' xy € X and f(2'*xy) = f(2')xy = x*xy, xxy € Im(f).
Hence I'm(f) is a subalgebra of X

3. Clearly Fix(f) # 0 (as 0 € Fiz(f)). Let x,y € Fix(f). But

then f(z) = x and f(y) = y. Now since f(x xy) = f(x) xy =
rxy, x*xy € Fix(f). Thus Fiz(f)is a subalgebra of X
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For left multipliers we have the following theorem.

Theorem 4.3.10. Let f be a left multiplier on X. Then

1. Im(f) ={y € X : 3z € X such that f(x) =y} is a sub algebra
of X.

2. Fix(f) ={x € X : f(x) = x} is a subalgebra of X.

Proof. Let f be a left multiplier on X. Then:

1. Clearly Im(f) # 0 (as 0 € Im(f)). Let x,y € Im(f). Then
there exist 2/, ¢y’ € X such that f(z') = x and f(v') = y. Now
since xxy € X and f(x*xy) =x*x f(y) =xxy, xxy € Im(f).
Hence Im(f) is a subalgebra of X

2. Clearly Fixz(f) # 0 (as 0 € Fixz(f)). Let z,y € Fiz(f). But
then f(x) = x and f(y) =y. Now since f(x xy) =z x f(y) =
rxy, vxy € Fix(f). Thus Fiz(f) is a subalgebra of X.

[]

The following two theorems discuss about the relationship between
multipliers with right maps and left maps.

Theorem 4.3.11. Let X be a BRK-algebra. X associative if and

only if every left map is a right multiplier on X.

Proof. Suppose X is associative. Then for any a,z,y € X, L,(x %
y) =ax(xxy) = (axz)*y = Ly(z) *y. Thus L, is right multiplier.
Conversely suppose every left map is a right multiplier. For any

r,y,z € X, xx(y*xz)=Ly(y*x2) = Ly(y) 2 = (z xy) * 2. Hence
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associative. ]

Theorem 4.3.12. Let X be a BRK-algebra. X associative if and

only if every right map s a left multiplier on X.

Proof. Suppose X is associative. Then for any a,z,y € X, R,(z *
y)=(rxxy)xa=xx*(y*xa) =% R,(y). Thus R, is left multiplier.
Conversely suppose every right map is a left multiplier. For any
r,y,2€ X, (x*xy)*x2=R,(xxy) =xx R.(y) =z * (y*2). Hence

associative. ]

Corollary 4.3.13. If every right(left)map on X is a left(right)multiplier
on X, then X is trivial algebra i. e. X = {0}.

Proof. 1t follows from Theorem 4.3.12( 4.3.11) and Theorem 4.1.9
]
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Chapter 5

Direct product of BRK-algebras

In this chapter we will define the notion of direct product of BRK-
algebras and study some basic properties of the direct product. We
begin with the definition and elementary properties of direct prod-

uct of BRK-algebras.

5.1 Definition and basic properties

Let {X; = (X;,%,0;) : i = 1,2,---n} be a finite family of BRK-
algebras. Define the direct product of BRK-algebras X1, Xs,--- , X,
to be the structure ﬁ X; = (n X;,®,(01,---,0,) where ﬁ X, =
Xix--xX, = {(a:lz,z'l- “Ty) ;16 XVi=1,2,---n} and @szl given
by (21, 2n) ® (Y1, ,Yn) = (T1%Y1, -+, TpxYn). The following
theorem shows that the direct product of finite BRK-algebras is also
a BRK-algebra

Theorem 5.1.1. If {X; = (X;,*,0;) : i = 1,2,---n} be a finite
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n

family of BRK-algebras, then [ X; = ([] Xi,®,(01,---,0,) is a
i=1 i=1
BRK-algebra.

n

PT’OOf. Let (xlv"' 7ajn)7(y17"' 7yn) HX'L Then:
i=1

1. (xla" ’ 7$n)®(017" ’ 7071) - (Z’l*Ol,"‘ 7xn*0n) — (.Tl,“’ an)

2. (@1, @) ®(y, -, yn))® (20, 2n) = (@rxyn) 521, - -, (T
Yn) * Tn)
= (01 %Y1, , 05 % )
= (01, ,00)®(y1, -+ 1Y)

Therefore [ X; is a BRK-algebra.
i=1

]

Theorem 5.1.2. Let {X; = (X;,*,0;) : i = 1,2,---n} be a finite

n
family of BRK-algebras and [] X; be their direct product. Then
i=1
n
1. T X; is associative if and only if each X; is associative.
i=1
n
2. 11 X; is positive implicative if and only if each X; is positive
i=1
implicative.

n
3. 11 Xi is anti-symmetric if and only if each X; is anti-symmetric.
i=1

n

4. 11 Xi is weak positive implicative if and only if each X; is weak
i=1
positive implicative.

Proof. It follows from respective definitions. ]
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Theorem 5.1.3. Let {X; = (X;,*,0;) : i = 1,2,---n} be a finite

family of BRK-algebras and [] X; be their direct product. Then
i=1

1. If S; is a subalgebra of X; for each i = 1,2,--- . n, then []S;
i=1
is a subalgebra of T X;.

1=1

2. If I; is an ideal of X; for each i =1,2,--- n, then [ I; is an
i=1

ideal of T] Xi. Moreover If each I; is translation, then [] I; is
i=1 i=1
also translation.

Proof. 1. Suppose S; is a subalgebra of X; forany alli =1,2,--- ,n.

n
Since each S; is non empty, [[ S; # 0. Let (z1,--- ,20), (Y1, ,yn) €
i=1

n
I1SiThen: (z1, -+, 20) @ (Y1, -+ yn) = (T1%Y1, -+ Tn*yn) €
1=1

[]Si as z; xy; € S;.. Thus [ S; is a subalgebra of [] X;
i=1 i=1 i=1

2. Suppose I; is an ideal of X;. Clearly (01,---,0,) € [] L.
=1

Next if (z1, -+ ,2), (Y1, syn) ® (21, ,2,) € [] i, then
i=1

i, yixx; € [Yi=1,2,---  n. But the since [; is an iaeal of X;,
n n

y; € I; which implies (yq,- -+ ,y,) € [[ ;- Thus [] I; is an ideal
i=1 i=1

n
of [T X;. For the second part suppose each I; is translation and
i=1
n

(371,"' 7xn)®(y17"' 7yn)7(y17'” ,yn)®(x1,--- 7xn) S H[Z

i=1
Then for any (z1, -, 2,) € [[ Xi,
i=1
((xla"' 7xn)®(217"' 7271))®((yla"' 7yn)®(217"' 7271))
= (T %21, Tpk2y) ® (Y1 % 21, , Yn * 2n)
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= ((xl * Zl) N (yl * Zl)? B (xn * Zn) * (yn * Zn))

But then since I; is a translation ideal, (x; * 2;) * (y; % z; € I; for

each i which implies ((z1%21)*(y1%21), -+, (Xn*2p) % (Yn*2,)) €
[T L. Thus [] I; is translation.
i=1 i=1

O

Theorem 5.1.4. Let {6, : X; — Y; :i=1,2,---n} be a family of
1/;' bye(xla 7xn) =
=1

7

BRK-homomorphisms. Defined : [[ X; —
=1

7

(01(x1), -~ ,0,(xn). Then 8 is a homomorphism and Ker = [] Kerb;
i=1

i=1 i=1
Proof. Let {0; : X; — Y; : i = 1,2,---n} be a family of BRK-

n n
homomorphisms and let 6 : [ X; — [] Y; be a mapping given by
i=1 i=1

Qéxl,--- ) = (01(x1), -+ ,0n(x,). Forany (z1,---n)), (Y1, yn) €
] X, we have

O(rr, ) ® () = 61 g, 7% 00)

(Or(z1 % y1), 5 On(@n % Yn))

(O1(z1) * O1(y1), - -+, Onlwn) % 0n(yn))

= (01(1), -+, O0n(x0)) ® (01(y1), - -+, 0n(yn))
=0((x1, -, 20)) ®O((y1, -+, yn))

Thus 6 is a homomorphism.

kerf = {(x1,--- ,x,) € ﬁXi :0((z1,- -+ ,20)) = (01, -+ ,0,)}

=1

1

(
(

= {(m1, - ) € HX (O1(1), - On(n)) = (01, ,0,))
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— (21, @) € ]:[X (1) = 04, -+ 0y (22) = 0}

=1

=[] Kerb, []

1=1

Remark 5.1.5. 0 is a monomorphism (epimorphism) if and only if
each 0; is a monomorphism (epimorphism)

Theorem 5.1.6. Let {X; = (X;,*,0;) : i = 1,2,---n} be a finite
family of BRK-algebras and let I; be a translation ideal of X;. Then

Proof. Let {X; = (X;,%,0;) : i = 1,2,---n} be a finite family of
BRK-algebras and let I; be a translation ideal of X;. Then by

Theorem 5.1.3, [] ; is a translation ideal of J][ X;. Now for sim-
i=1 i=1

1=1 i=

by f((x1,-- ,xn)/I) = (x1/11,- - ,x,/1,) for all (zq,--- ,x,)/] €
X/1.

plicity put I = [] I; and X = [[ X;. Define f : X/I — [] X;/1;
—1 i=1

1. fiswell defined. Indeed suppose (1, -+ ,x,) /1 = (y1,- -+ ,yn) /1.
Then (z1,--+ ,20)® (Y1, Yn), (Y1, Yn)®(21, -+ @) € 1.
Hence (z1*y1, -+ ,Xn*Yn), (Y1 *T1, -+ ,yn*xx,) € I. Thus for
each i x; * y;,y; * x; € I; it follows that x;/I; = y;/I;.

Now f((z1, - ,2n)/I) = (x1/11, - ,20/1p)
= (y/h, - s yn/1n)

= f((yr, -, yn) /1)
Thus f is well defined.

2. fisahomomorphism. Forany (x1,--- ,x,)/1, (y1, - ,yn)/I) €
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X/I, wehave f(((z1,- -+ @)/ D)*((y1, -+ yn) /1)) = (21, 20)®
(1, yn) /1
3. f is bijective. Clearly f is surjective. For injectivity suppose
f(@r, - @) /I) = f(y1,--+ ,yn)/1). Then
(1/h, - an/1n) = far, - 2n) /1)
= f(yi - yn)/1)
= (/D yn/1n)

Thus injective.

5.2 Canonical Mappings of the Direct Product

This section presents about two canonical mappings of the direct
product of BRK-algebras, namely canonical projections and canon-

ical injections. We begin with the following theorem.

Theorem 5.2.1. Let {X; = (X;, %,0;) : i =1,2,---n} be a family of
BRK-algebras. Then f}, ﬁ X; — Xy, given by fe(z1, -+ Tk, ,x,) =

i=1
xk 1s an epimorphism for each k =1,2,---  n.

Proof. For any k = 1,2,--- . n let fr : [[X; — X given by
i=1

fk(xla"' kay"' 73:'”):1']6. Thenforany(ajlj... ,xk”... 7xn)7(y1’... 7yk7"'

[T X, we have
i=1
fk((a:l)"' g Loy v 7$n>®<y17"' s Yky 7yn)) :fk(xl*yla"' y Ll *

yk7... ’xn*yn) :l’k*yk — fk(xla"' 7'17]4:7"' 7xn)*fk(y17”' ’yk’... 7yn)

61

7yn



Chapter 5 : Direct product of BRK-algebras

and hence f; is a homomorphism. For serjectivity, for any x; € X

(01, ,xp, -+ ,0;) € [ X; such that fr(0y, - ,zx,---,0,) = 2y
i=1
therefor onto. []

Definition 5.2.2. The map in the preceeding theorem is called the
canonical projection of the direct product.

Theorem 5.2.3. Let {X; = (X;, %,0;) : i =1,2,---n} be a family of
BRK-algebras. Then there exists a BRK-algebra X, together with
a family of homomorphisms {f; + X — X; : Vi = 1,2,--- ,n}
with the following property: for any BRK algebra Y and a family
of BRK-homomorpihsms {g; : Y — X; : Vi = 1,2,--- ,n}, there
exists a unique homomorpism g : Y — X such that fiog = g;Vi =

1,2, ,n.

Proof. Put X = ﬁX, Then X is a BRK-algebra. Let {f; :
X — X, 1 Wi :111, 2,---,n} be the family of canonical projec-
tions. Suppose that Y is any BRK-algebra and {g; : ¥ — X; :
Vi = 1,2,--- ,n} be a family of BRK-homomorphisms. Define
9:Y — X by g(y) = (91(y), -~ , gu(y)) for all y € Y. Then

(1) for any y,z € Y
gy x2) = (q(y*2),-,9u(y * 2)) = (91(y) * 91(2), -, gn(y) *
9n(2)) = (91(), -, 9n(y)) ® (91(2), -+, gu(2)) = 9(y) * g(2).

Hence GG is a homomorphism.

(2) foranyy € Y (fiog)(y) = filg(y)) = filla1(y), -+ s 9:i(y), -+, 9n(y)))

gz(y) Thus fiog = g.
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(3) to show ¢ is unique, let ¢ : ¥ — X be another homomor-
phism such that fiog = g;. Now let y € Y. Then (f;09)(y) =
gi(y) = (fio g)(y). Suppose that g'(y) = (x1,--- @i, , )
But then for each 1,

v = fil(@r, - iy a)) = fl(g,(y)) = (/i og/)(y) = (fio
9)() = filg) = filar(y), -+, 9i(y), -+, 9u(y)) = 6i(y).-

Hence g(y) = (91(y), -+, 9i(y), -+ (W) = (@1, -+ @i+ ap) =
g (y). Therefore, g is unique.

[]

Theorem 5.2.4. Let {X; = (X;,*,0;) : i = 1,2,---n} be a fam-

ily of BRK-algebras. Then g, : X, — [[ Xi given by gp(zr) =
i=1

(01, ,0k—1, 2k, O 11, - - ,0n) is @ monomorphism of BRK-algebras

VE=1,2,--- n.

Proof. For each k =1,2,--- ,n, let xp,yr € X;. Then
ge(re * yr) = (01, -+, Op—1, Tp * Yr, Op1, - -+, 0n)
= (01, 5 Op—1, @, Op1, 5 00)® (01, - -+, Op—1, Yoo, Op, - -+, 0p)
= gx(zr) ® gr(yr)-

Thus gi is a homomorphism. Clearly g is one to one and hence it

is a monomorphism. [

Definition 5.2.5. The maps in the preceeding theorem are called
the canonical injections.
Lemma 5.2.6. Let {X; = (X;,%,0;) : i = 1,2,---n} be a family

of BRK-algebras. Yk = 1,2,--- ,n, if g is the canonical injection,
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then gp(Ag) is a closed ideal of [] A;.

i=1
Proof. Foreachk =1,2,---  n,clearly (01, -+ ,0%,---,0,) € gr(Xk).

Suppose fOI- any (y17... s UYky t* 7yn)7(x1,... S Tfy s 7'CCTL) c HX’L
=1

, (yl;”’ 7yk7"' 7yn)®(aj1’... 7:Uk7"' 71‘n)7($17... 73:]67"' ’xn) E

gx(Xy). But then for ¢ # k, z; = y; = 0;. Now since y, € X,
(Y1, 3 Uk, 5 Yn) € gr(Xk) hence gp(Xj) is an ideal of J] X;.
i=1

[]

Remark 5.2.7. In general gi(Xy) may not be a translation ideal of

[T X:.
i=1
Example 5.2.8. Let X = {0,1,2,3} be a set with the following

Cayley table:

o123

0

0
21213/0]|2
313131010
Then (X, *,0) is a BRK-algebra Let Y = {0,1,2,3} be a set with

the following Cayley table:

S| DD |

S| || | @

64



Chapter 5 : Direct product of BRK-algebras

Then (Y, *,0) is a BRK-algebra. Let g : X — X XY be the canon-
ical injection given by g(x) = (x,0). Then g(X) is not a translation
ideal of X XY as (2,3)®(0,1) = (2%0,3x1) = (2,0), (0,1)®(2,3) =
(0%1,1%3) = (0,0) € g(X) but (2,3) ® (0,2)) ® ((0,1) ® (0,2))

(2%0)* (0%0),(3%x2)*(1%x2))=(2,1) ¢ g(X)
Theorem 5.2.9. Let {X; = (X;,%,0;) : i = 1,2,---n} be a family

of anti-symmetric BRK-algebras. If gi is the canonical injection for

each k = 1,--- n, then gi(Ay) is a translation ideal of T] A; and

=1
IT Ai/gr(Ar) =TT A
i=1 i£k

Proof. Let g be the canonical injection. By Lemma 5.2.6, g(X}) is

anidealofﬁlXi. Let (wy, -+, Wey -+ W), (T, Tpy e+ 5 Tp),s (Y1, -+

i

ﬁXi- SUPPOSe (W, -+ Wiy -+ W) ®(X1, -+ 3 s+ ), (L1, o s Thy
Z(Zil,--- JWky -, Wwy) € gr(Xk). But then for i # k w; x x; =

x; x w; = 0 and hence w; = z;. Now ((wy, -, wg, - ,w,) ®
(yl,... Yk 7yn))®((x1;"' gy 7$n)®(yla"' S Ukey * ;yn)) =
(wrsyr) s (@eeyn), - - (wikye) * (@rxye), - (W) * (TnxYn)) =
((wrsyy)* (wisyr), - (wrkye) * (@rxye), - -5 (Wakyn)* (Wnkyn)) =

(01, -, (wg *yg) * (xp *yg), - -+, 0p)

Thus since (wixyy)*(xpxyr € X, (W1, -+, Wy -+, Wo)®(Y1, -+, Ygy - - -

(
((x17”' y &L 7'7;71) (yh"' s Yky * * 7yn)) S gk(Xk) Slmllaﬂy

((yly... 7yk7... ay’rl)@(wl) 7wk7... 7wn)>®((y17. 7yk’... ’yn)@)
(X1, Xy, 2p)) € gp(Xg). Hence gp(Xj) is a translation ideal.

For the proof of the isomorphism let X = [] X; and I = gx(Xy).

i=1
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Define f : X/I — [[ A;by f((z1,- -+ ,xn)/I) = (21, , Tp_1, Tpr1, "+ 5 Tp)

itk

for all (z1,---,x,)/] € X/I. Then

(i)

(ii)

(iii)

Suppose that (1, -+ ,2,)/1 = (y1,- -+ ,yn)/I But then (zq,- -, x,)®
(1,5 yn) = (@ryn, o Taxn), (Y1, Y)® (21,0 @) =

(y1 %21, ,yp*xx,) € I sothat x;xy; = y;xx; = 0 for all ¢ # k.
Which implies z; = y;for all ¢ # k. Thus f((z1, -+ ,2,)/I) =
f((y1,- -+ ,yn)/I) which shows that f is well defined.

To show it is a homomorphism for any (z1, -+ ,x,) /I, (y1, -+ ,yn)/I €
X/, f((@r, @) /1) = (oo yn) /1) = f((@n,0 20) ®
(Wi, un))/ 1) = flekyr, - wnkyn) /1) = (Trkys, - -+ T
Yk—1, Thl * Ykl T % Yn) = (L1, T, Thy1, 0 5 Tp) @

(Y15 Y1, Yht1s > ¥n) = f((@1, - @) [ I®f (Y1, -+ yn) /).

Thus f is a homomorphism.

Clearly f is onto. To show it is one to one suppose f((x1, -+ ,x,)/I) =

f((y17 ;yn)/[) Then (.171,"' y Lk—1, L1, " 737”) = (yla"' s Yk—15 Yk+1, " " °

which implies x; = y; for all ¢« # k. Hence (z1,---,2,) ®
(yla T 7yn) = (l'l*yl, e 7xn*yn)7 (yla T 7yn)®(x1a T ) =

(yl * T, 7yn*xn) S ]7 SO (xla"' ,l‘n)/I - (yla 7yn)/[

Thus f is one to one.
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1. Introduction

In 1996, two classes of abstract algebras, BCKbalge and BCl-algebras,were

introduced by Imai and Iseki [1, 2]. It is knowrathihe class of BCK-algebras is a proper
subclass of BCl-algebras. Since then many researéhieoduced and studied different

classes of new algebras as a generalization of BCKélgebras.

In 1983, Hu and Li introduced the notion of BCHelhgas [4] as a generalization
of BCl-algebras and studied certain propertiesheké algebras. In this direction, Jun,
Roh and Kim introduced a new class of algebra nanidH-algebras [6] as a
generalization of BCH-algebras. Q-Algebras and @®8laas [5] are further
generalizations of BCH algebras. Recently, Ravi Huandaru introduced the notion
of BRK-algebras [3] which is a generalization of IBCI/BCH/Q/QS-algebras and
studied various properties of BRK-Algebras. Hisdgtwas confined to give various
characterizations for these BCK/BCI/BCH/Q/QS-algshwith BRK-Algebras.

Ravi kumar defined BRK-algebra as an algebta= (X,*,0) of type (2,0)

which satisfies the axioms (§* 0= x and (ii) (x* y) * x=0*y for anyx,y[J X . It
is known that in any BRK-algebrX the following holds for any, y[1 X (see [3]),

e X*x=0

0% (x*y) =(0* ) *(0*y)

e X*y=0 implies0* x=0*y
He also introduced the notion of positive impligatiBRK-algebra as a BRK-algebra
which satisfies the conditior{(x* y) * y) *(0* y) = x*y and gave a necessary and
sufficient condition for a BRK-algebra to be posgtimplicative.
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In this paper we establish an isomorphism theoremgtiotient BRK-Algebra
determined by homomorphism. Furthermore we makeofisecak positive implicative
BRK-algebras and study their properties via righpmand left maps.

2. Quotient BRK -algebra determined by homomor phism

Definition 2.1. Let X =(X,*,0) and Y =(Y,*,0) be BRK-algebras. A mapping
f:X =Y iscaled a homomorphism from X into Y if f(x*y)=f(X)* f(y) for
al x,ydXx.

A homomorpism f is called a monomorphism (resp., epimorphismt ifsi
injective (resp., surjective). A bijective homombigm is called an isomorpism. Two
BRK-algebras X and Y are said to be isomorphic, writte LY, if there exists an
isomorphism f:X Y. For any homomorphism f:X Y the set

{xOX: f(x)=0} is called kernel off , denoted byKerf and the sef f (x): x X}
is called the image of , denoted bylmf .

Theorem 2.2. Let f : X - Y be a homomorphism of BRK-algebras. Define a relation
~ on X byx~ yifandonlyif f(x)= f(y) forall X,y X . Then ~isa congruence

relation on X which is called the congurence relation determined by the homomor phism
f.

Proof: Clearly~ is an equivalence relation oX . Next suppos& ~ y andwu ~ . Then
f(x)=f(y) and f (u) = f(v). Now since
fx*uy=fXR*fu=~Ff(Y*f(v)=f(y*vV),x*u~y=*v. Thus ~ is a
congruence relation oX . m

We denote the equivalence classxofdetermined by~ by [X], and the set of

all equivalence classes by/f i.e[x] s = {y € X:x~y}and X/f ={[X]; : xO X}.

Theorem 2.3. Let f: X — ¥ be homomorphism on BRK-algebras. Define * on X/f by
[X]; *[y]; =[x*y];. Then (X/f,*[0],) is a BRK algebra. It is called the quotient

BRK-algebra determined by the homomorphism f .
Proof: Since~ is a congruence relation on X, * is well definBliw for any
[X],[y]; O X/If we have

1. [X] *[0]; =[x*0]; =[x]; and
2. ([ * Iyl * X =[x*yl: *[X]¢ =[(x*y) *X]; =[0* y]; =[O]; *[y]; -
Thus(X/f *,[0],) is a BRK-algebram
Remark 2.4. Clearly [0], = Kerf .

Theorem 2.5. Let f: X — Y be homomorphism of BRK-algebras. Then the image of
f isisomorphic to the quotient BRK-algebra determined by f ,i.e. X/f CImf .
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Proof: Define a mapping: X/f — Imf by 8([x];) = f(X). Then
1. 6 is well defined. Indeed suppope|; =[y], but then

[X]; =[yl; = x0O0yl; = f(x) = f(y). Thus&([x] ;) = &([y]) -
2. 8 is homomorphism. Indeed for afy],,[y]; I X/f we have

O([x]¢ *[yl¢) = 6(x* yl;) = f(x*y) = £ (¥ * T(y) = 0(x];) * & yl;)
3. Clearly@ is bijective.
Hence X/f CImf . m

3. Weak implicative BRK -algebra
Here we will define weak implicative BRK-algebradainvestigate its properties.

Definition 3.1. A BRK-algebra X =(X,*,0) issaid to be weak positive implicative if it
satisfies (x* Y) *z=(x*2 *(y* z) forall x,y and zO X

Example3.2. Let X ={0,1,2,3} be a set with the following cayley table:

WIN | [O] *
WIN|F OO
WIN|O|O|F
WO |OIN
oO|0|o|o|w

Then(X,*,0) is a weak positive implicative BRK-algebra.

The next example shows the existence of weahi¢ative BRK algebra which is not
BCK/BCI/BCH-algebra.

Example 3.3. Let Z bethe set of integers. Define* on Z by
X, ify=0
X*y= ,
0, ify#0
Then (Z,*,0) is a weak positive implicative BRK-algebra whishniot BCK/BCI/BCH-
algebra.

Lemma 3.4. In any weak positive implicative BRK-algebra X , the following hold for all
X,y X.

1. 0*x=0

2. (x*y)*x=0

. x*ry=(x*y)*y

4 (x*(x*y)*y=0
Proof. Let X, y[I X . Then
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LO*X=(Xx*X)*x=(x*x*(x*x)=0*0=0
2. (x*y)*x=0*y=0
3. x*y=(x*y)*0=(x*y)*(y*y)=(x*y)*y
4. (xx(x*y)*y=(x*N*(x*Y*y)=(x*Y*(x*y)=0.m
Theorem 3.5. Every weak positive implicative BRK-algebra is positive implicative.
Proof. Let X =(X,*0) be a weak positive implicative BRK-algebra. Foryan

X, yO X, we have((x* y) * y) *(0* y) = (X* Y) * Y * 0= (x*y) *y = x*y.
Thus X is positive implicative BRK-algebra

Remark 3.6. The converse of the above theoremis not true.

Example 3.7. Let X ={0,1,2} be a set with Cayley table:

NP, OO

O|IO|IN|F
O|IOININ

N Ol %

Then (X,*,0) is a positive implicative BRK-algebra [see 3] whis not a weak positive
implicative (as(1*1)*1=2#0=(1*1)*(1*1)).

4. R-maps and L-mapsin BRK-algebra

In this section we investigate the properties om&3s and L-maps in weak positive
implicative BRK-algebras.

Definition 4.1. Let X = (X,*,0) bea BRK-algebraand al] X bea fixed element. Then
themap R,: X - X given by R (X)=x*a is called right map of X and the map
L,: X - X givenby L,(X) =a* x iscalled left map of X. The set of all left mapsis
denoted by L(X).

Definition 4.2. Aright map R, iscalled idempotent if R, o R, = R, where o isthe
usual composition of maps.

Remark 4.3. Clearly for any a, R, isidempotent if and only if (x* @) * a = x* a for all
xX.

Theorem 4.4. If aBRK-algebra X = (X,*,0) isweak positive implicative, then every
right map on X isidempotent.

Proof. For anyald X, R (X)=x*a=(x*a*a=R,(R,(X)) = (R, R)(x) for all
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xOX.HenceR,°R, =R,. m

Theorem 4.5. ABRK-algebra X = (X,*,0) isaweak positive implicative if and only if
every right map is a homomor phism.
Proof. SupposeX is a weak positive implicative BRK-algebra. Them éachall X,

R(x*y)=(x*y) *a=(x*a) *(y*a) = R,(X¥ * R,(Y) .Thus R, is a homomorphism.
For the converse suppose every right map is a hargism. Now for anyx, y, z[1 X

we have (X*y)*z=R,(X*Y) =R (X} *R,(y) =(X*2 *(y* 2). Hence X is weak
positive implicative. [ ]

Theorem 4.6. In any BRK-algebra X = (X,*,0), if L, isahomomorphism, thena=0.
Proof. Supposel, is a homomorphism. But then
a=a*0=L,(0)=L,(0*0)=L,(0)*L,(0)=(a*0)*(a*0)=a*a=0. =

For a BRK-algebraX = (X,*,0) we define a binary operatidn on L(X) by
(L OL)X):=L,(X*L,(x) foranyL,,L, OL(X).We have the following Lemma.

Lemma4.7. Let X =(X,*,0) beweak positive implicatice BRK-algebra. For any
L., L, L. OL(X), wehave
i L, 0L, =L, ie. L, 0L OL(X).
i (L, OL)OL =(L, 0L)0(L, 0OL,).
Proof. For anyx[1 X we have
L(LOL)X) =L (X)*L(x)=(@*x*(b*x)=(a*b *x=L,,(X) and so
L, OL, =L,
i, (L, OLy) O L =Ly O L, = Ligye
= Liagrore) = Lare U Lipe
=(LOL)O(L0L) =

Theorem 4.81f X =(X,*0) isa weak positive implicative BRK-algebra, then
L(X) = (L(X),0, L,) isaweak positive implicative BRK-algebra.
Proof. It is enough to show thdt(X) = (L(X),U, L,) is a BRK-algebra. Now for any
L,,L, OL(X) we have

1. LUOL=L,=L,, and

2. (LOL)OL, =Lya=Low =L OL,.
ThereforeL(X) is a BRK-algebra and hence by the above lemmsiteiak positive
implicative. [ ]
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Corollary 4.9. Let X =(X,*,0) be a weak positive implicative BRK-algebra. Then the
map f:X - L(X) given by f(x)=L, isan epimorphisn and X/f CL(X) where
X/f isthe quotient BRK-algebra determined by the homomorphism f .

5. Conclusion

In this paper, we have introduced the notion of kmgasitive implicative BRK-algebra

and showed that the set of all left maps on wealtipe implicative BRK-algebra is also

weak positive implicative BRK-algebra. We have alseestigated the conditions under
which right maps and left maps becomes a homomorphs
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Moreover the second author would like to thankabthorities of Dr. Lankapalli Bullyya
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1. INTRODUCTION

Two classes of abstract algebras namely BCK and BCI algebras were
initially introduced by Y. Imai and K. Iseki [1, 2]. It is known that BCK
is a proper subclass of BCI algebras. Subsequently many researchers
introduced and studied extensively on generalizations of BCK/BCI-
algebras namely BCH-algebras by Hu and LI [3], Q- algebras by J.Negger
and etl [4], BRK-algebras by Ravi Kumar in [5] . The order of general-
ization is as follows BCK/BCI/BCH/Q/BRK-algebras.

In this paper, we investigate the study of BRK- algebras by intro-
ducing the notion of homomorphism, congruence and translation ideals.
The process of constructing a quotient BRK-algebra is in the usual way
but not with simply ideal. A stronger condition has been introduced on
ideal called translation ideal to obtain a quotient BRK-Algebra. Fur-
ther we gave an example (see 4.6) that an ordinary ideal does not give
a congruence. Also we introduce a sub class of BRK- algebra called
anti -symmetric BRK-algebra which is a common subclass of the two
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© 2018 University of Mohaghegh Ardabili.
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distinct algebras namely BRK-algebra and BH-algebra. Finally we con-
clude this paper by establishing the first isomorphism theorem for the
anti-symmetric BRK-algebras, which are a subclass of BRK-algebras.

2. PRELIMINARIES

We collect certain definitions and examples from the existing litera-
ture.

Definition 2.1. Let X = (X, #,0) be an algebra of type (2,0). Then
X is called:
(1) BCH-algebra ([3]) if it satisfies
(1) z*xxz =0,
(2) zxy=0and y*xz =0 imply x =y,
(B) (xxy)xz=(xxz)xy
(2) a Q-algebra ([4]) if it satisfies (1), (3) and
(4) 20 =x.
(3) a BH-algebra ([6]) if it satisfies (1), (2) and (4).

Definition 2.2. ([5]). An algebra (X, *,0) of type (2,0) is called a
BRK-algebra if it satisfies the following axioms

(1) 20 =z,

(2) (zxy)xx=0xy
for all z,y € X.

Ezample 2.3. ([5]) Let X = R\ {—n}, 0 #n € Z where R is the set of
real numbers and Z7 is the set of positive integers.If we define a binary
operation * on X by

n(z —y)
.’If*y:z(n_Fy,

then (X, *,0) is a BRK algebra.

Example 2.4. ([5]) Let X = {0,1,2} be a set with the following Cayley
table:

*10[1]2
010|2]2
11100
2121010

Then (X, *,0) is a BRK algebra.
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Theorem 2.5. (/5]) In any BRK-algebra X the following holds for any
x,y € X,

(1) xxxz=0

(2) 0% (zxy)=(0%xx) = (0*y)

(3) xxy =0 implies 0xx =0xy

Definition 2.6. Let X be a BRK-algebra and let I be nonempty subset
of X. Then

(1) I is called a subalgebra of X if x xy € I for all x,y € I
(2) I is called an ideal of X if for any x,y € X:
(i) 0 e I,
(i) zxy €I and y € [ imply z € I.
(3) Iis called closed ideal of X if it is both an ideal and a subalgebra.

Remark 2.7. In general an ideal of a BRK-algebra may not be a subal-
gebra and vice-versa.

Ezample 2.8. Let X = (Z,—,0) be the BRK-algebra of set of integers
under subtraction. Then the set I of all non negative integer forms an
ideal which is not a subalgebra. Indeed 0 € I and if x,y — x € I then
0 <z and 0 <y — 2 which imply 0 < y and hence y € I ( in this case
the relation < is the usual order of real numbers. Thus I is an ideal of
X. Clearly I is not a subalgebra as it is not closed under subtraction.

3. TRANSLATION IDEALS, HOMOMORPHISMS

We introduce the notion of translation ideals in a BRK-algebra.
Definition 3.1. An ideal I of a BRK algebra X is called translation
ideal if it satisfies the condition x * y,y x x € I = (z % 2) * (y * 2), (2 *
x)x (zxy) €I

Ezample 3.2. Let X = (Z,—,0) be the BRK-algebra of set of integers
under the usual subtraction of real numbers. Then the set of all non
negative integers forms a translation ideal of X.

The following two examples demonstrate the existence of an ideal
which is not translation.

Ezample 3.3. Let X = {0,1,2,3} be a set with the following Cayley
table:
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1011213
0/0j0[|0|0
1711701010
21212010
3(3(0[11]0

Then (X, *,0) is a BRK-algebra. Clearly I = {0} is an ideal but not
translation since 3x1,1*3 € I but (3%2)*(1%2)=1¢ I.

Ezample 3.4. Let X = {0,1,2,3} be a set with the following Cayley
table:

1011213
0/0j0]0|0
171]011]1
2121302
313(3]01(0

Then (X, *,0) is a BRK-algebra and I = {0,1} is an ideal of X which
is not translation (as 0x 1,10 € I but (2*0) % (2x1) =2 ¢ I).

Remark 3.5. In general a translation ideal may not be closed (see Ex-
ample 3.2).

Definition 3.6. Let X and Y be BRK-algebras. A mapping f: X —
Y is called a homomorphism from X into Y if f(xxy) = f(z) * f(y) for
all z,y € X.

A homomorpism f is called a monomorphism (resp., epimorphism)
if it is injective (resp., surjective). A bijective homomorphism is called
an isomorpism. Two BRK-algebras X and Y are said to be isomorphic,
written X 2 Y, if there exists an isomorphism f : X — Y. For any
homomorphism f: X — Y the set {z € X : f(x) = 0} is called kernel
of f, denoted by Ker(f) and the set {f(z) : z € X} is called the image
of f, denoted by Imf.

Lemma 3.7. Let f : X — Y be homomorphism of BRK-algebras.
Then

(1) f(0)=0
(2) zxy =0 implies f(x)* f(y) =0.
Proof.

(1) f(0) = f(0x0) = f(0) = f(0) = 0.
(2) If 2 %y = 0, then f(x *y) = f(0) which implies f(z) * f(y) =0. O
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Theorem 3.8. Let f : X — Y be homomorphism of BRK-algebras.

i. If S is a subalgebra of X, then f(S) a subalgebra of Y

ii. If K is a subalgebra of Y, then f~1(K) is a subalgebra of X
containing Kerf

iti. If I is an ideal of X and f is injective, then f(I) is an ideal of
7).

iv. If J is an ideal of Y, then f~1(J) is an ideal of X.

v. If I is a translation ideal of X and f is injective, then f(I) is a
translation ideal of f(X).

vi. If J is a translation ideal of Y, then f~1(J) is a translation ideal
of X.

Proof. Straightforward O

Corollary 3.9. If f : X — Y is homomorphism of BRK algebras,
then Kerf is a closed ideal of X and Imf is a subalgebra of Y.

Remark 3.10. For any BRK-homomorphism f,

(1) kerf = {0} may not imply f is injective.
For instance, let X = (X, *,0) be the BRK-algebra where X =
{0,1,2} and = is given by the Cayley table:

*10[1]2
0(0]2]2
1100
212010
Let f : X — X be defined by f(0) =0 and f(1) = f(2) = 2.

clearly f is a homomorphism with kerf = {0} but f is not
injective.

(2) kerf may not be a translation ideal of X.
For instance, consider the BRK-algebra X in example 3.3. Clearly
the identity map id : X — X is a homomorphism, but kerf =
{0} is not a translation ideal.

4. QUOTIENT BRK-ALGEBRA

In this section we will study the quotient algebra of BRK-algebra. We
define congruence relation on BRK-algebra as in the usual way.
Definition 4.1. An equivalence relation 6 on a BRK-algebra X is called
a congruence relation if it has a compatibility property:

(x,y) € 0 and (u,v) € 0 imply (z*u,y*v) € 0 for all z,y, u,v € X.
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Given a congruence relation # on a BRK-algebra X, we use the no-
tation €, for the equivalence class determined by z i.e. 6, = {y € X :
(y,x) € 8} and X/ for the quotient set {0, : x € X}.

Theorem 4.2. Let X be a BRK-algebra. Define x on the quotient set
X/0 by 0y %0y = Oysy. Then (X/0,%,00) is a BRK-algebra which is called
a quotient BRK-algebra induced by the congruence 6.

Proof. Since 0 is a congruence relation * is well defined. For any 0,,0,
X /0 we have

(1) HZ * 90 = Qz*g = (90, and

(2) (Qm * Hy) * Ga; = Hac*y * 9;3 = Q(x*y)*x = 00*3/ = 90 * Qy.
Thus (X/0, x,6p) is a BRK-algebra. O

Theorem 4.3. Let X/0 = (X/0,%,00) be the quotient BRK-algebra
induced by a congruence 8. Then 0y is a closed ideal of X.

Proof. Since (0,0) € 6, 0 € §y. Suppose x,y*x € Oy, then (z,0) € 6 and
(y xx,0) € 6. Now from (y,y) € 6 and (z,0) € 6 we have (y xx,y) € 6.
Also from (y*x,y) € 6 and (y*x,0) € § we get (0,y) € 6 and hence by
symmetry we have (y,0) € 0 i.e. y € 0y. Therefor 0 is an ideal of X.
Next, if z,y € 6y then (z,0) € 6 and (y,0) € 6 and hence (x x y,0) € 0
ie. xxy € Oy. Thus it is closed. O

Now we construct a congruence relation on X via translation ideal.

Theorem 4.4. Let I be a translation ideal of a BRK-algebra X. Define
a relation «~ on X by x «~y < xxy,y*x € I. Then «~ is a congruence
relation on X which is called the congruence relation of X induced by a
translation ideal 1.

Proof. For any x € X, since x xx = 0 € I, we have x «~ x hence it is
reflexive. From the definition of « it is clear that « is symmetric. If
royandy o zthen zxy,y*xxz,y*xz,z2xy € I. Now x xy,y*xx € [
implies (x * z) % (y % z) € I. But then since [ is an ideal and y * z € I,
xxz € I. Similarly z x x € I. Thus « is transitive. Hence « is an
equivalence relation. Next suppose x «~ y and u «~ v. But then since [
is a translation ideal we have zxy,y*xx € I = (v *u)x (y*xv) € [ =
((xxu)* (y*v))*((y*xu)*(yxv)) €I and hence (x *u) * (y*xv) € I
(as T is an ideal and (y * u) * (y x v) € I). Similarly we can show that
(y *v) * (x*u) € I. Thus « is a congruence relation. O

Remark 4.5. In the above theorem if we take an arbitrary ideal instead
of translation , the relation may not be congruence.
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Ezample 4.6. Consider the BRK-algebra X and its ideal I in Exam-
ple3.4. Define ~on X by z ~y < xxy,y*x € I. But then 2 ~ 2 and
O~1but2x0=2x3=2x1as2x3=2¢ I hence not a congruence
relation.

Now for any translation ideal I of a BRK-algebra X we use the no-
tation I, for the equivalence class determined by z and X/I for the set
of all equivalence classes of X for the congruence relation of X induced
by I. Clearly I, ={y € X :x ~y} and X/I ={I, : z € X}.

Corollary 4.7. Let X be a BRK-algebra and I be a translation ideal of
X. Define x on X/I by I, * I, = Iy, for allz,y € X. Then (X/I,*, Iy)
is a BRK algebra.

Definition 4.8. (X/I,x,1j) is called the quotient BRK-algebra of X
determined by a translation ideal I

Remark 4.9. Let X be a BRK-algebra. Then

(1) in general for a translation ideal T of X, Iy may not be equal to
I and
(2) a translation ideal T of X is closed if and only if Iy = I.

5. ANTI-SYMMETRIC BRK-ALGEBRA

In this section we introduce a new subclass of BRK-algebra called anti-
symmetric BRK-algebra and we will estabilish the homomorpism theo-
rem for this subclass.

Definition 5.1. A BRK-algebra X is called an anti-symmetric BRK-
algebra if it satisfies (2): x*y = 0 and y x x = 0 imply x = y for any
x,y € X.

The following examples illustrate such algebra exist.

Ezample 5.2. Let X = {0, 1,2} be a set with Cayley table:

10[1]2
0101212
1/1/0]0
2121010

Then (X, *,0) is a BRK- algebra which is not anti-symmetric BRK-
algebra as 21 =1%2=0 but 1 # 2.

Ezample 5.3. Let X = {0,1,2,3} be a set with Cayley table:
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1011213
0j0j1]0]|1
111(0]1/0
2121|101
31312(13(0

Then (X, *,0) is an anti-symmetric BRK-algebra which is not BCH as
Bx1)*x1=0#2=(3%2)=x1.

Ezample 5.4. Let X = {0,1,2,3} be a set with Cayley table:
0|1

WIN| =D *
o

= OoIoIoIN
WO N W

WIN = O
[\)

0

Then (X, *,0) is a BH-algebra which is not an anti-symmetric BRK-
algebra as (2% 3)%2=1#2=0x%3.

Remark 5.5. Every anti-symmetric BRK-algebra is a BH- algebra but
not the converse.

The following figure shows the relationship of the algebras.

Q Anti-Svmm. BRK

/

BCH

BCI

BCK
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Theorem 5.6. Let X and Y be anti-symmetric BRK-algebra and f :
X — Y be BRK-homomorhism. Then f is injective if and only if

kerf = {0}.

Proof. Obviously if f is injective then clearly Kerf = {0}. On the
other hand, suppose that z,y € X and f(z) = f(y). Then f(x*y) =
f(x) = fy) = f(x)* f(x) = 0. Hence z xy € Kerf and so x xy = 0.
Similarly we have y * x = 0. Thus z = y and hence f is injective. O

Theorem 5.7. Let X and Y be anti-symmetric BRK-algebra and f :
X — Y be BRK-homomorhism. Then Kerf is a translation ideal of
X.

Proof. Since Kerf is an ideal of X, it is enough to show that it is
translation. If x x y,y * x € kerf, then f(x) x f(y) = f(y) x f(x) =
0 = f(z) = f(y). But then for any z € X f((z x2) % (y x2)) =
(f(@) = £(2)) % (f(y) = f(2)) = (f(2) * f(2)) * ((f(x) * f(2)) = O which
implies (z * z) * (y * 2) € kerf. Similarly (z* x) * (2 xy) € kerf. Thus
Kerf is a translation ideal. O

Theorem 5.8. Let X and Y be anti-symmetric BRK-algebra and f :
X —'Y be a BRK homomorphism. If I = Kerf, then X/I = Imf.

Proof. As 1is a translation ideal of X, X/I is a BRK algebra. Define a
mapping a : X/I — Imf by a(l;) = f(z). Then

(1) o is well defined. Suppose I, = I, for some I, I, € X/I. Then
L=I)=xxyyxccl= flrxy)=flyxx)=0
= f(z)* fly) = fy) = f(z) = 0= f(z) = f(y) =
a(ly) = a(ly).
Thus « is well defined.
(2) a a homomorpism. For any I, I, € X/I we have
oIy % Iy) = allpey) = F(@+y) = £(2) * Fy) = a(L,) * a(],).
Therefor « is a homomorphism.
(3) « is injecive. Let a(I;) = a(I,) for some I, I, € X/I. Then
a(l) = a(ly) = f(z) = f(y) = f(2)* (y) = F) *
flz) =0

I =1,
Hence « is one to one.

(4) « is onto. Indeed let y be any element in I'mf. But then
there exists z € X such that f(z) = y. Now I, € X/I and

= flzxy)=flyxz)=0=xxy,yxxcl=
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a(l;) = f(z) = y and hence « is onto.

Hence « is an isomorphism and X/I = I'mf. O
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