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Abstract

The notion of BRK-algebras were introduced by Ravi Kumar Ban-

daru in 2012 as a generalization of BCK/BCI/BCH/Q-algebras. He

obtained some properties of BRK-algebras by introducing the classi-

cal notions such as subalgebras and ideals. In this thesis we further

investigate the properties of BRK-algebras by considering homo-

morphisms, right maps, left maps and multipliers. We construct

Quotient BRK-algebra using a special type of ideal called transla-

tion ideal. Moreover we introduce two new sub classes of BRK-

algebras, namely anti-symmetric BRK-algebras and weak positive

implicative BRK-algebras that have special properties. Finally we

have proved that finite direct product of BRK-algebras is again a

BRK-algebra and obtained certain properties.
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Chapter 1

Introduction

The notion of BCK/BCI-algebras were first introduced by Y. Imai

and K. Iseki [9, 10] in 1966 as a generalization of BCK/BCI preposi-

tional Calculi. It is known that the class of BCK-algebras is a proper

subclass of BCI-algebras. Since then many authors have introduced

several new algebras as a generalization of BCK/BCI-algebras. and

studied the properties of these generalized algebras.

In 1983, Hu and Li [7] introduced BCH-algebras as a generalization

of BCI-algebras. In 2001, Neggers et al.[20] introduced a new class

of algebras namely Q-algebras by generalizing BCH-algebras. As

another generalization of BCH-algebras, Y. B. Jun, E. H. Roh and

H. S. Kim [11] introduce the notion of BH-algebra . It is known

that BH-algebra and Q-algebra are independent notions.

In 2002, Neggers and Kim [19] introduced a new class of algebras
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Chapter 1 : Introduction

called B-algebras and obtained several results. In 2007, Walendziak

[23] introduced BF-algebras as a generalization of B-algebras. C. B.

Kim and H. S. Kim [14] introduced BG-algebras as another general-

ization of B-algebras. It is known that BG-algebra and BF algebra

are different notions and every BG-algebra is a BH-algebra.

In 2012, Ravi Kumar Bandaru [2] introduced BRK-algebras, which

is a generalization of BCK/BCI/BCH/Q-algebras. He established

that BRK-algebras and B/BG/BH/BF-algebras are independent .

Further he obtained many properties of BRK-algebras by introduc-

ing the classical notions such as subalgebra, ideal, G-part and p-

radical and obtained several results(see section 2.3 and 2.4).

Thus, in this thesis we further investigate the properties of BRK-

algebras by considering homomorphisms, quotient algebras and cer-

tain special maps. Also we introduce a new subclass of BRK-

algebras, namely anti-symmetric BRK-algebras and weak positive

imlicative BRK-algebras.

The rest of the thesis is divided into four chapters. The second

chapter is meant for preliminaries. In this chapter we collect certain

important definitions, examples and results concerning BCK/BCI-

algebras which we would like to use in the sequel. We also recall
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Chapter 1 : Introduction

basic definitions and results on BRK-algebras from([2])

In chapter 3, we introduce the notion of homomorphisms in BRK-

algebras (see definition 3.2.7) and obtain certain results. We also

introduce a special type of ideal called translation ideal (see defi-

nition 3.2.1) and furnish some examples. Further we (see example

3.2.5 and 3.2.4) show by examples that there are ideals that are not

translation. Also we prove that the quotient algebra induced by

a congruence relation on a BRK-algebra also form a BRK-algebra

(see theorem 3.3.3). Also we obtain a congruence relation with a

translation idea. In fact an arbitrary ideal may not give rise a con-

gruence relation in general (see theorem 3.3.10. This we justify by

giving an example 3.3.12). We conclude the chapter by introducing

a new subclass of BRK-algebra called anti-symmetric BRK-algebra

(see definition 3.4.1) and this subclass enjoys the property of the

first isomorphism (homomorphism) theorem (see theorem 3.4.8).

In chapter 4, we introduce another new subclass of BRK-algebra

called weak positive implicative BRK-algebra (see definition 4.1.1)

and furnish some examples. Further we obtain certain basic proper-

ties as a consequence of the definition . Further we introduce right

maps and left maps on BRK algebra and investigate the proper-

ties of BRK-algebra through these maps. We prove that the set of

left maps on weak positive implicative BRK-algebra forms a weak

positive implicative BRK-algebra (see theorem 4.2.8). We also in-
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Chapter 1 : Introduction

troduce the notion of multipliers on weak positive implicative BRK-

algebra and obtain basic results. Further we prove that the set of all

right multipliers form a weak positive implicative BRK-algebra. Fi-

nally we conclude this chapter by obtaining a relationship between

right(left) maps with left(right) multipliers.

Finally in chapter 5, we have introduce the notion of direct prod-

uct of BRK-algebras and prove that finite direct product of BRK-

algebras is again a BRK-algebra (see theorem 5.1.1). Many proper-

ties have been obtained as a consequence of the definition. In the

last , we introduce two canonical mappings (see definition 5.2.2 and

5.2.5) and obtain their properties.
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Chapter 2

Preliminaries

In this chapter, we collect certain important definitions, examples

and results from the resulting literature. In the first part we recall

main results on BCK/BCI-algebras which are related to our work

whereas the second part is meant for BRK-algebras based on ([2])

2.1 Definitions and some results on BCI-Algebra

Definition 2.1.1. An algebra (X, ∗, 0) of type (2, 0) is called a BCI-

algebra if it satisfies the following conditions for any x, y, z ∈ X,

BCI1: ((x ∗ y) ∗ (x ∗ z)) ∗ (z ∗ y) = 0

BCI2: (x ∗ (x ∗ y)) ∗ y = 0

BCI3: x ∗ x = 0

BCI4: x ∗ y = 0 and y ∗ x = 0 implies x = y.

Definition 2.1.2. A BCI-algebra X is called BCK-algebra if it sat-
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Chapter 2 : Preliminaries

isfies the condition,

BCK1: 0 ∗ x = 0 ∀x ∈ X.

Example 2.1.3. Let S be a set and P(S) be power set of S. Then

(P (S),−, ∅) where − is the usual set difference is a BCK-algebra.

Example 2.1.4. Let (G,+, 0) be an abelian group. If we define ∗
on G by x ∗ y = x− y then (G, ∗, 0) is a BCK-algebra.

Example 2.1.5. Let X = {0, 1, 2}. Define ∗ on X by the following

table

* 0 1 2

0 0 0 2

1 1 0 2

2 2 2 0

Clearly (X, ∗, 0) is a BCI algebra, but not BCK-algebra since 0∗2 =

2 6= 0 .

Remark 2.1.6. A BCI algebra which is not BCK is called proper

BCI algebra.

Theorem 2.1.7. In any BCI algebra (X, ∗, 0) , x ∗ 0 = x ∀x ∈ X.

Corollary 2.1.8. Let (X, ∗, 0) be a BCI-algebra. If x ∗ 0 = 0 for

some x ∈ X, then x = 0.

Lemma 2.1.9. Let X be a BCI algebra. Then for any x, y, z ∈ X
x ∗ y = 0⇒ (z ∗ y) ∗ (z ∗ x) = 0.

Theorem 2.1.10. Let (X, ∗, 0) be a BCI algebra. Define a binary

relation 6 on X by x ≤ y ⇔ x ∗ y = 0. Then (X,6) is a poset.

Definition 2.1.11. The ordering 6 in Theorem 2.1.10 is called
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BCI-ordering on X.

Remark 2.1.12. In terms of the BCI ordering the axioms of BCI-

algebra are

BCI 1: ((x ∗ y) ∗ (x ∗ z)) ≤ (z ∗ y)

BCI 2: (x ∗ (x ∗ y)) ≤ y

BCI 3: x ≤ x

BCI 4: x ≤ y and y ≤ x implies x = y

Remark 2.1.13. From corollary 2.1.8, it can be easily observed

that 0 is a minimal element of the BCI-algebra X. Moreover if X

is BCK, then 0 will be the least element.

Theorem 2.1.14. In any BCI-algebra (X, ∗, 0), (x∗y)∗z = (x∗z)∗y
∀x, y, z ∈ X.

The identity in the above theorem is called head fixed commu-

tative law. The following corollary is an immediate consequence

of head fixed commutative law.

Corollary 2.1.15. Let (X,6) be a BCI-algebra. Then

1. If x ∗ y ≤ z then x ∗ z ≤ y.

2. BCI1 is equivalent to (x ∗ y) ∗ (z ∗ y) ≤ x ∗ z.

Lemma 2.1.16. Let X be a BCI-algebra. Then

1. If x ≤ y then z ∗ y ≤ z ∗ x.

2. If x ≤ y then x ∗ z ≤ y ∗ z.

Lemma 2.1.17. In any BCK-algebra X, (x∗y)∗x = 0 ie x∗y ≤ x.

Theorem 2.1.18. Let X be a BCI-algebra. Then X is BCK-algebra
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Chapter 2 : Preliminaries

if and only if x ∗ y ≤ x ∀x, y ∈ X.

Theorem 2.1.19. In any BCI-algebra X the following properties

are true for all x, y ∈ X.

1. x ∗ (x ∗ (x ∗ y)) = x ∗ y (called the absorbent of element).

2. 0 ∗ (x ∗ y) = (0 ∗ x) ∗ (0 ∗ y) (called left distributive of zero).

Definition 2.1.20. Let (X, ∗, 0) be a BCI-algebra. A subset Y of

X is called a subalgebra of X if the constant 0 of X is in Y and

(Y, ∗, 0) itself is a BCI-algebra.

Theorem 2.1.21. A non empty subset Y of a BCI-algebra X is a

subalgebra of X if and only if x, y ∈ Y ⇒ x ∗ y ∈ Y .

Remark 2.1.22. X and {0} are obviously subalgebras of X which

are called trivial subalgebras of X. Y is proper sub algebra of X if

Y & X.

Theorem 2.1.23. Let (X, ∗, 0) be a BCI algebra.

Let B = {x ∈ X : 0 ≤ x} and P be the set of all minimal elements

of X . Then B and P are subalgebras of X.

Definition 2.1.24. A subset I of BCI-algebra X is called an ideal

of X if

1. 0 ∈ I

2. x ∈ I and y ∗ x ∈ I imply y ∈ I for all x, y ∈ X.

Remark 2.1.25. Clearly {0} and X are ideals of X. I is called a

proper ideal of X if I 6= X.

In general an ideal of a BCI algebra may not be a subalgebra and
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vice verse as illustrated in the following examples

Example 2.1.26. Let X = (Z,−, 0) be the BCI algebra of set of

integers under subtraction. Then the set I of all non negative integer

forms an ideal which is not a subalgebra. Indeed clearly 0 ∈ I and

if x, y − x ∈ I then 0 ≤ x and 0 ≤ y − x which imply 0 ≤ y and

hence y ∈ I. Thus I is an ideal of X. On the other hand since I is

not closed under subtraction, I is not a subalgebra of X.

Example 2.1.27. Let X be the BCI algebra in example 2.1.5 i.e

X = {0, 1, 2} and ∗ defined by the following table

* 0 1 2

0 0 0 2

1 1 0 2

2 2 2 0

Then P = {0, 2} (which is the set of all minimal elements of X) is a

subalgebra of X which is not an ideal of X as 2 ∈ P and 1∗2 = 2 ∈ P
but 1 6∈ P .

Definition 2.1.28. An ideal I of a BCI algebra X is called closed

ideal if it is closed under ∗ of X ( i.e I a subalgebra of X).

Remark 2.1.29. The set B in Theorem 2.1.23 is closed ideal of X

but not P (see example 2.1.27)

Theorem 2.1.30. An ideal I of a BCI algebra X is closed If and

only if 0 ∗ x ∈ I for any x ∈ I.

9
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2.2 Quotient BCI-Algebras

We begin this section by recalling the definition of a congruence

relation.

Definition 2.2.1. Let X be a BCI-algebra and let θ be an equiva-

lence relation on X. Then θ is called a congruence relation on X if

it has a compatibility property:

(x, y) ∈ θ and (u, v) ∈ θ imply (x ∗ u, y ∗ v) ∈ θ for all

x, y, u, v ∈ X.

Given a congruence relation θ on a BCI-algebra X, we denote θx for

the equivalence class determined by x i.e. θx = {y ∈ X : (y, x) ∈ θ}
and X/θ for the quotient set {θx : x ∈ X}.
Remark 2.2.2. Let θ be a congruence relation on a BCI-algebra X.

Then

1. (x, y) ∈ θ ⇔ θx = θy

2. the binary operation ∗ on X/θ given by θx ∗ θy = θx∗y is well

defined.

3. the equivalence class θ0 is a closed ideal of X

4. we call the algebra (X/θ, ∗, θ0) the quotient algebra of X induced

by θ

Theorem 2.2.3. Let θ be a congruence relation on a BCI-algebra

X. Then the quotient algebra (X/θ, ∗, θ0) may not be a BCI-algebra.

Next we define a congruence relation on X using ideal in such away
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that the induced quotient algebra becomes a BCI-algebra.

Lemma 2.2.4. Let I be an ideal of a BCI algebra X. Define a rela-

tion ∼ on X by x ∼ y ⇔ x ∗ y, y ∗ x ∈ I. Then ∼ is a congruence

relation on X.

We use the notation Ix for the equivalence class determined by x

and X/I for the set of all equivalence classes of X.

Clearly Ix = {y ∈ X : x ∼ y} and X/I = {Ix : x ∈ X}.
Theorem 2.2.5. Let X be a BCI-algebra and I be an ideal of X.

Define ∗ on X/I by Ix∗Iy = Ix∗y, for all x, y ∈ X. Then (X/I, ∗, I0)
is a BCI-algebra.

Definition 2.2.6. (X/I, ∗, I0) is called the quotient BCI algebra of

X.

Remark 2.2.7. Let X be a BCI algebra. Then

1. in general for an ideal I of X, I0 may not be equal to I (see

example 2.2.8)

2. an ideal I of X is closed if and only if I0 = I.

Example 2.2.8. Let Q∗ be the set of all non zero rational numbers.

Then we can very easily verify that set Z∗ of all non negative integers

forms an ideal of the BCI algebra (Q∗,÷, 1). Now in the quotient

algebra Q∗/Z∗ the zero equivalence class Z∗1 of (Q∗,÷, 1) is given by

Z∗1 = {−1, 1} which is a proper subset of Z∗.

Definition 2.2.9. Let X and Y be BCI-algebras and let f : X −→ Y

be a map. Then

11
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1. f is called BCI-homomorphism if f(x ∗ y) = f(x) ∗ f(y) for all

x, y ∈ X.

2. If f is an injective BCI-homomorphism, then it is called a

monomorphism.

3. If f is a serjective BCI-homomorphism , then it is called an

epimorphism.

4. If f is a bijective BCI-homomorphism , then it is called an

isomorphism.

Remark 2.2.10. We say X is isomorphic to Y , symbolically X ∼=
Y , if there exists an isomorphism from X to Y and we say Y is a

homomorphic image of X if there is an epimorphism from X to Y .

Theorem 2.2.11. Let X and Y be BCI algebras and f : X −→ Y

be a BCI homomorphism. Then

1. f(0) = 0.

2. f is isotone (preserves order) ie x1 ≤ x2 ⇒ f(x1) ≤ f(x2) .

Remark 2.2.12. Let f : X −→ Y be a BCI-homomorphism. We

define kernel and image of f in the usual way by

1. Ker(f) = {x ∈ X : f(x) = 0} and

2. Im(f) = {y ∈ Y : ∃x ∈ X such thatf(x) = y}.
Theorem 2.2.13. If f : X −→ Y is a BCI homomorphism, then

1. Ker(f) is a closed ideal of X.

2. Im(f) is a subalgebra of Y.

12
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In general Im(f) may not be an ideal of Y.

Example 2.2.14. Let X = {0, 1, 2}. Define ∗ on X by

* 0 1 2

0 0 0 0

1 1 0 0

2 2 2 0

Then (X, ∗, 0) is a BCI algebra. Let f : X −→ X be a mapping

defined by 0 7−→ 0, 1 7−→ 0, 2 7−→ 2. Very easily we can show

that f is a homomorpism on X and Im(f) = {0, 2}. Now since

2, 1 ∗ 2 = 0 ∈ Im(f) and 1 6∈ Im(f), Im(f) is not an ideal of X.

Nevertheless, if f is an epimorphism, we have the following result.

Theorem 2.2.15. Let f : X −→ Y be an epimorphism. Then if

I is an ideal of X, then f(I) is also an ideal of Y. Moreover if I is

closed, then so is f(I).

Theorem 2.2.16. Let f : X −→ Y be a BCI homomorphism. If

I = ker(f), then X/I ∼= Im(f).

2.3 Definitions and examples on BRK-Algebras

Before we give the definition of BRK-algebra, first let us recall the

definitions and relationship of certain classes of algebras which are

very useful for the study of BRK-algebra.

Definition 2.3.1. Let X = (X, ∗, 0) be an algebra of type (2, 0).

Then X is called

13
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1. a BCH-algebra if it satisfies BCI3, BCI4 and

BCH1: (x ∗ y) ∗ z = (x ∗ z) ∗ y

2. a Q-algebra if it satisfies BCI3, BCH1 and Q1: x ∗ 0 = x.

3. a B-algebra if it satisfies BCI3, Q1 and

B1: (x ∗ y) ∗ z = x ∗ (z ∗ (0 ∗ y))

4. a BF-algebra if it satisfies BCI3, Q1 and BF1: 0∗(x∗y) = y∗x

5. a BM-algebra if it satisfies Q1 and BM1: (x∗y)∗ (x∗z) = z ∗y

6. a BH-algebra if it satisfies BCI1, BCI4 and Q1

7. a BG-algebra if it satisfies BCI1, Q1 and

BG1: (x ∗ y) ∗ (0 ∗ y) = x.

Definition 2.3.2.

1. A Q-algebra X is called QS-algebra if it satisfies

(x ∗ y) ∗ (x ∗ z) = z ∗ y for any x, y, z ∈ X.

2. A B-algebra X is called 0-commutative if it satisfies

x ∗ (0 ∗ y) = y ∗ (0 ∗ x) for any x, y ∈ X.

Remark 2.3.3. It is known that

1. every BCI-algebra is a BCH-algebra but not conversely.

2. every BCH-algebra is a Q-algebra but not conversely.

3. every B-algebra is a BF-algebra but not conversely.

4. Q-algebra and B-algebra are different notions.

14
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Note: The relationship between these algebras is shown in the fig-

ure below.

Figure 1.

Definition 2.3.4. An algebra (X, ∗, 0) of type (2, 0) is called a BRK

algebra if it satisfies Q1 and BRK 1: (x ∗ y) ∗ x = 0 ∗ y.

Example 2.3.5. Let X = R\{−n}, 0 6= n ∈ Z+ where R is the set

of real numbers and Z+ is the set of positive integers. If we define

a binary operation ∗ on X by

x ∗ y =
n(x− y)

n+ y
,

then (X, ∗, 0) is a BRK algebra.

15
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Example 2.3.6. Let X = {0, 1, 2}. Define ∗ on X by the following

table

* 0 1 2

0 0 2 2

1 1 0 0

2 2 0 0

Then (X, ∗, 0) is a BRK algebra.

Example 2.3.7. Let X = {0, 1, 2, 3}. Define ∗ on X by the follow-

ing table

* 0 1 2 3

0 0 1 0 1

1 1 0 1 0

2 2 1 0 1

3 3 2 3 0

Then (X, ∗, 0) is a BRK-algebra which is not a BCK/BCI/BCH/Q-

algebra (as (3 ∗ 1) ∗ 2 = 0 6= 2 = (3 ∗ 2) ∗ 1 ie BCH1 dose not hold).

We know that every QS-algebra is a BM-algebra and we can observe

that every BM-algebra is a BRK-algebra but the converse is not

true.

Example 2.3.8. Let X = {0, 1, 2, 3}. Define ∗ on X by the follow-

ing table

16
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* 0 1 2 3

0 0 2 2 0

1 1 0 0 2

2 2 0 0 2

3 3 1 1 0

Then (X, ∗, 0) is a BRK-algebra which is not a QS/BM-algebra.

It is easy to see that B/BG/BF/BH- algebra and BRK-algebra are

different notions . For example Example 2.3.6 is a BRK-algebra

which is not a BH-algebra and Example 2.3.7 is a BRK-algebra

which is not B/BG/BF-algebra.

Example 2.3.9. Let X = {0, 1, 2, 3, 4, 5}. Define ∗ on X by the

following table

* 0 1 2 3 4 5

0 0 2 1 3 4 5

1 1 0 2 4 5 3

2 2 1 0 5 3 4

3 3 4 5 0 2 1

4 4 5 3 1 0 2

5 5 3 4 2 1 0

Then (X, ∗, 0) is a B/BF/BG/BH-algebra which is not a BRK-

algebra.

Theorem 2.3.10. If (X, ∗, 0) is a BRK-algebra, then for any x, y ∈
X the following properties are true.

17
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1. BCI1: x ∗ x = 0

2. x ∗ y = 0⇒ 0 ∗ x = 0 ∗ y

3. 0 ∗ (x ∗ y) = (0 ∗ x) ∗ (0 ∗ y)

Theorem 2.3.11. Every BRK-algebra X satisfying x∗(x∗y) = x∗y
for all x, y ∈ X is a trivial algebra i. e. X = {0}.
Theorem 2.3.12. Every BRK-algebra X satisfying (x∗y)∗(x∗z) =

z ∗ y for all x, y, z ∈ X is a BCI-algebra.

2.4 Subalgebras and Ideals of BRK-algebra

Definition 2.4.1. Let X be a BRK-algebra and let I be nonempty

subset of X. Then

1. I is called a subalgebra of X if x ∗ y ∈ I for all x, y ∈ I

2. I is called an ideal of X if for any x, y ∈ X:

(i) 0 ∈ I,

(ii) x ∗ y ∈ I and y ∈ I imply x ∈ I.

3. I is called closed ideal of X if it is an ideal and 0 ∗ x ∈ I for

all x ∈ I.

Example 2.4.2. Let X be the BRK-algebra in Example 2.3.6. Put

I = {0, 2}. Then I is a subalgebra, an ideal, and a closed ideal of

X.

Theorem 2.4.3. Every closed ideal of a BRK-algebra is a subalge-

bra.

18
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Note: The converse of the preceding theorem is not true.

Example 2.4.4. Let X be the BRK-algebra in Example 2.3.7. Put

I = {0, 1, 2}. but then I is a subalgebra which is not a closed ideal

of X.

Definition 2.4.5. Let X be a BRK algebra. For any subset S of X,

we define G(S) = {x ∈ S : 0 ∗ x = x}. In particular, if S = X,then

we say that G(X) is called the G-part of X.

Definition 2.4.6. Let X be a BRK-algebra. The set B(X) = {x ∈
X : 0 ∗ x = 0} is called a p-radical of X.

Remark 2.4.7. If X is a BRK-algebra, then clearly G(X)∩B(X) =

{0}.
Theorem 2.4.8. For any BRK-algebra X, B(X) is a subalgebra

and an ideal of X.

Theorem 2.4.9. The G-part of every BRK-algebra is a subalgebra.

Lemma 2.4.10. In a BRK-algebra X if a ∗ b = a ∗ c for some

a, b, c ∈ X then 0 ∗ b = 0 ∗ c
Theorem 2.4.11. Let X be a BRK-algebra. Then left cancellation

law holds in G(X) ie. if for some a, b, c ∈ G(X) a ∗ b = a ∗ c, then

b = c

Lemma 2.4.12. In any BRK-algebra X if x ∈ G(X) then 0 ∗ x ∈
G(X).

The converse of the above lemma need not be true, for example

in Example 2.3.7 we can see that 0 ∗ 1 = 2 ∈ G(X) = {0, 2} but

1 /∈ G(X).
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Theorem 2.4.13. Let X be a BRK algebra. Then y ∈ B(X) if and

only if (x ∗ y) ∗ x = 0 for any x ∈ X.

Definition 2.4.14. Let X = (X, ∗, 0) be a BRK-algebra. Then X

is called

1. a p-semisimple if B(X) = {0}

2. a positive implicative if ((x ∗ y) ∗ y) ∗ (0 ∗ y) = x ∗ y for any

x, y ∈ X.

3. a medial BRK-algebra if (x ∗ y) ∗ (z ∗ u) = (x ∗ z) ∗ (y ∗ u) for

any x, y, z, u ∈ X.

4. an associative BRK-algebra if the binary operation ∗ is asso-

ciative i.e x ∗ (y ∗ z) = (x ∗ y) ∗ z for any x, y, z ∈ X.

Theorem 2.4.15. Let (X, ∗, 0) be a BRK-algebra. If G(X) = X,

then X is p-semisimple.

Theorem 2.4.16. Let (X, ∗, 0) be medial BRK-algebra. Then for

any x, y, z ∈ X the following hold:

1. x ∗ (y ∗ z) = (x ∗ y) ∗ (0 ∗ z),

2. (x ∗ y) ∗ z = (x ∗ z) ∗ y
Corollary 2.4.17. Every medial BRK-algebra is a Q-algebra

Theorem 2.4.18. A BRK-algebra X is medial if and only if it

satisfies:

(i) x ∗ y = 0 ∗ (y ∗ x) for all x, y ∈ X

(ii) (x ∗ y) ∗ z = (x ∗ z) ∗ yfor all x, y, z ∈ X.
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Remark 2.4.19. If (X, ∗, 0) is associative BRK-algebra then B(X) =

{0} and G(X) = X

Theorem 2.4.20. Every associative BRK-algebra (X, ∗, 0) is a group

under the binary operation ∗
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Quotient BRK-Algebras

3.1 Introduction

In this chapter we introduce the concept of quotient BRK-algebra

and establish homomorphism theorem for a special subclass of BRK-

algebra which we call anti-symmetric BRK-algebra.

3.2 Translation Ideals, Homomorphisms

We begin this section by introducing a special type of ideals in

BRK-algebra.

Definition 3.2.1. An ideal I of a BRK algebra X is called trans-

lation ideal if it satisfies the condition:

x ∗ y, y ∗ x ∈ I ⇒ (x ∗ z) ∗ (y ∗ z), (z ∗ x) ∗ (z ∗ y) ∈ I for all

x, y, z ∈ X.
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Example 3.2.2. Let X = (Z,−, 0) be the BRK-algebra of set of

integers under the usual subtraction of integers. Then the set I

of all non negative integers form a translation ideal of X. Indeed

clearly I is an ideal of X (see Example 2.1.26).

Now if x− y, y − x ∈ I, then x− y and y − x = −(x− y) are non

negative integers and hence x = y. But then for any z ∈ X,

(x− z)− (y − z) = (x− z)− (x− z) = 0 ∈ I and

(z − x)− (z − y) = (z − x)− (z − x) = 0 ∈ I.

Thus I is translation.

Remark 3.2.3. Every ideal need not be translation.

The following two examples clarify the above remark.

Example 3.2.4. Let X = {0, 1, 2, 3} be a set with the following

Cayley table:

* 0 1 2 3

0 0 0 0 0

1 1 0 0 0

2 2 2 0 0

3 3 0 1 0

Then (X, ∗, 0) is a BRK-algebra. Clearly I = {0} is an ideal but

not translation since 3 ∗ 1, 1 ∗ 3 ∈ I but (3 ∗ 2) ∗ (1 ∗ 2) = 1 /∈ I.

Example 3.2.5. Let X = {0, 1, 2, 3} be a set with the following

Cayley table:
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* 0 1 2 3

0 0 0 0 0

1 1 0 1 1

2 2 3 0 2

3 3 3 0 0

Then (X, ∗, 0) is a BRK-algebra and I = {0, 1} is an ideal of X

which is not translation since 0∗1, 1∗0 ∈ I but (2∗0)∗(2∗1) = 2 /∈ I.

Remark 3.2.6. In BCI-algebra, every ideal is a translation ideal.

To see this let I be a an ideal of a BCI-algebra X and suppose

x∗y, y∗x ∈ I. But then for any z ∈ X, we have (x∗z)∗(y∗z) ≤ x∗y
and (z∗x)∗(z∗y) ≤ y∗x which implies (x∗z)∗(y∗z), (z∗x)∗(z∗y) ∈ I
as x ∗ y, y ∗ x ∈ I. Hence I is translation.

Definition 3.2.7. Let X and Y be BRK-algebras.

A mapping f : X −→ Y is called a BRK-homomorphism from X

into Y if f(x ∗ y) = f(x) ∗ f(y) for all x, y ∈ X.

Remark 3.2.8. Let f be a BRK-homomorphism from X into Y .

Then f is called:

1. a monomorphism if it is injective.

2. an epimorphism if it is surjective.

3. an isomorphism if it is bijective.

4. X and Y are said to be isomorphic, written X ∼= Y , if there

exists an isomorphism form X onto Y

Definition 3.2.9. Let f : X −→ Y be a BRK-homomorphism.
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Then

1. the kernel of f , denoted by Ker(f) is given by:

Ker(f) = {x ∈ X : f(x) = 0}.

2. the image of f ,denoted by Im(f) is given by:

Im(f) = {f(x) : x ∈ X}.

The following Lemma is a simple consequence of definition of a

homomorphism.

Lemma 3.2.10. Let f : X −→ Y be a BRK-homomorphism. Then

1. f(0) = 0

2. x ∗ y = 0 implies f(x) ∗ f(y) = 0.

Proof.

(1) f(0) = f(0 ∗ 0) = f(0) ∗ f(0) = 0.

(2) If x∗y = 0, then f(x∗y) = f(0) which implies f(x)∗f(y) = 0.

Theorem 3.2.11. Let f : X −→ Y be a BRK-homomorphism.

i. If S is a subalgebra of X, then f(S) a subalgebra of Y .

ii. If K is a subalgebra of Y , then f−1(K) is a subalgebra of X

containing kerf .

iii. If I is an ideal(respectively a closed ideal) of X and f is injec-

tive, then f(I) is an ideal (respectively a closed ideal) of f(X).

iv. If J is an ideal(respectively a closed ideal) of Y , then f−1(J) is

an ideal(respectively a closed ideal) of X.

25



Chapter 3 : Quotient BRK-Algebras

v. If I is a translation ideal of X and f is injective, then f(I) is

a translation ideal of f(X).

vi. If J is a translation ideal of Y , then f−1(J) is a translation

ideal of X.

Proof. i. Suppose S is a subalgebra of X and y1, y2 ∈ f(S). But

then there exists x1, x2 ∈ S such that f(x1) = y1 and f(x2) =

y2. Now y1 ∗ y2 = f(x1) ∗ f(x2) = f(x1 ∗ x2) which implies

y1 ∗ y2 ∈ f(S) as x1 ∗ x2 ∈ S. Thus f(S) is a subalgebra of Y .

ii. Let K be a subalgebra of Y and x1 ∗ x2 ∈ f−1(K). Then

f(x1), f(x2) ∈ K. Now f(x1 ∗ x2) = f(x1) ∗ f(x2) ∈ K. Thus

x1 ∗ x2 ∈ f−1(K) and so f−1(K) is a subalgebra of X.

iii. Suppose I is an ideal of X and f is injective. Then clearly

0 ∈ f(I) (as 0 = f(0) and 0 ∈ I). Let x, y ∈ f(X). Then

there exist a, b ∈ X such that f(a) = x and f(b) = y. Now if

x ∗ y, y ∈ f(I), then there exists c, d ∈ I such that f(c) = x ∗ y
and f(d) = y. But then f(a ∗ d) = f(a) ∗ f(d) = x ∗ y ∈ f(I)

and so a ∗ d ∈ I as f is injective. Now since I is an ideal and

d ∈ I, a ∈ I and hence x = f(a) ∈ f(I). Therefore f(I) is an

ideal.

iv. Let J be an ideal of Y . Then clearly 0 ∈ f−1(J). If x ∗ y, y ∈
f−1(J), then f(x ∗ y) = f(x) ∗ f(y), f(y) ∈ J which implies

f(x) ∈ J . Thus x ∈ f−1(J) and so f−1(J) is an ideal of X.

If x ∈ Ker(f), then f(x) = 0 ∈ J so x ∈ f−1(J) Therefore
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Ker(f) ⊆ f−1(J).

v. Let I be a translation ideal ofX and f is injective. By (iii), f(I)

is an ideal of f(X). Let x, y, z ∈ f(X) then there exist a, b, c

such that f(a) = x, f(b) = y and f(c) = z. If x∗y, y∗x ∈ f(I),

then f(a ∗ b) = f(a) ∗ f(b) = x ∗ y, f(b ∗ a) = f(b) ∗ f(a) =

y ∗ x ∈ f(I) and so a ∗ b, b ∗ a ∈ I as f is injective. Since I is

translation ideal, (a∗ c)∗ (b∗ c), (c∗a)∗ (c∗ b) ∈ I.Now we have

(x ∗ z) ∗ (y ∗ z) = (f(a) ∗ f(c)) ∗ (f(b) ∗ f(c))

= f(a ∗ c) ∗ f(b ∗ c)
= f((a ∗ c) ∗ (b ∗ c)) ∈ f(I).

Similarly (z ∗x) ∗ (z ∗ y) ∈ f(I) and hence f(I) is a translation

ideal.

vi. Let J be a translation ideal of Y . By (iv) f−1(J) is an ideal of

X. If x∗y, y∗x ∈ f−1(J), then f(x∗y) = f(x)∗f(y), f(y∗x) =

f(y) ∗ f(x) ∈ J .But then since J is a translation ideal, for any

z ∈ X we have

(f(x) ∗ f(z)) ∗ (f(y) ∗ f(z)) ∈ J
⇒ f((x ∗ z) ∗ (y ∗ z)) ∈ J
⇒ (x ∗ z) ∗ (y ∗ z) ∈ f−1(J).

Similarly (z ∗ x) ∗ (z ∗ y) ∈ f−1(J).

Therefore f−1(J) is a translation ideal.

Corollary 3.2.12. If f : X −→ Y is homomorphism of BRK alge-
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bras, then kerf is a closed ideal of X and Imf is a subalgebra of

Y .

Remark 3.2.13. For any BRK-homomorphism f ,

1. kerf = {0} may not imply f is injective.

For instance,consider the BRK-algebra X = (X, ∗, 0) where

X = {0, 1, 2} and ∗ is given by the Cayley table:

* 0 1 2

0 0 2 2

1 1 0 0

2 2 0 0

Let f : X −→ X be defined by f(0) = 0 and f(1) = f(2) = 2.It

can be easily see that f is a homomorphism with kerf = {0}
but f is not injective.

2. kerf may not be a translation ideal of X.

To see this, consider the BRK-algebra X in Example 3.2.4.

Clearly the identity map id : X −→ X is a homomorphism,

but kerf = {0} is not a translation ideal.

3.3 Congruence in BRK-Algebra

We define a congruence relation on BRK-algebra as in the usual

way.

Definition 3.3.1. An equivalence relation θ on a BRK-algebra X

is called a congruence relation if it has a compatibility property:
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(x, y) ∈ θ and (u, v) ∈ θ imply (x ∗ u, y ∗ v) ∈ θ for all

x, y, u, v ∈ X.

Given a congruence relation θ on a BRK-algebra X, we use the

notation θx for the equivalence class determined by x i.e. θx = {y ∈
X : (y, x) ∈ θ} and X/θ for the quotient set {θx : x ∈ X}.
Remark 3.3.2. Let θ be a congruence relation on a BRK-algebra

X. Then

1. (x, y) ∈ θ ⇔ θx = θy

2. the binary operation ∗ on X/θ given by θx ∗ θy = θx∗y is well

defined.

3. the equivalence class θ0 is closed ideal of X

4. we call the algebra (X/θ, ∗, θ0) the quotient algebra of X induced

by θ

Theorem 3.3.3. Let X be a BRK-algebra. Define ∗ on the quotient

algebra X/θ by θx ∗ θy = θx∗y.Then (X/θ, ∗, θ0) is a BRK-algebra

which is called a quotient BRK-algebra induced by the congruence

θ.

Proof. Since θ is a congruence relation ∗ is well defined. For any

θx, θy ∈ X/θ we have

(1) θx ∗ θ0 = θx∗0 = θ0, and

(2) (θx ∗ θy) ∗ θx = θx∗y ∗ θx = θ(x∗y)∗x = θ0∗y = θ0 ∗ θy.

Thus (X/θ, ∗, θ0) is a BRK-algebra.
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Remark 3.3.4. Unlike BCI-algebra, the quotient algebra determined

by any congruence relation on BRK-algebra is also a BRK-algebra.

Theorem 3.3.5. Let X/θ = (X/θ, ∗, θ0) be the quotient BRK-

algebra induced by a congruence θ. Then θ0 is a closed ideal of

X.

Proof. Since (0, 0) ∈ θ, 0 ∈ θ0. Suppose x, y ∗x ∈ θ0, then (x, 0) ∈ θ
and (y ∗ x, 0) ∈ θ. Now from (y, y) ∈ θ and (x, 0) ∈ θ we have

(y ∗ x, y) ∈ θ. Also from (y ∗ x, y) ∈ θ and (y ∗ x, 0) ∈ θ we get

(0, y) ∈ θ and hence by symmetry we have (y, 0) ∈ θ i.e. y ∈ θ0.

Therefor θ0 is an ideal of X. Next, if x, y ∈ θ0 then (x, 0) ∈ θ

and (y, 0) ∈ θ and hence (x ∗ y, 0) ∈ θ i.e. x ∗ y ∈ θ0. Thus it is

closed.

Next, we will construct a congruence relation on BRK-algebra X

by using a homomorphism and a translation ideal.

Congruence relation determined by a Homomorphism

Theorem 3.3.6. Let f : X −→ Y be a homomorphism of BRK-

algebras. Define a relation v on X by x v y if and only if f(x) =

f(y) for all x, y ∈ X. Then v is a congruence relation on X which

is called the congurence relation determined by the homomorphism

f .

Proof. Clearly v is an equivalence relation on X. Next suppose
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x v y and u v v. Then f(x) = f(y) and f(u) = f(v). Now since

f(x ∗ u) = f(x) ∗ f(u) = f(y) ∗ f(v) = f(y ∗ v), x ∗ u v y ∗ v. Thus

v is a congruence relation on X.

Note: We denote the equivalence class of x determined by v by

[x]f and the set of all equivalence classes by X/f i.e. [x]f = {y ∈
X : x v y} and X/f = {[x]f : x ∈ X}.
Corollary 3.3.7. Let f : X −→ Y be a homomorphism of BRK-

algebras. Define ∗ on X/f by [x]f∗[y]f = [x∗y]f . Then (X/f, ∗, [0]f)

is a BRK algebra. It is called the quotient BRK-algebra determined

by the homomorphism f .

Proof. Since v is a congruence relation on X, (X/f, ∗, [0]f) is a

BRK-algebra by Theorem 3.3.3.

Remark 3.3.8. Clearly [0]f = Kerf .

Theorem 3.3.9. Let f : X −→ Y be homomorphism of BRK-

algebras. Then the image of f is isomorphic to the quotient BRK-

algebra determined by f , i.e. X/f ∼= Imf .

Proof. Define a mapping θ : X/f −→ Imf by θ([x]f) = f(x). Then

1) θ is well defined. Indeed suppose [x]f = [y]f . Then

[x]f = [y]f ⇒ x ∈ [y]f ⇒ f(x) = f(y). Thus θ([x]f) = θ([y]f).

2) θ is homomorphism. Indeed for any [x]f , [y]f ∈ X/f we have

θ([x]f ∗ [y]f) = θ([x ∗ y]f) = f(x ∗ y) = f(x) ∗ f(y) = θ([x]f) ∗
θ([y]f)
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3) Clearly θ is bijective.

Hence X/f ∼= Imf .

Congruence relation determined by a translation ideal

Theorem 3.3.10. Let I be a translation ideal of a BRK-algebra X.

Define a relation v on X by x v y ⇔ x ∗ y, y ∗ x ∈ I. Then v is a

congruence relation on X which is called the congruence relation of

X induced by a translation ideal I.

Proof. For any x ∈ X, since x∗x = 0 ∈ I, we have x v x hence v is

reflexive. From the definition of v, it is clear that v is symmetric.

If x v y and y v z then x∗y, y∗x, y∗z, z∗y ∈ I. Now x∗y, y∗x ∈ I
implies (x∗z)∗(y∗z) ∈ I. Since I is an ideal and y∗z ∈ I, x∗z ∈ I.

Similarly z ∗x ∈ I. Thus v is transitive. Hence v is an equivalence

relation. Next suppose x v y and u v v. But then since I is a

translation ideal we have x ∗ y, y ∗ x ∈ I ⇒ (x ∗ u) ∗ (y ∗ v) ∈ I ⇒
((x∗u)∗ (y ∗ v))∗ ((y ∗u)∗ (y ∗ v)) ∈ I and hence (x∗u)∗ (y ∗ v) ∈ I
(as I is an ideal and (y ∗ u) ∗ (y ∗ v) ∈ I). Similarly we can show

that (y ∗ v) ∗ (x ∗ u) ∈ I. Thus v is a congruence relation.

Remark 3.3.11. In theorem 3.3.10 the relation v may not be a con-

gruence relation if we consider an arbitrary ideal instead of transla-

tion ideal. This we justify here under.

Example 3.3.12. Consider the BRK-algebra X and its ideal I in

Example 3.2.5. Define ∼ on X by x ∼ y ⇔ x ∗ y, y ∗ x ∈ I. Then
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2 ∼ 2 and 0 ∼ 1 but 2 ∗ 0 = 2 � 3 = 2 ∗ 1 as 2 ∗ 3 = 2 /∈ I hence not

a congruence relation.

Note:For any translation ideal I of a BRK-algebra X we use the

notation Ix for the equivalence class determined by x and X/I for

the set of all equivalence classes of X for the congruence relation of

X induced by I. Clearly Ix = {y ∈ X : x ∼ y} and X/I = {Ix :

x ∈ X}.
Corollary 3.3.13. Let X be a BRK-algebra and I be a translation

ideal of X. Define ∗ on X/I by Ix ∗Iy = Ix∗y, for all x, y ∈ X. Then

(X/I, ∗, I0) is a BRK-algebra.

Definition 3.3.14. (X/I, ∗, I0) is called the quotient BRK-algebra

of X determined by a translation ideal I

Remark 3.3.15. Let X be a BRK-algebra. Then

1. in general for a translation ideal I of X, I0 may not be equal to

I and

2. a translation ideal I of X is closed if and only if I0 = I.

3.4 Anti-symmetric BRK-Algebras

In this section we introduce a new subclass of BRK-algebra called

anti-symmetric BRK-algebra and we will establish the homomor-

pism theorem for this subclass.

Definition 3.4.1. A BRK-algebra X is called an anti-symmetric
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BRK-algebra if it satisfies BCI4: x ∗ y = 0 and y ∗ x = 0 imply

x = y for any x, y ∈ X.

The following examples illustrate such algebra exist.

Example 3.4.2. Let X = {0, 1, 2} be a set with cayley table:

* 0 1 2

0 0 2 2

1 1 0 0

2 2 0 0

Then (X, ∗, 0) is a BRK algebra which is not anti-symmetric BRK-

algebra as 2 ∗ 1 = 1 ∗ 2 = 0 but 1 6= 2.

Example 3.4.3. Let X = {0, 1, 2, 3} be a set with cayley table:

* 0 1 2 3

0 0 1 0 1

1 1 0 1 0

2 2 1 0 1

3 3 2 3 0

Then (X, ∗, 0) is an anti-symmetric BRK-algebra which is not BCH

as (3 ∗ 1) ∗ 1 = 0 6= 2 = (3 ∗ 2) ∗ 1.

Example 3.4.4. Let X = {0, 1, 2, 3} be a set with cayley table:
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* 0 1 2 3

0 0 3 0 2

1 1 0 0 0

2 2 2 0 3

3 3 3 1 0

Then (X, ∗, 0) is a BH-algebra which is not an anti-symmetric BRK-

algebra as (2 ∗ 3) ∗ 2 = 1 6= 2 = 0 ∗ 3.

Remark 3.4.5. Every anti-symmetric BRK-algebra is a BH algebra

but not conversely.

The following figure shows the relation ship of the algebras.

Figure 2.

Theorem 3.4.6. Let X and Y be anti-symmetric BRK-algebra and
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f : X −→ Y be BRK-homomorhism. Then f is injective if and only

if kerf = {0}.

Proof. Obviously if f is injective then clearly Kerf = {0}. On

the other hand, suppose that x, y ∈ X and f(x) = f(y). Then

f(x ∗ y) = f(x) ∗ f(y) = f(x) ∗ f(x) = 0. Hence x ∗ y ∈ Kerf and

so x ∗ y = 0. Similarly, we have y ∗ x = 0. Thus x = y and hence f

is injective.

Theorem 3.4.7. Let X and Y be anti-symmetric BRK-algebra and

f : X −→ Y be a BRK-homomorhism. Then Kerf is a translation

ideal of X.

Proof. Since Kerf is an ideal of X, it is enough to show that it is

translation. If x ∗ y, y ∗ x ∈ kerf , then f(x) ∗ f(y) = f(y) ∗ f(x) =

0⇒ f(x) = f(y). For any z ∈ X,

f((x ∗ z) ∗ (y ∗ z)) = (f(x) ∗ f(z)) ∗ (f(y) ∗ f(z))

= (f(x) ∗ f(z)) ∗ ((f(x) ∗ f(z))

= 0

Hence (x ∗ z) ∗ (y ∗ z) ∈ kerf . Similarly, (z ∗ x) ∗ (z ∗ y) ∈ kerf .

Thus Kerf is a translation ideal.

Theorem 3.4.8. Let X and Y be anti-symmetric BRK-algebras

and f : X −→ Y be a BRK homomorphism. If I = Kerf , then

X/I ∼= Imf .

Proof. As I is a translation ideal of X, X/I is a BRK algebra. Define
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a mapping α : X/I −→ Imf by α(Ix) = f(x). Then

(1) α is well defined. If Ix = Iy for some Ix, Iy ∈ X/I, then we have

Ix = Iy ⇒ x ∗ y, y ∗ x ∈ I
⇒ f(x ∗ y) = f(y ∗ x) = 0

⇒ f(x) ∗ f(y) = f(y) ∗ f(x) = 0

⇒ f(x) = f(y)

⇒ α(Ix) = α(Iy).

Thus α is well defined.

(2) α is a homomorpism. For any Ix, Iy ∈ X/I we have

α(Ix ∗ Iy) = α(Ix∗y) = f(x ∗ y) = f(x) ∗ f(y) = α(Ix) ∗ α(Iy).

Therefore α is a homomorphism.

(3) α is injecive. Suppose α(Ix) = α(Iy) for some Ix, Iy ∈ X/I. Then

α(Ix) = α(Iy)⇒ f(x) = f(y)

⇒ f(x) ∗ f(y) = f(y) ∗ f(x) = 0

⇒ f(x ∗ y) = f(y ∗ x) = 0

⇒ x ∗ y, y ∗ x ∈ I
⇒ Ix = Iy.

Hence α is injective.

(4) α is surjective. Let y be any element in Imf . But then there

exists x ∈ X such that f(x) = y. Now Ix ∈ X/I and α(Ix) =

f(x) = y and hence α is Surjective.

Hence α is an isomorphism and X/I ∼= Imf .

Theorem 3.4.9. Let X, Y and Z be anti-symmetric BRK-algebras

37



Chapter 3 : Quotient BRK-Algebras

and let h : X −→ Y be an epimorphism and g : X −→ Z be a homo-

morphism. If Kerh ⊆ Kerg, then there is a unique homomorphism

f : Y −→ Z such that f ◦ h = g.

Proof. Since h is onto, for any y ∈ Y there exists x ∈ X such that

y = h(x). Now define a mapping f : Y −→ Z by f(y) = g(x).

Then:

(1) f is well defined and f ◦ h = g. Indeed suppose y1 = y2 but

then there exist x1, x2 ∈ X such that y1 = h(x1) = h(x2) = y2.

Now h(x1∗x2) = h(x1)∗h(x2) = 0 which implies x1∗x2 ∈ Kerh.

Since Kerh ⊆ Kerg x1 ∗ x2 ∈ Kerg. So 0 = g(x1 ∗ x2) =

g(x1) ∗ g(x2). Similarly we can show that g(x2 ∗ g(x1) = 0.

Thus g(x1) = g(x2) which means f(y1) = f(y2) i.e. f is well

defined. Clearly g(x) = f(h(x)) for any x ∈ X.

(2) f is homomorphism. Indeed for any y1, y2 ∈ Y there exists

x1, x2 ∈ X such that y1 = h(x1), y2 = h(x2). Now we we have

f(y1 ∗ y2) = f(h(x1 ∗ h(x2) = f(h(x1 ∗ x2)) = g(x1 ∗ x2) =

g(x1) ∗ g(x2) = f(y1) ∗ f(y2). Hence f is a homomorphism.

(3) f is unique. Indeed suppose f : Y −→ Z such that f ◦ h = g.

For any y ∈ Y there exists x ∈ X such that h(x) = y. Now

f(y) = f(h(x)) = g(x) = f(y) and hence f = f .
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Theorem 3.4.10. Let X, Y and Z be anti-symmetric BRK-algebras

and let g : X −→ Z be a homomorphism and h : Y −→ Z be a

monomorphism. If Img ⊆ Imh, then there is a unique homomor-

phism f : X −→ Y such that h ◦ f = g.

Proof. For any x ∈ X, g(x) ∈ Img ⊆ Imh. Since h is a monomorhism

there is unique y ∈ Y such that h(y) = g(x). Now define f : X −→
Y by f(x) = y. Then clearly f is well defined and h◦f = g. To show

f is a homomorphism, for any x1, x2 ∈ X we have h(f(x1 ∗ x2)) =

g(x1 ∗ x2) = g(x1) ∗ g(x2) = h(f(x1)) ∗ h(f(x2)) = h(f(x1) ∗ f(x2)).

Since h is monomorphism f(x1 ∗ x2) = f(x1) ∗ f(x2), hence f is ho-

momrphism. For the uniqueness suppose f : X −→ Y such that

h ◦ f = g. Now for any x ∈ X, we have h(f(x)) = g(x) = h(f(x)).

But then since h is monomorphism f(x) = f(x). So it is unique.

If I is a translation ideal of an anti-symmetric BRK-algebra X, then

a map p : X −→ X/I defined by p(x) = Ix is a homomorphism and

called the canonical mapping. Note that Kerp = I

Lemma 3.4.11. Let X and Y be anti-symmetric BRK-algebras and

let f : X −→ Y be a homomorphism. If I is a translation ideal of

X such that I ⊆ Kerf , then a map f : X/I −→ Y defined by

f(Ix) = f(x) for all x ∈ X is a homomorphism .

Proof. We show that f is well-defined. Now if Ix = Iy, then x ∗ y ∈
I ⊆ Kerf . So we have f(x) ∗ f(y) = f(x ∗ y) = 0. Similarly we

can show that f(y) ∗ f(x) = 0. Hence f(x) = f(y). Therefor f is
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well-defined. Clearly f is a homomorphism.

Theorem 3.4.12. Let X and Y be anti-symmetric BRK-algebras

and let f : X −→ Y be a homomorphism I be a translation ideal of

X.Then the following are equivalent:

(i) there is a unique homomorphism f : X/I −→ Y such that

f ◦ p = f where p is the canonical mapping.

(ii) I ⊆ Kerf .

Furthermore, f is monomorphism if and only if I = Kerf

Proof. (i) ⇒ (ii). If a ∈ I, then f(p(a)) = f(0) = 0 for all a ∈ I,

since f ◦ p = f and Kerp = I. Hence a ∈ Kerf .

(ii)⇒ (i). By lemma 3.4.11, we have a homomorphism f : X/I −→
Y defined by f(Ix) = f(x) for all x ∈ X. Since (f ◦p)(x) = f(Ix) =

f(x) for all x ∈ X, we have f ◦ p = f . The uniqueness of f follows

from the fact that p is surjective.

Moreover, f is a monomorphism if and only if f(x) = 0 implies

Ix = I0 = I, i.e., if and only if Kerf ⊆ I. Thus Kerf = I

Theorem 3.4.13. Let X and Y be anti-symmetric BRK algebras.

If a homomorphism f : X −→ Y can be expressed as a composite

homomrphisms of anti-symmetric BRK-algebras

X α−→A β−→B γ−→Y ,

where α is epimorphism, β is an isomorphism, and γ is monomor-

phism, then A ∼= X/Kerf and B ∼= Imf .
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Proof. Consider the following diagram

where i◦f ◦p is canonical decomposition of f. Now Since f = γ◦β◦α
and γ, β monomorphism, we have f(x) = 0 if and only if α(x) = 0.

Hence ker(α) = ker(f) = ker(p). By theorem 3.4.9, there exists

unique homomorhpism h : A −→ X/ker(f) such that h ◦ α = p.

Now since ker(α) = ker(p), h is injective and h is surjective as p is

surjective. Thus h is an isomorphism.

On the other hand since im(γ) = Im(f), by Theorem 3.4.10 we have

a unique homomomorphism k : im(f) −→ B such that γ ◦ k = i.

Clearly k is surjective and since i is injective so is k. Thus k is an

isomorphism.
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Chapter 4

Special Maps in BRK-algebras

In this chapter we discuss about some special maps on BRK-algebras

namely right map, left map, right multiplier and left multiplier. We

begin this chapter by introducing a special subclass of BRK-algebra

called a weak positive implicative BRK-algebra.

4.1 Weak Positive Implicative BRK-algebra

Definition 4.1.1. A BRK-algebra X = (X, ∗, 0) is said to be weak

positive implicative if it satisfies the condition:

(x ∗ y) ∗ z = (x ∗ z) ∗ (y ∗ z) for all x, y, z ∈ X
Example 4.1.2. Let X = {0, 1, 2, 3} be a set with the following

cayley table:
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* 0 1 2 3

0 0 0 0 0

1 1 0 1 0

2 2 2 0 0

3 3 3 3 0

Then (X, ∗, 0) is a weak positive implicative BRK-algebra.

The following example shows the existence of weak positive implica-

tive BRK-algebra which is not BCH-algebra.

Example 4.1.3. Let Z be the set of integers. Define ∗ on Z by

x ∗ y =


x, if y = 0

0, if y 6= 0

Then (Z, ∗, 0) is a positive implicative BRK-algebra which is not

BCH-algebra (as 2 ∗ 3 = 3 ∗ 2 = 0 but 2 6= 3 hence BCI4 not hold).

Lemma 4.1.4. In any weak positive implicative BRK-algebra X,

the following hold for all x, y ∈ X.

1. 0 ∗ x = 0

2. (x ∗ y) ∗ x = 0

3. x ∗ y = (x ∗ y) ∗ y

4. (x ∗ (x ∗ y)) ∗ y = 0

Proof. Let x, y ∈ X. Then

1. 0 ∗ x = (x ∗ x) ∗ x
= (x ∗ x) ∗ (x ∗ x)
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= 0 ∗ 0 = 0.

Therefore 0 ∗ x = 0 for all x ∈ X

2. (x ∗ y) ∗ x = 0 ∗ y = 0.

Thus (x ∗ y) ∗ x = 0 for all x, y ∈ X.

3. x ∗ y = (x ∗ y) ∗ 0

= (x ∗ y) ∗ (y ∗ y)

= (x ∗ y) ∗ y.

Thus x ∗ y = (x ∗ y) ∗ y for all x, y ∈ X.

4. (x ∗ (x ∗ y)) ∗ y = (x ∗ y) ∗ ((x ∗ y) ∗ y)

= (x ∗ y) ∗ (x ∗ y) = 0.

Hence (x ∗ (x ∗ y)) ∗ y = 0 for all x, y ∈ X.

Remark 4.1.5. If X is a weak positive implicative BRK-algebra,

then G(X) = {0} and B(X) = X.

Theorem 4.1.6. Every weak positive implicative BRK-algebra is

positive implicative.

Proof. LetX = (X, ∗, 0) be a weak positive implicative BRK-algebra.

For any x, y ∈ X, we have

((x ∗ y) ∗ y) ∗ (0 ∗ y) = ((x ∗ y) ∗ y) ∗ 0

= (x ∗ y) ∗ y = x ∗ y.

Thus X is positive implicative BRK-algebra.

Remark 4.1.7. The converse of the above theorem is not true.
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The following example justifies the above remark.

Example 4.1.8. Let X = {0, 1, 2} be a set with Cayley table:

* 0 1 2

0 0 2 2

1 1 0 0

2 2 0 0

Then (X, ∗, 0) is a positive implicative BRK-algebra which is not a

weak positive implicative (as (1 ∗ 1) ∗ 1 = 2 6= 0 = (1 ∗ 1) ∗ (1 ∗ 1)).

Theorem 4.1.9. Let X = (X, ∗, 0) be a weak positive implicative

BRK-algebra. If X is associative, then X is the trivial algebra i. e.

X = {0}.

Proof. Let X be associative weak positive implicative BRK-algebra.

Then for any x ∈ X we have:

x = x ∗ 0 = x ∗ (x ∗ x) = (x ∗ x) ∗ x = 0 ∗ x = 0.

Thus X = {0}

4.2 Left and Right maps

In this section we investigate the properties of R-maps and L-maps

and show that the set of all left maps over weak positive implicative

BRK-algebra becomes a weak positive implicative BRK-algebra.

Definition 4.2.1. Let X = (X, ∗, 0) be a BRK-algebra and a ∈ X
be a fixed element. Then:
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1. the map Ra : X −→ X given by Ra(x) = x ∗ a is called right

map of X and

2. the map La : X −→ X given by La(x) = a∗x is called left map

of X.

Definition 4.2.2. A right map Ra is called idempotent if Ra ◦Ra =

Ra where ◦ is the usual composition of maps.

Lemma 4.2.3. Let X be a BRK-algebra and a ∈ X. Then Ra is

idempotent if and only if (x ∗ a) ∗ a = x ∗ a for all x ∈ X.

Proof. Ra is idempotent ⇔ Ra ◦Ra = Ra

⇔ Ra(Ra(x)) = Ra(x), ∀x ∈ X
⇔ Ra(x ∗ a) = x ∗ a, ∀x ∈ X
⇔ (x ∗ a) ∗ a = x ∗ a, ∀x ∈ X.

Thus Ra is idempotent if and only if (x ∗ a) ∗ a = x ∗ a.

Theorem 4.2.4. If a BRK-algebra X = (X, ∗, 0) is weak positive

implicative, then every right map on X is idempotent.

Proof. Let a ∈ X. Then for all x ∈ X we have:

Ra(x) = x ∗ a = (x ∗ a) ∗ a
= Ra(Ra(x))

= (Ra ◦Ra)(x).

Hence Ra ◦Ra = Ra. Therefore Ra is idempotent.

Theorem 4.2.5. A BRK-algebra X = (X, ∗, 0) is a weak positive

implicative if and only if every right map is a homomorphism.
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Proof. SupposeX is a weak positive implicative BRK-algebra. Then

for each a ∈ X,

Ra(x ∗ y) = (x ∗ y) ∗ a
= (x ∗ a) ∗ (y ∗ a)

= Ra(x) ∗Ra(y).

Thus Ra is a homomorphism.

Conversely, suppose that every right map is a homomorphism. Now

for any x, y, z ∈ X we have

(x ∗ y) ∗ z = Rz(x ∗ y)

= Rz(x) ∗Rz(y)

= (x ∗ z) ∗ (y ∗ z).

Hence X is weak positive implicative

Theorem 4.2.6. In any BRK-algebra X = (X, ∗, 0), if La is a

homomorphism, then a = 0.

Proof. Suppose La is a homomorphism for some a ∈ X. Then

a = a ∗ 0 = La(0)

= La(0 ∗ 0)

= La(0) ∗ La(0)

= (a ∗ 0) ∗ (a ∗ 0) = a ∗ a = 0.

Thus a = 0

Now let us denote the set of all left maps on a BRK-algebra X by

L(X) and on L(X) we define a binary operation ~ by (La~Lb)(x) :=

La(x)∗Lb(x) for any La, Lb ∈ L(X). We have the following Lemma.
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Lemma 4.2.7. Let X = (X, ∗, 0) be weak positive implicatice BRK-

algebra. For any La, Lb, Lc ∈ L(X), we have

i. La ~ Lb = La∗b i.e. La ~ Lb ∈ L(X).

ii. (La ~ Lb) ~ Lc = (La ~ Lc) ~ (La ~ Lc).

Proof. Let La, Lb, Lc ∈ L(X). Then:

i. For any x ∈ X we have

(La ~ Lb)(x) = La(x) ~ Lb(x)

= (a ∗ x) ∗ (b ∗ x)

= (a ∗ b) ∗ x
= La∗b(x).

Therefore La ~ Lb = La∗b.

ii. By (i.) we have

(La ~ Lb) ~ Lc = La∗b ~ Lc

= L(a∗b)∗c

= L(a∗c)∗(b∗c)

= La∗c ~ Lb∗c

= (La ~ Lc) ~ (La ~ Lc).

Thus (La ~ Lb) ~ Lc = (La ~ Lc) ~ (La ~ Lc).

Theorem 4.2.8. If X = (X, ∗, 0) is a weak positive implicative

BRK-algebra, then L(X) = (L(X),~, L0) is a weak positive im-

plicative BRK-algebra.
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Proof. It is enough to show that L(X) = (L(X),~, L0) is a BRK-

algebra. Now for any La, Lb ∈ L(X) we have

1. La ~ L0 = La∗0 = La, and

2. (La ~ Lb) ~ La = L(a∗b)∗a = L0∗b = L0 ~ Lb.

Therefore L(X) is a BRK-algebra and hence by the above lemma it

is weak positive implicative.

Theorem 4.2.9. Let X = (X, ∗, 0) be a weak positive implicative

BRK-algebra. Then the map f : X −→ L(X) given by f(x) = Lx

is an epimorphism and X/f ∼= L(X) where X/f is the quotient

BRK-algebra determined by the homomorphism f .

Proof. Let X be a weak positive implicative BRK-algebra and let

f : X −→ L(X) be a map given by f(x) = Lx. But then for

any x, y ∈ X, f(x ∗ y) = Lx∗y = Lx ~ Ly which implies f is a

homomorphism. Clearly f is onto and hence f is an epimorphism.

Therefore, by Theorem 3.3.9 we have X/f ∼= L(X).

4.3 Multipliers

Here we introduce the notion of multipliers in a weak positive im-

plicative BRK-algebra and discuss about their properties.Through

out this section by X we shall mean a weak positive implicative

BRK-algebra unless stated otherwise.
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Definition 4.3.1. . Let f : X −→ X be a map. Then f is called:

1. a left multiplier on X if f(x ∗ y) = x ∗ f(y) for all x, y ∈ X.

2. a right multiplier on X if f(x ∗ y) = f(x) ∗ y for all x, y ∈ X.

Example 4.3.2. 1. The identity map I : X −→ X given by

I(x) = x is both right multiplier and left multiplier.

2. The zero map 0 : X −→ X given by 0(x) = 0 is right multiplier

but not left multiplier. Indeed for any x, y ∈ X, 0 = 0(x ∗ y) =

0 ∗ y = 0(x) ∗ y , x ∗ 0(y) = x ∗ 0 = x 6= 0 = 0(x ∗ y)

Lemma 4.3.3. . Let f : X −→ X be a right multiplier, then

1. f(0) = 0

2. f(x) ≤ x for all x ∈ X

3. x ≤ y ⇒ f(x) ≤ y for all x, y ∈ X

Proof. (1) f(0) = f(0 ∗ f(0)) = f(0) ∗ f(0) = 0

(2) Let x ∈ X. Then 0 = f(0) = f(x ∗ x) = f(x) ∗ x. Hence

f(x) ≤ x.

(3) Let x, y ∈ X and x ≤ y. Then 0 = f(0) = f(x ∗ y) = f(x) ∗ y.

Thus f(x) ≤ y.

Lemma 4.3.4. Let f : X −→ X be a left multiplier, then

1. f(0) = 0

2. x ≤ f(x) for all x ∈ X
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3. x ≤ y ⇒ x ≤ f(y) for all x, y ∈ X

Proof. (1) f(0) = f(0 ∗ 0) = 0 ∗ f(0) = 0

(2) Let x ∈ X. Then 0 = f(0) = f(x ∗ x) = x ∗ f(x). so x ≤ f(x).

(3) Let x, y ∈ X and x ≤ y. Then 0 = f(0) = f(x ∗ y) = x ∗ f(y).

Thus x ≤ f(y).

Lemma 4.3.5. Let f and g be right(left) multipliers on X. Then

their composition f ◦ g is a right(left) multiplier on X.

Proof. Let f and g be right multipliers on X. Then for any x, y ∈ X
(f ◦g)(x∗y) = f(g(x∗y)) = f(g(x)∗y) = f(g(x))∗y = (f ◦g)(x)∗y.

Hence f ◦ g is a right multiplier. Similarly we can show for left

multipliers

Remark 4.3.6. Let f be a right(left) multiplier on X. For any non

negative integer n we define fn inductively by f 0 = I and fn =

fn−1 ◦ f for n ≥ 1.

Theorem 4.3.7. If f is a right(left) multiplier, then fn(x) ≤ fn−1(x)

(fn−1(x) ≤ fn(x) for all n ≥ 1and for all x ∈ X.

Proof. Let f be a right multiplier on X. Then

0 = f(0) = f(fn−1(x) ∗ fn−1(x)) = f(fn−1(x)) ∗ fn−1(x) = fn(x) ∗
fn−1(x). This implies fn(x) ≤ fn−1(x).

Similarly we can show for left multiplier.

51



Chapter 4 : Special Maps in BRK-algebras

Theorem 4.3.8. Let RM(X) be the set of all right multipliers

on X. Define a binary operation ~ on RM(X) by (f ~ g)(x) =

f(x) ∗ g(x) then (RM(X),~, 0) is a weak positive multiplicative

BRK-algebra.

Proof. Since the zero map 0 is a right multiplier, RM(X) 6= ∅.To

Show ~ is well defined suppose f1, f2, g1, g2 ∈ RM(X) with f1 = f2

and g1 = g2. But then for any x ∈ X we have (f1 ~ g1)(x) =

f1(x)∗g1(x) = f2(x)∗g2(x) = (f2~g2)(x) and hence f1~g1 = f2~g2.

Thus it is well defined. Now for any for any f, g, h ∈ RM(X)

(1) (f ~ g)(x ∗ y) = f(x ∗ y) ∗ g(x ∗ y)

= (f(x) ∗ y) ∗ (g(x) ∗ y)

= (f(x) ∗ g(x)) ∗ y
= (f ~ g)(x) ∗ y.

Thus f ~ g ∈ RM(X).

(2) (f ~ 0)(x) = f(x) ∗ 0(x)

= f(x) ∗ 0 = f(x).

So f ~ 0 = f

(3) ((f ~ g) ~ f)(x) = (f(x) ∗ g(x)) ∗ f(x)

= 0 ∗ g(x) = (0 ∗ g)(x).

Thus (f ~ g) ~ f = 0 ∗ g

(4) ((f ~ g) ~ h)(x) = (f(x) ∗ g(x)) ∗ h(x)

= (f(x) ∗ h(x)) ∗ (g(x) ∗ h(x))

= ((f ~ h)(x) ∗ (g ~ h)(x)
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= ((f ~ h) ~ (g ~ h))(x).

Hence (f ~ g) ~ h = (f ~ h) ~ (g ~ h).

Therefore (RM(X),~, 0) is a weak positive implicative BRK-algebra.

Theorem 4.3.9. Let f be a right multiplier on X. Then

1. Ker(f) = {x ∈ X : f(x) = 0} is a subalgebra of X.

2. Im(f) = {y ∈ X : ∃x ∈ X such that f(x) = y} is a sub algebra

of X.

3. Fix(f) = {x ∈ X : f(x) = x} is a subalgebra of X

Proof. Let f be a right multiplier on X. Then:

1. Since 0 ∈ Ker(f), Ker(f) 6= ∅. Suppose x, y ∈ Ker(f). Then

f(x) = f(y) = 0. Now f(x ∗ y) = f(x) ∗ y = 0 ∗ y = 0. Thus

x ∗ y ∈ Ker(f) so it is a subalgebra.

2. Clearly Im(f) 6= ∅ (as 0 ∈ Im(f)). Let x, y ∈ Im(f). Then

there exist x′, y′ ∈ X such that f(x′) = x and f(y′) = y. Now

since x′ ∗y ∈ X and f(x′ ∗y) = f(x′)∗y = x∗y, x∗y ∈ Im(f).

Hence Im(f) is a subalgebra of X

3. Clearly Fix(f) 6= ∅ (as 0 ∈ Fix(f)). Let x, y ∈ Fix(f). But

then f(x) = x and f(y) = y. Now since f(x ∗ y) = f(x) ∗ y =

x ∗ y, x ∗ y ∈ Fix(f). Thus Fix(f)is a subalgebra of X
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For left multipliers we have the following theorem.

Theorem 4.3.10. Let f be a left multiplier on X. Then

1. Im(f) = {y ∈ X : ∃x ∈ X such that f(x) = y} is a sub algebra

of X.

2. Fix(f) = {x ∈ X : f(x) = x} is a subalgebra of X.

Proof. Let f be a left multiplier on X. Then:

1. Clearly Im(f) 6= ∅ (as 0 ∈ Im(f)). Let x, y ∈ Im(f). Then

there exist x′, y′ ∈ X such that f(x′) = x and f(y′) = y. Now

since x∗y′ ∈ X and f(x∗y′) = x∗f(y′) = x∗y, x∗y ∈ Im(f).

Hence Im(f) is a subalgebra of X

2. Clearly Fix(f) 6= ∅ (as 0 ∈ Fix(f)). Let x, y ∈ Fix(f). But

then f(x) = x and f(y) = y. Now since f(x ∗ y) = x ∗ f(y) =

x ∗ y, x ∗ y ∈ Fix(f). Thus Fix(f) is a subalgebra of X.

The following two theorems discuss about the relationship between

multipliers with right maps and left maps.

Theorem 4.3.11. Let X be a BRK-algebra. X associative if and

only if every left map is a right multiplier on X.

Proof. Suppose X is associative. Then for any a, x, y ∈ X, La(x ∗
y) = a ∗ (x ∗ y) = (a ∗x) ∗ y = La(x) ∗ y. Thus La is right multiplier.

Conversely suppose every left map is a right multiplier. For any

x, y, z ∈ X, x ∗ (y ∗ z) = Lx(y ∗ z) = Lx(y) ∗ z = (x ∗ y) ∗ z. Hence
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associative.

Theorem 4.3.12. Let X be a BRK-algebra. X associative if and

only if every right map is a left multiplier on X.

Proof. Suppose X is associative. Then for any a, x, y ∈ X, Ra(x ∗
y) = (x ∗ y) ∗ a = x ∗ (y ∗ a) = x ∗Ra(y). Thus Ra is left multiplier.

Conversely suppose every right map is a left multiplier. For any

x, y, z ∈ X, (x ∗ y) ∗ z = Rz(x ∗ y) = x ∗Rz(y) = x ∗ (y ∗ z). Hence

associative.

Corollary 4.3.13. If every right(left)map on X is a left(right)multiplier

on X, then X is trivial algebra i. e. X = {0}.

Proof. It follows from Theorem 4.3.12( 4.3.11) and Theorem 4.1.9
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Chapter 5

Direct product of BRK-algebras

In this chapter we will define the notion of direct product of BRK-

algebras and study some basic properties of the direct product. We

begin with the definition and elementary properties of direct prod-

uct of BRK-algebras.

5.1 Definition and basic properties

Let {Xi = (Xi, ∗, 0i) : i = 1, 2, · · ·n} be a finite family of BRK-

algebras. Define the direct product of BRK-algebras X1, X2, · · · , Xn

to be the structure
n∏

i=1

Xi = (
n∏

i=1

Xi,~, (01, · · · , 0n) where
n∏

i=1

Xi =

X1×· · ·×Xn = {(x1, · · ·xn) : xi ∈ Xi∀i = 1, 2, · · ·n} and ~ is given

by (x1, · · · , xn)~ (y1, · · · , yn) = (x1 ∗ y1, · · · , xn ∗ yn). The following

theorem shows that the direct product of finite BRK-algebras is also

a BRK-algebra

Theorem 5.1.1. If {Xi = (Xi, ∗, 0i) : i = 1, 2, · · ·n} be a finite
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family of BRK-algebras, then
n∏

i=1

Xi = (
n∏

i=1

Xi,~, (01, · · · , 0n) is a

BRK-algebra.

Proof. Let (x1, · · · , xn), (y1, · · · , yn) ∈
n∏

i=1

Xi. Then:

1. (x1, · · · , xn)~(01, · · · , 0n) = (x1∗01, · · · , xn∗0n) = (x1, · · · , xn)

2. ((x1, · · · , xn)~(y1, · · · , yn))~(x1, · · · , xn) = ((x1∗y1)∗x1, · · · , (xn∗
yn) ∗ xn)

= (01 ∗ y1, · · · , 0n ∗ yn)

= (01, · · · , 0n)~(y1, · · · , yn)

Therefore
n∏

i=1

Xi is a BRK-algebra.

Theorem 5.1.2. Let {Xi = (Xi, ∗, 0i) : i = 1, 2, · · ·n} be a finite

family of BRK-algebras and
n∏

i=1

Xi be their direct product. Then

1.
n∏

i=1

Xi is associative if and only if each Xi is associative.

2.
n∏

i=1

Xi is positive implicative if and only if each Xi is positive

implicative.

3.
n∏

i=1

Xi is anti-symmetric if and only if each Xi is anti-symmetric.

4.
n∏

i=1

Xi is weak positive implicative if and only if each Xi is weak

positive implicative.

Proof. It follows from respective definitions.
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Theorem 5.1.3. Let {Xi = (Xi, ∗, 0i) : i = 1, 2, · · ·n} be a finite

family of BRK-algebras and
n∏

i=1

Xi be their direct product. Then

1. If Si is a subalgebra of Xi for each i = 1, 2, · · · , n, then
n∏

i=1

Si

is a subalgebra of
n∏

i=1

Xi.

2. If Ii is an ideal of Xi for each i = 1, 2, · · · , n, then
n∏

i=1

Ii is an

ideal of
n∏

i=1

Xi. Moreover If each Ii is translation, then
n∏

i=1

Ii is

also translation.

Proof. 1. Suppose Si is a subalgebra ofXi for any all i = 1, 2, · · · , n.

Since each Si is non empty,
n∏

i=1

Si 6= ∅. Let (x1, · · · , xn), (y1, · · · , yn) ∈
n∏

i=1

Si.Then: (x1, · · · , xn)~(y1, · · · , yn) = (x1∗y1, · · · , xn∗yn) ∈
n∏

i=1

Si as xi ∗ yi ∈ Si.. Thus
n∏

i=1

Si is a subalgebra of
n∏

i=1

Xi

2. Suppose Ii is an ideal of Xi. Clearly (01, · · · , 0n) ∈
n∏

i=1

Ii.

Next if (x1, · · · , xn), (y1, · · · , yn) ~ (x1, · · · , xn) ∈
n∏

i=1

Ii, then

xi, yi ∗xi ∈ Ii∀i = 1, 2, · · · , n. But the since Ii is an ideal of Xi,

yi ∈ Ii which implies (y1, · · · , yn) ∈
n∏

i=1

Ii. Thus
n∏

i=1

Ii is an ideal

of
n∏

i=1

Xi. For the second part suppose each Ii is translation and

(x1, · · · , xn) ~ (y1, · · · , yn), (y1, · · · , yn) ~ (x1, · · · , xn) ∈
n∏

i=1

Ii.

Then for any (z1, · · · , zn) ∈
n∏

i=1

Xi,

((x1, · · · , xn) ~ (z1, · · · , zn)) ~ ((y1, · · · , yn) ~ (z1, · · · , zn))

= (x1 ∗ z1, · · · , xn ∗ zn) ~ (y1 ∗ z1, · · · , yn ∗ zn)
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= ((x1 ∗ z1) ∗ (y1 ∗ z1), · · · , (xn ∗ zn) ∗ (yn ∗ zn)).

But then since Ii is a translation ideal, (xi ∗ zi)∗ (yi ∗ zi ∈ Ii for

each i which implies ((x1∗z1)∗(y1∗z1), · · · , (xn∗zn)∗(yn∗zn)) ∈
n∏

i=1

Ii. Thus
n∏

i=1

Ii is translation.

Theorem 5.1.4. Let {θi : Xi −→ Yi : i = 1, 2, · · ·n} be a family of

BRK-homomorphisms. Define θ :
n∏

i=1

Xi −→
n∏

i=1

Yi by θ(x1, · · · , xn) =

(θ1(x1), · · · , θn(xn). Then θ is a homomorphism and Kerθ =
n∏

i=1

Kerθi

and θ(
n∏

i=1

Xi) =
n∏

i=1

θi(Xi).

Proof. Let {θi : Xi −→ Yi : i = 1, 2, · · ·n} be a family of BRK-

homomorphisms and let θ :
n∏

i=1

Xi −→
n∏

i=1

Yi be a mapping given by

θ(x1, · · · , xn) = (θ1(x1), · · · , θn(xn). For any (x1, · · ·xn)), (y1, · · · , yn) ∈
n∏

i=1

Xi, we have

θ((x1, · · · , xn) ~ (y1, · · · , yn)) = θ((x1 ∗ y1, · · · , xn ∗ yn))

= (θ1(x1 ∗ y1), · · · , θn(xn ∗ yn))

= (θ1(x1) ∗ θ1(y1), · · · , θn(xn) ∗ θn(yn))

= (θ1(x1), · · · , θn(xn)) ~ (θ1(y1), · · · , θn(yn))

= θ((x1, · · · , xn)) ~ θ((y1, · · · , yn))

Thus θ is a homomorphism.

kerθ = {(x1, · · · , xn) ∈
n∏

i=1

Xi : θ((x1, · · · , xn)) = (01, · · · , 0n)}

= {(x1, · · · , xn) ∈
n∏

i=1

Xi : (θ1(x1), · · · , θn(xn)) = (01, · · · , 0n)}
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= {(x1, · · · , xn) ∈
n∏

i=1

Xi : θ1(x1) = 01, · · · , θn(xn) = 0n}

=
n∏

i=1

Kerθi

Remark 5.1.5. θ is a monomorphism (epimorphism) if and only if

each θi is a monomorphism (epimorphism)

Theorem 5.1.6. Let {Xi = (Xi, ∗, 0i) : i = 1, 2, · · ·n} be a finite

family of BRK-algebras and let Ii be a translation ideal of Xi. Then
n∏

i=1

Xi/
n∏

i=1

Ii ∼=
n∏

i=1

Xi/Ii.

Proof. Let {Xi = (Xi, ∗, 0i) : i = 1, 2, · · ·n} be a finite family of

BRK-algebras and let Ii be a translation ideal of Xi. Then by

Theorem 5.1.3,
n∏

i=1

Ii is a translation ideal of
n∏

i=1

Xi. Now for sim-

plicity put I =
n∏

i=1

Ii and X =
n∏

i=1

Xi. Define f : X/I −→
n∏

i=1

Xi/Ii

by f((x1, · · · , xn)/I) = (x1/I1, · · · , xn/In) for all (x1, · · · , xn)/I ∈
X/I.

1. f is well defined. Indeed suppose (x1, · · · , xn)/I = (y1, · · · , yn)/I.

Then (x1, · · · , xn)~(y1, · · · , yn), (y1, · · · , yn)~(x1, · · · , xn) ∈ I.

Hence (x1 ∗ y1, · · · , xn ∗ yn), (y1 ∗ x1, · · · , yn ∗ xn) ∈ I. Thus for

each i xi ∗ yi, yi ∗ xi ∈ Ii it follows that xi/Ii = yi/Ii.

Now f((x1, · · · , xn)/I) = (x1/I1, · · · , xn/In)

= (y1/I1, · · · , yn/In)

= f((y1, · · · , yn)/I).

Thus f is well defined.

2. f is a homomorphism. For any (x1, · · · , xn)/I, (y1, · · · , yn)/I) ∈

60



Chapter 5 : Direct product of BRK-algebras

X/I, we have f(((x1, · · · , xn)/I)∗((y1, · · · , yn)/I))) = f((x1, · · · , xn)~

(y1, · · · , yn)/I

3. f is bijective. Clearly f is surjective. For injectivity suppose

f(x1, · · · , xn)/I) = f(y1, · · · , yn)/I). Then

(x1/I1, · · · , xn/In) = f(x1, · · · , xn)/I)

= f(y1, · · · , yn)/I)

= (y1/I1, · · · , yn/In)

Thus injective.

5.2 Canonical Mappings of the Direct Product

This section presents about two canonical mappings of the direct

product of BRK-algebras, namely canonical projections and canon-

ical injections. We begin with the following theorem.

Theorem 5.2.1. Let {Xi = (Xi, ∗, 0i) : i = 1, 2, · · ·n} be a family of

BRK-algebras. Then fk :
n∏

i=1

Xi −→ Xk given by fk(x1, · · · , xk, · · · , xn) =

xk is an epimorphism for each k = 1, 2, · · · , n.

Proof. For any k = 1, 2, · · · , n let fk :
n∏

i=1

Xi −→ Xk given by

fk(x1, · · · , xk, · · · , xn) = xk. Then for any (x1, · · · , xk, · · · , xn), (y1, · · · , yk, · · · , yn) ∈
n∏

i=1

Xi, we have

fk((x1, · · · , xk, · · · , xn)~ (y1, · · · , yk, · · · , yn)) = fk(x1 ∗ y1, · · · , xk ∗
yk, · · · , xn∗yn) = xk∗yk = fk(x1, · · · , xk, · · · , xn)∗fk(y1, · · · , yk, · · · , yn)
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and hence fk is a homomorphism. For serjectivity, for any xk ∈ Xk

(01, · · · , xk, · · · , 0k) ∈
n∏

i=1

Xi such that fk(01, · · · , xk, · · · , 0k) = xk

therefor onto.

Definition 5.2.2. The map in the preceeding theorem is called the

canonical projection of the direct product.

Theorem 5.2.3. Let {Xi = (Xi, ∗, 0i) : i = 1, 2, · · ·n} be a family of

BRK-algebras. Then there exists a BRK-algebra X, together with

a family of homomorphisms {fi : X −→ Xi : ∀i = 1, 2, · · · , n}
with the following property: for any BRK algebra Y and a family

of BRK-homomorpihsms {gi : Y −→ Xi : ∀i = 1, 2, · · · , n}, there

exists a unique homomorpism g : Y −→ X such that fi ◦ g = gi∀i =

1, 2, · · · , n.

Proof. Put X =
n∏

i=1

Xi. Then X is a BRK-algebra. Let {fi :

X −→ Xi : ∀i = 1, 2, · · · , n} be the family of canonical projec-

tions. Suppose that Y is any BRK-algebra and {gi : Y −→ Xi :

∀i = 1, 2, · · · , n} be a family of BRK-homomorphisms. Define

g : Y −→ X by g(y) = (g1(y), · · · , gn(y)) for all y ∈ Y . Then

(1) for any y, z ∈ Y
g(y ∗ z) = (g1(y ∗ z), · · · , gn(y ∗ z)) = (g1(y) ∗ g1(z), ·, gn(y) ∗
gn(z)) = (g1(y), · · · , gn(y)) ~ (g1(z), · · · , gn(z)) = g(y) ∗ g(z).

Hence G is a homomorphism.

(2) for any y ∈ Y (fi◦g)(y) = fi(g(y)) = fi((g1(y), · · · , gi(y), · · · , gn(y))) =

gi(y). Thus fi ◦ g = gi.
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(3) to show g is unique, let g
′

: Y −→ X be another homomor-

phism such that fi ◦ g′
= gi. Now let y ∈ Y . Then (fi ◦ g)(y) =

gi(y) = (fi ◦ g′
)(y). Suppose that g

′
(y) = (x1, · · · , xi, · · · , xn)

But then for each i,

xi = fi((x1, · · · , xi, · · · , xn)) = fi(g
′
(y)) = (fi ◦ g′

)(y) = (fi ◦
g)(y) = fi(g(y)) = fi(g1(y), · · · , gi(y), · · · , gn(y)) = gi(y).

Hence g(y) = (g1(y), · · · , gi(y), · · · , gn(y)) = (x1, · · · , xi, · · · , xn) =

g
′
(y). Therefore, g is unique.

Theorem 5.2.4. Let {Xi = (Xi, ∗, 0i) : i = 1, 2, · · ·n} be a fam-

ily of BRK-algebras. Then gk : Xk −→
n∏

i=1

Xi given by gk(xk) =

(01, · · · , 0k−1, xk, 0k+1, · · · , 0n) is a monomorphism of BRK-algebras

∀k = 1, 2, · · · , n.

Proof. For each k = 1, 2, · · · , n, let xk, yk ∈ Xk. Then

gk(xk ∗ yk) = (01, · · · , 0k−1, xk ∗ yk, 0k+1, · · · , 0n)

= (01, · · · , 0k−1, xk, 0k+1, · · · , 0n)~(01, · · · , 0k−1, yk, 0k+1, · · · , 0n)

= gk(xk) ~ gk(yk).

Thus gk is a homomorphism. Clearly gk is one to one and hence it

is a monomorphism.

Definition 5.2.5. The maps in the preceeding theorem are called

the canonical injections.

Lemma 5.2.6. Let {Xi = (Xi, ∗, 0i) : i = 1, 2, · · ·n} be a family

of BRK-algebras. ∀k = 1, 2, · · · , n, if gk is the canonical injection,
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then gk(Ak) is a closed ideal of
n∏

i=1

Ai.

Proof. For each k = 1, 2, · · · , n, clearly (01, · · · , 0k, · · · , 0n) ∈ gk(Xk).

Suppose for any (y1, · · · , yk, · · · , yn), (x1, · · · , xk, · · · , xn) ∈
n∏

i=1

Xi

, (y1, · · · , yk, · · · , yn) ~ (x1, · · · , xk, · · · , xn), (x1, · · · , xk, · · · , xn) ∈
gk(Xk). But then for i 6= k, xi = yi = 0i. Now since yk ∈ Xk,

(y1, · · · , yk, · · · , yn) ∈ gk(Xk) hence gk(Xk) is an ideal of
n∏

i=1

Xi.

Remark 5.2.7. In general gk(Xk) may not be a translation ideal of
n∏

i=1

Xi.

Example 5.2.8. Let X = {0, 1, 2, 3} be a set with the following

Cayley table:

* 0 1 2 3

0 0 0 0 0

1 1 0 1 1

2 2 3 0 2

3 3 3 0 0

Then (X, ∗, 0) is a BRK-algebra Let Y = {0, 1, 2, 3} be a set with

the following Cayley table:

* 0 1 2 3

0 0 0 0 0

1 1 0 0 0

2 2 2 0 0

3 3 0 1 0

64



Chapter 5 : Direct product of BRK-algebras

Then (Y, ∗, 0) is a BRK-algebra. Let g : X −→ X×Y be the canon-

ical injection given by g(x) = (x, 0). Then g(X) is not a translation

ideal of X×Y as (2, 3)~(0, 1) = (2∗0, 3∗1) = (2, 0), (0, 1)~(2, 3) =

(0 ∗ 1, 1 ∗ 3) = (0, 0) ∈ g(X) but (2, 3) ~ (0, 2)) ~ ((0, 1) ~ (0, 2)) =

((2 ∗ 0) ∗ (0 ∗ 0), (3 ∗ 2) ∗ (1 ∗ 2)) = (2, 1) /∈ g(X)

Theorem 5.2.9. Let {Xi = (Xi, ∗, 0i) : i = 1, 2, · · ·n} be a family

of anti-symmetric BRK-algebras. If gk is the canonical injection for

each k = 1, · · · , n, then gk(Ak) is a translation ideal of
n∏

i=1

Ai and

n∏
i=1

Ai/gk(Ak) ∼=
∏
i6=k

Ai.

Proof. Let gk be the canonical injection. By Lemma 5.2.6, gk(Xk) is

an ideal of
n∏

i=1

Xi. Let (w1, · · · , wk, · · · , wn), (x1, · · · , xk, · · · , xn), (y1, · · · , yk, · · · , yn) ∈
n∏

i=1

Xi. Suppose (w1, · · · , wk, · · · , wn)~(x1, · · · , xk, · · · , xn), (x1, · · · , xk, · · · , xn)~

(w1, · · · , wk, · · · , wn) ∈ gk(Xk). But then for i 6= k wi ∗ xi =

xi ∗ wi = 0 and hence wi = xi. Now ((w1, · · · , wk, · · · , wn) ~

(y1, · · · , yk, · · · , yn))~((x1, · · · , xk, · · · , xn)~(y1, · · · , yk, · · · , yn)) =

((w1∗y1)∗(x1∗y1), · · · , (wk∗yk)∗(xk∗yk), · · · , (wn∗yn)∗(xn∗yn)) =

((w1∗y1)∗(w1∗y1), · · · , (wk∗yk)∗(xk∗yk), · · · , (wn∗yn)∗(wn∗yn)) =

(01, · · · , (wk ∗ yk) ∗ (xk ∗ yk), · · · , 0n)

Thus since (wk∗yk)∗(xk∗yk ∈ Xk, ((w1, · · · , wk, · · · , wn)~(y1, · · · , yk, · · · , yn))~

((x1, · · · , xk, · · · , xn) ~ (y1, · · · , yk, · · · , yn)) ∈ gk(Xk). Similarly

((y1, · · · , yk, · · · , yn)~(w1, · · · , wk, · · · , wn))~((y1, · · · , yk, · · · , yn)~

(x1, · · · , xk, · · · , xn)) ∈ gk(Xk). Hence gk(Xk) is a translation ideal.

For the proof of the isomorphism let X =
n∏

i=1

Xi and I = gk(Xk).
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Define f : X/I −→ ∏
i6=k

Ai by f((x1, · · · , xn)/I) = (x1, · · · , xk−1, xk+1, · · · , xn)

for all (x1, · · · , xn)/I ∈ X/I. Then

(i) Suppose that (x1, · · · , xn)/I = (y1, · · · , yn)/I But then (x1, · · · , xn)~

(y1, · · · , yn) = (x1∗y1, · · · , xn∗yn), (y1, · · · , yn)~(x1, · · · , xn) =

(y1∗x1, · · · , yn∗xn) ∈ I so that xi∗yi = yi∗xi = 0 for all i 6= k.

Which implies xi = yifor all i 6= k. Thus f((x1, · · · , xn)/I) =

f((y1, · · · , yn)/I) which shows that f is well defined.

(ii) To show it is a homomorphism for any (x1, · · · , xn)/I, (y1, · · · , yn)/I ∈
X/I, f((x1, · · · , xn)/I) ∗ ((y1, · · · , yn)/I) = f((x1, · · · , xn) ~

(y1, · · · , yn))/I) = f(x1∗y1, · · · , xn∗yn)/I) = (x1∗y1, · · · , xk−1∗
yk−1, xk+1 ∗ yk+1, · · · , xn ∗ yn) = (x1, · · · , xk−1, xk+1, · · · , xn) ~

(y1, · · · , yk−1, yk+1, · · · , yn) = f((x1, · · · , xn)/I~f(y1, · · · , yn)/I).

Thus f is a homomorphism.

(iii) Clearly f is onto. To show it is one to one suppose f((x1, · · · , xn)/I) =

f((y1, · · · , yn)/I). Then (x1, · · · , xk−1, xk+1, · · · , xn) = (y1, · · · , yk−1, yk+1, · · · , yn)

which implies xi = yi for all i 6= k. Hence (x1, · · · , xn) ~

(y1, · · · , yn) = (x1∗y1, · · · , xn∗yn), (y1, · · · , yn)~(x1, · · · , xn) =

(y1 ∗ x1, · · · , yn ∗ xn) ∈ I, so (x1, · · · , xn)/I = (y1, · · · , yn)/I.

Thus f is one to one.
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1. Introduction 
In 1996, two classes of abstract algebras, BCK-algebras and BCI-algebras,were 
introduced by Imai and Iseki [1, 2]. It is known that the class of BCK-algebras is a proper 
subclass of BCI-algebras. Since then many researchers introduced and studied different 
classes of new algebras as a generalization of BCK/BCI-algebras. 

In 1983, Hu and Li introduced the notion of BCH-algebras [4] as a generalization 
of BCI-algebras and studied certain properties of these algebras. In this direction, Jun, 
Roh and Kim introduced a new class of algebra namely BH-algebras [6] as a 
generalization of BCH-algebras. Q-Algebras and QS-algebras [5] are further 
generalizations of BCH algebras. Recently, Ravi Kumar Bandaru introduced the notion 
of BRK-algebras [3] which is a generalization of BCI/BCI/BCH/Q/QS-algebras and 
studied various properties of BRK-Algebras. His study was confined to give various 
characterizations for these BCK/BCI/BCH/Q/QS-algebras with BRK-Algebras.  

Ravi kumar defined BRK-algebra as an algebra ,*,0)(= XX  of type (2,0) 
which satisfies the  axioms (i) xx =0*  and (ii) yxyx *0=*)*(  for any Xyx ∈, . It 

is known that in any BRK-algebra X  the following holds for any Xyx ∈,  (see [3]),   

    • 0=* xx   
    • )*(0*)*(0=)*(*0 yxyx   

    • 0=* yx  implies yx *0=*0   
He also introduced the notion of positive implicative BRK-algebra as a BRK-algebra 
which satisfies the condition yxyyyx *=)*(0*)*)*((  and gave a necessary and 
sufficient condition for a BRK-algebra to be positive implicative. 
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In this paper we establish an isomorphism theorem for quotient BRK-Algebra 
determined by homomorphism. Furthermore we make use of weak positive implicative 
BRK-algebras and study their properties via right maps and left maps. 

2. Quotient BRK-algebra determined by homomorphism 
Definition 2.1. Let ,*,0)(= XX  and ,*,0)(= YY  be BRK-algebras. A mapping 

YXf →:  is called a homomorphism from X  into Y  if )(*)(=)*( yfxfyxf  for 

all Xyx ∈, .  

 A homomorpism f  is called a monomorphism (resp., epimorphism) if it is 
injective (resp., surjective). A bijective homomorphism is called an isomorpism. Two 
BRK-algebras X  and Y  are said to be isomorphic, written YX ≅ , if there exists an 
isomorphism YXf →: . For any homomorphism YXf →:  the set 

0}=)(:{ xfXx ∈  is called kernel of f , denoted by Kerf  and the set }:)({ Xxxf ∈  

is called the image of f , denoted by Imf . 

Theorem 2.2. Let YXf →:  be a homomorphism of BRK-algebras. Define a relation 

  on X  by  if and only if )(=)( yfxf  for all Xyx ∈, . Then  is a congruence 

relation on X  which is called the congurence relation determined by the homomorphism 
f .  

Proof:  Clearly  is an equivalence relation on X . Next suppose  and . Then 
)(=)( yfxf  and )(=)( vfuf . Now since  

)*(=)(*)(=)(*)(=)*( vyfvfyfufxfuxf , . Thus  is a 

congruence relation on X .                                                                      
 We denote the equivalence class of x  determined by  by fx][  and the set of 

all equivalence classes by fX/  i.e  and .}:]{[=/ XxxfX f ∈  

Theorem 2.3. Let  be homomorphism on BRK-algebras. Define * on fX/  by 

fff yxyx ]*[=][*][ . Then )[0],*,/( ffX  is a BRK algebra. It is called the quotient 

BRK-algebra determined by the homomorphism f .  
Proof: Since  is a congruence relation on X, * is well defined. Now for any 

fXyx ff /][,][ ∈  we have   

      1.  ffff xxx ][=0]*[=[0]*][  and  

      2.  fffffffff yyxyxxyxxyx ][*[0]=]*[0=]*)*[(=][*]*[=][*)][*]([ .  

   Thus )[0],*,/( ffX  is a BRK-algebra.  

  
Remark 2.4. Clearly Kerff =[0] .  

Theorem 2.5. Let YXf →:  be homomorphism of BRK-algebras. Then the image of 

f  is isomorphic to the quotient BRK-algebra determined by f , i.e. ImffX ≅/ .   
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Proof: Define a mapping ImffX →/:θ  by )(=)]([ xfx fθ . Then   

      1.  θ  is well defined. Indeed suppose ff yx ][=][  but then 

)(=)(][][=][ yfxfyxyx fff ⇒∈⇒ . Thus )]([=)]([ ff yx θθ .  

      2.  θ  is homomorphism. Indeed for any fXyx ff /][,][ ∈  we have 

)]([*)]([=)(*)(=)*(=)]*([=)][*]([ fffff yxyfxfyxfyxyx θθθθ   

      3.  Clearly θ  is bijective.  
     Hence  ImffX ≅/ .  

  
3. Weak implicative BRK-algebra 
Here we will define weak implicative BRK-algebra and investigate its properties.  

Definition 3.1. A BRK-algebra ,*,0)(= XX  is said to be weak positive implicative if it 

satisfies )*(*)*(=*)*( zyzxzyx  for all yx,  and Xz ∈   
  

Example 3.2. Let {0,1,2,3}=X  be a set with the following cayley table:  
  

 *   0   1   2   3  
0  0   0   0   0  
1  1   0   1   0  
2  2   2   0   0  
3  3   3   3   0  

 
    Then ,*,0)(X  is a weak positive implicative BRK-algebra.  

    The next example shows the existence of weak implicative BRK algebra which is not 
BCK/BCI/BCH-algebra. 
  
Example 3.3. Let Z  be the set of integers. Define * on Z  by  

 




≠ 0if0,

0=if,
=*

y

yx
yx  

Then ,*,0)(Z  is a weak positive implicative BRK-algebra which is not BCK/BCI/BCH-
algebra.   

Lemma 3.4. In any weak positive implicative BRK-algebra X , the following hold for all 
Xyx ∈, .   

    1.  0=*0 x   
    2.  0=*)*( xyx   

    3.  yyxyx *)*(=*   

    4.  0=*))*(*( yyxx    

Proof. Let Xyx ∈, . Then   
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    1.  0=0*0=)*(*)*(=*)*(=*0 xxxxxxxx   

    2.  0=*0=*)*( yxyx   

    3.  yyxyyyxyxyx *)*(=)*(*)*(=0*)*(=*   

            4.  0=)*(*)*(=)*)*((*)*(=*))*(*( yxyxyyxyxyyxx .   

Theorem 3.5. Every weak positive implicative BRK-algebra is positive implicative.  
Proof. Let ,*,0)(= XX  be a weak positive implicative BRK-algebra. For any 

Xyx ∈, , we have yxyyxyyxyyyx *=*)*(=0*)*)*((=)*(0*)*)*(( . 

Thus X  is positive implicative BRK-algebra.   

Remark 3.6. The converse of the above theorem is not true.   

Example 3.7. Let {0,1,2}=X  be a set with Cayley table:  
  

 *   0   1   2  
0  0   2   2  
1  1   0   0  
2  2   0   0  

 
Then ,*,0)(X  is a positive implicative BRK-algebra [see 3] which is not a weak positive 

implicative (as 1)*(1*1)*(1=02=1*1)*(1 ≠ ).   

4. R-maps and L-maps in BRK-algebra 
In this section we investigate the properties of R-maps and L-maps in weak positive 
implicative BRK-algebras.  

Definition 4.1. Let ,*,0)(= XX  be a BRK-algebra and Xa ∈  be a fixed element. Then 

the map XXRa →:  given by axxRa *=)(  is called right map of  X and the map 

XXLa →:  given by xaxLa *=)(  is called left map of  X. The set of all left maps is 

denoted by )(XL .   

Definition 4.2. A right map aR  is called idempotent if aaa RRR =o  where o  is the 

usual composition of maps.   

Remark 4.3. Clearly for any a , aR  is idempotent if and only if axaax *=*)*(  for all 

Xx ∈ .   

Theorem 4.4. If a BRK-algebra ,*,0)(= XX  is weak positive implicative, then every 

right map on X  is idempotent.  
Proof. For any Xa ∈ , ))((=))((=*)*(=*=)( xRRxRRaaxaxxR aaaaa o  for all 
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Xx ∈ . Hence aaa RRR =o .     

Theorem 4.5. A BRK-algebra ,*,0)(= XX  is a weak positive implicative if and only if 
every right map is a homomorphism.  
Proof. Suppose X  is a weak positive implicative BRK-algebra. Then for each Xa ∈ , 

)(*)(=)*(*)*(=*)*(=)*( yRxRayaxayxyxR aaa .Thus aR  is a homomorphism. 

For the converse suppose every right map is a homomorphism. Now for any Xzyx ∈,,  

we have )*(*)*(=)(*)(=)*(=*)*( zyzxyRxRyxRzyx zzz . Hence X  is weak 
positive implicative.                                               

Theorem 4.6. In any BRK-algebra ,*,0)(= XX , if aL  is a homomorphism, then 0=a . 

Proof. Suppose aL  is a homomorphism. But then 

 0=*=0)*(*0)*(=(0)*(0)=0)*(0=(0)=0*= aaaaLLLLaa aaaa .        

 For a BRK-algebra ,*,0)(= XX  we define a binary operation ⊗  on )(XL  by 

)(*)(:=))(( xLxLxLL baba ⊗  for any )(, XLL ba L∈ . We have the following Lemma.  

Lemma 4.7. Let ,*,0)(= XX  be weak positive implicatice BRK-algebra. For any 

)(,, XLLL cba L∈ , we have   

    i. baba LLL *=⊗  i.e. )(XLL ba L∈⊗ .  

    ii. )()(=)( cacacba LLLLLLL ⊗⊗⊗⊗⊗ .  

Proof. For any Xx ∈  we have   

       i. )(=*)*(=)*(*)*(=)()(=))(( * xLxbaxbxaxLxLxLL bababa *⊗  and so      

          baba LLL *=⊗ .  

      ii. cbacbacba LLLLLL *)*(* ==)( ⊗⊗⊗
 

                         cbcacbca LLL **)*(*)*( = ⊗=
 

                         
)()( caca LLLL ⊗⊗⊗=    

Theorem 4.8 If ,*,0)(= XX  is a weak positive implicative BRK-algebra, then 

),),((=)( 0LXX ⊗LL  is a weak positive implicative BRK-algebra.  

Proof. It is enough to show that ),),((=)( 0LXX ⊗LL  is a BRK-algebra. Now for any 

)(, XLL ba L∈  we have   

    1.  aaa LLLL == 0*0⊗ , and  

    2.  bbabaaba LLLLLLL ⊗⊗⊗ 0*0*)*( ===)( .  

 Therefore )(XL  is a BRK-algebra and hence by the above lemma it is weak positive 
implicative.                                                                        
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Corollary 4.9. Let ,*,0)(= XX  be a weak positive implicative BRK-algebra. Then the 

map )(: XXf L→  given by xLxf =)(  is an epimorphism and )(/ XfX L≅  where 

fX/  is the quotient BRK-algebra determined by the homomorphism f .  
  

5. Conclusion 
In this paper, we have introduced the notion of weak positive implicative BRK-algebra 
and showed that the set of all left maps on weak positive implicative BRK-algebra is also 
weak positive implicative BRK-algebra. We have also investigated the conditions under 
which right maps and left maps becomes a homomorphsm. 
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1. Introduction

Two classes of abstract algebras namely BCK and BCI algebras were
initially introduced by Y. Imai and K. Iseki [1, 2]. It is known that BCK
is a proper subclass of BCI algebras. Subsequently many researchers
introduced and studied extensively on generalizations of BCK/BCI-
algebras namely BCH-algebras by Hu and LI [3], Q- algebras by J.Negger
and etl [4], BRK-algebras by Ravi Kumar in [5] . The order of general-
ization is as follows BCK/BCI/BCH/Q/BRK-algebras.

In this paper, we investigate the study of BRK- algebras by intro-
ducing the notion of homomorphism, congruence and translation ideals.
The process of constructing a quotient BRK-algebra is in the usual way
but not with simply ideal. A stronger condition has been introduced on
ideal called translation ideal to obtain a quotient BRK-Algebra. Fur-
ther we gave an example (see 4.6) that an ordinary ideal does not give
a congruence. Also we introduce a sub class of BRK- algebra called
anti -symmetric BRK-algebra which is a common subclass of the two
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distinct algebras namely BRK-algebra and BH-algebra. Finally we con-
clude this paper by establishing the first isomorphism theorem for the
anti-symmetric BRK-algebras, which are a subclass of BRK-algebras.

2. Preliminaries

We collect certain definitions and examples from the existing litera-
ture.

Definition 2.1. Let X = (X, ∗, 0) be an algebra of type (2, 0). Then
X is called:

(1) BCH-algebra ([3]) if it satisfies
(1) x ∗ x = 0,
(2) x ∗ y = 0 and y ∗ x = 0 imply x = y,
(3) (x ∗ y) ∗ z = (x ∗ z) ∗ y

(2) a Q-algebra ([4]) if it satisfies (1), (3) and
(4) x ∗ 0 = x.

(3) a BH-algebra ([6]) if it satisfies (1), (2) and (4).

Definition 2.2. ([5]). An algebra (X, ∗, 0) of type (2, 0) is called a
BRK-algebra if it satisfies the following axioms

(1) x ∗ 0 = x,
(2) (x ∗ y) ∗ x = 0 ∗ y

for all x, y ∈ X.

Example 2.3. ([5]) Let X = R \ {−n}, 0 6= n ∈ Z+ where R is the set of
real numbers and Z+ is the set of positive integers.If we define a binary
operation ∗ on X by

x ∗ y :=
n(x− y)

n+ y
,

then (X, ∗, 0) is a BRK algebra.

Example 2.4. ([5]) Let X = {0, 1, 2} be a set with the following Cayley
table:

* 0 1 2
0 0 2 2
1 1 0 0
2 2 0 0

Then (X, ∗, 0) is a BRK algebra.
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Theorem 2.5. ([5]) In any BRK-algebra X the following holds for any
x, y ∈ X,

(1) x ∗ x = 0
(2) 0 ∗ (x ∗ y) = (0 ∗ x) ∗ (0 ∗ y)
(3) x ∗ y = 0 implies 0 ∗ x = 0 ∗ y

Definition 2.6. Let X be a BRK-algebra and let I be nonempty subset
of X. Then

(1) I is called a subalgebra of X if x ∗ y ∈ I for all x, y ∈ I
(2) I is called an ideal of X if for any x, y ∈ X:

(i) 0 ∈ I,
(ii) x ∗ y ∈ I and y ∈ I imply x ∈ I.

(3) I is called closed ideal of X if it is both an ideal and a subalgebra.

Remark 2.7. In general an ideal of a BRK-algebra may not be a subal-
gebra and vice-versa.

Example 2.8. Let X = (Z,−, 0) be the BRK-algebra of set of integers
under subtraction. Then the set I of all non negative integer forms an
ideal which is not a subalgebra. Indeed 0 ∈ I and if x, y − x ∈ I then
0 ≤ x and 0 ≤ y − x which imply 0 ≤ y and hence y ∈ I ( in this case
the relation ≤ is the usual order of real numbers. Thus I is an ideal of
X. Clearly I is not a subalgebra as it is not closed under subtraction.

3. Translation Ideals, Homomorphisms

We introduce the notion of translation ideals in a BRK-algebra.
Definition 3.1. An ideal I of a BRK algebra X is called translation
ideal if it satisfies the condition x ∗ y, y ∗ x ∈ I ⇒ (x ∗ z) ∗ (y ∗ z), (z ∗
x) ∗ (z ∗ y) ∈ I.

Example 3.2. Let X = (Z,−, 0) be the BRK-algebra of set of integers
under the usual subtraction of real numbers. Then the set of all non
negative integers forms a translation ideal of X.

The following two examples demonstrate the existence of an ideal
which is not translation.

Example 3.3. Let X = {0, 1, 2, 3} be a set with the following Cayley
table:
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* 0 1 2 3
0 0 0 0 0
1 1 0 0 0
2 2 2 0 0
3 3 0 1 0

Then (X, ∗, 0) is a BRK-algebra. Clearly I = {0} is an ideal but not
translation since 3 ∗ 1, 1 ∗ 3 ∈ I but (3 ∗ 2) ∗ (1 ∗ 2) = 1 /∈ I.

Example 3.4. Let X = {0, 1, 2, 3} be a set with the following Cayley
table:

* 0 1 2 3
0 0 0 0 0
1 1 0 1 1
2 2 3 0 2
3 3 3 0 0

Then (X, ∗, 0) is a BRK-algebra and I = {0, 1} is an ideal of X which
is not translation (as 0 ∗ 1, 1 ∗ 0 ∈ I but (2 ∗ 0) ∗ (2 ∗ 1) = 2 /∈ I).

Remark 3.5. In general a translation ideal may not be closed (see Ex-
ample 3.2).

Definition 3.6. Let X and Y be BRK-algebras. A mapping f : X −→
Y is called a homomorphism from X into Y if f(x ∗ y) = f(x) ∗ f(y) for
all x, y ∈ X.

A homomorpism f is called a monomorphism (resp., epimorphism)
if it is injective (resp., surjective). A bijective homomorphism is called
an isomorpism. Two BRK-algebras X and Y are said to be isomorphic,
written X ∼= Y , if there exists an isomorphism f : X −→ Y . For any
homomorphism f : X −→ Y the set {x ∈ X : f(x) = 0} is called kernel
of f , denoted by Ker(f) and the set {f(x) : x ∈ X} is called the image
of f , denoted by Imf .

Lemma 3.7. Let f : X −→ Y be homomorphism of BRK-algebras.
Then

(1) f(0) = 0
(2) x ∗ y = 0 implies f(x) ∗ f(y) = 0.

Proof.
(1) f(0) = f(0 ∗ 0) = f(0) ∗ f(0) = 0.
(2) If x ∗ y = 0, then f(x ∗ y) = f(0) which implies f(x) ∗ f(y) = 0. �
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Theorem 3.8. Let f : X −→ Y be homomorphism of BRK-algebras.

i. If S is a subalgebra of X, then f(S) a subalgebra of Y
ii. If K is a subalgebra of Y , then f−1(K) is a subalgebra of X

containing Kerf
iii. If I is an ideal of X and f is injective, then f(I) is an ideal of

f(X).
iv. If J is an ideal of Y , then f−1(J) is an ideal of X.
v. If I is a translation ideal of X and f is injective, then f(I) is a

translation ideal of f(X).
vi. If J is a translation ideal of Y , then f−1(J) is a translation ideal

of X.

Proof. Straightforward �

Corollary 3.9. If f : X −→ Y is homomorphism of BRK algebras,
then Kerf is a closed ideal of X and Imf is a subalgebra of Y .

Remark 3.10. For any BRK-homomorphism f ,

(1) kerf = {0} may not imply f is injective.
For instance, let X = (X, ∗, 0) be the BRK-algebra where X =
{0, 1, 2} and ∗ is given by the Cayley table:

* 0 1 2
0 0 2 2
1 1 0 0
2 2 0 0

Let f : X −→ X be defined by f(0) = 0 and f(1) = f(2) = 2.
clearly f is a homomorphism with kerf = {0} but f is not
injective.

(2) kerf may not be a translation ideal of X.
For instance, consider the BRK-algebraX in example 3.3. Clearly
the identity map id : X −→ X is a homomorphism, but kerf =
{0} is not a translation ideal.

4. Quotient BRK-Algebra

In this section we will study the quotient algebra of BRK-algebra. We
define congruence relation on BRK-algebra as in the usual way.
Definition 4.1. An equivalence relation θ on a BRK-algebra X is called
a congruence relation if it has a compatibility property:

(x, y) ∈ θ and (u, v) ∈ θ imply (x∗u, y∗v) ∈ θ for all x, y, u, v ∈ X.



Quotient BRK-algebras 99

Given a congruence relation θ on a BRK-algebra X, we use the no-
tation θx for the equivalence class determined by x i.e. θx = {y ∈ X :
(y, x) ∈ θ} and X/θ for the quotient set {θx : x ∈ X}.
Theorem 4.2. Let X be a BRK-algebra. Define ∗ on the quotient set
X/θ by θx ∗θy = θx∗y.Then (X/θ, ∗, θ0) is a BRK-algebra which is called
a quotient BRK-algebra induced by the congruence θ.

Proof. Since θ is a congruence relation ∗ is well defined. For any θx, θy ∈
X/θ we have

(1) θx ∗ θ0 = θx∗0 = θ0, and
(2) (θx ∗ θy) ∗ θx = θx∗y ∗ θx = θ(x∗y)∗x = θ0∗y = θ0 ∗ θy.

Thus (X/θ, ∗, θ0) is a BRK-algebra. �
Theorem 4.3. Let X/θ = (X/θ, ∗, θ0) be the quotient BRK-algebra
induced by a congruence θ. Then θ0 is a closed ideal of X.

Proof. Since (0, 0) ∈ θ, 0 ∈ θ0. Suppose x, y ∗x ∈ θ0, then (x, 0) ∈ θ and
(y ∗ x, 0) ∈ θ. Now from (y, y) ∈ θ and (x, 0) ∈ θ we have (y ∗ x, y) ∈ θ.
Also from (y ∗ x, y) ∈ θ and (y ∗ x, 0) ∈ θ we get (0, y) ∈ θ and hence by
symmetry we have (y, 0) ∈ θ i.e. y ∈ θ0. Therefor θ0 is an ideal of X.
Next, if x, y ∈ θ0 then (x, 0) ∈ θ and (y, 0) ∈ θ and hence (x ∗ y, 0) ∈ θ
i.e. x ∗ y ∈ θ0. Thus it is closed. �

Now we construct a congruence relation on X via translation ideal.

Theorem 4.4. Let I be a translation ideal of a BRK-algebra X. Define
a relation v on X by x v y ⇔ x ∗ y, y ∗ x ∈ I. Then v is a congruence
relation on X which is called the congruence relation of X induced by a
translation ideal I.

Proof. For any x ∈ X, since x ∗ x = 0 ∈ I, we have x v x hence it is
reflexive. From the definition of v it is clear that v is symmetric. If
x v y and y v z then x ∗ y, y ∗ x, y ∗ z, z ∗ y ∈ I. Now x ∗ y, y ∗ x ∈ I
implies (x ∗ z) ∗ (y ∗ z) ∈ I. But then since I is an ideal and y ∗ z ∈ I,
x ∗ z ∈ I. Similarly z ∗ x ∈ I. Thus v is transitive. Hence v is an
equivalence relation. Next suppose x v y and u v v. But then since I
is a translation ideal we have x ∗ y, y ∗ x ∈ I ⇒ (x ∗ u) ∗ (y ∗ v) ∈ I ⇒
((x ∗ u) ∗ (y ∗ v)) ∗ ((y ∗ u) ∗ (y ∗ v)) ∈ I and hence (x ∗ u) ∗ (y ∗ v) ∈ I
(as I is an ideal and (y ∗ u) ∗ (y ∗ v) ∈ I). Similarly we can show that
(y ∗ v) ∗ (x ∗ u) ∈ I. Thus v is a congruence relation. �
Remark 4.5. In the above theorem if we take an arbitrary ideal instead
of translation , the relation may not be congruence.
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Example 4.6. Consider the BRK-algebra X and its ideal I in Exam-
ple3.4. Define ∼ on X by x ∼ y ⇔ x ∗ y, y ∗ x ∈ I. But then 2 ∼ 2 and
0 ∼ 1 but 2 ∗ 0 = 2 � 3 = 2 ∗ 1 as 2 ∗ 3 = 2 /∈ I hence not a congruence
relation.

Now for any translation ideal I of a BRK-algebra X we use the no-
tation Ix for the equivalence class determined by x and X/I for the set
of all equivalence classes of X for the congruence relation of X induced
by I. Clearly Ix = {y ∈ X : x ∼ y} and X/I = {Ix : x ∈ X}.
Corollary 4.7. Let X be a BRK-algebra and I be a translation ideal of
X. Define ∗ on X/I by Ix ∗Iy = Ix∗y, for all x, y ∈ X. Then (X/I, ∗, I0)
is a BRK algebra.

Definition 4.8. (X/I, ∗, I0) is called the quotient BRK-algebra of X
determined by a translation ideal I

Remark 4.9. Let X be a BRK-algebra. Then

(1) in general for a translation ideal I of X, I0 may not be equal to
I and

(2) a translation ideal I of X is closed if and only if I0 = I.

5. anti-symmetric BRK-algebra

In this section we introduce a new subclass of BRK-algebra called anti-
symmetric BRK-algebra and we will estabilish the homomorpism theo-
rem for this subclass.
Definition 5.1. A BRK-algebra X is called an anti-symmetric BRK-
algebra if it satisfies (2): x ∗ y = 0 and y ∗ x = 0 imply x = y for any
x, y ∈ X.

The following examples illustrate such algebra exist.

Example 5.2. Let X = {0, 1, 2} be a set with Cayley table:

* 0 1 2
0 0 2 2
1 1 0 0
2 2 0 0

Then (X, ∗, 0) is a BRK- algebra which is not anti-symmetric BRK-
algebra as 2 ∗ 1 = 1 ∗ 2 = 0 but 1 6= 2.

Example 5.3. Let X = {0, 1, 2, 3} be a set with Cayley table:
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* 0 1 2 3
0 0 1 0 1
1 1 0 1 0
2 2 1 0 1
3 3 2 3 0

Then (X, ∗, 0) is an anti-symmetric BRK-algebra which is not BCH as
(3 ∗ 1) ∗ 1 = 0 6= 2 = (3 ∗ 2) ∗ 1.

Example 5.4. Let X = {0, 1, 2, 3} be a set with Cayley table:

* 0 1 2 3
0 0 3 0 2
1 1 0 0 0
2 2 2 0 3
3 3 3 1 0

Then (X, ∗, 0) is a BH-algebra which is not an anti-symmetric BRK-
algebra as (2 ∗ 3) ∗ 2 = 1 6= 2 = 0 ∗ 3.

Remark 5.5. Every anti-symmetric BRK-algebra is a BH- algebra but
not the converse.

The following figure shows the relationship of the algebras.
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Theorem 5.6. Let X and Y be anti-symmetric BRK-algebra and f :
X −→ Y be BRK-homomorhism. Then f is injective if and only if
kerf = {0}.

Proof. Obviously if f is injective then clearly Kerf = {0}. On the
other hand, suppose that x, y ∈ X and f(x) = f(y). Then f(x ∗ y) =
f(x) ∗ f(y) = f(x) ∗ f(x) = 0. Hence x ∗ y ∈ Kerf and so x ∗ y = 0.
Similarly we have y ∗ x = 0. Thus x = y and hence f is injective. �

Theorem 5.7. Let X and Y be anti-symmetric BRK-algebra and f :
X −→ Y be BRK-homomorhism. Then Kerf is a translation ideal of
X.

Proof. Since Kerf is an ideal of X, it is enough to show that it is
translation. If x ∗ y, y ∗ x ∈ kerf , then f(x) ∗ f(y) = f(y) ∗ f(x) =
0 ⇒ f(x) = f(y). But then for any z ∈ X f((x ∗ z) ∗ (y ∗ z)) =
(f(x) ∗ f(z)) ∗ (f(y) ∗ f(z)) = (f(x) ∗ f(z)) ∗ ((f(x) ∗ f(z)) = 0 which
implies (x ∗ z) ∗ (y ∗ z) ∈ kerf . Similarly (z ∗ x) ∗ (z ∗ y) ∈ kerf . Thus
Kerf is a translation ideal. �

Theorem 5.8. Let X and Y be anti-symmetric BRK-algebra and f :
X −→ Y be a BRK homomorphism. If I = Kerf , then X/I ∼= Imf .

Proof. As I is a translation ideal of X, X/I is a BRK algebra. Define a
mapping α : X/I −→ Imf by α(Ix) = f(x). Then

(1) α is well defined. Suppose Ix = Iy for some Ix, Iy ∈ X/I. Then
Ix = Iy ⇒ x ∗ y, y ∗ x ∈ I ⇒ f(x ∗ y) = f(y ∗ x) = 0
⇒ f(x) ∗ f(y) = f(y) ∗ f(x) = 0 ⇒ f(x) = f(y) ⇒

α(Ix) = α(Iy).
Thus α is well defined.

(2) α a homomorpism. For any Ix, Iy ∈ X/I we have
α(Ix ∗ Iy) = α(Ix∗y) = f(x ∗ y) = f(x) ∗ f(y) = α(Ix) ∗ α(Iy).
Therefor α is a homomorphism.

(3) α is injecive. Let α(Ix) = α(Iy) for some Ix, Iy ∈ X/I. Then
α(Ix) = α(Iy) ⇒ f(x) = f(y) ⇒ f(x) ∗ f(y) = f(y) ∗

f(x) = 0
⇒ f(x ∗ y) = f(y ∗ x) = 0⇒ x ∗ y, y ∗ x ∈ I ⇒

Ix = Iy.
Hence α is one to one.

(4) α is onto. Indeed let y be any element in Imf . But then
there exists x ∈ X such that f(x) = y. Now Ix ∈ X/I and
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α(Ix) = f(x) = y and hence α is onto.

Hence α is an isomorphism and X/I ∼= Imf . �
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