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Abstract

A D-module is a module over a ring of Differential Operators. The major
interest of such D-modules is as an approach to the theory of linear partial
differential equations. Algebraic D-modules are modules over the Weyl alge-
bra A,, over the field C of complex numbers. The main purpose of this thesis
to work on the A3—module Clz, y, z],, where « is the product of linear forms.
In this thesis we computed the decomposition factors and hence the length
of A3 -module Clz,y, 2], using the method of partial fractions of rational
functions.
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Notations

K denotes a field of characteristic zero.

C denotes a field of complex numbers.

Ny denotes the set of natural numbers containing zero.

Z is the set of integers.

K[xq,x9, ..., z,) denotes the ring of polynomials in n variables over a
field K.

e C[X] is the ring of polynomials in n variables over C.

Endy(K[X]) denotes the set of endomorphism from K[X] to K[X].

¢(M) Denotes length of an R-module M.
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Chapter 1

Introduction

A D-module is a module over a ring of Differential Operators. The major
interest of such D-modules is as an approach to the theory of linear partial
differential equations. Algebraic D-modules are modules over the Weyl alge-
bra A, over a field K of characteristic zero.

Let a; : C" — C,i =1,2,...,m. such that
n
a;(xq, g, ...y xy) = Zai]mj,
7=1

a;; € C be linear forms. The the localization of Clzy, s, ..., Zym]a, Where
a=[[", o, is an A,—module. The A,—module C[zy, zo, ..., T,y ], has finite
length.

The main purpose of this thesis to work on the A, —module Clzy, 2, ..., Zmm]a,
and mainly focuses on composition series and on the computations of the de-
composition factors of the A, module Clzy, xg, ..., Tiya-

This thesis is divided into two parts. The first part is concerned with pre-
liminary; definitions and basic properties of Weyl algebra and modules over
Weyl algebra. We will discuss on the degree of an operator like the degree of
polynomial. Most importantly,it is shown that the only invertible elements
of A, are non-zero constant. In the second part we will focus on the com-
putations of the decomposition factors of the A, module Clxy, s, ..., Tp]a,
especially when n = 1,2, 3 using the idea of partial fractions.



Chapter 2

Preliminaries

In this chapter we will define the Weyl Algebra and present its basic proper-
ties. The Weyl algebra is introduced as a ring of operators and it is shown
that the Weyl algebra is a simple domain, the only invertible elements of A,
are non-zero constants and see modules over Weyl algebra.

2.1 Definition and some properties of the Weyl
Algebra

In this section we will define the Weyl algebra and see some important prop-
erties of Weyl algebra.

Definition 1. An algebra A over a field F is a non-empty set A together with
three operations, namely Addition (+),multiplication (.) and scalar multipli-
cation such that the following are satisfied.

(i) A is a vector space over F.
(i) (A,+,.) is a ring.
(i1i) If « € F anda,b € A, then a(a.b) = (a.a)b = a(a.b)

Example 1. If K is a field of characteristic zero, the ring of polynomials
K(xy,...,x,] is a vector space over K. Thus K[xy,...,x,] forms a K- algebra
called polynomial algebra.



Definition 2. Let K be a field of characteristic zero. A subalgebra of a K—
algebra A is a nonempty subset S of A that is also an algebra of the same
type when the algebraic operations on A are restricted to S.

Let K be a field of characteristic zero and Endy K[X] be the set of endo-
morphisms of K[X] over K, where X = (x1, 2o, ...,2,). The algebra opera-
tions in the endomorphism ring; addition and multiplication (in this case it
will be composition) of operators are defined as follows:

(i) ¢ +0: K[X] = K[X]by(p +0)(f) = o(f) + 0(f) and
(i) (pof)(f) : K[X] = K[X] by (¢ o 0)(f) = ¢(6())
where f € K[X],,0 € Endg K[X].

Here + is addition of endomorphisms and o is the composition of en-
domorphisms.

(i) alg) : K[X] - K[X] by ap) = a.p
Thus, we have the following lemma.
Lemma 1. (Endx K[X],+,0) is a a K—algebra.
Proof. [7] O

Proposition 1. Let xy, 2o, ...,x, and 0y, 0s, ..., 0, be operators on K[X] de-
fined on an element f € K[X] by:

zi(f) =i f
(read as z; acts on f)
Oif = of
8:1:1-

(read as O; acts on f.)
The operators x1,Ta, ..., Ty and Oy, , Opy, ..., Op, are linear operators on K[X].

Proof. Let f, f1, fo € K[X] and o € K. Then clearly the operators z;, d; for
i =1,---,n are well-defined. We want to show that the operators x;, 9; for
i1 =1,---,n are linear operators.



1. Thus

zi(fi+ fo) = xifi+ f2)

z;. f1 + x;. fo( as multiplication is distributive over addition)

zi(f1) + xi(f2).
2. And also

ri(af) = x.(af)
= ax;.f

= ax;f

3. Similaly

8xi(fl+f2) = W
ofy  0(f)
ox; + Ox;

= 8xl(f1) + a’cz(fl)

4. and also

d(avf)
0x;

ad(f)
0x;

= a(0.,(f))

Op (af) =

Therefore x; and 0; are linear operators. O

Definition 3. Let n > 1. Then the n'* Weyl Algebra, A, is a K subalgebra
of Endk K[X] generated by operators xq,xa, ..., T, and Oy, 0a, ..., Op.

Taking n = 3, the 3" Weyl Algebra As is the K-subalgebra of Endg (K |z, v, 2])
generated by the operators x,y, 2, 0,, 0y, 0.

Proposition 2. A Weyl algebra A, is not commutative.



Proof. Consider the operator d;x; and acting on an element f € K|[x].

@-xz() ( (f))

=f+ iCz‘az'(f)
=1+ 2;0;)(f)

This implies 0;,z; = 1 + x;0;.
Thus,0; and z; are not commutating and hence A,, is not commutative. [J

We denote the n—th Weyl Algebra by
An =K <z1,29,..., %, 817 82, ceey 8n

Remark 1. If P, L € A, then their commutator is the operator PL — LP
and denoted by [P, L].

In general, the commutators of the generators on n —th Weyl algebra A,
are given by
0;,0;] = [x5,2j] =0, f1<i,j<n
[0, 2;] = 1, fori=j
0;, ] =0, otherwise.

2.2 Canonical form(as a vector space)

In this section, we will construct a basis of the Weyl algebra A, ( as K-
vector space),which is called a canonical basis of A, with respect to this
basis every non zero elements of A,, possesses a unique representation which
helps us to define degree of any polynomial in A, It is easier to describe the
canonical basis if we use a multi-index notation.

A multi index notation o an element of N": say, « = (ay, o, ...,a,) and
x® =z x* . a%and also degree of monomial 2% is | a |= a; +as + ... +
A pair («, ) of multi indices in N is it self a multi index in N™ x N".The
factorial of a multi index o € N" is a! = aqlas!...a,!



Lemma 2. Let §, € N and assume | § |<| 5 |. Then

{aﬁgﬁ =B, iff=0¢

0%2% =0, otherwise.
Proof. Assume ¢ = [3,then

9P =988
=305 ...0%) (& . P

(070,87 1)35”(x1 a2 ahn)
(01" 05200
(
(

o )(a: :(:2 ’B"’lﬁﬁnxﬂ")
ol ob .ol (2 x2 a6
851852-“ 5 )(1’1 xz Bn ") B! B!

=01!Ba!...8,!
If 0 # B and | § |<| B |,then §; < B; for some i € {1,2,...,n}.Thus,

9% =805 ..9%) (a . aPn)
=0

This completes the proof. O

Proposition 3. The set B = {2%0° : o, 8 € N"} is a basis of A, as a vector
space over K.

Proof. To show that elements of B generates the Weyl Algebra as a vector
space, consider a monomial on the generators of A,.If f € K[X], then using
the commutators we have 0;f — f0; = af . This implies all powers of 2’s in
an element will be moved to the left of all d's. Thus, the monomials can be
written as a linear combination of elements of B.

Now,it remains to show B is linearly independent.
Let D € A, and D = " c,52*0” be a finite linear combination.
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Suppose D = 0, then we want to show C,p = 0.

Since 0 is an operator for every f € K[z], D(f) =0(f) =0.

In particular, for f = 2 = xf%?...xﬁ”, where | 5 |= 1 + B2 + ... + B, and
X = (21,...,2,),we have D(f) = 3" c,pr®0°(f) = 0 = 0(f)

= Z Capr®0®(27) = 0
= Z Capr®fl =0......... by lemma 2

Since z® # 0,now we have c,3 = 0 Va, f € N*
Thus,Y " capz®0® = 0 = cop = 0.
This implies, B is linearly independent. Therefore, B is a basis of A,,.

Definition 4. The set B is called canonical basis of A,,.

Example 2. Find the canonical form of elements of
8§’x183x3 + 13381$1.

Solution.
0501053 + w30yx1 =03a1 (w305 + 1) + x3(210y + 1)
263(:131:(:363 + $1) + 232101 + T3

:Jilxgaga:g + xlag’ + $1LE381 + 23

2.3 The degree of an operator

A domain is a non zero ring R in which ab =0 = a = 0or b =0, Va,b € R.
Or, domain is a ring whose only proper two sided ideal is zero.In this section
we discussed on degree of an operator will be used to show Weyl algebra is
a domain.

Definition 5. Let D € A,, such that D =Y cop2x®d”.

deg(D) = max (laf +[5])

@, Caﬁio



The notation deg(D) denotes degree of an operator D
Degree of zero operator(like zero polynomial)is negative infinity.
For example,

. degree of 2230} + 62107 + 60, is 5.
. degree of 22303 + 6305 + 1105 is 6.

Theorem 1. The degree function satisfies the following properties. For D, D" €
An

(1) deg(D + D') < max{deg D,deg D'}

(2) deg(DD’") = deg D + deg D’

(3) deg[D + D'] < deg D + deg D" — 2
Proof. [2]

Corollary 1. The algebra A, is a domain.
Proof. Let D, D' € A, with D # 0, D’ # 0. Then we want to show DD’ # 0

Let deg D = n and degD’ = m for some positive integers n,m > 0.
Then deg D + deg D' = m + n > 0. This implies DD’ # 0.
Thus, DD’ = 0= D =0 or D' =0 and hence A, is a domain. a

Corollary 2. The only elements of A, that have an inverse are constants.

Proof. Let D € A,,D # 0 be an invertible element. Then there exists
nonzero D' € A, such that DD’ = 1 (an identity operator) This implies
deg DD" = deg1 = 0 and hence deg D + deg D’ = 0 = deg D = deg D' =0
as D and D’ are nonzero operators.

Hence, D is constant.

2.4 Modules over the Weyl algebra

In this section we state the correspondence theorem which is important for
our work. Also, by writing C[z] as a polynomial ring C[xq, xs, ..., z,,|, where
C is the set of complex number and A, is a submodule of End¢Clz] and
we define action of elements of A,, to elements of C[z] to make Clz] is left
A,-module. Let us start by giving a formal definition of a module.
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Definition 6. Let (M,+) be an abelian group and (R,+,.) be a ring with
unity. Then M is called a unitary left R-module if there exists a function

n:RxM— M,

where the image of (r,m) is given by n(r,m) = rm such that the following
conditions are satisfied. For all x,y € M and all a,b € R :

(1) a(r +y) = ax + ay
(i1) (ab)xr = a(bx)
(11i) (a+b)x = ax + bx
() 1o = x, where 1 is the multiplicative identity in R.

The most common examples of modules are vector spaces over certain
fields.
Submodules of modules are subsets that are modules with respect to the
operations defined in the given module and a formal definition is given below.

Definition 7. A nonempty subset N of M is called a submodule of M if

(i) v,y € N =z —y € N.
(it) a € R,x € N = ax € R.

An R-module M 1is said to be simple or irreducible if there is no submodule
proper submodule other than the zero module; that is, if N is a submodule of
M such that {0} € N C M, then {0} = N or N = M. .

Definition 8. Let M and N be modules over a ring R. A function
f:M— N
is said to be an R—module homomorphism if it satisfies the following:

(1) [z +y) = flz)+ fly), Yo,y e M
(ii) f(ax) =af(x) VYa € R and Vo € M



An R—module homomorphism
f:M—N
15 said to be:
(a) monomorphism if it is injective.
(b) epimorphism if it is surjective.
(c) endomorphism if M = N.
(d) automorphism if f: M — M s isomorphism.

Theorem 2. Let M be a unitary R module. If for any m € M, m # 0, Rm =
M, then M is simple.

Proof. Suppose M # {0} and M is cyclic with a nonzero element as its
generator, that is, Rm = M for some m € M and m # 0. Then consider a
nonzero submodule N of M and let ¢ € N,q # 0. Since N is a submodule,

then Rq C N. Since M is generated by any nonzero element g € M, we have
Rq = M. This implies M C N and hence M = N.
Therefore, M is irreducible( or simple). O

Let M be an R- module, N be a submodule of M and
M/N ={x+ N :z e M}.

Define an R-module structure on M/N by: (x+ N)+(y+N) = (z+y)+ N
and r(z + N) =rz+ N for all x,y € M and all r € R. Then M/N is an R
module called the quotient module of M by N.

The map 7 : M — M/N defined by 7m(m) = m + N is an R-module
homomorphism and it is called the canonical quotient homomorphism.

Let us state the Isomorphism Theorems for modules. All the results are
taken from [3].

Theorem 3 (First Isomorphism Theorem). Let f : M — M’ be an R-module
homomorphism and N = Kerf. Then

M/N = Im(f).

Proof. [3] O

10



Theorem 4 (Second isomorphism theorem). Let K, L be R-submodules of
an R-module M. Then

K/(KNL)=(K+L)/L.
Proof. [3] O

Theorem 5 (Third isomorphism theorem). Let K C L be R-submodules of
an R-module M. Then L/K is an R-submodule of M/K and

M/L = (M/K)/(L/K).
Proof. [3] O

Theorem 6 (Correspondence Theorem). If R is a ring and N is a submodule
of an R module M, then there is a one to one correspondence between the
set of all submodules M of containing N and the set of all sub modules of
M /N ,given by

C +— C/N.

Hence every submodule of M/Nis of the form C'/N, where C' is a submodule
of M contains N.

Proof. [3] O

Having all these as a background information, let us start our objects of
interest, the modules of the Weyl Algebra. Now, consider the polynomial
ring Clzy, x9, ..., x,] = Clz] and the subalgebra A,, of EndcClxy, s, ..., z,)].
Consider the actions of 9; and z; on C[z], where

x; : Clz] — Clz]

given by z;f = x;.f and

0; : Clz] — Clx]
given by
_of
fori=1,--- n.

Proposition 4. C[z] is simple left A,, module.

11



Proof. First we want to show C[z] is left A,, module.
We know that (C[X],+) is an abelian group and (A,,+,0) is a ring. Let
P,Q € A, and f, g € C[z]

(i) P(f+g) = Pf+ Pg (by linearity of P)

(ii) (PQ)f = P(Q(f)) = P(Qf) (by definition )
(iii) (P+Q)f = P(f)+ Q(f) ( by definition )

(iv) 1f = f, for all f € Clz], where 1 stands for identity operator in A,,.

Moreover for all 4,5 = 1,2, ...,n:

(b) [0,y 0, )(f) = (02, 0y — 0;0,)(f) = 0(f) =0

(©) [z, 2;](f) = (zix; — zjzi)(f) = 0(f) = 0.

Therefore, C[z] is a left A,- module.
Then, it remains to show Clz] is simple, that is,

Clx] = A f.

for every nonzero f € Clz].
Let f € C[xq, 2, ..., z,). Then

finite

— E 1,02 i
f = Citig,in L1 Lo - Ty

. it A 7x . . x . .
Consider the operator 0, 0:5...02% € A,, where 77,45, ..., %) is maximum degree

12



such that ¢; 4, 4, 7 0. Then

n
ORO5 .00 [ =0105..00 (Y Chpaaial.al)

xr1 "x2" T T T2 n
11,2,..-,4n =0

n
11,82,...,0n=0
n
=000%..(( Y Chigggaia. .00 (zir))
11,82,y =0

n
=0005..(( ). Chipeaaai ol 007 (27 7))) )i

11,82,...,in=0

n

- E 011227lnln"Ln,1'Z1'

11,82,-++yin=0

=C,

1112’1”’&”'2”,1‘21'

1 o
fe— 21 29 2%
! Cirig,.iintnlin_1!...01! OOy Oui S € Anf

This implies Clz] = A, f and hence Clz] is simple A,-module. O
Theorem 7. Every simple A,, module is cyclic.

Proof. Let M be a simple A,- module. For each a € M, a # 0, consider A,a
which is submodule of M. Since, M is simple A,a = 0 or A,a = M. But
Ana # 0, then A,a =M

Therefore, M is cyclic.

13



Chapter 3

Decomposition Factors of
Modules

In this chapter we will see the computations of decomposition factor of mod-
ules over the Weyl Algebra in the case for n = 3.

3.1 Basic Properties of Modules

Let us see some basic properties of modules.

Definition 9. Let M be an R module. If0 C My Cc My C ---C M, = M
is a composition series of M, then the set DF(M) = {M;/M;_1}", of R
module is the set of decomposition factors of M.

We use the idea of decomposition factors of modules to define length of
a module.

Definition 10. Let M be an R module. Then we define the length of M
over R by ¢(M) = 0if M = {0} and ¢(M) = n for M # {0} if there exists
composition series 0 C My C My C --- C M, = M such that M;/M; 1 is
simple and nonzero.

Remark 2. If M is simple, c(M) = 1.
Theorem 8. Let M be an R module and N be a submodule of M. Then
(i) DF(M)= DF(N)UDF(M/N)

14



(ii) c(M) = ¢(N) + c(M/N)

Proof. Give an R-module M and a submodule N:

(1)

Consider the following composition series
0O=NCcNC---CN,=NandO=FCP C---CP,=M/N
By correspondence theorem we can set P, = M;/N,i=1,...,m.

Put M; = q~'(P;), where ¢ is canonical quotient map,q : M — M/N
By second isomorphism theorem we get

P/ Py = (My/N)/(M;1/N) = My/M;_,

and since P;/P;_; has no non trivial submodule (i.e Py = N = N/N),
we obtain the following composition series

O=NCNC---CN,=NcCcM,cC---CM, =M.
Therefore DF(M) = DF(N)UDF(M/N)

Following the proof of (i) we get
c(M)=c(N)+c¢(M/N)=n+m

]

Let M be an R module and let Ny, ..., N,, be submodules of M. The sum
of Ny, ..., N, is the set of all finite sums of elements from the N/s.

Ni+ ...+ N, ={a1 + ... + ayla; € N;, foralli=1,2,....n}

Then Ny + -+ + N,, is a submodule of M.

Proposition 5. Let Ny, ..., N, be submodules of an R module M. Then the
following are equivalent.

(1) The map w: Ny X ... x N, = N1+ ...+ N, by

w(ay,...,an) = a; + ... + a,

18 1somorphism.

(2) Nyn(Ni+ ...+ N1+ Nju+...+N,) =0,V5 € {1,2,...,n}

15



(8) Every x € Ny + ...+ N, written uniquely in the form a; + ... + a,, with
a; € NZ

Proof. (1 = 2) Suppose for some j,(2) fails to hold.
Let aj € N;N (N + ...+ Nj—1 + Njy1 + ... + Ny)with a; # 0.Then

a; = + ...+ Qj—1 + Qj41 + ... +a,

for a; € N;
= 0# (a1, ..., a5, Aj41, ..., Qn) € ker(m)

Which is a contradiction to the fact that 7 is an isomorphism (or injective).
(2 = 3) Assume that (2) holds. If for some a;, b; € N;,we have

a1++an:b1++bn
Then for each j we have
aj — bj = (bl — al) + ---(bj—l — aj_l) + (bj+1 — aj—l—l) + ...+ (bn — an).
This implies
a; — bj € Nj
and
(b1—a1)+...(bj_l—aj_1)+(bj+1—aj+1)+...—|—(bn—an) € N1+...+Nj_1+Nj+1+...—|—Nn
éaj—bj ENjﬁN1+...+Nj71+Nj+1+...—|—Nn: {0}

:>aj:bj

(3 = 1) Define the map 7 : Ny X ... x N, = Ny + ... + N,, by
m(ay, ..oy ay) = ay + ... + ap.

We want to show 7 is isomorphism.
Let (a1, ...,an), (b1,....,0,) € Ny X ... x N, and o € R.

(i) Then
(a1, ..., an) + (b1, ..., b)) =m(ay + by, ..., an + by)
:a1+b1—|—...+an+bn

:a1++an+b1++bn
=7((a1,...,an)) +7((b1, ..., bn))

16



(i)

(i)

and we also have

Therefore 7 is a homomorphism.

Let x € Ny + ... + N,, such that x = a; + ... + a,,.Then there exists
y=(ay,...,a,) € Ny X ... x N, such that 7(y) = z.

This implies 7 is surjective.
Suppose m(ay, ..., a,) = 7(b1, ..., b,). Then
a1+ ... +ay, :b1+—|—bn

This implies a; = b; for ¢ = 1,...,n, because of uniqueness. This
implies 7 is one-to-one.

Therefore 7 is isomorphism.

]

Definition 11. If an R module M = Ny + ...+ N,, is the sum of sub modules

Ny, ...

, N, of M satisfying the equivalent conditions of the above proposition

then M is said to be the direct sum of Ny, ..., N,, written as

M=N&..5N,.

Now let us consider the decomposition factor of a direct sum of modules.

Theorem 9. Let My, My be submodules of an R module M. Then

C(Ml D Mg) = C(Ml) + C(Mg).

Proof. [6] O

17



3.2 Decomposition Factors of Modules over
the Weyl Algebra

In this section we will compute the decomposition factors of modules over
the Weyl algebra in the cases for n = 1,2, 3 over hyperplane arrangements.

. : k+1 .
Lemma 3. Let aq, ao, ..., a1 be a nonzero linear forms with oy = Zj:2 cjog.
Then we have

k+1
1 Oéj
1 § : 9 T7k+1
| Y j=2 1 [0
Proof. k+1 = 11+1
J 19 on [0 o
aq
o Tkl
Hz 2 Q;
k+1

- Z o2 HerQl CYz

k+1

1
- Z K o [
j=2 i=1 Qi l li—j11 %

[]

Theorem 10. Let o = xz[[",(x + ). Then the number of decomposition
factors of the Ay—module Clz], is m + 1.

Proof. Let a = x [\, (x+1i). Consider the following sequence of A;-modules,

0 C Clz] C Clz]a-

Then by using the concept of decomposition by partial fractions we can write

I 1
a ‘”HZL2($+Z)
as follows:
I B, B, B,
a x T+ 2 r+m

18



where By, By, ..., B, are constants. This leads us to the following decom-
position of the the A;j—module C|z], as a sum of modules:

Cla)a = Clz]s + Clalosz + - - + Cl) (zrm).

Then we have the following decomposition of the quotient A;— module
Cla]a/Clz],
(C[x]a/(C[x] = @;‘n:lew
where R; is the A;-module generated by €5, = 1(mod Clz]) and R; is the A;
module generated by e,; = 5 L (modC[z]) for j = 2,3, ...,m. Then it remain

to show that each R; is simple for j =1,2,...,m
Let t € Clz],/C[z] and ¢t # 0. Then

t= iT#—(C[x],
T

where f € Clz],r € Ny and we can write ¢ as:

> iy cia’

x’f‘

t= + Clz],

where ¢,...,¢c, € C and ¢, # 0.

If n > r, then, using long division, we can write ¢t = g + :L% + C[x], where

g, h € C[z] and the degree of h is less than r. Therefore t = 2 + Clz].
Therefore we mainly focuss on n < r.

Let ¢, be nonzero coefficient of the smallest power of z in f. Then ¢t =

ZSE 4 Cle)

t= (%xk + Ck—tlxkﬂ + ...+ %x”) + Clz].

x" x
Let D = L7~ (¢+1) ¢ A, Then we have:
1 n
D(t) :(—xT_(k+1))(C—kxk + @xkﬂ + ...+ C—x”) + Clz]

C x” x" x”
1 ¢ c Cm—

== 4 2 By 2 4 Cla]
X Ck, Ck Ck
1

L cp
x
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Now, it remains to show +(modClz]) is the generator of the A;—module

Clx]./Clz]. Let’s consider D € A, D = k!{_Llf)k, where k =r — 1

D(% +Clz]) :k!(fl)k (ai(é + Clz]))
—1)Fk!
_k!(fl)k s xkll ) + Clz], where m =n—k
:xl;fﬂ + Clz]
=t

Since, t is nonzero arbitrary element of the quotient C[z],/C|x] and
2 (modClz]) is its generator, then LmodClz] is simple A; module.
Similarly we can show that the A;—module

Clz](2+5/Clz]

for j =2,--- ,m is simple.
Therefore the length of the module C[z],/Clz] is, ¢(Clz],/C[z]) = m and we
also know that

c(Clz]a) = ¢(Clzla/Clz]) + ¢(Clz]).

On the other hand the A;—module Clz]| is simple and hence its length is 1.
Therefore

c(Clz]a) = ¢(Clz]o/Clz]) + ¢(Clz]) = m + 1.
[
Theorem 11. Let a = zy[[";(x + a;y), where ajs are nonzero constants

and a; # a; for i # j. Then the number of decomposition factors of the
Ay—module Clz,y|, is 2m.

Proof. Let o = zy [[;~5(z + a;y). Using the method of partial fractions we
have the following:

() ok = L - o
y(z+asy) zy  z(zta;y)

.. 1 o a; . a;
() GrmEray = @aeGray ~ @=asETay)
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Then we have the following sequence of A;—modules:
0 C Clz,y] C Ry C Ry,
where
Ry = Clz,yl + Clz,yly + Cl, Y] (ztasy) + - + ClT, Yl @tamy)

and
Ry = Clz, yloy + Clz, Y]o@@tasy) + - + Cl2, Yls@ramy)-

Then the A;—module

where Ry, is the Ay— module generated by

L (mod Clz, 4],

€y = —
Yo

R, is the Ay—module generated by

1
s, = ;(mod Clzx,y])
and Ry, is the As— module generated by

1
s; — d )
cy = 5 (mod Cla.y)

for 7 = 3,...,m. To show the above statement is true it suffice to show only
for e,, = 2(mod Clz,y]), is generator for C|z,y],/Clz,y].
Let f € Clz,yl,t € Clz,yle/Clz,y] = {& + Rold € No},t = £ +

Clz,y],r € Ng. Let D € Ay, D = m!f(?—i:)m’ for m =1 — 1.

D + Clovyl) =—dZo (2 + Cln)
:m!({l)m((_xl:JT!) Cley)
:§ + Clz,y]
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Thus, D( + Clz,y] =t

Therefore, %mod@[m,y] is generator.
Then it remains to show that each As—module R; for j = 1,--- ,m is
simple.

From our previous discussions, we know that C|x,y] is a simple A;—module
and hence its length is 1.
Let T' € Clx,y,/Clz,y] and T' # 0. Then

L

for some r > 0 and p(z,y) € Clz,y]. We can write p(z,y) = Y1, qr(y)z",
where qi(y) € Cly] for £ = 0,...,m and ¢,,(y) in a nonzero polynomial.
Here we assume that r is greater than m. Let D; = 2"~ *+D € A, where k is
smallest power of . Then

D\(T) = q’”w(y) +Clz, y).

Let qx(y) = Y. a;y* and a, not equal to zero. Then for D, = Oy

i=0 nlan

This implies the As—module Ry, is simple and similarly it can be shown
that each R, is simple for j =2,...,m.
Therefore the length of the module R;/Clz,y] is, ¢(R;/Clz,y]) = m and we
know that
c(By) = (R /Clz,y]) + ¢(Clz, y]).

Therefore
c(Ry) = ¢(Ry/Clz,y]) + ¢(Clz,y]) =m + 1.
The quotient Ay—module Clz, ylo/ R = ©}yR;, where Ry is the Ay-module

generated by e,, = x—ly(rnod Ry) and R; is the A;-module generated by ey, =
1

(mod R;) for j = 3,...,m. Then it remains to show that R, for j =

r+a;y
2,...,m is simple As—module and it is as follows.

Let T' € Clx, y|sy/R1 and T # 0. Then

_plz,y)
r= (zy)"
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for some r > 0 and p(z,y) € Clz,y]. We can write p(z,y) = > 1, qr(y)z",
where qx(y) € Cly| for k =0,...,m and ¢, (y) in a nonzero polynomial of y.
Here we assume that r is greater than m. Let D = 2=+ e Ay, Then

Dy(T) = q’;;f{) +Clz,y)-

Let ¢n(y) = > yaiy’ and a, not equal to zero and and also assume that
n < r. Then for Dy = y Y

€ A,y, we have:

Dy (Di(T)) = L + Ry

xry
Let D = % € A,. Then
1
D(—+R1): fT+R1.
zy 'y

This implies the Ay—module Ry, is simple and similarly it can be shown that

each R, is simple for j =2,...,m.
This implies ¢(Clz,y|o/R1) = m — 1.
Therefore

c(Clz, yla) = c(Clz, yla/ Ba)+c(By/Clz, y])+e(Clz, y]) = (m=1)+m+1 = 2m.

]

Now, we state and prove the main result of this work.

Theorem 12. Let o = xyz [[",(z+a;y+b;2) where a;, bs are constants and
(1,a;,b;) # (1,a;,b;) for i # j. Then the number of decomposition factors of
the As—module Clz,y], is 6m — 10.

Proof. Let o = zyz [[-,(x + a;y + b;z). Using method of partial fraction we
have the following result:

(1)

1 1 bl a;

yz(x +ay +biz)  xyz  ayle+ay+biz)  xz(r+ay+biz)
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That is, we can write
1

yz(z + a;y + biz)
as a linear combinations of

1 1 1
, and
xyz  zy(r + ay + biz) xz(x + ay + b;z)

1 b;
y(r +ay +b2)(x +ay +b;2) (b — bi)zy(x + ajy + b;z)
bi
(b; — bi)xy(xz + ay + b;2)
(bja; — biay)
(bj — bi)x(x + aiy + biz)(x + ajy + bz)

That is, we can write

1
y(z + a;y + biz)(x + ajy + b;2)

as a linear combination of

1 1 1
, and .
zy(r + a;y +bjz)  zy(r+ ay + biz) z(x + ay + biz)(x + ajy + bjz)
(3)
1 . Q;
2(z+ay + biz) (@ + ajy +b;z) (a5 — a))zz(z + ajy + by2)
a;

N (a; —a;)zz(x + a;y + biz)
(a5b; — aib;)
(aj — a)x(z + a;y + bz) (@ + ajy + bz)

+

That is,
1

2(z + a;y + b2)(x + ajy + b;2)
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is written as a linear combinations of:

1 1 1
, and .
zz(r +ajy +bjz)  xz(r+ ay + bi2) z(x + a;y + b;z)(z + ajy + bjz)

Then we have the following sequence of Az-modules.
0 C Clz,y,2] C Ry C Ry C Ry :=Clx,y, 2]a,
where

Ry = C[:Ea Y, Z]x—i-(C[lT, Y, Zb—i—@[ﬂ?, Y, Z]z+C[x7 Y, Z] (z+a4y+b4z)+' : —{—C[.’L’, Y, Z] (z+amy+bmz)s

Ry = C[ZL‘, Y, Z]J»‘y + Cha Y, Z]xz + (C[gja Y, Z]z(az+a4y+b4z) +
—HC[I, Y, Z]:c(x—l—amy-i-bmz) + C[JI, Y, Z]yz + (C[ZL’, Y, Z]y(x+a4y+b4z) + -
+C[I’, Y, Z]y(m-i-amy—i-bmz) + C[:U? Y, Z]z(m+a4y+b4z) T

+C[2, Y, 2]z (atamy+bm=)
and

RS - (C[:L‘a Y, Z]xyz + (C[I, Y, Z]my(w+a4y+b4z) + -+ (C[IE, Y, Z]xy(eramerbmz)
(C[l’, Y, Z]:L‘y(x+a4y+b4z) +--+ C[I, Y, Z]xy(:c+amy+bmz)

C[x> Y, Z]xz(z+a4y+b4z) + -+ C[l’, Y, Z]xz(eramerbmz)

Let @ = aqay...a,.Where oy = z, 000 = y, 3 = 2, = = + a;y + b;z, for
j=4,5,....m

We want to show aiimodRO generates Clz, vy, z]o,/Ro,i = 1,2,...,m.

Let f € Clz,y,z|,t € Clz,y, z]a,/Ro = {:ciﬂ + Ro|p € N}t = z—fr + Ro,7 €
No,where Ry = Clx,y, 2] Let D € A3, D = m!f(?—;f)m’ for m=r—1.

1 o 1
D(~ + Ro) Zﬁ(g +

f
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Thus, D(L + Ry) =t
Therefore, %modRo is a generator.
Since, each «; is linear,we can show also for others for k = 2,3, ..., m simply
by substitution.
Therefore aikmodRO generates Clz,y, z]a, / Ro.
Then the As module
Ri/Ry = @ R,

where Ry, is the A3 module generated by
es; = —modRy
x
R, is A3 module generated by
es, = —mod Ry

R,, is A3 module generated by

S3
es; = —mod Ry
z

and R, is A3 module generated by

1

= ——  modR,
T+ a;y + ij

€s;

for j =4,5,...,m.Then it remains to show C|x,y, 2.,/ Ro is simple.
Let P € Clz,y, 2]a,/Ro and P # 0.Then

f(x7 y? Z)

xT

P = +R0

for some r > 0 and f(x,y,z) € C[z,y,z]. Then we can write f(z,y,z2) =
S oh_o Qrly, z)a* where 0 # Qi (y, 2) € Cly, 2], for k =0,1,...,n.

Let’s assume for r > n. Let D' = 2"~ (+1) where i is the smallest power of z
appearing in f with non zero coefficient. Then
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Let Qi(y,2) = >y H;(2)y’, where Hj(z) € C[z], forj = 0,1,...,m. Then
for D" = %

| D"(D'(P)) = HJT(Z) + Ry

Lot H(2) = Xy Cus. Also for D = 2

D///(D//(D/))(P) — i + RO

The A3z module R, is simple we can also show that each R, is simple for
j =2,3,...m. Thus, the length of R;/Ry is m.Since

C(Rl) = C(Rl/Ro) + C(Ro)

we have
c(Ry)=m+1 (1)
Consider Clz,y, z]sy/R1 = {ﬁ + Ri|f € Clz,y,2],7 € No}. Let
tzﬁ—i—}%l,rENg andletDEAg,D:%, form=r—1.
1 for o8 1
D(— = ¥ T (_
(acy + 1) m!Q(—1)2m(xy + 1)

for (—1mml)

:m!Q(—l)Qm( yamt TR
yx

Thus, D(;, + Ri) =t

Therefore xiymode is a generator.

Since, each «; is linear,we can get D € As and show also for others for
k= 2,3,...,m simply by substitution.

Then the quotient module Ry/Ry = (®75R,,) ® (@;’7:3]%5;,) ® ( ;”,,14]%5;/”)
where Ry, is A3 module generated by

s, = —modRy
Ty
R, is Az module generated by
sy = —mod Ry
Tz
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R, is A3 module generated by

1
€y, = mod R
7 x(x 4 ay + by2)

for y =4,5,...,m,

Ry, is A3 module generated by
ey, = —mod R,
z

Ry is A3 module generated by
J

1
ey = mod R,y
"oyle+ajy +byz)

J

for j' =4,5,...,m,
and

Ry is A3 module generated by
J

1
ey = mod R,
J Z(l’ + any + bjuz)

for j” =4,5,...,m,
Now it remains to show Clz,y, 2],,/R; is simple. Let T" € Clz,y, 2],/ R1.

Then T = ﬁ + Ry, f € Clz,y,z],r € Ng. Then we can write f(x,y,z) =

>0 Qr(y, 2)a* where 0 # Qi (y, z) € Cly, 2|, for k =0,1,...,n.
Let’s assume for r > n. Let Dy = 2"~ where i is the smallest power of
in f with non zero coefficient.Then

Dl(T) _ Qz(yaz) +R1

xy”
Let Q;(y, 2) = Y 1o Hi(2)y*, where Hy(z) € C[z], fork = 0,1,...,m. Then

for Dy = 3y"~U*D where j is also the smallest power of y in f with non zero
coefficient.

Do(Dy(T)) = H;—(yz) + Ry
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Let H;(z) = 22:0 Crp2*. Also for D3 = g}“

Dy(D(Dy))(T) = x—ly LR

The Az module Ry, is simple we can show also for each R, for j = 2,3, ...,m.
Similarly,its true for Ry and Ry for j' = 3,...,m, and j” = 4,...,m. Thus
J J

the length is given by:

C(RQ/RI) :C((@T:QRSJ-) @ (@?}:3]’%5;/) @ <EBT”:4RS;I//>>
(@, Rey) + (@) s Ra) + (@5 Rur,)
=m—-1)+(m—-2)+(m—-3)=3m—6 (2)

Consider C[z,y, z]zy./R2 = {@ + Ro|f € Clz,y,z2],7 € No}. Let
F:L+Rz,reN0.LetDeA3,D:%, for m =7 — 1.

(zyz)"

1 fomamar 1
D(x_yz 1) :m!3(—1)3m(xyz
JOToy  (=1m™ml)
:m!3(—1)3m( xmtlyz

o (v
_m!3(_1)3m pmtlym+ly

- mIB(—1)3m \ gmtlymtlymil

+ Ry)

+ Ry)

+ Ry)

Thus, D(z—;z +Ry)=F

Therefore %yzmodRQ is generator.

Then the quotient module R3/Ry = (L, Rs;) © (B _3Ry )
where R, is A3 module generated by

es, = —mod Ry
Tyz
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R, is A3 module generated by

1
€s. = mod R,
7 wy(r +azy + biz)

for j =4,5,....,m,
Ry is Az module generated by
J

1
ey = mod Ry
" zz(r +ayy +byz)

J
for i/ =4,5,...,m,

Now we want to show Clz,y, 2],,./Rs is simple.
For f € Clz,y, 2| can be written as f(z,y,2) = > ._, Ak(y, 2)z*. Let B €
Clz,y, 2)ay:/R2. Then B = 1042 4

(zyz)"
Let for Dy = 2" (41 where 4 is the smallest power of z with non zero
coefficient appearing in f.Then

Dv(B) =

where A;(y,z) = Y, Viy! Let for Dy = y"~U+Y where j is the smallest
power of y with non zero coefficient appearing in A;. Then

Vi(2)
Dy (Dy1/(B)) = R
o (D1/(B)) :vy(z)’”+ 2
where V;(z) = Zi:o Ciz'. And for Let for Dy = %Tl)’ where k is the
smallest power of z with non zero coefficient appearing in V;.Then
1
D3 (Do (D1/(B)) = —+ R
y (D2 (D1/(B))) powallc

Thus Clz, y, 2]4y./Ro is simple.
The quotient As—module

R3/R2 = (@;n:gst> D (@;nzlle;)’
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where R, is the A3— module generated by e, = ﬂT%yz(mod Ry), R, is the
m(mod Ry), R, is the A3—module

(mod Ry) for j = 3,...,m and each of these

Az—module generated by ey, =

- _ 1
generated by € = wx(ota,uih?)

modules are simple.
Hence, the length of the the A;—module R3/ R is given by:

c(l3/Ry) = c(DjL3Rs;) +c(@§”:4RS;) =(m—2)+(m—3)=2m—5 (3).

Therefore,from (1), (2), (3) the length of the A3—module Clz, y, z],, where

o= xyz H(x + a;y + ¢;2)
i=4

is given by
C(C[xa Y, Z]a) = C(RS/RZ) + C(RQ/RI) + C(Rl/(c[xa Y, Z]) + C(C[Z‘, Y, Z])
= 2m—5)+Bm—6)+m+1
= 6m — 10.
]

Example 3. Let {x,y,z,x + a1y + biz} be linear forms.Then a = xyz(xz +
a1y + by1z). Calculate length of Clx,y, 2.

Solution. Consider the following sequence of Az submodules of Clx,y, z]a.

0C Clz,y,z2]. C Rl( = Clz,y, 2|,+Clz, y, 2],+C[z, y, 2] .+Clz, v, Z]m—l—aly—l-blz)
C Ro( = Clz,y, 2lay + Cl2, Y, 2oz + Cl2, ¥, Zlaerarysrz) + Clz, y, 2]yt
Clz, ¥, 2ly@tarytbiz) T Cl2, Y, 2]aeraryrbiz))

C R3( =Clz,y, 2|uy- + Cl2, Y, 2]uyatary+orz) + ClT, Uy Zlay(arary+biz))
DF(Clz,y,2]a) = D(R3/Ry U Ry/ Ry U Ry /Cla, y, 2] U Cla, y, 2])
¢(Clz,y, z]a) = c(R3/Ra) + c(Rz/R1) + c(R1/Clz,y, 2]) + ¢(Clz,y, 2])
—34+6+4+1=14

However,by using result above we can calculate length of Clz,y, 2. which is

m = 4 substitute to the equation 6m — 10.Then you get result 14.
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3.3 Conclusion

In our discussions, given the A,—module Clxy, s, ..., ,]o, where A, is the
nt® Weyl Algebra and « is a product of linear forms we have the following
main points.

e Every simple module is cyclic.

If every nonzero element of a module M is generator then M is simple.

The length of simple module is one.

e The A,—module C[x1,xs, ..., Z,] has finite length.

The number of decomposition factors of A3—module Cl[z,y, z],, where
a = a1Qs...qu, and each «a; for i = 1,...,n is a linear form is:

m—+1, ifn=1
c(Clz,y,zla) = < 2m, ifn=2
6m — 10, forn = 3.

For future work we compute the number of decomposition factors of the
A,—module C[zy,xs, ..., Ty]a, Where @ = ajas...qu, and each «; is a linear
combination of #s for i = 1,2,...,m, j = 1,2,...,n. And also, we want to
associate the number of decomposition factors of the module and with the
number of no broken circuits of the hyperplane arrangements determined by
the linear forms.
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