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Abstract

A D-module is a module over a ring of Differential Operators. The major
interest of such D-modules is as an approach to the theory of linear partial
differential equations. Algebraic D-modules are modules over the Weyl alge-
bra An over the field C of complex numbers. The main purpose of this thesis
to work on the A3−module C[x, y, z]α, where α is the product of linear forms.
In this thesis we computed the decomposition factors and hence the length
of A3 -module C[x, y, z]α using the method of partial fractions of rational
functions.
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Notations

• K denotes a field of characteristic zero.

• C denotes a field of complex numbers.

• N0 denotes the set of natural numbers containing zero.

• Z is the set of integers.

• K[x1, x2, ..., xn] denotes the ring of polynomials in n variables over a
field K.

• C[X] is the ring of polynomials in n variables over C.

• EndK(K[X]) denotes the set of endomorphism from K[X] to K[X].

• c(M) Denotes length of an R-module M .
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Chapter 1

Introduction

A D-module is a module over a ring of Differential Operators. The major
interest of such D-modules is as an approach to the theory of linear partial
differential equations. Algebraic D-modules are modules over the Weyl alge-
bra An over a field K of characteristic zero.

Let αi : Cn → C, i = 1, 2, ...,m. such that

αi(x1, x2, ..., xn) =
n∑
j=1

αijxj,

αij ∈ C be linear forms. The the localization of C[x1, x2, ..., xm]α, where
α =

∏m
i=1 αi, is an An−module. The An−module C[x1, x2, ..., xm]α has finite

length.
The main purpose of this thesis to work on theAn−module C[x1, x2, ..., xm]α,

and mainly focuses on composition series and on the computations of the de-
composition factors of the An module C[x1, x2, ..., xm]α.

This thesis is divided into two parts. The first part is concerned with pre-
liminary; definitions and basic properties of Weyl algebra and modules over
Weyl algebra. We will discuss on the degree of an operator like the degree of
polynomial. Most importantly,it is shown that the only invertible elements
of An are non-zero constant. In the second part we will focus on the com-
putations of the decomposition factors of the An module C[x1, x2, ..., xm]α,
especially when n = 1, 2, 3 using the idea of partial fractions.
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Chapter 2

Preliminaries

In this chapter we will define the Weyl Algebra and present its basic proper-
ties. The Weyl algebra is introduced as a ring of operators and it is shown
that the Weyl algebra is a simple domain, the only invertible elements of An
are non-zero constants and see modules over Weyl algebra.

2.1 Definition and some properties of the Weyl

Algebra

In this section we will define the Weyl algebra and see some important prop-
erties of Weyl algebra.

Definition 1. An algebra A over a field F is a non-empty set A together with
three operations, namely Addition (+),multiplication (.) and scalar multipli-
cation such that the following are satisfied.

(i) A is a vector space over F .

(ii) (A,+, .) is a ring.

(iii) If α ∈ F anda, b ∈ A, then α(a.b) = (α.a)b = a(α.b)

Example 1. If K is a field of characteristic zero, the ring of polynomials
K[x1, ..., xn] is a vector space over K. Thus K[x1, ..., xn] forms a K- algebra
called polynomial algebra.
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Definition 2. Let K be a field of characteristic zero. A subalgebra of a K−
algebra A is a nonempty subset S of A that is also an algebra of the same
type when the algebraic operations on A are restricted to S.

Let K be a field of characteristic zero and EndKK[X] be the set of endo-
morphisms of K[X] over K, where X = (x1, x2, ..., xn). The algebra opera-
tions in the endomorphism ring; addition and multiplication (in this case it
will be composition) of operators are defined as follows:

(i) ϕ+ θ : K[X]→ K[X] by(ϕ+ θ)(f) = ϕ(f) + θ(f) and

(ii) (ϕoθ)(f) : K[X]→ K[X] by (ϕ ◦ θ)(f) = ϕ(θ(f))
where f ∈ K[X], ϕ, θ ∈ EndKK[X].

Here + is addition of endomorphisms and ◦ is the composition of en-
domorphisms.

(iii) α(ϕ) : K[X]→ K[X] by α(ϕ) = α.ϕ

Thus, we have the following lemma.

Lemma 1. (EndKK[X],+, ◦) is a a K−algebra.

Proof. [7]

Proposition 1. Let x1, x2, ..., xn and ∂1, ∂2, ..., ∂n be operators on K[X] de-
fined on an element f ∈ K[X] by:

xi(f) = xi · f

(read as xi acts on f)

∂if =
∂f

∂xi

(read as ∂i acts on f.)
The operators x1, x2, ..., xn and ∂x1 , ∂x2 , ..., ∂xn are linear operators on K[X].

Proof. Let f, f1, f2 ∈ K[X] and α ∈ K. Then clearly the operators xi, ∂i for
i = 1, · · · , n are well-defined. We want to show that the operators xi, ∂i for
i = 1, · · · , n are linear operators.
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1. Thus

xi(f1 + f2) = xi.(f1 + f2)

= xi.f1 + xi.f2( as multiplication is distributive over addition)

= xi(f1) + xi(f2).

2. And also

xi(αf) = xi.(αf)

= αxi.f

= αxif

3. Similaly

∂xi(f1 + f2) =
∂(f1 + f2)

∂xi

=
∂f1

∂xi
+
∂(f2)

∂xi
= ∂xi(f1) + ∂xi(f1).

4. and also

∂xi(αf) =
∂(αf)

∂xi

=
α∂(f)

∂xi
= α(∂xi(f)).

Therefore xi and ∂i are linear operators.

Definition 3. Let n ≥ 1. Then the nth Weyl Algebra, An is a K subalgebra
of EndKK[X] generated by operators x1, x2, ..., xn and ∂1, ∂2, ..., ∂n.

Taking n = 3, the 3rd Weyl AlgebraA3 is theK-subalgebra of EndK(K[x, y, z])
generated by the operators x, y, z, ∂x, ∂y, ∂z.

Proposition 2. A Weyl algebra An is not commutative.
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Proof. Consider the operator ∂ixi and acting on an element f ∈ K[x].

∂ixi(f) =∂i(xi(f))

=∂i(xi.f)

=f.∂i(xi) + xi∂i(f)

=
f.∂(xi)

∂xi
+ xi∂i(f)

=f + xi∂i(f)

=(1 + xi∂i)(f)

This implies ∂ixi = 1 + xi∂i.
Thus,∂i and xi are not commutating and hence An is not commutative.

We denote the n−th Weyl Algebra by

An = K < x1, x2, ..., xn, ∂1, ∂2, ..., ∂n.

Remark 1. If P,L ∈ An, then their commutator is the operator PL − LP
and denoted by [P,L].

In general, the commutators of the generators on n− th Weyl algebra An
are given by 

[∂i, ∂j] = [xi, xj] = 0, if 1 ≤ i, j ≤ n

[∂i, xj] = 1, for i = j

[∂i, xj] = 0, otherwise.

.

2.2 Canonical form(as a vector space)

In this section, we will construct a basis of the Weyl algebra An ( as K-
vector space),which is called a canonical basis of An with respect to this
basis every non zero elements of An possesses a unique representation which
helps us to define degree of any polynomial in An.It is easier to describe the
canonical basis if we use a multi-index notation.
A multi index notation α an element of Nn: say, α = (α1, α2, ..., αn) and
xα = xα1xα2 ...xαnand also degree of monomial xα is | α |= α1 + α2 + ...+ αn
A pair (α, β) of multi indices in Nn is it self a multi index in Nn × Nn.The
factorial of a multi index α ∈ Nn is α! = α1!α2!...αn!
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Lemma 2. Let δ, β ∈ Nn and assume | δ |≤| β |.Then{
∂βxδ = β!, if β = δ

∂βxδ = 0, otherwise.

Proof. Assume δ = β,then

∂βxδ =∂βxβ

=(∂β11 ∂
β2
2 ...∂

βn
n )(xβ11 x

β2
2 ...x

βn
n )

=(∂β11 ∂
β2
2 ...∂

βn−1

n−1 )∂βnn (xβ11 x
β2
2 ...x

βn
n )

=(∂β11 ∂
β2
2 ...∂

βn−1

n−1 )(xβ11 x
β2
2 ...x

βn−1

n−1 ∂
βn
n xβnn )

=(∂β11 ∂
β2
2 ...∂

βn−1

n−1 )(xβ11 x
β2
2 ...x

βn−1

n−1 )βn!

=(∂β11 ∂
β2
2 ...∂

βn−2

n−2 )(xβ11 x
β2
2 ...x

βn−2

n−2 )βn−1!βn!

.

.

.

=β1!β2!...βn!

If δ 6= β and | δ |<| β |,then δi ≤ βi for some i ∈ {1, 2, ..., n}.Thus,

∂βxδ =(∂β11 ∂
β2
2 ...∂

βn
n )(xβ11 x

β2
2 ...x

βn
n )

=0

This completes the proof.

Proposition 3. The set B = {xα∂β : α, β ∈ Nn} is a basis of An as a vector
space over K.

Proof. To show that elements of B generates the Weyl Algebra as a vector
space, consider a monomial on the generators of An.If f ∈ K[X], then using
the commutators we have ∂if − f∂i = ∂f

∂xi
. This implies all powers of x′s in

an element will be moved to the left of all ∂′s. Thus, the monomials can be
written as a linear combination of elements of B.

Now,it remains to show B is linearly independent.
Let D ∈ An and D =

∑
cαβx

α∂β be a finite linear combination.
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Suppose D = 0, then we want to show Cαβ = 0.
Since 0 is an operator for every f ∈ K[x], D(f) = 0(f) = 0.
In particular, for f = xβ = xβ11 x

β2
2 ...x

βn
n , where | β |= β1 + β2 + ... + βn and

X = (x1, ..., xn),we have D(f) =
∑
cαβx

α∂β(f) = 0 = 0(f)

⇒
∑

cαβx
α∂β(xβ) = 0

⇒
∑

cαβx
αβ! = 0.........by lemma 2

⇒β!
∑

cαβx
α = 0

Since xα 6= 0,now we have cαβ = 0 ∀α, β ∈ Nn

Thus,
∑
cαβx

α∂β = 0⇒ cαβ = 0.
This implies, B is linearly independent. Therefore, B is a basis of An.

Definition 4. The set B is called canonical basis of An.

Example 2. Find the canonical form of elements of
∂3

2x1∂3x3 + x3∂1x1.

Solution.

∂3
2x1∂3x3 + x3∂1x1 =∂3

2x1(x3∂3 + 1) + x3(x1∂1 + 1)

=∂3
2(x1x3∂3 + x1) + x3x1∂1 + x3

=x1x3∂
3
2∂3 + x1∂

3
2 + x1x3∂1 + x3

2.3 The degree of an operator

A domain is a non zero ring R in which ab = 0⇒ a = 0or b = 0, ∀a, b ∈ R.
Or, domain is a ring whose only proper two sided ideal is zero.In this section
we discussed on degree of an operator will be used to show Weyl algebra is
a domain.

Definition 5. Let D ∈ An such that D =
∑
cαβx

α∂β.

deg(D) = max
α,β|Cαβ 6=0

(|α|+ |β|)

7



The notation deg(D) denotes degree of an operator D
Degree of zero operator(like zero polynomial)is negative infinity.
For example,

. degree of 2x2
1∂

3
1 + 6x1∂

2
1 + 6∂1 is 5.

. degree of 2x3
2∂

3
1 + 6x3∂

4
2 + 11∂3 is 6.

Theorem 1. The degree function satisfies the following properties.For D,D′ ∈
An

(1) deg(D +D′) ≤ max{degD, degD′}

(2) deg(DD′) = degD + degD′

(3) deg[D +D′] ≤ degD + degD′ − 2

Proof. [2]

Corollary 1. The algebra An is a domain.

Proof. Let D,D′ ∈ An with D 6= 0, D′ 6= 0. Then we want to show DD′ 6= 0
Let degD = n and degD′ = m for some positive integers n,m ≥ 0.
Then degD + degD′ = m+ n ≥ 0. This implies DD′ 6= 0.

Thus,DD′ = 0⇒ D = 0 or D′ = 0 and hence An is a domain.

Corollary 2. The only elements of An that have an inverse are constants.

Proof. Let D ∈ An, D 6= 0 be an invertible element. Then there exists
nonzero D′ ∈ An such that DD′ = 1 (an identity operator) This implies
degDD′ = deg 1 = 0 and hence degD + degD′ = 0 ⇒ degD = degD′ = 0
as D and D’ are nonzero operators.

Hence, D is constant.

2.4 Modules over the Weyl algebra

In this section we state the correspondence theorem which is important for
our work. Also, by writing C[x] as a polynomial ring C[x1, x2, ..., xn], where
C is the set of complex number and An is a submodule of EndCC[x] and
we define action of elements of An to elements of C[x] to make C[x] is left
An-module. Let us start by giving a formal definition of a module.
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Definition 6. Let (M,+) be an abelian group and (R,+, .) be a ring with
unity. Then M is called a unitary left R-module if there exists a function

η : R×M −→M,

where the image of (r,m) is given by η(r,m) = rm such that the following
conditions are satisfied. For all x, y ∈M and all a, b ∈ R :

(i) a(x+ y) = ax+ ay

(ii) (ab)x = a(bx)

(iii) (a+ b)x = ax+ bx

(iv) 1x = x, where 1 is the multiplicative identity in R.

The most common examples of modules are vector spaces over certain
fields.
Submodules of modules are subsets that are modules with respect to the
operations defined in the given module and a formal definition is given below.

Definition 7. A nonempty subset N of M is called a submodule of M if

(i) x, y ∈ N ⇒ x− y ∈ N .

(ii) a ∈ R, x ∈ N ⇒ ax ∈ R.

An R-module M is said to be simple or irreducible if there is no submodule
proper submodule other than the zero module; that is, if N is a submodule of
M such that {0} ⊂ N ⊂M , then {0} = N or N = M. .

Definition 8. Let M and N be modules over a ring R. A function

f : M −→ N

is said to be an R−module homomorphism if it satisfies the following:

(i) f(x+ y) = f(x) + f(y),∀x, y ∈M

(ii) f(ax) = af(x) ∀a ∈ R and ∀x ∈M

9



An R−module homomorphism

f : M −→ N

is said to be:

(a) monomorphism if it is injective.

(b) epimorphism if it is surjective.

(c) endomorphism if M = N .

(d) automorphism if f : M −→M is isomorphism.

Theorem 2. Let M be a unitary R module. If for any m ∈M,m 6= 0, Rm =
M , then M is simple.

Proof. Suppose M 6= {0} and M is cyclic with a nonzero element as its
generator, that is, Rm = M for some m ∈ M and m 6= 0. Then consider a
nonzero submodule N of M and let q ∈ N, q 6= 0. Since N is a submodule,
then Rq ⊂ N . Since M is generated by any nonzero element q ∈M, we have
Rq = M. This implies M ⊂ N and hence M = N .
Therefore, M is irreducible( or simple).

Let M be an R- module, N be a submodule of M and

M/N = {x+N : x ∈M}.

Define an R-module structure on M/N by: (x+N) + (y+N) = (x+ y) +N
and r(x + N) = rx + N for all x, y ∈ M and all r ∈ R. Then M/N is an R
module called the quotient module of M by N.

The map π : M → M/N defined by π(m) = m + N is an R-module
homomorphism and it is called the canonical quotient homomorphism.

Let us state the Isomorphism Theorems for modules. All the results are
taken from [3].

Theorem 3 (First Isomorphism Theorem). Let f : M →M ′ be an R-module
homomorphism and N = Kerf . Then

M/N ∼= Im(f).

Proof. [3]

10



Theorem 4 (Second isomorphism theorem). Let K,L be R-submodules of
an R-module M . Then

K/(K ∩ L) ∼= (K + L)/L.

Proof. [3]

Theorem 5 (Third isomorphism theorem). Let K ⊆ L be R-submodules of
an R-module M . Then L/K is an R-submodule of M/K and

M/L ∼= (M/K)/(L/K).

Proof. [3]

Theorem 6 (Correspondence Theorem). If R is a ring and N is a submodule
of an R module M , then there is a one to one correspondence between the
set of all submodules M of containing N and the set of all sub modules of
M/N ,given by

C 7→ C/N.

Hence every submodule of M/N is of the form C/N , where C is a submodule
of M contains N .

Proof. [3]

Having all these as a background information, let us start our objects of
interest, the modules of the Weyl Algebra. Now, consider the polynomial
ring C[x1, x2, ..., xn] = C[x] and the subalgebra An of EndCC[x1, x2, ..., xn].
Consider the actions of ∂i and xi on C[x], where

xi : C[x] −→ C[x]

given by xif = xi.f and

∂i : C[x] −→ C[x]

given by

∂i(f) =
∂f

∂xi

for i = 1, · · · , n.

Proposition 4. C[x] is simple left An module.

11



Proof. First we want to show C[x] is left An module.
We know that (C[X],+) is an abelian group and (An,+, o) is a ring. Let
P,Q ∈ An and f, g ∈ C[x]

(i) P (f + g) = Pf + Pg (by linearity of P )

(ii) (PQ)f = P (Q(f)) = P (Qf) (by definition )

(iii) (P +Q)f = P (f) +Q(f) ( by definition )

(iv) 1f = f, for all f ∈ C[x], where 1 stands for identity operator in An.

Moreover for all i, j = 1, 2, ..., n:

(a) [∂xi , xi](f) = (∂xixi − xi∂xi)(f) = 1f = f

( b) [∂xi , ∂xj ](f) = (∂xi∂xj − ∂xj∂xi)(f) = 0(f) = 0

(c) [xi, xj](f) = (xixj − xjxi)(f) = 0(f) = 0.

Therefore, C[x] is a left An- module.
Then, it remains to show C[x] is simple, that is,

C[x] = Anf.

for every nonzero f ∈ C[x].
Let f ∈ C[x1, x2, ..., xn]. Then

f =
finite∑

ci1i2,...inx
i1
1 x

i2
2 ...x

in
n .

Consider the operator ∂
i∗1
x1∂

i∗2
x2 ...∂

i∗n
xn ∈ An where i∗1, i

∗
2, ..., i

∗
n is maximum degree

12



such that ci1i2,...in 6= 0. Then

∂i
∗
1
x1
∂i
∗
2
x2
...∂i

∗
n
xnf =∂i

∗
1
x1
∂i
∗
2
x2
...∂i

∗
n
xn(

n∑
i1,i2,...,in=0

Ci1i2,...inx
i1
1 x

i2
2 ...x

in
n )

=∂i
∗
1
x1
∂i
∗
2
x2
...(∂i

∗
n
xn(

n∑
i1,i2,...,in=0

Ci1i2,...inx
i1
1 x

i2
2 ...x

in
n ))

=∂i
∗
1
x1
∂i
∗
2
x2
...((

n∑
i1,i2,...,in=0

Ci1i2,...inx
i1
1 x

i2
2 ...∂

i∗n
xn(xinn )))

=∂i
∗
1
x1
∂i
∗
2
x2
...((

n∑
i1,i2,...,in=0

Ci1i2,...inx
i1
1 x

i2
2 ...∂

i∗n−1
xn−1(x

in−1

n−1 )))in!

.

.

.

=
n∑

i1,i2,...,in=0

Ci1i2,...inin!in−1!...i1!

=Ci1i2,...inin!in−1!...i1!

1 =
1

Ci1i2,...inin!in−1!...i1!
∂i
∗
1
x1
∂i
∗
2
x2
...∂i

∗
n
xnf ∈ Anf

This implies C[x] = Anf and hence C[x] is simple An-module.

Theorem 7. Every simple An module is cyclic.

Proof. Let M be a simple An- module. For each a ∈M,a 6= 0, consider Ana
which is submodule of M . Since, M is simple Ana = 0 or Ana = M. But
Ana 6= 0, then Ana = M
Therefore, M is cyclic.

13



Chapter 3

Decomposition Factors of
Modules

In this chapter we will see the computations of decomposition factor of mod-
ules over the Weyl Algebra in the case for n = 3.

3.1 Basic Properties of Modules

Let us see some basic properties of modules.

Definition 9. Let M be an R module. If 0 ⊂ M1 ⊂ M2 ⊂ · · · ⊂ Mn = M
is a composition series of M, then the set DF (M) := {Mi/Mi−1}ni=1 of R
module is the set of decomposition factors of M.

We use the idea of decomposition factors of modules to define length of
a module.

Definition 10. Let M be an R module. Then we define the length of M
over R by c(M) = 0if M = {0} and c(M) = n for M 6= {0} if there exists
composition series 0 ⊂ M1 ⊂ M2 ⊂ · · · ⊂ Mn = M such that Mi/Mi−1 is
simple and nonzero.

Remark 2. If M is simple, c(M) = 1.

Theorem 8. Let M be an R module and N be a submodule of M. Then

(i) DF (M) = DF (N) ∪DF (M/N)

14



(ii) c(M) = c(N) + c(M/N)

Proof. Give an R-module M and a submodule N:

(i) Consider the following composition series
0 = N0 ⊂ N1 ⊂ · · · ⊂ Nn = N and 0 = P0 ⊂ P1 ⊂ · · · ⊂ Pm = M/N
By correspondence theorem we can set Pi = Mi/N, i = 1, ...,m.
Put Mi = q−1(Pi), where q is canonical quotient map,q : M →M/N
By second isomorphism theorem we get

Pi/Pi−1
∼= (Mi/N)

/
(Mi−1/N) ∼= Mi/Mi−1

and since Pi/Pi−1 has no non trivial submodule (i.e P0 = N = N/N),
we obtain the following composition series

0 = N0 ⊂ N1 ⊂ · · · ⊂ Nn = N ⊂M1 ⊂ · · · ⊂Mm = M.

Therefore DF (M) = DF (N) ∪DF (M/N)

(ii) Following the proof of (i) we get
c(M) = c(N) + c(M/N) = n+m

Let M be an R module and let N1, ..., Nn be submodules of M. The sum
of N1, ..., Nn is the set of all finite sums of elements from the N ′is.

N1 + ...+Nn = {a1 + ...+ an|ai ∈ Ni, for all i = 1, 2, ..., n}

Then N1 + · · ·+Nn is a submodule of M.

Proposition 5. Let N1, ..., Nn be submodules of an R module M. Then the
following are equivalent.

(1) The map π : N1 × ...×Nn → N1 + ...+Nn by

π(a1, ..., an) = a1 + ...+ an

is isomorphism.

(2) Nj ∩ (N1 + ...+Nj−1 +Nj+1 + ...+Nn) = 0,∀j ∈ {1, 2, ..., n}
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(3) Every x ∈ N1 + ...+Nn written uniquely in the form a1 + ...+ an with
ai ∈ Ni

Proof. (1⇒ 2) Suppose for some j,(2) fails to hold.
Let aj ∈ Nj ∩ (N1 + ...+Nj−1 +Nj+1 + ...+Nn)with aj 6= 0.Then

aj = a1 + ...+ aj−1 + aj+1 + ...+ an

for ai ∈ Ni

⇒ 0 6= (a1, ..., aj, aj+1, ..., an) ∈ ker(π)

Which is a contradiction to the fact that π is an isomorphism (or injective).
(2⇒ 3) Assume that (2) holds. If for some ai, bi ∈ Ni,we have

a1 + ...+ an = b1 + ...+ bn

Then for each j we have

aj − bj = (b1 − a1) + ...(bj−1 − aj−1) + (bj+1 − aj+1) + ...+ (bn − an).

This implies
aj − bj ∈ Nj

and

(b1−a1)+...(bj−1−aj−1)+(bj+1−aj+1)+...+(bn−an) ∈ N1+...+Nj−1+Nj+1+...+Nn

⇒ aj − bj ∈ Nj ∩N1 + ...+Nj−1 +Nj+1 + ...+Nn = {0}.
⇒ aj = bj

(3⇒ 1) Define the map π : N1 × ...×Nn → N1 + ...+Nn by

π(a1, ..., an) = a1 + ...+ an.

We want to show π is isomorphism.
Let (a1, ..., an), (b1, ..., bn) ∈ N1 × ...×Nn and α ∈ R.

(i) Then

π((a1, ..., an) + (b1, ..., bn)) =π(a1 + b1, ..., an + bn)

=a1 + b1 + ...+ an + bn

=a1 + ...+ an + b1 + ...+ bn

=π((a1, ..., an)) + π((b1, ..., bn))

16



and we also have

π(α(a1, ..., an)) =π(αa1, ..., αan)

=αa1 + ...+ αan

=α(a1 + ...+ an)

=απ(a1, ..., an)

Therefore π is a homomorphism.

(ii) Let x ∈ N1 + ... + Nn such that x = a1 + ... + an.Then there exists
y = (a1, ..., an) ∈ N1 × ...×Nn such that π(y) = x.

This implies π is surjective.

(iii) Suppose π(a1, ..., an) = π(b1, ..., bn). Then

a1 + ...+ an = b1 + ...+ bn.

This implies ai = bi for i = 1, . . . , n, because of uniqueness. This
implies π is one-to-one.

Therefore π is isomorphism.

Definition 11. If an R module M = N1 + ...+Nn is the sum of sub modules
N1, ..., Nn of M satisfying the equivalent conditions of the above proposition
then M is said to be the direct sum of N1, ..., Nn, written as

M = N1 ⊕ ...⊕Nn.

Now let us consider the decomposition factor of a direct sum of modules.

Theorem 9. Let M1,M2 be submodules of an R module M. Then

c(M1 ⊕M2) = c(M1) + c(M2).

Proof. [6]
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3.2 Decomposition Factors of Modules over

the Weyl Algebra

In this section we will compute the decomposition factors of modules over
the Weyl algebra in the cases for n = 1, 2, 3 over hyperplane arrangements.

Lemma 3. Let α1, α2, ..., αk+1 be a nonzero linear forms with α1 =
∑k+1

j=2 cjαj.
Then we have

1∏k+1
j=1 αj

=
k+1∑
j=2

αj

α2
1

∏k+1
i=2 αi

Proof. 1∏k+1
j=1 αj

= 1

α1
∏k+1
i=2 αi

=
α1

α2
1

∏k+1
i=2 αi

=
k+1∑
j=2

cj
αj

α2
1

∏k+1
i=2 αi

=
k+1∑
j=2

cj
1

α2
1

∏j−1
i=1 αi

∏k+1
i=j+1 αi

Theorem 10. Let α = x
∏m

i=2(x + i). Then the number of decomposition
factors of the A1−module C[x]α is m+ 1.

Proof. Let α = x
∏m

i=2(x+i). Consider the following sequence of A1-modules,

0 ⊂ C[x] ⊂ C[x]α.

Then by using the concept of decomposition by partial fractions we can write

1

α
=

1

x
∏m

i=2(x+ i)

as follows:
1

α
=
B1

x
+

B2

x+ 2
+ · · ·+ Bm

x+m
,
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where B1, B2, . . . , Bm are constants. This leads us to the following decom-
position of the the A1−module C[x]α as a sum of modules:

C[x]α = C[x]x + C[x]x+2 + · · ·+ C[x](x+m).

Then we have the following decomposition of the quotient A1− module
C[x]α/C[x],

C[x]α/C[x] = ⊕mj=1Rsj ,

where R1 is the A1-module generated by es1 = 1
x
(mod C[x]) and Rj is the A1

module generated by esj = 1
x+j

(modC[x]) for j = 2, 3, ...,m. Then it remain
to show that each Rj is simple for j = 1, 2, . . . ,m.
Let t ∈ C[x]x/C[x] and t 6= 0. Then

t =
f

xr
+ C[x],

where f ∈ C[x], r ∈ N0 and we can write t as:

t =

∑n
i=1 cix

i

xr
+ C[x],

where c1, . . . , cn ∈ C and cn 6= 0.
If n ≥ r, then, using long division, we can write t = q + h

xr
+ C[x], where

q, h ∈ C[x] and the degree of h is less than r. Therefore t = h
xr

+ C[x].
Therefore we mainly focuss on n < r.

Let ck be nonzero coefficient of the smallest power of x in f . Then t =∑n
i=1 cix

i

xr
+ C[x].

t = (
ck
xr
xk +

ck+1

xr
xk+1 + ...+

cn
xr
xn) + C[x].

Let D = 1
ck
xr−(k+1) ∈ A1. Then we have:

D(t) =(
1

ck
xr−(k+1))(

ck
xr
xk +

ck+1

xr
xk+1 + ...+

cn
xr
xn) + C[x]

=
1

x
+
ck+1

ck
+
ck+2

ck
x+ ...+

cm−1

ck
xm−1 + C[x]

=
1

x
+ C[x]
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Now, it remains to show 1
x
(modC[x]) is the generator of the A1−module

C[x]x/C[x]. Let’s consider D ∈ A1, D = f∂kx
k!(−1)k

, where k = r − 1

D(
1

x
+ C[x]) =

f

k!(−1)k
(∂kx(

1

x
+ C[x]))

=
f

k!(−1)k
((−1)kk!)

xk+1
+ C[x], where m = n− k

=
f

xk+1
+ C[x]

=t

Since, t is nonzero arbitrary element of the quotient C[x]x/C[x] and
1
x
(modC[x]) is its generator, then 1

x
modC[x] is simple A1 module.

Similarly we can show that the A1−module

C[x](x+j)/C[x]

for j = 2, · · · ,m is simple.
Therefore the length of the module C[x]α/C[x] is, c(C[x]α/C[x]) = m and we
also know that

c(C[x]α) = c(C[x]α/C[x]) + c(C[x]).

On the other hand the A1−module C[x] is simple and hence its length is 1.
Therefore

c(C[x]α) = c(C[x]α/C[x]) + c(C[x]) = m+ 1.

Theorem 11. Let α = xy
∏m

i=3(x + aiy), where a′is are nonzero constants
and ai 6= aj for i 6= j. Then the number of decomposition factors of the
A2−module C[x, y]α is 2m.

Proof. Let α = xy
∏m

i=3(x + aiy). Using the method of partial fractions we
have the following:

(i) 1
y(x+aiy)

= 1
xy
− ai

x(x+aiy)

(ii) 1
(x+aiy)(x+ajy)

=
aj

(aj−ai)x(x+ajy)
− ai

(aj−ai)x(x+ajy)
.
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Then we have the following sequence of A2−modules:

0 ⊂ C[x, y] ⊂ R1 ⊂ R2,

where

R1 = C[x, y]x + C[x, y]y + C[x, y](x+a3y) + ...+ C[x, y](x+amy)

and
R2 = C[x, y]xy + C[x, y]x(x+a3y) + ...+ C[x, y]x(x+amy).

Then the A2−module

R1/C[x, y] = ⊕mj=1Rsj

where Rs1 is the A2− module generated by

es1 =
1

x
(mod C[x, y]),

Rs2 is the A2−module generated by

es2 =
1

y
(mod C[x, y])

and Rsj is the A2− module generated by

esj =
1

x+ ajy
(mod C[x, y])

for j = 3, ...,m. To show the above statement is true it suffice to show only
for es1 = 1

x
(mod C[x, y]), is generator for C[x, y]x/C[x, y].

Let f ∈ C[x, y], t ∈ C[x, y]x/C[x, y] = { f
xδ

+ R0|δ ∈ N0}, t = f
xr

+

C[x, y], r ∈ N0. Let D ∈ A2, D = f∂mx
m!(−1)m

, for m = r − 1.

D(
1

x
+ C[x, y]) =

f∂mx
m!(−1)m

(
1

x
+ C[x, y])

=
f

m!(−1)m
(
(−1mm!)

xm+1
+ C[x, y])

=
f

xr
+ C[x, y]
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Thus, D( 1
x

+ C[x, y] = t
Therefore, 1

x
modC[x, y] is generator.

Then it remains to show that each A2−module Rj for j = 1, · · · ,m is
simple.
From our previous discussions, we know that C[x, y] is a simple A2−module
and hence its length is 1.

Let T ∈ C[x, y]x/C[x, y] and T 6= 0. Then

T =
p(x, y)

xr
+ C[x, y]

for some r > 0 and p(x, y) ∈ C[x, y]. We can write p(x, y) =
∑m

k=0 qk(y)xk,
where qk(y) ∈ C[y] for k = 0, . . . ,m and qm(y) in a nonzero polynomial.
Here we assume that r is greater than m. Let D1 = xr−(k+1) ∈ A2,where k is
smallest power of x. Then

D1(T ) =
qm(y)

x
+ C[x, y].

Let qk(y) =
∑n

i=0 aiy
i and an not equal to zero. Then for D2 =

∂ny
n!an

D2(D1(T )) =
1

x
+ C[x, y].

This implies the A2−module Rs1 is simple and similarly it can be shown
that each Rsj is simple for j = 2, . . . ,m.
Therefore the length of the module R1/C[x, y] is, c(R1/C[x, y]) = m and we
know that

c(R1) = c(R1/C[x, y]) + c(C[x, y]).

Therefore
c(R1) = c(R1/C[x, y]) + c(C[x, y]) = m+ 1.

The quotient A2−module C[x, y]α/R1 = ⊕mj=2Rj, where R2 is the A2-module
generated by es2 = 1

xy
(mod R1) and Rj is the A2-module generated by esj =

1
x+ajy

(mod R1) for j = 3, ...,m. Then it remains to show that Rsj for j =

2, . . . ,m is simple A2−module and it is as follows.
Let T ∈ C[x, y]xy/R1 and T 6= 0. Then

T =
p(x, y)

(xy)r
+R1
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for some r > 0 and p(x, y) ∈ C[x, y]. We can write p(x, y) =
∑m

k=0 qk(y)xk,
where qk(y) ∈ C[y] for k = 0, . . . ,m and qm(y) in a nonzero polynomial of y.
Here we assume that r is greater than m. Let D1 = xr−(m+1) ∈ A2. Then

D1(T ) =
qm(y)

xyr
+ C[x, y].

Let qm(y) =
∑n

i=0 aiy
i and an not equal to zero and and also assume that

n < r. Then for D2 = yr−(n+1)

an
∈ A2, we have:

D2(D1(T )) =
1

xy
+R1.

Let D =
f∂rx∂

r
y

(r!)2
∈ A2. Then

D(
1

xy
+R1) =

f

xryr
+R1.

This implies the A2−module Rs1 is simple and similarly it can be shown that
each Rsj is simple for j = 2, . . . ,m.

This implies c(C[x, y]α/R1) = m− 1.
Therefore

c(C[x, y]α) = c(C[x, y]α/R1)+c(R1/C[x, y])+c(C[x, y]) = (m−1)+m+1 = 2m.

Now, we state and prove the main result of this work.

Theorem 12. Let α = xyz
∏m

i=4(x+aiy+biz) where ai, b
′
is are constants and

(1, ai, bi) 6= (1, aj, bj) for i 6= j. Then the number of decomposition factors of
the A3−module C[x, y]α is 6m− 10.

Proof. Let α = xyz
∏m

i=4(x+ aiy+ biz). Using method of partial fraction we
have the following result:

(1)

1

yz(x+ aiy + biz)
=

1

xyz
− bi
xy(x+ aiy + biz)

− ai
xz(x+ aiy + biz)

.

23



That is, we can write
1

yz(x+ aiy + biz)

as a linear combinations of

1

xyz
,

1

xy(x+ aiy + biz)
and

1

xz(x+ aiy + biz)

(2)

1

y(x+ aiy + biz)(x+ ajy + bjz)
=

bj
(bj − bi)xy(x+ ajy + bjz)

− bi
(bj − bi)xy(x+ aiy + biz)

− (bjai − biaj)
(bj − bi)x(x+ aiy + biz)(x+ ajy + bjz)

.

That is, we can write

1

y(x+ aiy + biz)(x+ ajy + bjz)

as a linear combination of

1

xy(x+ ajy + bjz)
,

1

xy(x+ aiy + biz)
and

1

x(x+ aiy + biz)(x+ ajy + bjz)
.

(3)

1

z(x+ aiy + biz)(x+ ajy + bjz)
=

aj
(aj − ai)xz(x+ ajy + bjz)

+
ai

(aj − ai)xz(x+ aiy + biz)

+
(ajbi − aibj)

(aj − ai)x(x+ aiy + biz)(x+ ajy + bjz)
.

That is,
1

z(x+ aiy + biz)(x+ ajy + bjz)
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is written as a linear combinations of:

1

xz(x+ ajy + bjz)
,

1

xz(x+ aiy + biz)
and

1

x(x+ aiy + biz)(x+ ajy + bjz)
.

Then we have the following sequence of A3-modules.

0 ⊂ C[x, y, z] ⊂ R1 ⊂ R2 ⊂ R3 := C[x, y, z]α,

where

R1 = C[x, y, z]x+C[x, y, z]y+C[x, y, z]z+C[x, y, z](x+a4y+b4z)+· · ·+C[x, y, z](x+amy+bmz),

R2 = C[x, y, z]xy + C[x, y, z]xz + C[x, y, z]x(x+a4y+b4z) + · · ·
+C[x, y, z]x(x+amy+bmz) + C[x, y, z]yz + C[x, y, z]y(x+a4y+b4z) + · · ·
+C[x, y, z]y(x+amy+bmz) + C[x, y, z]z(x+a4y+b4z) · · ·
+C[x, y, z]z(x+amy+bmz)

and

R3 = C[x, y, z]xyz + C[x, y, z]xy(x+a4y+b4z) + · · ·+ C[x, y, z]xy(x+amy+bmz)

C[x, y, z]xy(x+a4y+b4z) + · · ·+ C[x, y, z]xy(x+amy+bmz)

C[x, y, z]xz(x+a4y+b4z) + · · ·+ C[x, y, z]xz(x+amy+bmz)

Let α = α1α2...αm.Where α1 = x, α2 = y, α3 = z, αj = x + ajy + bjz, for
j = 4, 5, ...,m
We want to show 1

αi
modR0 generates C[x, y, z]αi/R0, i = 1, 2, ...,m.

Let f ∈ C[x, y, z], t ∈ C[x, y, z]α1/R0 = { f
xβ

+ R0|β ∈ N0}, t = f
xr

+ R0, r ∈
N0,where R0 = C[x, y, z] Let D ∈ A3, D = f∂mx

m!(−1)m
, for m = r − 1.

D(
1

x
+R0) =

f∂mx
m!(−1)m

(
1

x
+R0)

=
f

m!(−1)m
(
(−1mm!)

xm+1
+R0)

=
f

xr
+R0
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Thus, D( 1
x

+R0) = t
Therefore, 1

x
modR0 is a generator.

Since, each αi is linear,we can show also for others for k = 2, 3, ...,m simply
by substitution.
Therefore 1

αk
modR0 generates C[x, y, z]αk/R0.

Then the A3 module
R1/R0 = ⊕mj=1Rsj ,

where Rs1 is the A3 module generated by

es1 =
1

x
modR0

Rs2 is A3 module generated by

es2 =
1

y
modR0

Rs3 is A3 module generated by

es3 =
1

z
modR0

and Rsj is A3 module generated by

esj =
1

x+ ajy + bjz
modR0

for j = 4, 5, ...,m.Then it remains to show C[x, y, z]αi/R0 is simple.
Let P ∈ C[x, y, z]αi/R0 and P 6= 0.Then

P =
f(x, y, z)

xr
+R0

for some r ≥ 0 and f(x, y, z) ∈ C[x, y, z]. Then we can write f(x, y, z) =∑n
k=0 Qk(y, z)x

k where 0 6= Qk(y, z) ∈ C[y, z], for k = 0, 1, ..., n.
Let’s assume for r ≥ n. Let D′ = xr−(i+1) where i is the smallest power of x
appearing in f with non zero coefficient.Then

D′(P ) =
Qi(y, z)

x
+R0
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Let Qi(y, z) =
∑m

j=0Hj(z)yj, where Hj(z) ∈ C[z], forj = 0, 1, ...,m. Then

for D′′ =
∂my
m!

D′′(D′(P )) =
Hj(z)

x
+R0

Let Hj(z) =
∑l

k=0Ckz
k. Also for D′′′ = ∂lz

Cll!

D′′′(D′′(D′))(P ) =
1

x
+R0

The A3 module Rs1 is simple we can also show that each Rsj is simple for
j = 2, 3, ...m. Thus, the length of R1/R0 is m.Since

c(R1) = c(R1/R0) + c(R0)

we have
c(R1) = m+ 1 (1)

Consider C[x, y, z]xy/R1 = { f
(xy)γ

+ R1|f ∈ C[x, y, z], γ ∈ N0}. Let

t = f
(xy)r

+R1, r ∈ N0 and let D ∈ A3, D =
f∂my ∂

m
x

m!2(−1)2m
, for m = r − 1.

D(
1

xy
+R1) =

f∂my ∂
m
x

m!2(−1)2m
(

1

xy
+R1)

=
f∂my

m!2(−1)2m
(
(−1mm!)

yxm+1
+R1)

=
f

yrxr
+R1

Thus, D( 1
xy

+R1) = t

Therefore 1
xy

modR1 is a generator.
Since, each αi is linear,we can get D ∈ A3 and show also for others for
k = 2, 3, ...,m simply by substitution.
Then the quotient module R2/R1 = (⊕mj=2Rsj)⊕ (⊕mj′=3Rs′

j′
)⊕ (⊕mj′′=4Rs′′

j′′
)

where Rs2 is A3 module generated by

es2 =
1

xy
modR1

Rs3 is A3 module generated by

es3 =
1

xz
modR1

27



Rsj is A3 module generated by

esj =
1

x(x+ ajy + bjz)
modR1

for j = 4, 5, ...,m,

Rs′3
is A3 module generated by

es′3 =
1

yz
modR1

Rs′
j′

is A3 module generated by

es′
j′

=
1

y(x+ aj′y + bj′z)
modR1

for j′ = 4, 5, ...,m,
and

Rs′′
j′′

is A3 module generated by

es′′
j′′

=
1

z(x+ aj′′y + bj′′z)
modR1

for j′′ = 4, 5, ...,m,
Now it remains to show C[x, y, z]xy/R1 is simple. Let T ∈ C[x, y, z]xy/R1.
Then T = f

(xy)r
+ R1, f ∈ C[x, y, z], r ∈ N0. Then we can write f(x, y, z) =∑n

k=0 Qk(y, z)x
k where 0 6= Qk(y, z) ∈ C[y, z], for k = 0, 1, ..., n.

Let’s assume for r ≥ n. Let D1 = xr−(i+1) where i is the smallest power of x
in f with non zero coefficient.Then

D1(T ) =
Qi(y, z)

xyr
+R1

Let Qi(y, z) =
∑m

k=0Hk(z)yk, where Hk(z) ∈ C[z], fork = 0, 1, ...,m. Then
for D2 = yr−(j+1) where j is also the smallest power of y in f with non zero
coefficient.

D2(D1(T )) =
Hj(z)

xy
+R1
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Let Hj(z) =
∑l

k=0Ckz
k. Also for D3 = ∂lz

Cll!

D3(D2(D1))(T ) =
1

xy
+R1

The A3 module Rs1 is simple we can show also for each Rsj for j = 2, 3, ...,m.
Similarly,its true for Rs′

j′
and Rs′′

j′′
for j′ = 3, ...,m, and j′′ = 4, ...,m. Thus

the length is given by:

c(R2/R1) =c((⊕mj=2Rsj)⊕ (⊕mj′=3Rs′
j′

)⊕ (⊕mj′′=4Rs′′
j′′

))

=c(⊕mj=2Rsj) + c(⊕mj′=3Rs′
j′

) + c(⊕mj′′=4Rs′′
j′′

)

=(m− 1) + (m− 2) + (m− 3) = 3m− 6 (2)

Consider C[x, y, z]xyz/R2 = { f
(xyz)γ

+ R2|f ∈ C[x, y, z], γ ∈ N0}. Let

F = f
(xyz)r

+R2, r ∈ N0. Let D ∈ A3, D =
f∂mz ∂

m
y ∂

m
x

m!3(−1)3m
, for m = r − 1.

D(
1

xyz
+R2) =

f∂mz ∂
m
y ∂

m
x

m!3(−1)3m
(

1

xyz
+R2)

=
f∂mz ∂

m
y

m!3(−1)3m
(
(−1mm!)

xm+1yz
+R2)

=
f∂mz

m!3(−1)3m
(

(−12mm!2)

xm+1ym+1z
+R2)

=
f

m!3(−1)3m
(

(−13mm!3)

xm+1ym+1zm+1
+R2)

Thus, D( 1
xyz

+R2) = F

Therefore 1
xyz

modR2 is generator.

Then the quotient module R3/R2 = (⊕mj=2Rsj)⊕ (⊕mj′=3Rs′
j′

)

where Rs2 is A3 module generated by

es2 =
1

xyz
modR2
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Rsj is A3 module generated by

esj =
1

xy(x+ ajy + bjz)
modR2

for j = 4, 5, ...,m,

Rs′
j′

is A3 module generated by

es′
j′

=
1

xz(x+ aj′y + bj′z)
modR2

for j′ = 4, 5, ...,m,

Now we want to show C[x, y, z]xyz/R2 is simple.
For f ∈ C[x, y, z] can be written as f(x, y, z) =

∑n
k=0Ak(y, z)x

k. Let B ∈
C[x, y, z]xyz/R2. Then B = f(x,y,z)

(xyz)r
+R2.

Let for D1′ = xr−(i+1), where i is the smallest power of x with non zero
coefficient appearing in f .Then

D1′(B) =
Ai(y, z)

x(yz)r
+R2

where Ai(y, z) =
∑m

t=0 Vty
t Let for D2′ = yr−(j+1), where j is the smallest

power of y with non zero coefficient appearing in Ai.Then

D2′(D1′(B)) =
Vi(z)

xy(z)r
+R2

where Vi(z) =
∑l

t=0Ctz
t. And for Let for D3′ = zr−(k+1)

Ck
, where k is the

smallest power of z with non zero coefficient appearing in Vi.Then

D3′(D2′(D1′(B))) =
1

xyz
+R2

Thus C[x, y, z]xyz/R2 is simple.
The quotient A3−module

R3/R2 = (⊕mj=3Rsj)⊕ (⊕mj=4Rs
′
j
),
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where Rs3 is the A3− module generated by es3 = 1
xyz

(mod R2), Rsj is the

A3−module generated by esj = 1
xy(x+ajy+bjz)

(mod R2), Rs3 is the A3−module

generated by es′j
= 1

xz(x+ajy+bjz)
(mod R2) for j = 3, . . . ,m and each of these

modules are simple.
Hence, the length of the the A3−module R3/R2 is given by:

c(R3/R2) = c(⊕mj=3Rsj) + c(⊕mj=4Rs
′
j
) = (m−2) + (m−3) = 2m−5 (3).

Therefore,from (1), (2), (3) the length of the A3−module C[x, y, z]α, where

α = xyz
m∏
i=4

(x+ aiy + ciz)

is given by

c(C[x, y, z]α) = c(R3/R2) + c(R2/R1) + c(R1/C[x, y, z]) + c(C[x, y, z])

= (2m− 5) + (3m− 6) +m+ 1

= 6m− 10.

Example 3. Let {x, y, z, x + a1y + b1z} be linear forms.Then α = xyz(x +
a1y + b1z). Calculate length of C[x, y, z]α.

Solution. Consider the following sequence of A3 submodules of C[x, y, z]α.

0 ⊂ C[x, y, z]x ⊂ R1

(
= C[x, y, z]x+C[x, y, z]y+C[x, y, z]z+C[x, y, z]x+a1y+b1z

)
⊂ R2

(
= C[x, y, z]xy + C[x, y, z]xz + C[x, y, z]x(x+a1y+b1z) + C[x, y, z]yz+

C[x, y, z]y(x+a1y+b1z) + C[x, y, z]z(x+a1y+b1z)

)
⊂ R3

(
= C[x, y, z]xyz + C[x, y, z]xy(x+a1y+b1z) + C[x, y, z]xy(x+a1y+b1z))

DF (C[x, y, z]α) = D(R3/R2 ∪R2/R1 ∪R1/C[x, y, z] ∪ C[x, y, z])

c(C[x, y, z]α) = c(R3/R2) + c(R2/R1) + c(R1/C[x, y, z]) + c(C[x, y, z])

= 3 + 6 + 4 + 1 = 14

However,by using result above we can calculate length of C[x, y, z]α. which is
:
m = 4 substitute to the equation 6m− 10.Then you get result 14.
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3.3 Conclusion

In our discussions, given the An−module C[x1, x2, ..., xn]α, where An is the
nth Weyl Algebra and α is a product of linear forms we have the following
main points.

• Every simple module is cyclic.

• If every nonzero element of a module M is generator then M is simple.

• The length of simple module is one.

• The An−module C[x1, x2, ..., xn]α has finite length.

• The number of decomposition factors of A3−module C[x, y, z]α, where
α = α1α2...αm and each αi for i = 1, . . . , n is a linear form is:

c(C[x, y, z]α) =


m+ 1, if n = 1

2m, if n = 2

6m− 10, forn = 3.

For future work we compute the number of decomposition factors of the
An−module C[x1, x2, ..., xn]α, where α = α1α2...αm and each αi is a linear
combination of x′js for i = 1, 2, ...,m, j = 1, 2, ..., n. And also, we want to
associate the number of decomposition factors of the module and with the
number of no broken circuits of the hyperplane arrangements determined by
the linear forms.
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