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Abstract

In this PhD dissertation we have studied the statistical and squeezing properties of
the cavity light generated by a three-level laser. In this quantum optical system, N
three-level atoms available in an open cavity, coupled to a two-mode vacuum reser-
voir, are pumped to the top level by means of electron bombardment at constant
rate. We have considered the case in which the three-level atoms and the cavity
modes interact with the two-mode vacuum reservoir. We have carried out our anal-
ysis by putting the noise operators associated with the vacuum reservoir in arbi-
trary order. Applying the solutions of the equations of evolution for the expectation
values of the atomic operators and the quantum Langevin equations for the cavity
mode operators, we have calculated the mean and variance of the photon number
as well as the quadrature squeezing for the cavity light. In addition, we have shown
that the presence of the spontaneous emission process leads to a decrease in the
mean and variance of the photon number. We have seen that the global mean pho-
ton numbers of the light modes emitted from the top and intermediate levels are
the same both in the presence and absence of spontaneous emission, and are sepa-
rately in a chaotic state. However, we have observed that the two-mode cavity light
is in a squeezed state and the squeezing occurs in the minus quadrature. In addi-
tion, we have found that the effect of the vacuum reservoir noise is to increase the
photon-number variance and to decrease the quadrature squeezing of the cavity

light. However, the vacuum reservoir noise does not have any effect on the mean
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photon number. Moreover, the maximum quadrature squeezing of the light gen-
erated by the laser, operating far below threshold, is found to be 37.5% below the
vacuum-state level. In addition, our result indicates that the quadrature squeezing
is greater for v = 0 than that for v = 0.4 for 0.01 < r, < 0.35 and is smaller for v = 0
than that for v = 0.4 for 0.35 < r, < 1. We have also noted that the local quadrature
squeezing approaches the global quadrature squeezing as the frequency interval

increases.

Furthermore, applying the density operator for a pair of superposed two- mode
laser light beams, we have calculated the mean and variance of the photon num-
ber as well as the quadrature squeezing. We have found that both the mean pho-
ton number and the quadrature variance for the superposed two-mode laser light
beams is the sum of the mean photon numbers and the quadrature variances of
the constituent two-mode light beams. However, the variance of the photon num-
ber of the superposed two-mode laser light beams is not the sum of the variances
of the photon numbers of the constituent two-mode light beams. Finally, our re-
sult shows that the quadrature squeezing of the superposed two-mode laser light
beams is equal to the quadrature squeezing of one of the superposed the two-mode
light beams. This implies that the superposition of the two-mode laser light beams
does not affect the quadrature squeezing, but it increases the global mean pho-
ton number and the global variance of the photon number. Thus we note that the
superposition of the two-mode laser light beams leads to a more bright squeezed

light.
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Introduction

Squeezed states of light have played a crucial role in the development of quantum
physics. Squeezing is one of the nonclassical features of light that has been exten-
sively studied by several authors [1-18]. In squeezed light the noise in one quadra-
ture is below the vacuum-state level at the expense of enhanced fluctuations in the
other quadrature, with the product of the uncertainties in the two quadratures satis-
fying the uncertainty relation [1]. Squeezed light has potential applications in low-
noise optical communication and weak signal detection [1,7]. Squeezed light can
be generated by various quantum optical processes such as subharmonic genera-
tions [1-5], four-wave mixing [2,3], resonance fluorescence [1,8], second harmonic

generation [1-3], and three-level laser under certain conditions [1,16].

A three-level laser is a quantum optical system in which light is generated by
three-level atoms inside a cavity usually coupled to a vacuum reservoir via a single-
port mirror. When a three-level atom in a cascade configuration makes a transition
from the top to the bottom level via the intermediate level, two photons are gener-
ated. If the two photons have the same frequency, then the three-level atom is called
degenerate three-level atom otherwise it is called nondegenerate. The squeezing

and statistical properties of the light produced by three-level lasers when the atoms



are initially prepared in a coherent superposition of the top and bottom levels or
when these levels are coupled by strong coherent light have been studied by several
authors [19-37]. These authors have found that these quantum optical systems can

generate squeezed light under certain conditions.

Moreover, Fesseha [16] has studied the squeezing and statistical properties of
the light produced by a three-level laser with the atoms placed in a closed cavity and
pumped by electron bombardment. He has shown that the maximum quadrature
squeezing of the light generated by the laser, operating below threshold, is found
to be 50% below the vacuum-state level. In addition, he has also found that the
quadrature squeezing of the output light is equal to that of the cavity light. On the
other hand, this study indicates that the local quadrature squeezing is greater than
the global quadrature squeezing. He has also found that a large part of the total
mean photon number is confined in a relatively small frequency interval. In ad-
dition, Fesseha [1] has studied the squeezing and statistical properties of the light
produced by a three-level laser with the atoms placed in a closed cavity and pumped
by coherent light. He has shown that the maximum quadrature squeezing is 43% be-
low the vacuum-state level, which is slightly less than the result found with electron

bombardment.

This PhD dissertation essentially has two parts. In the first part we wish to study
the squeezing and statistical properties of the light generated by three-level atoms
available in an open cavity and pumped to the top level by electron bombardment.
We carry out our calculation by putting the noise operators associated with the vac-
uum reservoir in an arbitrary order. By taking into account the interaction of a

three-level atom with a resonant cavity light and the damping of the cavity light by



a vacuum reservoir, we first determine the master equation for a three-level atom in
an open cavity coupled to a two-mode vacuum reservoir and the quantum Langevin
equations for the cavity mode operators. In addition, employing the master equa-
tion and the large-time approximation scheme, we obtain equations of evolution of
the expectation values of atomic operators. We then obtain the solutions of these
equations and the quantum Langevin equations. Then applying the resulting solu-
tions, we calculate the photon statistics and quadrature variances of the separate
single-mode light beams. Furthermore, applying the same solutions, we obtain the
mean and variance of the two-mode cavity light. Finally, we determine the global

and local quadrature squeezing of the two-mode cavity light.

In the second part of this dissertation, we seek to analyze the squeezing and sta-
tistical properties of a pair of superposed two-mode light beams produced by three-
level lasers in which the three-level atoms available in an open cavity are pumped
to the top level by electron bombardment. To this end, we first determine for a two-
mode laser light beam the Q function using the antinormally-ordered characteristic
function, defined in the Heisenberg picture. Then employing the resulting Q func-
tion, we obtain the density operator for a pair of superposed light beams. Applying
this density operator, we calculate the photon statistics and the quadrature squeez-

ing of the superposed two-mode laser light beams



Operator Dynamics

In this chapter we first obtain the master equation for a three-level atom in an open
cavity and the quantum Langevin equations for the cavity mode operators. In ad-
dition, employing the master equation and the large-time approximation scheme,
we derive the equations of evolution of the expectation values of the atomic opera-
tors. Finally, we determine the steady-state solutions of the resulting equations. We
carry out our calculation by putting the noise operators associated with the vacuum

reservoir in arbitrary order.

2.1 Master equation

We consider here the case in which N three-level atoms, in a cascade configuration,
are available in an open cavity. We denote the top, intermediate, and bottom lev-
els of these atoms by |a)y, |b)x, and |c)x, respectively as shown in Fig. 2.1. We also
consider the case in which a three-level atom is pumped from the bottom level |c),
to the top level |a), at the rate of r, by means of electron bombardment. A three-
level atom may make a transition from the top level |a); to the intermediate level
|b)r and then from the intermediate level |b); to the bottom level |c); by emitting
two photons of the same or different frequencies. Alternatively, the atoms may de-

cay spontaneously from the top level |a), to the intermediate level |b), or from the
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N atoms

|a=«

ra 4 |b> K

|c= «

Figure 2.1: Schematic representation of a three-level laser coupled to a two-mode vacuum reser-

VOIr.

intermediate level |b); to the bottom level |c),. We prefer to call the light emitted
from the top level light mode « and the one emitted from the intermediate level
light mode b. We carry out our analysis with light modes a and b having the same
or different frequencies. In addition, we assume that light modes « and b to be at
resonance with the two transitions |a), — [b), and |b);, — |c)x, with direct transition
between |a), and |c), to be electric-dipole forbidden. The interaction of a three-level

atom with cavity modes a and b can be described at resonance by the Hamiltonian
H=ig (&jﬁa —afet 4+ 61 — 6*&5) , 2.1)

where
G = |b)i(al (2.2)

and

& = |c)un(b| 2.3)



2.1 Master equation

are lowering atomic operators, ¢ and b are the annihilation operators for the cavity

modes, g is the coupling constant between the atom and the cavity modes.

The quantum Langevin equations for the operators ¢ and b are given by [1,16]

da K . .
= a—ila, H) + F
= —Za—ila, B+ Fu(0)
db Koo noaoa
E = —Eb — Z[b, H] + Fb(t),

(2.4)

(2.5)

where « is the cavity damping constant considered to be the same for the two cavity

modes and F,(¢) and F}(¢) are noise operators associated with the operators ¢ and

b. These noise operators have the following correlation properties, when the cavity

modes is coupled to a vacuum reservoir [5,9]:

A

(Fa(t)) = (Fy(t)) = 0,

dd I‘q/ k’ A
e he Ia

o 2a 9o, + Fu(t),
db

K~ . ~
a = —§b — gcr{f + Fb(t)

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

In addition, a three-level atom in an open cavity is coupled to a two-mode vacuum

reservoir. The master equation for a three-level atom interacting with a two-mode

vacuum reservoir is given by [1,37]

dp A A an Atkak A Anth A i An Atk Ak A Anth A
L= il p) +  [20kp01 — 61akh — poltal + 25b0elt — 61 5p — poffot]

0,P0, a TP — PO, O

dt

(2.12)
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where v, considered to be the same for levels |a) and |b), is the spontaneous emis-

sion decay constant. We can rewrite Eq. (2.12) as

% = —ill, j)+ 3 [265po 1" — ifsp— pil + 205p0)" — ifp — b (2.13)

where
iy = la)w(al, (2.14)
i = |b)wx(b]. (2.15)

Using Eq. (2.1), we can put Eq. (2.13) in the form

dp . ) ) )
oy [&jﬁaﬁ — potRa+ 1R — poi*h — aletp — brotp + palat + pbletk
dt 2.16)

Y Toskan AkA A skaatk kA oA
+5 [%fipal’“ — b — Pk + 265p6)° — Akp — pik | -
This is the master equation for a three-level atom in an open cavity and coupled to

a two-mode vacuum reservoir.

2.2 Equations of evolution of the atomic operators

Applying the master equation and the large-time approximation scheme, we seek to
derive the equations of evolution of the expectation values of the atomic operators.

To this end, employing the relation

d

o @ o
Ay =Tr(ZLA) 2.17)

dt

along with the master equation given by Eq. (2.16), we can easily establish that

6%) = 6% + o [(ake) — (k) + (Blob)] 218
d, . . N ek At
H{5E) = —240%) + g [ Gk) — (kD) + ('t (2.19)
d,. . o s
(68 = —2(68) + 9 | (5ha) — (o%D)] (2.20)
d
S i) = =) + g [{ola) + (@'o3)] (2.21)
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S = [ - D) + g [(Bah) + 6] - olFa) — @loh] . @22
) =40l — g [(1at) + 61)] 2.23)
where
6 = |chur{al (2.24)
and
e = |} (cl- (2.25)

We see that Eqgs. (2.18)-(2.23) are nonlinear differential equations and hence it is
not possible to find exact time-dependent solutions of these equations. We intend
to over come this problem by applying the large-time approximation [1,16]. Then
using this approximation scheme, we get from Egs. and the approxi-

mately valid relations

a=—"26"+2F,0), (2.26)
K K

~ 2 2 A

b=—I5k 1 ZE1). (2.27)
KR K

Evidently, these would turn out to be exact relations at steady state. Now on substi-

tuting Eqgs. (2.26) and (2.27) into Egs. (2.18)-(2.23), the equations of evolution of the

atomic operators take the form

SR =~ b+ ad o8 + 2L [GEE) — EE) + (Flwah] . @28)
Cloty =~ [+ 2] oy + 2 [t R - GER) — (El0eY] . @229
Stoty =~ [2+ 2]tk + 2 [tohFute) - GhE0)] (2.30)

S =~ Iy ) + 22 [ Euo) + (L)% .31

) =~ b+ 7l 0 + [+l (28 s

2T LCEi oty + G F) — (61 E0) — (F(0)6%)]
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d . . 2 At T
S0 =k i) = =2 Bl 0ad) + (61 B 2.33)
where
2
K

is the stimulated emission decay constant.

We next proceed to find the expectation value of the products involving a noise
operator and an atomic operators that appear in Eq. (2.28). To this end, after re-

moving the angular brackets, Eq. (2.31) can be rewritten as

d 2 - ~ .
il = =y i+ =2 [l Eu8) + F(06%] + 1u(0) (2.35)

where f,(t) is the noise operator with vanishing mean. A formal solution of this

equation can be written as

~

! 52 . A
RE(8) = A (0)e O 4 / et {;g T E) + FL)ak()] + fa<t’>} '
0

(2.36)
Multiplying Eq. on the right by F,(¢) and taking the expectation value of the

resulting equation, we have

t
(HE@)VEL() = (HE(0)Fu(t))e~ 0t 4 / e~ (v Hre)(t=t)
0 (2.37)

A

2 R R R A
2 (GO EOR0) + FOORO)] + hOR )] a.
Ignoring the noncommutativity of the atomic and noise operators as well as ne-

glecting the correlation between F,(t) and 6% (¢'), assumed to be considerably small,

one can write the approximately valid relations [10]

(G () Eut) Ea()) = (61 (1)) (Fu(t) Ea(t)) = 0, (2.38)

A

(EI()os () Fut)) = (@a ()X Ea(1) = 0, (2.39)

N A

(falt) Eu(1)) = (fult))(Fu(t)) = 0. (2.40)
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Now on account of these approximately valid relations and in view of the fact that
a noise operator F at a certain time should not affect an atomic variable at earlier

time, Eq. takes the form
(L (O Fu(t)) = 0. (2.41)

Following a similar procedure, one can also check that

(i (8 Fa(t)) = 0, (2.42)
(0t () E(1) =0, (2.43)
(i (0 F3(t)) = 0. (2.44)
We also take
(FI(6)k(t) = (F(16k(t) = 0. (2.45)

With the aid of Egs. (2.41)-(2.45), we can rewrite Egs. (2.28) and (2.29) as

d

(08) = = [y + ] (03), (2.46)
d, i _ Y el yak

o8y == |3+ 2] (b 2.47)

We next proceed to find the expectation value of the products involving a noise
operator and an atomic operator that appear in Eq. (2.31). To this end, after remov-
ing the angular brackets, Eq. (2.28) can be rewritten as

d
at’e T

29

[+ 7] 0%+ =L [ Eut) = 5 Fule) + B (9)6%] + a(2), (2.48)

where g,(t) is the noise operator with vanishing mean. A formal solution of this

equation can be written as

(2.49)
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Multiplying this equation from the left by £7(¢) and taking the expectation value of

the resulting equation, we have

t
()65 (8) = (E1(8)6H(0))e 49" 4 / e~ (rH0E)
0 (2.50)

22 [0 - DR + FLOF O] + (FL0aD)| ar.

K

Applying the approximately valid relations

(EI) () — i (@) Fa () = (if () — i ()W EL () Fu () =0, (2.51)
(FIEN(t)ok () = (6F@)W(EFI() Fl () = 0, (2.52)
(1)) ga(t)) = 0 (2.53)

and taking into account the fact that a noise operator F' at certain time should not

affect the atomic variable at earlier time, Eq. can be written as

(Fl)an(t)) = 0. (2.54)
It can also be established in a similar manner that

(Fi(t)ay(t) = 0. (2.55)

Using Egs. (2.54), (2.55), and their complex conjugates, Egs. (2.31), (2.32), and (2.33)

can be rewritten as

d
(i) = = [y + 7] (a), (2.56)
d
i) = = [+ 7] () + [y + 7] (%), (2.57)
d
) = T+ 7] G- (2.58)

We note that Egs. (2.46), (2.47), (2.56), (2.57), and (2.58) represent the equations

of evolution for the atomic operators in the absence of the pumping process. We

thus want to include the effect of the pumping process. The pumping process must
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surely affect the dynamics of (7*) and (7*). We seek here to pump the atoms by
electron bombardment. If r, represents the rate at which a single atom is pumped
from the bottom to the top level, then (7*) increases at the rate of r,(n*) and (7*)

decreases by the same rate. In view of this, we can rewrite Eqs. (2.56) and (2.58) as

[1]
d, K N
E<"“> = —[v + e (0) +ra(e), (2.59)
d,. . .
%075 Y = [y + e (A5) — ra(ik). (2.60)

We next sum Egs. (2.46), (2.47), 2.57), (2.59), and (2.60) over the N three-level

atoms, so that

%(mﬁ = —[7+ 7] (Ma), (2.61)
d . 1 )
20w = =5 [v + 7] (), (2.62)
%<Na> = =7+ e (Na) +7a{Ne), (2.63)
TURRY = = b+ () + [y ) (), .64
%<Nc> = [v + el (Vo) — ra{Ne), (2.65)
in which

N
=Y 6%, (2.66)

k=1

N
=Y o, (2.67)

k=1

N
No=> ik, (2.68)

k=1

N
Ny =Yg, (2.69)

k=1

N
N, =Y ik, (2.70)
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with the operators N,, N,, and N, representing the number of atoms in the top,

intermediate, and bottom levels. In addition, employing the completeness relation
W+l =1, 2.71)

we easily arrive at

A~ A

(Na) + (Ny) + (N) = N. (2.72)
Furthermore, applying the definition given by Eq. and setting for any &

68 = 1b)(al, (2.73)

a

we have

M. = N|b){al. (2.74)

Following the same procedure, one can also check that

1y = Nle)(b], (2.75)
m. = N|c){al, (2.76)
N, = Nla){(al, 2.77)
N, = N|b)(d], (2.78)
N, = Nle){(d, (2.79)
where
N
e =Y 0% (2.80)
k=1
Moreover, using the definition
M = Mg + 1y, (2.81)

and taking into account Egs. (2.74)-(2.79), it can be readily established that

mim = N(N, + N,), (2.82)
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mimt = N(N, + N,), (2.83)
m?* = Ni,. (2.84)

In the presence of N three-level atoms, we can rewrite Eq. (2.10) as [1]

da K .
& _Eay M, + BE 2.
o 5 + M, + BFL(1), (2.85)

in which \ and § are constants whose values remain to be fixed. Using Eqgs. (2.26)

and (2.54), we get

- 4% & ey, 4
.l = 5 (0 —18) + [Fu. F] (2.80

and on summing over all atoms, we have

. 49 . AN
[a,a"] = —5 (N = No) + —[F, Ff], (2.87)
where
N
(@, a'] = [a,a'] (2.88)

stands for the commutator of @ and a' when light mode « is interacting with all the
N three-level atoms. On the other hand, applying the large-time approximation to

Eq. (2.85), we get
2\ 2
a= "1, + —5Fa(t). (2.89)
KR K

In view of this result, one can easily verify that

. AN AR
[a, GT] = N?<Nb — Na) + ?

[F,, F1]. (2.90)

Thus on account of Egs. (2.87) and (2.90), we see that

(2.91)

B3 =+N. (2.92)
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In view of Egs. (2.91) and (2.92), Eq. (2.85) can be written as

da K g .

— = —Za+ 2, + VNE, (). 2.
dt 9 a—+ \/Nma + a(t) ( 93)

Following a similar procedure, one can also readily establish that

A 4¢% - AN

b, b1] = %(Nc - M)+~ (R ), (2.94)
d_ myL9 R (t) (2.95)
a2 N e '

Furthermore, in order to include the effect of the pumping process, we rewrite

Egs. (2.61) and (2.62) as [1,16]

- _ 2.
dtma 5Ma + G, (t), (2.96)
P (e (t) (2.97)
dtmb 2mb b s .

in which G, (t) and G,(t) are noise operators with vanishing mean and . is a param-

eter whose value remains to be determined. Employing the relation

d dm! dm
Lt = as o1 dMMa
dt<m“ma> < 7 ma> + <ma 7 > (2.98)

along with Eq. (2.96), we easily find

— (1hlie) = —plimling) + (miGa(t)) + (GL(t)m.), (2.99)

= [l Ga() + (Gl | (2.100)
Applying the large-time approximation scheme to Eq. (2.64), we get
(Nb) = (Na). (2.101)
Therefore, with the aid of Egs. and Eq. (2.101I), one can rewrite Eq. as
d  ~ .

@<Na> = — [y 4 7e + 2rd] (V,) + Nr,. (2.102)
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Hence comparison of Egs. (2.100) and (2.102) shows that
="+ +2r, (2.103)

and
<mgéa(t)> + <ég(t)ma> — N2, (2.104)

We observe that Eq. is equivalent to
<ég(t)éa<t')> — o N25(t — 1), (2.105)
One can also easily verify that
<éa(t)ég<t')> — (v + 1) N28(t — 1), (2.106)

Furthermore, adding Eqgs. (2.61) and (2.62), we have

d 1

C0m) = —5 by ) — 5 [y 2 G, 2.107)

where 7 is given by Eq. (2.81). Upon casting Eq. (2.107) into the form

d . P TN A
—m=—"n_C 2.1
il 5 2ma—i—G(t), (2.108)

where G(t) is the noise operator with vanishing mean, one can also easily verify that

w has the value given by Eq. and
<(;T(t>é:(t')> = 1 N26(t — t'), (2.109)
<é(t)é*(t’)> = (7 + 7)N23(t — ). (2.110)

Finally, we seek to determine the steady-state solutions of the expectation val-
ues of the atomic operators. To this end, the steady-state solution of Eq. (2.102) is
expressible as

(2.111)
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In view of Eq. (2.101), we have

. N
(N) = — a0 2.112)
Y+ v + 27,

Using the steady-state solution of Eq. (2.65) and taking into account Eq. (2.101), we

get

v+
Ta

(N,) = (N,). (2.113)

Now on account of Eq. (2.111), Eq. (2.113) takes the form

(v +7e)N

Ny = O HRN
(Ne) Y+ v+ 21,

(2.114)

We note that Egs. (2.111),(2.112), and represent the steady-state solutions of
the equations of evolution of the atomic operators. Furthermore, upon setting v =

0, for the case in which spontaneous emission is absent, the steady-state solutions

described by Eqgs. (2.111),(2.112), and (2.114) take the form

. roN

(Ng) = —— T (2.115)
. N

(A%>=,75+2T, (2.116)
. N

<AQ>::;7+QT. (2.117)

These represent the steady-state solutions of the equations of evolution of the ex-
pectation values of the atomic operators when the three-level laser is not interact
with the two-mode vacuum reservoir. The results described by Egs. (2.115)-(2.117)

are exactly the same as the one obtained by Fesseha [1,16]. In addition, we note that

forr, > v+ ., Egs. (2.111), (2.112), and (2.114) reduce to

(No) = — (2.118)

; (2.119)
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(N,) = 0. (2.120)

Again, for r, = v + 7., Egs. 2.111), (2.112), and (2.114) become

(N,) = E, (2.121)
3

(N) = g (2.122)

(N,) = g (2.123)

Finally, for r, = 0, the steady-state solutions described by Eqgs. (2.111), (2.112), and

(2.114) take the form

(Na) =0, (2.124)
(Ny) =0, (2.125)

(N,) = N. (2.126)



Photon statistics

In this chapter we wish to study the statistical properties of the cavity light modes
produced by the three-level laser under consideration. Applying the solutions of the
equations of evolution of the expectation values for the atomic operators and the
quantum Langevin equations for the cavity mode operators, we obtain the global
photon statistics for light modes a and b. In addition, we determine the global and

local photon statistics of the two-mode cavity light.

3.1 Single-mode photon statistics

In this section we seek to obtain the global mean and variance of the photon num-
bers for light modes a and b.

3.1.1 Global mean photon number

Here we seek to calculate the mean photon number for light modes a and b in the

entire frequency interval. To this end, using the relation

%<&T(t)&(t)> = <%d(ﬂ> + <5ﬁ(t) de;it) > (3.1)

19
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along with Eq. (2.93), we readily find

d
—(a't)a(t)) = —r{a' (t)a(t)) +
di (3.2)

A

+ VN [(ET@®)a(t)) + (af () Fa(

= g

Next we seek to evaluate (a'(t)m,(t)). To this end, applying the large-time approxi-
mation scheme to Eq. (2.93), we get

29 . 2v N
Mg +
vV Nk K

Multiplying the adjoint of Eq. on the right by m,(¢) and taking the expectation

E,(t). (3.3)

a =

value of the resulting expression, we have

20V 5, 0 + 2 i) o

(@ ()ria (1)) = LN

We now proceed to find the expectation value of the product involving a noise
operator and an atomic operator that appears in Eq. (3.4). To this end, a formal

solution of Eq. (2.96) can be written as
I t B N oA
Ma(t) = e (0)e 2! + / e NG (¢)dt . (3.5)
0
Multiplying Eq. on the left by Ff(¢) and taking the expectation value of the
resulting expression, we have
t
(Fl(t)ma(t)) = (F1(t)ma(0))e 2" + / e BN ET(1)Go(t))dt . (3.6)
0

Taking into account the fact that a noise operator F at a certain time should not

affect an atomic variable at earlier time, Eq. (3.6) can be put in the form

~

(F(t)na(t)) = / e HIET () Go()dt . (3.7)

Assuming the atomic and cavity mode noise operators are independent, one can
write

(FI(OG() = (FI(0)){Ga(t)) = 0. (3.8)
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On account of Eq. (3.8), Eq. takes the form
(i (t)yma(t)) = 0. (3.9)

In view of this result, Eq. (3.4) becomes

B Zg\/N

- (N, (1)). (3.10)

(@' (t)ma())

We next seek to evaluate (F(¢)a(t)). To this end, a formal solution of Eq. (2.93)

can be written as

t
a(t) = a(0)e 5t / —5 (=t {i g (1! NE(t } dt' 3.11
a(t) = a(0)e +0€ \/Nm()Jr\/_ (t) 3.11)

Multiplying Eq. on the left by £/(#) and taking the expectation value of the

resulting expression, we get

t

(Fi(ha() = (FlBa()e 5 + / e 50 [i<ﬁ;<t>ma<t'>> + mFJ(t)Fa(t'»} '
0 vN

(3.12)

In view of Egs. and and the fact that a noise operator F at a certain time

should not affect the cavity mode operator at earlier time, Eq. reduces to
(ET(t)a(t)) = 0. (3.13)
Now on account of Egs. and along with their complex conjugates,
Eq. becomes

—{a'(t)at)) = —r (' (t)a(t)) + (N (1)). (3.14)
The steady-state solution of this equation has the form

(@ta) = 2(N,). (3.15)

K

Furthermore, employing the relation

a at
% (a(t)a' () = <d dit>aT(t)> + <&(t)d dit)> (3.16)
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along with Eq. (2.93), we readily find

d, . .. A [/ . .
—(a(t)al(t)) = —rla(t)a’(t)) + —= [(a(t)m}(t)) + (ma(t)al(t))
dt VN | | (3.17)

+ VN [(Faal(6) + () Bl )]
Next we seek to evaluate (1, (t)a'(t)). Multiplying the adjoint of Eq. on the left

by ,(t) and taking the expectation value of the resulting expression, we get

29;@ Qﬁﬁm(t)ﬁg(t». (3.18)

(ma(t)a’ (1)) = (N (1)) +

We now proceed to find the expectation value of the product involving a noise oper-
ator and an atomic operator that appears in Eq. (3.18). Multiplying Eq. (3.5) on the

right by £7(¢) and taking the expectation value of the resulting expression, we have

A A ~

(a(O)EL (1)) = (ma(0) E (£)) e 4 + / e 5L L))t (3.19)

Using Eq. (3.8) and taking into account the fact that a noise operator F at a certain

time should not affect an atomic variable at earlier time, Eq. (3.19) can be written as
(Ma () ET (1)) = 0. (3.20)

Upon substituting this result into Eq. (3.18), we obtain

B 2g\/N

K

(ma()al (1)) (N,(t)). (3.21)

We next seek to evaluate (a(¢)F(¢)). Multiplying Eq. on the right by £ (¢)

and taking the expectation value of the resulting expression, we have

t
(@) F] () = @(0) F(0)e 3" + / e B) [im(ﬂ)ﬁ(t» +VN(E(#)E] (1)) | dt'
0 VN
(3.22)
With the aid of Egs. and along with the fact that a noise operator F at

a certain time should not affect the cavity mode operator at earlier time, one can
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easily get

GoFn) = .29

In view of Egs. (3.21), (3.23), and their complex conjugates, Eq. takes the form
aat aat 49° &
—{a(t)a'(t)) = —r (a(t)a'(t)) + ?<Nb(t)> + Nk. (3.24)

The steady-state solution of this equation can be written as

(@aty = 22(N,) + N. (3.25)

(b1h) = %(Nb), (3.26)
(b1 = LML) + N (3.27)

Now using Egs. and (3.25), one can easily establish that
la,a'] = % [N,, - Na] 4N (3.28)

Similarly, using Eqgs. (3.26) and (3.27), one can readily obtain

b, = ¢ [Nc - Nb] +N. (3.29)

K

On account of Egs. (3.15) and (2.111), the steady-state mean photon number of light

mode « has the form

. W IN
fly = ¢ {T—} . (3.30)
K LY+ 7+ 2r,

We also find the steady-state mean photon number of light mode b to be

. N
ny = Je {—T } ) (3.31)
K |7+ 7.+ 2r,

From Egs. (3.30) and (3.31), we see that

Ng = MNyp. (3.32)
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%

— o

Mean photon number
=

Figure 3.1: Plots of the mean photon number of light mode « at steady state, [Eq. (3:30)] (dashed

curve) and [Eq. (3.33)1(solid curve) for x = 0.8, 7. = 0.4,y = 0.2, and N = 100.

We would like to point out that the result given by Eq. (3.32) is in complete agree-

ment with the one obtained in references [1,16]. The plots in Fig. 3.1 indicate that

the effect of the spontaneous emission is to decrease the mean photon number.
Moreover, in the absence of spontaneous emission (y = 0), the mean photon

number of light modes a and b has the form

~ Ye | Nrg
y= Je) DTe | 3.33
" K {’Vc + QTa] ( )
m:k{lﬁL] (3.34)
K Vet 2rq

In addition, the mean photon number of light modes a and b reduces to

N
m:m:kk% (3.35)
Kk | 2
for r, > v+ ~.and to
[N
m—m—li% (3.36)
Kk |3

for r, = v+ .. From Egs. (3.35) and (3.36), we see that the mean photon number of

light modes @ and b is less for r, = v + ~,. than that for r, > ~v + 7..
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Furthermore, employing the relation

Hawa) = (Uaw)) + (a0 337)

along with Eq. (2.93), we readily find

VN (3.38)

Next we seek to evaluate (a(t)r,(t)). Multiplying Eq. on the right by m,(¢) and

taking the expectation value of the resulting expression, we get

2V N

K

(a(t)ma(t)) = (Ey(t)g(t)). (3.39)

We now proceed to find the expectation value of the product involving a noise op-
erator and an atomic operator that appears in Eq. (3.39). To this end, multiplying
Eq. (3.5) on the left by F,(¢) and taking the expectation value of the resulting expres-

sion, we have
t
(E(t)ha(t)) = (Fu(t)1na(0))e ™2t + / e 2L (DG ()L . (3.40)
0

Assuming the atomic and cavity mode noise operators are not correlated along with
the fact that a noise operator F at a certain time should not affect the atomic vari-

able at earlier time, Eq. takes the form

(EF,(t)ma(t)) = 0. (3.41)
Upon substituting Eq. into Eq. (3.39), we obtain

(a(t)ma(t)) = 0. (3.42)
Following a similar procedure, one can also check that

(a()a(t)) = 0. (3.43)
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We next proceed to evaluate (F,(¢)a(t)). Multiplying Eq. on the left by F,,(t)

and taking the expectation value of the resulting expression, we have

(F,(t)a(t)) = (Fy(t)a(0))e 2t + /0 e~z (t=t) [\/Lﬁ(ﬁa(t)ma(t’»jL\/N<ﬁa(t)pa(t’)> dt’.

(3.44)
Applying Eqgs. (2.9) and (3:41) along with the fact that a noise operator £ at a certain

time should not affect the cavity mode operator at earlier time, we easily obtain
(F,(t)a(t)) = 0. (3.45)
It can also be established in a similar manner that
(a(t)F,(t)) = 0. (3.46)

Now on account of Egs. (3.45), (3.46) ,(3.42), and (3.43), Eq. (3.38) takes the form

= at)at)) = —r (aa(t)). 3.47)

(a®) = 0. (3.48)

On the other hand, assuming the atoms to be initially in the bottom level, the

expectation value of Eq. happens to be
(Ma(t)) = 0. (3.49)

Furthermore, using Eq. (3.49) along with Eq. (2.6) and the assumption that the cavity

light is initially in a vacuum state, the expectation value of Eq. (3.11) takes the form

(@(t)) = 0. (3.50)
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In view of Egs. (2.93) and (3.50), we claim that a(t) is a Gaussian variable with zero

mean. One can also easily verify that
(b(t)) = 0. (3.51)

Then on account of Egs. (2.95) and (3.51), we realize that b(¢) is a Gaussian variable

with zero mean.

3.1.2 Global photon number variance

In this section we wish to calculate the variance of the photon number for light
modes @ and b in the entire frequency interval. To this end, the variance of the pho-

ton number for light mode a can be written as
(Ang,)? = {((a'a)?) — (a'a)>. (3.52)
Using the fact that a is a Gaussian variable with zero mean, we readily get
(Ang)? = (a'a)(aa’) + (a™)(a?). (3.53)

On account of Egs. (3.15), (3.25), (2.101), and (3.48), we arrive at

(An,)? = 72 4+ Nn,. (3.54)

This represents the variance of the photon number for chaotic light.

One can also establish in a similar manner that the photon number variance for

light mode b has the form

(Any)? = 2 ': Yen2 4 N7, (3.55)

a

We note that Eq. (3.55) takes the form

(Any)? = Ny, (3.56)
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for v + v, < r, and

for v + 4. = r,. Furthermore, inspection of Eqgs. (3.54) and (3.55) indicates that

3500

000
2500
82000
[}
c
4 1500
1000

500

Figure 3.2: Plots of the photon number variance of light mode «a at steady state, [Eq. (3:54)] for

Kk = 0.8, v. = 0.4, v = 0(solid curve), v = 0.2(dashed curve), and N = 100.
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Figure 3.3: Plots of the photon number variance of light modes a and b at steady state,

[Eq. (3:54)](solid curve) and [Eq. (8:55)] (dashed curve) for x = 0.8, v, = 0.4, v = 0.2, and N = 100.

(An,)? > n, and (Any)? > i, and hence the photon statistics of each light mode is
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super-Poissonian. The plots in Fig. 3.2 indicate that the photon number variance
of light mode « is less for v = 0.2 than that for v+ = 0. Moreover, the plots in Fig. 3.3
indicate that the photon number variance of light mode a is less than that of light

mode b for 0.01 < r, < 0.6 and greater for 0.6 < r, < 10.

3.2 Two-mode photon statistics

In this section we seek to determine the global mean photon number and variance
of the two-mode cavity light. In addition, we obtain the local mean photon number

and variance of the two-mode cavity light.

3.2.1 Global mean photon number

Here we wish to calculate the steady-state mean photon number for the two-mode

cavity light in the entire frequency interval. To this end, adding Egs. (3.50) and

(3.51), we obtain

(@) =0, (3.58)

where

é=a+0b. (3.59)

In addition, adding Egs. (2.93) and (2.95), we get

dc K g .
— = ¢+ —m+VNE .
= 5¢ + \/Nm + e(1), (3.60)
where
E.(t) = E,(t) + Ey(t) (3.61)

and m is given by Eq. (2.81). In view of Egs. (3.58) and (3.60), we see that ¢ is a

Gaussian variable with zero mean. One can also easily check that

(F.(t)) =0, (3.62)



3.2 Two-mode photon statistics 30

(FI(t)F.(t) =0, (3.63)
(FIENY)) = (F.() E.(t)) = 0, (3.64)
(EL(OET () = 2w0(t — 1), (3.65)

Furthermore, using the relation

%<e*<t>é(t)> = <dé;§t)é(t)> + <é* (t)dil(f)> (3.66)

along with Eq. (3.60), we readily find

d i .. A\ A g
— (e (t)e(t)) = —r(ct(t)e(t)) + —=
dt VN (3.67)

+ VN (B 0ew) + @0 F0)]
Next we seek to evaluate (¢'(t)m(t)). Applying the large-time approximation, one

gets from Eq. (3.60)
29 .  2V/N

A(t) = EL(t). 3.68
e(t) Wﬁm+ - (t) (3.68)

Multiplying the adjoint of Eq. (3.68) on the right by /m(¢) and taking the expectation

value of the resulting expression, we get

20V 145, 0) + ()] + 2N

(& (@)m(t)) = (ET(t)m(t)). (3.69)

K

We now proceed to find (E()rn(t)). To this end, a formal solution of Eq. (2.108) can

be written as

t
m(t) = m(0)e =t + / e~ gma(z&’) + G(t)]dt'. (3.70)
0

Multiplying Eq. on the left by Ff(¢) and taking the expectation value of the

resulting expression, we have
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In view of the fact that a noise operator F at a certain time should not affect an

atomic variable at earlier time, Eq. (3.71) reduces to

A

(EFtym(t)) = /0 t e 5O ET(OG)dt . (3.72)

c

Assuming the atomic and cavity mode noise operators are independent, one can
write

A

(FI()G(t) = (EIONGE)) = 0. (3.73)

Upon substituting Eq. (3.73) into Eq. (3.72), we have

A

(ET(t)ym(t)) = 0. (3.74)

[

On account of this result, Eq. (3.69) takes the form

(@ Om(t)) = LT (NL(0) + (N(0)): (3.75)

We next seek to evaluate (F(¢)é(t)). To this end, a formal solution of Eq. (3.60)

can be written as

t
2(t) = ¢(0)e 5" / —5 () [LA )+ VNE(t! ] dt' 3.76
¢(t) = ¢(0)e +0€ \/Nm()+\/_ (t") (3.76)

Multiplying Eq. on the left by £7() and taking the expectation value of the

resulting expression, we have

t
(F@00) = (EL 0+ [ 800 | F i) + VRIEL OO dr
0 VN
3.77)
In view of Egs. (3.74) and (3.63) along with the fact that a noise operator F at a
certain time should not affect the cavity mode operator at earlier time, Eq. (3.77)

becomes

(Fl(t)e(t)) = 0. (3.78)
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Now with the aid of Egs. (3.75) and (3.78) along with their complex conjugates, we

can rewrite Eq. as

%(é*(t}é(m = —r {e'(t)e(t)) + 49° (Na (1)) + (No (1)) . (3.79)

K
The steady-state solution of this equation is expressible as
(@e) = LN + ()], (3.80)
Following a similar procedure, one can also get
@ty = %[U%) + (V)] +2N. (3.81)

In view of Egs. and (2.111), Eq. (3.80) can be rewritten as

50

no [oed P
f—Y S =Y

Mean photon number

[

Figure 3.4: Plots of the mean photon number for the two-mode cavity light at steady state

[Eq. B3:82)] for k = 0.8, 7. = 0.4, v = 0.2 (dashed curve), v = 0 (solid curve), and N = 100.

c 2N a
(o) = 2 [—T} . (3.82)
K [7Y+7+2r,
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Similarly on account of Egs. (2.111) and (2.113), Eq. (3.81) takes the form

} N +2N. (3.83)
K |7+ 7+ 2r,

We note from Egs. (3.30) and (3.82) that the mean photon number of the two-mode
cavity light is just the sum of the mean photon numbers of the single-mode light
beams. It can be seen from the plots in Fig. 3.4 that the effect of the spontaneous

emission is to decrease the mean photon number.

Moreover, in the absence of the spontaneous emission (v = 0), the mean photon

number of the two-mode cavity light becomes

2N
7= e ( "a ) . (3.84)
K \ e+ 2rq

In addition, the mean photon number of the two-mode cavity light reduces to

7= J1oN (3.85)
K
forr, > vy +.and to
. [2N
o e {_} (3.86)
K 3

for r, = v+ .. From Egs. (3.85) and (3.86), we see that the mean photon number of
the two-mode cavity light is less for r, = v + 7. than that for r, > v + ..
3.2.2 Global photon number variance

In this section we seek to calculate the variance of the photon number for the two-
mode cavity light. To this end, the variance of the photon number for two-mode

cavity light is expressible as
(An)? = ((¢16)?) — (¢Té)2, (3.87)
Using the fact that ¢ is a Gaussian variable with zero mean, we readily get

(An)? = (&Te)(eet) + (e*1)(&?). (3.88)
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Furthermore, employing the relation

F{ewen) = (Getw) + (a5 3.89)

along with Eq. (3.60), we easily obtain

(3.90)

= 3

Next we seek to evaluate (¢(t)m(¢)). Multiplying Eq. (3.68) on the right by m(¢) and

taking the expectation value of the resulting expression, we get

(EL(t)m(t)). (3.91)

_29VN, .. 2VN
K

(65 + =

We now proceed to find the expectation value of the product involving a noise
operator and an atomic operator that appears in Eq. (3.91). To this end, multiply-
ing Eq. (3.70) on the left by F,(¢) and taking the expectation value of the resulting

expression, we have

(Fu(t)ym(t) = (Fc(t)m(0)>€‘5t+/0 6‘%“"5/)[—%(131(75)A () +(E()G(E)]at. (3.92)

In view of the fact that a noise operator £ at a certain time should not affect an

atomic variable at earlier time, Eq. (3.92) takes the form

(F0) = [ e E RGO, (3.93)

Assuming the atomic and cavity mode noise operators are independent, one can
write

(E)GE)) = (E(0)G(L)) = 0. (3.94)

On account of this result, Eq. (3.93) takes the form

(EL(t)im(t)) = 0. (3.95)
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Upon substituting Eq. (3.95) into Eq. (3.91), we obtain

29V 15y, (3.96)

(M. (3.97)

We next proceed to evaluate (F,(t)é(t)). Multiplying Eq. on the left by F.(¢)

and taking the expectation value of the resulting expression, we have

(E.(t)e(t)) = (EL(8)é(0))e 5t + /0 e~z (=) [\/iﬁwc(t)m(t')w\/N<Fc(t)ﬁc(t')> dt’.

(3.98)
In view of the fact that a noise operator F at a certain time should not affect the

cavity mode operator at earlier time, Eq. (3.98) becomes
(FL(t)e(t)) = /0 500 {L(Fc(t)m(t’» + VN(E,()E.(t))| dt'. (3.99)
On account of Egs. and (3.64), Eq. takes the form
(EL(t)é(t)) = 0 (3.100)
It can also be established in a similar manner that
(e(t)F,(t)) = 0. (3.101)

Now in view of Egs. (3.100), (3.101) ,(3.96), and (3.97), Eq. (3.90) takes the form

—(e(t)e(t)) = —k (E(t)e(t)) + (&%), (3.102)
The steady-state solution of this equation turns out to be

C

(@) = %@—k). (3.103)
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We now proceed to calculate the expectation value of the atomic operator 7,
following the approach presented in [1]. To this end, applying the identity given by

Eq. (2.71), the state vector of a three-level atom can be put in the form

|¥k) = calar) + colbr) + ccler), (3.104)
in which
Ca = {ar|tn), (3.105)
¢y = (bk 1), (3.106)
ce = (Cr|¥r). (3.107)

The state vector described by Eq. (3.104) can be used to determine the expectation
value of an atomic operator formed by a pair of identical energy levels or by two
distinct energy levels between which transition with the emission of a photon is

dipole forbidden. One can thus readily establish that

(k) = cacl, (3.108)
(7F) = cect, (3.109)
and
(6F) = cact. (3.110)
We then see that
(65 ? = (i) (), (3.111)

and on taking |(6*)| to be real, we see that
(Ge) = V() (k) (3.112)
so that on substituting this into Eq. (3.103), we get

() = 2/ Gl (k). (3.113)
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Upon summing over k from 1 up to N and taking into account Egs. (2.68) and (2.70),

we have

(@) = %\/ (No)(N). (3.114)

Now using Eq. 2.113), Eq. (3.114) can be put in the form

~2 _fﬁ /7_'_/70 %
<">—m/ - (Na). (3.115)

In view of Egs. (3.80), (3.81), and (3.115), Eq. (3.88) becomes

(@ =2 () + () ) (2 (1 + 0 ) +2)

+ (k 7+%<Na))2.

K Ty

(3.116)

We observe from Eq. that the photon number variance of the two-mode
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Figure 3.5: Plots of the photon number variance of two-mode cavity light at steady state,

[Eq. B117)] for k = 0.8, 7. = 0.4, v = 0(solid curve), v = 0.2(dashed curve), and N = 100.

cavity light does not happen to be the sum of the photon number variance of the

separate single-mode light beams given by Egs. (3.54) and (3.55). Finally, on ac-
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count of Egs. (2.101), 2.111), (2.113), and (3.82), Eq. (3.116) takes the form

(An)? = irﬂ (M + 2) +2N7. (3.117)

Ta

This can be rewritten as

1
(An)? = Zr‘ﬂ (3n+2) + 2Nn, (3.118)

where
n= Vj% (3.119)

and 7 is given by Eq. (3.82). Our result shows that the photon number variance of the
two-mode cavity light is greater than the one obtained by Fesseha [1,16]. This must
be due to the reservoir noise operators. Furthermore, inspection of Eq.
indicates that (An)? > n and hence the photon statistics of the two-mode cavity
light is super-Poissonian. The plots in Fig. 3.5. indicate that the photon number
variance of the two-mode cavity light is less for v = 0.2 than that for v = 0. In other
words, the effect of spontaneous emission is to decrease the variance of the photon
number. Moreover, we observe that the photon number variance of the two-mode

cavity light increases with r,.

3.2.3 Local mean photon number

We now proceed to obtain the mean photon number of the two-mode cavity light in
a given frequency interval. To determine the local mean photon number of the two-
mode cavity light, we need to obtain the power spectrum of the two-mode cavity
light when both light modes a and b have the same frequency. The power spectrum

of the two-mode cavity light is expressible as [1]

1 S
P(w) = —Re / dre @ T (G (et 4+ 7)) s, (3.120)
0

T
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in which wy is the central frequency of light mode « or b. Upon integrating both sides

of Eq. over w, we readily get [38]
/P(w)dw =7, (3.121)

in which 7 is the steady-state mean photon number for the two-mode cavity light.
From this result, we observe that P(w)dw is the steady-state mean photon number

in the interval between w and w + dw.

We now proceed to calculate the two-time correlation function that appears in

Eq. (3.120). To this end, we realize that the solution of Eq. (3.60) can be written as
A~ ~ _K T B () g N ~
c(t+7)=2¢(t)e 27+/ e 2(m=7) [— t+7)+VNE(t+ 1 ] dr'. (3.122)
(t+7)=¢t) i Wi (t+7) t+7)
On the other hand, the solution of Eq. (2.108) is expressible as
m(t+7) = m(t)e 5 + / e~k (=) [—gma(t T+ Gt + T’)} dr'.  (3.123)
0
Applying the large-time approximation scheme to Eq. (2.96), we get

Ma(t +7) = =Ga(t + 1), (3.124)

=

so that on introducing this into Eq. (3.123), there follows
m(t+ 1) = m(t)e 5 + / e~ 5= [—Ga(t F Y+ Gt + T/)] dr'. (3.125)
0

Now combination of Egs. (3.122) and (3.125) yields

Gt +7) = é(t)e 2" + \/N/ e 2T (t + 7V dr + J_ m(t)egT/ dr'ez =17
0 VN 0

+ —\/QNG_ST/ dr'ez (T / dr" ezt |:_Gzz<t +7") + Gt + 7'”)}
0 0

(3.126)
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and carrying out the second integration, we find

~ ~ _5 T kg 2gm(t) _1 _1
ct+71)=¢(t)e 2" + / e 2R (t+ 7)dr + —=—2— [6 2T —e 2"”]
0 VN(r = p)
+ —\/%e—if / dr'es T / dr"est™" [—Ga(t+r”) + é(t+¢”)] .
0 0

(3.127)

Now multiplying this equation from the left by ¢ (¢) and taking the expectation value

of the resulting expression, we get

%

(et + 7)) = (e'(B)e(t)e =" + 2—g<éT(t)m(t)> [6_%‘” — e (3.128)

VN(k — p)

Applying once more the large-time approximation, one gets from Eq. (3.60)

m(t) = é(t) — —Fy(t) (3.129)

kv N N
29 g

and with this substituted into Eq. (3.128), there emerges

2v N A
G0ett + ) = @0yt + | @inen) - 2 @)
a s (3.130)
X e 2HT —e_%’”}
In view of the complex conjugate of Eq. (3.78), Eq. takes the form
(@ (et + 7)) = (@ (@0)e(t)) | ——e i — H_eminT) (3.131)
K — I K — I

Hence on substituting this into Eq. (3.120) and carrying out the integration, we get

o= o) i o] O

We recall that the mean photon number in the interval between w'= —\ and w'=
)\ is expressible as [1]

A
ﬁ:I:A = / P(w')dw', (3133)
-2
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Figure 3.6: Plots of [Eq. (3:136)] for x = 0.8, u=2 (dashed curve), and p=1.2 (solid curve).

in which w'= w — wy. Therefore, upon inserting Eq. (3.132) into Eq. (3.133) and car-

rying out the integration, applying the relation described by

A dx 2 (A
Y .134
/_A x2 + a? atcm (a)’ (3.134)
we easily obtain
fiiy = nz(N) (3.135)
where z()) is given by
e 2\ e 2)
2(\) = —"—tan* (—) — — T tan~? (—) ) (3.136)
K— W K— K

From the plots in Fig. 3.6, we easily find z(0.5) = 0.66, z(1) = 0.86, z(2) = 0.96. Then
combination of these results with Eq. yields fi1o5 = 0.667, iy = 0.867, iy =
0.96n. In addition, we see that as \ increases the local mean photon number of the
two-mode cavity light approaches to the global mean photon number of the two-

mode cavity light. We therefore observe that a large part of the total mean photon
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number is confined in a relatively small frequency interval. Furthermore, from the
plots in Fig. 3.6, we see that z()\) in the absence of spontaneous emission is greater

than in the presence of spontaneous emission.

3.2.4 Local photon number variance

We now proceed to obtain the photon number variance of the two-mode cavity light
in a given frequency interval. To determine the local photon number variance of
the two-mode cavity light, we need to obtain the spectrum of the photon number
fluctuations for the two-mode cavity light when both light modes « and b have the

same frequency. We define this spectrum by

1 o
J(w) = —Re / dre' @O (R (1), At + 7)) s, (3.137)
0

™

in which wy is the central frequency of light mode a or b and 7(¢) is given by
n(t) = é'(t)é(t) (3.138)
and
At + 1) =&t 4+ 7)e(t + 7). (3.139)
Upon integrating both sides of Eq. (3.137) over w, we get
/ J(w)dw = (An)?, (3.140)
in which
(An)? = (A(t), 1(t))ss (3.141)

is the variance of the photon number for the two-mode cavity light at steady state.
On the basis of the result given by Eq. (3.140), we assert that .J(w)dw is the steady-

state variance of the photon number for the two-mode cavity light in the interval
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between w and w + dw. Furthermore, we see that

(R(t), At + 7)) = (A + 7)) — () (At + 7). (3.142)

In view of Egs. (3.138) and (3.139), Eq. (3.142) takes the form

(), n(t +71)) = (N ()et)e (t+7)e(t + 7)) — (e ()e)) (et +1)et + 7). (3.143)

Using the fact that ¢(¢) is a Gaussian variable with zero mean, one can write

Eq. (3.143) as
(), n(t + 7)) = (@)t + 7)) E)e(t + 7)) + (@ (@)e(t + 7)) {et)el(t+71)). (3.144)

We now proceed to determine the two-time correlation function that appears in
Eq. (3.144). To this end, multiplying the adjoint of Eq. (3.127) from the left by ¢(¢)

and taking the expectation value of the resulting expression, we have
(et + 7)) = e)ett))e 2™ + / e 2TV EX(t + 7)) dr!
0

2g(c(t)m! () 1 1 1 g = /T T
+ 2 A N emahT e ah T L emaT [ drlez(iMT (3.145)
\/N(/i — ) [ } VN 0

< [ drreb (Gt ) + E06 @+ )]
0
Taking into account the fact that a noise operator F' at certain time should not affect

the cavity mode operator at earlier time, one can write
(W Fft+7)) = ()Gt + 7)) = (e(t)GH(t + 7)) = 0. (3.146)
In view of this result, Eq. (3.145) takes the form

et)el 7)) = (é(t)él e 2T M 6_%M7_6—%H7‘ ‘
(0t 7 = (el 2L | e

We next seek to evaluate (¢(t)m'(¢)). To this end, multiplying the adjoint of

Eq. from the left by ¢(¢) and taking the expectation value of the resulting
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expression, we get

(e(tym' (1)) = (et (t)) — —(et) Fi ). (3.148)

On the other hand, multiplying Eq. from the right by Fi(¢) and taking the

expectation value of the resulting expression, we have

t
() FL (1) = (2(0)Fl(t)e 2" + / 7370 {iW(t’)Fj(tD +VN(E()EL(®)) | df
0 VN
(3.149)
Using Eq. along with the fact that a noise operator F at certain time should

not affect an atomic and cavity mode operators at earlier time, one readily obtains
(e(t)ET(t)) = kVN. (3.150)

Hence with the aid of Egs. (3.147), (3.148), and (3.150), we easily get

(@(E (¢ + 7)) = (@) (1) [ e ,w—%*f]

(3.151)
2Nk [egm N efém] '
K=
Following a similar procedure, one can also readily establish that
(e(t)elt + 7)) = (E(1) | e i = Lemi). 3.152)
K — K—

Now combination of Egs. (3.131), (3.151), (3.152), and (3.144) results in

An)? )
(n(t), n(t + 7)) = (< _n) )2 [526_”7 + pPe " — 2/<;Me—§(u+n)f}
NN (3.153)

2nN 1
—(l{n_ :)2 [(m 4 p)e 2 WHRIT e me‘“T] :
On introducing Eq. (3.153) into Eq. (3.137) and carrying out the integration, we get
(An)? { 2 5 2 x %H }
J(w) = K T + T — 2K T
@) (k—p)? | (w—wo)?+ p? s (w — wp)? + K2 M(w —wo)? + (55)?
ey : ]
— | (K — - K ,
(= [T o= w0+ (P w2

(3.154)



3.2 Two-mode photon statistics 45

45

(=]
(&}
T
~
~

=3
[&y ]
== 4 ——_

Figure 3.7: Plots of [Eq. 3:156)] for k = 0.2,y = 0.2, 7. = 1.2, u = 1.404, N = 5, and r, = 0.002.

in which (An)? is given by Eq. (3.118). We realize that the variance of the photon

number in the interval between w’ = —\ and w’ = ) is expressible as

A
(An)i/\:/ J(w')dw' (3.155)

-
in which w'= w — wy. Substituting Eq. (3.154) into Eq. (3.I55) and carrying out the

integration, we readily get

2 2 2
(An)i, = {An)” [ZLtcm_l (é) QLtcm_l (i> - 4#—/{tan_1 ( 2\ ) ]
(K T K T w+ K

—pPL [
2nN 2 2 2 2
g Z(p+ K)tan™ A )L Pran A Bran! A :
(k—p)? |7 w+ K ™ K T 1

(3.156)

The plots in Fig. 3.7 indicate that as A increases the local photon number variance
of two-mode cavity light approaches to the global photon number variance of the
two-mode cavity light. We observe that a large part of the total variance of photon

number is confined in a relatively small frequency interval.



Quadrature Squeezing

In this chapter we seek to study the quadrature variance of single-mode light beams
and the quadrature squeezing of the two-mode cavity light, produced by the system
under consideration. Applying the steady-state solutions of the equations of evolu-
tion of the expectation values of the atomic operators and the quantum Langevin
equations for the cavity mode operators, we obtain the global quadrature variance
for light modes a and b. In addition, we determine the global and local quadrature

squeezing of the two-mode cavity light.

4.1 Single-mode quadrature variance

In this section we wish to obtain the global quadrature variance of light modes «
and b.

4.1.1 Global quadrature variance

Here we seek to calculate the quadrature variance of light modes a« and b in the entire
frequency interval. To this end, we define the quadrature operators for light mode
a by

~

. =a +a (4.1)

46
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and

a_ =i(a' — a), (4.2)

where a, and a_ are Hermitian operators representing physical quantities called
the plus and minus quadratures. Applying Eqgs. (3.28), (4.1), and (4.2), one readily
gets

la_,a,] = 22%(1% — N,) — 2iN. (4.3)
It then follows that [8]
AayAa_ > %(<Na> — () — N|. (4.4)
In view of Eq. (2.101), Eq. takes the form

Aa;Aa_ > N. (4.5)

Next we proceed to calculate the quadrature variance of light mode a. The vari-

ance of the plus and minus quadrature operators are defined by
(Aay)? = <di> — (a4)” (4.6)
(Aa_)? = (a*) — {a_)* (4.7)
On account of Egs. and (4.2), Egs. and take the form
(Aay)? = (ala) + (aa’) + (a®) + (a®) — (a")* - (@)* - 2(a')(a) (4.8)

and

(Aa-)? = (ala) + (aa") — (a"?) — (a®) + (a')* + (a)* — 2(a")(a). (4.9)

With the aid of Eqs. @.8), 4.9), (3.48), and (3.50), the variance of the quadrature

operators is expressible as

(Aay)? = (a'a) + (aal), (4.10)
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(Aa_)? = (a'a) + (aa'). (4.11)
Now employing Egs. (3.15), (3.25), and (2.101), we arrive at

(Aax)? = 2, + N, (4.12)

which is the quadrature variance of a light mode in a chaotic state. This indicates
thatlight mode « is in a chaotic state. Following the same procedure, one can readily

verify that the quadrature variance of light mode b has the form

(Aby)® =nyp + 7Jr%erN. (4.13)
This reduces to
(Aby)* =y + N (4.14)
for v + . < r, and to
(Aby)* =2ny + N (4.15)

fory + . = r,.

One can easily show that

b_,b,] = 2%(]% — N,) — 2iN. (4.16)

On account of this commutation relation [8], we have
AbyAb_ > | () — (V) — N|. (4.17)
K
This uncertainity relation takes the form

AbyAb_ > f, — N (4.18)

for v +v. < r, and

AbyAb_ > N (4.19)
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for v + 7. = r,. We observe from Eqgs. (3.57) and (4.15) that light mode b is in a

chaotic state for v+ v. = r,. On the other hand, in the absence of cavity mode noise

operators, Egs. (4.14) and (4.18) reduces to [16]

(Abs)? = iy (4.20)
and
Aby Ab_ > ny,. (4.21)

This indicates that light mode b is in coherent light for v + v, < 7,.

4.2 Two-mode quadrature squeezing

In this section we seek to study the global and local quadrature squeezing of the

two-mode cavity light.

4.2.1 Global quadrature squeezing

The squeezing properties of the two-mode cavity light are described by two quadra-
ture operators defined by
éy=¢+é (4.22)
and
e =i(ch —¢), (4.23)
where ¢, and ¢_ are Hermitian operators representing physical quantities called the

plus and minus quadratures. Using Eq. (3.59), one can readily get

6, ét] = L[N, — N,] + 2N. (4.24)
K

With the aid of Egs. (4.22), (4.23), and (4.24), we can show that the plus and minus

quadrature operators satisfy the commutation relation

6_,é0] = 2iL5(N, — N.) — 4iN. (4.25)
K
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It then follows that [1]

A~ ~

Ac,Ac > | (N — (N)) + 2N, (4.26)
K
Upon setting r, = 0, we see that
Ac,Ac. > LN 49N, (4.27)
K

where Ac, and Ac_ are the uncertainties in the plus and minus quadratures.

Next we proceed to calculate the quadrature variance of the two-mode cavity
light. To this end, the variance of the plus and minus quadrature operators of the

two-mode cavity light are defined by
(Acy)? = (c}) — (&4)* (4.28)

and

(Ac_)? = (¢%) — (e_)2. (4.29)
On account of Egs. and (4.23), Egs. and take the form
(Acy)? = (e'e) + (ceT) + (&) + () — (e1)* — (&)* — 2(¢")(e) (4.30)
and
(Ac_)? = (&1¢) + (eet) — (1) — (&%) + (1) + (&)* — 2(eT)(¢). (4.31)

With the aid of Eqs. (4.30), (4.31), and (3.58), the variance of the quadrature opera-

tors is expressible as
(Acy)? = (&¢) + (eel) + () + (&2), (4.32)
(Ac_)? = (&e) + (ec) — (¢1?) — (%), (4.33)

Now employing Egs. (3.80), (3.81), (3.115), and the complex conjugate of (3.115), we

arrive at

(Acy)? = % (N b (N, 42 /20 <Na>) +2N, (4.34)

Taq
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(Ac )2 =" (N S AR i <Na>) 12N, (4.35)

K Tq

Moreover, on setting r, = 0 in Egs. (4.34) and (4.35), we get
(Acy)? = (Ac )2 = LN 1 2N. (4.36)
K

This represents the quadrature variance of a two-mode cavity vacuum state. From
Egs. (4.27) and (4.36), we see that the two-mode cavity vacuum light is in a mini-

mum uncertainty state.

Next we seek to calculate the quadrature squeezing of the two-mode cavity light
in the entire frequency interval relative to the quadrature variance of the two-mode
cavity vacuum state. We then define the quadrature squeezing of the two-mode

cavity light by

(Ac 2= (Ac )

S VIV

(4.37)

Now employing Egs. (4.35) and (4.36), one can put Eq. (4.37) in the form

. 2 <2\/£:C<Na> - (Na>)' (4.38)

N LN +2N

On account of Eq. (2.111), Eq. (4.38) takes the form

N 24/ — 1
S=—= - : 4.39
Ve + 2K e 4 2 (4.39)

Finally, we consider the case in which spontaneous emission is absent (y = 0). Then
the quadrature squeezing for this case takes the form
9 [y _
pum ’yc ra
Ve + 2K L4+2

(4.40)

We note that, unlike the mean photon number and variance of the photon num-
ber, the quadrature squeezing does not depend on the number of atoms. This im-

plies that the quadrature squeezing of the cavity light is independent of the number
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Figure 4.1: Plots of the quadrature squeezing at steady state, [Eq. (39)] versus r, for x = 0.2,
~v. = 1.2,v = 0 (dashed curve), and for v = 0.4 (solid curve).

of photons. The plots in Fig. 4.1 indicates that for small values of r,, the degree
of squeezing of the two-mode cavity light increases with r, and for large values of
r, the quadrature squeezing decreases as r, increases. The maximum quadrature
squeezing is 37.5% both for v = 0 and v = 0.4. This occurs when the three-level
laser is operating at r, = 0.30 and r, = 0.40 respectively. In addition, we can eas-
ily see from the same plots that the quadrature squeezing is greater for v = 0 than
that for v = 0.4 for 0.01 < r, < 0.35 and is lesser for 7 = 0 than that for v = 0.4 for
0.35 < r, < 1. Our result shows that the maximum quadrature squeezing is less than

the one obtained by Fesseha [16]. This must be due to the reservoir noise operators.

4.2.2 Local quadrature squeezing

We finally seek to obtain the local quadrature squeezing of the two-mode cavity
light when both light modes « and b have the same frequency. To this end, we first

determine the spectrum of quadrature fluctuations of the two-mode cavity light.
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We define this spectrum by

1 o -
Si(w) = —Re/ dre’ @ 0T (e (1), éx(t 4+ 7))ss, (4.41)
0

™

in which w is the central frequency of light mode a or b. Upon integrating both sides

of Eq. (4.41) over w, we get

| st = s (.42)
in which
(Aes(t)® = (ea(t), ex(t))ss (4.43)

is the quadrature variance of the light mode at steady state. On the basis of the result
given by Eq. (4.42), we assert that S.(w)dw is the steady-state quadrature variance

of the light mode in the interval between w and w + dw [1].

Furthermore, we recall that

<éi<t), éi<t + T)> = <éi(t>éi(t + 7')> - <é:|:(t)><é:|:(t + 7')> (444)

Now using Egs. (3.58), (4.22), and (4.23), one easily gets

(ex(t)) = (et + 7)) =0. (4.45)

On account of this result, Eq. (4.44) takes the form

(64 (t), ex(t + 7)) = (o (et + 7). (4.46)

We now proceed to determine the two-time correlation function that appears in

Eq. (4.46) for the cavity light. To this end, using Eqgs. (4.22) and (4.23), one readily

obtains

(Cr()ep(t+7)) = (O (t+7)) + (et)et+7) + (e (et +7)) + () (t+7)) (4.47)
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and

(e_(t)e_(t+7)) = (e ()t +71)) + (e(t) T (t+1)) = (e ()T (t47)) — (é(t)e(t+7)). (4.48)

Using Eqgs. (3.131), (3.151), (3.152), (4.47), (4.48), and (4.46)), we arrive at

1 1 2N 1 1

(4.49)
Now on introducing Eq. into Eq. (4.41) and carrying out the integration, we

find the spectrum of the minus quadrature fluctuations for the cavity light to be
2m

) — (A g2k /i ]_[u i/ }

(@) = (Ae-) L—u(w—wo)2+(§)2 K= (w—wp)? + (5)>

i ijfi: [«u - w>_ TER W w)ﬂ T <%>2] |

(4.50)

in which (Ac_)? is given by Eq. (4.35).
We realize that the variance of the minus quadrature in the interval between «’

= —Xand w’ = \ is expressible as

A
(Ac)i)\:/ S_(w)du', (4.51)
-2

in which w'= w — wy. Hence applying Eq. (4.50) and taking into account Eq. (4.35)

along with Eq. (2.103), we easily get

2 2\ 2 .+ 2r, 12X
(Ac )iy = [ o/ tan™! < ) _ At 0ot o)/ tan~* (—)]
K= (747 +2rq) Y+ Ve + 27 K= (747 +2rq) K

x (% (N +(N,) — 2W<Na>) + 2N>

ANk /7 { » (2)\> » ( 2\ ”
+ tan e — tan -_— .
K_<7+’Yc+2ra) K (7+'7c+2ra)

(4.52)
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Figure 4.2: Plots of [Eq. (£.55)]versus A for [ y. = 1.2, r, = 0.30] (solid curve), [y = 0.4, r, =

0.40](dashed curve), and x = 0.2.

On account of Eq. (2.111), Eq. (4.52) can be rewritten as
2 2\ 2 e+ 21, 1 (2A
K/ n—l( ) (v +7.+ T)/Wtan 1(_)}

Ac_ )2, = ta -
(Be-)iy [ﬁ—(7+7c+27"a) Y4 Ve + 21 K— (7 + e+ 2r,) K

c a_2 c)la
w (2147 (O +3e)ra 4 o)y
K Y+ Ve + 21,

ANk /7 { » (2)\> » ( 2\ ”
+ tan — | —tan B — .
K= (7 + 7+ 2rq) K (Y + Ye + 27a)

Furthermore, upon setting r, = 0 in Eq. (4.53), we find the local quadrature vari-

(4.53)

ance of the two-mode vacuum state to be

(e = [ 2007 et (2] 20l ()]

H_(’Y—f—’%) /y—i_/yc ’i_<7+’yc) R

(o) g e () - (655 )

We define the quadrature squeezing of the cavity light in the \.. frequency interval

54)

by

(Ac_ )2,y — (AC*>21>\.

50 = (Acfﬁﬁ:)\

(4.55)
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The plots in Fig. 4.2 indicate that the maximum local quadrature squeezing is
40.74% and 40% for v = 0 and v = 0.4, respectively and happens to be in the
A = =0.01 frequency interval. Moreover, the plots in Fig. 4.2 indicate that the
effect of the spontaneous emission is to decrease the local quadrature squeezing.
We also notice that as )\ increases the local quadrature squeezing in both cases ap-
proaches the global quadrature squeezing. In addition, we have also seen that the
local quadrature squeezing of the cavity light is greater than the global quadrature

squeezing.



Superposed Two-mode Laser Light Beams

In this chapter we seek to study the squeezing and statistical properties of a pair of
superposed two-mode laser light beams. To this end, we first obtain the Q func-
tion with the aid of the antinormally-ordered characteristic function defined in the
Heisenberg picture for a two-mode laser light beam. Then using the resulting Q
function, we obtain an expression for the density operator for a pair of superposed
two-mode laser light beams. Applying this density operator, we calculate the pho-

ton statistics and quadrature squeezing.

5.1 The Q function

With the aid of the completeness relation given by [1]

A

™

=2 [ @895, 5.1)

the antinormally-ordered characteristic function for a two-mode laser light beam,
defined by

. A —z*e zet t)
Galz,t) =Tr (pe (t) gze'( ), (5.2)

can be rewritten as

Galz,t) = % / d*5Tr (ﬁe—z*é<t>|ﬁ><ﬁ|ezé*<“). (5.3)

57
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Moreover, employing the relation [1]

¢|8) = AB1B), (5.4)
we obtain
Ga(z,t) = /dzﬂ/\Q(Aﬁ)exp(z)\ﬁ* — 2*Ap), (5.5)

where Q()\p) is the Q function. Introducing the variable a= A/, we easily find

Galz,t) = d%z@exp(za* — Z"a). (5.6)

Since @ is the inverse Fourier transform of the characteristic function, we see that

Qa) = % /dQZgzﬁa(z)exp(z*a — za"). (5.7)

Upon integrating both sides of Eq. (5.7) over « and taking into account the fact that

%/d%zexp(z*a — za*) = 6%(2), (5.8)
we arrive at
/ PaQ(a) = A / d>=Tr (peZ*é“)ezé*(f))é?(z), (5.9)
from which follows
/anQ(a) =\ (5.10)

This shows that the Q function is normalized to .

We now proceed to obtain the explicit form of the antinormally-ordered char-
acteristic function for the two-mode laser light beam. Upon replacing the atomic
operators that appear in Eq. by their expectation values, the commutation

relation for the light generated by the three-level laser can be written as

[¢,¢1] = A, (5.11)
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in which

A= L[N — (N,)] + 2N. (5.12)

Now applying the Baker-Hausdorff identity

€A€B _ eAJrBJr%[A,B]’ (5.13)
which holds for
we see that
efz*é(t)ezé]k(t) _ efz*é(t)+zéf(t)7%z*z)\. (5.15)

Then substituting into Eq. (5.2), we obtain
%(27 t) _ 6—%z*z)\<e—z*é(t)+z67(t)>' (5.16)
Since ¢(t) is a Gaussian variable with zero mean, we can rewrite Eq. as [1]
Ga(z,t) = e_%z*z’\exp %<(26T(t) — z*é(t))2>} ) (5.17)

It then follows that
bulet) = e |5 (E(0) + @) - 20+ 2ty + 1) )|
(5.18)

Since Eq shows that (¢?(t)) is real , we see that (¢™(t))=(¢*(¢)). Thus Eq

takes the form

ba(2,t) = exp B ((e?(t»(z? +2%) — 22 (A + (e (t)e(t)) + <é(t)é*(t)>))} . (5.19)

Now with the aid of Egs. (3.80), (3.81), (3.115), and (5.12), the antinormally-ordered

characteristic function can be put in the form

bu(2,1) = eap Bv_ 0 Ve ) (22 4 27) — Z*z(%(<Nb> +(N,)) +2N)] . (5.20)

K Tq
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This can be rewritten as

2’2 2*2
¢a(z,t) = exp [—Tz*z + R(? + 5 )] , (5.21)
in which
T= %(<Nb> +(N)) + 2N (5.22)
and
R=Dc [X1 05y, (5.23)
K Ty

Now introducing Eq. (5.21) into Eq. (5.7), the Q function for the two-mode laser

light beam can be written as

A Z2 2*2
Qla) = o) /dQZ&’Ep {—Tz*z + ' — za" + R(? + 5 >] ) (5.24)
Carrying out the integration, using the relation
dQZ —az*z4bz+tcz*+Az2+ Bz*2 1 abc + ACQ + Bb2
ED Ve e-aap 070 O
we get
)\ 1/2 2 *2
Qo) = — [U2 - UZ] exp {—ua*a + v(a— +2 )] : (5.26)
m 2 2
in which
T
U= s (5.27)
and
R
V= (5.28)

We note that Eq. (5.26) is the Q function for the two-mode laser light beam.

According to Ref. [1], the density operator for the pair of superposed two-mode

laser light beams has the form

p= N2 / PEPAQO B+ 0/08)Q0" Ay + 8/ ) B+ )y + 8. (5.29)
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Suppose d and d' represent the annihilation and creation operators for the super-
posed two-mode light beams. Then the expectation value of the annihilation oper-

ator for the superposed two-mode light beams can be expressed as
(d) = Tr(pd). (5.30)

Now applying the density operator given by Eq. (5.29), Eq. (5.30) can be rewritten as

(dy = N2 / P Bd*AQ(AB*, A8 + 8/DB*)QN*, Ay + /97" )Tr(d|B + ) (v + B]). (5.31)
We then see that
(d) = X / PEEAQNG, NS + 0J05)QN" Ay + 0/ )(B+).  (532)

Now introducing the variables a; = A\§ and a; = Ay, Eq. (5.32) takes the form

A 1
(d) = v /d2oc1d2oz2Q(off, ag + A0/0a))Q(as, ag + AD/0ai) (g + ag). (5.33)

This can be rewritten as

5 1
(d) =5 [ Pax@aaz + 20/0a)

1
X X/dQOle(oz{,al + A\0/da7) oy

(5.34)
1
+ " / d*aQ(a;, aq + A3/0ay)
1 2 * *
oY d“aeQ (a3, as + A0/ 0as)as.
Using the fact that the Q function is normalized to )\, we have
- 1
@)= / Py Q(at, a1 + Af0at)ay
(5.35)

1
+ 1 /dZOQQ(a;‘, as + A0/0aj)as.
Furthermore, following the discussion presented in [1], one can express the expec-

tation value of a given operator function A(¢', ¢) in the form

R 2
() = [ Slare e+ 200060 40(69) (5.30)
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where A, (£, €) is the c-number function corresponding to A in the normal order,

and ¢ = A\S. On account of Eq. (5.36), Eq. takes the form
(d) = (&1) + (¢a). (5.37)

Now in view of Eq. (3.60), the equations of evolution of the cavity mode operators

for the two-mode laser light beams can be expressed as

G Eay o+ VNA(D) (5.38)
and
% - VLNmQ + VNE(). (5.39)
Then adding Egs. and (5.39), we get
Z_f = —Sd+ % W+ VNE(), (5.40)
where
d=¢,+ 0, (5.41)
m =1y + e, (5.42)
and
F=F +F. (5.43)

Furthermore, using Eq. (3.58) along with Eq. (5.37) , we have
(d) = 0. (5.44)

In view of the linear equation described by Eq. (5.40) and the result given by
Eq. (5.44), we claim that cf(t) is a Gaussian variable with zero mean [1]. Moreover,

using Eq. (4.24) along with Eq. (5.41), one can easily establish that

[d,df] = 2], (5.45)

where ) is given by Eq. (5.12).
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5.2 Photon statistics

In this section, applying the density operator for the pair of superposed two-mode
laser light beams, we seek to calculate the mean and variance of the photon num-

ber.

5.2.1 Mean photon number

Now applying the density operator given by Eq. (5.29), the mean photon number

for the pair of superposed two-mode laser light beams can be expressed as

s = V/d26d2vQ(A6*,A6+3/3ﬁ*)Q(M*,M+3/37*)TT(JTJI6+v><7+6|)' (5.46)

We then see that

M

LB1

LB2

Figure 5.1: The superposed two-mode laser light beams, with x = 1 and x = 0 for the upper and

lower surfaces of the mirror, respectively.

e =\ / d*Bd* QNG A8 + 0/9B")Q(NY", My + 0/97") (ﬁﬁ* +97" + By + v*ﬁ) :

(5.47)
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Next introducing the variables «; = A5 and ay = Ay, Eq. (6.47) can be rewritten as

1
Mg dzaldzagQ(a’{, aj + A0/0a))Q(as, ag + AJ/0ay)

SV
A (5.48)
X (ala’{ + asal + ajag + agal).
This can be put in the form
1
ns = X /dzagQ(a;‘,ag + A0/0as3)
1 2 * *\ ok
<3 d“onQ(aj, a1 + A0/0a7)ajay
1 2 * *
5 d*a1Q(ad, a + A0/0ay)
1 2 * *\ %
<3 d*aQ(ay, ag + A0/ 00) a0
(5.49)

1
+X/me@ﬂH%W&mﬂ
1
< / ParQ(a, as + 20/0ak)as
1
+x/f%Qm;%+AW&@@

X %/d2051@(0f{,041 + AJ/0a))ay.
Using Eq. along with the fact that the Q function is normalized to A, we see
that
ne = (€lé1) + (ehéa) + (e]) () + (e} (@) (5.50)
Taking into account the fact that the Q functions of the two identical two-mode laser

light beams have exactly the same form, we observe that
(élér) = (ehés) (5.51)
and
(61) = (é5). (5.52)
Hence the mean photon number for the pair of superposed two-mode laser light

beams is expressible as

iy = 2(eley) + 2(e1) (&), (5.53)
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We next proceed to evaluate the expectation values involved in this expression.

Thus with the aid of Eq. (5.26) along with Eq. (5.36), one can write

1/2 o 2 *2
R 1 . a;
(¢1) = (u2 - v2> / - exp[ — uojoq + U<71 + 21 )}

X exp[ —ulajd/0a; + via10/da; + gAQ@Q/aOZIQ] .

(5.54)

—ulafd/das+vAand/0af+E X207 /0at? ;

Now upon expanding the exponential function e 1" in a

power series, we have
e ATO/Dai FrA D D0 £ 5 A0 Do 1—uAa;a/aa;+UAa10/0a;+gva? J0a;?+... (5.55)
We then easily find

2 e g2 2 2
(¢1) = (u2 — U2) / :1exp[ —uajoq + v(% + &21 >] o (5.56)

and on carrying out the integration, we arrive at

(&) = 0. (5.57)
In view of this result, Eq. (5.53) reduces to
iy = 2(¢héy). (5.58)

Moreover, applying Eq. (5.26) together with Eq. (5.36), the expectation value of ¢l¢,

can be put in the form

2 o 2 *2
(eley) = <u2 - v2> / :lexp{ —uoyoq + v(% + O; )}

(5.59)
% efcp{ — uraj0/0a] + vAnd/da; + gAQaQ /aaﬂ .
Hence applying the power series given by Eq. (5.55), we readily obtain
1 1/2 2 *2
<6161> = - <u2 _ U2> /d2alexp {—U&Ial + v<% n a2 )1
. (5.60)

X [(1 —uN)ajay + vAaf] :
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This can be rewritten as

1/2 0? d*«
AT A o 2 2 . 1
(G1é1) = (u ! ) (1=Au) 020z* / T

2 *2
* * * a7 Qq
X exp [—ualal + 2 o + zag + v(— + —)]

2 2 z=z*=0 61
1/2 52 o (5.61)
+ (u? —o? (vA) / !
0z*2 T
2 04*2
x exp | —uajoy + 2faq + zaf ol = + =2 :
2 2 z=z*=0
so that carrying out the integration over a;, we get
0? rzzt 4+ u(% + 20
ATay 11—\ 2 2
<Clcl> ( U) 82:82* 6x])|: u2 . ’UZ :| I (5 62)
0? uzz* 4+ v(% 4+ 20) .
+ VA exp 2 2
82*2 u2 _ ,02

z=z*=0

Now performing the differentiation and applying the condition z = z* = 0, we have
i u ) ED)
(clcl> = m(l — U) + m (5.63)
Hence on account of Egs. (5.27) and (5.28), there follows
(e =T — ) (5.64)
and in view of Egs. (5.12) and (5.22), we see that

(ele) = %((NJ + (). (5.65)

Now with the aid of Eq. (5.58), the mean photon number for the pair of superposed

two-mode laser light beams is found to be
Ry = 225 ((N,) + (N,). (5.66)

This can be expressed as

ns = 20, (5.67)
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where 7 is the mean photon number for a two-mode laser light beam given by Eq.
Eq. (3.80). We note that the mean photon number for the pair of superposed two-
mode laser light beams is the sum of the mean photon numbers of the constituent
two-mode laser light beams. Moreover, on account of Egs. and (2.111), the

mean photon number given by Eq. (5.66) can be put in the form

i, = AN e [r—} . (5.68)
KLY+ %+ 2Ta

This is the steady-state mean photon number for the pair of superposed two-mode
laser light beams.

We next proceed to consider the case in which spontaneous emission is absent

(7 = 0). Then the mean photon number for this case takes the form

fi, = AN e { "a } . (5.69)
K | ve+ 21,

This can be expressed as

Ry = 27, (5.70)

where n is the mean photon number for a two-mode laser light beam given by
Eq. (3.84). In addition, the mean photon number for the pair of superposed two-

mode laser light beams reduces to

n=2N-= (5.71)
K
for r, > v+ ~.and to
. 4N
7=t {—} (5.72)
K 3

for r, = v + v.. From Egs. (5.71) and (5.72), we see that the mean photon number
for the pair of superposed two-mode laser light beams is less for r, = v + 4. than

that forr, > v + ..
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5.2.2 Photon-number variance

Applying the density operator given by Eq. (5.29), we calculate the photon number
variance for the pair of superposed two-mode laser light beams. The variance of the
photon number for the pair of superposed two-mode laser light beams is express-
ible as

(An)? = (dtddtd) — (d'd)>. (5.73)
Using the fact that d is a Gaussian variable with zero mean, we readily get
(An)? = (d'd)(dd") + (dI?)(d?). (5.74)
This can be rewritten as
(An)? = ng(dd') + (d?)(d?), (5.75)

in which 7, is the mean photon number for the pair of superposed two-mode laser
light beams given by Eq. (5.68).
We next proceed to calculate the expectation values involved in Eq. (5.75). Thus

employing the density operator described by Eq. (5.29), we can write
(d*) = A% / dEBAVQNG" AB+0/057)Q(N", Ay +0/07 ) T'r (&5 +7) (v +Bl), (5.76)
so that with the aid of Eq. (5.4), one can put Eq. in the form
(d*) = X / d*Bd* QNG \B + 0[BT QN Ay + 0/07") <52 +9° 276). (5.77)
Using the variables «;= A\ and ay= Ay, we find

5 1
(d?) = ﬁ/dzaldQOQQ(of{,Ozl—I—)\@/(?a”{)Q(a;,Ozg—l—)\@/@a;)(a%+a§+2a1a2>. (5.78)
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This can be rewritten as

(@) =5 [ #asQ(a, 0+ 20/003)

X %/anlQ(aI,al + A\/daf)as
1

+ X/dQOle(o/{, a; + A0/0ay)

(5.79)
1

oY /d2a2Q(a§,a2 + A3/daj)as

1
+ 2X /d2OélQ(OéT, o1 + )\8/80&?)0&1
X %/dQCVQQ(CY;,OéQ + A0/0a3)as.

In view of Eq. (5.36) along with the fact that the Q function is normalized to \, we
see that
() = (&) + (&) + 2(e1)(ea)- (5.80)

On account of Eq. (5.57), this result takes the form

(d?) = (&) + (¢2). (5.81)
On account of the fact that
(é1) = (c2), (5.82)
we see that
(d*) = 2(¢2). (5.83)

We now proceed to evaluate the expectation value involved in this expression.

Thus with the aid of Eq. (5.36) along with Eq. (5.26), one can write

2 o 2 %2
(&) = [ u? —0v? / U exp| —uaja; +v R
T 2 2

(5.84)
X exp[ —ulaj0/0a] + viay0/0a] + g)\zaz/ﬁa{ﬂ %e
Hence applying the power series given by Eq. (5.55), we readily get
1/2 a2 2 2 *2
(e3) = {uQ — U2] 32*2 / :1 exp {—uoﬁal + 2" + zag + v (% + %)] L

(5.85)
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so that carrying out the integration over o, , we obtain

A o2 uzz* + v(ﬁ + ﬁ)
(¢1) = 5 zep —2 2

(5.86)

_ 12
u v z=2*=0

Now performing the differentiation and applying the condition z = z* = 0, we have

() = — (5.87)

u2 — p2’

On account of Eq. (56.87), Eq. (5.83) can be put in the form

- 2v
2
() = 5 (5.88)
With the help of Egs. (5.27) and (5.28), we see that
(d*) = 2R (5.89)
and in view of Eq. (5.23), there follows
(@) =22 [T Ve iy (5.90)
K Ty
Following a similar procedure, one can also check that
(ddty = 2%((@ + (V) +4N. (5.91)

Upon substituting Egs. (5.66), (5.90), (5.91), and the complex conjugate of Eq. (5.90)

into Eq. (5.75), the photon number variance for the pair of superposed two-mode

laser light beams is found to be

A

(An)? = 2% ((Na> + <Nb>> (QE(WC) + (V) + 4N) + 4<E>27 0,2 (5.92)

K K Ta

We then easily see that

(An)? = 4(An)?, (5.93)

where (An)? is the variance of the photon number for the two-mode laser light

beam given by Eq. (3.116). We note that the variance of the photon number for the
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pair of superposed two-mode light beams is not the sum of photon number vari-
ances of the constituent two-mode laser light beam. However, it turns out to be four
times that of a two-mode laser light beam. In addition, on account of Egs. (2.101),

(2.111), and (2.113), Eq. (5.92) can be put in the form

(An)? = 72 (M + 2) + 8N (5.94)

Ta
This is the steady-state variance of photon number for the pair of superposed two-
mode laser light beams.

We next proceed to consider the case in which spontaneous emission is absent

(v = 0). Then the variance of the photon number for this case takes the form

(An)? = 72 (3% + 2) +8N7, (5.95)

a

where 7 is given by Eq. (3.84).

5.3 Quadrature squeezing

In this section, employing the density operator for the pair of superposed two-mode
laser light beams, we obtain the quadrature variance and the quadrature squeez-
ing. The squeezing properties of the superposed two-mode laser light beams are

described by two quadrature operators defined by
dy=d +d (5.96)

and

d_ =i(d" —d), (5.97)

where d, and d_ are Hermitian operators representing physical quantities called

plus and minus quadratures. On account of Egs. (5.96), (5.97), and (5.45), one can
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show that the two quadrature operators satisfy the commutation relation
[d_,d,] = 4i (E(Na — N - 2N>. (5.98)
K

The product of the uncertainities in the plus and minus quadratures can be ex-
pressed as [1]

Ad,Ad_ >

2%((&) —(N)) + 4N‘. (5.99)

In addition, applying Egs. (2.111) and (2.114), one put Eq. (56.99) in the form

Ad,Ad_ > 2N<E (W—_T) + 2) . (5.100)
KA\Y+ 7+ 2rg

Moreover, on setting r, = 0 in Eq. (5.100), we get
Ad,Ad_ > 2N (k n 2). (5.101)
K

This represents the uncertainty relation for the superposition of two-mode vacuum
state.

Next we proceed to calculate the quadrature variance for the superposed two-
mode laser light beams. The variance of the plus and minus quadrature operators

for the superposed two-mode laser light beams are defined by

~

(Ad,)? = (&) — (d.)? (5.102)

and

(Ad_)? = (d®) — (d_)?. (5.103)

On account of Egs. (5.96) and (5.97), Egs. (5.102) and (5.103) take the form

(Ady)? = (dd) + (dd') + (d™?) + (d?) — (d")? — (d)? — 2(d")(d) (5.104)

and

A

(Ad_)? = (did) 4 (ddy — (d"?) — (d?) + (d")? + (d)? — 2(d")(d). (5.105)
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With the aid of Egs. (5.104), (5.105), and (5.44)), the variance of the quadrature oper-

ators is expressible as
(Ad)? = (dTd) + (dd") + (dT?) + (d?), (5.106)
(Ad_)? = (d'd) + (dd") — (d"?) — (d?). (5.107)

Now employing Egs. (5.66), (5.90), (5.91), and the complex conjugate of Eq. (5.90) ,

we arrive at

(Ad,)? = 27¢ (N+ (Vo) + 24/ 1502 Aa>> + 4N, (5.108)
K Tq

(Ad_)? =272 (N b (N, — 2 20 <J\7a)) +4N. (5.109)
K Ty

The quadrature variance of the superposed two-mode cavity light beams is the sum

of the quadrature variances of the constituent two-mode laser light beams. More-

over, on setting r, = 0 in Egs. (5.108) and (5.109), we get

(Ad))? = (Ad )2 = 2N(% +2). (5.110)
This can be rewritten as

(Ady)? = 2(Acy)?, (5.111)

where (Acy)? is the quadrature variance of a two-mode cavity vacuum state given
by Eq. (4.36). From Egs. and (5.110), we see that the uncertainty in the plus
and minus quadratures are equal and satisfy the minimum uncertainty relation.
We now seek to obtain the quadrature squeezing for the superposed two-mode
laser light beams in the entire frequency interval relative to the quadrature variance
of a pair of superposed two-mode vacuum states. We then define the quadrature

squeezing of the superposed two-mode laser light beams by [16]

S, = _ (5.112)
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Now employing Egs. (56.109) and (5.110), one can put Eq. (5.112) in the form

(24225 (W) - (V)

= 5.113
5 %N + 2N ©.113)

In view of Eq. (2.111), Eq. (5.113) takes the form

N 2,/ 1
S, = - , 5.114
Yo + 2K @ +2 ( )
We then note that

Sy =S, (5.115)

where S is the quadrature squeezing of a two-mode light beam given by Eq. (4.39).
Therefore, we realize that the quadrature squeezing of the superposed two-mode
laser light beams is equal to the quadrature squeezing of one of the superposed

two- mode laser light beams.



Conclusion

In this PhD dissertation we have studied the statistical and squeezing properties of
the cavity light generated by a three-level laser. In this quantum optical system, N
three-level atoms available in an open cavity, coupled to a two-mode vacuum reser-
voir, are pumped to the top level by means of electron bombardment at constant
rate. We have considered the case in which the three-level atoms and the cavity
modes interact with the two-mode vacuum reservoir. We have carried out our anal-
ysis by putting the noise operators associated with the vacuum reservoir in arbitrary

order.

We have first obtained the master equation for a three-level atom in an open cav-
ity and the quantum Langevin equations for the cavity mode operators. In addition,
employing the master equation and the large-time approximation scheme, we have
obtained equations of evolution of the expectation values of the atomic operators.
We have then obtained the solutions of these equations and the quantum Langevin
equations. Applying the resulting solutions, we have calculated the mean photon
number, the variance of the photon number, and the quadrature variance for sep-
arate light modes and for the two-mode cavity light. We have seen that the global

mean photon numbers of the light modes emitted from the top and intermediate
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levels are the same both in the presence and absence of spontaneous emission, and

are separately in a chaotic state.

Moreover, we have shown that the mean photon number of the two-mode light
beam is the sum of the mean photon numbers of the separate single-mode light
beams. However, we have observed that the photon number variance of the two-
mode light beam does not happen to be the sum of the photon number variance
of the separate single-mode light beams. Furthermore, the global photon number
variance calculated by taking the noise operators in arbitrary order turns out to be
greater than that obtained by putting the noise operators in normal order. In ad-
dition, we have established that a large part of the total mean photon number and
variance of the photon number are confined in relatively small frequency intervals.
In addition, we have shown that the presence of the spontaneous emission process

leads to a decrease in the mean and variance of the photon number.

Our calculation shows that the two-mode cavity light is in squeezed state and
the squeezing occurs in the minus quadrature. It so turns out that the maximum
quadrature squeezing of the two-mode cavity light is 37.5% for v = 0 and v = 0.4
below the vacuum-state level. The presence of the vacuum reservoir noise has the
effect of decreasing the quadrature squeezing of the cavity light. However, the pres-
ence of the vacuum reservoir noise does not have any effect on the mean pho-
ton number. Unlike the mean photon number and the quadrature variance, the
quadrature squeezing does not depend on the number of atoms. This implies that
the quadrature squeezing of the two-mode light beam is independent of the num-
ber of photons. In addition, we have also seen that the local quadrature squeezing

of the cavity light is greater than the global quadrature squeezing.
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Furthermore, employing the density operator for a pair of superposed two-
mode laser light beams, we have calculated the mean and variance of the photon
number as well as the quadrature variance and the quadrature squeezing. We have
found that both the mean photon number and the quadrature varinace for the pair
of superposed two-mode laser light beams is the sum of the mean photon numbers
and the quadrature variances of the constituent two-mode laser light beams. How-
ever, the variance of the photon number for the superposed two-mode light beams
is not the sum of the variances of the photon numbers of the constituent two-mode
laser light beams. It turns out to be four times that of a two-mode laser light beam.
Finally, we have seen that the quadrature squeezing of the superposed two-mode
laser light beams is equal to the quadrature squeezing of one of the superposed two-
mode laser light beams. This implies that the superposition of the two-mode laser
light beams does not affect the quadrature squeezing, but it increases the global
mean photon number and the global variance of the photon number. Thus we note
that the superposition of the two-mode laser light beams leads to a more bright

squeezed light.
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