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Notation

C'=Continuous functions

C'=Continuous Differentiable functions
C?=Twice Continuous differentiable functions
C>=Infinitely differentiable functions
C=complex number

R"= n-tuple of Real number

supp f=Support of f

¢ =Phi

Y = Psi

o = Rho

0 = Dirac Delta

a = Alpha

£ = Beta

A = Lambda

u = Mu

M, = Domain of the operator L
¢ =Epsilon

D(Q)=The set of test functions
D'(Q)= Distribution
O=Partial derivatives
Lo= Square integrable functions

LIG(.,.)](z, s) stands for —Z [p(z)%(z, s)] + q(x)G(z, 5)
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Abstract

In this paper we present a method of finding eigenvalue and eigenfunction
for linear second order elliptic differential equation using the Fourier method.
Then we present more specifically for one dimension space called sturm-
lioville problems. Next Green’s function to represent solution for sturm-
lioville problem and its properties.Finally we present reduction of the Sturm-
Liouville Problem to an Integral Equation and properties of sturm-lioville
problem.
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Introduction

In mathematics and its applications, a classical SturmLiouville equation,
named after Jacques Charles Franois Sturm (1803 — 1855) and Joseph Liou-
ville (1809 — 1882), is a real second-order linear differential equation of the
form —(py') + qy = Aoy where y is a function of the free variable z. In the
simplest of cases all coefficients are continuous on the finite closed interval
[0,1], and p has continuous derivative. In addition, the unknown function
y is typically required to satisfy some boundary conditions at 0 and [. The
function p(x), which is sometimes called r(z), is called the ”weight” or ”den-
sity” function. The value of A is not specified in the equation; finding the
values of A\ for which there exists a non-trivial solution of the above satis-
fying the boundary conditions is part of the problem called the SturmLiou-
ville (SL) problem. Under normal assumptions on the coefficient functions
p(z),q(x), and p(x) above, they induce a Hermitian differential operator in
some function space defined by boundary conditions. The resulting theory of
the existence and asymptotic behavior of the eigenvalues, the corresponding
qualitative theory of the eigenfunctions and their completeness in a suitable
function space became known as SturmLiouville theory. This is important in
applied mathematics, where SturmLiouville problems occur very commonly,
particularly when dealing with linear partial differential equations that are
separable.In the theory of partial differential equations, elliptic operators are
differential operators that generalize the Laplace operator.Elliptic operators
are typical of potential theory, and they appear frequently in electrostatics
and continuum mechanics.

This paper concerned about reduction of sturm-liouville boundary value
problem into integral equation . The main objective of this paper is to
solve Green’s function for sturm-liouville problem,reduction of sturm-liouville
problem to integral equation and properties sturm-liouville problem. This
paper consists of three parts, in the first part I start with preliminaries Def-
initions, concepts and several results that are frequently used in the next
parts. The second part of this paper is concerned with eigenvalue problem
in elliptic type. Lastly sturm-liouville problem.



Chapter 1

Preliminaries

In this chapter we consider basic properties of function spaces. Several results
and techniques of this chapter are frequently used in later chapters.

1.1 The Space of Functions L£,(G)

Definition 1.1.0.1. A function space is linear space whose points are func-
tions.

i.e.It is a space made of functions.
Let p be a real number and G be open set in R".
ThenL, space is defined as follows:

Definition 1.1.0.2. The L, space is a set of real or complex-valued Lebesgue
measurable functions f(x)on G that satisfy

/ FPdu < oo,
G

for 1 < P < o0.

Example 1.1. L»[0,2] consists of all functions f(x) for which the integral

/02 () 2dz < oo

Definition 1.1.0.3. A function f : R" — R is called (Lebesgue-) inte-

grable,if
/fdx < o0



1.1. THE SPACE OF FUNCTIONS Ly(G) 2

Let we define the norm of the L, space by,

1£112,(G) = (J frda)s, for 1< p < oo.
We define the Lebesgue space ,Lp(G) = {f : || f]|r,(G) < oo}

Example 1.2. Li(G), L2(G), when p=1 and p = 2

Definition 1.1.0.4. Let G be a region, Lo(G) will be used to denote the set
of all functions f, for which the function | f(z) |* is integrable over the region
Gie

Ly(G)={f:G— C: [|f(x)]Pdz < oco},and functions in Lo(G) is called

square integrable functions.

The set of functions L(G) is linear space.
In fact, if f,g € Lo(G) and A\, u € C it follows from inequality

INf + ngl® < 2AP[fI + 2|9l (1.1)

that is any linear combination Af + ug also belongs to Lo(G)
Cauchy-Buniakowski Inequality: If f, g € £5(G), then

N

| /G f(2)g(x)dz] < ( /G (@) Pd) ¥ /G l9(2) 2dx) (1.2)

In fact, when f, g € Lo(G) for all \,|f| + A|g| € L2(G) and by virtue of this
0< [o(lf ()] + Mg(x)])*dx
= Jo lf(@)Pdx 42X [ [f(2)g(x)|dx + A* [ |g(z)[*dx

consequently the discriminant of this quadratic form is non positive, that is

[ @gtlaat = [ (@) | lo)Pae <0

=>/G|f(95)9(17)’d$§(/G!f(m)\zdx)2(/(;|g(a:)\2dx)2



1.1. THE SPACE OF FUNCTIONS L5(G) 3

If f € Ly(G) and G is a bounded region,the function f(x) is integrable
over G.
In fact, by applying the cauchy-Buniakowski inequality with ¢ = 1, we obtain

1 1
Je1f@)lde < (fg | f(2)Pdx)= ([ dx)2 < oo
on the set of functions L£+(G) we shall introduce a scalar product and norm
according to the formulas

(f.9) = /G f(2)g(@)dz (1.3)
1Al = V) = ( /G (@) Pda)

where g(z) is the complex conjugate of g(x). The above scalar product has
the following properties:

(f.9) = (9, f) (1.4)
(Af + g, h) = Mf, h) + (g, h) (1.5)
((F 9l < fllgl f.g € £2(G) (1.6)

(f.f)=>0, (f,/l=0af=0

From the third inequality it follows minkowsk: inequality:

LF+gll <N+l g € Lo(G) (1.7)

In fact,

f+9l? = (f+9.f+9)
= (L,)+(f,9)+ (9, f)+ (9,9
<P+ 1 )+ [ DL+ gl < AP+ 201 F gl =+ gl? = (1F1+ Tgll)?



1.1. THE SPACE OF FUNCTIONS Ly(G) 4

Definition 1.1.0.5. The sequence of functions fi, k& = 1,2..., belonging
toLy((G) is said to converge to the function f € Lo(G)

(to converge in the mean in G) if ||fx — f|| — 0, as k — o©

= fr — f,as k — o0 in Lo(G)

Definition 1.1.0.6. A sequence of functions fi(z) is said to be a cauchy
sequence if

iy oo [ [ fe(2) — fu(@)Pdz = 0 in £o(G)

Definition 1.1.0.7. An £5(G) space is said to be complete if every cauchy
sequence in the space converges in the mean to a function in the space.

i.e if the sequence of functions fy,k = 1,2, ..., belonging to L£5(G) con-
verges in itself in L£o(G) |, that is, if ||fr — fo|| = 0 as &k — oo, p — o0, then
there is a function f € Lo(G) such that ||fx — f|| — 0 as & — oco. The space
L5(G) belonges to the class of so called Hilbert spaces.

Definition 1.1.0.8. Inner product space (scalar product) is called Hilbert
space if it is complete as a normed space.

Example 1.3. [2] Square summable sequence of complex numbers: (* is the
space of sequence of complex numbers

oo
Tr = {xn}?le =/ / Z |xn|2 <00
n=1

It is a Hilbert space with the inner product
[e.e]
(€,9) = > Taln (1.8)
n=1

To show that (* is Hilbert is showing (* with the norm ||.||2 is complete.
Illustration

1. Let a, € €% be cauchy. Let a, = (af,a3...)

2. Let € > 0. Then dM such that for n,m > M,
(o]
llan — an||* = Z oy — O‘ZL|2 <é?
k=1

3. So, for any k € N, forn,m > M,

o —af’| <e
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4. so, o} 1s a cauchy sequence for each k € N
5. Let ap = lim,, o @} and a = (aq, as...)
6. Claim:a € (* and a, — a
7. We have, for any n > M
lan = all* < &
8. By Minkowski inequality ||a|| = ||a — an + an|| < [la — an]| + ||an]] < o0
50, a € (*
9. Also lim,,_, ||a, — al| =0 so, a, — a.

Definition 1.1.0.9. A set of functions M C L(G) is called dense in Lo(G)
if for any f € L5(G) there is a sequence of functions belonging to M which
converges to f in Lo(G).

1.1.1 Orthonormal System

The functions f and g belonging to L2(G) are called orthogonal if (f,g) = 0;
the function belonging to L£o(G) is said to be normalized if ||f|| = 1. The
system of functions ¢ belonging to L£2(G) is said to be orthonormal in Lo(G)
if (k, i) = Oki, where dy; is the kronecker delta symbol 0; = 0,k # 4, = 1

Example 1.4. The trigonometric system o (x) = —=€** is an orthonormal

- Ver
systemin Lo(—m, )

Definition 1.1.1.1. A collection of vectors A = {x;}¥_, is linear indepen-
dent if
1T + ee + ... + T = 0
implies a; =0, 1 <7<k
Each orthonormal system ¢, consists of linearly independent functions.
In fact, in the corresponding case involving a sequence of (complex) numbers
¢ of which only a finite number are distinct from zero, we have the equation

>k ok = 0, from which, by virtue of the orthonormality of the system ¢y,
we obtain

0= (Z Ck Pk, Pi) = Z(Cks%, Pi) = ch(%,%’) =¢
k K K

Each system of linearly independent functions i1, ¥s,..., belonging to L2(G)
may be converted into an orthonormal system 1, ps,..., by the following

5



1.1. THE SPACE OF FUNCTIONS L5(G) 6

Gram-Schmidt orthogonalization process:

Uy oy — Yy — (Y2, 1)1

1all ™ (e — (W o1) il
— (
—(

Y1 =

U — (Vr, Pr—1)Pr—1 — Vi, 01)91
Hwk - (wk, 301@71)901@71 - (P 801)901H

o = (1.9)

Example 1.5. . If in the space L£o(—1,1) we can orthogonalize the power

fo=a"=12,2% ,n =0,1,2.. by means of the Gram-Schmidt process,
the system of normalized Legendre polynomials is obtained.

Definition 1.1.1.2. Let a system of functions gy, k = 1,2,..., be orthonormal
in Lo(G) and let f € Lo(G). Then the numbers (f, pr) are called Fourier
coefficients and the formal series

> (fen)e (1.10)
k=1

15 called the Fourier series of the function f interms of the system @y.

If a system of functions ¢, k = 1,2,..., is orthonormal in L£5(G) then the
equation

N N N
1 =S el = 1F = S (Fonarl 2+ S 1(frp) — a2 (111)
k=1 k=1 k=1

is true for each f € L£5(G) and any (complex)numbers ay, ag, ...,ay, N =
1,2,...
In fact, writing

N
fN:f_Z(fa‘;Ok>90ka e = (f,0x) — an (1.12)
k=1

we obtain when i=1,2,...,N

N N
(fnopi) = (F = D (Fr06)0m:00) = (Fr06) = > (fr00) (o, 00) = 0
k=1 k=1
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consequently ,

N N
1f = aaull® = HfNJrZCWkHQ
k=1

= (/v + Zcmpk,f]v +ch90k
k=1

N N N
= (fn: fn) +Z (fn, k) +Z (ckor, fn) + Z(CkSpkaciSOi)
k=1 k=1 k,i=1
N
= [Ifnll”+ chcz ks Pi) —|!fzv||2+Z|c i

k=1

substituting fy and ¢ of equation (1.12) to the last equation we get

N N N
If - Z%%HQ =|f - Z(f, o)kl + Z |(f, ox) — ax|”
k=1 k=1 k=1

from equation (1.11) it follows the following inequality

N N
If = Z(fv wr)erl|? < [If - Z%%HQ (1.13)
k=1 k=1

Further, supposing in equation (1.11) that a; = 0,k=1,2,...,N, we obtain the
equation

N N
1f = (Foen)enl > = AP =D I en)l (1.14)
k=1 k=1

From equation (1.14) there then follows the inequality

oo <P (1.15)

which is known as Bessels inequality. Moreover, from equation (1.14) and
from the convergence in £9(G) we can say:

In order that the Fourier series (1.10) converge to the function f in £o(G), it
is necessary and sufficient that Parseval’s equation (the equation of closure)
be satisfied

DIl = IFIP (1.16)
k=1
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Complete Orthonormal Systems
Let the system of functions ¢y, @ ..., be orthonormal in Lo(G).

Definition 1.1.1.3. If for any f € Lo(G) its Fourier series in terms of the
system @y, converges to f in Lo(G), then this system is said to be complete
(closed) in Lo(G). i,e the orthonormal @, in Ly is compete if for all f € Lo,
the fourier series of f converge to f in Ly ,f => o0 (f,¢n)¢n

Remark 1. All that has been said of the space L9(G) is true also of the
space Lo(G;0) and Lo(S) with the scalar products

<ﬁmfaém@ﬂ@ﬂBMJyeﬁm%m

Uy%iéﬂ@ﬂﬁﬁ'ﬁgEQQQ

where the weight function ¢ € C(G), o(z) > 0,z € G ,and S is a piecewise
sooth surface.

The scalar product with itself is called a norm squared and written as

UJm@—/M@F@Mw

The function f(z) is called square integrable on the region G with respect
to the weight function o(x) when [, o(x)f*(x)dz < co. A set or sequence
of functions fi(x), fa(x), ... fu(z)... fm(z) is said to be orthogonal over G with
respect to a weight function o(x) > 0 if for all integer values of m and n the
scalar product of f,, with f, satisfies

mmnMMZZQWﬁMmh@Mx:a7n%n

1.2 Linear Operator and Functionals

Definition 1.2.0.4. Let M and N be linear sets.

The operator L, transforming elements of set M into elements of set N/, is
said to be linear if for any elements f and g belonging to M, and complex
numbers A and p the equation

LA+ pg) = ALf + uLg

1s true.
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In this case the set M = My is called the domain of definition of the
operator L. If Lf = f for all f € M, the operator L is called an identity (unit)
operator and it is denoted by I.

Let the convergence of the elements be defined on the linear sets M and N.
The linear operator L , mapping M into N is said to be continuous from
M to N if the convergence Lf, — Lf as k — oo in N follows from the
convergence f, — f as k — oo in M.

The linear operator L, mapping M into N ,is said to be bounded from M to
N if there is a number ¢ > 0 such that the inequality

LS lw < el fllam (1.17)

is true for f € M.

Linear functionals are a particular case of linear operators. If the linear
operator [ transforms the set of elements M into set of complex numbers
If,f € M then [ is said to be a linear functional on the set M. We shall
denote by (I, f) the effect of the functional [ on element f-the complex num-
ber [f. In this way,by the continuity of the linear functional [ we mean the
following;:

If f = f as k — oo in M, then the sequence of complex numbers (1, fz) as
k — oo tends to (I, f).

Example of linear operator:
(a) The linear operator of the form

Kf= /GK(x,y)f(y)dy,x eG (1.18)

is called the linear integral operator, and the function K(z,y) is its kernel.

If the kernel K € Lo(G x G),
/ IK(z,y)|Pdedy = C? < oo (1.19)
GxG

then the operator K is bounded (and, consequently, continuous) from Lo(G) =
M to Lo(G) = N. In fact, applying the Cauchy-Buniakowski inequality and
the Fubini theorem and using (1.19), for all f € £L5(G) we obtain the inequal-
ity

VAP = fo| o Ko, )f (g)dyPd

< [ /G Ka)l? [ 17 Pdy)de = C21f|
9
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that is,
K I < ClIIL f € L2(G) (1.20)

which shows that the operator K is bounded in Lo(G).

1.3 Linear Equation

Let L be a linear operator with domain of definition M. The equation
Lu=F (1.21)

is called a linear (inhomogeneous) equation. In equation (1.21) the element
F is called the inhomogeneous term (free term, or right-hand side), and the
unknown element u belonging to M, is called the solution of this equation.
If in equation (1.21) we assume that the inhomogeneous term F is equal to
zero, then the equation obtained,

Lu=0 (1.22)

is called the linear homogeneous equation corresponding to equation (1.21).
By virtue of the linearity of the operator L, the set of solutions of the ho-
mogeneous equation (1.22) forms a linear set;specifically, u =0 is always a
solution of this equation.
Each solution u of the linear inhomogeneous equation (1.21) (if it exists)
appears in the form of a sum of a particular solution Uy of this equation and
of the general solution u of the corresponding linear homogeneous equation
(1.22),

u=ug+u (1.23)

In fact, if u is an arbitrary solution of equation (1.21),Lu = F, u € My ,
while ug is a particular solution of this equation,Lug = F,uy € My, , then,
by virtue of the linearity of operator L, their difference u — uy = u € My,
also satisfies the homogeneous equation (1.22):

Li=L(u—wuy) =Lu—Lug=F—F =0

This proves the representation equation (1.23) for the solution u. So in order
that the solution of equation (1.21) should be unique in My, it is necessary
and sufficient that the corresponding homogeneous equation (1.22) have only
a zero solution in M.

Let us consider the linear homogeneous equation

Lu = \u (1.24)

10



1.4. HERMITIAN OPERATORS 11

where )\ is a complex parameter. This equation has a zero solution for all
A. It can happen that for some A it has nonzero solutions belonging to
M, Those complex values A for which equation (1.24) has nonzero solutions
belonging to M, are called the eigenvalues or characteristic values of the
operator L and the corresponding solutions are the eigenfunctions or the
characteristic functions corresponding to this eigenvalue.

1.4 Hermitian Operators

The linear operator L mapping My C L, into L, is said to be Hermitian
(or self-adjoint in the Lagrangian sense) if for any f and g belonging to M,
it is true that

(Lf,g) = (f,Lg) (1.25)

The expressions (Lf, g) and (Lf, f) are called bilinear and quadratic forms,
respectively, generated by the operator L.

In order that the operator L should be Hermitian, it is necessary and sufficient
that the quadratic-form (Lf, f), f € My, generated by it should assume only
real values.

In fact, if the operator L is Hermitian, then by virtue of (1.4) and (1.25)

(Lfaf):(f7Lf):(quf):(vaf)afEML

so that the quadratic form (Lf, f) can assume only real values.
Conversely, if the quadratic form (Lf, f) assumes only real values, for all f
and g belonging to M we have

Rel(Lg. 1) — (LF.0)] = Ret[(L(f +ig). f +ig) ~ (LS. /) ~ (Lg. ) = 0

Im[(Lg, f) + (Lf,9)] = Im[(L(f +g), f+9) — (Lf, f) = (Lg,9)] =0

and therefore,

(Lf,g) = Re(Lf,g)+ilm(Lf,g)
e(Lg, f) —ilm(Ly, f)
Lg, f
fiLg)

so that the operator L is Hermitian. A linear operator is said to be positive
if the quadratic form (Lf, f), f € My, generated by it assumes only non-
negative values. From the assertion which has been proved it follows that

ny

—~
~—

—~

11



1.5. DISTRIBUTION AND THE DELTA FUNCTION 12

each positive operator is Hermitian.
Leibnizs formula:

b(t) b(t)
%(/a(t) u(z,t)dx) = /a(t) %u(w,t)dm +u(b(t), )b/ (t) — ula(t), t)a’(t)

proof:Let G(t,a,b) = ff u(z,t)dr where a = a(t), b= b(t)
The chain rule now gives
4G — Gt a,b) + G, (t,a,b)a (t) + Gy(t,a,b)b (1)

dt

= [Pupdz + u(b(t), Y (t) — u(a(t), t)a' (1)

1.5 Distribution and The Delta Function

Definition 1.5.0.5. The space of infinitely differentiable functions with com-
pact support (set of basic functions) in the open set Q C R™ is defined as
D(Q)={f:9 — C;f e C®) and supp(f) is compact in Q} = C(§2)
the element of D(2) are called test functions. The set of test functions, the
support of which are contained in the given region 2, is denoted by D(S2).
where suppf = {x € Q: f(x) # 0} the closure set where f does not vanish.

Definition 1.5.0.6. A distribution in D’(2) is a class of continuous linear
functional that maps a set of test function in D(2) into the real(complex)
numbers.

D'(Q) ={f: D(Q) — C} , where f is linear and continuous in the region
Q.

Definition 1.5.0.7. A distribution f € D’ on a non-empty open set 2 C R
is any continuous linear functional on the space of basic functions D(f).

e We write the value of functional f on the basic function ¢ € D as (f, )
which is a (complex)number.

e A distribution f € D’ is a linear functional on the space of basic func-
tions D, that is , if ¢, € D and A\, u € , then

(fs Ap + ) = A(f, ) + pu(f, ¥)

e A distribution f € D’ is a continuous functional on D, i.e. if
¢ —> ¢ in D as k — oo, then (f,x) — (f. )

12



1.5. DISTRIBUTION AND THE DELTA FUNCTION 13

The Delta Function
There is a great need in differential equations to define objects that arise as
limits of functions and behave like functions under integration but they are
not properly speaking, functions themselves. The most basic one of these is
the so-called d—function, it is an example of distribution.

Definition 1.5.0.8. The Dirac delta function 6(x) is defined by the following
properties:

1.
5(93):{0 z %0

oo =0

2. |7 f(x)d(z)dz = £(0)

8. |7 f(x)é(z — a)dx = f(a) where f(x) is any continuous function on
an open interval containing x = 0 as well as r = a.

13



Chapter 2

Eigenvalue Problem

2.1 Formulation of the Eigenvalue problem
Definition 2.1.0.9. A linear elliptic differential operator has the form
LU ==Y 0,(a"0;U) + > _ i(bU) + cU,a" = o’ (2.1)
i,j=1 i=1

acting on functions U : G — R where x = (x1, 29, ..., 2,) lies in a domain
G which is open subset of R" , n > 2, U € C*(Q).

L is elliptic at a point z € G if the coefficient matrix [a"(z)] is positive
definite.

Consider the following linear homogeneous boundary value problem for an
equation of elliptic type

—div(p grad u)+qu = Au,x € G (2.2)

0
-+ @%b =0 (2.3)
we suppose p € CH(G), g € O(G), p(x) >0, q(z) >0,z € G
aecC(9),BeC(S9),a(r)>0,8(x)>0,a(x)+ B(x) >0,zeS (24)

Let S, be that part of S on which a(x) > 0 and f(x) > 0 are simultaneously
true.

The problem (2.2)-(2.3) is to find a function u(x) of the class C*(G)NCHG)
which satisfies Equation (2.2) in the region G and the boundary conditions

14
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(2.3) on the boundary S. Obviously problem (2.2)-(2.3) always has a zero
solution, and this solution is of no interest. We must therefore consider
problem (2.2)-(2.3) as an eigenvalue problem for the operator

L =—div(p grad ) +q (2.5)

All the functions f(z) of the class C?(G) N CY(G) satisfying the boundary
condition (2.3) and the condition that Lf € L5(G) will be related to the
domain of definition M, of the operator L.

So the problem (2.2)-(2.3) is to find those values A (the eigenvalues of the
operator L) for which the equation

Lu = \u (2.6)

has a nonzero solution u(x) belonging to the domain of definition M, (the
eigenfunctions which correspond to this eigenvalue).

2.2 Green’s Formulas

2.2.1 Green’s First Formula
If u e C?(G) N CYG) and v € CHG), then Green’s first formula holds :

"L Ov Ou ou
Ludz= [ p) | 2.
/Gv udx /Gp‘ . &cidx /Spvands—i-/unvdx (2.7)
=1

ILLUSTRATION
To prove the above equation take an arbitrary region G with a piecewise

smooth boundary S’, strictly lying in the region G
Since u € C?*(@G), then u € C*(G’) and so

/vLudm = /v[—div(p grad u) + qu|dzx

= —/ vdiv(p grad u)da:~|—/ quudzx

" Ov du
= — di d u)d d d
// iv(pv gra u)m—k//p;axiaxix—l—/,quvx

Then using the Gauss-Ostrogradski formula, we obtain

" Ov Ou ou
/leudx://pzamax.dx—/Slpv%dx—l—/lquvdx
i=1 T

15
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Allowing G’ to tend to G in this equation, and using the fact that u and
v € CY(G), we conclude that the limit of the right-hand side exists, so that
there is a limit of the left-hand side and the Green’s first formula is true. For
this the integral on the left in Green’s first formula must be understood to
be nonsingular.

2.2.2 Green’s Second Formula
If u,v € C?(G) N CY(G), then Green’s second formula holds :

/G(vLu — ulv)dz = /Sp(u% —vg)ds (2.8)

ILLUSTRATION
To prove formula (2.8) we interchange u and v in Green'’s first formula (2.7)

/uLvdm—/ Zgu gv dx—/pu—ds—i—/quvda:
T; 0OT;

Subtracting this equation from equation (2.7), then we obtain Green’s second
formula (2.8).

Specifically, for p = 1, ¢ = 0 Green’ s formulas (2.7) and (2.8) are trans-
formed into the following

ov 0u
/GvAudx = —/ 8@ 6% /v—dS

/G(vAu —ulA\v)dx = /S(v% — u%)ds

2.3 Properties of the Operator L

The operator L is Hermitian (self adjoint in the sense of Lagrange ),

(Lf7 g) = (f: Lg)v f7g € ML (29)

ILLUSTRATION

The functions f and g belong to the region My , then Lf € L5(G) and
Lg = Lg € L5(G) and Green’s second formula (2.8) with u = f and v = §
takes the form:

/ (9Lf — fTg)dz = / (GLf — fLg)da
G G

16
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(Lf,g9)—(f Lg) —/Sp( % gi) (2.10)

Moreover the functions f and g satisfy boundary condition (2.3):
af g
e =0, a7 —Zlg =0 2.11
af+5an|s ,049+5anfs (2.11)
By supposition a + S > 0 over S. Therefore the homogeneous system of

linear algebraic equations (2.11) has a nonzero solution («, 8) and so its de-
terminant is equal to zero , that is,

fogl_ 09 __of
‘ % _fan gE)n|S_0

Taking this into equation (2.10) , then we obtain (Lf, g) — (f, Lg) = 0 This
implies that
(Lf,9) = (f, Lg)

This means that the operator is Hermitian.
Let f € My, setting u = f and v = f in Green’s first formula and take into
consideration Lf € Lo(G),

/vLudx—/ ng gu dx—/pv—ds—l—/quvdx
€T; O1;

[ iLtas = (Lsp
_ / Zgia{d —/ it ds+/qffdm
= /plgmdede—/pf fd5+/Q\f\2dx

Therefore,

/fodx:/p|gradf|2dx—/pf fds+/q|f|2dx (2.12)

From the boundary condition (2.3)

17
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f=0if B(z) =0,z €S

Substituting these results, then we obtain an expression for quadratic form

«

(Lf, f) = /p|gmdf\ dw+/pfﬁ

fds + /q!dea;

@19 = [(Glorads?+ [ alfPrdo+ [ ploPds feMe (23
G G s, B
where S, is that part of S on which a(z),8(x) > 0.

The quadratic form (Lf, f), f € My , is known as the energy integral. By
virtue of suppositions (2.4 ), all three terms in the right-hand side of (2.13)
are nonnegative. Therefore , disregarding the second and third terms and
underestimating the first term , we obtain the inequality

(Lf.f) > /G plyradfPde > min p(z) /G \gradf Pdz

That is ,
(LS, f) = Pol| |gradf| ||, f € My (2.14)

where P, = minp(x) ; since the function p is continuous and positive over

G, P, > 0.

It follows from inequality (2.14) that the operator L is positive , that is,
(Lf. f) =0, feMg (2.15)

From this, specifically, it follows once more that the operator L is Hermi-
tian.(sec 1.4)

2.4 Properties of Eigenvalues and Eigenfunc-
tions of the operator L

All eigenvalues of the operator L are nonnegative because the operator is pos-
itive and the eigenfunctions of the operator L corresponding to the different
eigenvalues are orthogonal and can be stated by the following theorem.

Theorem 2.1. [1] If the operator L is Hermitian(positive), all its eigenval-
ues are real(non-negative) and its eigenfunctions, corresponding to different
eigenvalues are orthogonal.

18
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Proof. Let A\, be an eigenvalue and ug a corresponding normalized eigenfunc-
tion of the Hermitian operator L, Lu, = A\ u,. Scalar multiplication of this
equation by uy will give

(Lo, o) = (Aoll, Up) = Ao(Up, Up) = )\OHUOHQ =\, (2.16)

But for a Hermitian(positive) operator the quadratic form (Lf, f) assumes
only real (non-negative) values and consequently, by virtue of (2.15), A, is
real(non-negative) number. And also we can prove that any eigenfunctions
uy, and uy corresponding to different eigenvalues A; and Ay are orthogonal.
From the results Lu; = Ajuq, Lus = Aus and from the Hermitian properties
of the operator L we obtain the sequence of equations:

)\1(U1, Uz) ()\1U1, U2)
= (Luy,us)
= (w1, Lus)
= (Ul, Aplz)
= )\Q(UI; U2)
That is, (A1 — Aa)(u1,uz) =0
From this as A\; # Ay, it follows that (uy,us) =0 O

The eigenfunction of the operator L may be chosen to be real, since the
operator L is real.

Verification: Let A, be an eigenvalue and u, the corresponding eigenfunc-
tion of the operator L,

L'U,O = )\0U0, Ug € ML (217)

Separating the real and imaginary parts of them in equation (2.17), we find
that the real and imaginary parts of the eigenfunction uy = uy + iuy which
are distinct from zero are also eigenfunction corresponding to the eigenvalue
Ao;

Luj = Nu;,j=1,2

That is Lu1 = )\oul, LUQ = )\0’LL2

Lemma 2.1. /1] In order that A = 0 be an eigenvalue of the operator L, it
is necessary and sufficient that ¢ = 0 and = 0. For this A = 0 is a simple
eigenvalue and ug = constant is the corresponding eigenfunction.

19



2.4. PROPERTIES OF EIGENVALUES AND EIGENFUNCTIONS OF
THE OPERATOR L 20

Proof. Let A = 0 be the eigenvalue of the operator L and let uy be the
corresponding eigenfunction, so that Lug = 0, ug € M, then using

(Lf. f) = /G (wlgrad fI? + ol fP)dx + / Slsds
we obtain

«
0 = (Lug, ug) = /(p|gmd u0|2 +q|u0|2)d:ﬁ+/ p—|u0|2ds
G

., B

From which, taking supposition (2.4) into account , we get
p grad ug =0,quy =0,x € G

That is, ug = constant and ¢ = 0. It follows from boundary condition (2.2)
for the eigenfunction uy = constant that a = 0. The necessity of the condi-
tions is proved. Moreover, it is established that ug = constant is a unique
eigenfunction corresponding to the eigenvalue A = 0; that is the eigenvalue
is simple.

If ¢ =0 and a = 0, then by virtue of (2.4), 8 > 0 and the problem (2.1-2.2)
becomes: P
u

—div rad u) = Au, —|s =0
(»yg ) 5]
for which ug = constatnt is the eigenfunction corresponding to the eigenvalue
A=0. m
Theorem 2.2. [6] The system of eigenfunctions of the operator L is complete
in EQ(G)

First we make the following assumptions:

A; . The Hermitian operator L on L5 has domain M that is dense in L5

Ay . The operator L bounded from below, so we assume that

L >0, or equivalently F(f) >0, f € Ly (2.18)

As . The operator L has an orthonormal set of eigenfunctions u;, for j=1,2,...
with A; the corresponding eigenvalues. We order the eigenvalues so
<< Also we make the following two properties

20
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P, . The minimax property:

ANi1 = inf F(f) = inf (/. L)

flurug, un, fem, fluruz, un, fem, (f, f)

P, . The unboundedness property:
0 <Ay — 400 as N — 0. For any f € Ly define the partial sum fy
of the first NV eigenfunctions,

The assumption A; — Ay ensures that the {u;} are a basis for L.

Proof. First note that for any f € L, the approximation fy satisfies the
Bessel’s inequality(1.15):

Il < 1]l (2.19)

Second remark that it is sufficient to prove that limy_, ||f — fx|| = 0 holds
for f in a dense subset M C L. For in that case, given ¢ > 0 and f € L,
there exists g € M with ||f — g|| < e. Then

Lf =l = 1(f =9)+(g—gn)+ (gn = f3)Il < |f = gll+lg =gl +lgy — ful|

But (gv — fn) = (g — f)n, so using Bessel’s inequality we infer

I1f = fnll <201 =gl +lg — g~ < 26+ |]g — gn]|

As the the approximation property limy o ||f — fa|| = 0 holds for g € M,
there is Ny = Ny(e, g) Sufficiently large such that ||g — gn|| < &, for N > Np.
Therefore

Il f — fnll < 3e, forall N > N (2.20)

This is arbitrary small, so limy_, ||f — fn|| = 0 holds for all f € Ly as
claimed. We now complete the proof by showing that limy_, ||f — fn|| =0

holds for all f in the dense set M = M, the domain of L. For f € M, we
claim that(f — fy, f — fn) satisfies the upper and lower bounds;

Availlf = NP < (f = fv, L(F = fv) < (f. Lf) (2.21)

Assuming (2.21), we obtain the following results; as ||f — fn||2 < {20

— AN41
property P; ensures Ayy; — oo showing ||f — fn|| — 0. So we need only
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establish (2.21) The lower bound is just a restatement of the variational
property P;, namely

(f = fn, L(f = fn))
(f =S, f = [n)

The upper bound follows from the equality (fx, Lf) = (fn, Lfn) = (f, Lfy).For
then

(f = S LOf = fn)) = (f, Lf) = (f, Lfw) = (F, Lf) = (fn, Lfn) < (F, L)

A S F(f = fn) =

In the last step we appeal to the positivity of L, which ensures that —(fn, Lfn) <
0 O

Note: The results obtained may be extended to the boundary value problem
involving the eigenvalues

0
Lu = /\Qu,au—kﬁa—ZLg =0

where the weight o(z) > 0 is a continuous function over G' if this problem is
considered in the space Lo(G; p).

2.5 The Fourier Method(Separation of Vari-
ables)

The Fourier method may be used to define the eigenvalues and eigenfunc-
tions of a many-dimensional elliptic operator which permits separation of its
variables. The essence of this method is as follows. We divide the indepen-
dent variables into two groups, © = (21, xs, ...x,,) and y = (y1, Y2, ..., Ym ), and
let G C R™ be the region of variation of z and D C R™ be the region of
variation of y. We shall use S and I to denote the boundaries of the region
G and D, respectively. Then (S x D)U (T x G) is the boundary of the region
G x D C R™™., In the region G x D we shall examine the following boundary
value problem involving the eigenvalues of an equation of elliptic type

Lu+ Mu = \u (2.22)

ou ou
ou + ﬁa_n|5’><D = Oa YU+ 5%‘FX@ =0 (2'23)

Where L and M are elliptic operators not depending on y and z, respectively;
the functions a, 5 do not depend on y and the functions v, do not depend
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on .
We shall seek the eigenfunctions of problem (2.22)-(2.23) in the form of the
product X (x)Y (y),

u(z,y) = X(2)Y (y) (2.24)

Substituting this expression into equation(2.22), we obtain
Y(y)LX (z) + X(2)MY (y) = AX (2)Y (y)
from which
LX(z) B MY (y)
X(z) Y(y)
The left hand side of equation(2.25) does not depend on y, nor the right hand
side on x. Therefore these expressions do not depend either on x or y; that

is, they are equal to a constant. Denoting this constant by p and writing
v = \—p, from (2.25) we obtain two equations:

(2.25)

LX = puX (2.26)

MY =Y (2.27)

In this way, equation(2.22) has split in to two equations (2.26) and (2.27), or
as it is said, the variable has been separated;in addition, an unknown param-
eter p has appeared. To deduce the boundary conditions for the functions
X(z) and Y (y) we shall substitute the product X (x)Y (y) in the boundary
conditions (2.23). As a result,after abbreviation,we obtain

0X
X —|s = 2.2
aX +f5-ls=0 (2.28)
oY
vY + 5_871 |r =0 (229)

So the boundary value problem involving the eigenvalues (2.22)(2.23) be-
comes two boundary value problems involving the eigenvalues (2.26)-(2.28)
and (2.27)-(2.29) with a smaller number of independent variables. We shall
denote by g, Xp(x), k =1,2,..., and v;, Y;(y),j = 1,2, ..., all the eigenvalues
and the eigenfunctions of the operators L and M, respectively. By virtue of
(2.24),

)\kj :,uk—i—vj, Uk :Xk(x)Y}(y), k,] = 1,2,... (230)

are the eigenvalues and the eigenfunctions of the initial boundary value prob-
lem (2.22)-(2.23).
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Example 2.1. Consider a boundary value problem involving the eigenvalues
for a rectangle I1 = (0,1) x (0,m) with the boundary L

’u  0%u

Solution: In according with the scheme set out in section(2.5), this problem
may be divided into two one-dimensional boundary value problems:

—X" =pX, X(0)=X(1)=0 (2.32)
—Y" =vY, Y(0)=Y(m)=0 (2.33)

The eigenvalues and eigenfunctions of these boundary value problem are easily
calculated. We write out the general solution of the differential equation

X(z) = ¢y sin/pz + ¢ cos \/ux
and select the arbitrary constants ¢y and co and the parameter p so as to sat-
isfy the boundary conditions (2.32) and the normalization condition || X|| =
1. For this it is necessary to put co = 0 and \/ul = km, k = £1,4+2,...; s0

that .
X(z) = ¢p sin are

l

The normalization condition
l I
k l
1= / X?(z)dx = c%/ sin? 2 gy — —c?
0 0 [ 2

gives ¢; = \/% and , therefore,

km kmx

2
= (7)2, Xi(z) = \/;sinT, k=1,2,.. (2.34)
Analogously for problem (2.33) we have
JT o [2 . gmy
= (— Yi(y) =1/ —sin— =1,2,.. 2.35
U] (m)7 ](y) mSHlm?] )< ( )

From (2.34) and (2.35), in accordance with equation (2.30) we obtain the fol-

lowing eigenvalues and eigenfunctions of the boundary value problem (2.31):

/{ZQ :2 2 k ]
Mej =7 (75 + #)7 ukj(7,y) = N 7lm sin? Yk, j=1,2,.. (2.36)
m
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Chapter 3

The Sturm-Liouville Problem

For n = 1 the problem involving the eigenvalues (2.2)-(2.3) is known as the
Sturm-Liouville problem,

Ly=—(py) +qu=Xy,0 <z <l (3.1)
h1y(0) — hay'(0) = 0, Hyy(l) + Hay'(I) = 0 (3-2)
According to the conditions (2.4) we consider
p € CY([0,1]),q € C([0.1]), p(z) > 0,q(x) > 0
hy>0,hy >0, Hy >0, Hy > 0,hy +hy >0, Hy + Hy > 0

We recall that the domain of definition M of the operator L consists of
the functions y(z) of the class C?(0,1) N CY([0,1]),y” € L2(0,1) satisfy-
ing the boundary conditions (3.2). Finding the value of A for which there
exists a nontrivial solution of (3.1) satisfying the boundary conditions is
called the Sturm-Liouville problem. Expression (2.13) for the quadratic form
(Lf, f),f € My, takes the following form:

(Lh5) = [P+ alfPide + Zp O OF + 0l OF

(the last terms to be excluded if hg = 0 or Hy = 0 ,respectively).

3.1 Green’s Function

In this section we derive an integral representation for the solution to bound-
ary value problem Ly = —(py') +qy = f(x),y € My. Namely, we show that
the solution can be expressed in the form

y(z) = / G(z, 5)f(s)ds
25
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where the function G(z, s) is called a Green’s function.

Lemma 3.1. [1] If A = 0 is not an eigenvalue of the operator L,then the
solution of the boundary value problem

Ly=—(py) +qy= flx),y e My (3.3)

exists and is expressed by the equation

0

where

- —_ —_ (3.4)

And C=p(z)W(X)=constant

G(x,s) = 1 { v1(z)va(s

Proof. Let us suppose that A = 0 is not an eigenvalue of the operator L;this
means,by vitue of the lemma(2.1)that either ¢ # 0 ,or hy # 0, or H; # 0.
Consider the boundary value problem

Ly=—(py) +qy = f(x),y € My (3.5)

where f € C(0,1) N L2(0,1). Since A = 0 is not an eigenvalue of the operator
L, the solution of the boundary value problem (3.5) in the class M is unique.
We shall construct the solution of this problem.

Let vy and vy be non-zero(real) solution of the homogeneous equation Lv = o,
satisfying the conditions

hlvl(O) - hQUll(O) = O, HlUQ(l) + Hgvé(l) =0 (36)

It follows from the theory of ordinary differential equations that such solu-
tions always exist and belong to the class C?([0,1]). The solution v; and v,
are linearly independent. In fact, in the opposite case v;(z) = cvo(z) and
therefore, by virtue of (3.6), the solution v; also satisfies the second bound-
ary condition (3.2). This means that v; is an eigenfunction of the operator
L corresponding to the eigenvalue A\ = 0, despite the supposition. Therefore
the Wronskian determinant

vi(x)  va(x)

vi(z)  up(2)

and it holds the Ostrogradski-Liouville identity :

Wi(x) = # 0,z €10,]]

p(x)W(z) = C,C = constant x € [0,]] (3.7)
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We shall seek the solution of problem (3.5) by the method of variation of pa-
rameter,but we first write the non-homogenous equation (3.5) in the standard
form

P,oq f
y//+ _y/ —dy=-L
p p p
and its solution is given by
y(x) = Ci(z)vi(x) + Co(x)ve(x) (3.8)

In accordance with this method,the functions C; and C5 must satisfy the
system of linear differential equations

qm+@wzqu+@%=—£ (3.9)

with the determinant w(x) # 0. when we solve this system using cramer’s
rule and identity (3.7), we shall obtain

L0 Ve | Jn)
1 _Ii) ,Ué C
,_ 1w 0] flr)u(e)

For y(z)to satisfy boundary conditions (3.2), we put Cy(0) = 0,C4(l) = 0.
Integrating (3.10) using the conditions C;(l) = 0,C5(0) = 0, and Since we
are free to pick the constants in the antiderivatives for C] and C%, it will turn
out to be convenient to choose

2) = —l/lf(s)vg(s)ds
——¢ [ e

If we substitute those expressions into (3.8), we find the required solution of
problem (3.5) in the form

i) = = gloato) [ Fuids o) [ Fs)eaas

or

!
= /0 G(z,s)f(s)ds (3.11)
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3.1. GREEN’S FUNCTION 28

where

1 { U1(5)'U2(33)a 0<s<uz (3.12)

Glw,s) = O | n(s)u(z), r<s<lI

The function G(z, s) is known as the Green’s function of the boundary value
problem (3.5), or of the operator L. y(z) also satisfies the boundary condition
(3.6). O

To check that p(z)W (z) = ¢ let Ly; = Ay; and Ly, = Ay, multiply the
first and the second by ¥, and y; respectively. Then subtracting the second
from the first we obtain (p(y1y5 — y2y1)) = 0 that is as required.

Example 3.1. The Green’s function of the boundary value problem

—y" = f(z),u(0) =u(l) =0
has the form a . 0
s(l —x), <s<gx
g(x’s)_{(l—s)x, r<s<1

Solution: The general solution of the homogenous problem y” = 0 is
yn(z) = Az + B,so vi(x) and ve(x) must be of this form. To get vi(z) we
want to choose A and B so that v1(0) = B = 0. Since A is arbitrary we can
set it equal to 1. Hence we take vi(x) = z. To get ve(x) we want to choose
A and B so that v5(1) = A+ B = 0. Thus B = —A taking A = 1, we get
ve(z) = x — 1. Compute

p(x)Wvr, va](x) = 1(vgvy — vivg) =1

Next is

_ 1 vi(s)va(z), 0<s<ux
Glw,s) = p(z)Wvvh — vivs](x) { va(s)vr(x), z<s<1

substituting the values we get

(1—z), 0<s<zx
(1)

1—s <

$ <
g(;v,s):{x r<s<1

b

Properties of Green’s function

Theorem 3.1. [}/ Let G(x,s) be the Green’s function defined by (3.4) for
the boundary value problem (3.5). Then

a . G(xz,s) is continuous on the square [0,1] X [0,l]. For fized s the partial
2
derivatives (32)(z, s) and (9%)(x,s) are continuous functions of x for

oz
T #s.
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b . At x = s the partial derivative g—g has a jump discontinuity:

_ag g, -1
Jim Grle) = Jim G = (b

c . For each fized s, the function G(x,s) salisfies the corresponding homoge-
nous problem for x # s; that is,

LiG(z,s)] =0, forx # s; (3.14)

G %Y
hlg((), S) - hQa_,I(O’ 8) = 0, ng(l, S) + HQ%(Z, S) =0. (315)

d . There is only one function satisfying properties (a)-(c).
e . G(x,s) is symmetric ; that is ,

G(z,s) =G(s,x)

Proof. a . Since v; and vq are solutions to L]y]=0 on [0,]], they are continuous
and have continuous first and second derivatives. Hence, it follows from

the formula for G(z,s) that ¢ and ‘327% are continuous functions of x
for x # s.

b . Using p(x)W(x)=C ,C=constant we find

. 0 X 0 — / )
Jim, a—i(:v, s) — lim a—i(x, s) = UI(SC)U2(S) _ Ul(sc)vz(s)
_ —Wlog, ve)(s)
N C
N
p(s)

c . For fixed s,the function G(x,s) is a constant multiple of v;(x) when
xr < s and a constant multiple of vy(x) when s < x. Since both v; and
vg satisfy L[y] = 0,then so does G(., s) for z # s. Next we verify (3.15).
When z < s, we have G(x,s) = (%(s))vl (x). Since vy (x) satisfies the
first of (3.2), we have hi1G(0, s)—h222(0, 5) = =22 10, (0)—hov} (0)] =
0. Since vy(z) satisfies the second (3.2), we find H1G(l, s)+H>%9 (1, s) =
(%@)[le(l) + Hyvh(l)] = 0 thus, for fixed s,G(., s) satisfies (3.14)-
(3.15).
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d . Assume that both G(z,s) and H(x, s) satisfy properties (3.1)-(3.2). We
will show that
’C(*Ta 8) = Q(x, S) - H($, S)

is identically zero on [0, ] x [0,]. For this purpose fix s = sp. By prop-
erty (a), K(x, so) is continuous on [0, 1], and (2%)(z, sp) and (8902 )(z, so)
are continuous for x # s,. More over since property (b) says that
(%)(z, s9) and (2%)(x,s0) have equal jumps at « = sg, we see that
(gfc)(x Sp) = (gg)(x so) — (22)(x, 30) exists and continuous (has no
jump) at « = so. Hence K(z, s9) and (45)(z, s) are continuous on [0, 7).
From property (c) equation (3.14), it follows that for x # S0, LIK(.,s0)] =

0. Solving this equation for (Bm2 )(x, s0) we find that (8x2)(x,so) is

2
equal to a function that is continuous at z = so. Consequently ($5)(z, so)
is continuous on [0,!]. Thus K(z, s¢) is a solution to the homogenous
boundary value problem on the whole interval [0,1]. But this prob-
lem has only the trivial solution, so K(z, sg) = 0. Finally, since sq is
arbitrary,KC(x,s) = 0 on [0,1] x [0,],that is, the Green’s function is
unique.

e . The symmetry follows from the definition of G(z,s) in (3.12); simply
interchanging x and s in the formula.
O

The Green’s function can be characterized using the dirac delta func-
tion. If we assume that there exists a function G(z,s) such that y(z) =

fo s)ds is the solution to (3.2)-(3.5), then operating on both sides
with L and assuming we can interchange differentiation and integration,
gives

l
L) = [ Ligw, o) (s)ds = f(a) (3.16)
0
Using the propert y of the delta-function this can be written as

Lly = / LG (z. )] — 6(z — )] f(s)ds = 0

For this to hold for any function f , it must be the case that L[G(x,s)] =
Sz —s)
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3.2 Reduction of the Sturm-Liouville Prob-
lem to an Integral Equation

We can show that the Sturm-Liouville problem may be reduced to a Fredholm
integral equation with a symmetric,and continuous kernel G(z, s).

Definition 3.2.0.1. An integral equation is an equation whose unknown ap-
pears under an integral sign. That is it 1s an equation of the form

!
ba) = F(z) + A / G(x, 5)(s)ds (3.17)

where f and G are known functions defined on [0,1] and [0,1] x [0,1] respec-
tively and v is an unknown function. The function G is called the kernel of
the integral equation.

Definition 3.2.0.2. Fredholm integral equation(FIE) is an integral equation
of the form

P(z) = f(x) + )\/0 G(z,s)(s)ds (FIE of the second kind) (3.18)

f(z) = /Ol G(z,s)Y(s)ds (FIE of the first kind)

where 0 and | are fived numbers,f and G are as in (3.17) and ) is the re-
quired(unknown) function.

Example 3.2. ¢(z) = 3z — 23 + fol(Qx — 5t — 1)¢(t)dt is FIE of the second
kind. Where as 3x — 2° = f01(2$ — 5t — 1)¢(t)dt is a FIE of the first kind.

Theorem 3.2. [1]/ The boundary value problem
Ly=Xy+ f,y € My, f € C(0,1) N Ly(0,1) (3.19)

hiy(0) — hoy'(0) = 0, Hyy(1) + Hay'(1) = 0

for which A = 0 is not an eigenvalue of the operator L is equivalent to the
integral equation

I I
y(x) = )\/ G(z,s)y(s)ds +/ G(z,s)f(s)ds,y € C([0,1]) (3.20)
0 0
where G(z, s)is the Green’s function of the operator L.
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Proof. 1If y(x) is the solution of the boundary value problem (3.19) then
applying the lemma (3.1) with a change of to Ay + f,we obtain

y(x) :/0 G(z,s)[\y(s) + f(s)]ds

that is, the function y(x) satisfies integral equation(3.20). Conversely,let the
function yo € C([0,!]) satisfies the integral equation (3.20). Consider the
boundary value problem

Ly=Xyo+ [,y e My
By the above lemma and theorem(3.1-d) the unique solution of this problem

is given by the equation

1
i) = [ Gla.)Dun(s) + 1(6))ds = ()
0
from which it follows that yy € M and satisfies the equation
Lyo = Ayo + f
that is yp is the solution of the boundary value problem (3.19).
When f = 0 the boundary value problem (3.19) is the Sturm-Liouville

problem,and therefore the Sturm-Liouville problem (3.1)-(3.2) is equivalent
to a problem involving the eigenvalue of the homogeneous integral equation

!
o) =2 [ G slyls)ds (3.21)
0
provided that A = 0 is not an eigenvalue of the operator L. O

We can eliminate the assumption that A = 0 is not an eigenvalue of the
operator L. For this we note that,by virtue of the lemma (2.1) = 0 is not
an eigenvalue of the Sturm-Liouville problem

Liy=—(py) + ¢+ 1)y = py (3.22)
hiy(0) — hay'(0) = Hyy(l) + Hay'(1) =0 (3.23)

But M = M, and therefore problem(3.22)-(3.23)is equivalent to problem
(3.1)-(3.2) for u = A + 1. Therefore the Sturm-Liouville problem (3.1)-(3.2)
is equivalent to the integral equation

I
va) = O+ 1) [ Gila9(s)ds (3.24)
0
where G, (z, s)is the Green’s function of the operator L.
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Example 3.3. The integral equation

y(zr) = )\/0 K(x, t)y(t)dt

where

 Jx(l-t), z<t<1
K(x’t)__{t(l—x), 0<t<u

is equivalent to the boundary value problem

y'+Xy=0, y(0)=y(1)=0

solution: Substituting K(z, t) we have
)=\ [Jt(l—a)y dt+>\f (1 —t)y(t)dt
If we dlfferentlate y( ) we get (using Lebiniz’s formula)
y'(x) =X [ —ty(t)dt + Ax(1 — 2)y(z) + )\f;(l — t)y(t)dt — \z(1 — x)y(x)
_)\fo —ty(t dt+>\f$ (1 —t)y(t)dt
and one further differntiation gives us

y'(w) = =Aey(x) = A1 = 2)y(x) = —Ay(z)

furthermore we see that y(0) = y(1) = 0. Thus the above integral equation
is equivalent to the boundary value problem

{ y'(x) + Ay(z) =0
y(0) =y(1) =0

On the other hand the solution of y”(x) + Ay(z) = 0, y(0) = y(1) = 0
is equivalent to to the above integral equation. To see this let f =

then it becomes —y”(z) = f which is as an example of the above green’s
function of the boundary value problem. so y(x) = A fo t)dt where

K(z,t) = G(x,t).

3.3 properties of Eigenvalues and Eigenfunc-
tions

We have established that the Sturm-Liouville problem (3.1)-(3.2) is equiv-
alent to the problem involving the eigenvalues of the homogeneous integral
equation (3.24) with a symmetrical(and therefore Hermitian) continuous ker-
nel Gi(x,s). For this the eigenvalues A of the problem (3.1)-(3.2) are linked
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with the characteristic numbers p of the kernel G;(z,s) by the equation
1 = X+ L,and the eigenfunctions corresponding to them coincide.Therefore
all the statements of the theory of integral equations with a symmetrical
continuous kernel are also valid for the SturmLiouville problem.

The Sturm-Liouville problem has a number of properties:

1. Their Eigenvalues are real and non negative.
Proof. Let A be any eigenvalue of (p¢’) — q¢ + Ao¢ = 0, with associate
eigenfunction ¢(z). If A is complex, then A = A, +i); and its complex

conjugate is A = A, — i);, with associated eigenfunction ¢ (x) = ¢(x).
Since {\, ¢} satisfies

(p¢')' —qd+Apo = 0,0n(0,1), h1$(0)—he¢'(0) = 0, H1p(1)+Ha¢'(1) = 0

(3.25)
then, by taking the complex conjugation of the equation (3.25), and
noting that p,q and p are real functions, A, satisfies

(p") — qib + Aot = 0, hyip(0) — hatp'(0) = 0, Hytp(I) + Hat)'(1) = 0

(3.26)
So, multiply equation (3.25) by ¢ and multiply (3.26) by ¢, then sub-
tract the two resulting equations. This gives us

() — dY) + (A = Aoy =0
Now integrate:
! ol
[ Wy - oo Yidz + =) [ ovods =0
0 0

By integration-by-parts and substituting the boundary conditions,

/0 (') — b)) =

l l
nl Lo 4] . n_ Lo 4] —
epdlh /0 Wpdlde — {opv], /0 Wpdldr} = 0
Then l .
A=\ dr = (\ — \ 2dr =0
( >/ng¢x ( >/Og|¢|m

Since |¢|> = ¢ = ¢¢ > 0, then A = X which implies ) is real. Let
A, ¢ be any eigenvalue-eigenfunction pair, then by (3.25),¢(p¢’) — q¢*+
Aog? =0 on (0,1). So,

/0 opd'Yde /0 (e + /O Aed? =0
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By integration-by-parts, the first integral, after applying the boundary
conditions, is —p(1)(6(1))? — 2p(0)(6(0)) — Ji p(¢/)? thus

_ Jyp(¢)de + [y qd*dr + 1p(0)(6(0)* + Fp()(9(1))?
Jy e*d

Because of the positivity conditions on p, q, 0, h1, he, Hi, Hy and the fact
the ¢ is a non-zero function, the nominator is positive, so A > 0. O

A >0

2. Eigenfunctions corresponding to different eigenvalues are orthogonal
with respect to p.

Proof. Let A, ¢, 1,1 be two arbitrary eigenvalue-eigenfunction pairs as
solutions to (3.25), with A # p. Thus,

(o) — g9 + Apo =0, h19(0) — ha¢(0) =0, Hi¢(1) + Hag'(I) = 0

(Py") — qv + pbo =0, h11p(0) — hatp'(0) = 0, Hiop(l) + Hay)'(1) =0

Multiply the first equation by 1), the second equation by ¢, subtract
and integrate:

l

/0 WY — oY )d + (A — 1) / obds — 0

The first integral is 0 via integration-by-parts and boundary conditions.
Since A # pu, then fol oopdr = 0, which was to be proved. n

3. Sturm-Liouville operator is self-adjoint operator or Hermitian.

Proof. Note:

(f.Lg) = /0 f(x)Lg(x)dx
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We get that by integration by part and Similarly,

(Lf.g) = /0 Lf(x)g(x)dx

Thus

(f.Lg) = (Lf.g) = —p(@)gd @) f@)lo+p@)f @@l
—p(D)g' () F(1) + p(0)g'(0) F(0) + p()g(1).f(1) — p(0)g(0) f/(0)

Now, since both f, and g obey boundary conditions,
hif(0) — haf'(0) =0 = hyf(0) — haof'(0) =

Hif(l)+ Hof'(1) =0 = H,f() + Hyf'(I) = 0 and
h1g(0) — hag'(0) = 0, Hig(l) + Hag'(l) = 0

It is easy to see by substituting the boundary condition that (Lf, g) =
(f.Lg).

4. Each eigenvalue is simple.
Verification:
In fact,let y; and ys be eigenfunctions corresponding to the eigen-
value Ag. This means that those functions satisfy Equation(3.1) for
A = )\ and satisfy boundary condition (3.2). From the first boundary
condition(3.2)

h1y1(0) — hayy (0) = 0, hiya(0) — hays(0) = 0
it follows, by virtue of the supposition that h; + he > 0, that

y(0)  —4(0) ‘:_‘ y1(0)  4(0) ’:0
v2(0) =9 11 ((0)  u5(0)

that is, the wronskian determinant of the solutions y;(z) and yo(z) of

Equation (3.1) for A = A\ becomes zero at the point x = 0. So these

solutions are linearly dependent. This also means that A is a simple
eigenvalue of the Sturm-Liouville problem (3.1)-(3.2).
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3.4 Finding Eigenvalue and Eigenfunctions

We set out the process of calculating eigenvalues and eigenfunctions of the
Sturm-Liouville problem (3.1)-(3.2). Let y;(x; A) and y2(z, A) be the solution
of Equation (3.1) satisfying the initial conditions:

y1(0;X) = Ly1 (05 X) = 0;52(0; A) = 0,5(0; A) = 1
Then the function
y(x; N) = hoyr (25 N) + hiye(z; N) (3.27)

satisfies Equation (3.1) and the first of the boundary conditions (3.2). To
satisfy the second of the boundary conditions (3.2), it is necessary to require

Hihoyi(I; ) + Hihaya(I; N) + Hahoyy (I; ) + Hahqys(I;A) =0

the roots Ay, A9, ..., of the transcendental equation obtained give all the
eigenvalues of the Sturm-Lioville problem (3.1)-(3.2). The corresponding
eigenfunctions y; are defined according to Equation (3.27) for A = Ay,

k() = y(; M) = hayr (25 M) + haya(w; M), k= 1,2, ..

From equation (3.21) we have seen that the Sturm-Liouville problem (3.1)-
(3.2) is equivalent to a problem involving the eigenvalue of the homogenous
integral equation y(z) = A fol G(z,s)y(s)ds. This is a homogenous Fredholm
integral equation of the second kind. Consider the equation

!
i) = 1)+ A [ Glas)uls)is (3.28)

A number A is called a characteristic value of the integral equation (3.28) if
there exist nontrivial solutions of the corresponding homogeneous equation
(with f(x) = 0). The nontrivial solutions themselves are called the eigen-
functions of the integral equation corresponding to the characteristic value
A. If X is a characteristic value, the number % is called an eigenvalue of the
integral equation (3.28).Sometimes the characteristic values and the eigen-
functions of a Fredholm integral equation are called the characteristic values
and the eigenfunctions of the kernel G(z, s). Assume that the kernel G(z, s) is
separable which means that it can be written as G(z,s) = >, a;()5;(s).
If we insert this into (3.28) we get

y(z) = F(z) + A /0 > as(@) s ()uls)ds
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y(x) = f(x) + )\Zaj(x)/o B;(s)y(s)ds

y(w) = f(2) + A3 Caya) (329)

observe that y(x) as in (3.29) gives us a solution to (3.28)as soon as we know
the coefficient C;. To find C; multiply (3.29) with 3;(z) and integrating gives

/Ol y(r)Bi(z)dr = /Ol f(z)Bi(z)dx + Azn; C; /l o, (2)B;(x)dx

0

Or equivalently

j=1
. Thus we have a linear system with n unknown variables:C', ...C!,, and n
equations C; = f; + )\Z?ﬂ Cja;; 1 <14 <mn. In matrix form we can write
this as (I — AA)C = f where

ail . . . Qip f 1 4
A= e J = : , C =

ap1 - . . Qpp f n Cn
We seek the characteristic value and eigenfunction (when f(x) = 0) then
the matrix form becomes (I — AA)C' = 0 . If X is a characteristic value
then every solution of the homogeneous equation with degenerate kernel has
the form y(z) = > 7_; byyx(x) where the by, are arbitrary constants and the
yr(z) are linearly independent eigenfunctions of the kernel corresponding to
the characteristic value Ay (z) = 3°7_, Cjya;(x). Here the constants C)
form p (p < n) linearly independent solutions of the homogeneous system of
algebraic equations Equ(3.30)with f; = 0 : Cy) — )\Z?ZI Cimai; =0 k =
1,.p,i=1,...,n

3.5 Conclusion

The eigenvalues of Sturm-Liouville problem are real numbers and non neg-
ative. Eigenfunctions of Sturm-Liouville problem corresponding to different
eigenvalues are orthogonal and the set of all eigenfunctions is complete in
the sense that every square integrable function f can be expanded in terms
of the eigenfunctions. Sturm-Liouville problem is reduced into homogenous
Fredholm integral equation of the second kind.
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