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ABSTRA CT 

Th e ne c es sa r y bac k g r o und mate ri al f o r t h e a na ly s is of th e 

e l e c t~o n pho no n in t e r ac t i o n v it h r es p e ct t o th e abs o r pt i o n 

c o ef fi c i e n t a n d c ha n ge i n in c i de nt p ho no n f r e qu e ncy is d is c us s ed 

i n the fir st an d s ec o n d chapt e r s o f t hi s th e si s . At t he e nd o f 

t he second cb npte r th e Mi gdal - Ko hn cno mali es f o r a s p he ri ca l 

Fe r ~i s u r f ace i s d i s cu s s e d. Exp e ri me nt a l va rifi cn ti o n a nd ph i ­

s ic a ! se n s e o f t h e se a no ma l i e s i s also p r ese n t e d he r e. 

An invest i g a ti o n o f the change i n the p ho n o n spect r um due 

t o t h e Mi g da l -Ko h n an o ma li es f o r some impo rt an t cases o f c han ge 

i n topo l ogy o f t he Fe rmi Burf n e e i n me tal s i s do n e in c hapte r 

t h r ee . In g e n e r a l i t i s f o und t ha t t h e a nomali es in r and 6w 

d e pe n d o n the ch a nge s o f th e Fe r mi s u r f a ce t o p o l ogy c aus e d at 

pha se tra ns i tion o f o r de r 2 ~ . Also i t i s no t ed t ha t t he si ngul a ­

r i ti e s i n r and 6w a r e i nt e r dep e ndent as can b e p r c d i ctcd b y 

the Kr ame r 's and Kr on i ~ r e latio n s . 
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I NTRODUCTI ON 

A c l e ar majorit y o f the e l eme nte in the period ic tabl e are 

metals . Together wi th their alloys t hey fo r m 8 great multitude 

o f substances with v e ry dive r se properties . Metals d iff e r fr om 

each other and to a gr e at e xt e nt from the nonmetals in the ir 

elect rical properties, he at conductivity, opt i cal p r operties, 

magn et i c and me chanical prope rti es. 

Despit e all t hes e div e r sified p r ope r ties there is a co mmon 

c haracteristic vhich allows all meta ls to b e desc rib ed f r om a 

singl e standpo in t . This is the e ne r gy spectrum of e lectrons in 

meta ls o r t he dependence of the e n e rgy "E " of th e elect rons on 

their momenta ";". 

According to the mo de rn vi e ws ) a metal may be r egard ed as 

a combination of a system of pos i tively charge d os cillating 

ions which form a quasi-p e riodic space-st ructur e (cystalline) 

and a syst e m of r e lative ly fr ee valenc e e lect r ons filling th e 

lattice . Th e diff e renc e between any two metals ma y b e r e lat e d 

to the diff e r ence in valen ce e l ect ro ns of atoms, the peculiari ­

t i e s of the ir e l e ctronic st r uctur e and the symmetr y o f t h e c r ys­

tal lattice . Thus , a metal can b e t h ought as a "s e a " of val ence 

ele ctrons mov~ng in a cystalline lattic e of ions . Th ese elect r ons 

are often call e d conduction e l ect r ons . 

A conv i nient me thod for t he descript i on of the ene r gy sp ec ­

t rum of the e l ect r ons in metals is th r ough the intr o duction of a 
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Fe rmi su rfac e f o r metal s . Thi s i s t he sur fac e wh i ch se pa r a tes 

the r e g i o n occ upi e d by e l ect r o ns fr o m the r eg i o n fr ee fr o m e l e c-

trons at 0 d e g r ee Ke l vi n (ab solu te ze r o t e mpe r atur e) . The Fe r mi 

su r fac e i s one o f the co n s tant e ne r gy s urfa c e s o f t h e metal 
~ 

c(p) - c. I t c a n ha v e a s i mpl e s h ap e as in metal s o f h e fir st 

g r o up Na, K ~ and Rb a nd the nobl e me t al s s ilve r and go l d o r Q 

v e r y comple x s ha p e as in l e ad . 

A. R. Ma c k i ntos h S8y S "F e v p eo pl e wo ul d de fi ne a me tal 8S a 

sol i d wi t h a Fe r mi surfa ce . " Thi s de finitio n r epr e s e nt s a p r o-

f ou nd a dvance i n t he und e r standing o f why me ta l s b e ha ve 8S t h e y 

do . The concept o f t h e Fe r mi s u r f ace a s d e v e l o ped by quantum 

p hy sic s pr ovi des a p r e cis e e xplanat i o n o f t he ma i n phy s i c al 

p r o p e r t i es o f me ta l s . 

Del i neat i ng the Fe r mi su r fa ce o f a spe c i f i c me t a l is a n 

in t r ica t e pr obl e m in sol i d stat e phys ic s . Expe r imen t a l met hods 

f o r s tudy i ng t he e ne r gy s p ectrum and de t e r mi nati o n o f Fe r mi 

su r fa c e o f me t a ls ar e mostl y b ase d o n i nv e s t i gati o n o f var i ou s 

phy s i ca l e ff ects i n met als oc c u rring in t he p r e s e n ce o f aD e xt e r -

na l magn e t i c f i e l d (eg . Br a nd t a nd Chudin o v , 1 9 1 5) . A f e atu r e o f 

a ll these me tho d s i s t he use o f st r oD g ma gnet i c f i e l ds i n whi ch 
, 

cyc li c mo t i on o f c u r r e nt ca rri e r s i s ob s e rv e d . This i s linked 

I wi t h t h at t he natur e o f c y c l ic mo t i on i s d e t e r min ed by t he topo -

l ogy a n d sha pe o f t he Fe r mi sur face a nd t he r e f o r e allo ws a c e r-

t ain i n f o r mat ion o n t hat sur f a c e t o b e Obta in ed . 

I 
/ ' /' 
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Another promising method to deter mine this surface is 

based on p ec ulia r iti es of elect r on-phonon i nteraction which is 

to b e d i scussed in g r eate r detail i n c hapte r s 2 and 3 . A.B. 

Migdal (1 958) and W. Kohn (1959) ind e pendently sho v ed that the 

e l ec t r on-phonon i n teract i on br i ngs about a log a ri thmic singula­

r i ty at q = 2PF whe r e q is the phon on nome n tum a nd PF is the 

Ferm i momentum which is equal to 12m cF , This s i ngu l a ri ty i f 

obse rv ed o ff e rs a d i rect info r mation of th e r ad i us or the SpllC­

rical Fermi surface in momentum s pace . 

The ~im of the thesis is 0 inves tigate the change of the 

phonon spectrum due to the Migdal-Kohn singulari ti e s i n some 

i mportant cases of variation o f to pology of the Fe r mi surface 

in metals ( Lifshits 1960): 

a) appea r anc e o f a ne v cavity 

b ) b r eaking of the connecting neck . 

A dig r essio n on t h e e n e r gy spect r um o f t h e e lect r ons in 

meta l s i s necessar y . It i s e xtr e me l y impo r tan t to device scien ­

tific models to be able to desc ri b e the p r ope r ties of metals . 

The f r ee elect r on model fo r e xampl e helps us to desc ri b e the 

heat capacit y , the r mal conduct ivity. electr i cal conductivity, 

magnetic susc ept i bi lity and e lectrodynaoics of meta l s e v ent hou&h 

it fe i ls to he l p us vith other large quest i ons lik e the distinc­

t ion betw een metals , semic onduct o r a an d di e lect r ics; the occu­

re n ce of t he pos i tive values o f the Hall Coefficient etc. There­

fo r e , impo r tant attempts to impr o ve this nodel have be en nade and 
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v i l l co nt i nu e to be unt i l a we l l e st a bli s h ed a nd co nsi s t ent 

theo ry is d e v e l o p ed. 

I t was poss ible t o go much f u r t h e r with th e th eo r y a f te r 

the f u nd ame ntal wo rk o f Bloc h and Pe i e rl s in whi ch th e c o nc e p t 

o f fr ee - e l ect r o ns was d e v e l oped s i g nifi cantly (Li fsh i t z a nd 

Kaga n o v . 1960 ). In Bl och ' s theory t he int e ra c ti o n o f the 

co n d u ct i on elec t r o n with t h e c r y s t al li ne medium was d e s c ribed 

by i n t r o duc i ng a p e ri o d i c poten ti al to ta k e int o acc o unt t he 

s y mme tr y o f t h e latt i c e . 

Th e study o f t h e mot i o n o f p a r t i c l e s i n a p e r iodic fi e l d 

led to t he e xpl anati o n of t h e ban d th e o r y o f metals . De tail e d 

inves t i gation o f th e e n e r g y s pe ct rum o f e l e ct r on s i n meta l s 

i nd i cate s t ha t t h e e l ect r o n s i n c r y stals a r e a r ran ge d i n e ne r gy 

ban d s s e p a r a t ed by r e gi on s in ene rgy f o r v h i c h no e l e c tr o n 

s tates e x ist. Su ch f o rbidde n r eg i o n s a r e cal led e n e r gy gaps o r 

f o r b idden bands . 

One o f th e mo s t importan t c o ns e q uen ce s o f t h e band t h e o r y 

was t h e d i st i ncti o n b e tw e en oe t als, s e mi me t al s , s e mic o nducto r s 

a n d di e l ec t ri c s u s i ng a c ri te ri on the f i lli n g o f t he zon es i n 

t h e g r oun d s t a te . Me tal s c o r r os po nd to mate r ials ha vi ng a 

pa r t i a ll y f i ll e d zon e ( eg . see d i agram f r om Ki ttl e (1 91 6) ) . 
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If D c=J 0 I 
I 

t0m EW1 ~ r=l g , 

fiZ& ~I ~ Wd ~1 
Fig . l. Schemat i c diagram of ene r gy bands of differ e nt sub sta nces 

The Bl och model whic h is fo r mulated as a o ne - elect r o n prob-

l em i n a c ry stal line medium is not wi thou t it s lim i tations. For 

e xampl e i t i s not clear whether o r not a consistent inclusion of 

e lectron i nte r act i ons will cause fund amenta l changes i n the 

co nc ept s of the band t h eo r y (Lifsh i tz and Kaganov, 1 96o) . 

A n e w app r oach to the probl em o f the elect r on theory of 

metals i s bas e d on the gener al i de~ that energy s pect rum in meta-

Is hav e several branches . Each branch b e i ng a qunnt i scd system 

has i ts charact e ristic quas i -par t i c l e s whi ch ca rry definite energy 

and momentum . The s i mplest examples of such e l eme nt a ry exc itat i ons 

or quas i-par t i c l es (irc the system of valence elect r ons (vhi c h ar e 

treated as an id eal gas o f char ged Fe r mi qUQs ip articl es), phonon s 

in c ryst a l s, spin v a ves (magnons) i n f e rr omagnets , e xci tons in 

sem i-conductor s and di e lectrics etc. Depend i ng on the statistics 

of the quas i parti cles v h i ch r r oduce t h e ene r gy spectrum of the 

system , v e say t hat the spectrum i s n Bose o r Fe r mi Spect rum. 

The e ne r gy spectrum o f t he in dividual quasipa rticle i s a 

~ 

p e r iodic funct i on of th e qu asi -momentum p and s in gle valued for 
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each band 1'5 " unless th~ r e is overlapping of bands . That is 

~ ~ ~ 

£ (p) = E (p + 2n hb) or using tte wave vector notation 
S B 

For e ve r y band "S" we have min i mum a nd m6xi Du values of 

the energy and these val ues arc followed by t he f o rbidden bands. 

That is 

~ 

< c (p) 
s 

< 

Fo r e xample a plot of energy versus wave vecto r f o r an 

elect r o n i n a monatomic linear latt i ce g iv es the foll ow i ng 

Fi g . 2 . Ene r gy spect rum o f one dime nsional oonatorn i c lattic e } 

shadded r egion i s a f orbi dden band . 

The ze ro slope o f the en e rgy spectrum at the zone bounda -

ries follo ws from the two rc;uirements t h at 

a nd 

• = Es(-p) symmetric disp ersion law 

~ ~ 

= C (p + 2.hb) 
s 

pe ri odic dispe rsi on law 

• 
1 't V aEG(p) = 0 at zone boundar'es. Thus, the group v e oc~ Y g = ap ~ 

, 
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CHAPTER 1 

THERMODYNAMICAL PROPERTtBS OF METALS AND GEOMETRY 

1.1 Geometry of Isoenergetic Surfaces 

Conaider the dispersion law cs(p) of an electron . It is 

already stated that £n(p) attaina ita minimum and mnxi-

. + 
mum values for definite values of the quas1momentum p. 

What is the shape of ~ constant/which is an 

isoenergetic surface of the electron in momentum 8pac~? 

To answer this question we have 
+ 

to expand C (p) ahout • 
the minimum (or maximum) energy for a specific hand s. 

If we disregard cases of degeneracy. tbe expansion ba3 

the following form (Lifshitz and Kaganov, 1960) 

£ . m,n 

(1) 

I _ is a sY.!l1met r ic tensor of the second rank. 
P-Pmin 

The components of the tensor have the dimension of tbe 

reciprocal mass. For this reason the tensor is called th~ 

reciprocal effective mass tensor and is denoted by 

= 
a 2E s(p} 
apiapk 

( , ) 

I 
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the form 
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be diagonalized and thus ( (p) is • 

+ 
<{p) .£.+ 

5 mln 

reducl!d t 

If £s(;) is rer~rrcd to the minimum,ve get n simpler 

equation 

+ • < (p) -• < . 
m1n 

p , 
2 

+ --
2m2 • 

The principal vnlues of the tensor m
1

,m
2 

and m3 art 

positive when the expansion is about the minimum and 

negative when it is about the maximum. Equation (4) is 

the equation of an ellipsoid whose semi-axes are resp~c 

tively equal to 

. Thus , the eur-

faces of constant energy E ~ constant , near the ext r emal 

points for electrons in " . crystal are ellipsoidal surfa 

ces . In the particular case when m
1 

= m
2 

= m3 the ellip 

soid degenerates into a sphere. 

When the components mI , m2 and m3 are positive (expan­

sion ahout c . ) an electron in the lattice behaves m1n 

qualitat ively like & free electron ie. it s kin~tic er.cr 

and velocity in an electri c field increases ~n the dire -

tion o~ the acting force. If the conponents of the tenR ~ ~ 
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~ r a negative the electron i s acce l e r ate d in the direction 

opposit e to t hat of the e xt e rnal forc e and thus behaves 8S a 

negati v e mass par tiel and it is called hole-l i ke (Br an dt and 

Chud inov . 1915) . \/' 

Fig.3 . Op en (6) and close d (b) isoen c rgetic surfaces ne ar 

Em i n el) and (max ( 2 ) . 

Any c lo sed e ne r gy su r face in momentum space nea r a mini mum 

po int encloses a r eg ion i n the momen tum spac e i n wh ich t he energy 

i s less than its value on the surface, wh i l e near 8 maximum po i nt 

any po i nt wi t hi n has g r eater e ne rgy than the surface . This means 

that in the fi rst cas e the veloc i t y is di r ected along the exter-

ns l no r mal to the surf ace o f constant energy and alo ng t h e i nward 
. ~ 

normal i n t h e se cond cas e . S ~n c £ a (p) is pe r iodic in r ec iprocal 

space (momentuD spac e ) the su r fac e s desc ri bed ahove a r e r e p eated 

p e riodically ove r the wh o l e r ecipr oca l l att i ce . • 

It is obvious t hat bet ween t hese surfaces which a r e t o polo-

g ic e lly si~ple the r e must be more c omp licated surfa c e s like open 

su rfaces which e X'end throughout he who l e r ec iprocal l a t t i ce fo r 

o the rwi s e i t would be i mpossible to hav e a continuous t r ecei t i o n 

f r om ~urrac~ 9 s ur rou n d in ~ Dir.i mum p o ints to surfaces 9urr ~un ~ in F 

Da ximum p o i nt3 (Fig . 3) . 
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1 .2 Change in To pology of I socnc rgetic Surfaces 

If metals a r e subject e d to e xt e r nal pr essu r e , the Qccampn-

nyi ng chang e in in te r atom i c se parations modi f ies th e ent ir e 

e n e rgy structur e o f t he me tal (Lifshi ts , 1960 ). Ho wever, if 

the r e i s no chang e in the symme try o f th e metal as a r esult 

o f the exte rna l pr essu r e t he r e exists n quant i tative chang e 

1n t Ile ot r uctu rc o f th e i so e n o r gdt ic s ur f ac e s up to aome 

crit i ca l pr ess u r e Pc ' A qu a litative c hange oc cur s at the 

criti cal pr ess u r e nnd the t opo l o gy o f the iso e n e rg et ic 

surface is changed. Some o f the common c h a nges are 

a ) appear a nce o f n spher i ca l iso e nerget ic sur f ace 

b) a pp ea r a n ce ( o r dis a ppear a n ce ) o f ellipso id a l iBo e n e rg~i c 

sur f a ces (Fig . 4a ) 

c) b r eak i ng o f neck s (Fi g . 4b) 

ono 
\'J 

Fig.4a .Appe a rance of a ne w s he e t of a co n stant energy ­

sur f ace 

( , ") - , 
01/ ~l f) I' , ,, ' 

iI II 
, 

'I' I \ 1 ,1\ tJ It.i!- '~' ' ' 
, ", ... . - " 

Fig . 4b. Br eaking up o f a "bri dge" on the i soene r get ic 

sur f ace . 

l 
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The d i spersion loy t.(p) ne&r the critical points in th 

above t r ansitions are given by 

a) 
~ e' t (p) = t + , (5 a 

9 C em 
, , p , 

~ PL P2 
b ) t

9
(p) • t + + + 2.. (5b) 

c 2".n1 2m2 2m
3 

, , p , 
~ Pl l < lP) (5 c , 

c ) <. (p) • < + -:- + 2.. • > , 

2~1 2m2 2m
3 

9 c 
c 

p] 
, 

Po 
, P , 

= 'c o~ 
+ ~ - 2.. = 0 ( 5< 

2ml 2m2 2m 3 

, , P , 
PL P2 2.. ~ 

= , 
+ 2~1 

+ - - £s(p ) <'E (5c 
2m2 2m

3 
• c 

The Fe rmi su r fac e ~s one o f th e isoe ne r getic su r faces in 

me t als . So i t can pe subjected to ouch types of transitior 

as a result o f e xt ~rnal pressure wbich may be caused by 

exte r na l el ec tri c , magnetic or acoustic fields and even 

mechanic al "for ces i easonably enougb not to cause cbange 1 0 

s ymme t r y i n the c q ,stal. 

Th e above changes in topology of isoene r getic surfaces a r 

known to b e accompeoied by singularities in the de nsity c~ 

electron sta tes 8S is shown in the next section. 
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1.3 Van Hove Si n gularities 

Now let us find an express ion for the density of states 

VS(E) whi ch dete rmines the number o f electron states per 

unit interval of energy. 

The total number of quantum states per primitive cell is 

given by (in mo ment um space) 

n-> 
p • 2V 

( 2,b ) , f d'p 
cell 

The total number of electron states for the energy 

-> 
Es(p) . ~ c is given by 

N 
s 

= 

• 

2V 
(2,n )' 

2 V 
[2, n) 

.. 
For an ellipsoidal surface Es(p), 

and thus 
2V 

N = (2,n)' B 

v.(£) 
dN s = d£ 

v (El = 
12 V 
11" %11 ] • 

4 
3" 2~ (m

1
m2m

3
) 

J 

! (£ -£ . )'p 
mln 

(6 ) 

. 

("ll 

(8 ) 
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Thi s e xp r ession f o r the dens ity o f states ~ iV C6 

_ 12 V 'I ' I 
- -rr-,- m £ non' 

(9) 

f o r the s p ecia l case of sphe ri ca l isoe n e r get i c s ur face. 

S imil ar analys i s of v (c) near QQX i nUM c r itical point £ s max 

g ive s , (10) 

If y e d if fe r e n t i ate e quations 8 a nd 10 with TeDpect t o 

e n e r gy we ge t a r oo t type o f s in gu l a riti e s in the density 

of states V(E). Suc h si n gula ri ti e s n r c called Van Hove 

s ingular it ies a nd nre common to n Il qUQsipnrticl ea (Van 

Ho ve~ 19 53) . 

The density of states v(c) can nov b e expr essed as a sum 

o f s mo o th part "0 nnd singular pe r t 6v i e . 

Whe r e 6,,(c) is gi ven by e quat i on (8) f o r £ > £ . nnd by mn 

e quot i on (10) fa T E < E . It i s o bvi o us that ov(e:) should 
mox 

be z e r o fo r b ot h E < Em i n and C > Emax 

For th e case o f bre a king of n e cks o r tr a nsi t i o n fr om hy pe r-

bolo i d of o ne sheet to hype r bolo i d o f tvo sheets th r o ugh 

the c ri t i cal c o nical point E = Ec o f f i gu r e 4b v e o bta i n 

sini l a r singulari t i es in V(E) as is sh o wn bel o vo 
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Cons i de r fi r st the hyperbo l o id o f o ne sheet in Fi g.4b . 

Cal c ulati on of th e volume bo und e d by the surface 

E = ~ ·c 

P3 
; Po 

V ; 

P 2 
• _1_ 

2~1 

p l P 2 

+ --L __ 3_ 
2 and the su rface m2 20.

3 

; consta nt gi ve s 

Po Po p 2 f 
n ( 2m

1
)!( 2 m

2
) 1« -<c P _P d P ; f . 2 

0 -Po 2m
3 

! , 
! 2 1T(m1 Il! 2 ) Po = 4 (m1 m2 ) (E-e:c)PO • < > 

2m
3 3 

) dP3 

<c 

If £ < Ec the n we hav e hy perbolo id o f t vo sheets nnd 

Po 
f (l3 p • 

+IP3lm i n 

Thus. v ( £) 

for 

< > £ 
C 

< < £ 
C 

(12) 

( 13) 

The non-smoo th part of the dens i ty of states f o r the case 

o f br eaking o f nec ks i s then i dent i cal to that o f appen -

r anee (disa ppearance) of ne w isoen er get ic surfac e equ e.. -

t ion (1 0) . 
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1 .4 El e c t r o n Pha s e Tr an si t i o ns o f Or de r 21 

I t i s sho wn in t he p r e v io u s sect i o n t hat f o r ce r ta i n c ri t i-

cal v a lues o f e ne r gy c Z E f o r wh i ch t he t o pology o f i a o ­
e 

e ne rget i c s u rfa c e s c ha nge ( f o r e xampl e an o p e n s u r fac e ch a n-

ge a to 6 cl o s e d s ur f ac e by d i srupti o n o f 6 nec k o r a ne w 

s p li tti n g o ff r e gion o f su r f ace s a ppe a r ) the r e co r r es po n d s 

p e CUli a r i t i es (root s i ngula ri t i es ) i n th e d e n s i t y o f c l ec t -

r on st a t e s . The s e a nomali es a Te cal l ed e l ect r o n p hase t r a n-

sitio n s o f Ord e r 2~ o r Li f s hi t z Tr a n s i t i o n s n f t e r th e ir 

d i sc o ve r e r (Li f s hit z , 1 960 ) . At the po in t o f s u ch 11 t r ansi-

t i c n t he e l ec t r o n dy na mi cs a l so posses s e s s o me p e c uli a r 

f eatur e s v hic h l ead t o a noma li es o f t he e l ec t r o n char act e -

r i st i c s o f t he metal ( t h e r c o dy nn mi c and k i net ic) . I t vill 

be d i s cusse d i n l att e r s e c t i o n s that suc h tr ans i t i o n s c r e at e 

an o mali es in the ab so r pt i o n coe ff i c i e n t a nd c ha ng e in the 

pho non s p e ctrum o f a n inci de nt s ound . 

1 . 5 An o ma lies i n The r mo dy na mi c Qua ntit i es a s a Result o f 2 ~ 

Ord e r Phes e Tr a nsit i o n s 

It ¥ 6 S f o un d o ut th a t t he s ingul a r pa r t o f V(E). the de nsity 

o f s t et e s j i s giv e n by 

0 • > e 
clv( <l ( 

e (14 ) = , 
ale-eel' • < < e 

\.th e r e • 12V 
TrTfl 3 (m

1
m

2
m

3
) ! 



- 16 -

The thermodynamic potential.D. haa also smooth part and 

singular part a~ is the case for any othe r thermodynamic 

quantity . ie. 

... 4" n . This function 1.8 r ela ted 

to the number of electro ns a nd t he che mical potenti al C 

of llie electrons in t he metal by the equation 

H • -

It is a standard equation in statistical physi cs tha t 

n '" - T 

Limiting ourselves to the singular part v e get 

But 

b <fo = - T tdV(E) Rn(l+e T )d£ 

.r H( El 

d O 

b 
• - T 6~fn(1+e T )dN(£) 

= - T 

. - t 

2 = - a 3 

2 = a 
3 

ill! El 
I;-E dE 

e-"+l 

( £- £ ) 'I 2 from 
c 

( 
(E -E c ) 'I' dE .y 

c e +l 

equation 

e~ 
-- d£ 

(-E 
l +;r 

(12). So 

(15) 

Letting z = f; - E and £ - Ec = x an d cOD.siderina 'ttM CI1.11f'l: 
c 

Z, < 0 and z > 0 ve get 

J"n 2 
x' /'oJx 

i ) z < 0 , • - a fo~ x+ I_1 
3 e T 
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, 
for T, «Izl we have e41- »1 and thu8 

dn • -41- ' /' - g a e I~ !......... dx 3 0 x 
.T 

Substitute ~ = y1 

get 

dx = 2Tydy J and integrate to 

ii) z>O ~ _2 an • -
3 

o I~ 
o 

Considering again T . « Izi and using S ommerfeld ' s 

Integral 

we get 

.In • 

The combined 

dn • 

For T :: O. 

~n = 

~-( 
e'l'-t l 

result i. 

• 

then 

I. _1.1 'I' TQ e ~T 

4 1 z 1 ,/, .' ---0 - 6' 0 15 

0 

4 olzl' / ' 
15 

• 

z <0 

(1 7) 

T'lzl! z > 0 

• < 0 

(1 8) 
z > 0 
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The po~ c r o f z in e quat i on (18) is r e l ated t o the narne 2l 

Or de r phase t r ansition . The second de rivat ives o f 0 at t b 

po i nt o f !'el ect r on transi tion" z & 0 h~ v e n vert i cal break . 

Whil e the t hird de r ivatives go 0 infin i ty R8 z-~ (Ufsh itz 

1960 ) . Be sides s in gu l arities in 0 ~e have a l so s i Mila r situ-

et i an in the speci fi c h c~t C • comp r ess ibili t y K and ot her 
v 

the r modynami c quant i ties . In 2~ o rd e r phas e t r a nsi t i o ns no 

change in s y mmet ry o f th e crystal ta kes place but only 

change i n topology o f th e Fermi su r face o r othe r isoen e r g e-

tic surfac e s ~ s is stated i . sect i o n 1 . 2 . 
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CHAPTER 2 

ELE CTRON - PHONON INTE RA CTIONS 

2 . 1 Pho no ns 

In a lar ge crystalline s o lid body sayan clastic c o ntinuum 

mec han ic a l vibrations o f the atoms take the f o r m o f vave s . 

It i s r easo nabl e t o e xp ect a n d qu ant um mechanics t e ll s us 

that the e n e rgy in su ch wa ves must be quantis e d . Us i ng de-

Br o gli e ideas o f wa v e - par t i c l e dua l ity i t is con vini ent t o 

asso c i ate a par tic l e wi t h a quantum o f exc i tatio n in such n 

VQve. For vibr ati o n in n c ry stal, s u ch a quantum i s called 

pho non in a nalogy vi th t he p hoto n whi c h r ep r es ents a quantum 

in e le ct r omag neti c fi e ld . 

The pho no n is o nc o f t h e elemen t a r y e xc it ntiODS that cont-

ribut e to the total e nergy spect r um i n the c rY Gtal discuss ed 

in th e in t r oduct i o n. To each pho non we assoc i ate Q wa v e 

~ ~ 

v ec to r k and fr equenc y w(k ). To ea ch va v e we can ass i g n an 

o scillutor a n d to each osc illato r an e ner g y bW( k ) and 

~ . 
mone nt u~ p = h k. Phonons a r e bosons and thu s have t o o bey 

the Bose-Einstein Di st ri bution functi o n 

1 (1 9) f = llw 
• kf -1 

the che mical potential " f,:" being ze r o fo r pho noos . 
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The num be r o f ph o no ns in 6 cr y stal is dependent o n the 

tempe ratu r e o f the crystal. At high teoperatures N Cl T 

a nd at l e v tempe ratur e N a ( ..!...)'12 wh e re T is cRl led the 
To 0 

degeneracy temperatur e o f the c rystal (Ka~a n ov . 1981l. 

We can di r ect ly measur e dispe r sion law f o r pho no ns E(k) 

b y i ne l ast i c scatt e ri ng o f sl o w ne utr ons in c r yst a ls 

(Br oc khous e , 1961) . 

Th e neutro n ma kes th e atoms of the crystal 0 s wing thus 

exc i ting sound wa ves (cr e a ting phonons) the r e by dcc r eas-

i ng i ts e ne r gy. The cha n ge i n neutron mome n tum a nd e ne rgy 

a r e r e lat e d to the phonon momentum n n d e ne r gy b y th e con-

ser v ation laws applied t o the c r ystal as n who l e (B r oc k -

house e t a l , 1 962) . 

2 . 2 Col l is i o n b e t ween El ect r o ns and Phonons 

PhoDons i nte r act wi t h eac h o t h e r , wi th e lect r o n s an d with 

ot he r qUQ s iparticl e s in the solid. The ~ost common ef f ect 

of the e l ec tronpho no n int e r action is seen in the e mpera -

tu r e d e p e nde nce of the e l ect ri cal r es i stivity, whi ch f o r 

examp l e f o r pur e coppe r i s 1.55 mic r ohm-ern at OOC and 2 . 28 

mi crohm-em at 100°C (Kitt e l , 1 976). The elect r ons are 

scatt e r e d by the phonons , and the h i ghe r t he teope r at ur e 

the mo r e pho nons there are and hence more scattering. 
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A mo r e s ubtl e e ffect o f t he elect r o n-phonon interacti o n 

is the a ppa r ent inc r ease i n elect r o n m~S8 i n meta l s Bnd 

in s ulat o r s because the e l ect r o n drags the heavy ion cor es 

a l ong wit h it (Ki t t e l, 1976) . 

Another i mpor tant a pplication o f e l ec t r on phono n i nte r-

nct i on vo rth ment i oni ng in he r e i s t he direct amplifi ca-

t i a n o f acoust ic phon ons by drifting elect r ons in piczo -

e l e ct r ic crystals ( Elli ott and Gibson , 1 91 4 ) . 

As tempera tu r e dec r eases to OaK the r mal mot i o n is a l oost 

s upp r essed mi ni miz in g the electron phono n interacti o n and 

the e l ect ri cal r es i stance is no v caused by de f ccto in th e 

c ryst a l . At hi ghe r t empe rat ur es e l ect r ons i nte r act with 

ph onons in o nc o f t he f oll ovi ng ways . 

pI , U~) - ') Up') - ~ P' , 
J.. , , 

,-' 

I "Ii f', ii w(kJ 
..j( 

-") - ) I Up') p, tCe) '\ t, II ) '-.,/ - I _) -) 
/l't k ,1IJ wOe) 

Fip: . 5 . Emmis!3i on(I ja nd a bso r pti on (II) o f phonona by 

e l ec t r o ns 



- 22 -

\ 
S olid line s symbo li z e e l e ctr o ns a nd dash c~ line s, pho n o n s 

(Kaga no v . 1981) . Th e lines a r c l a bel e d wi th th e momenta 

a nd e n e rgi e s o f the e l e ctr o ns a nd p bo no ns with priDed 

qua ntiti es a ft e r the c o llisio n. 

In the first process the r e is no collision a t 0.11 but the 

e lect r o ns c r eat e pho no ns. In th e se c o n d p r oces s th e r e i s ~ 

collision r e sulting in the abso rpti o n o f Q phono n . Co ns c r-

vation o f e n e rgy equati o n i s t he s ame f o r bot h pr o c esses 

(eg. s e e Ka ganov, 1981), 

4 4 4 
«p) + h w = «p + h k). (2 0 ) 

Nea r the Fe rmi surfac e h can be ign o r ed c ompa red with EF 

t o get 

( 21 ) 

Equati o n ( 21) impli e s that t h e t v o p r oce s se s in Figu r e 5 

4 ~ ~ 

are a ll o y ed if c(p) : £F Qnd E(p + h k ) = £ F simult a ne -

~ . ~ 
c usely. If hk 1 5 small cODpa r e d to p as i s u s u~lly t h e 

c as e) then using Taylo r e xpanoi on v e ge t (e g. s ee Ab ri-

ko sov , 1 912 ) 

• r es u1 ing in 

( 22) 
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Near the Fe r mi su r fa ce (r(p) a Cp(p) + hk ,V
r 

hkV F cos 9 = O. 

In gen e r a l if hw is no t to be igno r d we hav e 

( ~ * • • 
£ p) + hw • c(p) + hk .v n nd thus 

gi vi ns , 

= h kV F cos 9 nenr Fermi surface . 

Since ~ = s v hich is th e speed o f sou nd we finally get 

Vr cos e = G. ( 25) 

Analysis of e quat i ons (23) a nd ( 25 ) leads to the conc lu s i on 

that the e l ect r o ns int e r act i ng with the p ho no ns ha vo ve l o-

citi e s perpendicular to th e wave vecto r o f the p ho no ns o f 

th e in c ident sound ( Notc thnt in equati o n ( 23 ) V ~ lO'£E F sec 

and 5 _ l05~ 
s e c c o s e « 1 9 _ n/ 2 ). Thus th e ef f cc-

tive belt wh e r e the i nteract i ng e lectro ns a r e l ocated is 

almos t pe rpend icular t o the inciden t ph o no n wave vec t o r . 

2 .3 Absorption Coeff i c i ent r snd Chan g e in Phonon Fr e que ncy 6w 

No v let us ma k e use o f the fre e electron model o f cetals to 

analyse e l ectron-phonon interacti o n in further detail. Con-

side r an i nc i dent sound int o a metal bo x at T = O. The 

coll ision bet ween a phonon ~ nd an e l ec tro n within tbe bo x 
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o b e ys the momentum conservati on 1., 

i\i 
~ 

P' P2f 11 G + P2i = + + (2';) 
If 

G 
0 f o r Normal Pr ocess 

wh e re . { 
+0 f or Um klnpp Pr ocess 

(N o t e that her e momentum 1 0 not conser v e d in the colli si o n 

but i t is in the c ry stal) . 

If the mean fr ee path " 1 " of t he e l ect r ons i . ve r y small 

compar e d 'W'ith the phono n -w ~vcl c n8t h A then th e d es cret e -

n ess o f 1 will not b e f e lt by the phon o n and thu G can be 

s e i d th a t t h e r e i s n o i nt e r ac tion. If 1 » A , t h e r e i s 

i nter a cti on r esult i ng in a bso rpti on or emissi on o f a ph ono n 

by an excited e l ect r o n. 

Introduc e 

r as absorption coe ffi cien t 

p as e l ec tron moment um 

~ rl omcntum q as phon on 

~ 

«p) a . e l ect r o n ener gy 

OF os Fe rmi En er gy 

f a . Fe r mi Di r ac Dist ribu t i on functi on 
p 

6w a. ch ange i n phonon frequ e ncy. 
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An e l ect r o n can absorb o r em i t Q phonon if the r e is a fr ee 

state in the ad jacent state t o vbc r e th e transiti on occ urs. 

p+~" o e-
t 

-7 @j) P e:-
Fi g . 6. Tr ans ition 

+ . ~ 
f r om p t o p+q o r th e r eVC 1' 5 e can ta ke 

p l ace o nly if OD e o f t he s tates i. empt y. 

In calculat ing the tr a n s i t i o n r ate o f e l ec tr ons r ~ o~ stntc 

+ + • 
p t o stat e p +q , one must multiply by t he Fermi Dirac 

Di st ri but i on functi o n s f~(1-f·+4) to account f o r th e 
p p q 

p r obabili t y that t h e i nitial s tat e i s o ccup i ed r~ and the p 

fin a l state is u nocc upi ed I-f4 ~ . The r e ve r se p r ocess nay 
p +q 

tak e place in the a b o v e p r Ocess and i ts p r obability o f 

o ccurencc is f~ .(l-f~) . 
p +q P 

I f the r e i s e quilibrium b et v ee n the t va p r ocesse s then 

ther e i s no ne t a bs orpti o n o r c r eat i on o f pho no ns . If on 

t he o the r hand the r e is Q£ e quili b ri um t he n using quantum 

stat i st ic s and pe rturba ti on t heo ry one can aho y that 

(Akhi eze r eta l , 1951) 

• + 
ff .... (l-r .... -+ ) -f ........ ( I-f .... ) xIS (c .... +hw- cp +q) 

p p +q p +q p P 

+ 6( c ...... hw- c ........ ) 
p p+q 

(27 ) 
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For tbe cbaose in phonon spectrum 

a • • 

for example Kaganov M. t. and Bemen e nko, (1966) . 

The symbol ' f denotes the principal value ot the 

integral , and IMll i 8 the equare ot t he ma i yU" element 

~. of the t vo states whi c h includes facto r . or the type 

An alte rnative expression tor r~ - tp+ 

and 

f ... -t~ .. 
p p+q . -

d(E ... + tiw - c-+ .... ) :I P p +q 

'" 

1 •• Ii 6(",- K . V) 

i. that 

(29 

( 3< ) 

Equations ( 29) and (30) a r e ob taine d under the ••• umpticr 

that!lw «t
Jo
, and T+O. 

The quantum formulas tor Aw a nd r are related .atbaaa­

tically as is shov n in SemeDenko', a r t icle, (1967). 

~'" 

where 

and 

= f IM I' (rp- tptql :(tp-

r( g,~"'-tldt 
t 

• 

• 

t . 
un 
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2 · 4 Migdal-Ko hn Anomal ies f o r Sphe ri c a l Fe r mi Sur fnce or Metnlu , 

Co ns i de r nov the a bs or pti o n coe ff i c i e nt a nd cha nge i n phonon 

f r eque nc y 'Whe n T .... O an d hw «Cr' Asaum e a lso th l\t t h e \,;nerp:y 

s p ec t rum c {;) i s iso tr op i c in monentuc s pace i e . c (i ) - pl/ 2n . 

Eq ua t i on ( 27) viII nov be s i mpl i fi e d to the expr e ssi on 

(32) 

Equat i on ( 32 ) viII va ni s h un l es s 

a nd a r e sat i sfi e d s i mu l tnD cQ uoely. 

Thu s , 

!C= 
2" 

The i nter sectio n o f th ese t va s urf aces consi s ts o f a llo wed 

va lues o f p hono n moment um q . 

The r e c a nno t b e a ny in te r-

sect i o n if q > 2PF ' 

The ma trix el e ment jMI2 

de pen ds o n t he curve o f 

in ter sect i on . As sumin g 

--
( 
/' x 

) 
\ 

Fi g . 1 . Tva in te raect i np 

sphe ri cal Pe r t'l i 

su r f aces 
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\ 

, 
lie t h en h a ve 

• ~~ IM I ' o 
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, 
I 6( E.:. -

2. 
( ~ + )' 

£ )6( ~ -
F 2m 

Us i ng s ph e ri c al coo r di na tes to e valuate t h e i ntegral we 

get 

(31 

Integr et io n .. Uh. r etJpe c t ~ give s 2w. To i nt e gr a te v it h 

r es pect to e Bubs t i tu t e f irst cos 9 by x . Then 

-sin 9 da = d x a nd the limi t s ot integr at ion will DOW be 

~rom 1 t o - 1 vit h r e s pe ct to X 

= 2 .h~I Mo l ' ( 2.)' 
2 q 

1 
I 
-1 

P F 
I t( p' - P F1p 'dp 
o 

if q > 2Pr 

x 

v i t b 
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, 
The absorption coefficient is thUG constant f o r a non 

zero but specific value at q as tar &1 q < 2PF and zero 

Tb e phonoD f r equency w c an be exp ress ed &s the IUm 01 

a smo oth part We and s ingular part ~w • wh ere Aw i , 

given by equation (2g) . 

6w • 

• I JoY' f 
t~ < 

Conside r nov I I = 

I • 
1 

dSp - IJoY'} 
dJp 

t-+ E.... .... t~ -£ ........ c
F 

p - p +q P p +q 
t + + < tF p +q 

!- diE; 
E+-£ .... -+ 

t i\« p p+q 
F 

T\2 .. -+ z 
~2 _(p2 +2p. g+g) 

• 2. 

+ , 
There is no l oss of generality if ve assume q to be dlr 

+ • 
1 th ·Xl' S , Let the angle betveen p and q h~ 6 ted a ong e Pz Q 

• 

• ill 
q 

p2. s i n9d9d+dp 2: 

2pqc os9 + q 

atter in tr 

t o & an d 9 . Note that the log.r it ~4 gratio n with respect ~ 
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, 
function is smooth aroun d the singular i ty o t th e d~no*i-

nator. ie. 

P dx 1 x·xo -c 1 
= t n lAx+81 + t n IAx+' I Ax+B A -1 x--1 x-xo · C 

1 
tn I~~! I = A 

Evaluation of the above integral II lea ds to the expresci'r 

(Dwight . 1961 ) 

I = 1 

Similarly 

2.m 
q 

-f 
t~ ~ 

- p+q 

~ ~ ~ 

Introduce nev variable letting P ~ p+q 

since the Jacob ian i 8 1. 

v e c a n nQ\' 'J1':'" 

the old vSli .. 
~ 

bl e . small i-

~......!dL;'~P"---y using equa tien 133 l~ 
(p-q)'- p' , 
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v e haye 

, PF 
- 2m 

1 dx 

o 
2pqx-q r 

o 
q I 

whicn i s i denti ca l t o e quation (3 51 ot I 1 , 

Combi nin g Y e get 

Equat ion l36 ) can be re-vritt en a~ 

AUI .:: 

The last t e rm c an b . included with the smoot h 

w = Wo + flw_ The l a s t e xpression o t dOl i. ot 

o. 
f d~ 
o 

pe.r t 

t he 

dOl • x 1. x wbe r e " ~ 2py-Q 

t i m 
1n x tiD ~ + 0 

.tim dOl • l/x • ....1 x t 
x +O ,,+0 x+o 

Th i s s hows t h a t aW i8 a con tinuo us t UD c tion . 

or 

tor m 
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Con s i de r the group ve l oc i ty which is de fin e d a s 

V , Ii d(6w) h d(6w) dx d(6w) • h g dq dx = -dq dx 

~ i m V ~ 00 
g 

x+O 

It i s e vid ent t ha t the r e is n ki nk i n the phonon d i s pe nio n 

lay whi c h r e sults in infinite gr oup ve locity. 

tJ Iii it 
/' ) :~ f I 

( / ; 
I ____ » I '>-
'l.PF 1- APF ij.-

l GI. ) [ b) 

Fig .8 . Di spe r s i o n curve s f or the phon on fr e quency ( a ) and 

gr oup ve l oc ity (b ) f o r sph e ri c a l Feroi su r fa c e . 

The abov e k i nk in the phonon dis persi on 1 8~ l e ads t o t he 

expectat i on of th e appearance o f the i mage o f t he Fe r e i 

surface o f the metal concer ned. 
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This b e hav i our o f th e phonon spect rum at abo ut q • 2p p 

vas first disc o vered th eor et ic a lly by Mi gdal (1958) and 

then Ko hn ( 1959) indepe nd ently. Its e xp eri mental co nfir -

mati cn vas fir st p r o vid ed by Brockhouse etal (1961) f o r 

l ea d. The magn itud e o f the kink is suppo s e d t o be v e ry 

small as est imat ed by Ko hn h i mself nnd Taylo r (1963) c sp e -

cially f o r metals havin g almo st spher i cal Fe r mi su r fa c e 

(Wall and Kohn, 1962 ). Af anascv aDd Kagan (196 2 ) Ave sho w' 

that the r e l ati v e kinks o f different Fermi surfac e s ~r e P B 

pl otted bel o .... : 

a ... spherical 

b + cylinderical 

c ... nearly pla n e 

Fig . 9. Re lative kinks in phonon 

d i5 pe rsi on cu r ve f o r di f f e ­

r e nt Fe r mi surface . 

2 .5 Phy s i cal Se nse of the Migdal-Ko h n An omali es 

A mo r e physica l r e l ationship bet~ecn the abs o r pti on c oe f -

f cy can be a rrived fi cient and c hange in the phonon r eq uen 

a t using the vell kr. o vn Kr nmers and K r oni~ r elati o n s v he n 

appl i ed t o the diel ect ri c functi o n E(q, W) . 
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Th e dielect ri c f unct i o n d Q.w) I whi ch is dependent on the 

phonon fr equency wand mODentum q i s ~ive n by 

d q ,wl • I + 
f.,. - f + + 

_ p p+g 
«+ +l-c+-hw+i hCl p +q p 

imposs i ng a n osc illut i o n o f f r equency w. wa ve-v ecto r q 

g r ov i ng ~ l owly with t i ~c constant a(Z i man . 1979). The 

funct i on c ( q ,w ) i s somet i mes ca ll e d Li ndherds die!cc ric 

f unct i on. I t i s a comp l ex funct i on, the ima ginar y part 

be i ng r elated to t he abs orpti on coe f fic i e nt r and the ree. 

pa r t to the ch an ge i n phonon fr e q ue nc y . This r elationship 

will become obvi ous i n l a ter sections we r e we wil l fi nd 

that t he s i ngu l a ri t i e n f o r C(Q,w) . wand r f OT a spherical 

Fermi sur fa c e a r e al l at q = 2PF ' ie . 

dq ,ol = 1 + 

, 
k s 
-,: F 
q 

( See Back Thor A, 196 3) . 

(2}l 
F 

(38 ' 

Whe r e k i s the Fe r mi Thomas sc r ee n i ng para~ete r and Py is 
5 

the Fe r mi r adius i n mo me ntum space . 

The f unc ti o n o r F (x) is sketched below: 

F i g. 1 0 . 



• 
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£(q ,w) being complex can be expr essed 8.S 

£ 1 (q,W) and E"(q,W) i ntu r n a r e related by Krnoer's nnd 

Kronig Relat i o n s: 

E' P ~ 

C"(x) dx = , ! 
- ~ x-w 

~ 

E" P ! C'(x)dx = 
rr X-w 

- ~ 

Equation {40} is r e l ated to 6w end equati o n (41) 0 r. 

The simila ri ty in the l ogar ithci c s i ngularity b e twe e n r, 

~w and c(q, w) indi ca t es that the cause is related with 

(39) 

the r espo nse o f the conducti o n elect r o ns t o the moti o n o f 

i o ns . At q = 2PF t h e co nducti o n e l ect r ons fnil t o sc r een 

o ut the i on ic e l ec tro static field and thus the an o~aly is 

created. Kohn's a ppr oach ( 1 959 ) t o this pr oblem of the 

phonon spect ruc is based on the diel ec tric functi on wher e 

as Mi gdal (1958) f o llo wed field theor et i cal cethods . The 

quantities r, hw a nd c( q, w) behave lik e th e func t i on F (x ) 

s k etched in Fi gur e 10 fit abo ut q ~ 2 PFo 
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CHAPTER 3 

IlIGDAL-F.QHI: ANOMALIES FOR THE CAS OF CHANGE IN TOPLOGI OF 

FiRMI SURFACE OF METALS 

3 .1 Apnearance (Dis~ppearancel of Spherical Cavity. 

The anoma lous dependence of the sound absorpt ion coefti 

eient r snd change in the phonon frequency 6w on ~ ·ET-~ ~ I 

vhere £F is the Fermi e nergy and Ec is th e critical 

energy at vhi ch the topology of the Fermi-surface ebs"je' 

is celculated in this section near z = 0 (see Pi8.4&) . 

In equat ion (32) • £~ = C + 1'.' 
P c 2m 

and , 
6(Ep -EF ) = 6(L - z ) 2m 

and 

asauming that t. w~-< z a nd T '" 0 sl::nc c 'lie are interclllt .. 

in the rougb estimation of the ~r ngulariti es &8 in a ectict. 

2.4. Thus, 

= (21nl'hw 

• 2ttm'hw IMol',Pz 6(p'-pz') d(p') 
q 0 

wbere the condit C)D 
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of integration is I x 1 ~ I or 

r q < 2p z 

q> 2p z 

~w tor th e appe arance or d i sappearance ot 8 spher ical 

Fermi s urfa ce is, trom e quati on ( 28) I 

d' 
c(~ ) c c• + p - ,-tq 

1"01' f d' ¥ = ~ 2P~C;;':9 ~ ~ E.:. - -
< z 2m 2m 2m 

2m 

I M I' f 
d' {l: - ~ - (p+ql' 0 

(1!j)\' <z 2m 2m 
~m 

COD side r t he first integral and use equation ( 33 ) 

sin9d9 dt vhere Pz" 12t:1z 

= 
p 

4wm / {/Z 
2 q 0 

r 
o 

n s ine d& 
2pcose+Q 

p. 
r 
o 



= _ 2'ITm 
q 

= 2nm 
q 

The 2nd 
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{4p./ -
, 

q I. n !2p z 
8 2pz 

i ntegr al 12 .... i11 

f 

e; ... e; ........ 
< p p - p +q 

z 

4' , 
~ I.nI2p-q! 

- ql pzq) 
+ q 2 

yield 

lett i ng P :: p+-q 

I pi < P z 

= 2m r 
q q-2p cos e 

1 = 
2 

4.m 
q r 

n . 
p2dp f 51" a d a 

o q-2p cos e 

Fo ll o wi ng similar procedur es .... e fin a lly get 

we get 

Combin i ng II and 12 we have t he final expr essi on f o r 6w RP 

= 4nc ! Mol' (4pz ' - q' I. 
q 8 n 

(4 3) 

This r e sult is i dentical in f oro to that o f a no r osl spheri ­

cal Fe r mi su rface (no t r ansition o f o r de r 2~) t~eated 

b e f o r e in sect i o n 2 .4. So the conclus i on giv en ther e eppli es 

a ls o t o th i s sec ti o n. 
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~ance (Disappearance} of El lipso idal Cavity. 

- is case the energy spect r u~ is given by eq uation 

ie. 

Pl 
, 

P2 
, , 

.2 E(p) • E + - + - + c 2ml 2m2 2m
3 

(Pl +0
1
)' (P2+0 2 )'+ (q3+P3)' E( .... -+}= E + + .p+q C 2m

l 2m
2 2m3 

duce DOW ne w variables P and Q defined by 

P
l 

Pl 
P2 

P2 P
3 

- ~ 2rm; =rm; -1m3 

= 
ql q2 

and Q
3 
~ GO that Ql ~ Q2 It; 1;;- "'1m3 • 2 

, , , 
P' 

Pl P2 .2 = - + - + ml m2 m3 
(44) 

, , Q3' 
Q' °1 ~ + --= - + m3 ml m2 

(27) and ( 28) vilI have t he fo r m using the equations 

ev variable s 

= 
1 p2 ~1 

( )IIM l'twI6(~ -z)6C2 2 +PQ co. e m1m2m3 0 2 - z) d' f ( 5 

-IMol' Cmlm2m3)! J p 2 sin9d9dPdi: .. = !' .Q + g' 
1p. 1~2z 2 

- IMo l' (mlm2m3)1 J P sin9d9dPd! ( l6, 
iLq' P' 

2.<2 z ( )- -
2 2 



where = 

= 

where 

r 

, 
(c l m2m

3 )' pZsinedPded~ 

:'IMo l'(m1m2m 3 ) !nw 

Q 

2. 

!f&(~'-2z)d(P') 

1 
f d$ = 2. 
o 

and ! O(PZ+Qz+2PQx-2~}dX. 
-1 

( 4 r • 

Q > 2/2z 

The first part of equation (46) can be evaluated in a 

similar fashion as i n section 3.1 . 

~ 

= 

= 

p Zsined9dPdt 
2PQCO SS+Q2 

-2IMOI'(m1m2m3 ); [S P' 
1 dx f 2PQx +Q' -1 

Ipi.<2z 

-2~IMol'(m1m2m3)1 
f P to 12P

+
Q

ldP 
Q Ipi < 2 z 

2P-Q 

, 
212z-Q I I ' . , [ Bz-Q' 2iT Mo (M l m2m3 J 

---s to l?ffi+QI Q 

2. 
f d J 0 

I :> ---
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Similarly 12 gives 3n ident ' c a1 ... result. 

Thus 

6" 

The ani sotropy of rand IlW is . noy ObV40UB from the 

results of equat i ons ( 47) and (481 b ecause of the Q 

depend ence. 

and 

= q sin e cos~t + q sin e sin ~j + q cos e k. 

= si0 2e S'in 2t + 
m2 

The c ritical value of IQ I i s 2/ 21. which corrosponds to 

the c ritical value of the phonon momentum q.: 2/ 2M·z 

with M* being the effect ive mas s. 

M* ~ ( 

Thus for t he case of a ppe a ran ce ld i s s p pea r socel of elli ~ 

soida l cavity the singularities ot rand 6w are ~ni8ot 

ro~ic b ecause of the e and ~ deoendence o f tbe effectiv 

mass . Information about the relationshiu betveen the Dr 

cinal values of the ef fective mass ten sor maY be extract 

from investi~ation o f the Mi~dal-Kobn anomali es . 
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Besides the logarithmic singularity in Aw we hav~ no v 

additional !22l singularity in equation (46). 

3 . 3 Peculiarities of the Migda l -Kohn Ano malie s f or Br akine 

of Neck~ . 

Refer ing back to figu r e 4b we will nov analyse th e s in S'l 

laritie~ in tbe ph onon frequency to r the unpa r ted hyp~r 

boloid (z>O ) and for the parted hy-pe r boloi d (z< 0 ) . For 

rough estimati o n tw i s ignored , T.O is assumed and int~-

gration with re spect to o-function is us ed since it ie 

easier to treat. 

1M 1 2(/~_ I.+_)d·p 
d P P 9 6w = f e:-+ - e-t -t p p+q 

( 50 l 

Conside r now the following cases : 

Case 1 q : (O,o,q) 

Case 2 q .: (o,q,O) or (Q .o, ol 

q = (O,q s i ne . q cos 9 1 

Z may less than zero fo r each e a e. be greater than or 

Case Is q = (O,O , q) snd Z>O . 

The energy spectrum is , , , , , 
PI ~ PI P2 P3 

: Ec + - 2mll E(j;) : Ec + - + 2m2 
2m

3 
2m.!. 2m1 
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where m
1 

= m -2 - J'Dl.. and I'D a m 
3 " 

. There is no 108 

in generality 0 thO 1n 18 assumption . 

p , p , 
(2:. - .:L Z) Pol. d~ dP 3d~ Aw = llwlM I' fO 2mJ. 2m" 

0 , 
pJ. p , , 

(P3 +Q )' -L p .... 

2mJ. 2m,. + 
2m. 2m" 

Cylinderical coordinates are nov be'n. .... used instea.d of 

spherical coo r dinates becauGc the figure3 con8i~ered h y 

cylinderical symmetry. 

= 
2ml OW IMo122m" 

q 

= 
q 

21'iU!l1 Mo [ 2ml. mil 
= Aw 

q 

f 

tn 1
2Po

+
q l 

2p - q 
o 

In the close vacinity of the critical point (since our 

, 

interest is near z = 0) p «q so there is no singular] 
o 

ip 6w since the limit is zero . Besides there is no eXT 

cit dependence on z as in sectioD .2. It , i. a •• umed t~ 

ue zero there is no change in equation (51) . 
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Case lb. After the rupture of the conoecting neck th~t 

is for z < 0 we get 

= ""' 1M I' f 6 o 

t ' , 
~ Pol _ 2 

2m.l 2m" 

2P3Q+Q 

?mu 

Fig . 11 Hype rb oloid 0 f tva sheets indicating P . '3 rill. n 

tJ.w = ilw I Me 12.2'1l"2m" 

2q 

( 5 

The first logarithmic express i on ).0 equat ion (52) is Dot 

an actual singulari ty since Po C&D be t~ken arbitrary ~ a 

as i n case la , but the second one is important. It cont 

an explicit dependence on ~ and it is partieul
ar1

1 ~~r 

tant since tw is DOV proportional to tnlxl ratber than 
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xlnlxl as in previ ous sections. Thus. the sin~ul ~ri ty i s 

now much stronger . 

lim 6w -+ co 

x+O 

l o gari thmi cally. 

The gr oup vel o city V = hd(6w) 
g dq has hype r bo li c s ingul ari t y 

as X"'O s i nce 

v = h d 
(6",) 

= -I.h l (ill) g dq x dx 

ih.l 1 if x > 0 
whe r e = { 

d x - 1 if x < 0 

Such a behavi ou r in the phonon spectrum aft e r the ~ptur 

o f the neck is e xpected s ince r vanish e s f or t hi s cas e 

(Davydo v. 1976) . 

Fig.12. 

~ 1:7 
, 

Mi gda l-Ko hn singulari ties f or the pho no n 

fr e quency ( a) and gr oup v eloc i ty (b) 
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Case 2. Assume nov the t • vee or q to be perpendieul~r 

6w 

to the axis of the neck. say • q • (q,O,O 

Fig . 4b. 

P , 
.I. 

='!JwIM I' f (- -
0 a 2mJ.. 

PI 
2 

-+ 2m
1 

= nwlM 1 '(2m~ )' r <I o 

p , 
2_ z) d'p 
2m" 

P 2 P 2. (PI +q) ~ P2 
, 

-L_:.L -2m2 2t13 -- + 
2m1 2'2 

-(2p~q 

P3' 

2'3 

after integrating with r~spect to p~ sing the id(ntit 

r I (x) o( x-a)d(x) = ((a) . 

To integr ate with r espect to $ v e have to use the sta 

dard integral 

"'he r e 

2n 
r 
o 

• 

d~ 2n 
1 + 8 cos¢!= 11-a 1 see Dwight (1~61}1 

= .?r 2mL (P3' + z~1 <1 
q L 2m" ~ 

an:\ a > 0 
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6w = - 2tw I M I'm' 2. 
d~ o "- f dP3 f 

q' 0 1 +8 C08~ 

= 
4.~w I Mo I 'm1.' 

f 
dP3 

q' p- 4 ~ , 'Dr Q2 mJ..(2 + 
2tru 

4.hwlM I'm.' dP 3 = - 0 
f q' ( 8 ..... 4 ..... P ')! 1-- z 

- q~mll q' 3 

This integral should be reduc ed to the standard form 

sign of z. 

= 

z> O 6w= -, 

where 

To do this we have to limit the 

(1 - 8 

2m.d j q 2 m.j I- 611J. Z 
-!,....-( , )-
qm II ~m.l. q 

I-8mA. 7. - '" 

( q' l-p 1 \ 

T~il value of m 
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is consistent with the above limitation nnmely 

o < a < 1 

i s obtained for ma,X "a" ie. 

The result of the integration is 

.o.w = 
~nm {" IIwl"o l'm l/ I 

q 

2 s/~ V~ 

. -1 
fnn 

liwlMol' I-BmJ,. z 
,0 

2 Tr m J.. moo 
z, ° and q' 

= , q 

z = 0 6w 

where 

= 
4h:'b"'\Mo ' 

q 

, 
mllq , 

Po = ~ 

1 

>J... 2 ·f .... 
4'lfm.l. nwlMol mil 

r. Po mil d Pl I [m II 2 P3~! 
0 

~q " = .. 

6w = 
. - 1 .!J.... •• n 

q 

'f... 'I. IIw\"ol' 2n2m J,. m" 
The saDIe .. ~qua = 

q 

2<:0 'iL '/L 11wIMol' P3 11&X 
dp~ - 4 nmL moo 

2 I [p'.ax - P 6w = 
q 

P3min 

10 



'Wh e r e P3 max :t 

a nd P3 min = 1 2m II I z I 

4 ,I, II I' P3max 
mol ti l l No hw -1 P3 

6w = - sin (--~ I q P31:1Cl P3mi n 

Equat i on (54) s ho'Ws that t her e is 6 jucp in th e va lue of bw 

afte r the neck is brocken. 

Ca se 3 

Analysis of the An omalies in 6w f or the cas e o f 

Ar bi t r arY Angle o f the Phonon Mooen tu!Il q . 

--

~ 

I 
I 

G(.( 
- --P-2-

F " 13 Rupture of the connecting nec k of lo g . • 
he Fe r o i su r face 

-1 n~ I 
e :s ta n (- J 

m il 
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We can cboo se the directi o n of +q to ha ve no pro j ecti on 

a l ong the PI ax is . i e . let 

.. 
q = ( 0 , q sin e, q cos e) 

The e xpressi o n f or flw viII then be 

llw = 

= 

nwlM I' ! 6 o 

p , 
_3 __ 
2ml l 

Integr a tion wi th r es pect to p~ i s based on the r olio vin g 

p r operty of the a-functi o n. 

! F(x)6(x - .)dx = F( .) and the r esult is 

llw = 

(55) 
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, 

q 
I (q ,9, z ) 

wbere 

1(q,9 , z) = f 
- P.l. sin e. P3c os9 

Sl n ifi +-"---
m.l. mIl 

and 

P.J.. = ~m.L (:;" + z)] 
! 

or 

P.J.. (2 m.l Z 
C tan '- 9 J ! = + P3 (~ ~) 

or 

whe r e 

mJ. I 
9 = arc tan (-) (see Fig . I~ 1 

or mil 

If e : e , I(q,9,z) vi ll be inde pe ndent o n the pbo~on 
or 

momentum 
+ 
q . This means t hat t he Migda l-Ko bn s ingul arity 

vanishes for this parti c ul ar direction of the in c i dent 

so und. We can investigate the b eh&~~our ot I(q,&, z l as ~ 
+ 

approa c bes Scr fr om bo t h s ides. i e . S ... 9 c r - · Be r e 9 

approaches SCT being less t9c~) or greater 9~r r eapec·t 

vely. 
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Equation (5") '11 h r 'W'1 ave the f orm 

sin 9 J 
f r (q,e,z) = f 

c r , 
un 

P3cos9 .. <l cole T 
+ _ C r _ _ ~-.!c;!r~ ,,{~ 

mil 2m.L '" J 

where 

w( e} = tan 2 e - tan 2 e 
c r 

We can expand W( e} about e
cr 

to get 

til (B- e) + , .. .. 
a 0. e. e c r 

cr 

2 tan e 
= co s le c r 68 

cr 

Where second o rder terms and ab ove are neglected. 

Equat ion (~q ) wi ll now have the f orm 

.. ___ d_P,,"3_d.~ __ 
I (q,9,z):/ ~-

- P..l. sin 9~r 

""'" 
.,., ,, 

1D the l i mit as Ae~O. 

r1(q,e,z1=1 
d~dP3 

01' 
P3 c OS O. 60 

p sin 
cr tan 0" cr 

- q =.1. 
mil m~ 

( ~9 ) 

.in t 



, 
The integral over 

Thus 

2, 
I 
o 

d$ 
I - a sin $ 

dp 
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d~ is of the torm 

and its value is 2, 

If . ( P3cos+ tan 9 
-"_---"cr.r c r 

mn -q mJ. 

, 
69) 

= 2, I '92. .,-

[

C OS ... s~n e ..... tan 2e 2" tan 9 _On '061 ' ( cr _ cr cr 2'" .... .lt3· 
mil 2 m.L' )P3 - cr £" m.!,. tDu 

The above integral is of a standard form 

dx 
f (ax! + bx + c)~ 

s~ gn of a.., ie, on whether 

, 
mil m ' .L 

and the result depends on the 

is greater or less than zerO . Equation (61) caD be vrlt eO' 

as 

( 6 ) 
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For e < 8 th cr e sign of (69,) is pos it ive and 

r-(q ,e, z ) is the logarithmic function Bince 

f dx I I 
(ax2.+bx+c) = ar 

fo r a > 0 [ f see or example Dwight 1961). 

But fo r e > e 
cr 

+ ( . I q , 9,z) 15 a fun ction at arc sin 

type because the value of the above standard integral is 

, -1 
nn 

2ax +b 
(b'-4.c) i a<O,b2. >4ac 

12.x+~I~ [b'-48cjl 

. + [ Sl.Dee I q,e,z) i s ot tbe ar c '" :'Iin tTpe tor 9> e the cr 

Migdal - Kohn singul a ri ti es vanish . Whence i n rupture of 

the connecting neck the Migdal-Kohn singularities mar b e 

observe d only in the case wh e n the angl e between the phono 

wave- vect or of the inc i dent Bound and the axis or the n~ck 

is. less than e cr 

According to the results of DavydoT and Kaganoy (121~) tb 

absorption coeffi cient r bas a n appreciable anisotropy 

upon the rupture of a connecting neck . In certain CAses 

e"( 9 r unde r goes a jump as in tbe formation or ney cAvi t.,. 
cr 

in others e > e it possesses a logarithmi c singularity. 
cr 



i 
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The r esu l ts of this secti on o f the t hesis f o r the phono n 

shift in frequency bw and thnt o f the absorpti o n c oeffi­

cient r 6S acquired by Davydov a nd Kaga nov (1 914 ) a r e in 

ag r eement with the r ecent reBults o f Kagano v and Lis ovskaya 

(1981). Acc ording to the last r esult the s i ngulari t i e s i n 

r and ~w a r e interdependent which is also in line with t he 

p r ed i ct i on using the Kramer's a nd Kra nig r e lati o ns (s ce f or 

example Landau and Lifshi tz, 1958) . 

r Jump in th e de rivat ive 

6w ju~p in the de rivat i ve 

These r elations ind i c a t e that the s i ngulariti e s in the 

ebs orpti on coefficient manifest theose lves in the phonon 

spectrum. 
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CONCLUDING REMARK S 

In gene r a l it is f ound out ,·n th ,·s the,,·. t hat t he anoma -

lies in the sound absorpti on coeffi c i ent r and th e shirt o f t he 

phonon frequ enc y ~w depend on the topol o gy o f th e pha s e r a ns i­

tions o f o rder 2~ a nd o n the l ocal geomet r y o f the Fe r mi sur f ace . 

Durin g the f o r mat i on or disappearan ce o f a ne y spherical 

cnvity r unde r goes a jump ( equat i on 42 ) nod 6w ha s singular i t y 

of t ype x to x (equation 43) fo r any directi o n o f t he p ho no n 

vav e vecto r . 

In the ca s e o f appea r a nce o r d isappea r a nc e o f ellipoo i da l 

cavi t y at phase t r ansiti o n of 2 ~ o rde r the jump i n th e n b so r p-

t i a n coeffic i ent ~as f ound Qut t o be a nis o t r op i c (equati on 4 7 ) 

because o f the e snd ~ dependence o f the equati o n. Th e oi ngu l a -

ri ty in t h e phonon spect r um for this phase t r ansi t i o n i s als o 

anisot r op i c and o f the x £njxl type . Besides t hi s 6w has un der ­

g o ne a change vhich is directly p r o por t i o na l t o 11z1 (the s econd 

t e r~ o f e quat i on 48). , 
Upon the rupture o f the connecting neck three cases ~re 

co nsidered. 

Ca s e l a : q = (O,O,q) and z > O. bw ha s un o bs e rvabl e s ingulari t y 

o f type lnx (equation 51 ) . 



- 57 -

Ca se Ib: 
+ 
q = ( O. O, q) a nd z < 0 . 600 has a j ump o f l ogarithmi c 

f unct i on as compa r ed t o case 1 n . The s in gula r i t y is stro nge r 

than the p r evi ou s o nes. The g r oup 1 . ve OClty has hy pe r bolic s in gu-

larity since 600 is o f typ e fnlxl. 

Cns e 2 : 
+ 
q: (q, O, O). Aw has a c o nst a nt v a lu e f or f i xed 1;1 a n d 

:z. > 0 , and a jump o f a r c s in type f o r z < 0 (54) . So the Mi gdal-

Kohn singular i ties vanish f o r this case. 

Fina lly, I would lik e to st r ess the fa ct that e v e ry a nalysis 

disc ussed i n thi s thesis on t he Mi gdal-Kohn oingulariti e s i 6 upo n 

the ass umpti o n that the temper at u r e T i s equal t o ze r o . If T 

increases fr om zer o gradua l s~earin g o ff o f t he singula ri ti es 

takes place and expe rimental observation o f the image o f the Fe r mi 

sur face becomes mo r e difficult . Als o nw i s igno r ed c ompared v i th 

th e Fermi Energy EF or z = C
F 

- Cc ' i n th is thesis . It i s no v nn 

es tablish e d result t hat fin e st r uct ur e o f the singula r it i es (i e . 

two clos ely l oceted kinks) s h ou ld appear on t he abs o r pti on co e ff i-

c i ent and change in phonon frequency cu rves . 

\ 
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