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Abstract

This project work contains two parts: sobolev spaces and application to elliptic partial
differential equations. The theory of sobolev space has been originated by Russian
mathematics

S.L sobolev around 1938. These spaces were not introduced for some theoretical
purpose,

but for the need of the theory of partial differential equations.

This paper is then aimed at showing the applications of sobolev spaces defiped in
spaces, solving Dirichlet problems for the poisson equations, and the Dirichlet problems
with spectral parameters.
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Introduction
In mathematics, a sobolev space is a normed space of functions obtained by imposing on

a function f and its derivatives up to some ortdéne condition of finite.,, norm, for

given p = 1. Itis named after Sergei L.Sobolev, In many problems of mathematical
physics and variational calculus it is not sufficient to deal with the classical solution of
differential equations. It is necessary to introduce the notion of weak derivatives and to
work in the so called sobolev spaces.

Let us consider the simplest example the Dirichlet problem for Laplace equation in a
bounded domai© 0 R":

Au=0,xJQ
{u(x):;b(x),xDaQ )

Where¢(x) is a given function on the boundaq . It is known that the Laplace

equation is the Euler equation for the functional

|(u):jgé

We can considefD) as a variational problem: to find the minimumi ¢fi) on the set of

oul
oX.

functions satisfying condition\ 0Q = ¢ .it is much easier to minimize this functional not

in C* (5) Jbut in a larger class.

Namely, in the sobolev clagg' (Q).

W; (Q) consists of all functionsiO L, (Q), having theweak derivatives 9, udL, (Q),
j =1...n.if the boundarydQ is smooth , then the trace o{x) on 9Q is well defined

and the relatioru\ 0Q =¢ makes sense. ( This follows from the so called boundary trace
theorem for sobolev spaces.)

If we consider| (u) onW; (Q), itis easy to prove the existence and uniqueness of
solution of our variational problem.

The functionu OW, (Q) ,that gives minimum td(u) under the condition\dQ=¢, is

called theweak solution of the Dirichlet problen(D).



Basic Definition and Notation
N: The set of natural numbers
N,: The set of non-negative integer

R": n - Dimensional Euclidean space axd (x,, X,,..X, ) be a variable

element ofR"
Q: denotes a bounded open three dimension regi@in

0Q: The boundary of2, is simply connected, closed infinitely smooth surface.

Q: The closure o (QORr")

We say that a domain @' [0 Q [0 R"is a strictly interior sub domain g and
writeQ' 00 Q,if Q' 0Q If Q' is bounded and’ 00 Q ,then dis{Q’,0Q} >0 We use

the following notation

n _0u
X=(X,%,,..%, ) OR ,OJU—K

J
a =(a,.a,..a,)0Njis a multi-index
la|=a,+a,+..+a,

|al
D= L: the ordinary derivative of the functian(x) of ordera

0x0%5?..0X."
whered Njanda #0

e
Dgu= (%} : the weak derivative(x) of ordera
OX*..0X"

Ou =(0,ud,u..8,u) |Ou| = (Zp u| j

For a measurable non-empty s2J R"we shall denote by:

L,(Q): (1< p<w):is the set of all measurable functiofx) in Q such that

1
the norfa) (_Hu |de is finite



L, (Q): is a Banach space we'll use the following property
P
Let uOL,(Q),1< p <o we denote, (u, Lp) =su _f ‘u(x+ 2) —u(x)‘p dx]
4= \R"
Here u(x)is extended by zero oR"\Q. J, (u, Lp) is called the modulus of

continuity of a functionu(x)in L, (Q)thenJ, (u,L,) - Oasp - 0

L, (Q) :is the set of all bounded measurable functian jithe norm is defined

Jul. o = ess SUPu(x)
0
Loiec (Q) (1< p< ): the set of functions defined dd such that for
each compadfl Q, f 0L, (k)
w, (Q)(I0N,1< p<=): sobolev space, which is the Banach space

of functiorfsO L, (Q) with the norm

1y =11l * 225

For any arbitrary non-empty sex 0 R" we shall denoted by
c(Q): the space of functions continuous @n

cy (Q):is the class of function(x)inQ such that

au (x) is infinitely smooth, which means thé#uis uniformly

continuous i, Da

bju(x)is compactly supported: suppis compact subset of2
udcy (Q) = ubc”(Q)and supm 0 Q
c (5) - is the Banach space of all functionsthsuch thatu (x) and 0“ u(x)

with|a|<| are Uniformly continuous if) and the norm

Jul. (@~ ZSUQG”U(X)‘ is finite

lalsl xoQ



If | =0, we denotec® (5) = c(Q)
c*(Q)= ﬁ c'(Q): the space of infinitely continuously differentiable @n
1=0

fof2 be a measurable set ahg p< oo
Holder inequality:

Suppose%+% =1thatisp’ :Ll for 1< p<oco,p =cofor p=1and
p_

p'=1forp=c.if fOL (Q)andgOL,(Q) then

fg0L, (@) and|fd], g <|f], ()9l o)
Minkowski’'s inequality :

If f,90L,(Q).then f+g0L,(Q), and|f + 9”Lp(9) <|f ||Lp(Q) +||g||Lp(Q)



PART-I
Sobolev space

The analysis of PDE’s naturally involves functions space that is not only defined in terms
of the properties of the function itself, but also in terms of the properties of its
derivatives. Sobolev spaces are useful tools in this analysifQ e an open subset of
R", with smooth boundaryyQ then now we give the general definition of sobolev
space, based dn spaces

1.1 Moallification of function.

1.1.1 Definition of mollification

The procedure of the mollification allows us to approximate function

udL,(Q)by smooth functions.

Letw(x),XxOR" bea function such that

wlcy (R"),w(x)20,w(x)=0if |21, and
[ w(x)dx=1 (1)
i

For example, we may take

-1 |.
cex if X <1
p{l—w} .

Oif [x|=1

Where constantis chosen so that condition (1) is satisfied.
For p>0we put

w,(X) =p‘”w£%j,xDR“ (2)
Thenw, Ocy (]R”),a)p (x)=0

w,(x)=01if |[X=p (3)

jwp(x)dx=1 (4)



Definition:

w, is called a mollifier

Let Q O R" be a domain, and let0]L (Q)with somel< p<o

We extendu (x) by zero onR"\Q and consider the convolutios) Cu =:u,
U, (x) = | @, (x=y)u(y)dy (5)
o

Definition:

u, (x)is called a mollification or regularization of{ x)

1.1.2: properties of mollification

Lu,Oc”(R"), anddu, jax ), (x=yu(y)dy this

follows frome, Oc” (R")
2.u,(x)= 0 if dis{ x: Q} = p,sincew, (x-y) =0,y0Q
3. LetDL, (Q)with some pO[1,0] then|u,, ||pR <yl 4 (6)

Proof:
Case-1 1< p<ow

Let l+i =1 by Holder inequality and (4) we have

p P

(9] =| [ @, (x=)u(v)y

o, 91=| [ (x-Y)a(5) = e (=)t

= [ @, (x=y)lu(y) dy

- [ @, (x=y)reo, (x= ) |u(y)|ay

R"



1

:(pr(x-y) Jd[ﬂiwp(x-y);\U(V)\dyJ

[y

(\u(y)\p)pdy

A

- J;wp(x_y)

b (9= [ 3ot o |
o (9" < [ @ (x=y)u(y)" d

_Hup(x)‘pdxs deiwp(x—y)‘u(y)‘pdy

R"

< _[a)p(x—y)dx.ﬂu(y)‘pdy

R" R"
=1

< Uu(y)‘pdy

<ul
50 < 10 5

od ] T
Case 2:when p = ,we have

o, ()< J @ (x=y)u(v) oy <l | @, (x-)ey

%f—J
=1

= ”Up “oc,R" s ”u”oo,(z
Case3:when p=1

We integrate the inequality

‘up(x)‘ < J'na)p(x—y)‘u(y)‘dy: J'na)p(x—y)dx..[ ‘u(y)‘dy

< [Ju(y)ay

R"

= o], o <1l



4. LetudL,(Q),1< p<,then
||up —u||p']Rn ~0asp-0

Consequently.

u, ‘U"p,g ~0asp-0

Proof
The proof is based on the following propertyifi L (Q) and u(x)

is extended by zero, then

1
F{”u (x+2)- ‘dxj :Jp(u,Lp)ﬂOaspaO
\21<p

( )ls called the modulus of continuity efin L
Case 1:1< p<o and by (4) and (5), we have
Ju, (x)~u(x) < [ @, (x=y)[u(y)-u(x)|dy
2
1

= [ @, (x=y)7@, (x- ) u(y) ~u(x) oy

R"

Then by Holders inequality, it follows that

=1

Integrating both sides
[u, (x)=u(x)]"dx< [ dx[ e, (x=y)[u(y)-u(x)" dy
R" R" R"

= a)p dzJ. |u y+z |dy

|Z<p

=supf u(y+2)-0 ()@ | @
[4<o R" 2=
=1

=Jp(u,Lp)p

(7)



= u, -yl .. <J,(uL,)-0asp-0

Case-2: p=1,we have
(%) =u()|= [ @, (x=y)Ju(y)-u(x]

= [, (%) ~u(x)ex= [ x| e, (x=y)u(y) ~u(x)dy

X_y::i W, (z)dzjn ‘u (y+2)-u( y)‘dy

<J,(uL)-0asp-0

Remark:
If p=co there is no such property, sindg limit of smooth functionsu,(x) must be

continuous function. I Dc(ﬁ) and extend;(x) by zero, then we may loose continuity

5.1f ud c(ﬁ) ,Q00Qand Q' is bounded, then
o, 0500

Proof: Letp <dist{Q';0Q} . Then
0, (=) = | @, (x=)(u() ~u())

X_é:zj'na)p (z)(u(x—z) —u(x))dz

= Sunup(x)—u(x)|s Supsu|p(x—z)—u(x)| L0asp-0
xaQ' x0Q'  |g<p

(Since(x) is continuous i)



1.2: classcy (Q)
By C; (Q)we denote the class of infinitely smooth function®
with compact support:
ulCy (Q) = uoc®(Q) andsupu0Q
Theorem &
c; (Q)is denseinL (Q), 1< p<o
Proof:
LetuOL,(Q) ande>0.

LeD)'’ be a bounded domai®' 00 Q and||u||pr\Q, s%

. u(x)itxdQ'
We putu )(X):{Oi(fx)DQ\Q’

£
<_

Then |u-u oS3

Let (x) be the mollification ofu® (x)

£
o

£

u,—u

£ .
< — for sufficiently small
o =2 y P

u’ Ocy (Q) for sufficient smallp

£ _ 1
UpU+U

£ £

ul
14 p.Q

4

Hence, p.Q

< +

p.Q

ué —u‘ ué - u||
P p.Q

< % + % =¢ for sufficiently smallp

Note thau'®) Oy (Q)if p < dist{Q’,00}

10



1.3 Weak derivatives

1.3.1 Definition and properties of weak derivative

Definition 1:

Let Q O R"be an open set,(0Nj,a#0 and f,gOL,,, (Q) the function g is the weak

(distributional) derivative of function f on order on
Q(g=Dgf)if Op0c(Q)

ffD”¢dx ‘"‘jD”fqﬁdx jg¢dx wherela|=a, +a, +...+a,
Q

Hence, the classical derivatidé f is also the weak derivative of course,

0“f may exist in the weak sense without existing in the classical sense.

Remark:

1. To define the weak derivatigéf , we don’t need the existence of
derivatives of the smaller order (like in the classical definition)

2. The weak derivative is defined as an elemerit, gf(Q) , so we can
change it on some set of measure zero.

3. Note that if a functionf 0L, . (Q) has a weak derivative f

on Qthen automaticallpy f OL, . (Q)
Example L Forn=1Q=R ,|x =sgnx

Proof: O¢Ocg (R)
I|x|¢' (x)dx = —i X¢ (x)+Ix¢'(x) dx

= x4 (X) L., +xp(x E+j¢ X~ [ #(x)ox

0 (- (e ®

and



j:¢ (X)dx - I ¢ (x)dx (9)

Hence from (8) and (9) we can see qlxhvt: sgnx
Example 2 forn=1,Q =R the weak derivativcésgnx)'X does not exist ok

Proof:
Supposeg 0L, . (R)is a weak derivative thehy Oc; (R)

Iosgnx¢' =(- ])Io g (x)dx

- -i¢'(x)dx+I¢'(x)dx=—¢(o)—¢(o)=—2¢(o)
. (—1)_]" 96 (x)dx = ~26(0) (10)

Taking ¢ (x) = x (x) with arbitrary Oc; (R) then from(10)
~|.g(x)4r5(x)dx =0

Thus g ~ 0 this leads to a contradiction

Properties of D? f

1.Lemma: unigueness of weak derivative

A weak a™ partial derivative of f, if it exists is uniquely defined
up to a set of measure zero.

Proof:

Assumeg,hOL,,, (Q)satisfying

= j fD@dx = (—1)‘a‘jg¢dx: (—1)‘”‘jh¢dx for all test functionf Ocg (Q)
Q Q Q

= g-h=0a.e

= g=h ae

12



Example 3 Letn=1 Q=(0,2) and f (x)={ " 0~ *=1
xample 3 Letn = =(0,2) an ="
: lLiflsx< 2
, 1ifO<x<1 , _
Define g(x) =1 show thatf =g in the weak sense
0,if1<x< 2
Solution:

2 1 2
Let g0y (Q).then [ fg'dx=[xpdx+[gdx
0 0 1

=-[gox+g s +4 |

0
2

=-[ ggax
0

Therefore, f =g in the weak sense

x,if0<x<1

Example 4 Let n=1 0 =(0,2)and f (X):{Z if l<x< 2

Show thatf does not exist in the weak sense
Solution:
Suppose there exigtOL, . (Q) satisfying

2

j f¢'dx=—f g@dx for all g 0cg (R)
Now, —j g¢dx=f f¢'dx=_l[x¢'dx+2.2[¢'dx
:—J:¢dx+x¢|§)+2¢|f
:—J:¢dx+¢(1)—2¢(1)
=—J§¢dx—¢(1)

= ¢(1) :ig¢dx—j¢dx (12)

13



Choose a sequendgs, }”_ of test functions satisfyingg, <14, (1) 4, (x) - 0

For all x#1 replacingg by #,, in (11) and sendingn - » we have

1=lim¢() =lim D 9¢de{¢de} =0ae

Which is a contradiction .Therefore, does not exist in the weak sense
2. Linearity :
If u,u, 0L, (Q)and there exist weak derivatives= Dju, ,
v, =Dyu, OL,,,.(Q) then there exisb{ (cu, +c,u,) and
Dy (cu, +cu,) =¢Dgu, +¢,Diu, , ¢,c,0C
Proof:
[(cu, +cu,)D7¢ (x) dx = ¢ [uD¢ (x)dx+ [ u,D¢ (x)dx
Q Q

Q

=(-1)" ¢, [vigax+ (-1)" ¢, v.gelx

= (—1)‘”‘ _[(clvl +C,V, )X

D7 (cuy+eauy)
=D (g +cu,)
3.1f v =Dyuin Q ,thenv =Dju in Q" foranyQ' 0 Q

4. Mollification of the weak derivative

“Derivative of mollification is equal to mollification of derivative” this is true in any

bounded strictly interior domai@' 00 Q Suppose that,vOL, . (Q) andv=0“u then
v,(x)=0%, (x) if p<dist{x,0Q} (12)
The functionu, and v, are smooth; the derivativé”u,in (12) is understood in the

classical sense.

Proof: Let p <dist{x,0Q}we have

14



-jw x=yu(y)dy

Then 98U, jax ), (x=y)u(y)dy

Note that 8%a ( ~y)=(-1)" 8%, (x-y)
Hence 0%u =( HJ'aypx y)u(y)dy
Sincep < dist{x,0Q} , then forn(y): w, (x-y)
we haver (y)Ocg (Q)
By definition of the weak derivativ@&'u =V, we obtain
2, ()= [ (<= Y)v(y) oy =3, (4
5. Suppose thanOL, . (Q) and there exist the weak derivative

0°ulL,(Q), 1< p<oo then|d“u, -9°u

o ~0asp-0

for any bounded strictly doma@' 00 Q
Proof:

This follows from property(4) of mollification and property4) of weak
derivatives 0“u=vOL,(Q); 87u, =v, in Q" (for sufficiently smallo);
||vp —v||pr, ~0asp-0
Remark:
If we extendedu(x) by zero on R"\Q, then in general the weak derivatig®uin

R" does not exist. Hence, we have convergeifeg [ 7173 9%uin L, (Q) only for

bounded strictly interior domai@’

Theorem 2:1f D°u=v and D’v=w in the weak sense thdd*Pu=w

in the weak sense

15



Proof:

Lety OCy (Q) and @=D"y. Then
_[ uD* Ay = (—1)‘”‘ j gvdx
Q Q

= (—1)‘”‘ I vDAydx

= (—1)‘”“‘[; ! jz//wdx

Another definition of the weak derivative

Definition 2:

Suppose thati,vOL, .. (Q)and there exists a sequengel]C*(Q), mON,
Such thatu, 07T u and 0“u, O T T vinL,,,. (Q).Here @ is a multi-index and

la| =1 .thenvis called the weak derivative afin Q :0°uU=V.

Remark: definition 1 = definition 2
Proof:
1) Definition 1 [J Definition 2.

Since,, C'(Q), then

[ u,d7px= (-1)” [_o7updx , DpOCS (Q). (13)

For ¢ fixed , the left-hand side of ( 13) tendsjtgwa”’qﬁdx asm - o

%%

UQ(um—u)awdx‘s max Lupp|um—u|de T 0.

Similarly, the right- hand side of (13) tends(te)” [RZLS

Consequently,
a —_ ‘G" 0
[Luo"pax=(-1)"[ wpdx, DOpOCT(Q)

It means thay =0“U in the sense of Definition 1.

2) Definition 1 = Definition 2.

Let uvOL,,, (Q),and letv=0°u in the sense of Definition 1.

16



We want to find a sequeneg, C” (Q) such thatu,, O 771 u and
07U, O Tl v in L, (Q).
Let {Q;},mON, be a sequence of bounded domains such that
Q,00Q, Q,0Q,,and|]Q,=0Q
TN

ifxdQ!
We put U(m)(x):{u(x) I X. m
0,otherwise
Thenu™ 0L, (Q). Consider the mollification oé™ :u("” 0C"(Q)asm - o
We put u,(x)=ul"(x), x0Q.

Pm

Thenu,0C”(Q) andu, 0T T u in L, (Q).
By property (4) of mollification.
Next , by property (5) we havéfu,, O TTTh v in L. (Q)

Thus ,v=0Uin the sense of Definition 2.

Theorem 3:

Let u, 0L, o« (Q)andu, 0T TH uin Ly, (Q).suppose that there exist
weak derivativesd“u, O Ly, (Q).and 8u,, O T T vin L, (Q).then

v=0“U In other words, the operatof is closed.

Proof:

By Definition 1, foro“u,, we have
[_u0°gdx=(-1)"[ a°y,pdx, DOgOc; (Q)
Im- o Im- o
[ ua“gax= (-1)” [ vgax, O¢0cs (Q)

= v=07Uin the sense of definition 1.

17



1.4. Definition of sobolev space based arnyspace
1. 4.1 Definition of W} (Q) (1< p<e),I ON,

Definition:

Supposél<s p<sowand| ONy, Q be a non- empty open set.

The sobolev space/! (Q)of orderl based o (Q)is defined by

W,') (Q) ={u oL, (Q):07uD L, (Q), for|a|< I}
Remark:

For p=2,1 = 0W, (Q)=H'(Q) is a Hilbert space with respect to
the inner product.

Definition:

Iff OW, (Q) we define its norm to be

D7 f|° B,ifls p<oo
2. J|p7f]

|f ”vv;(g) = (”S' ©

" esssup D f| jfp=co
|als!
Definitions:

a) Let{f }"_ ,fOW,(Q). We sayf, converges to i, (Q)

written f, — fin W) (Q), Provided|jm||f, - f||W.(Q) =0

b) We write f — finw, (Q)to meanf - fin W (v)
for eachv OO Q

Remark:

1. The normzw‘sl 9°u

is equivalent to the standard norm.
p.Q

2. W (@)=L, ()

18



Proposition

W (Q)is complete.

p

In other wordal, (Q)is a Banach space

Proof:

Let {u,} be a fundamental sequencevij (Q). It is equivalent

to the fact that all sequencfd’u, } for |a| <| are fundamental

sequences i (Q).

Since L, (Q)is complete, there exist fundamental, O L, (Q)such that
u, O P u, 0°u,, O (. vV, asm - o

Thenu,, - u, 8%, - v, in L, (Q) by theorem 3 y, =9°u

Hence,u,, O P uasm - w

If p=2,then spac&Vv; (Q) is a Hilbert space with the inner product

(V) =, 3 (00X

|als!
For W} (Q)another notatiorH'(Q)is often usedw, (Q)=H'(Q) Using the properties
of weak derivative, we can show that the clE56Q ) is invariant with respect Smooth (

c'- classw) (Q)) change of variables.

1.4.2 Definition of erJ (Q)

Definition:

The closure ofg (Q)in the norm ofw, (Q) is denoted bW;) (Q).

So,erJ (Q) is a subspace in the spatk (Q)

19



Proposition:

Letu DW:) (Q), and let

(4 _{u(x),xDQ

Q
0,xOR™\Q
ThenGOW, (Q)for any Q, such thatQ [ Q, .in particulardOw, (Q)

Proof:
By definition of WIL (Q), there exist a sequencg, O ¢ (Q)

Such that u,, 0¥ uas m - o we get

i, (% :{um(x),xDQ

0, otherwise

Thend, Ocg (Q,)and a, O dasm - «

(since], = o) =Un = Ul (@)

Hence, G DW;J (Q,)

Theorem 4:

Letu DW:) (Q) and let

i(x) :{u(x),xDQ

0,x00"\Q

There for moIIificationsup(x)we haves, 0?11, uin W,') (Q)
Proof:
We have already proved tlitiw) (0"). thena“adL, (0") , [a|<I By property (4)

and (5) oD“u(mollification of the weak derivative) 070, 01T 970 in L, (Q) ,
la<! It means thati, 0773 din W) (Q). But by definition of mollification,ii=uin
Q,andi, =u,.

20



Sou, 07T uin W, (Q)
1.4.3 Integration by parts
Proposition:

Let uOW, (Q)and v er) (Q) ,where% +% =1.Then

[ 07uvdx= (1) [_uavdx , |al<!
Proof:
Let v, Oc; (Q)andV,, » Vv asm - o in W:)(Q)
by definition of the weak derivatidu,we have
IQ 9wy, dx = (-1)” IQ uad“v, dx
Let us show that
I 0%uv, dx O 'P‘IT"[LJ' 0“uvdx,
Q Q
I uo“v dx 0T 7 I uo“vdx.
Q Q

We have

R (T

< g oy P =y

-0asm- «

< Ul oy [V =Vt
—0asm- «

Tending to the limit in (15) am - «, we obtain (14)

21

Jou(ev, o) ax < ([ j? dX)‘l) (Ig\a”vm Al dX);

(14)
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PART-II
2. Application to elliptic partial differential equation

2.1 Embedding

In the application of sobolev space on partial differential equations, it is important to
have inequalities between functions in sobolev space. An application of the concept of
continuous embedding gives us some of these inequalities. In general embedding

theorems gives relations between different functional spaces
Definition
Let x andy be two Banach spaces.We then say thatcontinuously embedded iypand

writexdy. If xOyand there exists a constansuch that||x||y <c|x,,OxOx We

define the embedding operatax — Yy, which takesx[ X into the same element
consider as an element of. The fact thak ] yis equivalent to the fact that the
embedding operatdr: X — Yis continuous linear operator.

Ifjx], < cfx], BxO x,then|l|<c
Definition:
If X is dense subspaceyowe say thatk is a continuous dense injection.Xf]y and
the embedding operatdr: X — Y is compact operator, and then we say ¥has
compactly embedded intp.the compactness of operaitors equivalent to the fact that
any bounded set iiX is a compact set y.
Example:

H*(Q)is continuously embedded ig, (Q).Hence

||¢||L2(Q) < C||¢||H1(Q) OgU Hl(Q) , Wherec<1.

This is equivalent trﬂ¢||L2(Q) < c(||¢||L2(Q) +||D¢||L2(Q)) for some constant k.
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2.2 The trace theorem

For the application of sobolev space to boundary value problems, it is necessary to
restrict functions in sobolev spaces to the boundary of the domain in order to satisfy the

assigned boundary conditions. On the other hand, how smooth do our boundary data have

to be so that functions it *(Q) can take such values? In this section we will introduce

the trace operator which restricts a function defined on the dofdin the boundary of
Q, denoted byQ.

We write XOR" asx =(X,x,),X =(x,,...x,) DR"™*.consider the traces of functions on
the hyper-plang =0.we define the trace operator
Boics (07) - 3 (0™) . (ru)(X) =u(x.0)

2.3 extension theorem
Let kKON, s>k+3
DenoteH ¥ (0m) = H=# (0™ ) x H=3 (O )x...x 7 (™).
There exists a linear continuous operator

p:HH (07) = He(0"),
Such that, ifg = (¢, ¢,....¢,)OH " (0™),u=p, OH*(0")
Theng, =y,u,j=0,1,.. k. we have

2

2
"U HS(D") s C”¢| Kl

ol

K
:<S‘%> (D”’l) - CJ,ZO H¢l

2.4 SpacesH*®(Q)

()

Let Q00" be a domain. There are different ways of definition

of the sobolev spaces®(Q)
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Approach |

Definition 1

H*(Q) is the class of restrictions ®@ of functions inH S([]”):

uOH®(Q) = WOH(R"), Vv\Q.

Approach Ii

Cases=0

Definition 2

H*(Q)is the set of functions i, (Q), such that their weak derivatives up to

order k =[s] also belong td, (Q), and the following norm is finiteju

Hs<oo,

a 2 H —_
Z‘a‘ssua u| dx,ifs=s]
. « 1)
, p |6 u(x)-o u(y)|dxdy (
"u HS dff Z\a\skjg 9"u dx+z\a\:kjgjg |X_y|”+2{5} '
ifs#[s] =k,{s} =s-k
Comments

1. 1f QO 0O" is a bounded domain of Lipschitz class, then both definitions

giving

the same spaces: Defd Def 2. If H S(Q),sz 0,is the sobolev space in the sense of

Def 2,there exists a linear continuous extension opeﬁoH *(Q) - H S(D”)

2. The spacesv; (Q) with fractionals=> 0andp # 2can be definedby analogy with

Def 2 (With “2” replaced by “p”).

3 The embedding theorems can be generalized for spaces of fraction order.

Next, the spacg 5 (Q) is defined.

Definition 3

H °(Q) s the closure oCy (Q) with respect to the norm (1).
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Definition 4 :

i O
Let s>0.then, by definition, H™*(Q) :[H S(Q)J ji.e. ,H®(Q)is the space of linear

continuous functional ofH (Q) with the norm

|<u, ¢ >|
lullg-s = sup ————
0¢¢EISS(Q) ”(p”HS(.Q)

By analogy withH *(R")andH ~*(R"), for uIH (Q),¢ 0 H 5(Q)
We denote

(u,@) :_[Qu(x)¢(x) dx
Comments

1. |—iS(Q) =H*(Q) for s<%

u(x),x0Q

Then p, : OSQ - H(O"
0,x00"\Q P H (@) ()

2. Let uD|—iS(Q), pou(x)={

is continuous, is# m+3, MON,.

3. Let Q 0 "be a bounded domain with Lipschitz boundary.

Then H™(Q)coincides with the Space of restrictions to
Q of distributiong] H~*(0") , if s#m+4,mON,

4. H*(Q) is invariant with respect to diffeomorphisms of cl&ssl >|s|,| ON.
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Friedrichs inequality

If Q is a bounded domain ", then for any function W:) (Q)

We have
Jul, o < (diam) ' -u-, o @
1
p
Here U= q :(Z 0°u EQJ (3)
Jor=i] ’
Proof:

Since C; (Q)is dense n\NIL (Q), it suffices to prove (2) foudCy (Q)

1) So, leuC;(Q). Let Q be a cube with the edde= diamQ, such thatQ Q. We
extend u(x) by zero to Q\Q.we can choose the coordinate system so that
ou
0

X
Q:{x:0< X, <d,j=1,... ,n} Obviouslyu(x) =_[—X“(x’,xn)dy,xDQ.

Here x =(x,,...x,;,x,) =(X,x,) Then, by the Holder inequality,

X, p %, p/p P ,
u(x)]” < ﬂx’,y dy(ldy} <d’ U(X’X”)‘
0 <| T2 ) av ] flet
—_—
<dpp'
Herel"‘—’:l
p P

We integrate both sides of this inequality.

[ ace o anser (o) 124 o
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We have provided that

u

ol (diamn)[ o

dx}ID <(diamQ)-u-,,q 4)

This is inequality (2) fol =1

2) in order to prove (2) with >1, we integrate (4)

Ja

p L d'u
= jQ|u| dx<d jﬁ‘ﬁ

p
dxsdpj

Q

p

2
o<u dx

ox ?

ou

X,

p
dx<d®-u-p, 4

Riesz Theorem

Let H be a Hilibert space aric(u),u OH be a continuous linear functional ¢h

Then there exists such elemenilH that I (u)=(u,v), . this element is unique and
1=,

1) LetN =Kerl ={zD H:l(z2) =0} . Then N is a closed subspace in H. indeed, if
z,ON andz; 00T zinH, thenl (z,) 0 0°0- 1(2). Sincel (z) =0,

It follows thatl (z) =0,ie.,.zON.

2) If N=H,then I(u)=0,0u0H.in this casev=0 if N#H,then N" z{0}

(where N"is the orthogonal complement of N ). So, there eyjstsN"”,v, # 0. then,

1(v,)%0

: [(u
3) For JulH consideru —QvO ON.

1(v,)
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(indeed, | (u - II((\Z)) VOJ =1(u)- (u) 1(v)=0)

Sincev, 0 N",we have

Denotev = (VOZ) V,. thenl (u) = (u,v)

VO
4. Uniqueness
If (u,v)=(u,v),0ubH thenv-VOH =v-V=0.
5.The norm of L.

il )
Il = sup sup

0£@€EH lull Bl 0+@€EH llully

= llvllx

Indeed,

‘(U’V)‘ <|M, for DO2uH, and foru=v we haveMS"V"
= e

Let | (u) be a continuous linear functional e* (D“).

It means that : H® - C,
a) (cu, +cu,)=c(u)+c4(u,),0u,u 0H*0Oc,c, OC,
bjl (u)|sc||u||HS ,Oul HS(D").

Then norm|l|| of a functionl is defined by the formula

1w
Il = sup

0#U€EHS ||u||HS
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2.5Dirichlet problem for the poisson equation

Let QO O" be a bounded domain. Consider the classical Dirichlet problem:

-Au=F,xJQ
u\oQ =g

(5)
If ®(x)is arbitrary function inQ such that®\9Q = g then the function
v(x) =u(x)-®(x)is solution of the problem

-Av=F,xOQ
{ (6)

vioQ=0
Wheref (x) = F(x)+A®(x). First , we'll study problem (6) with homogeneous
boundary condition. In the classical setting of problem (6), the boundary is sufficiently
smooth, f DC(ﬁ)and squtiowDCZ(ﬁ). Now we want to define weak solution of
problem (6) under wide conditions @2 and f .Let us formally multiply equation
—Av=f by the test functiop 0 C; and integrate ove® .

Thenv(x) satisfies the integral identity

jQ OvO gdx = jQ fgdx OgOCT (7)

The left-hand side is well-defined for ame 41q) = W%(Q)’ @ € gl
And the right- hand side is well-defined fér0H ™ (Q), ¢ € 91,

(sinceH *(Q)is the dual space th1 o,with respect toL, -duality). The boundary
(©)

condition v\0Q = 0we understand in the sense tha 71, .then we can consider
arbitrary domains.

Definition

Let QO O" be arbitrary bounded domain. A functiore ;1 q)is called a weak solution
of the Dirichlet problem (2) withf OH ™ (Q), if v satisfies the identity (7) for any €
Al

Theorem &

Let Q OR" be a bounded domain. Then, for anfy0H ™(Q), there exist unique
(weak) Solutiorv € gl(g)of the Dirichlet problem (6)
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we have , [V <€l o

Proof:
1. The form

[v.¢] = IQ OvOgdx, v,¢ € 1

defines an inner product in the spé}dfgm. The corresponding nOFI[NI,V]%

1

is equivalent to the standard nd|MNL1(Q) = (IQ(MZ +|Dv|2)dx)2. this follows

from the Friedrichs inequality:

IQ|v|2dstQJ'V|Dv|2dx, Vv € §1 g

(here it is important tha® is bounded).

2. the right-hand side of (7) is
I (#)=] fodx

l, (¢)is antilinear continuous functional gne 1 q):

(PRI Ly
We rewrite (3) in the following form:
[v.¢]=1:(2). (8)

By the Riesz theorem, for antilinear continuous functidpah ,31(9) there
exists unique function € 31, such that  (¢) =[v,¢], and the norm of

this functional is equal to the norm ef(now we conside1q, as the Hilibert space

with the inner produck., |.) then , by the Riesz theorem ,
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|1 ()]
il = w?_Lj
0£0€x10) [, ]2

= [v,v]2 ©)

Thusyis the unique solution of (8} (7).since, by definition of the cIaBB‘l(Q) ,

|1 (@)
Ifll-1y = sup
0%9€ 1) ”Q””Hl(ﬂ)

1
and |l¢lly1q) = [¢, @]z, it follows form (9) that

Mhqey < Cl ey

Theorem 2:

1
Let Q00" be a bounded domain of cl's LetF OH™(Q),g0H?2(3Q).

Then there exists unique weak solutiofi H*(Q) of Problem (5). We have
ey < C(IF 0+ ey (10)
Proof:

1
1. by extension theorem, fog OH 2 (9Q) there exists extensi@= p,g JH'(Q)
Such thaty,G=g and
||G||H1(Q) < C1||g||H%(6Q) (11)

If uDH*(Q)andy,u=g. Thenv=u-GOH*(Q)andyv=0.

This is equivalent to the fact thefl |4 1(Q). Functionv is solution

of the problem

-Av=f
(12)
vioQ=0
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Where f =F +AG.From GOH*(Q)it follows that AGOH ™(Q) and

|8G],-1q) = C. |Gl - Then f DH™(Q) and
|8G], (o) =Fl-a) * ColClisia) =[Flu-1o) * G0l ooy

By theorem 1, there exists unique solutidn |4 1(Q)of the problem (12), and

[Vlls:() =< Cs[ f - thenu=v+G is unique solution of the problem (5), and

<M

<G ” f ||H'1(Q) + Cl||g||H%(aQ)

Ju

HY(Q) +||G

Hl

<cf

@)t (cecstc)lg

2.6 Dirichlet problem with spectral parameter

H%(BQ)

Now we consider the problem

-Au=Au+ f (x),xDQ}

13
u\oQ =0 (13)

with spectral parametet. Here Q is bounded.
Definition:

LetQ O R" be arbitrary bounded domain. LieElH ™ (Q) . A function

uld Fil(Q) satisfying identity

[ DUk = A [ugd+ [ £ (x)gdx, DpOH'(Q) (14)

Q

is called a weak solution of problem (13).

As before, we denotfu, ¢] = IQDUD_¢dX. this is inner product itH*(Q).

The form _[Q ugdx, u,¢ JH*(Q) is continuous sesquilinear formktt (Q).
By the Riesz theorem for such form it can be representfdag|, where

Ais linear continuous operator id*(Q).
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Obviously,[ ugdx=([_gudx). so[Au,¢]=[Ag.u] =[u.Ag], Du,g OH:(Q).
It follows that A= A",
Next, [ Au,u] = IQ|u|2 dx>0 if uz0.so0, A>0.

Lemma:

The operator A is compact operatd;l Q).
Proof:
This follows from the embedding theorerh‘i.l(Q) is compactly embedded
in L,(Q).
We'll use the following property of compact operators: T is a compact operator in the

Hilbert spacé , if and only if for any sequende, } which converges weakly i, the

sequencg Tu,} converges strongly i .

Let {u,} be a weak convergent sequencetitt(Q). Since the embedding operator
J: §1y © L,(Q) is compact{u,} converges strongly i, (Q).
We want to check thgtAu,} converges strongly i, (Q) .sincg u,} weakly converges

in H'(Q), it follows that|u, ||, ,, is uniformly bounded. A is a continuous operator;

then aIso||Auk||Hl(Q)is uniformly bounded. We have

[Au -u), Ay -u)]= J.Q(uk -u,)(Au, - Au, )dx

<|u -y,

|Au, = Ay ||L2(Q)

L(Q) |

-0 <c

—>OﬁSk,| — 00

{Auk} converges strongly irh-ll(Q). It follows that A is compact operator.
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As before, the functiondl, (¢) :IQ fde (wheref OH ‘l(Q)) is continuous antilinear
functional ong OH*(Q). By the Riesz theorem, there exists unique elemért*(Q)

such thaj'Q f pdx =[v,¢],0¢ 0 I—il(Q) , and

”f”Hl(Q) = ||17||H-1(Q)-

Now, we can rewrite identity (14) in the form

[ug]=A[Au,g]+[v.¢] , OgO ﬁl(Q) (15)
Which is equivalent to the equation
u-AAu=v, (16)

WherevOH*(Q) is given , and we are looking for solutiai]H*(Q) . Thus, we

reduced the problem (13) to the abstract equation (16) with compact operator

A in the Hilbert spaceH*(Q).

We analyzes equation (16) , using the properties of compact operators.

The casev =0 (which corresponds tb =0)

-Au=Au,xO0Q
(17)
u\oQ=0
< u—-AAu=0

= Au=Lu (where,u:%)
It is know that the spectrum of a compact operator is discrete: it consists of eigenvalues
4;, ] ON, that may accumulate only to popat=0; each
eigenvalues is of finite multiplicity (i.edim ker(A—/,sz )< o). In our case
A= A">0,then all eigenvalueg, are positive:x;, > 0.we enumerate eigenvalues in non-
increasing order counting multiplictigs= £, ...

Then each eigenvalues corresponds to one eigenfungtiohu, = 4,u;, j ON.
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Eigenfunction{u } are linearly independent. We haye: 0asj - .

Then for the eigenvalues =i of the Dirichlet problem (17) we have the following
j

propertiesO<A < A4,...,4; - wasj - o.

Thus , we have the following theorem.

Theorem 3:
The spectrum of the Dirichlet problem (17) is discrete. There exists

non - trivial solution only i1 = A,, jON. All eigenvalues are positive

and have finite multiplicities. The only accumulation point is infinity:

A - ©asj - .

The casev# 0( f #0)

-Au=Au+f ,xOOQ
(18)

u\oQ=0
= UuU-AAu=v
For compact operator A it is known that /i A, (=ij ,0 N , then
j

operator(| —AA)‘lis bounded. We can find unique solution

u=(1-1A)"y,
and ||u||H1(Q) SH(I _/]A)_l ||V||H1(Q)'
-

=c,

Sincel|vllg1q) = lIf lg-1(q), We arrive at the following theorem.

Theorem 4:
It A0{A,} s (A s ot eigenvalue ), then for arfy H (Q) there exists
Unique (weak) solutionOJH*(Q) of the problem (18), and
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Ju

<c,|f|

HY(Q) H™ (@)

Now, suppose that = 4;, andv # O(f o 0) then, solution of the equation
u-A;Au=v exists, ifvsatisfies the solvability conditiorv. O ker(l -4, A) )

It means thavis orthogonal (with respect to the inner procﬂuc}t) in

Hl(Q)to all eigenfunctionsyﬁj(k),k =1,...,p, corresponding to the eigenvalue
A, (herep is the multiplicity of 4, ). Since|v, ¢| = J'Q f (x)¢ (x)dx, this
Solvability condition is equivalent to:
Mgy = -
[ f(x)¢dx=0, k=L1...p. (19)
The solutionu(x) is not unique, but is defined up to summand_ ¢,

with arbitrary constants; .

Theorem 5:
If A =24, is eigenvalue of the Dirichlet problem, a¢§i‘),k =1...,p,

are corresponding (linearly independent ) eigenfunction, then problem

(18) has solution for any OH ™(Q), which satisfies the solvability

conditions (19). Solution is not unique and is represented as
> (k)
u=u+y ¢4,
j=1

Whereu,is a fixed solution, and, are arbitrary constants.
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