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Abstract

A SAGBI BASIS FOR SOME SUBALGEBRAS OF
POLYNOMIAL RINGS

Dawit Solomon Tadesse

Addis Ababa University, 2018

The term “SAGBI” is an acronym for “Subalgebra Analogue to Grobner Bases
for Ideals”. There exist finitely generated subalgebras of k[zq,xs, ..., 2,] which
have no finite SAGBI basis with respect to any monomial order. There are also
subalgebras which may or may not have finite SAGBI basis depending on the
monomial order defined on k[xy, s, ..., z,,]. We know that, there are uncountably
many monomial orders defined on k[z1, x9, ..., z,] for n > 2. It is still an important
open problem to classify subalgebras that have a finite SAGBI basis. In addition
to this, two or more generators of a subalgebra may not form a SAGBI basis.
Torstensson et al. provide sufficient and necessary conditions for two generators
form a SAGBI basis, in the case of univariate polynomial ring. An other important
open problem is to provide a sufficient and\or necessary condition when three or
more generators form a SAGBI basis in the univariate polynomial ring as well
as two or more generators form a SAGBI basis in a multivariate polynomial ring.
This thesis provides sufficient conditions when two generators of a subalgebra form
a SAGBI basis in a multivariate polynomial ring. We also investigate sufficient
and necessary condition when generators with consecutive degrees form a SAGBI
basis in the univariate polynomial ring. Finally we conjecture that subalgebras
generated by two polynomials have a finite SAGBI basis with respect to any

monomial order. We prove our conjecture in certain cases.
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NOTATIONS

Unless and otherwise stated, through out this thesis, We use the

following notations.

k
N
Naj
Q
Q
k[x]

Xa

A field with characteristic zero.

The set of all non-negative integers.

The set of all non-negative integers greater than or equal to k.
The field of rational numbers.

The set of nonnegative rational numbers.

A polynomial ring over k in n indeterminates 1, xo, ..., Tj,.

A monomial z{'z%%...2% where a = (ay, as, ..., a,) € N".

The set of all monomials in k[x].

The collection of all possible monomial orders on k[x].

The total degree of a monomial x2.

The multi-degree of a monomial x2.

The set of all G — power products.

The k — subalgebra generated by G.

An additive monoid generated by a.

The initial (leading) monomial of f with respect to = € Q.
The leading term of f with respect to = € Q.

The leading Coefficient of f with respect to = € €.

The initial Algebra of a k — subalgebra R of k[x] w.r.t = € .
g is a first subductum of f over B.

g is a final subductum of f over B.

viil



INTRODUCTION

The notion of SAGBI basis was introduced at the end of 1980’s by Robbiano and
Sweedler [24], and independently by Kapur and Madelener [14]. The term SAGBI
is an acronym for “Subalgebra Analogue to Grobner Bases for Ideals”.
Robbiano and Sweedler (1990) realized that, like Grébner bases, SAGBI bases gen-
erate the subalgebra. The Membership problem is also the same in both Grobner
theory and SAGBI theory. They have also developed the subduction algorithm
and the SAGBI basis test by introducing the SAGBI analog of S - polynomials
called T-polynomials [24].

Unfortunately, the SAGBI analog of Buchberger algorithm is discouraging due to
the existence of subalgebras which have no finite SAGBI basis. Actually, a SAGBI
basis for a subalgebra is not a carbon copy of a Grobner basis for an ideal. Unlike
ideals, subalgebras of a finitely generated algebra may not be finitely generated.
For example, the subalgebra R = k[z, zy, zy?, ...] of k[z,y] is not finitely gen-
erated, and hence there exists a subalgebra of k[xy, zo, ..., z,], for n > 2, which
has no a finite SAGBI basis whatsoever. This is not surprising since there ex-
ists an infinitely generated submonoid of N™ for n > 2, and hence the associ-
ated monoid algebra can not be finitely generated. There is also a subalgebra of
k[z1,xo, ..., x,], n > 2, which has a finite SAGBI basis with one monomial order
and has no finite SAGBI basis with another monomial order [24]. That is, a sub-
algebra may or may not have a finite SAGBI basis depending on the monomial
order defined on k[zy, s, ..., z,], and there are infinitely many monomial orders
defined on k[zy,z,...,x,] for n > 2. It is still an important open problem to
classify subalgebras that have a finite SAGBI basis.

In the rest of this introduction we will state some of the known results in SAGBI
bases that interest our research and also make the statement of the dissertation.
Robbiano and Sweedler [24] also pointed out that SAGBI basis is not invariant
under ring automorphism. That is, a subalgebra with finite SAGBI basis can be
isomorphic to a subalgebra which has no finite SAGBI basis.

Francois Ollivier conjectured that “If B is finitely generated integrally closed
k - subalgebra of k[x1, z, ..., x,], then B has a finite SAGBI basis with any admis-

sible monomial ordering”. He partially answered his conjecture for 2-dimensional

X



graded algebra.

Anna Torstensson ([28],]29]), as part of her PhD thesis, studied SAGBI bases for
subalgebras in the univariate case. One of her results was a necessary and suffi-
cient condition when two polynomials form a SAGBI basis.

Patrik Nordbeck studied when SAGBI bases are compatible with composition
of polynomials. J. Alem Kahn further studied the Nordbeck Composition
problem under different monomial orders.

Our work is mainly related to the work of Torstensson. In particular we will show

the following in this thesis.

i) Show that a certain family of pair of polynomials, where the subalgebra they

generate have a finite SAGBI basis.

ii) Show necessary and sufficient condition when generators with consecutive
degrees form a SAGBI basis in the univariate polynomial ring.

This thesis is divided into four chapters. The first chapter provides all the nec-
essary preliminaries which are useful in our discussions in the main text of the
thesis. We made a discussion on the basics of k — subalgebras of a k — algebra,
monomial orders, and initial algebra of a k — subalgebra of a polynomial ring.
The second chapter deals with the fundamental concepts of SAGBI basis. We di-
vided this chapter in to four sections. The first section of this chapter provides the
definition and some important examples of a SAGBI basis. Proposition[2.1.5yields
some equivalent statements to the definition of SAGBI basis. The second section
of this chapter explains the subduction process and some important properties of
SAGBI basis. The third section of this chapter is concerned with the SAGBI basis
test and the SAGBI basis construction. The last section of this chapter focuses
on finiteness of SAGBI basis, we will see the application of E.Artin-Tate theorem
to construct a sufficient condition when a subalgebra has a finite SAGBI basis.
The third and the fourth chapters present the main findings of the research. In

the third chapter we discuss on the sufficient and necessary conditions when three



or more generators of a subalgebra form a SAGBI basis in the case of univariate
polynomial ring.

In the fourth chapter we focus on the multivariate k — subalgebras. We have suffi-
cient condition for two generators form a SAGBI basis in the case of multivariate
polynomial ring. In addition we give a conjecture, “any k — subalgebra generated

by two polynomials has a finite SAGBI basis”. Finally we present our future plan.

x1



Chapter 1

Preliminaries

In this chapter, we assemble the basic and necessary background
from commutative algebra and SAGBI bases theory. Some theorems
in SAGBI bases theory that we refer frequently are also stated in this
chapter. For further reading and proofs references are also provided.
Examples will also be presented along the way. Through out this

thesis, k denotes a field of characteristic zero.

1.1 Polynomial k-algebras

In this section, we briefly introduce the notion of k— subalgebras and
k —af fine subalgebras of a polynomial ring k[x]. Given a monomial
x® = z{'xs?...x the lattice point a = (a1, as, .., a,) € N, where N
stands for the set of non-negative integers, is called the multidegree
of x* and we denote it by deg(x?). The total degree of x*, denoted
by |al, is defined as |a| = a; + ag + ... + ay.

Let A be a ring. An A — algebra is a ring B together with a homo-
morphism f: A — B . If Aisafield, then ker(f) = {0}, as being an

ideal of A. Hence f is injective. So, we can consider A as a subring



of B (A= f(A)). Therefore, over the field k, we define algebra as

follows.

Definition 1.1.1. A k — algebra is a ring containing the field k as
a sub-ring [[9], p.2].

For example, our polynomial ring k[x] is a k — algebra.

Definition 1.1.2. A subset R of a k — algebra B is said to be a

k — subalgebra of B if it is a subring of B which contains k.

Example 1.1.3. .
Let R := {0, f : f € k[x] and x® € supp(f)[]implies |a | is even }.
Then R is a k — subalgebra of k[x].

Remark 1.1.4. Let G be a nonempty subset of k[x]|. The set

t
Gmon = {H(gz)a :9; € Gand 0 #t,a; € N}
i=1

is a multiplicative monoid generated by G.

An element of G,,,, is called a G — power product or G — monomial.

Definition 1.1.5. Let G be a nonempty subset of k[x]. The k —
subalgebra of kx| generated by G is the smallest k — subalgebra of
k[x] that contains G. It is denoted by k[G].

Explicitly, the k — subalgebra generated by G can be expressed as
kiG] == {>__(kin;) : ki € k,n; € Gon}, a set of finite k- linear
combinations of G— power products. In other words, k[G] is a k —
subspace of k[x| with basis G,0n. A k — subalgebra R of k[x] is said
to be finitely generated (k — af fine) if there exists a finite subset
G of R such that R = k[G].

Lsupp(f) = {x® : x® is a monomial in f with nonzero cofficients }.

2



Example 1.1.6. Consider example [I.1.3, where R is the subalgebra
generated by polynomials of even total degree. Then R is a finitely

generated k — subalgebra of k[x|, generated by G = {z;z; : 1 <i,j <

Since G C R and R is a k — subalgebra of k[x], we have k[G] C R.
To show R C k[G], assume 0 # f € R . If z{'...x% € supp(f) then
a1 + as + ... + a, 1s even.

Case-1: If each q; is even, then z{*...x% = (22)1...(22)" € Gon

case-2: If a; is odd for some 4, then there should be a; which is also

odd. In other words, the number of odd coordinates in (aq, ..., ay)

is even. Hence xijf = x?tixitj 2;%; € Gmon, which directly implies
itz € Gron-

Both the above cases show that each monomial in f is contained in
Gmon and so, f € k[G]. Hence R C k[G]. Consequently, R = k[G].
Moreover, we can simply observe that {x;z; : 1 <i,j < n} is a finite

set of cardinality "22ﬂ O]

Remark 1.1.7. If R = k[G] is a k —af fine subalgebra of k[x]|, then

we can choose a set of finite generators from G.

Note that, if (f1, fo, ..., f) is an ideal generated by { f1, fo, ..., f-} and
fi | fj for some i # j, then we can remove f; from the generating set.
For example, since 22 | 2° we have (22, 23) = (2?). However, since
can not be expressed as a power product of 22, k[2?, 23] # k[z?]. But,
if g1 is a power product of ¢s, ..., g, where g;s" are in the generating

set of the subalgebra, then we can remove ¢g; from the generating

set.



Example 1.1.8. Given a positive integer p, and R = k[y?, x, xy, 232, ...].
For each m > p, by applying division algorithm, m = ¢qp + r
for some ¢, € N with r < p — 1. So, zy™ = (zy")y?. Hence
{yP, z, vy, vy?, ..., xyP 1} is a finite subset of {y?, x, vy, xy?, x>, ...}

which can generate R.

Example 1.1.9. R = klz,zy, zy? zy3,...] is a k — subalgebra of
k[z,y] which is not k — af fine.

To the contrary assume R is k — af fine. By remark [I.1.7, we
can take a finite generators from {z,zy, zy? x>, ...}. Assume A =
{x, 2y, 29>, ..., xy™}, for some m € N, is a set of finite generators of
R. Since zy™™! is a monomial in R \ A, it is a finite product of
elements of A. But the exponent of z in zy™"! is 1 and each element
in A has x as a factor. So, xy™"! must be one of the element’s of
A. This is a contradiction with zy™™ ¢ A. Therefore, R is not
k —af fine. ]

Proposition 1.1.10. A k-Algebra R is finitely generated if and
only if R = klzy,x9,...,x,]/I for some m € N and an ideal I of

k[z1, 9, ..., Tp].

Proof. If R = Kk[x1, 29, ..., Tp) /1, since k[xy, ..., x| /I is a finitely gen-
erated k-algebra, generated by x;+1, ..., z,,+ I, we can say that R is
finitely generated. Conversely, let R be a k-algebra finitely generated
by ¢1, ..., . Then ¢ : k[z1, ..., 2] — R, that send x; — ¢;, is a ring
epimorphism. So by the fundamental theorem of homomorphism,

R = k|xy, z9, ..., x|/ where I = kerg. N



Definition 1.1.11. An A-module M is said to be Noetherian if and

only if every ascending chain of submodules of M is stationary.

From Module theory we know that, an A-module M is Noetherian
if and only if every submodule of M is finitely generated. We have
also that, every finitely generated Module over a Noetherian ring
is Noetherian. Interested readers can read further on Noetherian

Modules in [2].
Proposition 1.1.12. Let A C B C C' be rings.

a) If B is a finitely generated A —module, then it is also a finitely
generated A — algebra.

b) If B is a finitely generated A — algebra and C' is a finitely gen-
erated B — algebra, then C' is a finitely generated A — algebra.

Proof.

a) Suppose B is generated by by, bo, ..., b, as an A — module.
Therefore, B = bjA + by A+ ... + b, A C Alby, bs, ..., b, C B.
Hence B = Alby, bs, ..., by).

b) Suppose B = Alby,bs,....b,] and C' = Blcy, ca, ..., cx] for some
b € Bandc; € C.
Claim: C = Alby, by, ..., by, 1, oy ..., Ci].

Since all the b;’s and ¢;’s are in C' and A C C, we have

A[bl, bg, ceey bm, C1,Co, ..., Ck] - C.



So, it is enough to show that C' C Afby, by, ..., by, €1, Ca, ..y €k

t
fed = f= Zgisi where g; € B and s; € {c1,¢2, ..., Ck fmon-
i=1
r;

t
= f= Z(Z ai;hi,)s; where a;; € A and h;; € {b1, by, ..., by Fmon-

i=1 j=1

t T
= f = ZZ&Z'].(hijSi), and thSZ c {bl,bQ, ...,bm,Cl,CQ, "'7Ck}m0n

i=1 j=1
= fe A[bl,bg, ceey by €1, €, ...,Ck]

Hence proposition (b) holds. O

From Hilbert basis theorem [J, We know that any ideal of k[x] is
finitely generated. But example [1.1.9| shows that, unlike ideals k —
subalgebras may not be finitely generated. The following proposition

gives a sufficient condition for a k— subalgebra of k—af fine algebra

is k — af fine.

Proposition 1.1.13. (E.Artin-Tate Theorem) Let A and B be two
k —algebras such that A C B. Assume that B is a finitely generated
k — algebra and a finitely generated A — module. Then A is k —
af fine.

Proof. Let {fi, fo, ..., fm} be generators of B as a k-algebra, and
{91, 92, ..., g:} be generators of B as an A-module. Since f, and g;g;

are elements of B, we have the following expression.
t

fT‘ - Zarsgsa where Ars € A (111)
s=1
t
gi9; = Zaijkgk, where a;j;, € A (1.1.2)
k=1

2Hilbert basis theorem :- Let R be a noetherian ring. Then the polynomial ring R[x] is again

noetherian.



Let Ay = kla,s, aijr]. Clearly Ay is finitely generated k-subalgebra of
A. Since k is a field (and hence Noetherian ring), Aj is Noetherian.
Now let us proof that B is Noetherian Ag-module.

Observe that each element of B is a polynomial in f, with coefficients
in k. Substituting and making repeated use of shows
that each element of B is a linear combination of the g; with coefhi-
cients in Ay. Hence B is finitely generated Ag-module. So, since Ag
is Noetherian, B is Noetherian Aj-module.

Since every submodules of a Noetherian module is finitely generated,
A is finitely generated Ap-module. Hence A is finitely generated Ag-
algebra.

Now we have, A is finitely generated Ag-algebra and A is finitely
generated k-algebra. Hence A is finitely generated k-algebra. []

1.2 Monomial Orders and Initial Algebra

Ordering monomials is a mandatory process in the study of “SAGBI”
basis. In the case of the univariate polynomial ring, we can arrange
monomials simply by comparing their degrees. But this is not the
way of comparing monomials in the case of multivariate polynomial
ring. So, we need to define an ordering on the set of monomials
which satisfies certain properties.

In this section, we concisely describe the desirable properties of
monomial orders, and define the initial algebra for a k — subalgebra.
Through out this thesis, we denote the set of monomials by M, and

the set of monomial orders defined on k[x]| by (2.



1.2.1 Monomial orders

Let B be a nonempty set. A binary relation > on B is said to
be a partial order on B if it is reflexive (z > z,Vx € B), anti-
symmetric(z = y = * = x = y,Vr,y € B) and transitive (z >
y = z = x = z,Vr,y,z € B). A partial order on B is said to
be a total order if any two elements in B are comparable, that is,
Vx,y € B either x > y or y = x.

We write x > y if x > y and x # y. We also write x < y if and only

if y = x.

Definition 1.2.1. A monomial order on k[x] is a total order = on

M which satisfies the following conditions:

1) x* =1 for all x* € M (1 is the smallest element in M)
2) x® = xP implies x?x° = xPx® for all x?,xP, x¢ € M ( = is
compatible with multiplication )

Example 1.2.2. In each of the following familiar examples of mono-

mial orders, assume x1 > r9 > ... > x,, .

1. We define the lexicographical order, >;.,, on M as follows:

For x2,xP € M;
X2 =00 XP < the left-most nonzero coordinate of a — b is positive .

2. We define the degree lexicographical order, =gegics, on M as
follows:

For x2,x? € M;

. |la|>|b]| or

a
X tdeglexx <~

|a|=|b| and x® =, xP



3. We define the degree reverse lexicographical order, =gegrey, 0N
M as follows:

For x2,x? € M;
)
la|>|b| or

b : :
X" Zdegrev X° <> ¢ | a |=| b | and the right-most nonzero coordinate

of b — a is positive
\

4. Fix w € RY,. Define a weight order = on M as follows:

For x®,xP € M;

. aw >bw or

Xy X &

aw=b.w and x? >, x°

5. In (iv) above, if the coordinates of w are linearly independent
over the field Q, the monomial order induced by the weight

order > becomes simply, for x, x> € M,

X2 -u xS a-w>b-w.
Proposition 1.2.3. Let = € ). Then the following hold:
1. If x*,xP € M with x* | xP, then xP = x?
2. Any chain of the form x = x% = xP = x8 = s finite.

By Applying Dickson’s lemma [J, see [[6], p.72], the definition of
monomial order is equivalent if we replace (1) by; M is well ordered
ﬁ under >=. That is, A monomzial order is a well order that preserves

multiplication.

3Dicksons lemma: Let I be a monomial ideal. Then each set of monomial generators of I

contains a finite set which generates I.
4 M is well orderd means every nonempty subset of M has a least element.

9



Proof. (i)Suppose x? | xP. There exist x¢ € M such that x? = x2x°.
Since = €  and x® € M we have x® > 1. This directely implies
that x? = x2x°¢ = x21 = x2.
(ii) Assume x”t = x” = x% = xP = . and consider the monomial
ideal I generated by {x”,x% x” ..}, By Dickson’s lemma, there
is an m € N such that I is generated by {x”,x% x% .. xn}.
Claim:- For any i € N, x/m+i = xm.
Since x’m+ € I, we have that
m
xPm+i = Zhjxﬁj, where h; € k[x] for each j € {1,2,...,m§f1.2.1)
j=1
Observe that, each monomial in hjxﬂj is divisible by x%. Thus every
monomial of the right hand side of equation is divisible by
x% for some j € {1,2,....m}. Moreover, x’»+ must appear as the
power product of a monomial on the right side of equation ((1.2.1)).
Therefore, x%m+i is divisible by x% for some j € {1,2,...,m}. Hence
by (i) above, x%+ = x% for some j € {1,2,...,m}. Thus, for each

1 €N, xPm+i = xBi = xPm = xPm+i Hence the claim. ]

It is natural to ask, how many monomial orders can be defined on

M. The following proposition definitely answer this question.

Proposition 1.2.4 (The cardinality of Q). 1. There is unique
monomial order defined on a polynomial ring in one variable

over k. ( Forn =1, Q is a singleton set.)

2. There are uncountably many distinct monomial orders on a
polynomial ring K[z1, x9,...,x,] with n > 2. ( Forn > 2, Q

is uncountable.)

10



Proof. (i) Since 1 | = | 2? | 2®.., then by proposition [1.2.3[i)
1 <2 =<2%2<23< .., and is the only ordering.

(77) Let 6 and S be distinct positive transcendental numbers and con-
sider wy = (1,60,60% ...,0" 1) and wg = (1,3, 3%, ...,8" ). Clearly
Coordinates of wy as well as wy are linearly independent over the
field Q. Hence, by example [1.2.2(V), both >y, and >, are in €.
We need to show =y, and =, are different.

With out loss of generalities, assume 6 > (3. Due to the dense-
ness property of Q, there exist § € Q such that 6 > ¢ > 3. Let
a = (a,0,0,..,0) and b = (0,0,0,...,0). Clearly b-wy > a- wy,
and b-wp < a-wg. Hence =y, and =y, are different. That is,
distinct positive transcendental numbers can be associated with dis-
tinct monomial orders. Hence there are uncountably many monomial

orders. ]

1.2.2 Initial Algebra

Definition 1.2.5. Let = € Q and f = ayx™ 4+ aox® + ... + a,x"% be

a polynomial in k[x] with x* = x” = ... = x* and a; # 0. Then
1. The initial (leading monomial) of f is defined as iny (f) = x".
2. The leading coefficient of f is defined as lc-(f) = ag.

3. The leading term of f is defined as It (f) = ayx™

Remark 1.2.6. Suppose f; € k[x| for i = 1,2,...,m and given > €
Q.

L. If Y77, (fi) is not zero and fj, is chosen with maximal lead mono-
mial among the nonzero f/s, then iny (f,) = in- (31", fi).

11



2. If there is a unique f; with maximal lead monomial among

the nonzero f/s, then Y ", f; is nonzero and in- (> 1", fi) =

i (fn)-
3. If all f/s are nonzero, then iny [[\2; fi = [[-; ins(fi).

Definition 1.2.7. Let = € Q and R be a k — subalgebra of k[x].
The initial algebra of ‘R with respect to >~ , denoted by In-R, is a
k — subalgebra generated by {in-(f): f € R — {0}}.

One can raise the following basic questions about initial algebras.

1) Given = € Q and a finitely generated k — subalgebra R of k[x].
When does In-R finitely generated?

2) Let R =Kk[f1, f2, .-, f]- When does InsR = k[ins f1,ins fo,...,ins f,,]7

In the next chapters we will try to answer the above two basic ques-

tions.

12



Chapter 2

Fundamentals of SAGBI bases

2.1 Definition and Examples of SAGBI basis

The Buchberger algorithm computes a “ better ” generating set for
an ideal of a polynomial ring, called Grobner Basis. The wnitial
1deal of an ideal I with respect to a given monomial order >, de-
noted by Iny1, is the ideal generated by {in- f : f € I\ {0}}. By
Dickson’s lemma, there exist nonzero polynomials fi, fo,..., f;, in [
such that InsI = (ins fi,ins fo,...,inx f,). In this case, We call
G =A{f1, oy .-, [} a Grobner basis for [ with respect to = .

A theory for subalgebra generators that is similar to Grobner bases
theory exists, called SAGBI bases, developed by Robbiano and Sweedler
[24]. The term SAGBI stands for Subalgebra Analog to Grébner
Bases for Ideals. This section basically focus on the definition and

some examples of SAGBI basis.

Definition 2.1.1. Let R be a k — subalgebra of k(x| and = € €.
A nonempty subset S of R is said to be a SAGBI basis for R with
respect to = if InsR =k[in. f: f € S\ {0}].

Trivially, any k — subalgebra R is a SAGBI basis for itself. But we

13



are interested if we can determine a finite SAGBI basis for a given

k — subalgebra of kx| with respect to a given monomial order.

Example 2.1.2. Let R be the subalgebra k of k[x]. For a given
monomial order >, observe that InsR = k[in- f : f € R\ {0}] =
k[1]. Hence {1} is a SAGBI basis for R. Actually, every set of

nonzero elements of k can be a SAGBI basis for k.

Example 2.1.3 ([24], p.67). Given = € Q. The set of elementary
symetric polynomials S is a SAGBI basis with respect to = for the

subalgebra R of symmetric polynomials.

Indead; if f is symmetric polynomial and deg(iny f) = (a1, as, ..., a,),
then a; > as > ... > a,, that is, the coordinates of deg(ins f)
are in decreasing order. Thus, the initial of the elementary sy-
metric polynomials are x1,z129, 12223, ..., T122T3...T,. Since the
coordinates of deg(in- f) are in decreasing order, we can express
in- f as a power product of x1, x129, T12923, ..., x1T2x3...7,. Hence,
InsR = K[z, v129, 12973, ..., T12223...7,] = K[ins g : g € S]. There-

fore, by definition 2.1.1, S is a SAGBI basis for R.OJ

Lemma 2.1.4. Let R be a k — subalgebra of k(x| and = € 2. Then
a) A={in. f: f € R\ {0}} is a multiplicative monoid.
b) B ={deg(in- f): f € R\ {0}} is an additive monoid.

c) A mapping o : A — B defined by a(ins f) = deg(ins f) is a
monoid 1somorphism.
Proof. a) Since iny fin- g = in-(fg), and fg € R\ {0} for any
f,g € R\ {0}, A is a multiplicative monoid.

14



b) Since deg(ins f) + deg(in- g) = deg(in-(fg)), and fg € R\ {0}
for any f,g € R\ {0}, B is an additive monoid.
c¢) Clearly « is a bijection from A to B. For any f,g € R\ {0},

a(in- fin- g) = ofin- fg)
= deg(in- fg)
= deg(in- fin. g)
= deg(in. f) + deg(in g)

= a(in: f) + a(in- g)
Hence a is a monoid isomorphism. []

Theorem 2.1.5. Let R be a k—subalgebra of k[x|, S be a nonempty
subset of R and = € ). Then the following statements are equiva-

lent.

i) S is a SAGBI basis for R with respect to = .

i) {inx- f: f € S\{0}} generates the multiplicative monoid {iny- f :
f e R\{0}}.

iii) {deg(ins f) : f € S\{0}} generates the additive monoid {deg(inx f) :
f e R\{0}}.

Proof. Define A = {in. f: f € R\ {0}}

B = {deg(in. f) - f € R\ {0})

C' = the multiplicative monoid generated by {in-g:g € S\ {0}}
D = the additive monoid generated by {deg(in- g) : g € S\ {0}}
i) = i)

Suppose S is a SAGBI basis for R. For any f € R\ {0} we have the
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following.

feR\{0} =

=

=

int f c ITLER

in. f € k[in- g : g € S\ {0}] (by hypothesis, (i) )
m t;

ing. f = Z% H in. g;,)%), where g;, € S\ {0}
=1 j=1

in. f = H(int g;,)"), for some i € {1,2,..m}.
j=1

If we consider « as in lemma [2.1.4] we have,

deg(in- f) = a(in f)

Hence B C D.
On the other hand, since {deg(in- f) : f € S\ {0}} C B and B is

an additive monoid, we have D C B. Hence B = D.

iii) = i)

t;

= a([J(in= g,)°))-

J=1

t;
= Z a(ing g5,)%)) ( by lemma 2.1.4)).
j=1

t;
= Z aj, deg(in- g;,).

j=1

Let f € R\{0}. By hypothesis, (iii), deg(in- f) = 3_'_, 7i deg(iny- g;),
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where ¢g; € S\ {0} and ~; € N. Thus,
in. f = o (deg(ins /)

t
= a ') videg(in: g))
=1
t

— H(ofl(deg(int g:)))7 ( by lemma [2.1.4)).

1=1
t

= ]G g™

i=1
Therefore, in- f € C' and hence A C C. In addition to this, since

{(in- g) : g € S\ {0}} C A and A is a multiplicative monoid, we
have C' C A. Hence A = C.

i) = i)

feln-R = f= Zai:“:(ini h;,)%, where hj, € R\ {0}.

=1 j=1

m l;

= f=>_ a[[([[Gn=gs)")*, where g., € S\ {0}, by (ii).
=1 j=1 r=1

= fek[{in-g:geS\{0}}]

Therefore, In-R C k[{in-g:g€ S\ {0}}].
On the other hand, since S C R, k[{in-g: g € S\ {0}}] C In-R.
Hence InyR =k[{in-g:g € S\ {0}}. N

Proposition 2.1.6. Let S be a nonempty subset of k[x| and »= € €.

If the initials of any two distinct elements of Spon are distinct, then

S is a SAGBI basis for k[S].

Proof.

hek[S]\ {0} = h= Z k;m;, for distinct m; € S0, and 0 # k; € k.
i=1
= iny(h) = mazr-{in- m; : i € {1,2,...,r}}
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Hence by Theorem 2.1.5, S is a SAGBI basis for k[S] with respect
to »~. []

Example 2.1.7. Let f =z +y and g = xy. Then S = {f,g} is a

SAGBI basis for k[S] with respect to any monomial order .

Indeed, for the monomial order with x > y, consider arbitrary m, €

Sinon, then we can find o4 and 3; in N such that

my = fa1951
= (z+y)" (zy)™

= i (Ozl) ("Y' ()™

1=0

(€3]
= Z (a1> xa1+ﬁ1—iyi+51
7

i=0

Since (') # 0 and gotPryb = goatbimigiy b poatPi=iyi+th for each ¢ >
0,( as x = y), we have iny (m;) = iy,

Similarly for another ms € S,,,, We can find as and (s such that

my = g% and iny(my) = 2 ™P2y%. Thus, iny:(my) = ine(my)
implies that m; = msy. In other words, the initials of any two dis-
tinct elements of S, are distinct. Hence by proposition 2.1.6], S is a
SAGBI basis for k[S] with respect to = with z = y . By symmetry it

holds for the monomial order with y > x too.

Proposition 2.1.8 ([24], p.68). A singlton set S = {f}, where 0 #
f e kx|, is a SAGBI basis for k[S] with respect to any = € €.

Proof. Suppose mq,ms € Spon. There exist ag,as € N such that
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my = f and my = f.

iny m; =in- mp = in. f* =in. f*
= 1 = Q9
= fOél — fa2

= M1 = Moy

Thus, distinct S —monomials have distinct initials. Hence by propo-

sition 2.1.6], S = {f} is a SAGBI basis for k[S]. O

Corollary 2.1.9. Let f and g be monic polynomials in k[x]. Then
k[f] = klg] if and only if f and g differ only by their constant terms.

Proof. If f and g differ only by their constant terms, trivially k[f] =
klg].

Conversely, assume k[f] = k|g].

Let deg(ins f) = a and deg(in- g) = b. Since f is a SAGBI basis
for k[f] and g € k[f], we have b = ta for some ¢ € N. Again, since
g is a SAGBI basis for k[g] and f € k[g|, we have a = rb for some
r € N. Hence t =1 = r, that is, a = b. Since f and ¢ are monic the
leading term of f must cancel the leading term of g in f — ¢g. That
is, in- (f — g) < ins f. Hence f — g € k. O

Example 2.1.10. k[z%y +zy] # k[z?y +22y] and k[zy + 2] # k[zy+
yl-
We can also apply proposition for monomial k — subalgebras

of k[x]|. A k — subalgebra is said to be monomial k — subalgebra if

it can be generated by monomials.
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Example 2.1.11 ([24], p.68). Given > € Q). If § is a non empty set

of monomials, then S is a SAGBI basis for k[S] with respect to .

Observe that, distinct power products of monomials have distinct

initials. Hence by proposition 2.1.6] S is a SAGBI basis for k[S].
In particular {x1, x9, ..., z,, } is a SAGBI basis for k[x].

Remark 2.1.12. A finitely generated monomial subalgebra has a
finite SAGBI basis. In example observe that, R is generated
by a finite set of monomials, and hence it has a finite SAGBI basis

with respect to any monomial order >.

2.2 Subduction

In this section, we present the process of k-subalgebra reduction of
an element of k[x] over a subset B of k[x]. Using the language of
Robbiano and Sweedler, instead of calling k-subalgebra reduction we
shall use the name subduction.

Let B C k[x|, f € kx|, and = € Q. If f # 0 and in. f =
[T, ins gi” for some ¢;; € B and «;,t; € N, put f; = f —
NIl g, where 3 = ﬁ € k\ {0}. Hence we can ex-
press fas f=m Hf;l gzil + f1. In this case, f is subduced to f; in
one step (or fi is a first subductum of f) over B. This relation of f
and f; can be denoted by f LN fi.

One can easily observe that, our construction of v, forces to eliminate
the leading term of f. So, we have either f; =0 or in- f > iny f.
If f{ #0and in- f; = Hiiil in, ggiz for some g;, € B, and «;,,ts € N,

put fo:= fi—y 12, ggir" where v = % € k\{0}. Hence we
Alli=1 9y
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Qg

can re-express f as f =y HZ 1 gllz1 + 72 HZ 1 9;," + f2. Observe that
either fo = 0 or in- f > in- f; > in- fo. Due to the well ordering
property of >, this process terminates at some f,, and hence f can

be written as
tq to t,
(67 6% (6 79%
f = 711—[92'11 +72Hgi22 + ... ‘i"YngZT _|’fr
=1 =1 =1

where f, = 0 or ins f, # inx h, for any h € B,,,,. In this case, we
call f, a remainder or a final subductum of f over B. We denote this
inductive limit of subduction of f over B by f R fr.

Since we have the possibility to choose g;;s’ in many ways at each
step, we may have so many different subductions and hence a final
subductum of f over any subset B may not be unique. In the subduc-
tion process, it is important to observe that iny f = in. HZ 1 gi "
ing ]2 1922 o= ing [ L g;" = iny f., that is, at each stage
we eliminate the leading term. We sum up the above subduction
process by the following algorithm.

The Subduction Algorithm [[24], p. 64)]

INPUT : B Cklx], f € k[x] and = € Q

OUTPUT : A final subductum f, of f over B

INITTALIZE : fo = f

WHILE : f; # 0 and in- f; = [];_,(in- g;,)* for some g;, € B
and aj, € N

Do: fii1 = fi — Z-ngl(gji)o‘iz‘ where 7; € k is chosen so that f;
and ; HJ 1(gj ") have the same leading coefficient.

Return: f;q

21



Remark 2.2.1. ([24], Remark .8, p. 65) The following are important

points in the subduction algorithm
1. The subduction algorithm always terminates.

2. The WHILE loop stops at either f; =0 or in- f; # in- h for all
h € Bon.

3. If R is a subalgebra of k[x] and B C R, then f € Riff fi € R
(and hence each f; € R).

4. If B is a SAGBI basis for the k — subalgebra R and f € R,

then f 2.

Theorem 2.2.2. ([2j|], Proposition 1.16, p. 67) Let R be a k —
subalgebra of a polynomial ring kx| and = € Q. If S is a SAGBI
basis for R with respect to = then R =k[S].

Proof. Suppose S is a SAGBI basis for R with respect to .
Claim: R = k[S]

Since § € R and R is a k — subalgebra of k[x| we have k[S] C R.
On the other hand, let 0 # f € R.

The subdection of f over § yields

i to t,
F=n]la"+v]]o+ -+l + £
=1 =1 =1

where f, is a final subductem of f over §. Since § is a SAGBI basis
for R, by Remark (iv), fr = 0. Hence f € k[S].
Thus, R = k[S]. O

We say that S is a SAGBI basis (with out reference to a subalgebra)

to mean S is a SAGBI basis for the subalgebra it generates.
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Corollary 2.2.3. Let R and T be k — subalgebras of k[x] with
RCT. If InsR = InT for some = € Q, then R="T.

Proof. In-R = In.T and R C T, implies that R is a SAGBI basis
for 7. Hence T =k[R] =R. O

The above corollary fails if we remove the condition R C 7. For
example, if R = k[z?y + zy] and T = k[z?y + 2zy], then In R =
In.T for any = € 2. But by corollary 2.1.9, R # T .

Remark 2.2.4. e The membership problem of k-subalgebra is
solved in Remark [2.2.1|(iv). That is, for f € k[x]; f € R if and
only if the subduction of f over a SAGBI basis S terminates at

Zero.

e The converse of Theorem does not hold. For example,
consider S = {z°, 2% 27 + 21}, S is not a SAGBI basis for k[S].
Because 2 = 2°(27 + 2*) — (29)? € k[S] but 9 = deg 2 can not

be expressed as an N — linear combination of 5, 6, and 7.

Theorem assures that, if a subalgebra is not finitely gener-
ated, then it does not have finite SAGBI basis. The converse of
this statement is not true. That is, there exist a finitely generated
k — subalgebra of k[x| that does not have finite SAGBI basis. Ro-
bianno and Sweedler [24] give the following example to show the
existence of finitely generated k - subalgebra that does not have

finite SAGBI basis with respect to any monomial ordering.

Example 2.2.5. ([24], Example 1.20, p.68) Let R be a subalgebra of

k[x,y] (finitely) generated by f = x+vy,g = zy, and h = zy*. Then
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R does not have finite SAGBI basis with respect to any monomial

order.

First of all let us identify a useful family of elements in R and a
useful family of elements which are not in R.

IN R: g =2y, h = 2y* hp = 2y™ = (x + y)zy™ ' — (2y)zy™ 2, for
m € N>s3. This implies that xy™ € R for all m € N>;.

NOT IN R: For j > 1, R contains no element having 3/ as a
homogeneous component.

To the contrary, assume there is an element ¢ € R with 3/ as a
homogeneous component. Since R is graded algebra, 3/ € R. Since
R is generated by f, g and h, every element of R is a function of f, g
and h.

Assume r(z + y, 2y, 2y?) = .

For x = 0, 7(y,0,0) = ¢/

For y =0, r(x,0,0) = 0. This is not acceptable.

Hence R does not contain an element having 1/ as a homogeneous
component.

For any monomial order > on k[x,y], either z > y or y = x

For x »= y

By INR, S ={z +vy,zy, 2% ..} CR. We claim to show that S is
a SAGBI basis for R and ‘R has no finite SAGBI basis.

For j > 1, R contains no elements having 3/ as a leading monomial.
To the contrary, suppose ¢ is a polynomial with leading monomial 7.
In the monomial ordering 3/ is the smallest monomial of degree j.
Hence the degree j component of ¢ must be a non-zero scalar times

y/. By NOT IN R, ¢ ¢ R. Hence the initial of any non constant
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element p € R is of the form 'y’ with ¢ > 1.

in, p = 2’ oy’

— ing (o +y) " in (ay)

Hence, by Theorem 2.1.5] S is a SAGBI basis for R.

Suppose R has a finite SAGBI basis T. Choose m large enough so
that no element of T has leading monomial xy™. Since T is a SAGBI
basis for R, xy" is a power product of initials of elements of T. Since
x occurs to the first power, it follows that T has an element with
initial of the form xy’ with 0 < 4 and an element with initial v/ with
1 < j. This contradicts NOT IN R. Hence R has no finite SAGBI
basis.

Fory =z

Since (x + y)xy = 2%y + xy?, {x +y, 2y, 2%y} can also generate R.
Hence with x and y interchanged, the same reasoning as above shows
that {z + vy, 2y, 2%y, 2%y, ...} is a SAGBI basis for R and R has no
finite SAGBI basis.

Remark 2.2.6. Example shows that {z+y, zy} form a SAGBI
basis. Example shows that {zy,zy?} form a SAGBI ba-
sis. In similar fashion with example 2.1.7, we can easily show that
{z + y,zy?*} can form a SAGBI basis. So, every pair of elements in
{z + y, 2y, vy?} can generate a k — subalgebra with finite SAGBI
basis. Can we conclude that every k-subalgebra generated by two
polynomials has a finite SAGBI basis? We will answer this question

in chapter 4.
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2.3 SAGBI basis test

Consider a finite subset S = {f1, fo, ..., fm} of k[x]. Since the el-
ements in k[S] are k— linear combinations of S — power products
and the initials of each & — power products is clearly a product of
initials of elements in &, one might think that the condition in the
definition on SAGBI basis should always be satisfied. However, the
leading terms of the summands in the k— linear combinations of
S — power products might cancel and the initial of the k— linear
combinations of §— power products need not be a product of initials
of elements in §. In this case S fails to be a SAGBI basis. In this
section, we introduce critical pairs, which are the most important

pairs of polynomials in the SAGBI test theorem.

Definition 2.3.1. Let ) # S C k[x] and R be the k — subalgebra
of k[x] generated by S. An element f € R\{0} is said to have a
lower representation in S if f = >\, v;m; for some 7; € k\ {0} and
m; € Spon With iny f = max, {ins (my), in- (my2), ..., inx (m,) }.

Proposition 2.3.2 ([24], Proposition 2.3, p.70). Let § # S C k[x]
and R be the k — subalgebra of k[x| generated by S. The following

conditions are equivalent.

(1) S is a SAGBI basis

(2) Each element f € R\{0} has a lower representation in S.
Definition 2.3.3. Let ) # S C k[x] and =€ Q. A pair (p,q) €
Smon X Spmon 18 said to be an S-critical pair if in- p = in- g.

An S-critical pair (p,q) is said to be trivial if p and ¢ have a non-

constant common factor in S.

26



For an S-critical pair (p, ¢), there exists 0 # v € k such that lt.p =
vlt-q. Forsuch 0 # v € k we call the difference p—~yq a T-polynomial
of (p,q) and denoted by T'(p, q). [{

Remark 2.3.4. The following are simple consequences of the defi-

nition of S-critical pairs and T-polynomials.

(1) (p,q) is an S-critical pair if and only if (¢,p) is an S-critical

pair.
(2) For any S-critical pair (p, q), in- T'(p,q) < in= p = inx ¢q

(3) T(p,q) = p—vq if and only if T(q,p) = ¢ — p = —2T(p, q)
(4) T(p,q) = 0 if and only if p = yq for some 0 # v € k.

(5) If (p,q) and (u,v) are S-critical pairs and m € N then (pu, qv),
(pv, qu) and (p™,q™) are S-critical pairs.

Note that, there are generally an infinite number of critical pairs,
but the set of critical pairs may be finitely generated and it is time

saving to use a generating set for the SAGBI basis test.

Definition 2.3.5. Let ) # S C k[x] and C be the set of all S-
critical pairs. A non empty subset A of C' is said to be a generating
set for C if for all (u,v) € C there exist (uy,v1), (ug, v2), ..., (U, vt)
with either (u;,v;) € A or (v;,u;) € Aforeachi e {1,2,3,...,t} such

that w = [['_, u; and v = szl v;.

'In Buchberger theory the name S —polynomial is used to refer Syzigy. The SAGBI analogue
for S — polynomial is T — polynomial. We used the name T — polynomial since Robbiano and

sweedler used “téte-a-téte”.
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Theorem 2.3.6 ([24], Theorem 2.8, p. 71). [SAGBI Test]
Let ) #£ S Ck[x], =€ Q, C be the set of all S-critical pairs and A be

a generating set for C'. Then the following statements are equivalent.
(1) S is a SAGBI basis with respect to ».

(2) Each non-zero T — polynomial of an element in A has a lower

representation in S.

(3) Each non-zero T — polynomial of an element in A has at least

one subduction over S which terminates at 0.

(4) Every subduction of each non-zero T'—polynomial of an element

m C over S terminates at 0.

Remark 2.3.7. Proposition can be a consequence of the SAGBI
test theorem. Indeed, if any two S — power products have the same
initial, then the two & — power products are equal. Hence the corre-

sponding T-polynomial should be zero. Hence by SAGBI test theo-
rem S is a SAGBI basis.

“As in classical Buchberger theory, the SAGBI test theorem is the
key to construct SAGBI basis. If a set G is not a SAGBI basis, there
will be at least one (p,q) € A where T'(p, q) does not subduce to 0.
These final subductums of elements not equal to zero are what to
add to the set G to get closer to SAGBI basis” [24]. In the following
section, we will see how can we construct a SAGBI basis from a

subset G of k[x].
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SAGBI basis construction

One begins with a generating set for a k-subalgebra, and wishes to
find a SAGBI basis for the k-subalgebra. The construction starts
with a set G and leads to a SAGBI basis for the k-subalgebra R
generated by G. If G is finite and R has a finite SAGBI basis, our
SAGBI basis construction really terminates in a finite number of
steps.

SAGBI basis construction “algorithm”[[24], p. 77]

Let G be a finite generator of a k-subalgebra R of the polynomial
ring k[x].

INITIALIZE : Gy = G;

Let A; be a generating set for G;-critical pairs. For each (p,q) € A;,
let (p, ¢) be a final subductum of T'(p, ¢) over G;, and F; = {r(p, q) :
r(p,q) # 0}

WHILE F; # 0

DO Gji1 = F;UG,

FINALIZE : Set G = U;G,;.

Remark 2.3.8. Let G;s’ and F}s’ be given as in the above “algo-
rithm”. Then the following hold.

G CG CGC..
e All the G;, and hence G, are contained in R.

o If G,y = G; (and hence Fji; = Fj = 0 ), then Gi = Gj11 =
Git2 = ... and G; = G and hence the above SAGBI basis

construction algorithm stop at a finite stage.

29



Theorem 2.3.9 ([24], Theorem 3.5, p. 77). (SAGBI construction
theorem)

Let G be a finite generator of a k-subalgebra R of the polynomial ring
k[x].

e G is a SAGBI basis for R

o G; is a SAGBI basis for R if G; = G

2.4 SAGBI basis and Integral Extension

In this section we will see definitions and some properties of integral
element, integral closure and integrally closed algebra. In addition

to this we will see the relationship betwen integrally closed algebras

and algebras with finite SAGBI basis.

Definition 2.4.1. Let A C B be an extension of commutative rings
with the same 1. An element s in B is said to be an integral element
over A if there is a monic polynomial f € Afz] with f(s) = 0. That
is, if there are m € Nxy and aq, as, ..., a,, € A with s™+a;s™ ...+
am-15 + a,, = 0. We say that B is integral over A if every element

of B is integral element over A.
Note that if A is a field, then integral and algebraic are the same.

Proposition 2.4.2 ([2], Proposition 5.1, pp.59-60). Let A C B be
an extension of commutative rings and s € B. Then the following

statements are equivalent;

(1) s is integral element over A.

(2) Als| is finitely generated A-module.
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(8) Als] is contained in some subring C' C B so that C is finitely

generated as A-module.

(4) There is a faithful A[s]- module M that is finitely generated as
A-module.

Corollary 2.4.3 ([2], Corollary 5.2, p.60). Let A C B be an exten-
sion of commutative rings. si,So,...,S, € B are integral elements

over A if and only if Alsy, so, ..., sp| is finitely generated A-module.

Corollary 2.4.4 ([2], Corollary 5.3, p.60). Let A C B be an exten-

siton of commutative rings.

A:={x € B : z is integral element over A}

18 a subring of B which contains A. This subring is called the integral

closure of A in B.

Corollary 2.4.5 ([15], Theorem 8.4, p.105). If B is generated by

integral elements over A as an A-module, then B is integral over A.

Remark 2.4.6. Corollary and shows that any finitely
generated A-algebra that is also integral over A is finitely generated

A-module.

Corollary 2.4.7 ([2], Corollary 5.4, pp.60-61). Let R C S C T be
commutative rings with S is integral over R and T is integral over

S. Then T is integral over R.

Corollary 2.4.8 ([24], Proposition 4.7, p.82). Let R be a k—subalgebra
of k|x] and = € Q. Ifk[x] is integral over InsR then R has a finite
SAGBI basis.
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Proof. Clearly, k[x] is finitely generated as a k- algebra. Moreover,
Since k[x] is integral over Iny.R, k[x] is finitely generated as InyR-
module. Therefore, By proposition (E.Artin—Tate Theorem),
In-R is finitely generated as a k-Algebra. Hence by definition of
SAGBI basis, R has a finite SAGBI basis. []

Theorem 2.4.9 ([24], Proposition 4.9, p. 82). Let R be a k —
subalgebra of a polynomial algebra k(x| = k[x1, z9, ..., x,] and = € Q.
Then k[x] is integral over In=R if and only if for each i = 1,2,...,n,

3fi € R such that ins f; = x?i for some d; € Nyy.

Proof. Suppose k[x] is integral over In-R. For each i = 1,2,...,n,
x; satisfies
o g L g1+ g =0

m

' at least one g; must have

for some g; € In-R. To cancel out x
a nonzero term with monomial of the form z%. Since In R is a
monomial algebra, each of the individual terms of the g/s lie in In.R.

Thus 2% € In-R. Therefore, 3f; € R such that in. f; = 2.

Conversely, assume xfl,xgz, ., xd € In R for some dy,ds, ...,d, €
N.. Since each z; satisfies a monic polynomial equation 2% —a:?i =0

in In-R[z], we have each z; is integral over In-R. Therefore, k[x]

is integral over In-R. [

Corollary 2.4.10. Let R be a k — subalgebra of k[xy, o, ..., ;]
and = € Q. If there exist fi, fo, ..., fn € R and positive integer
dy,ds, ..., d, such that ins f; = xfi, then R has a finite SAGBI basis.

Proof. By Theorem [2.4.9, k[x1, x2, ..., z,,] is integral over in- R. By
corollary 2.4.8, 'R has finite SAGBI basis. []

32



The following is one of the discouraging example, given by Robbiano
and Sweedler [24], where finiteness of SAGBI basis depend on the

monomial order.

Proposition 2.4.11 ([24], Example 4.11, pp. 83-84). [Robbiano and
Sweedler Example]

Let R be the k—subalgebra of k[x1, x9] (finitely) generated by x1, x1x0—
w3, v1235. Then R has a finite SAGBI basis for a monomial order with
o = x1 but has no finite SAGBI basis for a monomial order with

xr1 ~— Io.

Proof. For the monomial order with xy > x1, there exist f; = x; and
fo = —a:% + x129 in R with in- f; = x; and inx fo = l‘% Hence by
Corollary 2.4.10] R has finite SAGBI basis.

Let us consider a monomial order > with z1 > xs.

For any m € N set

2m
gom = T1Ty
and
o 2m+1 2m+2
9om+1 = (m + 1)x1x2 Ty

Observe that gy = 71, g1 = 129 — 23 and go = 1123 are generators
for R.

Moreover, for any m > 1, one can verify that

9om+1 = MGogam — 9192m—1

and

%[2909%“ — (2m + 2)g192m)-

Thus for any m € N, g9, & go,n+1 are members of R. Since x1 = o,

9om+2 =

we have iny gop1 = x125™ . It follows that {zy, 7129, 7123, 1123, ...} C
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in R. Hence k[x1, z129, 2123, 2123, ...] C iny R.
Notice that in degree n, k[z1, 129, 2123, 2123, ...] has k basis consist-

ing of the monomials

n _n—1 n—2_.2 n—1
Ly, Ly X2, Ty Loy ...,T1Ty .

Thus k[z1, 2129, 2123, 2123, ...] and ins R have the same Hilbert-Poincaré
series. Hence k[xl,xlxg,xlx%,xlx%, ...] = iny R. Thus iny R is not

finitely generated and R does not have a finite SAGBI basis. []

Finally let us see whether the property of having a finite SAGBI
basis is preserved by an isomorphism. That is, Assume a: R — S is
an isomorphism between k— subalgebras of k[x], and R has a finite
SAGBI basis with respect to a given monomial ordering >. Does
S have a finite SAGBI basis with respect to = 7 Let us see the

following example.

Example 2.4.12 ([24], Example 4.13, p. 84). ‘ let R be the k —
subalgebra of k[z, y] generated by z+y, zy, zy?. From example[2.2.5
we know that R does not have finite SAGBI basis with respect to any
monomial ordering. Consider an automorphism « on k[z,y| which
sends x to x +y and y to —y. Observe that « is its own inverse and
a maps ¥ +y to x and xy to —zy — y?. Thus z,zy + > € a(R).
If k[x,y] has a monomial ordering with y > x, then it follows that
2,92 € In-(a(R)). By corollary 2.4.10, a(R) has a finite SAGBI
basis. This shows that the property of having a finite SAGBI basis

is not invariant under isomorphism.
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Chapter 3

SAGBI bases in a univariate

polynomial ring

The existence of finite SAGBI basis for a k — subalgebra of a uni-
variate polynomial ring k[z] is guaranteed. The main problem in the
case of univariate polynomial ring is that whether the generators of a
k — subalgebra themselves can form a SAGBI basis. In this chapter,
we present necessary and\or sufficient conditions when two or more
polynomials form a SAGBI basis.

Let us start our discussion by the following motivational example of
Torstensson et al. ([29], p.1087).

Let f = 23 + asx® + a1 + ag and g = 22 + byx + by. Is it possible to
find a monomial z in k[f, g]?

For some convenient choice «,(,v,¢ in k, we get a polynomial
h(z) = (f*—g¢%) —afg— Bg*>—vf — ¢g , which has probably degree
1. However, Torstensson [28] shows that k[f, g] does not contain a
polynomial of degree 1. In 1970, N. S. Mendelsohn [19] proved that
a subsemigroup of N generated by two relatively prime numbers m

and k contains all integers greater than or equal to (m — 1)(k — 1).
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So, If we are given a positive integer ¢ > 2, then we can find a

polynomial h € k[f, g] with degh = q.

3.1 Existence of finite SAGBI basis

We know that the only ordering on a univariate polynomial ring is
the degree ordering. This ordering is defined naturally as z* > 2/
if and only if ¢« > j, where > is the usual greater than or equal to
ordering on the set N. Consequently, we can express any polynomial
f in k[z] in the form of f = a, 2™ + ap_12™ ! + ... + a1 + ag for

some m € N, where a,,, ..., ay € k and a,, # 0. In this case:

e the degree of f, deg(f) =m
e the initial of f, in(f) = 2™
e the leading coefficient of f, lc(f) = ay,

e the leading term of f, lt(f) = a,,x™.

Theorem 3.1.1 ([24], Corollary 4.8, p.82). Every k — subalgebra of

k[z] is finitely generated.

Proof. Given a k — subalgebra R of k[x].

Put B = {degf: f € R\{0}}. Clearly B is an additive subsemi-

group of N. By William Y. Sit and Man-Keung Siu [26], B is finitely

generated. Let S = {fi1, f2, ..., fm} € R such that {deg(f1), deg(f2), ..., deg(fm)}
generates B. By Theorem 2.1.5, S is a (finite) SAGBI basis for R.

Thus, by Theorem [2.2.2) R = Kk[S]. O

Unlike k — subalgebras of a multivariate polynomial algebra, each

k — sublagebra of a univariate polynomial algebra k[z] has a finite
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SAGBI basis. So, in univariate polynomial algebra, our focus is
not to determine finite SAGBI basis. Our main target here is to
determine sufficient conditions when a given set of generators form
a SAGBI basis. For example, consider a subset G = {22 + z, 2%} of
k[z]. Observe that x = 2% + x — 2? € kl[z? + x, 2%, the initial of
both polynomials in G is 22 and = can not be expressed as a power
product of #2. Thus, G is not a SAGBI basis for k[z? + z, 2?]. This
example is actually given by Robbiano and Sweedler ([24], Example
1.18, p.68) to show that generators of a k — subalgebra may not be
a SAGBI basis. The following simple result also notifies that there
are infinitely many sets of generators which can not form a SAGBI

basis.

Proposition 3.1.2. Let f, g € k[x] be monic polynomials with the
same degree. Then {f,g} is a SAGBI basis if and only if f and g

differ only by their constant terms.

Proof. Assume that {f, g} is a SAGBI basis. Since f and g are monic
polynomials with the same degree, the degree of f — g is strictely
less than the degree of f. This fact implies that f — g € k.
Conversely, assume f and g differ only by their constant terms. By
Corollary [2.1.9, we have that k[f] = k[g]. Hence {f} is a SAGBI
basis for k[f, g]. Thus, {f, ¢} is a SAGBI basis.
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3.2 Two generators’ Case

We should understand the main results of Torstensson et al. ([28],[29]).
They focus on the sufficient (and necessary) conditions when two
generators form a SAGBI basis in a univariate polynomial algebra
over a field k. We briefly state the main results of Torstensson as

follow.

Theorem 3.2.1. ([28/, Theorem 10, p.570) If f,g € k[x] are of

relatively prime degrees, then {f, g} is a SAGBI basis.

Corollary 3.2.2. ([2§], Corollary 11, p.570) If f,g € k[z] are of

degree at least two that are relatively prime then K[f, g] # k|x].

Theorem 3.2.3. ([28/, Theorem 12, p.571) Let f,g € k|x] be such
that deg f | degg. Then {f, g} is a SAGBI basis if and only if g is

a polynomial in f.

Theorem 3.2.4. ([28], Theorem 14, p.571) Let f,g € k[z] and d =
ged(deg f,degg). Then {f, g} is a SAGBI basis if and only if there

is a polynomial h € k[z] of degree d and polynomials F and G such
that f = Foh and g = G o h.

Theorem does not hold for three or more generators. The
following example is given by Torestenson et al.[28] to show the above

Theorem does not hold for three generators.

Example 3.2.5. ([29], p.572) Let f = 2* — 2,9 = 2, and r = 2°.
Here ged(deg f, deg g, degr) = 1, observe that the three polynomials
have also pair wise relatively prime degrees. Now h = x, and polyno-

mials ' = f,G = g, and R = r can satisfy the sufficient condition
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for the converse. But {f, g,r} can not be a SAGBI basis.
For, z = fg+ f2+29 —r — f € k[f,g,7] and deg(x) = 1 can not
be expressed as an N — [tnear combination of deg f = 2,degg =

3, and degr = 5.

Theorem 3.2.6. ([29], Theorem 24, p.1100) Let f and g be poly-

nomials in K[x] of degree m and k respectively. Let m' = ————,
ged(k,m)
k AL9)

kK = wed(bm) and ¥ —g™ =5 b with degh = 1. Ifged(l, ged(m, k)) =
1, then {f,g,h} is a SAGBI basis.

Remark 3.2.7. In Theorem [3.2.6| the condition f* — ¢™ {f’—g}; h is

very important. If h is not a final subductum of ¥ — g™ over {f, g},
then the theorem would no longer be valid. Look at the following
counter example:

Let f=2%+32%g=2a%+ 22z and h = 23 + .

Clearly ged(degh, ged(deg f,degg)) = ged(3,gcd(6,4)) = 1. But
{f,g,h} can not be a SAGBI basis. This is because —x = f* — ¢ +
3f—h €Kk[f,g,h] and deg(—x) = 1 is not an N—[inear combination
of 3,4 and 6. Observe that h can satisfy all the conditions of the

theorem except f? — g¥ {f’—g}> h.

3.3 Generators with Consecutive degrees

If f and g are non-constant univariate polynomials with consecutive
degrees, then by Theorem [3.2.1], {f, ¢} is a SAGBI basis. But we
have examples of three or more generators with consecutive degrees
that can not form a SAGBI basis. In this section we present neces-

sary and sufficient conditions when three generators with consecutive
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degrees form a SAGBI basis.

Theorem 3.3.1. Let fi, fo, ..., fmn be non-constant polynomaials in a
univariate polynomial ring k|| with degrees m,m+1,...,2m — 1 re-
spectively. Then {f1, fo, ..., fm} is a SAGBI basis if and only if the
subalgebra K[ f1, f2, ..., fm] does not contain a non-constant polyno-

maal h with degh < m.

Proof. Suppose {fi, f2, ..., fm} is a SAGBI basis. For each non-
constant polynomial h € Kk[f1, fo, ..., f], degh is an N — linear
combination of deg fi,deg fs, ...,deg f,,. Since deg f; > m for each
i € {1,2,...,m}, and at least one of the coefficient’s of the linear com-
bination is nonzero, we have that degh > m. Hence Kk[f1, fo, ..., fin]
does not contain a non-constant polynomial h with degh < m.
Conversely, assume K[f1, fo, ..., fi] does not contain a non-constant
polynomial h with degh < m. We want to show that {f1, fo, ..., f}
is a SAGBI basis.

Let h be a non-constant polynomial in k[f1, fo, ..., fu]. By assump-

tion, deg h > m.

degh >m = degh =km+ 1 for some k> 1andi € {0,1,2,....,m — 1}
= degh=(k—1)m+m+i=(k—1)deg f1 +deg fii1

Hence by Theorem 2.1.5 {f1, f2, ..., fm} is a SAGBI basis. O

Observe that, for each ¢ > m, there exists h € Kk[f1, fo, ..., fi] such
that degh = ¢. In other words, each positive integer ¢ > m can
be expressed as an N — [inear combination of m,m +1,...,2m — 1.

However, if ¢ < m there may or may not exist a polynomial ¢t &
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k[f1, fo, .-, fm] such that degt = ¢. The existence of such ¢ depends
on whether {f1, fo, ..., fin} is @ SAGBI basis or not.

Example 3.3.2. Let fi = 2%, f, = o' + 2, f3 = 2°. Since 2° =
2 — fifs — 2f3 € K[f1, f2, f3] and dega? = 2 < 3 = deg f, we have
{f1, fo, f3} is not a SAGBI basis.

In Theorem [3.3.1}, the degree of f; is equal to the number of gener-
ators f1, fo, ..., fin. The following counter example explains that the
two statements in Theorem [3.3.1] are not equivalent if we remove f,,

from the generating set.

Example 3.3.3. Let f(z) = 2* + 23, g(z) = 2° + 2 and h(x) = 2°.
Then {f,g,h} can not form a SAGBI basis even though k[f, g, h]
does not contain linear polynomials, quadratic polynomials and cu-

bic polynomials.

Indeed, 27 = f2+ ¢*> — f(g + h) — h € Kk[f, g, h], but we can not
express deg(x’) = 7 as an N — [inear combination of 4, 5, and 6.
Hence, by Theorem [2.1.5, {f, g, h} can not form a SAGBI basis.

Moreover, using singular, we found that {z* + 23, 2° + 2%, 25 27} is
a SAGBI basis for k[f, g, h]. Hence, by Theorem [3.3.1], k[f, g, h] =
k[f, g, h,z"] does not contain linear polynomials, quadratic polyno-

mials and cubic polynomials.

Example 3.3.4. Let fi, f, f3 be polynomials in k[x] with degrees 4,
5 and 6 respectively. Then {f1, fo, f3} is a SAGBI basis if and only

if k[f1, fo, f3] does not contain polynomials of degree 1, 2, 3, and 7 .
Suppose {f1, fo, f3} is a SAGBI basis. Since 1, 2, 3, and 7 can not
be expressed as N — [inear combination of 4, 5, and 6 we can say
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that k[f1, f2, f3] does not contain polynomials of degree 1, 2, 3, and
7.

Conversely, assume that Kk[fi, f2, f3] does not contain polynomials
of degree 1, 2, 3, and 7. Let h be a non-constant polynomial in
k[f1, fo, f3]. If deg h is either 4, 5, or 6, we can express deg h = deg f;,

for some i € {1,2,3}. So, assume degh > 8.
degh > 8 = degh = 4k + r where k > 2 and r € {0,1, 2, 3}.
case-1: if r =0
degh = 4k
= kdegfl
case-2 : ifr =1
degh = 4k +1
= 4k—-1)+5
= (k—1)deg f1 +deg fo
case-3 : ifr =2
degh = 4k +2
— 4k —1)+6
= (k—1)deg f1 +deg f;
case-4 : ifr =3
degh = 4k +3
= 4k —2)+ 11

= (k—2)deg f1 + deg f> + deg f3
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In all cases deg h can be expressed as an N — [inear combination of
deg f1,deg f> and deg f5. Hence, by Theorem 2.1.5, {fi, fo, f3} is a
SAGBI basis. ]
In the explanation of the above example observe that the subsemi-
group (4,5,6) of N contains all integers greater than or equal to

8.

Lemma 3.3.5. Let fi, fo, ..., fi be polynomials in k[z] with deg f; =
m + i — 1, for some positive integer m > t. If {f1, fo, ..., fi} is a
SAGBI basis then the k — subalgebra K[ f1, fo, ..., ft] does not contain

polynomials of degree 1,2,3,...m —1,m+t.m+t+1,....2m — 1.

Proof. Suppose { f1, fo, ..., ft} is a SAGBI basis. Since all 1,2, ..., m—
1 are less than deg fi = m, we can not express 1,2,....,m — 1 as
N — linear combination of deg f1, deg fs, ..., deg f;. Hence k[f1, ..., fi]
does not contain polynomials of degree 1,2, ...,m — 1.

Suppose h € Kk[f1,..., fi] with m +t < degh < 2m — 1. Since
{f1, f2, ..., fi} is a SAGBI basis, by Theorem [2.1.5 we have degh =
ardeg f1 +asdeg fo+ ...+ oy deg f; for some aq, s, ...,ap € N. Since
degh > deg f; = m +t — 1, at least two of a; and a; should be
nonzero (or at least one a; should be greater than or equal to 2).

Hence,

degh = ajdeg fi + asdeg fo + ... + oy deg f;.
> ajdeg fi + o deg f;.
= aim+i—1)+a;j(m+j—1).
= am+am+o(i—1)+a;(j —1).
> 2m.
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This contradicts with degh < 2m — 1. Therefore, k[fi, ..., f;| does
not contain polynomials of degree m +t¢,...,2m — 1.

Hence { f1, fo, ..., fi} is a SAGBI basis implies that k[ f1, fo, ..., fi] does
not contain polynomials of degree 1,2,3,...m —1,m +t,m +t +

1,....2m—1 O

Theorem 3.3.6. Given an even integerm > 4. Let f1, fa, ..., fmy1 be
polynomials in k[z] with deg fi = m +i — 1. Then {f1, fa, ..., fm 1}
is a SAGBI basis if and only if k[f1, fo..., fmi1] does not contain

polynomials of degree 1,2,...m—1,m+35+1,m+3+2,...,2m—1.

Proof. Since m > 3+1 for any m > 4, by Lemma3.3.5, { f1, fo, ..., fm 11}

is a SAGBI basis implies that k[f1, f2..., fm 1] does not contain poly-
nomials of degree 1,2,....m —1,m+3+1,m+5+2, ..,2m—1.
Conversely, suppose Kk[fi, ..., fm 1] does not contain polynomials of
degree 1,2,..m—1m+3+1,m+ 3 +2,..,2m — 1. We want to
show that {fi, ..., fmy1} is a SAGBI basis.

Let h € k[f1,..., fmy1] \ k. Then either m < degh < m + % or
deg h > 2m.

If m < degh < m+ %, then deg h = deg f; for some i € {1,2,..., %+
1}. Assume degh > 2m. By division algorithm, degh = qgm + r
where ¢ > 2 and r € {0,1,...,m — 1}.

Case 1:-If 0 <r < 7,
degh = gm+r
= (@g—1)m+m+r

= (¢—1)deg fi +deg fr11

Case 2:- If 7 <r < m—1, then r can be expressed asr = 5 +i—1
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for some i € {2,...,%}. So,

degh = gm+r

= (q—2)m+2m+%+i—1, forsomei6{2,...,%}

= (q—2)m+(m+%—1)—l—(m—l—i), forsomei€{2,...,%}

= (q—2)deg f1 + deg Jm + deg fit1, for some i € {2, ..., %}

In both cases we can express deg h as N — [inear combination of
deg f1,deg fa, ...,deg fm,y. Hence, by Theorem [2.1.5, {fi, ..., fm 1}
is a SAGBI basis. O

Theorem 3.3.7. Given an odd integer m > 3. Let f1, fo, ...’fm2—1+1
be polynomials in k|x| with deg f; = m+i—1. Then {f1, fa, ..., fmT4+1}
is a SAGBI basis if and only if K[f1, fa, ... fm;lﬂ] does not contain
polynomials of degree 1,2, ..., m—1,m+22 41 m+2142 . 2m—1.

Proof. Since m > mT_l + 1 for any m > 3, by Lemma [3.3.5 if
{f1, foy -+, fmT—1+1} is a SAGBI basis then k[f1, f... fm;1+1] does not

contain polynomials of degree 1,2,....m—1,m+2L4+1, ..., 2m— 1.
Conversely, suppose k| f1, ... fm;l ] does not contain polynomials of
degree 1,2,..m—1,m+2L 4+ 1 m+2L42 . 2m—1. We want
to show that {fi, ..., fmT4+1} is a SAGBI basis.

Let h € k[f1,..., fmoi 1] \ k. Then either m < degh < m + L or
degh > 2m

If m < degh < m + mT_l, then degh = degf;, for some ¢ €
{1, 2, ,mT_l + 1}. Assume degh > 2m. By division algorithm,
degh = gm + r, where ¢ > 2, and r € {0,1,...,m — 1}.
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—1

3

Case 1:-If 0 <r <

[\J‘

degh = gm—+r
= (g—1)m+m+r
= (¢ —1)deg fi +deg f,11

Case 2:- If ’"T_l < r < m — 1, then r can be expressed as r =

mT_1+i — 1 for some i € {2,...,mT_1+ 1}. So,

degh = gm+r

—1 —1
= (q—2)m+2m+mT+i—1,f0riE{2,...,mT+1}
m—1 m—1
= (q—2)m—|—(m—|—T)—|—(m—|—i—1),f0rz'E{2,...,T—|—1}
—1
= (q—2)deg f1 + deg fm 1+degfi,f0ri€{2,...,m—+1}
T T 2

In both cases we can express deg h as N — linear combination of

deg f1,deg fa, ..., deg fu1 ;. Hence, by Theorem[2.1.5, {f1, - fmT—1+1}
is a SAGBI basis. O]

Corollary 3.3.8. Let f and g be polynomials in k[z] with deg f = m
and deg g = m+1 for some m € Nso. Then k[f, g] does not contain

polynomials of degree 1,2,....m —1,m+2,m—+3,....2m — 1.

Proof. Since any two consecutive positive integers are relatively prime,
by Theorem {f,g} is a SAGBI basis. Thus, by Lemma [3.3.5]

k[f, g] does not contain polynomials of degree 1,2,....m — 1,m +

2,m+3,...,2m — 1. []
More specifically we have the following;

o If deg f = 2 and degg = 3, then k[f, g] does not contain lin-
ear polynomials. But, by Theorem [3.3.1], the subalgebra k[f, g]

contains a polynomial of degree d, for any d > 2.
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o If deg f = 3 and degg = 4, then k[f, g] does not contain poly-
nomials of degree 1, 2 and 5. But, by Theorem [3.3.7, the sub-

algebra k[f, g] contains a polynomial of degree d, for any d > 6.

e If deg f = 4 and degg = 5, then Kk[f, g] does not contain poly-
nomials of degree 1, 2, 3, 6 and 7. Moreover, by the Theorem
of N.S.Mendelsohn [19], we know that k[f, g] does not contain
a polynomial of degree 11 but for any d € Nsjs there is a poly-
nomial h € k[f, g] such that degh = d.

The number of generators in Theorem and Theorem de-
pends on the degree of f;. The following two Theorems give sufficient

and necessary conditions when three generators with consecutive de-

gree form a SAGBI basis.

Theorem 3.3.9. Let m > 4 be an even integer and H be an additive
monoid generated by {m,m + 1,m + 2}. Then q € H if and only if
¢ U {teNi(m+2) <t< (i+1)m}.

Proof. Assume q € H.

geEH = qg=am+ ay(m+ 1)+ az(m+ 2) for some ay, s, a3 € N

= q= (a1 + as+ ag)m + (a2 + 2a3) for some ay, as, a3 € N

Claim ¢ ¢ U2, {t e N:i(m+2) <t < (i + 1)m}.

To the contrary assume i(m + 2) < ¢ < (i + 1)m, for some i €
{0,1,2,...,% — 1}. Hence, ¢ = (oq + ag + az)m + (ao + 203) is
greater than i(m + 2) = im + 2i. Thus, either a3 + as + a3 > i or

a1+ as + a3 < 1 and as + 2a3 > 21.
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Case-1:-If a; + a9 + a3 > 1

ar+as+a3>1 = agtast+ag>i1+1
= ¢> (g +ax+az3)m > (i+1)m

Which contradicts with g < (i + 1)m
Case-2:- If a; + a9 + a3 < 7 and oy + 23 > 21.

as + 203 > 21 = as+ 203 > 2(ag + as + az)
= 0> 207 + a9

Which contradicts with aq, as € N

Hence g ¢ Uigl{t eN:i(m+2)<t<(i+1)m}.

m

Conversely, assume q ¢ Ufzol{t eN:i(m+2)<t<(i+1)m}.
Claim g € H
¢ U {teNi(m+2) <t<(i+1)m}

= ¢ (i(m+2),(i+1)m), foralli=0,1, ..., % —1

= qe[(i+1)m,(i+ 1)(m+2)], for some i =0,1,..., % —2
or g € [(5)m, )

Case-1:- If g € [(i +1)m, (i +1)(m+2)], for some i = 0,1, ..., 5 —2,
then we have (i+1)m < ¢ < (i+1)m+2(i+1). So,¢=(i+1)m+
r, where 0 < r < 2(i+ 1), Now,

Case-1.1:- If r is even

=2 is an integer which is less than or equal to i, that is, i — 52 € N,

and

qg = (@i+1)m+r
r—2

= (i— 5 )m+g(m+2)

Hence g € H
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Case-1.2:- If r is odd

7";21 is a non-negative integer which is less than or equal to 7, that is,

i—%GN,and

Hence ¢ € H.
Case-2:- If ¢ € [(§)m, 00)
m m<qg=q=pm-+r, Wherepzm and r € {0,1,....m —1
2 2

Case-2.1:- If r is even

r

5 Is a non-negative integer which is less than or equal to p, that is,

p—35 €N, and

q = pm+r

= (p-Dym+(m+2)

Hence ¢ € H

Case-2.2:- If r is odd

r+1
2

p—", and ZH — 1€ N, and

is a non-negative integer which is between 1 and p, that is,

q = pm+r
+1 +1
= (p— r 5 )m+(r 5 —DH(m+2)+(m+1)
Hence g € H.
In all possible cases ¢ € H. Hence the Theorem Holds. ]

Corollary 3.3.10. Given an even integer m > 4. Let fi, fo, f3 €
k[z] with deg fi = m,deg fo = m + 1 and deg f3 = m + 2. Then
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{f1, fo, f3} is a SAGBI basis if and only if K[f1, fo, f3] does not con-
tain a polynomial h with degh € Ul-%zal{t ci(m+2) <t < (i+1)m}.

Theorem 3.3.11. Let m > 5 be an odd integer and H be an additive
monoid generated by {m,m 4+ 1,m + 2}. Then q € H if and only if
¢ U2 {teN:i(m+2) <t<(i+1)m}.

Proof. Assume g € H.

geEH = qg=am+ay(m+ 1)+ az(m+2), for some ay,as,az € N

= q= (a1 +as+ ag)m + (s + 2a3), for some oy, s, a3 € N

Claim ¢ ¢ UE_I{t eN:i(m+2)<t<(i+1)m}.

To the contrary, assume i(m + 2) < ¢ < (i + 1)m, for some i €
{0,1,2,..., 1 — 1}. Hence, ¢ = (a1 + a2 + az)m + (a2 + 2a3) is
greater than i(m + 2) = im + 2i. Thus, either a1 + as + a3 > i or
a1+ ag + ag < 1 and as + 2a3 > 2i.

Case-1:-If a; + ap + a3 > 1

artas+ag3>1 = agtas+ag>1+1
= ¢> (a1 +o+azym> (i+1)m

Which contradicts with ¢ < (i + 1)m
Case-2:- If a; + a9 + a3 <7 and ay + 23 > 21.

oy + 203 > 21 = 042—1—2043>2(041—|—042—|—043)
= 0> 2071 + a9

Which contradicts with aq, a9 € N

m—1t
2

Hence ¢ ¢ U, 0_1{t eN:i(m+2)<t<(i+1)m}.

m—1

Conversely, assume ¢ ¢ Ui:TO_l{t eN:ilm+2) <t<(i+1)m}.
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Claim g € H
gd U HteN:i(m+2) <t<(i+l)m)

= q¢ (i(m+2),0@+1)m),
m—1

forallz=0,1,..., —— —1
or all ¢ Lo 5

= qe[(i+1)m,(i+1)(m+2)],

—1 —1
forsomez':O,l,...,mT—QorqE[m

m,o0)

Case-1:-If ¢ € [(i+1)m, (i+1)(m+2)] for some i = 0,1, ..., 1 -2,

then we have (i + 1)m < ¢ < (i 4+ 1)m + 2(i + 1) for some i =
0,1,...,22 —2. S0, ¢ = (i + 1)m+r, where 0 <r <2(i+1). Now,
Case-1.1:- If 7 is even

r—2

5= is an integer which is less than 7, that is, 7 — % € N and

g = (@i+1)m+r

= (i—T;2)m—|—g(m—l—2)

Hence g € H

Case-1.2:- If r is odd

r—1

5~ 1S a non-negative integer which is less than or equal to ¢, that is,

z’—%ENand

1 _
= (i— 5 )m+ = (m+2) + (m+1)
Hence q € H.
Case-2:- If ¢ € [%51m, 00)
m — 1 m— 1

ngqéq:panr, where p > and r € {0,1,....,m — 1}
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Case-2.1:- If r is even

5 is a non-negative integer which is less than or equal to p, that is,

p—5 € Nand
q = pm+r
= (p—5)m+5(m+2)
Hence q € 'H

Case-2.2:- If r is odd

r+1
2

p—", and 2 — 1 € N and

is a non-negative integer which is between 1 and p, that is,

q = pm+r
r+1 r+1
= (p— 5 ym + ( 5 —H(m+2)+(m+1)
Hence g € H.
In all possible cases ¢ € ‘H. Hence the Theorem Holds []

Corollary 3.3.12. Given an odd integer m > 5. Let fi, fo, f3 € k[x]
with deg fi1 = m,deg fo = m+1 and deg f3 = m+2. Then {f1, fo, f3}
is a SAGBI basis if and only if K[f1, fo, f3] does not contain a poly-
nomial h with degh € UE_l{t cim+2) <t < (i+1)m}.
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Chapter 4

SAGBI basis in a Multivariate

Polynomial Ring

In this chapter we present sufficient and necessary conditions when
k — subalgebras have finite SAGBI basis with respect to a given
monomial order. We support our results by examples. Finally we
conjecture that any k — subalgebra generated by two polynomials

has a finite SAGBI basis with respect to a given monomial order.

4.1 SAGBI basis for a k subalgebra generated

by two polynomials

Some times the k — subalgebra k[f, g] may be contained in the k —
subalgebra generated by a monomial 6 while § ¢ k[f,g]. In this
section we proved that such k — subalgebra has a finite SAGBI basis.
We also present a sufficient (and necessary) condition when {f, g} is

a SAGBI basis.

Lemma 4.1.1. Let L be a one dimensional subspace of R™. Then

the set of lattice points S = L NN 1s a monoid generated by one
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element.

Proof. Since L and N™ are submonoids of (R™, +), and the intersec-
tion of two submonoides of a monoid is again a submonoid, we can
say that S is a monoid. So, we need only to show that S is generated
by one element as a monoid.

Let a = (aq, a9, ...,a,) be a nonzero vector in S of minimal norm
(under the standard Euclidean norm).

Claim:- S =< a >

Since a € S, we have < a >C S. On the other hand, for ar-
bitrary v = (v1,v9,...,0,,) € S, there is some A € Qf such that
v = Aa. Take a nonzero component a;, of a. By division algorithm,
g, 74, € Z such that vy, = g a4, + 7, Where 0 < 1y < ay,. Thus,
since Aag, = vy, = q a1, + 71, We have (A — @, )ay, = 11,, and from
the fact that 0 <7y, < ay,, we have 0 < X\ — ¢, < 1.

Now let r; = v; — qya; for each i € {1,2,3,...,m}. We claim that
0 <r; < a; for each i. Indeed, r; = v;—q,a; = Aa;—q,a; = (A—qy,)a;
and hence 0 < r; < a;.

To summarize, we have shown that v; = g a; +7; where 0 < r; < a;,
and hence v = ¢,a + r where r = (r1,79,...,7,). It follows that
r=v —qga € S. This directly implies that r = 0 (as a is a vector
of minimal norm and the norm of r is smaller than the norm of a).

Hence v = ¢,a € < a >. Therefore, S =< a > []

Theorem 4.1.2. Let f,g € k[x|. If the multi-degrees of each mono-
mial in f and g all lie on a line through the origin, then K[f, g] has
a finite SAGBI basis with respect to a given = € Q.

Proof. Let L be the set of points on a line passing through the origin
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and one of the (nonzero) multi-degrees of the monomials in f or g.
Clearly L is a one dimensional subspace of R". Hence, by lemma
M.1.1, S = L NN"is generated by one element as a monoid, say
S =< u >. Since the multi-degrees of each monomial in f and g are
members of S, we can express each monomial in f and g in the form
of (x")™ for some m € N. If we replace x" by a generic variable ,

the polynomials f and ¢ can be seen as a polynomial in one variable

y. By Theorem [3.1.1], k[f, g] has a finite SAGBI basis. [

Remark 4.1.3. The above theorem hold for arbitrary finite set of

generators.

Theorem does not imply that f and g themselves form a SAGBI
basis. Actually we can construct an example which satisfies all the
sufficient condition of Theorem {.1.2] but {f, g} does not form a
SAGBI basis.

Example 4.1.4. Let f = 252 +2y? and g = 2%y°. The multi-degree
of each monomial in f and g lie on the line passing through (0, 0) and
(1,2). Hence, Theorem assures that, k[f, g] has finite SAGBI
basis with respect to any monomial ordering. But {f, g} itself is
not a SAGBI basis with respect to a given = € 2. This is because,
xy? = f — ¢g* € k[f, g] can not be expressed as a power product of

in. f = 2%'% and in. g = 23y% (observe that xy? | 25y12).

If we consider f and g that satisfy the sufficient condition of Theorem
4.1.2) and a component of multi degree of iny f and corresponding
component of multi-degree of iny g are relatively prime, then {f, g}

can form a SAGBI basis with respect to >=. We can explain this fact
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using the following example.

Example 4.1.5. Let f = 22"y + /32'%* + 72 and ¢ =
V224 4+ 323y% + 292, Then with respect to a given = € Q, {f, g}
is a SAGBI basis.

In the above example note that all the multi-degrees of each mono-
mial in both f and g lie on the line passing through the origin and
(1,2). Observe also that the first component, 15, of deg(in- f) and
the first component, 4, of deg(iny g) are relatively prime.

We can rewrite f and g as f = 2(2y?)" + V3(2y?)'? + 7 (2y?)* and
g = V2(xy?)* +3(2y?)3 +2y>. Now replace 232 by a generic variable
t and obtain f = 2t + /3t'2 + nt* and ¢ = v2t* + 3t + t. Since
the deg f(t) = 15 and deg g(t) = 4 are relatively prime, by Theorem
B.2.1], { f, g} itself is a SAGBI basis.

Moreover, there are also examples of f and ¢ satisfying the sufficient
condition of Theorem [4.1.2] and all components of multi-degrees
of iny f are not relatively prime with corresponding components of

multi-degrees of inx g, but {f, g} form a SAGBI basis.

Example 4.1.6. Let f = 26y +23y® and g = 22 y* +22y?°. Then
{f, g} is a SAGBI basis with respect to any > € .

Here the multi-degrees of each monomial in both f and ¢ lie on
the line passing through the origin and (3,5). Observe also that
both components of in- f are not relatively prime with corresponding
components of in- g. However, we can rewrite f and g as, f =
(23y°)? + 2%y° and g = (2%y°)" + (239°)%. Now replace 23y° by a
generic variable t and obtain f(t) = t> +t and g(t) = t" + t*. Since
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the deg f(t) = 2 and deg g(t) = 7 are relatively prime, by Theorem
3.2.1, {f, g} itself is a SAGBI basis. O

Corollary 4.1.7. Let f and g be polynomials which satisfy the suf-
fictent condition of Theorem[§.1.5, and a = (a1, as, ...,a,) and b =
(b1, ba, ..., b,) be the multi-degrees of iny f and ins g respectively. If
d; := ged(aq, b)) and ged(d;,d;) =1 for somei,j € {1,2,...,n}, then
{f,g} is a SAGBI basis.

Proof. Since f and g satisfy the sufficient condition of Theorem [4.1.2]
each monomial of f and g can be expressed as (x")? for some g € N
and u = (ug,ug,...,u,) € LUN". So a = mu and b = ku for
some m,k € N. Put t = ged(m, k). Since a = mu and b = ku,
we have a; = mu;, b; = ku;, a; = mu; and b; = ku;. Therefore,
d; = gcd(ai, b)) = ged(mug;, ku;) = ged(m, k)u; = tu;, and similarly
d; = tu;. Since d; and d; are relatively prime, we have ¢ = 1, and
hence m and k are relatively prime. Moreover, from compatibility
property of monomial order we have x? > xP" if and only if ¢ > p.
Hence after replacing x" by a generic variable y we obtain deg(f) =
m and deg(g) = k. Hence, by Theorem B.2.1 {f, ¢} is a SAGBI
basis. ]

Observe that, if f and g satisfy the sufficient condition of Theorem
[4.1.3, then there exists a monomial § € K[y, ..., x,) and F,G € k[y]
such that f = F'of and g = G o 6. This observation can be easily
seen in the proof of Theorem where 0 = x".

The following theorem is an easy consequence of the above observa-

tion and the main result of Torstensson (28], Theorem15, P.572).
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Theorem 4.1.8. Let f,g € k[xy,z9,...,2,] and F,G € Kk[t] such
that f = F'of and g = G o 0 for some nonconstant monomaial 6 in

X1, T, ..., Ty. Then the following are equivalent:
1) {f,g} is a SAGBI basis in k[xy1, za, ..., Ty).
2) {F,G} is a SAGBI basis in k[t].

3) There exists a polynomial h € K[t] of degree d := ged(deg F, deg G7)
and polynomials F*,G* € K[t] such that F = F* o h and G =
G* o h.

Proof. The proof of 2) < 3) is given by Torstensson in [[28], P.572].
So, It is enough to proof 1) < 2). Suppose § € M\ {1}. For a given
= € (), degF' = m and degG = k if and only if in- f = 0™ and
in- g = 0~

Suppose {f, g} is a SAGBI basis in k[z1, o, ..., T,].

Claim:- {F, G} is a SAGBI basis in k[t].

(FP,G?) is an {F, G} - critical pair

in F? = in G
£mp — tkq

mp = kq

gy — ekq

(f?,g") is an {f, g} — critical pair

. T T

T(f?,¢?) has a lower representation in {f, g}

( by SAGBI Test theorem).
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= fP—cg? = Z%f“igbi, where a;m + b;k < pm = qk
i=1
for each i € {1 2,...,8}

= — Gl = Z%F‘”Gb , where a;m + bk < pm = qk
=1
for each i € {1,2, ..., s}.

(replace 6 by the generic variable t)

Hence by SAGBI Test theorem, {F, G} is a SAGBI basis in k|[t]
Conversely, assume {F, G} is a SAGBI basis in k[t].

Claim:- {f, g} is a SAGBI basis in k[x1, 29, ..., z,] with respect to a
given >~ € ().

(fP,g%) is an {f, g} - critical pair

(FP,GY) is an {F, G} — critical pair

= in. f¥ =in. g?
= 0" = "

= mp = kq

= " = M

=

=

T(F?,G7) has a lower representation in {F, G}

( by SAGBI Test theorem).

4

P — cGY = Z%F‘”Gbi where a;m + bk < pm = qk
i=1
for each i € {1,2,...,s}

= (F?—cG" ol = () wF"G") o0

i=1
= — cg?) Z%f‘“ ) where a;m + b;k < pm = gk

for each 7 € {1,2, .y S}
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Hence by SAGBI Test theorem, {f, g} is a SAGBI basis in k[z1, xo, ..., x,]

with respect to = € (). []

4.2 Further on SAGBI bases for k—subalgebras

generated by two polynomials

In this section we present some sufficient conditions when two genera-
tors in multivariate polynomial ring form a SAGBI basis. In addition
to this we have seen some sufficient conditions when a k — subalgebra
of a multivariate polynomial ring generated by two polynomials have
a finite SAGBI basis. Finally we state a conjecture on the existance
of finite SAGBI basis for k — subalgebra generated by two polyno-

mials.

Theorem 4.2.1 ([18], Proposition 6.6.11, p.485). Let > € § and
f1, fos oy [ € K[X]. If deg(ins f;)s’, fori € {1,2,...,m}, are linearly
independent vectors over the field Q, then {f1, fa, ..., fm} is a SAGBI

basis .

Proof. Let deg(ins f;) = u; and assume w;s’ are linearly independent

vectors over Q, for i € {1,2,...,m}.
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(TTZ, £ 1T, fz.bi) is an {f1, fa, ..., fm} — critical pairs

m

= in-([[ ") = in=(] ] £
1=1

1=1

m m

= E a;u; = E b;u;.
1=1 =1
m

= Z(az — bl)uz = 0.
i=1
= a;—b; =0, fori e {1,2,...,m} (as w;s’ are linearly independent over Q).

= a; =b; for each i € {1,2,...,m}.

m m
- [l =11
=1 =1

= T(I[ /T[] =0
i=1 i=1
Hence, by SAGBI Test theorem, { f1, fo, ..., fin} is @a SAGBI basis. [J

In the case of two generators, we can explicitly restate the above

Theorem as follows.

Corollary 4.2.2. Given = € ), and f,g € k[x|. Leta = (a1, as, ..., a,)
andb = (b, bs, ..., by) be multi-degrees of iny f and ins g respectively.
If a;bj # a;b; for somei,j € {1,2,...,n}, then {f, g} is a« SAGBI ba-
sis. In particular if a; = 0 and b; # 0 for some i € {1,2,...,n}, then
{f,g} is a SAGBI basis.

Proof. Suppose a;b; # a;b; for some i,j € {1,2,...,n} . We can
simply observe that both a and b are non-zero.

Claim:- {a, b} is linearly independent over Q.

To the contrary assume {a,b} is linearly dependent over Q. This

dirctely implies that a = tb for some t € Q. Hence

aibj = (tbl)b] = bz(tbj) = biaj = ajbi.
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Which is a contradiction with our assumption a;b; # a;b; . Hence
{a, b} is linearly independent over Q. Hence by Theorem {f, g}
is a SAGBI basis. ]

Example 4.2.3. Let f = 23y + 23y + 2%y and g = 2°y* + 2y. Then
{f, g} is a SAGBI basis with respect to lexicographical ordering.
This is because deg(in., , ) = (3,2), deg(in..,,, g) = (5,4) and 3-4 #
5-2.

Example 4.2.4. Any two elementary symmetric polynomials can
form a SAGBI basis with respect to any > € 2. This is because we

can find a; = 0 and b; # 0 for some 1.

Corollary 4.2.5. Let = € Q and f,g € k|x]. Ifin. f = ;% for
some d; € N — {0} and in. g = z;t with i # j where t is any
monomial in K[x], then {f, g} form a SAGBI basis.

Proof. One can easily observe that a; = 0 and b; # 0. Hence by
corrollary {f, g} is a SAGBI basis. O

Example 4.2.6. Consider f = x + y and g = xy. Observe that f
and ¢ satisfies the sufficient condition of Corollary for every
monomial ordering. So, {f, g} is a SAGBI basis with respect to any

monomial ordering.

Theorem 4.2.7. Given = € Q and f,g € k[x] with deg(in- f) =
%deg(int g) where ged(k,m) = 1. If f™ — g" el 0, then {f, g} is
a SAGBI basis.

Proof. Assume f and g are monic polynomials in k[x]. Let deg(in- f) =

u and deg(in- g) = v. Assume u = Lv where k and m are relatively
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prime numbers. Since f" — g 0, we can express [ — g* as

r

fm— gk = Z fog% with mu = kv > ayu + B;v for each i.
i=1
Let T(f%", f¢¢) be arbitrary nonzero T-polynomial in f and g.
Thus, au + bv = cu + dv
= (a — c)u = (d — b)v (With out loss of generality, assume a > ¢)
=u=Lly

=d—b=tk and a — c = tm for some t € N

Now we have

T(f'g", fog) = f'9" — 9"

= [ — fegtg™?

= [ =g

— P

= [9"((f™) - (gk)j)

= [ - g’“)(i; fretghy
=

= fcgb(zr: f“igﬁi)(ti fretighy

=1 7=0
r t—1

_ Z Z faz‘—I—C—Fm(t—j—l)gﬁH-b—&-kj

i=1 j=0

Moreover; for each ¢ and j,
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deg(int fai+c+m(t—j—l)g/3¢+b+kj)

= (i tec+m(t—j—1))u+ (8 +b+kj)v
= (u+ B;iv) + cu + bv + mtu — mju — mu
+ kjv
Lk :
< mu+ cu+ bv +mtu—mj(—v) —mu+ kjv
m
= cu+ bv + mtu
= cu+bv+(a—c)u (as mt = a — c)

= aqu-+bv

Therefore, every T-polynomial in f and ¢ has a lower representation.
Hence by SAGBI test theorem, Theorem [2.3.6, {f, g} is a SAGBI
basis. []

Theorem 4.2.8. Given = € Q and f,g € k[x] with deg(in- f) =
%deg(int g) where ged(k,m) =1 . If f"—g" ol h, and deg(ins h)
and deg(iny f) are linearly independent over Q, then {f,g,h} is a
SAGBI basis with respect to .

Proof. Fix a monomial order = on k[zy,...,z,], and in.(f) = x",

in- (¢g) = x¥ and in-h = x% for some u,v,w € N",
It is given that u = %V where k,m € N with ged(k,m) =1, and h
be the final subductum of f™ — g* over {f,g}. So, we can express
fm—g"as

.

fm—gt= Zfaigbi + h with mu = kv > a;u + b;v for each i.
i—1

With out loss of generality, assume f, g and A are monic polynomi-

als.
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Suppose w and u are linearly independent over Q.

Claim:{f,g,h} is a SAGBI basis for k[f,g]. Equivalently, each
nonzero T-polynomial in f, g and h has lower representation in f, g
and h.

Indeed, let hy = f¥g*2h* — fArg®pP% be a T-polynomial for some
a1, Qa, a3, B, B2, B3 € N. It follows that:

au + v + asw = Biu + Bov + Baw

= (g — fr)u+ (ag — Bo)v+ (g — f3)w =0

= (o — Br)u+ (o — Bo)Fu+ (a3 — f3)w =0

= [k(a1 — B1) + m(az — Ba)Ju+ k(az — B3)w =0

= k(a; — (1) + m(as — 52) =0 and (a3 — f3) =0 (as u and w are
linearly independent)

= k(ag — 1) = m(f2 — a2) and ag = [, but oy # B and ay # Po,
other wise h; = 0.

With out loss of generality, assume aq > 51

= ﬁ — /627042

m o —pB1

= a1 — 1 =tm and [y — as = tk for some t € N (as (k,m) = 1).
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Therefore;

o= g - g
= BUfhg (=g
— hos fﬂl g2 ftm _ gtk)
= Bl ()]
= h“f"fﬁlg“(fm — g )[f’"(t‘” + frl=2gh g frghtt=2) 4 gh(t=1)]

= (Y fgh ) Zf”” gh).
1=1
r  t—1

— E § faz+51+mt 1—3) b+a2+kjha3+ E fmf 1—j)+p1 k]+042h043+1

=1 37=0

Now for each ¢ and j

deg(in> fai+ﬁ1+m(t—1—j)gbi+a2+kjha3)

= (a;+B1+mt—1—j7)u+ (b + s+ kj)v + agw

= (a;u+b;v) + fiu+ av + agw + mtu — mu — mju + kjv
Lk :

< mu+ fiu+ v+ azw + (g —Bl)u—mu—mj(gv) + kjv

= U+ a9V + 3w

Moreover for each j,

deg(iny fm(f—l—j)+ﬁlgkj+o<2 h843+1)

= (m(t—1—j)+p)u+ (kj+ a)v+ (a3 + L)w
= mtu—mu—mju+ fju+ kjv + asv + agw + w
Lk .
< mtu—mu—mj(—v) + fru+ kjv + asv + agw + mu( as w < mu)
m
= (g — f)u+ fru+ agv + azw( as mt = ag — fq)
= U+ a9V + 3w
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Thus, each T-polynomial has lower representation in f, g and h.
Therefore, by Theorem [2.3.6, {f, g, h} is a SAGBI basis for k[f, g].
]

Our aim was to prove that any k — subalgebra of k[x] generated
by two polynomials f and g has a finite SAGBI basis with respect
to a given monomial ordering = € Q. If deg(in- f) and deg(in- g)
are linearly independent vectors over the field Q, then, by Theorem
14.2.3], {f,g} is a SAGBI basis for k[f,g]. Otherwise deg(in. f) =
£ deg(iny g) where ged(k,m) = 1. In this case, compute the final
subductum of f™—g* over {f, g} with respect to =, say hg. If hy = 0,
by Theorem {f,g} is a SAGBI basis for k[f,g]. So assume
ho # 0. If deg(ins ho) and deg(in- f) are linearly independent vectors
over the field Q, then by Theorem {f,9,ho} is a SAGBI basis
for k[f,g]. Otherwise deg(in- f) = 7 deg(in- hg), for som r,t € N
where ged(r,t) = 1. In this case, compute the final subductum of
ft—ho" over {f,g,ho} with respect to =, say h;. We hope that, if
deg(iny hy) and deg(ins f) are linearly independent vectors over the
field Q, then {f, g, ho, h1} is a SAGBI basis for k[ f, g]. Unfortunately,
by applying singular, we obtain a counter example which we put it
in appendix A.

In our counter example observe that, deg(ins,  f1) = %deg(intlw fa)
and f3 is the final subductum of f§ — fif. Moreover deg(in.,  f1) =
s deg(iny,,, f3) and f; is the final subductum of f{ — f3% Here
deg(ins, f1) and deg(in-, f4) are linearly independent over the
field Q. But {fi, fo, f3, f4} can not be a SAGBI basis for k|[f1, fa].
This is because there is f5; € k[fi, fo] such that the deg(in-, f5)
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can not be expressed as an N — [linear combination of deg(in-,_ f1),

deg(iny,, f2), deg(iny-,, f3) and deg(ins,, fi).

Conjecture 4.2.9. A k — subalgebra of k[x], generated by any two
polynomials f, g € k[x] has a finite SAGBI basis with respect to a

given monomial order >.
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Future Work

Classifying a k — subalgebra with finite SAGBI basis is still an open
problem. So we need more good sufficient and \ or necessary con-
ditions for a k — subalgebra has a finite SAGBI basis in the case of
multivariate polynomial ring. It is also an open problem to set good
sufficient and \ or necessary conditions for three generators form a
SAGBI basis in the case of univariate polynomial ring.

Our conjecture, “ A k — subalgebra generated by two polynomials
has a finite SAGBI basis with respect to any given monomial order”,
is also an other problem which needs to be proved or disproved.
There is also a conjecture given by F. Ollivier on his paper ¢ Can-
nonical bases and Tame automorphism ”. He conjectured that Every
finitely generated integraly closed k — sbalgebra has a finite SAGBI
basis. It is our future plane to prove or disprove F. Ollivier conjec-

ture.
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Appendix A

Counter example

Let fi = 2%y +2%? and fo = 2y 24283 +zy. Then {f1, f2, f3, f1, f5}
is a SAGBI basis for k[f1, fo] with respect to .., where

FL = 23216 4 ghy?

fy = a24y12 4 2603 4 gy

f3 — 78y39+x73y37 3 68y34+3 60 30_|_3$ 5y28_|_3 50y26+:v42y21

$4Oy20+33§'37y19 +3$32 17+$27y15 _|_ 1 24y12+a:19y10+ 3 14y8

112y6+:€y+1 y

f4 307y154+3 302y152 3 302y151 +x297y150 297y149+5:13294y147+

1 292y148 9 292y147+§;x292y146+29 289y145 3 287y145_+_%(75x287y144+
151‘284 143 45 284y142+§;x282y142 gzx282y141+15$279 141 27 279y140
2Z$277y139+35 276y138+15 274y139 81 274y138-|-g;$274y137+%$272y136+
%1'2713/1364-3 269y137 27 269y136+13721x269y135+525 266y134 11563x266y133
287 264y134+ 13721x264y133_|_ggx264y132+ 175 261y132 612611.2613/131_’_g;x259y131_|_
16345x259y130 + 65 258y129 + 525 256y130 585 256y129 1112285x256y128 +
ggx254y128 2}1$2549127+455x253y127+105 251y128 585 251y127+§;x251y126
(83411x249y125+ 1365 248y125 33125$248y124+35 246y126 51865x246y125+2ix246y124+
26841$246y123 e 256 244y122 4 2275 243y123 91465x243y122 11167 241y123 T
g; 241y122 + 86443$2419121 T 681 240y120 e %SEQSS 121 4;35 238y120
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%x%syng 4 12_278x236y120 4 %xzwyug o %xzzzﬁyns 4 %x235y118 4
%x%?)yug _ %751,23%118 _ %x%‘gyl” 4 %:{:23131;117 . %xmynﬁ 4
%x%oym Q20115 ¢ %xms 17 %xms 116 %xzzsyus _
%xmsym . %38332269114 _ %xzzﬁyug + %xmsynzl 632225113 4
%xmgyns) . %xmsynzx _ %xzzgyug 4 %xmsym + %xmzym _
%_gxzzlym + %xzzoym 18972204111 _ %xmoyno _ %xmsym _
%xﬂfsylll_}_415_2683:6218y110_+_%x218y109+%x217y109+%x216y108+
%9321%110 31522154109 %ﬁwyms _ %xmz&ym + %$213y108 +
%xmsyuw + %{Lzmym? _ 53(;%$212y106 + %27%21%108 3152104107 _

16065210, 106 __ 561,210, 105 , 1521,.208,.106 , 567,.208,105 _ 63,.208, 104
128 * 2 UTY T ety e Ty 2T Y+

3465 207, 105 __ 369 ,.207,,104 | 681,.205, 106 205,105 __ 5355205, 104
Sporly T = Sy 4 2Py — 1897y — sy —

117,.205,,103 4 121,.204,,102 4 189,.203,,103 __ 63,.203,,102 + 10395:[:202
8

117 121 189 63 103
3L Y 6L Y el Y 6t Y

Y

_|_

%xzmyloz _ 56%9%20@101 4 %x200y104 6332004103 _ %xmoym 4
%xZOOylol_%x200y100+6_(8)5x199y100_%xl%ymo_%x198y99+%x197y
258ﬁx197 100—%xlmygg—%l%ywl—%x195y100+%5x195y99+%331953498
%xl‘%y%—%xl%yw—%x193y97+$x192y99—%ﬂ”y%—%xl%yw—
%I192y96_110_2781x190y98_l_%x190y97+413_2487x190y96+182jx189y96_%xlwy%_}_
18718x188y94+%3318@97_%833318@96_195_415517187y95_3_333187y94+1%x186y93+
%xl%y% + %xl%yml 4 %xmzxy% _ %253:184(1]93 _ %x184y92 +
%xmy% _ %xlszyw _ 195_41533182 93 36%331823/92 _ %xmym +
%$181y91+%x180y92_%x180y90+%x179y92_%251.179y91_22%$179y90
%$177y93_%xlwy%_%xlﬂym_%xl??y%_%$177y89+%x176y89_

99 (176,88 _ 281,175, 88 | 12705174, 90 _ 10395,174,89 _ 20475174, 83
8

1280 Y el Y 32 128 ¥ Y

69,174, 87 369,172, 90 3843172, 89 315,172, 88 | 1575172, 87 945172, 86
2l Y el Y 6a L Y LU Y T Y 32Uy

92275 171, 87 495171, 86_ 231,170, 86 __ 9 ..170, 85 , 1815169
32 LY 61U YT IRt Y g Yt

20475 169, 86 _ 483,169, 85 | 227,168

64 Y 32 128

88__ 10395 ,.169, 87 _

Y 32 Y

84549167, 8T _ 63,167,861 157516785

Y el Y T3 32

76

101



44
631,167,841 222751166, 85 _ 4455,,.166, 84 165,166, 83 _ 9 ;165,83 | 5145164, 86 _

8 6 ¢ Y Tt Y Tt Y 76 16 * Y
3411%:6164 85 _ %36751,164 84 %xmzxyss 4 5157121,164y82 4 %styw _
%x162y84+%$162y83+%x162y82_%I162y81+%$161y83_%xlmy&_
%xlmy&_|_140%I160y80+%$159y84_1146_8x5159y83_2%#1,159y82_2§%x159y81+
%x159y80+%x158y80_G%x158y79+?%1_45x157y81+%x157y80_%xw?y?ng
%15‘351,156 81 _ %xwfsyso _ %253:156(1]79 _ %xBGy?S 4 %x154y82 _
%xm 81 %xm 80 2;1%331543/79 + 417_228533154y78 _ 9;_2%154?/77 +
%xmym—2—2x153y77+g—;’x152y78—%azmyw—%x152y76+%93151y79—
%xmym—%xmyw—%xlf’lym—i—g—ixwoy%—16%5351493/79—%:pl@ym—
%xmgy?? + %xmgym _ %xlwym + %3865&4%76 _ %xmsym _
%xl‘lgym—g—ixl”y%—%—ga;l‘”y”—k%xmyw—%xl‘lﬁym—%xl%ym—

3255146, 74 | 45,146, 73 | 455,145, 73 2925144, 76 483144, 75 , 4725144, 74
61 L Y et Y T g Y T 5 Y T T Y g Y

128
315,144, 73 5355, 144, 72 | 22473143, 74 1485 143, 73 495 143, 72 27,142, 72
6L Y 56 L Y T T Y 61 L Y el Y T3l Y

9 142,71, 7425 141,75 1485141, 74 10395141, 73 3255141, 72 , 315..141, 71
Gl Y Ty 6+ Y 32 U Y LY I

1365..140, 71 3 140,70 69139, 73 , 945139, 72 , 315..139, 71 , 21 139, 70
32 LY Tasgt T Y TR Y T g Y T e Y ey

52437 138, 72_ 1485 1,138, 71__ 4455 138, 70__ 55,138, 69 _ 9 1137, 69 | 1485 136,73 _

32 Y 32 LY st Y Twt Y Twmt Y 3 LY

4455 136, 72 3465136, 71 __ 16275..136, 70 , 945,136, 69 , 63 ..136,,68 , 5005135, 69
28t Y 6+ Y s T Y g Y g Y Tt Y

15 1 9247
0 185,68 | 315 134, 70 | 315 134,60 | 63 (134,68 _ 9 134, 67 4 22473 133

9 22473 70 __
[ 128 32 128° Y 16

64 128 16 Y

2079..133, 69 1485133, 68 495,.133, 67 , 21132, 66 , 135,131, 71 __ 495, 131,70 _
3 LY 16+ Y R A v ELN M - el Y

1485131, 69 _ 3255131, 68 | 1575..131, 67 , 189131, 66 , 25025..130,67
6L Y 2 LY T G Y ey Sy

99 130,66 9 ..130, 65 , 63,129, 67 , 21..129, 66 __ 27,129, 65 , 112365 .128 68 _
st Y Tty Ry g Y T Y 28 ¥ Y

2079128, 67 10395 128, 66 495,.128, 65 , 45 128, 64, 105127, 64 99 . 126, 68
32 LY e LY 6L Y T Y g Y gt Y

1485 ,.126,,67 _ 3255 ,.126 66+1575 126 65+945 126,,64 _ 1323 ,.126 63‘|‘45O45 125,,65__

Y Tt Y Tt Y Tt Y Tt Y T Y
165 ,.125,,64 _99,.125, 63 | 21 124,64 27,.124,63 _ 27 ,.124, 62 | 12485 123,66 _
LY Tl Y et Y T Y T gt Y Ty Y

1485123, 65 6237123, 64 1155123, 63, 45..123, 62 , 1365,.122, 62 165121, 65 _
32 LY 32 LY 6L Y T Te Y T g Y el Y

4 4 1 12 1501
65$121y64+9 5$121y63—|—3 5,.121, 62 39$121y61—|— 50 5.CC120

32 64 6L Y 64 16

63 1485,.120,,62
Y =%t Y —
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495,120, 61 33 ..120,60 9 119,61 27119, 60 , 7491 118, 64 1485 118, 63
I At - Ak v R A E R A v 61 L Y

10395 .18, 62 3465 118, 61 , 315,118, 60 , 9 ..118,.59 , 1365, .117, 60 465116, 62
61 L Y 33 LY g Y g Y T T Y T oY
315..116, 61 , 945,.116, 60 , 105..116,59  585..116, 58 , 15015115, 61 297115, 60 _
Gl Y 1LY TRy 61l Y Tt £y L Y

1485 115, 59 165115, 58 27 114, 58 , 681,113, 62 495 113,61 1485 113,60
or LY 1l YT TieT Y Y el Y 6+ Y
3465113, 59 | 315,113, 58 , 63,.113, 57 , 15015,.112, 58 _ 3 ..112, 56 45,111, 59
3 LY g1l YRt Y g T Y T Y gt Y

189111, 58 , 105,111, 57 9 111,56, 45045,.110, 59 693 110, 58 1485110, 57
U YTt Y gt Y e Y el Y LY

1485, 110, 56, 7,109, 55 , 227 108, 60__ 99, 108,59 4455 108, 58 1155, 108, 57
s L YT Y IR Y T m Y T s LY 6L YTt

1575108, 56 , 189,108, 55 , 21 108,54 , 15015107, 56 9 ..107, 54 , 63,..106, 56
956 L Y T Y g Y T YT gt Y gy

105 ,.106,,55 _ 27 ,.106,,54 _ 9 ,.106 53+25025 105,,567 _ 297,.105,,56 _ 2079 ,.105, 55

1l Y TRt Y Tt Y 6r L Y 3l Y 32 LY

495,105, 54 , 105104, 53 | 33 ..104, 52 9 103,57 495 103,56 495,103, 55
6L Y e Y T T YT g Y el Y 6L YTt

315..103, 54 , 315,.103, 53 | 63103, 52 , 45045 102, 54 99 102,52 3 102, 51
el Y 3 U YT Y T T g T Y g Y Y+

21,101,539 2101, 52 27,101, 51 5005100, 55__ 1485 1,100, 54 _ 2079 1,100, 53 _

at Y Tt Y Tt Y Tt Y Tt Y T3 Y

%x100y5z+%x100y50+46%5:699951_%x%ym_%x98y53+%2x98y52+
%x%ym + %x%ym . 9x98y49 + %251,9@52 . 16%5”97950 . 2_2339@49 .
%x96y5o_2764x96y49_%$96y48+%$95y53_%x%ym_%x%ym_
%;91.95y50 + %:E95y48 + %x%y@ . %I%ym + g_ix93y50 + %5593949 +
%az%gﬁS . 93;‘93y47 + %xgzyw o 1245_865:692y48 . %x%yﬂ _ %3391947 .
3_123391y46 + %xQOySI . %98339%50 o Zl%l%x%yém o 3%1%3:90?/48 + g_ix90y46 +
%x%y% + %x%yéﬁ + %x88y48 + %x88y47 + %x&%y% o %x%y% +

15015 .87, 48 _ 297 87, 46 _ 495, 87,45 , 3 .86, 44 |, 35,85 49 _ O 85 48
6a LY 3l Y R AN > TR iy S 6al Y

49585, 47 _ 495,85 46 |, 63,85 44 , 21 85 43 , 500584 45 1 84 42
el Y 6L YT Ry Y+ Ty 556l Y T

%x83y45 4 g_i$83y44 _ 6%:1;83y42 4 %x&y% _ %x82y44 . %xgzym 4
%xmy@ _ %:{;803/46 _ 2—2$80y45 _ 114_§B§3x80y44 4 %xsoyzm 4 %x80y41 4
%96793443 _ 6;433793/40 4 %xmym _ %xmym _ 6—145678y39 4 %xwyzm _
%xwym _ %xwyﬂ 4 %xmym 4 %xmy:as _ ()%x?fsyzl:a _ %x%gfg 4
%xmym 4 %az”’y” 4 %xmyzﬂ _ %381,74y38 _ 6%x73y38 _ 63_43773937 4
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1365 ,.72,,42  1485,.72,,40 _ 693 .72 39+ 3 .72 36_|_273 71,38 _ 33 ,.70 40+

1281 Y w6 L Y TRt Y TEpt Y Tt Y T st Y
%x70y38 T 1(?—455670y37 . %x70y35 T 52%:669y39 _ 2_Z$69y36 . %x&%y% .
%$68y35 4 %5667?/10 . %x67y38 . 4?%53367y37 + %x67y34 + %3366?;36 +
%3}65y36 + %I65y35 . %x65y33 + 38%3364#’)7 o %lﬁzly&l - 6%la;,63y33 +
%$62y38 . %3362?;36 . %$62y35 + 127181,62y32 + %xmy% + %1’603;34 +
%x60y33 o %xmyso + 12%3759?;35 o %x59y32 o 6%x57y34 o %xmy:&s +
%xmy?,o + Ggl%x,%y?a + 6%13355y31 o 6%133553/28 + %x&ly% . %x54y30 _
%mey?ﬂ . g_ix52y31 + %365@28 + %xmy?)o _ %xmy% + %x@yiﬂ .
%x49y28 + ﬁx%y% _ 6%1&7473/29 + g_}Lx47y26 + 110_208111461/28 . 6_14x45y24 +
£x44y29 _ %x‘l‘ly% + 127183542924 _ %Lx42y21 + %xmy% _ fltax40y22 +
6_14:639y27 . %x%y% + 6%lx37y22 . 71155373419 + %x%y% . %3833343422 +
%x?ﬁy% + %xiﬂym _ 6%1$29y20 + %x%y% . ﬁxmyls + 6L4x21y18 +
Wlﬂxlfiylﬁ

f5 — x379y190+%a}374y188—%x374y187—|—x369y186—%x369y185+%x366y183—|—
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