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Abstract 
 

 

 
 T h e  f u n d am e n t a l  p e r f o rm a n c e  l i m i t s  o f  o p t i c a l  c ommun i c a t i o n s  

s y s t em s  o p e r a t i n g  o v e r  t h e  f r e e - s p a c e  c h a n n e l  w i l l  b e  e x am i n e d  

u s i n g  q u a n t um  d e t e c t i o n  p r i n c i p l e .  T h e  p e r f o rma n c e  o f  t h e  

o p t im um  q u a n t um  r e c e i v e r  f o r  O n /O F F  k e y i n g  a n d   B i n a r y  P h a s e -

s h i f t  k e y i n g  O p t i c a l  m o d u l a t i o n  f o rma t   i n t e rm s  o f  q u a n t um  

m e a s u r em e n t  s t a t e s   w h o s e  p e r f o rm a n c e  i s  o p t im i z e d  v i a  

g e n e r a l i z e d   r o t a t i o n  i n  H i l b e r t  s p a c e  i s  f i r s t   e x am i n e d  a s  a  

p u r e - s t a t e  ( n o - n o i s e )  p r o b l em .  T h e  p e r f o rm a n c e  o f  q u a n t um  

r e c e i v e r  f o r   M - a r r a y  p u l s e - p o s i t i o n  mo d u l a t i o n ( P PM ) ,  w h i c h  

r e q u i r e s  a  p r o d u c t  s t a t e  r e p r e s e n t a t i o n  ,  a n d   ( M - 1 )  d i m e n s i o n a l   

r o t a t i o n a l  A l g o r i t hm  w i l l  b e  e v a l u a t e d  w i t h  t h e  d e v e l o pm e n t  o f  a n  

e f f i c i e n t  r o t a t i o n a l   a l g o r i t hm  a n d  a  c omp u t e r  p r o g r amme  f o r  

c a r r y i n g  o u t  t h e  r e q u i r e d    n um e r i c a l  o p t i m i z a t i o n   i s  d e s c r i b e d  

a n d  a p p l i e d .  P e r f o rm a n c e  c om p a r i s o n s  s h ow s  s u b s t a n t i a l  

i m p r o v em en t  w h e n  q u a n t um  d e t e c t i o n  p r i n c i p l e  i s  em p l o y e d .  A s  a  

f u r t h e r  a p p l i c a t i o n  o f  t h e  q u a n t um  d e t e c t i o n  p r i n c i p l e  ,  t h e  

R e a l i z a t i o n   o f  q u a n t um  d e t e c t i o n  O p a r a t o r  F o r  M - a r r a y  P h a s e  

s h i f t  o p t i c a l  m o d u l a t i o n  f o rma t   i s  a l s o  p r e s e n t e d .   
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 Chapter 

One 

Introduction 

 

 

 

1.0. Background 

 

 

 

The subject of signal detect ion and information theory, on one way or 

another, deals with processing of information bearing signals in order to 

make inferences concerning the information they carry. These fields trace 

back to the classical works of Bays, Gauss, Fisher, Nyman and Pearson. 

But it was not unti l the 1930's and 1940's that Weiner, Shannon and other 

shaped the discipl ines into the form we see today. 

 

Ever since the early dawn of s ignal detect ion and information theory, the 

fields have been actively used in mult i tude of application ranging from 

communication to engineering and from physics to economics. This 

progress in much aspect is due to the access of high performing 

computers, which opens the possibi l it ies to process, store and collect 

massive amount of data in order to implement many of computat ionally 

demanding methodologies within information theory and signal detection. 

 

Sti l l ,  several applicat ions remain that can benefit from uti l iz ing the general 

result that have been presented within the discipl ine, both when it  comes 

to pushing the envelope of already exist ing method but also explaining 

and understanding of new phenomena. In this regard the principles of 

quantum detection believed to led to the new performance l imit in optical 

communication that is much superior to the one extrapolated by direct 

application of conventional theory. 
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1.1 Classical Information Theory and Principle of Detection 

 

Light, main carrier in the present information technology, is an 

electromagnet ic wave, and also an ensemble of energy quanta - photon as 

wel l. At present only the fact is used that l ight propagates as an energy 

flux, and the wave nature of l ight is never used any more so far. As 

Christopher A. Fuchs put it  in his paper; People encode  “classical” 

information - l ike the stor ies in today’s newspaper—into the states of 

quantum systems for a s imple reason: to get it from one place to another. 

Since the world is quantum mechanical, this, in the last analysis, is exactly 

what one always does in transmitt ing information. Strangely enough 

however, l iteral ly almost al l of modern information theory (as exhibited in 

the 44 existent volumes of IEEE Transactions on Information Theory) has 

ignored this fact in any but the most trivial ways. [10] 

 

Indeed, the preoccupation of classical information theory l ies in designing 

of communication system typical ly based on the wave nature of l ight-that 

electromagnet ic wave propagate as energy flux. It  is generally bel ieved 

that performance of communications systems is ult imately l imited by 

addit ive noise entering the receiver along with the signal. The idea can be 

i l lustrated with Shannon's capacity formula for band l imited classical 

channels, according to which error-free communication is possible at rates 

less than )/1(log 2 NSW + ,  [11] where W is the bandwidth, S  is the average 

signal power, and N  is the power of addit ive thermal noise. The above 

expression shows that, i f there is no thermal noise, then error-free 

communication should be possible at arbitrari ly high rates, even with band 

l imited channels. This conclusion seems intuit ively correct at first;  

however, there is a hidden assumption about the accuracy with which the 

signal can be measured. The Shannon formulation impl ic it ly assumes that 

arbitrar i ly precise measurements are possible since, if this were not the 

case, there would have to be an effect ive noise term associated with the 

noisy signal measurements in the denominator of the capacity expression 

in addit ion to the thermal noise, and hence the denominator would never 

actual ly approach zero. It turns out that indeed the signal cannot be 

measured with arbitrary precision even in the absence of thermal noise, 



 3 

due to inherent l imitations imposed by the uncertainty principle; hence, 

quantum effects that are not included in the classical model ult imately 

l imit channel capacity. 

 

It is not only in v iew of channel Capacity that the classical approach fai ls 

to achieve optimal performance l imit in optical communicat ion, but similar 

draw back can be picked out in its mathematical model of receiver. The 

classical model of receiver is designed mainly on the assumption that 

determinist ic signals are observed in the presence of addit ive Gaussian 

noise. This model of receiver is perfectly adequate for describing 

communications systems operat ing at radio frequencies, where quantum 

effects are not readily detectable. However, at optical frequencies, 

quantum effects tend to be the dominant source of error, and therefore 

must be taken into account in the communications system model to 

achieve optimal performance. Actually it  is worth to mention the fact that 

some attempt has been made in classical communication theory to account 

the quantum effects in terms of fluctuation in photon statist ics. This 

particular receiver model [currently used for optical reception] uses the 

same statist ics as quantum mechanics did. However due to i ts bench mark 

assumption that optical ly transmitted signal received as total ly 

determinist ic quantity the performance of the so-cal led " quantum 

Mechanically correct" Optical receiver fai led to achieve the optimal value 

[2]. The preoccupat ion of the classical information theory is mainly focus 

in making the correlation between sender and receiver as high as possible. 

This is what communication is al l about. But it is only part of the story in 

Quantum Information Theory. The quantum world brings with it a new 

resource that senders and receivers can share: quantum entanglement. 

This new resource, of al l the things mentioned so far, is the most truly 

“quantum” of quantum information. It has no classical analogy, nor might 

it have been imagined in a classical world. 

 

1.2 Quantum Information Theory and Detection Principle 

 

 It is a well  known fact that when a communication system operates in 

quanta, ult imate performance l imit of optical communicat ion eventual ly 
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given by the law of quantum mechanics that governs photon dynamics. 

Quantum mechanical particles may wel l come in at some stage in such a 

transmission process, and indeed it is a matter of taste (more precisely of 

quantum stat ist ical  mechanics) whether we describe an electromagnetic 

signal as a classical wave or as a bunch of photons. In fact, every 

experiment described by quantum theory is l ike that. The signal generator 

produces part icles (or more complex systems) on which we act with a 

measuring device, which in turn yields a perfect ly classical output in 

detection. The object of quantum detect ion is nothing but to predict the 

probabi l it ies of these outcomes depending on what has been done at the 

transmitter. By adopting this terminology, the conversion from classical 

information to quantum information, back and fourth can happen in 

virtually every quantum communicat ion. More importantly, control l ing the 

quantum mechanical interference effect inherent to quantum system that 

appears in transit ions among sequences of 0 and 1, optimally led to the 

new performance l imit that is much superior to the one extrapolated by 

convent ional theory. 

 

To real ize rel iable transmission ensured by quantum theory of the channel 

capacity, one may need quantum computation for the decoding process. 

This is, however, far beyond present technologies. However, it is often 

possible to determine the performance of the "quantum opt imum" receiver 

analytical ly. Therefore, if these measurements could somehow be made 

and incorporated into a communications receiver, the performance of the 

quantum optimum receiver would represent the achievable l imit on optical 

communications system consistent with the principles of quantum 

mechanics. 

 

1.3. The Thesis 

 

One of the most important problems in quantum communication is 

considered to be developing Quantum Detection Operator, since 

dist inguishing quantum states is at the root of any information processing 

tasks. In this thesis, we focus on this problem from the viewpoint of 

minimizing the average probabi l ity of error that plays an essent ial role in 
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enhancing performance l imit of optical communication. So far the optimum 

detection operator have been developed and clar if ied for pure-state single 

photon systems such as binary state optical modulation format. Therefore 

in this thesis, an algorithm that enable us to analyse the performance of 

optimal quantum receiver of higher order optical modulation format for a 

noise - free air channel and its realization has been developed. Computer 

simulation program is developed to study the performance of the algorithm 

for binary on/off keying optical modulation format. 

 

As i l lustrated in Fig1.1 general detect ion principle in optical 

communication has gone through three phases. In classical detect ion, 

earl iest development of al l, receiver design mainly relays on the nature of 

l ight propagation as an electromagnetic energy flux, and its performance 

is assumed to l imited by addit ive thermal noise. However, different 

experiments on optical signals verif ied that the dominant cause of error in 

reception is accounted to quantum interference inherent to optical 

frequencies. Thus, acknowledging this fact, currently developed receivers 

are designed in a way to account quantum interference. This semi classical 

approach, though considers the effect of quantum interference on optical 

receivers performance, due to it benchmark assumption that optical ly 

transmitted signal is received as being total ly determinist ic, it fai led to 

achieve optimal performance l imit of optical communicat ion. Detai ls of 

classical and semi classical detect ions are presented in chapter two. 

 

As indicated in section 1.2, a purely quantum approach is being developed 

to reach the opt imal performance l imit in optical communication. This new 

detection technique basis its operation both on the knowledge of quantum 

state of physical systems and the quantity of resources to perform physical 

tasks, rather than considering l ight wave only as being a continuous 

electromagnet ic energy flux. The mathematical models, algorithms, and 

performance evaluation for this optimal receiver are presented in the third 

and fourth chapters. And performance improvement of opt imal quantum 

receiver, in comparison with classical receivers, is discussed in the f ifth 

chapter. Chapter s ix of this thesis also deals with realization of optimal 

quantum receivers for higher order optical modulation format. 
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Fig. 1.1. An over view of the procedure  

 

Quantum Information Theory is a fairly young subject, so that a definit ive 

textbook does not exist yet, and probably won't exist for a few years to 

OPTICAL COMMUNICATION 

Detection 

Principle 

Classical 
Quantum 

Semi Classical 

Receiver 

Demodulator 

Detector 

Sub Optimal      

Receiver 

 

 
 Demodula

tor 

 
 
 Detector 

   

Optimal quantum    

Receiver 

 

 
 Demodula

tor 
 

 
 
 Detector 

   

Received signal 

totally 

deterministic 

R=s+n 

Received signal totally 

deterministic 

R=s+n, 

 

Decision made 

using quantum 

approach 

Quantized 

Electromagnetic 

signal received 



 7 

come. However, there are some readily available sources of information on 

the Internet, which provide a good impression of how rapidly this subject 

is evolving. The study was l imited only to the optical communication for 

free air channel with noise free cases.  It was not also possible to include 

as many optical modulation formats as possible due to the l imitations in 

resources and diff iculty in analyzing the findings. Sti l l  another major 

l imitation of the study could be observed in the data analysis of the 

simulation result. In the data analysis there was a compel l ing pressure to 

use some quantitative methods in the analysis of the qualitat ively 

collected data from simulation. 
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 Chapter 

Two 

Optical Communication & the Principles of Classical Detection  

 

 

Global communication from any place on Earth is an attractive goal. One 

method to achieve this aim is to network satel l ites together to provide 

global coverage and access. By this method the information is transferred 

from the ground to the nearest satel l ite above and relayed among 

satel l ites to the satel l ite above the destinat ion. The last satel l ite then 

transmits the information to the destination. Optical inter satel l ite l inks 

have some advantages compared with microwave inter satel l ite l inks. The 

advantages of the optical inter satel l ites l inks are smal ler size and weight 

of the terminal, less power consumption, greater immunity to interference, 

a larger data rate, and acceptabil ity of denser satel l ite orbit populat ion. In 

addit ion to this interesting property space optical communications has 

power attenuation due to free space diffraction loss, and it is only 

inversely proportional to the square of the distance traveled. Optical f iber 

attenuat ion is exponential in distance and ampl if iers/repeaters at regular 

distances are required to maintain performance. Thus, one can see the 

possibi l ity that though the start-up cost of optical space communications is 

higher, eventually for long enough distances, it can be more economical 

than long distance (especial ly undersea) fibers systems.  

 

Communicat ions using l ight is not a new science. Old Roman records 

indicate that pol ished metal plates were sometimes used as mirrors to 

ref lect sunlight for long range signal ing. The U.S. mil itary used similar 

sunl ight powered devices to send telegraph information from mountaintop to 

mountaintop in the early 1800s. For centuries the navies of the world have 

been using and sti l l  use-blinking l ights to send messages from one ship to 

another. Back in 1880, Alexander Graham Bell experimented with his "Photo 

phone" that used sunlight reflected off a vibrating mirror and a selenium 

photo cell to send telephone l ike signals over a range of 600 feet. During 

both world wars some l ight wave communications experiments were 



 9 

conducted, but result in no proven system in space. Consequently radio and 

radar took the spot l ight. Moreover the invention of the laser and some new 

semiconductor devices led to the realization of opt ical f ibers, which makes 

transmission on opt ical f ibers more signif icant. Recent new advances in 

technology, architecture and system understandings and designs, high 

performance laboratory prototypes and space experiments, wil l soon 

establish space opt ical communicat ions as the key component that sets a 

new paradigm for future cost-effective space systems. Therefore finding a 

way that enhances the performance of free space opt ical communication 

system is the question of the day. 

 

Optical space communication systems are very complex engineering 

systems, much more so than terrestrial f iber networks. Proper design 

approaches are needed for their architectural construct ion and analysis.  

One way of doing this is breaking down the complex system into 

interacting but logical ly separate subsystems for conceptual design and 

analysis.  Thereof in this chapter the basic principle of optical 

communication and its receiver structure in relation to detect ion wil l be 

presented. Moreover the drawback of the classical model based on 

performance wil l be invest igated. 

 

2.1.Optical Source for Communication 

 

Newton demonstrated that color is a quality of l ight. To understand color, 

therefore, it is necessary to know something about l ight. As a form of 

electromagnet ic radiation, l ight has properties in common with both waves 

and particles. It can be thought of as a stream of minute energy packets 

radiated at varying frequencies in a wave motion. Any given beam of l ight 

has specif ic values of frequency, wavelength, and energy associated with 

it. Frequency, which is the number of waves passing a point in a unit of 

t ime, is commonly expressed in units of hertz (1 Hz = 1 cycle / second). 

Wavelength is the distance between corresponding points of two 

consecutive waves and is often expressed in units of nanometers (1 nm = 

10 - 9 meters). The energy of a l ight beam can be compared to that 

possessed by a smal l particle moving at the velocity of l ight, except that 
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no particle having a rest mass could move at such a velocity. The name 

photon, used for the smallest quant ity of l ight of any given wavelength, is 

meant to encompass this dual ity, including both the wave and partic le 

characterist ics inherent in wave mechanics and quantum theory. The 

energy of a photon is often expressed in units of electron volts; it is 

directly proportional to frequency and inversely proportional to 

wavelength. Light is not the only type of electromagnet ic radiation—it is,  

in fact, only a smal l segment of the total electromagnetic spectrum—but it 

is the one form the eye can perceive. Wavelengths of l ight range from 

about 400 nm, the violet end of the spectrum, to 700 nm, red end. (The 

l imits of the visible spectrum are not sharply defined but vary among 

individuals; there is some extended vis ibi l ity for high-intensity l ight. (See 

Fig 2.1) At shorter wavelengths the electromagnetic spectrum extends to 

the ultraviolet region and cont inues through X -rays, gamma rays, and 

cosmic rays. 

 

 

 

 109Hz  -    1012GHz                  1014-1015 Hz 

 

 Fig.2.1. Part of Electromagnet ic wave spectrum 

 

Unlike the l imited number of useable l ight detectors, there are a wide 

variety of l ight emitters that we can use for optical through-the-air 

communications. Our communicat ions system wil l depend much more on 

the type of l ight source used than on the l ight detector. We should choose 

the l ight source based on the type of information that needs to be 

Radio                           Infrared               Ultraviolet                                                  Gamma ray 
           Microwave                     Visible                                   X-Rays 
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transmitted and the distance we wish to cover to reach the opt ical 

receiver. 

 

It commonly occurs that the sources of l ight for optical communication 

systems are heated bodies emitt ing continuous spectra. Most sources of 

thermal radiation radiate energy in a manner in which can be readily 

described in terms of a black body emitt ing through a fi lter, making it  

possible to use the black body radiation laws as a start ing point for many 

theoretical Calculation.  

 

2.1.1. Light-Emitting Diodes 

 

Light emitted from Led as a result of the recombining of electron and 

holes. Electr ical ly, a LED is s imply a P-N junction. Under forward bias, 

minority carriers are injected across the junction. Once they cross, they 

recombine with majority carriers and give up their energy in the process. 

The electrons release their energy in the form of radiation in the visib le 

region; that is, a photon of l ight. 

 

2.1.2. Laser 

 

LASER is an acronym for Light Amplif ication by the St imulated Emission of 

Radiat ion. The concept consists of an excited state atom encountering a 

photon of the same energy that corresponds to the difference between the 

excited and ground states of the atom. When such a photon is 

encountered, it causes the emission of another photon of the same energy. 

Laser radiation is known for its high monochromaticity, directivity, and 

power. It is coherent in t ime and space and also polarized. These 

propert ies are characterist ics of al l Lasers regardless of a specif ic laser 

type and its technical data. 

 

The monochromatici ty of a laser beam is characterized by i ts l ine width, 

λ∆  measured as the Full Width at Half Maximum Power (FWHM) .For gas 

laser the FWHM is 10 - 3 to 10 - 4 nm but for semiconductor Laser it is 1-10 

nm. This extremely narrow bandwidth of laser beam can be used to 
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advantage for the spectral selection of useful s ignals from a noise 

corrupted environment. The directivity of a laser beam is described in 

terms of sol id angle or corresponding plane divergence angle confining the 

laser radiat ion. The radiant power or flux produced by a laser depends on 

a particular type. The power of continuous gas laser ranges from units to 

tenth of Mil i -watt.  For continuous wave laser it is several ki lowatts. 

Observing that the divergence of a laser beam is in the order of a few 

minutes of arc, even Mil i -watts of laser power is capable of producing 

radiant intensit ies up to 103  Wster - 1 .Current ly a l ight pulse with short 

width, high intensity and more spectral range producing devices are 

available in the market. .  As can be seen from Fig.2.2 an operation of 

short width of 5.6ns and even much lesser t ime micro pulse is possible. 

[16] 

 

 

 

 

Fig.2.2. Macro and Micro pulses of Laser output 

 

The avai labi l ity of l ight sources with the above property has been the key 

innovation enabl ing the rapid rise of Opt ical communicat ion. However due 

to Doppler-shift, Collusion broadening and spontaneous emission the 

spatial coherence or the temporal coherence from the source can be 

affected as shown in Fig.2.3. Adjusting the l ight source producing cavity 

length to support only required frequencies can minimize these 

unavoidable phenomena and subsequent spectral f i lter ing leads to the 

production of coherent l ight. [26] 
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Fig.2.3. Coherent and Incoherent Radiat ion 

 

2.1.3. Light Power and Intensity 

 

The scienti f ic unit for power is the "watt". Since the intensity of a l ight 

source can also be described as l ight power, the watt is perhaps the best 

unit to use to define l ight intensity. However, power should not be 

confused with energy. Energy is defined as power mult ipl ied by t ime. The 

longer a l ight source remains turned on, the more energy it transmits. But 

al l of the l ight detectors discussed in this thesis are dependent on the 

strength of energy per unit t ime at a given instant, power, not on the 

average energy. They convert l ight power into electrical power in much 

the same way as a l ight source might convert electr ical power into l ight 

power. The conversion is independent of t ime. This is a very important 

concept and is paramount to some of the circuits used for communications. 

The watt is more convenient to use since l ight detectors, used to convert 

the l ight energy into electrical energy, produce an electrical current 

proportional to the l ight power, not i ts energy. Detectors often have 

conversion factors l isted in the l ight power to electrical current 

relationship. This implies that the conversion is independent of the 

durat ion of any l ight pulse. As long as the detector is fast enough, it wil l  

produce the same amount of current whether the l ight pulse lasts one 

second or one nanosecond. In al l  cases the l ight source must be 

modulated (usually turned on and off or varied in intensity) to transmit 

information. The modulat ion rate wil l determine the maximum rate the 

information can be transmitted. One may have to make some tradeoffs 

between the modulat ions rates needed; the distance to be covered and the 

amount of money wish to spend. 



 14 

 

2.2.Common Optical Modulation Formats 

 

THE MODULATION format in most opt ical communication transmission 

systems is l imited to intensity modulation with direct detection (IM/DD). 

In this format, only one bit per symbol is transmitted, leading to poor 

spectral effic iencies. Recently, Binary phase shift key with coherent 

detection and pulse posit ion Modulation (PPM) with direct detection has 

been implemented in the systems. In addit ion a variety of higher order 

modulation schemes has been proposed, but most rely on rather 

compl icated receivers structures. Thereof, this thesis introduces here only 

the most common optical modulation format that used in free air optical 

channel. 

 

2.2.1. Binary ON/OFF Keying 

 

 Binary ON/OFF Key (BOOK) & Binary Phase Shift Key (BPSK) in the optical 

domain is represented by two signal points on the real axis of a 

constel lat ion diagram as shown in Fig.2.4.  

 

  

Fig.2.4. Constel lat ion diagram for binary on /off key optical modulation 

 

In the case of BOOK, which has two different magnitudes; (usually 

represented by 0 and l), and the signal has a form as fol lows; 

 

)...2cos()()(

))]..2(exp()(Re[)(

tftgAtS

tfitgAtS

cm

cm

π

π

=

=
     [2.1.] 

Where
m

A  stands for the two possible amplitude variations , )(tg  is the 

pulse shaper. The output of the transmitter, as shown in Fig.2.5, can be 

expressed by the electric f ield as fol lows: 

 

0 
1 
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)cos()( tAPtE
cn

ω=        [2.2.] 

Where
π

ω

2
0 , is the opt ical carrier frequency , P  is the mean power of laser.  

 

 

 

 

 Fig.2.5. Block diagram of binary on /off key optical modulation 

 

The transmitter produces the desired opt ical signal according to the block 

diagram in Fig.2.5. In the f irst stage, the electrical dr ive signal passed in 

no return-to-zero (NRZ) pulse shaper, low-pass f i ltered, and modulates the 

ampl itude of the l ight from a continuous-wave (CW) laser, representing the 

bit stream. The ampl itude modulator generates the amplitudes (for bit “0”) 

and (for bit “1”). 

 

2.2.2. Binary Phase Shift Keying 

 

In the case of BPSK, the ampl itude of the two signals is constant. Hence, 

the two possible variations are the phase angles, usually denoted by 0  

and π , represented mathematical ly as: 

 

)....2cos()()(
mc

tftgtS φπ +=        [2.3.] 
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 Fig.2.6. Block diagram of Phase shift key optical modulat ion 

 

In the case of BPSK the transmitter produces the desired optical s ignal 

according to the block diagram in Fig.2.6 In the f irst stage, the electr ical 

drive signal is passed in no return-to-zero (NRZ) pulse shaper, low-pass 

f i ltered, and modulates the phase of the l ight from a continuous-wave 

(CW) laser, representing the bit stream. The phase modulator generates 

the required angle (for bit “0”) and (for bit “1”). The output of the 

transmitter in terms of the electric f ield can be represented as 

 

)cos()(
ncn

tAptE φω +=      [2.4.] 

 

Where 
π

ω

2
0  is the optical carrier frequency, P  is the mean power of the CW 

laser, and 
n

A  stands for the ampl itude. 

 

2.2.3. Pulse Position Modulation (PPM) 

 

Current designs for deep-space optical communication systems ut i l ize Q-

switched lasers, which can provide peak power levels sufficient for deep-

space appl ications. Because the duration of the optical pulse generated by 

the Q-switched laser is diff icult  to modify, the toggle rate between the on 

and off states is l imited by the t ime it takes to recharge the lasing 

material. Given this constraint, pulse-posit ion modulation (PPM) has been 
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chosen over on/off keying as a more eff icient signaling format. In M-array 

PPM signal ing, one of M  symbols is transmitted in the form of a laser 

pulse located in one of M  t ime slots in order to transmit M2log  bits of 

data, where. M2log , represent the information content. [22] 

 

 

 

  

 Fig.2.7. Pulse posit ion optical modulation 

 

The signal set of PPM represented in the Fig.2.7 can be expressed 

analytical ly as fol lows 

 

))
2

1
(()(

iif

i

i
lTitpatS ετ −−−−= ∑

∞

−∞=

      [2.5] 

 

Where 
i

a  is an independent, identical ly (uniform) distributed sequence of 

random intensity variation. in which a is  a posit ive random variable. with 

{ }
ii

aaE =  and { } ii aaE
22 = . p , is electrical  power. 

i
l Is the PPM modulat ion 

corresponding to the 
th

i  transmission, which takes the values 0,1, . .  . M-

1, with equal probabil ity of M/1  and the 
i

ε  is an independent identical ly 

uniform time j itter. 

 

2.3. Free Air Optical Channel 
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Transmission over free space features some advantages compared to the 

use of optical f ibers. The atmosphere has a high transmission window at a 

wavelength of around 770 nm, where photons can easily be detected using 

commercial, and high-efficiency photon-counting modules. Furthermore, 

the atmosphere is only weakly dispersive and essential ly non birefringent 

at these wavelengths. However, there are some drawbacks concerning 

free-space l inks as wel l. In contrast to the s ignal transmitted in a guiding 

medium where the energy is ‘ ‘protected’ ’  and remains localized in a small  

region of space, the energy transmitted via a free-space l ink spreads out, 

leading to higher and varying transmission losses. The general 

descriptions of transmitter, free air channel and receiver is i l lustrated by 

the figure shown below. 

 

 

 

Fig.2.8 Free air optical Channel in relation to transmitter and receiver 

 

In addit ion to loss of energy, ambient daylight, or even moonlight at 

night, can couple into the receiver, leading to a higher error rate. 

However, such errors can be kept to a reasonable level by using a 

combinat ion of spectral f i lter ing, spatial f i lter ing at the receiver, and 

timing discrimination using a coincidence window of typical ly a few 

nanoseconds. Finally, it is clear that the performance of free-space 

systems depends dramatical ly on atmospheric condit ions and is possible 
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only in clear weather. To comment on the different sources leading to 

coupl ing losses., a fi rst concern is the transmission of the s ignals through 

a turbulent medium, leading to arrival-t ime j itter and beam wander (hence 

problems with beam pointing). However, as the t ime scales for 

atmospheric turbulences involved are rather small around 0.1–0.01 s—the 

time j itter due to a variation of the effective refract ive index can be 

compensated for by sending a reference pulse at a different wavelength a 

short t ime (around 100 ns) before each signal pulse. Since this reference 

pulse experiences the same atmospheric condit ions as the subsequent one, 

the signal wil l arrive essential ly without j itter in the t ime window defined 

by the arr ival of the reference pulse. In addit ion, the reference pulse can 

be ref lected back to the transmitter and used to correct the direction of 

the laser beam by means of adaptive opt ics, hence compensating for beam 

wander and ensuring good beam pointing. Another issue is beam 

divergence; hence increase of spot size at the receiver end caused by 

diffraction at the transmitter aperture. Using, for example, 20-cm-diameter 

optics, one obtains a diffraction-l imited spot size of 1m after 300 km. [26] 

This effect can in principle be kept small by taking advantage of larger 

optics. However, it can also be advantageous to have a spot size that is 

large compared to the receiver’s aperture in order to ensure constant 

coupl ing in case of remaining beam wander.  

 

2.4. Classical and Semi-Classical Optical Receiver 

 

The overall task of the optical receiver is to extract the information that 

has been placed on the modulated l ight carrier by the distant transmitter 

and restores the information to its original form. The typical through-the-

air communications receiver as shown in the Fig.2.9 below can be broken 

down into four separate sect ions. These are:  

�  Light collector (lens), 

�  Light detector (PIN, APD), 

�  Current to voltage converter, 

�  Signal ampli f ier and pulse discriminator.  
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Fig.2.9. Optical receiver schematic diagram 

 

There may also be addit ional circuits depending on the kind of the signal 

being received. But for mathematical analysis; it is convenient to model 

the receiver by sub dividing the receiver in to two parts-the signal 

demodulator and the detector-as shown below in Fig2.10. [22] The 

function of the signal demodulator is to convert the received waveform 

)(tr  in to an N-dimensional vector  ],...,,[ 21 N
rrrr =  where N is the dimension 

of the transmitted signal waveform. The function of the detector is to 

decide which of the M possible signal waveform was transmitted based on 

the vector r  .The two known realization of the s ignal demodulator are 

based on the use of Signal Correlator and the use of Matched Filter. 

 

 

 

 

  Fig.2.10. Block diagram of Optical receiver 

 

2.4.1. Direct and Coherent Detection 
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At present, modulated optical f ields are generally detected by means of 

energy detectors either directly (photon counting) or by the use of phase-

sensit ive coherent detection techniques. At the extremely high frequencies 

of opt ical signals, energy detection becomes a viable option that can be 

used even to discriminate between individual photons, due to the high 

energy of photons in the optical regime. [36]  

Direct-detection receivers employ a square-law device, which produces an 

electr ical signal proportional to the intensity of the incident optical s ignal 

(e.g.,  a photodiode) the s ignal's power is measured directly. As shown in 

Fig2.11 the electric field acting on the sensit ive areas of the photo 

detector produce a current proport ional to its intensity. Decision unit  

measures the output current from the photo-detector.  

 

 

  

 

 

 Fig.2.11. Bock diagram for direct optical detection 

 

2.4.1.1. Demodulation in direct detection  

 

The demodulation in the direct detection is performed by single photo 

diode.[34] The photocurrent produced by the field of opt ical power )(tp  is 
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With =η quantum efficiency of the detector, =e electron charge =h Planck 

constant and quencyopticalfre=ν  with 

A
Z

E
tp

0

2

2
)( =          [2.7] 

 

With =A photo detector surface, 0Z = characterstics impedance, therefore 

2

0

)( E
Zh

Ae
tI

ν

η
=         [2.8] 

In substituting the electric f ield expression given by [Eq.2.2]  

 

)..exp()( tiAptE
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       [2.9] 
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=         [2.10] 

If we substitute p
hv

e
I

η
=0 and the proportionality constant 

02Z

A
K = we get 

the simpli f ied expression for the current out put of the photo detector as 

fol lows 

)(
2

1
)(

2

0 tAKItI
n

=         [2.11] 

 

This current is fed to a sampling and decision device, which provide the 

estimate of the bit sequence. 

 

2.4.1.2. Demodulation in Coherent Detection 

 

In contrast to IM/DD, in coherent detection the parameters of the received 

electr ical f ield can be modulated, such as, its amplitude, frequency or 

phase. Coherent detection can be performed using two different 

techniques; heterodyne, i.e., di fferent signal and local osci l lator 

frequencies, or, homodyne detection, where the signal and local osci l lator 

frequencies are equal. 
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 Fig.2.12.Block diagram of opt ical coherent detector 

 

As shown in Fig.2.12, coherent recept ion consists of the photo detection of 

the beating between the received optical f ield
rec

E  and a local ly produced 

wave (From optical local osci l lator)
rec

E .The optical beams mixing on a 

photodiode (square-law detector), and let the beams be given by: 

 

)cos( φω += tEE
rrreceived

      [2.12]. 

)cos( tEE
LLOSillatorLocal

ω=−       [2.13.]  

 

The photo detector current is given by: 

 

2
Re )(

OLceivedPD
EEkI −+=      [2.14.] 

Where k  is the proportionality constant.  

Inserting the f ield expression in Eq. [2.14]. One gets 
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Rejecting al l but the difference frequency term, the final expression or out 

put of the photo detector becomes as fol lows 

Free Air 
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)])[cos(( φωω +−= tEkEI
LRLRPD

     [2.16]. 

 

Where 
IFLR

B=−ωω  is the difference ( intermediate) frequency. This 

current fed to a sampling and decision devices that provide the estimate of 

the bit sequence. 

 

2.5. Optimum Detector  

 

The start ing point for signal detection theory is that nearly al l decision-

making takes place in the presence of some uncertainty. Signal detection 

theory provides a precise language and graphic notation for analyzing 

decision making in the presence of uncertainty. ei. .,the detector is 

designed to make a decision on the transmitted signal in each signal 

interval based on the observat ion of the demodulator output in each 

interval such that the probabil ity of correct decision is maximized. 

2.5.1. Maximum a Posteriori Probability (MAP) 

The decision cr iterion is based on selecting the signal corresponding to the 

maximum of the set of posterior probabil it ies. )/( rSP
m

 . This decision 

criter ion maximizes the probabil ity of correct decision and, hence, 

minimizes the probabil ity of error. This decision criterion is cal led the 

maximum a posteriori probabil ity (MAP)[22]. Using Bayes rule, the 

posteriori probabil ity is expressed as  

)(

)()/(
)/(

rP

SPSrP
rSP

mm

m
=      [2.17] 

Where )/(
m

SrP the condit ional probabil ity distr ibution (pdf) is function of 

the observed vector, given 
m

S  and )(
m

SP  is the priori probabil ity of the 

th
m  signal being transmitted. The denominator of Eq[.2.12]can be 

expressed as  
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)()/()(
1

∑
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M

m

mm
SPSrPrP       [2.18.] 

The computat ion of the posterior probabil ity )/( rSP
m

 requires a knowledge 

of the a priori probabi l it ies )(
m

SP  and the condit ional probabil ity 

distribution function )/(
m

SrP , for m=1, 2, 3…M. 

2.5.2. Maximum Likelihood (ML) 

The condit ional Pdf, )/(
m

SrP  or any monotonic functions of is usual ly 

cal led the l ikel ihood function. The decision cr iterion based on the 

maximum of )/(
m

SrP over the M signal is cal led the maximum likely hood 

(ML) cr iterion. A detector based on MAP criter ion and one that is based on 

the ML criterion make the same decision as long as the priori  probabil it ies 

)(
m

SP  are al l equal, i.e., the s ignal { }
m

S  are equiprobable. 

 2.6. Fluctuation in photon statistics and Classical interpretation 

At this point one can ask what are the uncertainties associated with weak 

optical signal recept ion. What exactly one measures in an experiment to 

detect fluctuation? The answer, of course, is the electr ic current from a 

photo detector. Thus, any treatment of the subject must take into account 

the fact that we actually observe discrete electron emitted by photo 

detector such as photo cathode or semiconductor devices. [14] According 

to the classical thought the source of fluctuations is the incoherence of 

l ight wave emitted by classical monochromatic l ight source. As they put it,  

the l ight we see at any moment comes from number of atoms, each 

making a transit ion between the same pair of energy level, but that the 

emission from any one atom in no way related to that from any other 

atom. Infact a careful spectroscopic measurement shows that the l ight is 

not real ly monochromatic in a strict sense of the word. It contains 

component of various wavelengths within a certain range, cal led the l ine 

width. If the l ine width is much less than the average wavelength one can 

use the term quasi monochromatic, for such radiation. Based on this 

argument now one can ask exactly what the wave looks l ike? The question 
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can be answered by performing a Fourier synthesis –i.e. take a number of 

sine waves, having frequencies randomly chosen within a specified range-

the l ine width of the radiation –and add them together. As shown in 

Fig.2.13 the amplitude of three impure sine waves, which are constructed 

by adding f ive waves in a range of the l ine width is not constant, but 

fluctuate in rather haphazard fashion. [37] 

 

 

 

Fig.2.13. Amplitude variation of impure sine wave constructed by adding five Harmonics 

The average or mean value of a quasi-monochromatic l ight beam that is 

represented at a given point in space by the superposit ion of a large 

number N  of waves with equal amplitude of a . Each one has a random 

phase 
n

φ  and frequency 
n

ω  randomly chosen from within a range 

2
0

ε
ω ±  where 0ωε <<<  , and 0ω  is the resonant frequency. One 

should note that the actual value of
n

φ  depend on the origin chosen for 

t ime. [37] The amplitude and intensity of the combined wave are  

 

)](exp[)(
1
∑

=

+=
N

n

nn
tiatf φω       [2.19.] 

2

1

22
)](exp[)()( ∑

=

+==
N

n

nn
tiatftI φω     [2.20] 

 



 27 

Eq [2.20] can be written as double sum, 
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What is noticeable about the waves is that their amplitude and phase 

fluctuate with a typical beat period
ε

π2
, which contains about 

ε

ω 0
waves. 

[16] This effect should be brought out by a comparison of a long term and 

short-term averages. The average over the interval
0T ,  long compared with 

the duration of a beat, should reflect out the fluctuation, whereas the 

interval 
1T  short compared to the beat, should not. Hence evaluating the 

averages  
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When the integration t ime T is 0T  the term ( )t
mn

ωω −  can have any 

value up to ε 0T  which according to the definit ion of 0T  can be >> π2 . 

Thus there is a tendency to cancellation of the osci l lat ing parts of the 

integral. Al l of them going through many cycle at different rates during 

the long interval l 0T . Only the terms for which mn =  al l of which have 

value 10 =i
e  make a consistent posit ive contr ibution to the integral in 

Eq [2.22]. Therefore one can write the final expression as fol lows, 
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This equation simply tel ls us that because the waves are uncorrelated the 

intensity of their sum is equal to the sum of their intensit ies [27]. 

However when one takes the short-term average with 1TT =  the situat ion 

with the integral wi l l be different from that in the long-term average. 
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When 1T is short enough for the maximum phase ( ) ,1T
mn

ωω − to be much 

less than 
2

π
. This occurs if 

2

π
ε <T . Then the short term average become 
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Where in the last l ine separation is made on the term involving mn =  from 

the rest. One cannot predict the exact value of the second term. Simply 

know that it wil l  generally have a non-zero value and that this value does 

not change during the interval 1T , but has a value differ ing from a long 

term mean Na
2  .It is interest ing to est imate the size of the f luctuating 

second term of Eq. [2.24], which contains about 2

2

1
N  terms in the 

summation ∑ . Its square, when averaged over many intervals,  has the 

expected values  

24242 )(cos4
2

1
NaaN

mn
≡− φφ      [2.25]. 

Since the expectation value of the expression over a period 

2

1
cos 2 =ϑ . [37]. So the fluctuation term has root -mean square 

value Na
2 . The f luctuations are there fore comparable with the mean 

intensity found above, also Na
2 even as ∞→N . As can be seen from 

Fig. 2.14 and from the developed programme [Appendix-A] one can deduce 

that the short-term mean fluctuates macroscopical ly about the long-term 

mean Na
2 . The crit ical t ime which dist inguishes the long term from the 

short term, is επ 2 , which is approximately equal  the coherence time of 

the wave 1010−=
c

τ .  
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Fig.2.14.Mean Intensity variation of optical wave in short and long range 

However during the short interval 1T  the wave behaves very much l ike a 

pure sine wave. [37] One can write the amplitude of )(tf  in a form 

[ ]∑ +−=
n

nn
ittiatf φωωω )(exp)exp()( 00      [2.26] 

During the period ( )
2

, 01
πωω <<−< tTt

n
 and Eq [2.26] can be approximated 

as 

)exp()exp()( 0 ∑≈
n

n
itiatf φω       [2.27] 

The sum )exp(∑
n

n
iφ will  in general have a non-zero value )exp( 11 Φiα where 1Φ  

is quite indeterminate. Thus one concludes that during the interval 1T  the 

wave can be represented by a harmonic wave ( )[ ]101 exp Φ+tia ωα , whose 

phase 1Φ  and amplitude 1αa  are constant but unknown. If one now 

repeats the measurement for an interval 1T  cantered on a later t ime 
o

t  

should find the same result with knew phase 2Φ and 2αa  With amplitude 

defined by: 
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( )[ ]∑ +−=Φ
n

nn
itii φωωα 0022 exp)exp(      [2.28] 

Which in general are quite unpredictably different from 1Φ and 1αa  in view 

of s
n

ω  being randomly chosen. There is no correlat ion between the 

phase 21,ΦΦ  and amplitude 21, αα aa  measured in separate interval of  

length 1T . From the Fig.2.15,16, Therefore, one can conclude that the 

measurement made during a short term 1T  indicate a simple harmonic wave 

of constant intensity. Observation continued for period much longer 

than
ε

π
2

 wi l l  show this short-term intensity to fluctuate and there to be 

no correlation between the phases measured during intervals separated by 

much more than 1T  as can be seen from the Fig .2.17 

 

 

 

Fig.2.15. Intensity, amplitude and phase variation of optical wave near-coherence time 
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Fig.2.16. Intensity, amplitude and phase variation of optical wave near-coherence time 

 

Fig.2.17. Intensity, amplitude and phase variation of optical wave near-coherence time 
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This conclusion impl ies that, if  a measurement is made in a short-term 

interval then, the received signal can be considered as total ly 

determinist ic. Therefore, sett ing the condit ion of the absence of addit ive 

noise with the received signal the detector decides the bit sequence with 

out making any error. This can be expressed mathematical ly:  

 Received Signal (r) = Transmitted signal(s) + Thermal Noise (n) 

 ),()()( tntStr
m

+=  Tt ≤≤0    [2.29]. 

 If 0)( =tn    in Eq [2.26], then 

)()( tStr
m

=         [2.30]]. 

However experimental outcomes don’t confirm the above theoretical result.  

Whatever intense a l ight beam is and coherent its intensity st i l l  appears to 

fluctuate when investigated with a fast enough detectors. To address this 

fal lacy and to model optical detector that agree with the experimental 

result the classical approach of l ight needs to be supported by quantum 

thinking. It was that thinking that led to the development of Semi-classical 

receiver cal led ‘ ’quantum mechanically correct ’ ’ [13]  

The simpl if ied account of the classical argument for fluctuat ion in photon 

statist ics was that, in observing optical signals we have two uncorrelated 

sources of f luctuation. The f irst arise because we are observing discrete 

electron emission whose average rate is proport ional to the instantaneous 

intensity; the second because the instantaneous intensity itself is 

f luctuating about its long term mean value. Here the term instantaneous 

implies an average during a period 
cc

T τ<  Where 
c

t  is the coherence time. 

The mean number of electron emitted during a given interval 1Tt <δ  

is 

ω

δ
η

.

.
)(

1 �

t
tInn

T
==

−

,      [2.31] 
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Where )(tI  is the mean intensity and η  is the quantum efficiency, which 

is the probabil ity of an electron being emitted if  a photon of energy fal ls 

on the photo detector-typical ly a few percent.  Being the exact number of 

electron emitted given by Poisson distribution [8], thus the probabi l ity of n  

electron being emitted in tδ  is  

n

n

e
n

n
nP

−=
!

)(  

[2.32] 

The variance of mean square fluctuation for the Poisson distr ibution is well  

known to be equal to its mean value. [8] 

nnnn
T

=−=∆ 222

1

)(        [2.33]. 

This is one source of f luctuation in current since n  depends on the mean 

intensity during the interval which is itself a f luctuating variable, one can 

also define
ω

η
�0

)(
T

tInn == , [1] the average of n over a long time 
0T  and 

the expectation value of ( )
1

2

T

n∆ will equal n . 

The second source of fluctuation is mainly comes from )(tI  it self. As 

stated above the l ight arr ive at any moment in the photo detector comes 

from different part ic les [1]. The mean square difference  

( ) [ ]2242

0
0

01
)()()(

T
T

TT
tINatItI ==−    [2.34] 

In terms of electrons emitted in t ime  tδ , this can be written  

nnnn

TT

=−=∆
−

00

2 )()(         [2.35]. 

 

Since nandn ∆∆
−

 are not correlated one f ind that, the total variance in 

photoelectron count during 1T  is the sum of the individual variances. 
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    [2.36] 

The above argument, which is completely classical, shows that when a 

photo-detector is i l luminated by a quasi-monochromatic wave, the 

emission of the electron is not a purely random process governed by 

Poisson stat ist ics. Indeed photoemission events are correlated in some 

way, which is not seen in classical communicat ion theory. [39] 

2.7 Summary of the Chapter 

 

Even though their s implicity makes them attractive and commonly used, 

direct detectors has some drawback. Since any optical phase information is 

lost in the process, direct detection cannot be used to measure the 

Doppler frequency shift of the radar echo, and direct detect ion is subject 

to thermal and dark current noises in the receiver and to background l ight 

incident on the detector. Under certain condit ions of l imited signal 

strength, direct detect ion therefore offers sensit ivity inferior to that of 

coherent detection. However, direct detection has advantages over 

coherent detection when either source temporal coherence or the spatial  

phase characterist ics of the received signal cannot be strict ly control led, 

or when complexity or cost is important design issues. 

 
In the coherent detection case, where the local osci l lator power 

L
P  >>the 

received power
R

P , the effective optical detection bandwidth that 

determines the noise floor of a signal, is the intermediate frequency (I.F) 

fi lter post-detection bandwidth BIF.  Depending on the l ine width of the 

local-osci l lator laser, this bandwidth could be as small as 1 kHz, so it can 

be made signif icantly smaller than the best incoherent opt ical f i lters.  By 

employing dye lasers, which have wide tuneabil ity, it is possible to 

effectively tune the receiver over the entire visible spectrum and part of 

the near infrared. While these detection techniques are very sensit ive, 

they cannot real ize the ful l advantages of opt imum quantum detection, 

which typical ly performs much better in terms of the signal energy 

required to achieve a given detection performance. [See chapter 5] 
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What is remarkable about the conclusion of the semi-classical approach is 

that it is identical to the variance in the number of photons for a given 

state when they are considered as Bose-Einstein Particles. [1]. This event 

and its effect on the performance wil l be treated in the next chapter using 

quantum approach 
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Chapter 

Three 

Quantum Communication 

 

 

Quantum information theory can be viewed as the general ization of the 

two major aspects of information theory. That is, quantum information 

theory includes the quant itative theory of how much we know about the 

quantum state of a physical system, and also the theory of the quant ity of 

resources required to perform physical tasks- that are quantum analogues 

of classical tasks such as data compression, transmission and recept ion. 

Because of the differences between quantum states and classical states, 

the l ink between these two aspects is different in quantum information 

theory, and arguably less t ight, than in classical information theory. 

Because of the differences between quantum and classical states, there 

are a variety of possible generalizations of each classical task. 

One of the main reasons that led to the emergence of this rapidly 

developing f ield of communication is the inadequacy of classical ideas to 

explain al l physical phenomena. The most notable problems arose from 

considerations of the electromagnetic wave spectrum in the cavity. The 

Heisenberg Uncertainty Principle forces us to introduce probabil it ies to and 

considers al l possible paths taken by particles, with the classical path as a 

finite probabil ity for a particle to deviate from its classical equation of 

motions. This deviat ion from a classical path is, on the scale determined 

by Planck's constant [6]. However, on the sub atomic scale, this deviation 

becomes the dominant aspects of a particle motions. In a microcosm, 

motions that are Infact forbidden classical ly determine the primary 

characterstics of the atom. The stabil ity of the atom, the emission and 

absorption spectrum, radioactive decay, tunnell ing, etc.are al l  

manifestat ion of quantum behaviours that deviate from the classical 

equations of motions. [27] 
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3.1. Interaction of light with matter 

 

Detect ion of l ight requires an interact ion between the incidents wave f ield 

and the electron in a sensit ive element, the photo cathode, in which the 

electron have many states. To understand the interaction of l ight with 

matter let us see of the effect of an osci l lat ing electromagnetic field on a 

single isolated one particle system with just two levels 1L  and 2L . The 

particle in state 2,1=j  is described by an electronic wave function 

[36]. 

 

ti

jj

j

ertr
ω

ψψ
−

= )(),(        [3.1] 

 

In which the spatial  wave funct ion )(r
j

ψ  is separated from the temporal 

osci l lat ion
tj

e
ω−

. The Eigen value of the two wave funct ions are 1ω�  and 2ω�  

for )( 12 ωω > , and the ϕ  is in each case a solutions of Schrödinger 

equations for the atomic potential )(rV . Each wave funct ion corresponds 

to exact solut ions of the Schrödinger equations and therefore the particle 

in either state wil l stay there forever. In each of the states described by 

the above equat ion wil l have a definite Eigenvalue. All the t ime 

dependence is in the 
tj

e
ω−

. Any other possible electronic distribution can 

always be written as a superposit ion’s of the wave function ),( tr
j

ψ . Now if 

an osci l lat ing electric field is applied to the system, the potential f ield is 

modif ied from V(r) to ),()( trerV Φ+  where ),( trΦ  be the electr ic 

potential of the osci l lat ing f ield. The stationary state wave function 

),( trϕ  corresponding to the new potential is no longer the same solution 

),( tr
j

ψ  of the Schrödinger equations. In these states the Eigen values no 

longer has a definite value-measurement wil l  give either the Eigen value of 

state 1, or the Eigen value of state 2. The probabil it ies of the appearances 

of this values equals the square of the coefficients of a l inear 

superposit ion of the ),( tr
j

ψ . 

 

),(),(),( 21 trtrtr βψαψψ +=      [3.2]  
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 Where, 1
22

=+ βα   

 

i.e. the  probabi l ity of gett ing the eigen values of  state 1 equal 
2

α  and 

the probabil ity of getting the eigen values of  state 2  equal 
2

β  .An 

important feature of the above expression is that, it accounts the quantum 

interference. When one calculates the electron density 
2

),( trψ  wil l  f ind a 

cross term which osci l lates with the frequency ( )12 ωω − . 

Mathematical ly: 

)()cos()()(2)(),(
2

2
2

1221

2

1
22

rrrrtr ψβωωψαβψψαψ +−+=   [3.3] 

 

The above descript ion leads directly to the most important concept 

involved in Laser. In the presence of an electromagnet ic wave, no atomic 

electromagnet ic wave functions are completely stationary-except the 

ground states in the presence of the vacuum field only. Otherwise 

transit ion occurs in which energy is transferred back ward and forward 

between the atom and the electromagnetic field. The atom behaves l ike an 

osci l lat ing dipole antenna during a transit ion and the phase relation 

between this dipole and the electromagnetic f ield determine whether the 

atom absorb or emits. 

 

3.2. State Space Representation 

 

The concept of a state of a physical system const itutes one of the most 

important build ing stones of any physical theory. In classical physics the 

state of a system can be associated with a “point' ' in a corresponding 

phase space. Dynamical evolution of a classical system is then described 

as a trajectory in this phase space. Definit ion of a state in quantum 

physics is more abstract and complex Operat ionally; a state of a quantum-

mechanical system is associated with particular probabil ity distributions of 

measured physical observable. [5] These distributions are obtained via 

measurements over an ensemble of quantum-mechanical systems, which 
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are prepared in the same way (i .e., they are in the same state). Formal ly, 

the state of the quantum-mechanical system is described either as a 

vector in a Hilbert space ψ  (in the case of pure states) or by a density 

operator ρ . 

The basic build ing block in quantum communications and information is 

the qubit  that is a physical system with two orthogonal quantum states. A 

simple example is the horizontal and vertical states of polar ization 

associated with a single photon. The quantum bit, or qubit, is the quantum 

generalization of the classical notion of the physical bit.  It  corresponds to 

a two-state quantum system, such as a two-state quantum system, the 

spin degree of freedom of an electron, or a nuclear spin [2]. The pure 

states of such a system are vectors in a two-dimensional Hilbert space. 

(More accurately, they correspond to rays in a two-dimensional Hilbert 

space, since the overall phase freedom is nonphysical, and states must be 

normalized.) Such a system can be used to carry classical information. Any 

pair of orthogonal basis vectors may be taken to represent the answers 

“yes" or “no"' “0" or “1" to a s ingle quest ion. One might name these 

states  0  and  1 . 

Preparing the system in the appropriate one of these two states, one may 

store this information in the system. By measuring in this basis one may 

read the information out of the system accurately, or, by an appropriate 

unitary interact ion, one may swap this information for the information 

stored in another qubit,or cause another bit to become correlated with this 

one. Therefore, the system can be used as a classical physical bit. Besides 

the two orthogonal states in a given basis, there is a cont inuum of states. 

2111 φβφαψ +=       [3.5]. 

Which are superposit ion of the basis vectors 0  and 1  and orthogonal to 

neither of them. 1α  and 1β  are complex constants. 

 Equivalent ly, the state of a quantum-mechanical system can be described 

by a wave-function or, in the framework of the phase-space formalism, the 

state under consideration can be described with the help of phase-space 
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quasi-probabi l ity density distr ibutions. [2] As mentioned above, classical 

dynamical variables can be measured to arbitrary accuracy in principle. 

This permits precise measurement of conjugated variables such as posit ion 

and momentum, and allows joint probabil ity density distr ibution to be 

constructed for a phase-space description of dynamics. However the lack 

of commutabil ity of conjugated observable in quantum mechanics leads to 

the fact that the “point ' ' in the quantum-mechanical phase space cannot 

be local ized precisely, i.e., there is always a fundamental l imit with which 

this “point ' ' can be determined. 

 

The statement that the product of the uncertainties in the values of two 

conjugate variables cannot be less than Planck's constant �  in the order of 

magnitude is cal led the Heisenberg uncertainty principle. [23] 

 Mathematical ly: 

 

2

�
≥∆∆ BA         [3.6] 

 

Where BA∆∆  are canonical ly conjugate variables and � is Planck's 

constant. 

It is wel l known that the wave funct ion of a quantum-mechanical system 

cannot be measured direct ly [12]. Besides a s ingle measurement does not 

yield enough information, which al lows determining the state of the 

system uniquely [12]. In addit ion, due to the fact that conjugated 

observable do not commute, the quantum-mechanical measurement 

inevitably disturbs the state, so the information about the conjugated 

observable cannot be obtained from subsequent measurements. This result  

into a number of (quasi) probabi l ity density distributions associated with a 

phase-space description of a quantum-mechanical state The Wigner 

function plays an exceptional role among all quasiprobabil ity density 

distributions. First ly, it generates proper marginal distributions for 

individual phase-space variables. Secondly, under the action of l inear 

canonical transformations the Wigner function behaves exactly in the same 

way as the classical probabi l ity density distributions [10] The Wigner 

function contains complete information about the state of the system, i.e.,  
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i t  carries the same information as the density operator or the 

corresponding wave function. From the Wigner function one can evaluate 

al l (symmetrical ly-ordered) moments of the system operators. On the 

other hand, the inverse is also valid. It  means that from the knowledge of 

the complete set of moments of system operators the Wigner function (as 

wel l as the density operator) can be determined uniquely [11].  

 

In f inding quantum mechanical representat ion of a single mode of a 

coherent optical f ield, the analogy between the photon and Simple 

harmonic osci l lator give a better perspective. Consider a one-dimensional 

cavity of length L as shown in Fig.3.1.In, which the plane wave mode has 

an electr ic field described by, 

 

 

 

 

 

 

 

 

Fig.3.1 .Cubic optical cavity 

 

).cos(0 φω −−= tkxEE      [3.6] 

 

Where the value of k  and therefore ω  are defined by L . The magnetic 

field B  is not independent, and is always related to E  by the impedance. 

Note that k  and E  wil l  now be written as scalars, since the choice of 

particular mode (including its polarizat ion) al lows considering a single 

component of the f ield only. It is the magnitude of E0 that wil l be shown 

to be quantized. [20] 

 

First define two quantit ies  

 

Z 

X 

Y 

L 
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Noting that, )(
)(

tp
dt

tdq
= , and one can write the f ield  

).sin()()cos()(.

]sin).sin(.cos(.).[cos(0

xktpkxtq

kxtxktEE

−=

+++=

ω

φωφω

 [3.8] 

The total energy per-unit cross-sectional area of the cavity [38] (including 

E and B  f ields) is then; 
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Using new variables again 
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The above expression has the same form as the energy of a mechanical 

Simple harmonic osci l lator [38], for which 

 

)(
2

1 22
mvKxU +=       [3.11] 

Where K  is the force constant and m  is the mass. This can also be 

written in the same way as Eq [3.10], in which 
m

K=ω is the classical 

vibration frequency, Qxm = and P
dt

dQ
vm == . 
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Qω  

dA  

dP  
P  

θ  

φ  
A  

dQω  

The energy of a simple harmonic osci l lator is )
2

1
(.. += nU

n
ω� . 

Where n  can be any non-negative integer. Thus one can deduce that the 

energy of the given mode of electromagnetic field is quantized in the same 

way. [7] An important non-classical feature is the existence of zero point 

energy. 

ω..
2

1
0 �=U         [3.12] 

Which is the lowest al lowed energy level for that mode; it is not possible 

to el iminate f ield osci l lat ion in any mode completely. [7] Even the lowest 

energy in every mode of the cavity contains this much energy. The actual 

electr ic f ield result ing from the zero point contributions of al l  the modes is 

their superposit ions. Since their phase relat ion are unspecified they give 

rise to an inevitable fluctuat ing back ground field which adds noise to any 

physical measurements.  

It is i l lustrat ive at this point to express the uncertainties on a ),( QP ω   

Diagram (In quantum mechanics this is cal led a Wigner diagram[37]) by 

choosing P  as horizontal and Qω  as a vert ical axis as in Fig.3.2. The 

energy then is proportional to the square of the radius vector from the 

origin to ),( QP ω . However the point ),( QP ω  cannot be defined exactly  

 

 

 

  

 

 

 

 

 

 

 

 

 

Fig 3.2. ),( QP ω Diagram for l ight with minimum uncertainty (Chaot ic l ight) 
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because of the uncertainty principle. Al l  that can be known is the average 

posit ion of the point, and the product of the uncertainty. When one 

defines the uncertainty region in the ),( QP ω  plane the construction of 

the wave become elementry. Taking coherent states and choosing 

randomly a number of points within the uncertainty region and draw one 

on top of the other we can clearly see the fluctuation in the field-

depending on the choice.  

 

Since P and Qω  appear symmetrical ly in Fig.3.2, one can expect the value 

of P  and Qω  to be equal, so that the defined region is a circle. This is the 

situat ion that would normally be found, and to which any other s ituation 

that would normally be found, and which any other situation wil l natural ly 

revert. Light with a s ingle mode with this property is cal led coherent l ight.  

 

 

Fig.3.3The uncertainty indicated by the range of superimposed waveforms 

 

Each wave has ampl itude and phase ),( φA  

UQPA 2.. 2222 =+= ω  which are the polar coordinates of 

),( QP ω  As shown in the Fig.3.3 in which the width covered by the 

result ing l ines represent the uncertainties in the wave fields. 
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i .e. 

ωφδδφδδδδω ...).(
2

1
...... 2

�≥== AAAQP   [3.13] 

 

Chaot ic l ight has the equil ibrium [6] form ωωδδ �== QP . Then 

from Eq [3.9] putting 0=φ , to simpli fy things  
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This shows that the contributions to Uδ  from tωcos  term and tωsin  

phases are equal .The root mean square f luctuat ion U∆  in each phase is 
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One can compare the fluctuat ion in mean intensity, when both are 

measured as numbers n  of photon per unit  area in a given time. Then one 

can have  
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  [3.16] 

 

Indeed chaotic l ight which is l ight with many photon in a single mode 

having �== dQP ωδ , f luctuate in a way corresponding to Poisson 

statist ics, which also represent the smallest f luctuation possible in a semi 

classical model. Poisson statist ics indicate the arr ival of photon at a 
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detector is un correlated with that of the previous one. Which necessari ly 

l imit the accuracy of optical measurement .If one can force them to be 

correlated, the stream of arrival wi l l be steadier and an improvement in 

accuracy is to be expected. Although this method is tried by semi classical 

approach, the essential point is that the trial exists because l ight is 

emitted as individual quanta, and therefore cannot be described 

classical ly. 

 

3.3. The Coherent-State Representation of Optical Signals 

 

Coherent states, representing electromagnetic radiation produced by 

physical devices such as lasers, are an important class of states for optical 

communications. Within the framework of the phase-space formalism 

Coherent states form a posit ion-momentum patch of minimum area and 

may be regarded as the quantum analogue of classical points in phase 

space.[11] Coherent states of a single mode of radiation α in quantum 

formulation expressed as 
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Where the Eigen states n , known as the number Eigen states. [36]: Each 

number Eigen state n  contains n  photons, where α  is the complex 

number. The corresponding number density operator is also given by 
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Where the density operator v iewed as an infinite dimensional matr ix, and 

the diagonal terms are 

 

!

2
2

n
emn

n

α
ρ

α−
=         [3.19] 

Which are recognized as Poisson probabil it ies for n , with an average 

number of photon 
2

α [12]. The off diagonal terms are, 
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Note that measuring photon is directly related to measuring of energy.  

Hence the probabil ity of obtaining exactly n  photons as the outcome of an 

experiment can be computed as 

 

n

e
n

n
222

!

1
αα

α−
=

       [3.21] 

The quantum interference between coherent-state components in phase 

space, which is intrinsical ly related to the over incompleteness of the 

coherent-state basis, is what leads to purely quantum effects. As can be 

seen from the above description the off-diagonal elements of the density 

operator in the coherent-state basis carry information about the non-

classical propert ies of quantum states of l ight. By considering the overlap 

between two arbitrary coherent states, 1α , 2α ,  one can easi ly show that 

coherent states are not orthogonal. Orthogonality requires the overlap 

between the states should vanish altogether; however, for coherent states, 

the squared magnitude of the overlap is not zero but instead is given by: 
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Eq [3.22] demonstrates that there is always some overlap between 

coherent states, regardless of how great the coherence between the states 

and average photon counts may be. This phenomenon accounts the 

quantum interference and the error one made in optical detection. 
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Chapter 

Four 

 Quantum Signal Processing & Detection Operator 

 
 
In this chapter we deal with the optimization problem that is, f inding 

communication system for a given task that performs the best within the 

given class of al l the possible system. In taking this approach one face 

with these basic problems:  

1)  What optimizat ion cr iter ion is to be used? 

2)  What is the optimum structure for a given problem under these 

criter ia of optimization? 

3)  What is the performance of the optimum receiver?  

One may formulate these problems as a quantum detect ion problem, and 

seek a measurement that minimizes the probabil ity of a detection error 

[24]. Therefore, in this sect ion, by briefly reviewing elements of l inear 

algebra that are common to both signal processing and quantum 

communication we proceed to the problem of formulating detection 

operator. 

In both s ignal processing and quantum mechanics, the sett ing one 

considers is a x  f inite-dimensional subspace U  of a complex Hilbert 

space H . [24] The elements of H  are called vectors. Assuming for 

notational convenience, H  that is f inite-dimensional, with kH =)dim( ; 

then, by appropriate choice of coordinates, one can ident ify H  with 
k

C . . 

In the bra-Ket  notation, the elements of H  are “Ket” vectors, denoted, 

e.g., by Hx ε . The corresponding “bra” vector 
•

Hx ε  is an element of the 

dual space and may be regarded as the Conjugate transpose of x . The 

inner product of two vectors is a complex number denoted by yx . An 

outer product of two vectors such as yx  is a rank-one matrix, which as 

an operator Hz ε  takes to Hxzyzyx ε= . 
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 An operator on H  is a continuous l inear transformation A : The adjoint of a 

l inear operator A  is the unique operator •
A  such that yxAAyx

•=  

for al l Hyx ε, . [41] If the elements of H  are column vectors of A , then a 

l inear operator is represented by a square matrix, and its adjoint is 

represented by the conjugate transpose •
A , since 

 

yxAyxAAyxAyx
•••• === )(    [4.1] 

 

An operator A  is cal led Hermitian i f it is self-adjoint; i .e.,  if   •= AA [24] 
P 

We have not yet de_ned what a measurement on a q uantum system is or what=  e_ect i t has  on such 

a sys tem. In g eneral any quantity which can be= measur ed is called an obser vabl e and is associ ated with a 

Hermi tian= operator on the vector space V describing the system. (R ecall that an= oper ator O is  Her miti an 

if O = 3D Oy; i ts conj ugate transpose. = H ermitici ty is r equired i n order that measur ed quanti ties  have real 

values,=  but we shall not make explicit use of this  pr operty i n these notes .) Such= an oper ator has  a set 

of eigenvectors fj vi  ig wi th corr espondi ng= eigenvalues f _i g and these eigenvectors for m a basis for V .   
In many quantum mechanics the term "observable" is used synonymously 

with "selfadjoint operator" (with no constraint l ike 0<=F<=1). So one has 

to make the connect ion. In one direction it is easy: suppose the measuring 

device produces real numbers as output , i .e., the set X is a set of real 

numbers. Suppose i f one is not interested about the entire probabil ity 

distribution of the outcomes, but only about their mean. For each density 

operator ρ  this mean is obviously [24]  

 

)()( 1∑ = ATrFTr ρρ          [4.2] 

Using the l inearity of the trace, and introduced the operator expression 

∑=
x

x
xFA1 .         [4.3] 

This is the kind of operator usually cal led an "observable" [20]. Its 

expectation value )( 1ATr ρ  is the mean value of the measured probabil ity 

distribution. 

Simi lar ly, one can introduce an operator 
x

xxx

FxA ∑= 2
2  such that )(

x
FTr ρ  is 

the second moment of the measured distribution. In general, A2  has 

nothing to do with A1. However, there is an important special case, in 
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which A2 can be computed from A1: the case of spectral measures, or more 

generally projection-valued observable. [20]  

An observable is cal led project ion valued, if each of its "values" Fx is a 

projection, i.e. , Fx
2=Fx. Since the project ions Fx add up to the identity, 

they have to be orthogonal, so FFF
xyyx

δ= . From this relation one readily 

concludes that A2=A1
2, where the square on the right hand side of this 

equation is formed using the operator product. Hence A2 is determined by 

A1, and so are the Fx themselves. This is the content of the Spectral 

Theorem,[27] here in its fairly trivial f inite dimensional version: Every 

Hermitian operator A on a finite dimensional Hi lbert space has a unique 

decomposit ion ∑=
nx

x
xFA

ε

 .The finitely many values x for which F x is non-

zero are the eigenvalue of A, and this confirms the usual phrase that the 

eigenvalue of an observable are the possible outcomes of measurements of 

that observable. . 

Therefore, one can generalize the usual notion of observable in two ways: 

first ly, one shouldn't insist that the outcomes of measurements are real 

numbers; they can be labeled by any set one pleases. [15] Secondly, and 

more important ly, one shouldn’t insist that the response of a s ingle 

outcome (a yes/no measurement) is given by a projection. The effect of 

this generalization is discussed in chapter six. However the detection 

operators considered in this chapter are projection valued [20] 

4.1. Basics of Quantum Detection Operator 

Consider a quantum communication for sending M-array classical 

information { }1.........,,.........1,0/ −= MiX
i

. In this case the output of the 

transmitter are quantum states or probabi l ity density funct ions { }
I

ρ  

i .e. [ ]
M

ρρρ ,..., 10  which corresponds to classical information.  

0≥
I

ρ           [4.4] 

1)( =
∧

iTr ρ          [4.5] 
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Where Tr  denotes trace, i.e., the sum of the diagonal element of the 

matrix .If the signal state is pure { }
I

ρ  the state can be described by a unit  

vector ψ  in the Hilbert space and the density operator expressed 

by
II

ψψρ =  and 12 =ρTr  is satisfied. If the signal state is mixed the 

state contains classical noise and 12 <ρTr  is satisfied. 

A quantum receiver in which a quantum measurement is performed is 

generally described by a posit ive valued measure; (PVM) which is a set of 

non-negative Hermitian operator { }
j

π  satisfies the resolution of the 

ident ity. 

 

 Ι=∑
−

=

1

0

M

j

j
π          [4.6] 

 0≥
j

π           [4.7] 

Where Ι
∧

 is the ident ity operator, 
j

π
∧

 is cal led the detect ion operator 

and express measurement process which decides that the received states 

are
j

ρ . 

In general the number of detection operator shouldn't be equal to the 

number of signal sets. But one can suppose that they are equal-since the 

performance measure only treat probabil i ty of error as criter ia. 

If { }
j

π  sat isf ies not only Eq [.4-3] but also
jijij

πδππ =  where 'jj
δ is the 

kroncker delta, which is defined as.  





=

≠
=

'

'

1

0
'

jj

jj

jj
δ         [4.8]  
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Then { }
j

π  are called projection operator value measure (POVM)[20]. 

Therefore when the transmitted signal is
i

ρ , the probabil ity that the 

received signal is decided to be
j

ρ , by 
j

π  is 

 

)()/(
jiij

TrP πρρρ =         [4.9] 

Then the error probabil ity is represented as 

 

)(.1
1

0
∑

−

=

−=
m

J

jj
Trp πρξ         [4.10] 

Where ξ  is the priori  probabi l ity of
j

ρ , and the operator { }opt

j
π  by which P  

is minimized are called the optimum detection operator. [10] 

 

4.2. Optimal Quantum Measurements 

 

Obtaining a closed-form analytical expression for the optimal detection 

operator in Eq [4.10] is a diff icult and unsolved problem. But when the 

signal state are simple or show certain symmetries alternative approach 

can be developed [3]. 

That is based on choosing a squared-error cr iterion and determining a 

measurement states that minimizes this cr iterion. Specif ical ly,  the 

measurement vectors 
i

µ  are chosen to be orthogonal and closest in 

least-squares (LS) sense to the given set of state vectors 
i

ψ  so that the 

vectors
i

µ  are chosen to minimize the sum of the squared norms of the 

error vectors. 

In the simplest case, the measurement operators are rank-one operators 

and have the outer-product form iii

∗=Π µµ  for some nonzero 

vectors Η∈
i

µ . Such measurements wi l l  be called rank-one 
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measurements, as shown in Fig.4.1 and the vectors 
i

µ  wil l be cal led the 

measurement vectors. 

 

 

Fig4.1-i l lustration of a rank-one quantum measurement 

 

If the state vector is ψ , then the probabil i ty of observing the 
th

i  outcome 

is simply the squared projection of the states on the measurement states 

[24]. 

 

2
,,)(

iiiii
iP µψψψ =Π=       [4.11] 

 

If the states are prepared with equal priori probabi l it ies, then the 

probabi l ity of detection error using the measurement vectors is given by 

 

[ ]21
1)(1)(

ii

M
CPEP µψ−=−=       [4.12] 

 

If the vectors are orthonormal, then choosing 
ii

µψ =  results in 0)( =EP . 

However, if  the given vectors are not orthonormal, then no measurement 

can dist inguish perfectly between them. Therefore, a fundamental problem 

in quantum communication is to construct measurements optimized to 

dist inguish between a set of nonorthogonal pure quantum states. 

 

To construct a measurement vectors from a given set of vectors that span 

a signal set, a reasonable approach is to find a set of vectors that are 
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“closest” to the vectors in the least-squares sense. Thus, one seeks 

vectors that minimize the squared error defined as fol lows , 

 

∑
=

=
n

i

ii
eeE

1

          [4.13] 

 

Where the 
th

i  error vector as i l lustrated by Fig. 4.2 in two-dimensional 

cases is given by the vector difference µψ
iiie −=  

   

 

 

 

 

 

 

 

 

 

 

 

 

 

  

Fig-4-2 .Two dimensional examples of LS measurement 

 

The LS measurement problem in Eq [4.13] has a simple closed-form 

solution with many desirable properties. Its construction is relatively 

simple; it  can be determined directly from the given collect ion of states. 

[24]  

 

4.2.1 Optimal Detection Operator for Binary pure State Signal  

 

The simplest quantum mechanical system has a two dimensional complex 
state space. In this case two possible quantum states are present that 

0ψ  

0e  

1ψ  

1e  
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needs model ing. Suppose the received electromagnetic field in states 0ψ is 

governed by the density operator 0ρ , and the received electromagnet ic 

field in state 1ψ  governed by 1ρ . i .e, 

 

000 ψψρ =         [4.14] 

111 ψψρ =         [4.15] 

 

If one single out an orthonormal basis set in the state space of such a 

system, and label the basis vectors as 0µ and 1µ  then the total 

probabi l ity of correct detection [8] is given by 

)/()()/()()( 1100 HCPHPHCPHPCP +=      [4.16] 

 

Where 0H  denotes the hypotheses that state 0ψ is transmitted and 1H  

represent the hypothesis that state 1ψ is transmitted. =)(CP The total 

probabi l ity of corrects detection, =)( 0HP prior i probabil ity of 

hypothesis 0H and =)( 1HP prior i  probabil ity of hypothesis 1H  and )/(
i

HCP is  

the probabi l ity of correct given Hypothesis 
i

H . 

 

 

 

 

 

  

 

  

       

 

 

 

 

Fig.4.3.Binary s ignal state representation in a two dimensional Hilbert 

space  

1ψ  

0ψ  

θ  
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If one gives the geometrical interpretat ion to the signal set and 

measurement set as in Fig.4.3 the condit ional probabil ity denote nothing 

but the squared magnitude of the signal set on the respective 

measurement states.  

Mathematical ly: 

 

2

111

2

000 )()()( µψµψ HPHPCP +=     [4.17] 

 

If the signal state has equal pr iori probabil ity, then the above expression 

can be simpl if ied as 

 

[ ]2

11

2

00
2

1
)( µψµψ +=CP       [4.18] 

 

 

 

Fig.4.4 -Signal and Measurement states in 2-dimensional Hilbert space 

 

Operating entirely in the plane determined by the signal states, it is 

possible to find the minimum average probabil ity of error by rotating the 

1µ  

1ψ  

0ψ  

0µ  

1φ  

θ  

0φ  
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measurement states within the signal plane and calculating the error 

probabi l ity for each rotation unti l a minimum is reached. The plane defined 

by two signal states, and containing two orthogonal measurement states is 

shown in Fig.4.4.To simpli fy the steps of finding appropriate measurement 

axis lets define 00 φ≤ ,
2

1

π
φ ≤  and we interpret

ii
µψθ =)cos( , 1,0=i  as 

the overlap between the signal and corresponding measurement states. 

Note from Fig.4.4 that. 10
2

φθ
π

φ −−= .  

 

)(cos)/( 0
22

000 φµψ ==HCP     [4.19] 

 

 )(cos)/( 1
22

111 φµψ ==HCP     [4.20 

 

 

With equally probable signals the average probabil ity of correct detection. 

 

[ ]2

11

2

00
2

1
)( µψµψ +=CP       [4.21] 

[ ])(cos)(cos
2

1
1

2
1

2 φφ +−= a  

 

Where ,we define θ
π

−=
2

a  for convenience. The maximum value 

of the probabil ity of correct detect ion, as a function of the rotation angle, 

can be easi ly found by different iating )(CP  with respect to 1φ  and equating 

to zero: 

 

0)sin()cos(2)sin()cos(2
)(

1111

1

=+−−−=
∂

∂
φφφφ

φ
aa

CP
   [4.22] 

This yields the optimum rotation angle 







−





==

∗
θ

π
φ

22

1
21

a . Substituting 

1
∗φ into the expression for )(CP  yields the maximum value of the probabil ity 

of correct detection as 
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





+= )

2
(cos)

2
(cos

2

1
)( 22 aa

CP
opt       [4.23] 

[ ])cos(1
2

1
a+=  

 [ ])sin(1
2

1
θ+=       [4.24]   

 

But using Trigonometry it is easy to prove the expression 

2

10
2 1)(cos1)sin( ψψθθ −=−=  in Fig.4.4.Hence  using the maximum 

value of )(CP , the minimum probabi l ity of error for this binary state signal 

becomes 

 







−−=−=

2

2111
2

1
)(1)( ψψCPEP      [4.25] 

 

This is one of the developments of quantum detection principle. Rather 

than taking state zero as total ly determinist ic (as in the case of sub 

optimal detection) by associating quantization to the signal state develops 

a rotational algorithm that leads to the minimization of the average 

probabi l ity of error.  

One can see the effect of this rotation in minimizat ion of error through the 

Matlab programme output in Fig.4.5. Init ial ly the signal state of 0ψ  

and 0µ  are al igned. Then by adding one degree the rotation of the 

measurement state 0µ  away from signal state 0ψ  is performed. And 

calculation of the probabil ity of average error is evaluated. By repeat ing 

the above  step with equal interval t i l l  the measurement state 1µ  al igned 

with the signal state 1ψ  .In this way one gets the optimal or ientation of 

the measurement state as in Fig.4.5. In this regard, the opt imal quantum 

receiver can be viewed as a simple rotat ion of the measurement states in 

the plane defined by the signal states in the front end of the receiver [For 

the detai led programme see appendix-No.C.1 annexed to the thesis] 
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Fig 4.5 .The dependence of average probabil ity of error on variations of 

measurement states orientat ions for Book with ks=1 

 

 

Using simi lar steps it is also possible to find the orientation for the 

measurement states of Binary phase Shift Key optical modulation. [19] In 

this case the signal  in a Hilbert space has a form  

 

αψ

αψ

−=

=

1

0
          [4.26] 

 

With average photon signal equals
2

α=
S

k . The angle and the 

magnitude square overlap between the signals states expressed as fol low 

respect ively, 

 

)(cos

)cos(

21
01

22

01

2

s

s

k

k

e

ee

−−

−−

=

==−=

θ

ααθ
α

   [4.27] 

 

Angle Variation in Degree 
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 s
k

ee
42222

10
−−

==−=
α

ααψψ   [4.28] 

 

 

Fig 4.6 .The dependence of average probabil ity of error on variations of 

measurement states orientat ions for  BPSK with ks=1 

 

Then, Using the rotational algorithm, i.e. by varying the orientations of 

the two measurement states in a plane defined by the signal state one can 

find the optimal point that minimize the error in a mean square sense as 

shown in the Fig.4.6.Since BPSK and BOOK are different modulation the 

orientat ion and the average probabil ity of error differs  [For the complete 

programme see appendix-No.B.2 annexed to the thesis] 

 

 

 4.2.2. Optimal Detection Operator for M-array optical modulation 

formats 

 

There are situat ions where a single Hilbert space is not suffic ient to 

describe the signal state. [19] According to the general rules of quantum 

mechanics a Hi lbert space is associated with every kind of quantum 

mechanical system. A principal way of getting new systems from old is 
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putting two systems together into a "composite system" by rule of Tensor 

product. 

The tensor product of 
a

ψ and
b

ψ give us a large array formed by taking 

al l possible product between
a

ψ  and
b

ψ  and denoted as fol lows 

cba
ψψψ =⊗          [4.29] 

If 
a

ψ  is mxn and
b

ψ is pxq then the vector
c

ψ will have a dimension 

nxqbymxp     [35] . 

An important example of modulation format that requires a “product-state" 

description of the form shown above is M-array pulse-posit ion modulation, 

or PPM. [41] This modulation format in quantum state space descript ion 

can be found from the product of coherent states as fol lows, 

MKKKk ,2,1, .............. αααα =       [4.30] 

Where each of the 
jK ,α  are coherent states associated with the 

individual modes produced from the output of laser, with 

jKjK ,, δαα = , and 
2

α=
S

K  is the average number of signal 

photons in each signal.  For product states, the magnitude squared of the 

overlap is computed according to the tensor product rule. [41] 

2

1
,,

2

∏
=

=
M

j

jKjmKm
αααα     [4.31] 

22

2,2,

2

1,1, ...........
KMmMKmKm

αααααα=  

Using the expression for the magnitude squared of the overlap between 

two coherent states expressed in Chapter 3 Eq. [3.25]. The above quantity 

expressed as 











−−= ∑

=

M

j

KjmjKj
mj

Km

1

22*2
2exp αααααα     [4.32] 





≠

=
=

−
kme
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k2

1
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The M  signals define an M -dimensional subspace. Since the M  product 

states are l inearly independent, the opt imum strategy for minimizing the 

average probabil ity of error is to project the received signal state onto M  

orthonormal measurement states spanning the same subspace, and to 

select the signal corresponding to the measurement state with the 

greatest projection. Mathematical ly, the average probabil i ty of symbol 

error for M-array PPM modulation format with equal prior i probabil ity can 

be written as 

 

[ ]2

11

2

11

2

00 .........
1

1)( −−++−=
MM

M
SEP µψµψµψ    [4.33] 

 

4.2.3 Procedure For Optimization of Higher Order Detection 

Operators 

Numerical optimizat ion of the detection operators consists of finding the 

orientat ion of the orthogonal measurement states that yield the maximum 

probabi l ity of correct detection or, equivalently, the minimum probabil ity 

of error. As shown in previous sect ion, rotating the measurement states in 

a 2 -dimensional Hilbert space, and calculating the probabi l i ty of correct 

detection for each rotation unt i l the maximum is found can find the 

solution to the general Binary -hypotheses problem. Actually such 

approach can be extended to M-hypothesis for the case of signal states 

that shows symmetries. Since PPM satisf ies this condit ion

 

       Z  

 

 

 ψ  

 

 

 φ   Y  

 φψ cos  

X  

 

Fig-4-7 Projection of signal states in a lower measurement state
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One can apply the above method. Indeed, the optimizat ion problem of 

higher order can be solved iteratively start ing with first two, randomly 

selected signal states. It is possible to rotate the projections of a vector in 

any lower dimension without affect ing the project ions of that vector onto 

the higher dimensions [7]. For example, this principle is i l lustrated in 

Fig.4.7, where the projection of an arbitrary state vector ψ  in the YX ,  

plane is given by φψ cos .  The vector ψ  can be rotated in the plane x, y 

such that the projection onto the z-axis is unchanged while the x-and y-

projection components vary. 

General izing this result to any arbitrary N  -dimensional vector, the 

projections onto N  coordinate axes can be varied by rotat ing each of the 

( N -1) measurement coordinates without affect ing the projection onto the 

next higher dimension. The appl ication of these principles to measurement 

states is straightforward. Since measurement states are orthogonal and 

can be thought of as analogous to axes in an arbitrary Hilbert space. 

Making use of this dimensional independence, the measurement states are 

incremental ly rotated and the error probabil ity calculated unti l the angle 

yielding the minimum probabil ity of error is found for each dimension. To 

further s impli fy the search, each dimension only requires a rotation in a 

single plane. The 
th

N dimensional axis and the N  -1 dimensional bisectors 

easi ly def ine this plane. The optimum measurement state orientat ion for 

each dimension can be determined from the lower-dimensional solution, 

and this procedure is cont inued unti l the complete N -dimensional solut ion 

is obtained. 

As a practical example here under presented the algorithm carried out for 

PPM-4 signals sets. The signal sets are defined as [41] 

 00 αψ =   

αψ −= 01  

02 αψ −=           [4.34] 

αψ 03 =  
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Init ial ly, the measurement states are al igned with the Cartesian coordinate 

axes: 
0

µ  with the x-axis, 1µ  with the y-axis,  2µ  with the z-axis,  

and 3µ with the w-axis as shown in Fig.4.8. For three dimensions. 

 

 

Fig.4.8 .product space representation of PPM-3 in 3-

dimentional number spaces  

 

Step-1 

Start ing with the solution for M = 2, by choosing two signal randomly from 

the set which defines a plane containing two signal states and two 

measurement states. The rotation performed by the fol lowing sample 

Matlab programme written for the thesis.  

----------------------------------------// ------------------------------ 

ks=1:                    %average signal photons 

a=acos(exp(-ks));     %angle between the signal 

sets 
b=pi/2-a; 

c=0:0.0000175:b(1);   %rotation angle in radian 
c1=b(1)-c; 

%-----------------------M=2-Rotation--------------------------…----- 
p1=1-0.5*(cos(c).^2+cos(c1).^2);  %.Probabil ity of error 

p1opt=min(p1);     %.minimum error 

%...minimum error angular 
location…… 

M_21=find(p1==p1opt); 
M21=c(M_21); 

M21opt=b(1)-M21; 

%------------------------------//………………………………………………….. 
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Fig 4.9 .The dependence of average probabi l ity of error on angular 

variations of measurement states for PPM-2 

  

Step-2 

 

 The three-dimensional optimal rotat ion wil l  be in the plane defined by the 

z-axis and x-y bisector. As the states are rotated into the third dimension, 

the projections of 0ψ  and 1ψ  onto
0

µ  and 1µ  must be kept equal 

to each other in order to keep their project ions onto the fixed
0

µ  

and 1µ  measurement states maximum for any rotation. The reason for 

this is that the minimum probabil ity of error is achieved when the average 

projection of al l  signal states onto their corresponding measurement states 

is maximum. Fig.4.8, i l lustrate that in order to keep the angles 

between 0ψ  ; 1ψ  equal, the rotat ion must be in the plane defined by 

the z-axis and x-y bisector. The rotat ion of the measurement states away 

from the z-axis towards the x-y bisector is accomplished with the use of 

the fol lowing unitary rotation matrix [27] 
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   [4.30] 

 

Where θ  is the rotation angle away from the z-axis towards the x-y 

bisector As the measurements states are rotated, the probabil ity of error 

is found for each incremental θ  by computing the quantit ies p31 in the 

below programme: Thus, the measurement states are incrementally 

rotated and the error probabil ity calculated unti l the angle that yields the 

minimum probabil ity of error is determined-and that wil l be the optimum 

rotation angle for the dimension. 

 
%... . . . . . . . . . . . . . . .PPM=3-Rotat ion……………………………………………………………….  

 

p31=(1-
(1/3)*[(cos(c).^2*(cos(M21)^2+cos(M21opt)^2)+cos(c1).^2)]); 

 
p31opt=min(p31) ;     %.Minimal Symbol error 

% Minimum error angular location 

M_31=find(p31==p31opt); 
M31=c(M_31); 

M31opt=b(1)-M31 
-------------------------------------//---------------------------------  

 

 

Step-3 

 

Next, the above three-dimensional solution is used to obtain the four-

dimensional solution corresponding to four signal states. As before, the 

goal is to rotate the 3µ  measurement state away from the w-axis whi le 

keeping the project ions of 0ψ , 1ψ  and 2ψ  onto
0

µ , 1µ , and 
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2µ  maximal. The rotat ion that satisfies these condit ions is the rotation 

within the plane defined by the w-axis and the x-y-z tr isector. Defining Θ1 

as the angle between the x-y-z trisector and the x-y bisector, and Θ11 as 

the rotat ion angle away from the w-axis towards the x-y-z tr isector,  

c(angular variation symbol in the programme) in the programme is 

incremented once again unti l the minimum probabil ity of error 

p41opt(Optimal error symbol in the programme) is found. Using the four-

dimensional extension of Eq [4.3]. The Matlab programme for evaluating 

fourth order is presented below. 

--------------------------------------------------/ /------------------------------------------ 
p41=(1-

(1/4)*[cos(c).^2*[(cos(M31)^2*(cos(M21)^2+cos(M21opt)^2)+cos(M3

1opt)^2)]+cos(c1).^2]); 
p41opt=min(p41);     %.Minimal Symbol Error 

M_41=find(p41==p41opt);   %Minimum error angular location 
M41=c(M_41); 

M41opt=b(1)-M41; 

----------------------------------------------//----------------------------------
-----------  

 
This approach can be easi ly general ized to any higher dimensional signal 

sets by iteratively applying the above algorithm. [For higher dimensional 

signal sets with different values of average signal photon look the mat lab 

programme N0.1D annexed to the thesis in the appendix-D] 

 

4.3. Summary of chapter  

 

By looking what is presented in the above formulation one can summarize 

the result as fol low; 

 

Step. 1:   Finding the Eigen value and Eigen vector of system even though 

not impossible is not a simple task. However for pure coherent 

state signal that has symmetries using the Eigen number state 

representation one can f ind the appropriate vector form. 

 

 

Step.2:  Using the vector representation by singular value decomposit ion 

one can find measurement vectors that minimize the error in a 

mean square sense. Since finding an Eigen value and an Eigen 
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vector of a state is equivalent to finding a unitary matrix that 

obey
1−

=′ UU . Thus in mult iplying the state by U  transform the 

signal set to a diagonal form. That can be used as the 

measurement vector. 

 

 

Step.3:   Therefore project ion of the s ignal on the appropriate measurement 

vector wi l l give the optimal value of correct detection 
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    Chapter 

Five    

Performance Analysis of Optimal Quantum Receiver  

 

 

5.1. Classical and Quantum Mechanical Derivation of a Photon-

Counting Receiver (On/Off Keying) 

 

 

Binary On/Off optical modulat ion format as described in the Second chapter 

classical ly [one of the signals has zero amplitude, while the other signal has 

complex amplitude α ] suppose there are two hypotheses, 0H  and 1H , 

denoting absence and presence of signal, respectively. If the background 

radiation can be neglected, then either no photons or an average of λ= 
2

α  

photons are received. The received f ield is assumed to be from a coherent 

laser source; hence, the photons are Poisson distributed with condit ional 

densit ies 

 









≥

=

=

00

01

)/( 0

n

n

HnP         [5-1] 

2

.!
)/(

2

1

αα
e

n
HnP

n

=         [5.2.] 

 

At the end of each signal ing interval, the receiver records the total 

number of detected photons and decides which hypothesis is true by 

computing the two l ikel ihood functions, and selecting the hypothesis 

corresponding to the larger of the two. This decision rule [22] may be 

expressed as 

If  1
)/(

)/(

1

0 ≥
HnP

HnP
 then 0H  is selected. Otherwise 1

)/(

)/(

1

0 ≤
HnP

HnP
 1H  is selected 

    

          [5.3]. 
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If no photon is counted, (in the absence of noise) 0H  is always decoded 

correctly, i.e. inserting the respective probabil ity values in Eq [5.3] we get 

 

1)/0()/( 00 == HPHCP      [5.4] 

 λ−= eHP )/0( 1         [5.5] 

 

In  d i v i d i ng  t he  t e rm resu l t  i s  a lways  g rea t e r  than  one .  I f  a t  l eas t  

one  pho ton  i s  de t ec t ed ,  ( i n  the  absence  o f  no i s e) ,  t hen 1H i s  decoded  

co r r ec t l y :  i . e   

 

0)/1()/( 00 =≥= HnPHCP        [5.5] 

2

1 1)/1( α−
−=≥ eHnP      [5.6] 

 

Substituting this value in Eq [5-3] the result we get is always less than 

one. Therefore if one assumes equal a prior i probabi l it ies, for the two 

hypotheses
2

1)()( 10 == HPHP , then the probabil ity of correct detect ion 

becomes  

 

2

2

1
1)()/()(

2

1

α−
=

=

−==∑ eHPHCPCP
i

i

i

i
     [5.7] 

 

Simi lar ly, putting the result found in Eq [5-6] the average probabi l ity of 

error for sub-opt imal quantum receiver expressed as  

 

2

2

1
)(1)(

α−
=−= eCPEP        [5.8] 

In the quantum mechanical formulation, the received field is in one of two 

states [12], 

 

αψ =1   Or  00 =ψ        [5.9] 

 



 71 

The signal f ield is assumed to be in a pure coherent state [no noise], 

which can be expressed in the number state representation as 

 

n

n

e

n

n

∑
∞=

=

−

=
0

2

2

1

1
!

α
ψ

α

      [5.10] 

Where α  is a complex number, the set { }n represents the number Eigen 

states, and 
2

α  again represents the average number of photons in the 

signal. A measurement that determines whether or not the received state 

is the ground state corresponds to an applicat ion of the detection 

operator Π0
.[27] Its action gives the optimal measurement states. 

Simi lar ly the detect ion operator , Π1
 determine the measurement state of 

the exited state. Mathematical ly the statement can be described as fol lows  

000 000 µψ ==Π        [5.11] 

1
1

2

1

11
!

2

µ
α

ψ
α

≡=Π ∑
∞

=

−

n
n

e

n

n

       [5.12] 

If the states are prepared with equal prior probabil ity, to find the average 

probabi l ity of error by applying the result we get in Eq [4-19] fi rst we 

calculate the average number of photon in the s ignal for this particular 

modulation format.
2

2

1
α=k .  Then we evaluate the squared magnitude of 

the overlap between the two states. (Since the error is caused by the 

quantum interference between the two states) 

 

k
ee

22

10

2
−−−

==
α

ψψ         [5.13] 

Finally by putting the result in Eq [4.19] we obtain the average probabil ity 

of error for opt imal quantum receiver for optical BOOK as expressed 

below.  







−−= − k

eEP
2

11
2

1
)(        [5.14] 

The performance of the two receivers in normal and semi log scale 

presented in Fig 5.1.and Fig.5.2.  
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 Fig.5.1.Performance graphs of optimal sub-optimal quantum receivers for BOOK 

 

Fig.5.2.Semilog Performance graphs of optimal and sub-optimal quantum receivers for 
BOOK 
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5 .1 .1 .  Numerical performance comparison of  B i na ry  ON/OFF  Key ing  

 

It is common to compare the performance of a receiver using probabil ity 

of error as a measure of how precisely one can identify each signal states 

on average. Here and in the subsequent sect ion the comparison of the 

receiver is made for the average probabil ity of error 10 - 3 .  Actual ly for 

deep space effective optical communicat ion the theoret ical average 

probabi l ity of error ought to l ie in the range 0.001. And further to avoid 

the effect of atmospheric turbulence the receiver and the transmission 

posit ion is assumed to l ie at geostationary earth orbit satel l ites and Low 

orbit satel l ites (40000km).   

S ince  ave rage  p robab i l i t y  o f  e r ro r  i s  t aken  as  a  measure  o f  

per fo rmance  f i r s t  the  ave rage  t he  number  o f  s igna l  pho ton  requ i r ed  

mus t  be  ca l cu la ted .  Us i ng  Eq  [4 -6]and  Eq[4 -10]  one  can  f i nd  the  

average  s igna l  pho ton  fo r  sub–op t ima l  and  op t ima l  quantum rece i v e r  

r e spec t i v e l y  a s  fo l l ows ,  

))(2log(5.0 EPk
s

=         [ 5 . 15 ]  

]))(21(1log[5.0 2
EPk

s
−−=        [ 5 . 16 ]  

Performance Comparison Table for BOOK 

Average Probability of Error Average Signal 

Photon (Ks) 

 

 

Sub-Optimal 

Receiver 

Optimal Quantum 

Receiver 

Simulation Result 

0.0 0.5000 0.5000 0.5000 

0.5 0.1839 0.1025 0.1205 

1.0 0.0677 0.0351 0.0305 

1.5 0.0249 0.0126 0.0210 
2.0 0.0092 0.0046 0.0075 

2.5 0.0034 0.0017 0.0016 

3.0 0.0012 0.0006 0.0002 

3.5 0.0005 0.0002 0.0001 

4.0 0.0002 0.0001 0.0000 

4.5 0.0001 0.0000 0.0000 

5.0 0.0000 0.0000 0.0000 

 
Performance comparison Table 5-1 
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The  compar i s on  tab le  above  shows  t he  ave rage  s igna l  pho ton  needed  

w i t h  re spec t i v e  e r r o r  marg i ns  i nc lud i ng  the  r esu l t  found  f r om the  

s imu l a t i on .  A s  can  be  seen  f rom the  t ab l e ,  when  t he  average  s igna l  

pho ton  i s  one  o r  l e s s  t he  per fo rmance  d i f f e rence  i s  subs tan t i a l .  Bu t  

f o r  l a rge  va lue  e .g .  a t  k s=5,  per fo rmance  o f  bo th  rece i v e r  converge  

to  t he  va l ue  ze ro .  Th i s  i s  a l so  t r ue  fo r  the  s imu la t i on  r esu l t .  

However  the  s imu la t i on  ou tput  conve rges  to  ze ro  f as te r  than  t he  

t heore t i ca l  r esu l t .  One  can  see  th i s  re su l t  f rom the  F i g .5 .3  in  wh i ch  

t he  pe r f o rmance  o f  the  two  r ece i ve r s  w i th  t he  s imu l a t i on  r esu l t  

p re sent ed .  [For the detai led computer programme see in the appendix-D 

N0..D.1,D.2 annexed to the thes is] 

 
 

 
 

Fig.5.3.Performance graphs of Near-optimal and optimal quantum receivers for 
ON/OFF   key modulation format with simulation result 

 
Based on the result found in the above section it is also possible to evaluate the power 

gain in using optimal quantum receiver. The signal can be characterized interms 

of the average power: 
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T

hvk

T

E
p

sav

av
==          [5.17] 

 

where 
sw

k  is the average signal photon, h  is Planck constant, v  optical 

frequency, and T  is the signaling t ime. To  ach ieve  an  e r r o r  ma rg i n  o f  

310)( −=EP ,  Sub-op t ima l  pho ton  count ing  r ece i ve r  needs  an  average  

pho ton  s i gna l  
s

k =3.1073.S im i l a r l y  t he  r equ i red  s igna l  pho ton  fo r  

t he  op t ima l  quantum rece i v e r  i s  
s

k = 2.7612 .Thus  subs t i t u t i ng  t he  

va l ues  in  Eq  [5 .18]  one  can  eas i l y  compute  t he  power  r a t i o  fo r  t he  

two  rece i ve rs .  and  subsequent l y  the  ga i n .  

 

)(log10)( 10

in

OUT

P

p
dbGain =        [5.18] 

 

 
dbdbPowergain 5129.0

7612.2

1073.3
log10)( 10 =








=

 

 

5.2. Optical Binary Phase-Shift Keying (BPSK)  

 

• Coherent Detection and the Classical Limit. 
 

In this case, we have two coherent states with the same average photon 

energy 
2

α=
S

K but π  radians out of phase. As presented in chapter-2 

classical coherent detection is performed by adding a local f ield of great 

amplitude, in phase, to the received f ield and detects the result ing sum 

field using classical energy detection, and then the performance of the 

classical coherent optical detector is obtained [22]. The error probabil ity 

for this receiver is given by  

 

  )
2

()(
0N

E
QEP

b=         [5.19] 

Where 
b

E  and 0N  are the signal and noise energy respectively, and 
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  dxeQ

N

E

x

b

∫
∞

−

=

0

2

2

2

2

1

π
.        [5.20] 

 

• Near-Optimum Optical BPSK.  

 
Exponential ly optimum (near-opt imum) performance can be obtained by 

adding a local f ield of the same amplitude, in phase, to the received field 

fol lowed by photon counting, [33]. With this technique, the field amplitude 

under one hypothesis is shifted to the ground state, but doubled under the 

other hypothesis. The error probabil ity for this near-optimum detection 

scheme is 

 

SK
eEP

4

2

1
)( −

=         [5.21] 

•  Optimal Quantum Receiver 

 

In the quantum mechanical formulation, the received field is in one of two 

states, 

 

  ααψ == 00          [5.22] 

Or. 

ααψ −== 11         [5.23]. 

 

The probabil ity of correct detect ion is equivalent to the projection of 

squared magnitude of each state in their respective measurement states. 

[12]  

 

)(cos)/( 0
22

000 φµψ ==HCP       [5.24.] 

)(cos)/( 1
22

111 φµψ ==HCP       [5.25] 

. 

The squared magnitude of the overlap between this signal states can be 

computed using the coherent representat ion of α [9] 
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S
K

ee
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21

2

10
−−

===
α

ααψψ      [5.26.] 

 

Putting the expression found above in Eq [4.19] the average probabi l ity of 

error for optimal quantum receiver in the case of BPSK is given by 

 

[ ]S
K

eEP
42

10 11
2

1
11

2

1
)( −

−−=





−−= ψψ      [5.27] 

 

Fig.5.4. below shows the performance of Near-opt imal and optimal 

quantum receiver for BPSK 

 

 

 

 

  
Fig.5.4. Performance comparison graphs of optimal and near optimal quantum receiver 

for BPS 
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5 .2 .1 .  Numerical performance comparison For B inary  phase  sh i f t  

key  (BPSK)  

Using similar approach one can compute the r equ i r ed  average  s igna l  pho ton  to  

a ch i eve  an  ave rage  p robab i l i t y  o f  e r ro r  to  a  ce r t a i n  l im i t .  The  

compar i son  tab l e  be low  shows  the  pe r fo rmance  o f  the  t h ree 

Rece i v e rs  i n  r e l a t i on  to  average  s igna l  pho tons .  

 

Performance comparison Table 5-2 
 

To  compute  t he  power  ga i n ,  once  aga i n  has  to  exp ress  t he  r equ i r ed  

average  s i gna l  pho ton  in  t e rms  o f  average  p robab i l i t y  o f  e r ro r .  In  

t he  case  o f  sub–op t ima l  and  op t ima l  quantum rece i ve r  no  ex t r a  s t ep 

i s  needed -as  shown  be low.  

))(2(log25.0 10 EPk
s

=        [ 5 . 28 ]  

]))(21(1log[25.0 2
EPk

s
−−=       [ 5 . 29 ]  

However  f o r  c l a ss i ca l  coherent  re ce i v e r  t he  ave rage  s igna l  pho ton  

r equ i r ed  i s  de te rmined  by  t he  r equ i red  s igna l  t o  no i s e  r a t i o  [ 22 ] .  

Mathemat i ca l l y ,  t he  s igna l  t o  no i s e  ra t i o  can  be  exp ressed  as  

Performance Comparison Table for BPSK 
Average Probability of Error Average Signal 

Photon(Ks) 

 

 

Classical Coherent 

Receiver 

Sub-Optimal 

Receiver 
Optimal Quantum 

Receiver 

0.0 0.5000 0.5000 0.5000 
0.5 0.1587 0.0677 0.0351 
1.0 0.0786 0.0092 0.0046 
1.5 0.0416 0.0012 0.0006 

2.0 0.0228 0.0002 0.0001 
2.5 0.0127 0.0000 0.0000 
3.0 0.0072 0.0000 0.0000 
3.5 0.0041 0.0000 0.0000 
4.0 0.0023 0.0000 0.0000 
4.5 0.0013 0.0000 0.0000 
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SNR =====     [ 5 . 30 ]  

Where
S

P  and 
N

P  are the signal and the noise power respectively. 
S

E   , 
N

E  

denote the signal and noise energy accordingly.
S

n  , 
n

n  represent the 

signal and noise photon number. h  is the Planck constant, v  optical 

frequency, and T  is the signal ing t ime. . Hence i f we denote the ratio 

N

S

s

n

n
k =  (where 

sw
k  represent the average signal photon required to 

achieve a certain error margin.), then get an expression that relate 

directly the probabi l i ty of error, average signal photon and power.  

The semi log graph below presents the performance of the three receivers 

in relation to probabil ity of error [For the complete programme look in the 

appendix-No.1.2.B.and N0.1.7.B] 

 

Fig.5.5. Performance graphs of classical t, Near-optimal and optimal quantum cohere 
receivers for BPSK 
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Thus to achieve an average probabil ity of error P (E) =10  – 3  the classical 

coherent receiver needs ks= 3.000. However the required average photon 

signals for optimal quantum receiver reduced by half-. i.e. Ks= 1.500. 

 Power gain (db)=10*log10 (3.0/1.5)= 3.0103db 

 
 

5.3. M-array Optical Pulse Position Modulation (PPM) 

 
Using Poisson density distribut ion, semi-classical receiver counts the total 

number of photons in each slot and makes a decision by selecting the PPM 

word corresponding to the slot with the greatest photon count. The PPM 

word is decoded correctly i f the photon count in the t ime slot containing 

the signal exceeds al l others by at least one. However, correct detect ion 

also could occur if,  al l , slots contained the same number of photon i.e. 

Zero. Thus an equiprobable random selection was made among the slots. 

Pure Guessing among the M slots would lead to a correct decision 1/M 

times on the average. Considering al l possible ways that equalit ies can 

occur, and account ing for the probabil i t ies of correct resolution in each 

case, the probabil ity of correct decision for signal without noise can be 

expressed as   

 

eee
SSD KKK
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M

M
HnP

−−−
=

−
−=−−=≥

11
1]

1
1[1)/1( 0     [5.31.] 

eee
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11
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1

1[1)/1( 1     [5.32]. 

 

And the average probabil ity of symbol error for photon counting receiver 

can be expressed as below 

 

e
S

K

M

M
CPEP

−−
=−=

1
)(1)(        [5-33] 

 

In the case of Optimal Quantum receiver as [10] theoretical result for the 

average probabil ity of symbol error 
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Based on the result found above the performance of the two receivers with 

the output of the developed programme presented in Fig. 5.6,Fig.5.7 and 

Fig.5.8. Note that   the choice of order of modulat ion format is purely 

convenience [For detai ls of the programme look in the appendix-D No.E.1 

annexed to the thesis] 

 
 
 

Fig.5.6 Semilog.Performance graphs Sub-optimal, optimal quantum receiver 
 
 

 
 
  
 Fig .5.7 Performance graphs of Sub-optimal and Optimal quantum receiver 
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 Fig.5.8. Performance graphs of Sub- optimal and Optimal quantum receiver 

 
 
 
5 .3 .1  Numer ica l  Per formance  evaluat ion  o f  Pulse position  

Modulation   
 
 
 
Us ing  the  re su l t  found  i n  t he  p rev ious  sec t i on ,  i t  i s  poss ib l e  to  

compa re  t he  two  rece i v e r s  numer i ca l l y .  S i nce  ave rage  p robab i l i t y  o f  

e r ro r  i s  t aken  as  a  measu re  o f  pe r fo rmance  f i r s t  the  ave rage  s igna l  

pho ton  r equ i red  mus t  be  ca l cu la t ed .  Us i ng  Eq  [4 -6]  and  [4 -10]  one  

can  f i nd  the  ave rage  s igna l  pho ton  f o r  sub–op t ima l  and  op t ima l  

quantum number  r e spec t i v e l y ,  us i ng  i t e r a t i v e  method .  The  r esu l t  

p re sent ed  a s  fo l l ows .  As  can  be  seen  f rom the  t ab le ,  a t  l owe r  o rder  

f o rmat t i ng  t he  r esu l t  o f  t he  ro t a t i ona l  a lgo r i thm and  the  t heo re t i ca l  

v a l ues  co i n c ides .  Bu t  a t  h ighe r  o rde r  a  l i t t l e  va r i a t i on  s t a r t  t o  

appea r .  
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5.3 .1 .1 .Pulse position Modulation (PPM-2) 
 
For  P  (E )  =10  - 3  we get  the  ave rage  pho ton  s igna l  i n  pho ton  count ing  

r ece i v e r  k s=6.17 and in optimal quantum receiver needs only ks=2.76.Hence the gain 

)(log10)( 10

in

OUT

P

p
dbGain = = 3.4938db 

 

 

Performance comparison Table 5.3 

 

5.3 .1 .2 .Pulse position Modulation (PPM-4) 
 

 
For P (E) =10  - 3  we get the average photon signal in photon counting  
 
Receiver ks=6.57 and in optimal quantum receiver ks=3.29. 
 

)(10log10)(
in

OUT

P

p
dbGain = =3.0103db

6 8 0.0022 0.0000 0.0000 

Average Probability of symbol Error Average 
Signal 

Photon (ks) 

Order of 
Modulation Sub-optimal 

Classical 
Optimal 
Quantum 

theoretical 

Rotational 
Algorithm 

1 2 0.1839 0.0351 0.0351 
2 2 0.0677 0.0046 0.0046 
3 2 0.0249 0.0006 0.0006 
4 2 0.0092 0.0001 0.0001 
5 2 0.0034 0.0000 0.0000 
6 2 0.0012 0.0000 0.0000 

PPM-4 

1 4 0.2759 0.0805 0.0662 
2 4 0.1015  0.0123 0.0094  
3 4 0.0373 0.0018 0.0013  
4 4 0.0137 0.0002 0.0002  
5 4 0.0051 0.0000 0.0000 
6 4 0.0019 0.0000 0.0000  

PPM-8 

1 8 0.3219 0.1313 0.0926  
2 8 0.1184  0.0237 0.0124  
3 8 0.0436 0.0038 0.0017 
4 8 0.0160 0.0006 0.0002 
5 8 0.0059 0.0001 0.0000 
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5.3 .1 .3 .Pulse position Modulation (PPM-8) 
 

For P (E) =10  - 3  we get the average photon signal in photon counting 

receiver ks=6.75 and in optimal quantum receiver ks=3.69 

)(log10)( 10

in

OUT

P

p
dbGain = =2.6228db

5.4. Summary of the chapter 

A l t hough  the  p ro cedure  fo r  op t im i z ing  t he  measuremen t  s ta t e s  and  

det ec t i on  opera t i on  i n  bo th  modu l a t i on  fo rmat s  ( i . e .  BOOK  &  BPSK)  

i s  t he  same,  the  modu la t i on  f o rma ts  a r e  comp le t e l y  d i f f e r en t .  As  we 

have  obse rved  i n  t he  t hes i s  ON OFF  KEY  (OOK)  r ep resent  an  

i n t ens i t y  modu la t i on ;  i t  can  be  de tec ted  us i ng  d i r ec t  t echn iques  such  

a s  pho ton  count i ng ;  however  B INARY  PHASE  SHIFT ING KEY  (BPSK)  i s  

a  phase  modu l a t i on  fo rmat  and  the re fo re  needs  cohe ren t  de t ec t i on  

t e chn i ques  . I t  i s  a l s o  ev iden t  tha t  BPSK  modu la t i on  a c t ua l l y  r equ i re s  

tw i ce  as  many  pho ton  per  symbo l ,  on  the  ave rage  as  does  OOK 

modu l a t i on .  When compared  on  t he  bas i s  o f  average  t ransmi t ted  

power ,  bo th  modu l a t i on  fo rmat s  exh ib i t  s im i l a r  per fo rmance  as  

shown  above .  Note that photon counting exhibits the same exponential  

behavior as opt imum quantum detection (both semi log curves have the 

same slope), implying that photon counting is nearly optimal for the 

detection of OOK signals. However, quantum detect ion of optical BPSK 

signals is exponent ial ly 3 dB better than classical coherent detection, 

pract ical ly achieving a 2.6-dB reduction in the required signal energy at an 

error probabil ity of
510−
. 

Unlike OOK, where the average symbol energy is half of the average pulse 

energy, PPM symbol contains a pulse; with average signal and pulse 

energy is both equal to Ks. Note that, for high-dimensional signaling and 

modest error probabil it ies in the order of P (SE) >>10 - 3 ,As can be seen 

from the comparison table optimal quantum receiver performs 

approximately 2.6 dB better than the convent ional photon counting 

receiver.  
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 Chapter 

Six 

 Realization of Optimal Quantum Receiver 

 

 

In this sect ion presented the realization method of a quantum receiver of 

which the detection operators are described by a posit ive value measure. 

(PVM). General ly, the expression of detection operators { }
j

π of quantum 

receiver is abstract and the physical correspondence of the operator is not 

obvious. On the other hand detect ion operator, which corresponds to 

measurement of s ignal observable, are called standard detection 

operator.[ operator value based on single outcome (Yes/No)] Its physical 

correspondence is obvious. Needless to say, physical correspondence of 

the other well-known observable (operator response with three outcomes 

at most regardless of the signal component) { }E
�
is also obvious [28]. 

However in the generalized measurement one does not insist that the 

outcomes of measurements should be real numbers; they can be labeled 

by any set. [13] Secondly, and more important ly, one does not insist that 

the response of a single outcome (a yes/no measurement) is given by a 

projection.[14] Therefore to real ize such optimal quantum receiver one 

has to develop a relation which connect the well-known operator
j

Ê  with 

the optimal detect ion operator
j

π̂ . i .e.  

 UEU
jj

���� ∗=π          [6.1] 

 

In this chapter the realization of the optimal quantum receiver for −M  

array l inearly independent signal, which are not based on two state 

systems l ike PPM, is considered. The real ization procedure is   divided into 

two steps. The first step is to decompose each detection operator { }
j

π , 

which describe the quantum receiver in to a unitary operator U
�
 and a 
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detection operator
j

E
�
 corresponding to a well known operator 

measurement .The second step is to derive a mathematical objects needed 

to describe devices which take some quantum system as an input and 

transforming it  in some way, possibly producing some classical readout 

information in the process. Considering that input or output may be 

composite quantum systems, as well as classical ones, this is about the 

most general component of a quantum experiment one can think of.  With a 

reasonable description of some basic operat ions of this kind, one obtains a 

theoretical construct ion kit for a large variety of experiment.  

 

6.1. Decomposition of Detection Operator 

 

In general the dimensions " d "of the Hi lbert space of the physical system 

are not always equal to M . Indeed the dimensions of optical system are 

inf inite. [11] In contrary to this the dimension of the well-known detection 

operators are defined on f inite d-dimensional space and projection of them 

on the signal space are not generally a posit ive Operator Value Measure 

(POVM). [27] Therefore it is impossible to derive the unitary operator that 

expresses the received quantum state control ler on M-dimensional space. 

How ever by introducing an extended space so that detection operator of 

wel l-known measurement becomes orthogonal on the extended space. For 

this end, fi rst we apply the identity operator on a d -dimensional space. 

Then using the detect ion operator of the wel l-known measurement we 

project each signal states { }1,...,2,1,0/ −= Mi
i

ψ  in to M  states as fol lows 

 

ij

M

j

ijj

M

j

jj
AE ∑∑

−

=

−

=

==
1

0

1

0

εψψ
�

      [6.2] 

Where 
ij

ij

ij
EA ψ

ε

�1
= are the components of the vector in Hi lbert Space. 

Here 
ij

ε  express the probabi l ity that the received signal is decided to be 

j
ρ by

j
E
�
when the transmitted signal is 

i
ρ [20]. 

 
ijiij

E ψψε =         [6.3]. 
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and satisfies 

 1
1

0

=∑
−

=

M

j

ij
ε          [6.4] 

 

In this way M signal vectors can be described by 2
M vectors. 

{ }1.......,.........2,1,0,  −= MijA
ij

. By applying Schmidt Orthonormalization to 

N  l inearly independent vectors of 2
M . { }1.......,.........2,1,0,  −= MijA

ij
. One 

can introduced N -dimensional extended space spanned by this 

orthonormal set.  Clearly the set, { })1(0 , −−−−−−
Mjj

AA  , is orthogonal for 

any i .On the other hand the set { }
jMj

AA )1(0 , −−−−−−  is not orthogonal- 

and sometimes  they can be l inearly dependent.[28] However i f 
j

n  vectors 

of { }
jMj

AA )1(0 , −−−−−−  are l inearly independent, then we orthonormalize 

these vectors and derive an orthonormal set denoted 

by. { } )(,...,2,1,0,
1

0

'
1/

'

∑
−

=−+ ==
j

m mjlj
njnlr . This operation for al l j , )(

1

0

∑
−

=

=
M

j

j
nN  

derives orthogonal vectors { }1,...1,0/ −= Nkr
k

. Where 2
MNM ≤≤ . These N  

vectors construct an orthonormal set in N -dimensional space.[19] Besides 

the wel l-known observable.
j

E  related ,to this Orthonormal set as fol lows  

 
k

nj

jk

kj
rrE

j

∑
−+

=

=

1

'

'

'

ˆ         [6.5] 

 
m

j

m

nj ∑
−

=

=
1

0

'  

 

Since the detection operator 
j

Π  of the quantum receiver for M-array 

signals are PVM  it can be represented as 

 
jjj

µµπ =          [6.6]   

 

Where { }1,...,2,1,0, −= Mj
j

µ  are called measurement basis vector. By extending 

these bases vector to basis vector in 1−N  d imensional extended spaces. 

One can make an orthonormal set { }1,...,2,1,0,' −= NkKµ in N –dimensional 
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extended space [24].[The MN −  basis vectors are obtained from Schmidt 

orthonormalization process ] 

 

 kj

'µµ =    If kj =        [6.7] 

 

In this way, both { }
j

π  and { }
j

Ê  become a PVM  in N-dimensional space. 

This confirm that real ization of detection operators wil l be in principle 

possible by combining a quantum circuit which plays a role of unitary 

operator U
�
 and the detection operator { }

j
E
�
. As can be seen from the 

Fig.6.1. Shown below the operation of Optimal quantum receiver can be 

thought as the transformation of the s ignal observable from one form to 

other so as to maximize the process of dist inguishing one quantum state 

from others. The transmitter produce quantum state using either photon 

number states or polarization states basis and send it through quantum 

channel-  for photons the quantum communication channel can be either 

free space or optical f ibers—special f ibers or the ones used in standard 

telecommunications.  

 

 

 

 

 

 

  

 

 

Fig.6-1- Block diagram optimal quantum receiver 

 

The communication channel is thus not really quantum. What is quantum 

are the information carriers. The code is written on the individual photon 

not in the ensemble. At the receiver s ide through unitary transformation 

(the transformation that keeps the (metr ic) distance from the origin 

constant) new signal sets and measurement are developed to minimize the 

Transmitter 
Channel 

 

Π  

UE 

 Quantum Receive 
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average probabi l ity of error. [27] Here in our case the transformation of 

measurement states defined as fol lows.  

 

 k
k rU

!' ˆ=µ      [6.8] 

 

 

6.2. Decomposition of Unitary Operator 

 

In order to construct the quantum receiver one needs to derive the 

Hamiltonian, an energy operator that correspond toU
�
-and clarify the 

structure quantum circuit, which corresponds to the unitary operator 

defined in Eq [6.8] is the operator on N –dimensional space. Therefore it is 

also diff icult  to derive the Hamiltonian that corresponds to U
�
and to 

construct a quantum circuit. However if one can decompose a unitary 

operator on −N dimensional space in to one or two-dimensional operation   

it wil l  be possible to construct the quantum circuit. According to stones 

spectral decomposit ion theorem [27]U
�
 on  N - dimensional space can be 

decomposed as 

 

 
ii

N

i

j
ieU φφθ∑

−

=

=
1

0

       [6.9] 

  

Where θj
e and 

j
φ are an Eigen values and Eigen vector ofU

�
, respect ively 

and { }
j

φ is an orthonormal set in N -dimensional space. Then U
�
 is 

expressed as  

 

 )(
1

0

θ∏
−

=

=
N

i

i
RU         [6.10]. 

 

 
iiii

iR φφθθ )exp()( =         [6.11] 
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In this way U
�
 can be decomposed into 1−N  dimensional rotations. Thus it  

wil l  be possible in principle to construct quantum circuit  if  we are able to 

find the Hamiltonian (Energy operator) for 1-dimensional rotation. [29]The 

Hamiltonian for optical s ignal in coherent state space representat ion is 

given by  

 
jR

gH
t

ρ�−=          [6.12] 

 
jj

φφρ =          [6.13]. 
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C
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Where, a , +
a  are the annihi lat ions and creation Operators 

jjn
nC φ=  





=

≠
=∑∑ '

'

1

0
'

jj

jj
CC

nj

m n

jm
 

and 
τ

θ
t

g = the coupl ing constant of a physical process is represented by a 

Hamiltonian 
tR

H .τ  is the interaction t ime, and n is a photon number 

state with photon numbern .The Hamiltonian in Eq.[6.12] corresponds to nonlinear 

multiphoton process. 

Based on the above procedure let us see the realization for 3 - arrays 

phase shift keyed (3-PSK) signal state which cannot be represented by 

product of coherent state signals as PPM.[30] Since this quantum state is 

optical signal its dimension is infinite. Therefore the dimensions of the 

quantum system are much higher than the signal space )( dM <<  

 

 The signal states of 3 - PSK in quantum formulation are expressed as 

 

αψ =0  

3

2

2

π

αψ
j

e
−

=         [6.15] 

3

2

1

π

αψ
j

e=   
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FIG.6.2 The PSK-3 states shown as polarization directions on the Poincar´e sphere  
 

One can assume that α  is real since no generality is lost by the 

assumption. [30] Hence an orthonormal set { }〉
j

e  on 3- dimensional 

Hilbert space spanned by these signal states can be described as fol lows 
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Where 
i

u  are the Eigen values found from Gram-matrix [24] 
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        [6.17] 

For signal set that has equal priori probabil ity, a measurement process, 

which is cal led the Square Root Measurement (SRM), gives the optimum 
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detection operator corresponds to the measurement basis vectors { }
i

µ  

[24] expressed as fol low 

Je
M

K

j

j
M

m
i

m ∑
=

−

=
0

2
1

π

µ        [2.18] 

Where J  is the orthonormal basis found from Schmidt 

orthogonal ization, M is the signal set size and m  specify each signal. Thus 

applying the above formula, the three measurement state that satisfy the 

SRM as fol lows, 
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Since square root measurement doesn't give the optimal performance l imit 

al lowed by quantum mechanics for this particular modulation format one 

must cont inue the transformation. [5] Hence each of the signal states is 

projected into three states. 
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j j

ijii
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AE∑ ∑
= =

∧

==
2

0

2
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εψϕ , ji,  = 0, 1,       [6.20] 

 

A detection of wel l known observable is a photon counting [12] (Energy 

Measurement) and can be described as 

 

   

1100

11

00

2

1

0

−−=

=

=

∧

∧

IE

E

E

    [6.21] 

Where 0 and 1  are vacuum states and photon number states with photon 

number 1 respectively. 

The sub space spanned by
0H { }Ai0

, the sub space spanned by 1H { }Ai1
, 

the sub space spanned by 2H  { }Ai2
 are orthogonal to each other. 
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But { }A j0
, { }A j1

and { }A j2
 are not. Both { }Ai0

and { }Ai1
 are l inearly 

dependent sets. [29], since they can be represented by l inear combination 

of the other vectors; 
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So determining rr and
10
 as  

{ } 0
000

== Ar  

1
011

== Ar           [6.23] 

On the other hand { }Ai2
are l inearly independent sets. So by applying 

Schmidt orthonormalization to { }Ai2
one can determine the 

remaining rrr and
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The pair overlaps between the components of 2j
A  can be computed using 

tensor rule as fol lows [27] 
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 From the above calculat ion one can obtain an orthonormal set 

{ }4,3,2,1,0=Kr k
in a five dimensional Hilbert space.  The wel l  

known energy operator { }E j
 is now expressed by these transformed 

orthonormal sets as fol lows  

{ } rrE 000
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{ } rrE 110
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{ } rrE k

k
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=

=
4

2
2

         [6.27] 

 

Simi lar ly the measurement vectors [27] of the optimal detection Operators 

in the extended spaces are expressed as fol lows 
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Where
jkjk

rC µ= , which using the above formulas can be easi ly solved. 

Thus by adding the two-basis vector 4
''

3 µµ and to the original basis 

vector one can construct an orthonormal sets { }k
'µ . [24]  

Here
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Where the expression for 
'

4

'

3 µµ and  can be found as fol lows 
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Where 4,3=k  

These two-basis vectors don't affect the measurement result since they 

are orthogonal to signal states. But give a new dimension to account the 

pair overlap between the three states. Therefore by defining the unitary 

operator U
�
 which relates 

opt

j
Π̂  and 

opt

j
Ε̂ as 

UU
j

opt

j

ˆˆˆˆ Ε=Π ◊          [6.30] 

Here is Û  expressed as ][ˆ
jk

CU =  4,3,2,1,0, =kj , 

Where kkjk
rC

'µ=         [6.31] 

One can form the required transformation. As mentioned in the beginning 

nowU
�
should be decomposed in to some 1 dimensional rotat ion to derive 

the Hamiltonian. 

 Using stones theorem 
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ThenU
�
can be decomposed into five 1 dimensional rotation as fol lows  

∏
=

=
4
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)(ˆ
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j
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jj

i

j
eR φφθ θ=)(         [6.34] 

In order to derive the five rotational angles { }
j

θ f irst the Eigen value of U
�
 

must be found. Then the five angles wil l be computed numerical ly. Final ly, 

by using these five angles and the corresponding f ive Eigen vectors one 

can evaluate the performance of the Optimal Quantum receiver. Once U
�
 

and φ t is expressed, the rotational matr ix and the Hamiltonian can be 

expressed by the annihi lat ion and creation operators. There fore the 

physical correspondence of the optimal quantum receiver in 3-PSK (which 

are not based on two system) signal is real izable. This method can be 

applied to any higher order since detection operator is expressed as PVM.  



 96 

Here under, by using the simpl if ied theoretical result [12] presented the 

performance comparison graphs for near optimum and optimal quantum 

receiver for 3-PSK. 

 

 

Fig.6.2 .Semilog Performance Analysis graph for Near-optimal and optimal 

quantum receiver for 3-array PSK 

 

From the figure above one can see the performance improvement in 

optimal quantum receiver. [For detai l see the programme annexed to the 

thesis in appendix-F. N0.1.F]. 

 

6.3. Summary of the chapter 

 

Although a substant ial progress has been achieved in the quantum state 

estimation, it is st i l l  a diff icult and open problem how to find explicit and 

physical ly realizable solutions for optimal strategies in an algorithmic way, 

especial ly in the case of higher dimensional systems and larger numbers of 

samples. Moreover, discussions given so far in the l iteratures for ensuring 

the optimal ity of discrete and finite POMs were focused only on the 

condit ion for externality and not on the ful l condit ions for the existence of 

a global maximum. In general, seeking al l extreme and picking up the 

point corresponding to the global maximum is not necessari ly a trivial task 

for complex systems.  
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Chapter 

Seven 

 

Conclusion & Recommendations 

 

 

When a communication system operates in quanta, the physical carrier 

conveying a letter X i  should expl ic it ly be described by a quantum state 
i

ψ  , 

which usually referred as the letter state.Thus,i f the letters  0, 1 are conveyed 

by weak pulses of laser l ight, the corresponding quantum states 0ψ ,
i

ψ  are 

usually non orthogonal coherent states. Such non-orthogonal states can never 

be dist inguished perfectly, even in principle. Therefore even if a channel and a 

detector are completely noiseless, quantum mechanics imposes an inevitable 

source of error or ambiguity in signal detection. These factors are fundamental 

to quanta as dist inct from classical information theory and make quantum key 

distribution possible. 

In this thesis, taking average probabil ity of error as a measure of performance, 

comparison was made on optical receiver using both Classical and Quantum 

Detect ion Techniques. The comparison was carried out in two parts, 

 

(1) In the first part by taking Binary On /Off keying (BOOK) and Phase Shift  

keying optical modulation format for noise free cases, performance comparison 

and simulation were carr ied out by changing both average signal photon AND 

ERROR MARGINS. 

 

(2) Following the same procedure as in (1) an algorithm development for Pulse 

posit ion Modulation (PPM) were carr ied out. 

 

Results & Discussion  

 

�   Photon counting receiver exhibits the same exponential behavior as 

optimum quantum receiver. The power gain was only 0 . 5129db .  (Both 
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performance curves have the same slope), implying that photon counting 

is nearly optimal for the detection of BOOK signals. 

  

�  However, quantum detection of optical BPSK signals is exponential ly 3 dB 

better than classical coherent detection, practical ly achieving a 2.6 dB 

reduction in the required signal energy at an error probabil ity of 10 - 5 . 

Bes ides  c l a ss i ca l  coherent  de t ec t i on  per fo rms  bo th  pho ton  count ing  

and  r ea l  t ime phase  p ro cess ing  to  r each  dec i s i on .   

 

�    For large value of signal photon the performance of photon counting 

receiver and opt imal quantum receiver tend to converge. 

 

�  In the case of PPM, at a lower dimensional signaling, opt imal quantum 

receiver performs approximately 3 dB better than the convent ional 

photon-count ing receiver.  

 

�  For high-dimensional signaling and modest error probabil it ies in the order 

of P (SE) >>10 - 3 , optimal quantum receiver performs approximately 2.6 

dB better than the conventional photon-counting receiver.  

 

Inject ing the effect of quantum interference and developing a successful 

simulation program that evaluate the performance of optimal quantum receiver 

is one of the main achievements of this thesis. The small variation between the 

theoretical values and the simulation result for BOOK might come from unseen 

constraints and also due to the approximations taken in expressing the vectors 

for injecting the quantum effect in the simulation. Moreover the simulation is 

carried out only ten t imes for l imited 10000 data. Increasing the simulation 

data range, larger than what is taken in the thesis, could lessen the variation. 

 

In the case of higher order modulation format, its inherent complexity hinders 

the development of simulation programmes that truly reflect the effect of 

quantum interference.  However, a rotational algorithm, which was used to 

evaluate the performance of the optimal quantum receiver for PPM was 

developed. It agrees with the empirical results developed by experiment. The 

smal l variations between the empir ical values and the rotat ional algorithm for 
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higher order can be accounted most ly to the round of error injected to the 

algorithm in calculat ing the optimal or ientation. And increasing the divis ion of 

angular variation to much lower value can minimize this effect.  

 

Conclusion 

 

From the results of this thesis, it can be concluded that the detection process 

of communication systems operating at optical frequencies wil l be determined 

by the rules of quantum mechanics. The analysis pointed out that looking 

optical ly transmitted signal through the eyes of quantum mechanics could 

increase the performance of the receiver.  

 

There is one other remark connected with Quantum information worth making. 

Even though its principles rooted with strong and rich mathematical foundat ion, 

its physical real ization is st i l l  a tabletop experiment. It is not done in present 

information-processing systems, as the technology for addressing and 

manipulating single atoms, even in a fixed basis, is too primit ive for designing 

and constructing practical devices. But this should not discourage scholars as 

Albert Einstein put i t, “… the creative principle resides in mathematics. In a 

certain sense, therefore, I hold it true that pure thought can grasp real ity, as 

the ancients dreamed…” Therefore, with the drive toward miniaturization in 

classical computation and communication devices cont inues, and the cost of 

smal l devices continues to drop, classical computation wil l  reach this quantum 

limit in the foreseeable future. In this event, engineers and computer scient ists 

wil l have wait ing for them as one of the best-developed parts of quantum 

information theory: the theory of - the use of quantum devices for storage, 

transmission and recept ion of classical information in a more rel iable and 

effective way. 
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 In this thesis work, quantum receiver performance analysis was carr ied out for 

a noise free channel, which is not the case in most of communicat ion systems. 

Thus, the results obtained from the thesis can be used as the basis for future 

research works, which consider the performance of quantum communication 

under addit ive noise and other channel effects l ike scattering and dispersion. 

Quantum Coding and Error correction algorithm, Quantum Channel Capacity and 

Quantum Cryptology are also possible areas of future research. 
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Appendix-A 

 

 

This Matlab Progra mme co mputes the  intensity  variat ion o f  coherent  l ight  wave both in 

ampli tude and phase  in  relat ion to  coherence t ime 

 
sample_len=1000; 

cen_freq=10^15; 

Coh_T=10^-10; 

freq_Har=5%Frequency Harmonics; 

gg=100; 

ph0=zeros(1,sample_len); 

ph1=zeros(1,sample_len); 

I=zeros(1,sample_len); 

rr=zeros(gg,sample_len); 

zz=zeros(gg,sample_len); 

xx=zeros(gg,sample_len); 

temp=zeros(1,freq_Har); 

wp=zeros(1,freq_Har); 

wq=zeros(1,freq_Har); 

% alpha=zeros(1,3); 

for p=1:1:gg; 

k=rand(1,freq_Har); 

k=k;%/sqrt(mean(k.*k)); 

c=(1/2)*ones(1,freq_Har); 

d=(k-c)*2*pi; 

w=randn(1,freq_Har); 

w=w/sqrt(mean(w.*w)); 

ww1=sqrt(0.08*cen_freq)*w; 

ww=ww1+cen_freq*ones(1,freq_Har); 

del=Coh_T/999; 

 

for n=1:1:sample_len; 

for m=1:freq_Har; 

temp(m)=(exp(i*(2*pi*ww(m)*(n-1)*del+d(m)))); 

wp(m)=exp(i*(2*pi*(ww(m)-(cen_freq))*((n-1)*del)+d(m))); 

wq(m)=exp(i*d(m)); 

end; 

%INTENSITY VARIATION 

I(n)=(abs(sum(temp(1:end))))^2; 

ph0(n)=phase(sum(wp(1:end))); 

    ph1(n)=phase(sum(wq(1:end))); 

end; 

rr(p,:)=I; 

zz(p,:)=ph0; 

xx(p,:)=ph1; 

% alpha(p)=abs(sum(wq(1:end))); 

end; 
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% Mean Intensity Time average 

for p=1:gg; 

    CC(p)=mean(rr(p,:)); 

end; 

% plot(rr(1,:),'g') 

% hold on 

% plot(rr(2,:),'r') 

% hold on 

% plot(rr(3,:),'b') 

%……Impure Sine waves constructed by adding 5-quasi-monochromatic waves……………….. 

 for aa=1:sample_len; 

 fg2(aa)=cos((2*pi*(10^15*del*(aa-1))+zz(1))); 

 end 

 fg2=sqrt(rr(1,:)).*fg2; 

 plot(fg2,'r') 

 hold on 

 for aa=1:sample_len; 

 fg1(aa)=cos((2*pi*(10^15*del*(aa-1))+zz(2))); 

 end 

 fg1=sqrt(rr(2,:)).*fg1; 

  plot(fg1,'g') 

 for aa=1:sample_len; 

 fg3(aa)=cos((2*pi*(10^15*del*(aa-1))+zz(3))); 

 end 

 fg3=sqrt(rr(3,:)).*fg3; 

 plot(fg3,'k') 

 for aa=1:sample_len; 

 fg2(aa)=cos((2*pi*(10^15*del*(aa-1))+xx(1))); 

 end 

 fg2=sqrt(rr(1,:)).*fg2; 

plot(fg2,'r') 

 hold on 

  for aa=1:sample_len; 

 fg1(aa)=cos((2*pi*(10^15*del*(aa-1))+xx(2))); 

 end 

  fg1=sqrt(rr(2,:)).*fg1; 

 plot(fg1,'g') 

  for aa=1:sample_len; 

 fg3(aa)=cos((2*pi*(10^15*del*(aa-1))+xx(3))); 

end 

 fg3=sqrt(rr(3,:)).*fg3; 

 plot(fg3,' 
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Appendix-B 
 

In  t h i s  pa r t  o f  the  a ppe ndi x  Presen ted  seve n  Ma t l a b  p ro g ra ms  tha t  use d  to  Co mp ute  the  a vera g e  pro ba bi l i ty  

o f  e rro r  f o r  B i na ry  On/ Of f  a nd  B i na ry  Pha se  Shi f t  Key i ng  o pt i ca l  mo d ul a t i o n  Fo r ma t  i n  re l a t i o n  to  O pt i ma l  

qua nt u m a nd pho to n  co u nt i ng  rece i ver .  

 

I n p u t :  k ,  a v e r a g e  n u m b e r  o f  s i g n a l  p h o t o n  

 

P _ C = A v e r a g e  p r o b a b i l i t y  o f  e r r o r  f o r  O O K  i n  p h o t o n  

C o u n t i n g  

P _ Q = A v e r a g e  p r o b a b i l i t y  o f  e r r o r  f o r  O O K  i n  o p t i m a l  

Q u a n t u m  r e c e i v e r  

P _ C 1 = A v e r a g e  p r o b a b i l i t y  o f  e r r o r  f o r  B P S K  p h o t o n  

C o u n t i n g  

P _ Q 2 = A v e r a g e  p r o b a b i l i t y  o f  e r r o r  f o r  B P S K  i n  o p t i m a l  

Q u a n t u m  r e c e i v e r  

 

 

No.1.1.B 

 
k = 0 : 0 . 0 1 : 5 ;  
p l o t ( k , 0 . 5 * ( e x p ( - 2 * k ) ) , ' - - ' ) ;  
h o l d  o n  
p l o t ( k , 0 . 5 * ( 1 - s q r t ( 1 - e x p ( - 2 * k ) ) ) , ' g ' )  
l e g e n d ( ' P _ C ' , ' P _ Q ' )  
x l a b e l ( ' A v e r a g e  n u m b e r  o f  s i g n a l  p h o t o n  K s ' )  
y l a b e l ( '  A v e r a g e  p r o b a b i l i t y  o f   s y m b o l  e r r o r  P ( E ) ' )  
a x i s  ( [ 0  5  0  0 . 5 ] )  

 

No.1.2.B 

 
k = 0 : 0 . 0 1 : 5 ;  
p l o t ( k , 0 . 5 * ( e x p ( - 4 * k ) ) , ' - - ' ) ;  
h o l d  o n  
p l o t ( k , 0 . 5 * ( 1 - s q r t ( 1 - e x p ( - 4 * k ) ) ) , ' g ' )  
l e g e n d ( ' P _ C 1 ' , ' P _ Q 1 ' )  
x l a b e l ( ' A v e r a g e  n u m b e r  o f  s i g n a l  p h o t o n  K s ' )  
y l a b e l ( '  A v e r a g e  p r o b a b i l i t y  o f   s y m b o l  e r r o r  P ( E ) ' )  
a x i s  ( [ 0  5  0  0 . 5 ] )  

 

N0.1.3.B 

 
k=0:0.01:5; 
P _ C = 0 . 5 * ( e x p ( - 2 * k ) ) ;  
P _ Q = 0 . 5 * ( 1 - s q r t ( 1 - e x p ( - 2 * k ) ) )  
P _ C 1 = 0 . 5 * ( e x p ( - 4 * k ) ) ;  
P _ Q 1 = 0 . 5 * ( 1 - s q r t ( 1 - e x p ( - 4 * k ) ) )  
p l o t ( P _ C , ' r ' )  
h o l d  o n  
p l o t ( P _ Q , ' g ' )  
h o l d  o n  
p l o t ( P _ C 1 , ' b ' )  
h o l d  o n  
p l o t ( P _ Q 1 , ' y ' )  
t i t l e ( ' T o p  R i g h t  P l o t ' )  
t i t l e ( ' P e r f o r m a n c e  A n a l y s i s ' )  
l e g e n d ( ' B o t t o m  R i g h t  P l o t ' )  
l e g e n d ( ' P _ C ' , ' P _ Q ' , ' P _ C 1 ' , ' P - Q 1 ' )  
x l a b e l ( ' A v e r a g e  n u m b e r  o f  s i g n a l  p h o t n  K s ' )  
y l a b e l ( '  A v e r a g e  p r o b a b l i t y  o f   s y m b o l  e r r o r  P ( E ) ' )  
a x i s  ( [ 0  5  0  0 . 5 ] )  
 

N0 1.4.B 
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k = 0 : 0 . 1 : 5 ;  
s e m i l o g y ( 0 . 5 * ( e x p ( - 2 * k ) ) , ' - - ' ) ;  
h o l d  o n  
s e m i l o g y ( 0 . 5 * ( 1 - s q r t ( 1 - e x p ( - 2 * k ) ) ) , ' r ' ) ;  
L e g e n d ( '  P _ C ' , ' P _ Q ' )  
x l a b e l ( ' A v e r a g e  n u m b e r  o f  s i g n a l   p h o t o n s  K s ' )  
y l a b e l ( '  A v e r a g e  p r o b a b i l i t y  o f  e r r o r  P ( E ) ' )  
t i t l e ( ' T o p  R i g h t  P l o t ' )  
t i t l e ( ' P e r f o r m a n c e  A n a l y s i s  Q u a n t u m  R e c e i v e r ' )  
a x i s  ( [ 0  5  0  0 . 5 ] )  
 
 

NO.1.5.B 

 
k = 0 : 0 . 1 : 4 ;  
s e m i l o g y ( 0 . 5 * ( e x p ( - 4 * k ) ) , ' - - ' ) ;  
h o l d  o n  
s e m i l o g y ( 0 . 5 * ( 1 - s q r t ( 1 - e x p ( - 4 * k ) ) ) , ' r ' )  
g r i d  o n ;  
L e g e n d ( ' S u b O p t i m a l P h o t o n  c o u n t i n g ' , ' O p t i m a l  Q u a n t u m ' )  
x l a b e l ( ' A v e r a g e  n u m b e r  o f  s i g n a l   p h o t o n s  K s ' )  
y l a b e l ( '  A v e r a g e  p r o b a b l i t y  o f  e r r o r  P ( E ) ' )  
t i t l e ( ' T o p  R i g h t  P l o t ' )  
t i t l e ( ' P e f o r m a n c e  A n a l y s i s  Q u a n t u m  R e c e i v e r F o r  B P S K ' )  
a x i s  t i g h t  
 
 

N0 . 1 . 6 .  B 

 

k = 0 : 0 . 1 : 5 ;  
s e m i l o g y ( ( 0 . 5 * ( e x p ( - 2 * k ) ) ) , ' r ' ) ;  
h o l d  o n  
s e m i l o g y ( ( 0 . 5 * ( 1 - s q r t ( 1 - e x p ( - 2 * k ) ) ) ) , ' - - ' )  
h o l d  o n  
s e m i l o g y ( ( 0 . 5 * ( e x p ( - 4 * k ) ) ) , ' * ' ) ;  
h o l d  o n  
s e m i l o g y ( ( 0 . 5 * ( 1 - s q r t ( 1 - e x p ( - 4 * k ) ) ) ) , ' - r o ' )  
l e g e n d ( '  P _ C ' , ' P _ Q ' , ' P _ C 1 ' , ' P _ Q 1 ' )  
x l a b e l ( ' A v e r a g e  n u m b e r  o f  s i g n a l  p h o t n  K s ' )  
y l a b e l ( '  A v e r a g e  p r o b a b i l i t y  o f   s y m b o l  E r r o r  P ( E ) ' )  
t e x t ( 5 , 0 . 5 * ( e x p ( - 2 * k ( 5 ) ) ) , ' \ l e f t a r r o w 0 . 5 * ( e x p ( - 2 * k ) = p h o t o n  c o u n t i n g ' )  
t e x t ( 3 0 , 0 . 5 * ( e x p ( - 4 * k ( 3 0 ) ) ) , ' \ l e f t a r r o w 0 . 5 * ( e x p ( - 4 * k ) = c o h e r e n t  
d e t e c t i o n ' )  
a x i s  t i g h t ;  

 
 
 N 0 1 . 7  B. T h i s  M a t l a b  p r o g r a m m e  c o m p u t e  p e r f o r m a n c e  o f  O p t i m a l ,  S u b  

O p t i m a l  q u a n t u m   a n d  c l a s s i c a l  c o h e r e n t  r e c e i v e r .  

 

K s = 0 . 5 : 0 . 5 : 6 ;  % A v e r a g e  S i g n a l  P h o t o n  
K b = 1 . 3 8 * 1 0 ^ - 2 3 ;  % B o l t z m a l  c o n s t a n t  
T = 3 0 0 ;  % d e g r e e  i n  k e l v i n  
N = K b * T ;  % T h e m a l  N o i s e  
h = 1 . 0 5 4 * 1 0 ^ - 3 4 ;  % P l a n c k  C o n s t a n t  
f = 3 * 1 0 ^ 1 2 : 5 * 3 * 1 0 ^ 1 2 : 1 0 ^ 1 5 ;  
E = h * 2 * p i . * f ;  % S i g n a l  E n e r g  
g = E . / N ;  % S N R  
r = 1 0 * l o g 1 0 ( g ) ;  % P o w e r  G a i n  
t = g ( 1 ) : g ( 1 0 ) ;  
D D = t ' ;  
f o r  i = 1 : 1 3 ;  
 
P ( i , 1 ) = q u a d l ( ' s q r t ( 2 * p i ) ^ - 1 * e x p ( -
0 . 5 * x . ^ 2 ) ' , s q r t ( 2 . * D D ( i , 1 ) ) , i n f ) ; % A v e r a g e  P r o b a b i l i t y  o f  e r r o r  
c l a s s i c a l  c o h e r e n t  d e t e c t i o n .  
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e n d ;  
s e m i l o g y ( P , ' r ' )  
h o l d  o n  
s e m i l o g y ( 0 . 5 * e x p ( - 4 * K s ) , ' - - ' ) % p h o t o n  c o u n t i n g  
h o l d  o n  
s e m i l o g y ( 0 . 5 * ( 1 - s q r t ( 1 - e x p ( - 4 * K s ) ) ) ) % o p t i m a l  q u n t u m  
g r i d  o n  
t i t l e ( ' P e r f o r m a n c e  C o m p a r i s o n  o f  B P S K  F o r m a t ' )  
x l a b e l ( ' A v e r a g e  S i g n a l  p h o t o n  K s ' )  
y l a b e l ( ' A v e r a g e  P r o b a b l i t y  o f  E r r o r  P ( E ) ' )  
l e g e n d ( ' C l a s i c a l  C o h e r e n t ' , ' P h o t o n  C o u n t i n g ' , ' O p t i m a l  Q u a n t u m ' )  
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Appendix-c 

 

 

N O . C . 1 . T h i s  M a t l a b  p r o g r a m m e  u s i n g  R o t a t i o n a l  a l g o r i t h m  c o m p u t e  t h e  

o p t i m a l  o r i e n t a t i o n  o f  t h e  m e a s u r e m e n t  a x i s  t h a t  m i n i m i z e  t h e  a v e r a g e  

p r o b a b i l i t y  o f  e r r o r  f o r  O n / O f f  k e y  O p t i c a l  M o d u l a t i o n  F o r m a t  w i t h  a v e r a g e  

s i g n a l  p h o t 0 n  k = 1 .  

 

 

S 1  – q u a n t u m  S t a t e  v e c t o r  a p p r o x i m a t i o n  f o r  s i n g l e  q u b i t  

S 2  – q u a n t u m  S t a t e  v e c t o r  a p p r o x i m a t i o n  f o r  s i n g l e  q u b i t  

 

S 1 = [ 1  0  0  0  0  0  0  0  0  0 ]  
S 2 = [ 0 . 6 0 6 5  0 . 6 0 6 5  0 . 4 2 8 9  0 . 2 4 7 6  0 . 1 2 3 8  0 . 0 5 5 4  0 . 0 2 2 6  0 . 0 0 8 5  0 . 0 0 3 0  
0 . 0 0 1 0 ]  
c  =  s u m ( S 1 . *  S 2 ) ;  
d = n o r m ( S 1 ) ;  
e = n o r m ( S 2 ) ;  
f = d * e ;  
g = c / f ;  
h = a c o s ( g ) ;  
i = 1 8 0 * h / p i ;  
j = 9 0 - i ;  
m = 0 : 1 : j ;  
m 1 = p i * m / 1 8 0 ;  
s = j - [ m ] ;  
s 1 = p i * s / 1 8 0 ;  
w = s 1 ' ;  
z = m 1 '  
p = 1 - 0 . 5 * ( c o s ( w ) . ^ 2 + c o s ( z ) . ^ 2 ) ;  
m i n ( p ) ; % m i n i m a l  p r o b a b i l i t y  o f  e r r o r  
p l o t ( p ) ;  
t i t l e ( ' T o p  R i g h t  P l o t ' )  
t i t l e ( ' R o t a t i o n a l  a l g o r i t h m  F o r  B O O K ' )  
x l a b e l ( ' A n g l e  V a r i a t i o n  " t e t " ' )  
y l a b e l ( ' A v e r a g e  p r o b a b i l i t y  o f  E r r o r  P ( E ) '  
p l o t ( p ) ;   
 

 

N o . C . 2 . T h i s  M a t l a b  p r o g r a m m e  u s i n g  R o t a t i o n a l  a l g o r i t h m  c o m p u t e  t h e  

o p t i m a l  o r i e n t a t i o n  o f  t h e  m e a s u r e m e n t  a x i s  t h a t  m i n i m i z e  t h e  a v e r a g e  

p r o b a b i l i t y  o f  e r r o r  f o r  B i n a r y  P h a s e  S h i f t  k e y  O p t i c a l  M o d u l a t i o n  F o r m a t  

w i t h  a v e r a g e  s i g n a l  p h o t o n  k = 1 .  
k=1; 

a=acos(exp(-2*k));angle between signal states 
b=pi/2-a; 
tet=0:0.00175:b;%angular variation in measurement states 
e=b-tet; 
p=1-0.5*(cos(tet).^2+cos(e).^2); 
plot(tet,p); 
grid on 
xlabel('Angle Variation') 
ylabel('Average Probability Of Error') 
Title('Rotational Algorithm For BPSK') 
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Appendix-D 

No.D.1. .This programme Using Matlab 6 .1 .Simulate the  quantum effect  us ing  Poisson 

approach and co mpare  the performance of  Optimal quantum rece iver with photon count ing  

rece iver  for ON/OFF keying opt ica l  modulat ion format.  

clc; 
clear all;  
for mm=1:10; 
for r=1:10; 
data_len=10000; 
%----------------------Average photon number 
ks=mm/2; 
%……………………………………………………..Optimal Quantum Theoretical 
Qu_OP(mm)=0.5*(1-sqrt(1-exp(-2*ks))); 
 
%......................Photon counting theoretical. 
CLL(mm)=0.5*exp(-2*ks); 
x=randn(1,data_len); 
x=(x>=0); 
%…………………………………………………….Quantum state 
 
p=sqrt(poissrnd(2*ks,data_len,2)); 
for i=1:1:data_len; 
    q(i,:)=(p(i,:).*(norm(p(i,:))).^-1); 
end; 
z0=[1,0];%…………………………..State zero measurement 
%…………………………………………………….Transmission mapping 
for i=1:1:data_len; 
    if x(i)==0; 
        y(i,:)=z0; 
    else 
        y(i,:)=q(i,:); 
    end; 
end; 
%,Rotational algorithm 
for i=1:1:data_len; 
    a(i)=acos(sum(y(i,:).*z0)); 
        k1(i)=cos(a(i)+0.3).^2; 
        k2(i)=1-k1(i); 
        end; 
%…………………………………………………Receiver Mapping 
        for i=1:1:data_len; 
         if y(i,:)==z0; 
        z(i)=0; 
        else k1(i)<k2(i); 
            z(i)=1;        
    end; 
end; 
[num_err,err_rate]=symerr(x,z); 
mean_err_rate(r)=err_rate; 
end; 
mean_err_rates(mm)=mean(mean_err_rate); 
end; 
CLL(:) 
Qu_OP(:) 
mean_err_rates(:) 
plot(CLL,'b') 
hold on 
plot(mean_err_rates,'k') 
hold on 
plot(Qu_OP,'r') 
grid on; 
legend('SUB-OPTIMAL CO','SIMULATION','OPTIMAL') 
title('PERFORMANCE COMPARISON OF QUANTUM RECEIVER') 
xlabel('Average number of signal photon Ks-2:1') 
ylabel(' Average probability of  symbol error P(E)') 
axis tight 
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Appendix-D-2 

 
No.D.2. .This programme Using Matlab 6 .1 .Simulate the  quantum effect  and co mpare the  

performance of  optimal quantum rece iver with photon counting rece iver for ON/OFF key ing 

optical  modulat ion format Po lar izat ion basis .  
 
for mm=1:1:10; 
for n=1:2; 
data_len=5000; 
i=sqrt(-1); 
%----------------------Average photon number………………… 
ks=mm/2; 
%..............................Optimal Quantum Receiver Theoretical... 
Qu_OP(mm)=0.5*(1-sqrt(1-exp(-ks))); 
%......................Sub-Optimal photon counting theoretical ...... 
CLL(mm)=0.5*exp(-ks); 
a=[exp(-0.5*ks) exp(-0.5*ks)]'; 
%...................Polarization or Spin Eigen Space Basis..... 
ph_0=[exp(-i*((pi+pi/3)/6))*cos((pi-(2*pi/3))/2) ;exp(i*((pi+pi/3)/6))*sin((pi-(2*pi/3))/2)]; 
ph_1=[ exp(-i*pi/6)*cos(pi/3) ; exp(i*pi/6)*sin(pi/3) ]; 
b=ph_0; 
c=abs(angle((sum(a.*b)))); 
x=randn(1,data_len); 
x=(x>=0); 
beta_r=randn(1,data_len); 
beta_i=randn(1,data_len); 
alphaa_r=randn(1,data_len); 
alphaa_i=randn(1,data_len); 
%.....................Complex amplitude............. 
alpha=(alphaa_r+j*alphaa_i); 
betta=(beta_r+j*beta_i); 
nrm_alph=cos(alpha).^2; 
nrm_alph1=1-cos(alpha).^2; 
nrm_beta=exp(I*betta); 
%..........................Transmission Mapping... 
phi_1=[ph_0(1,1)*nrm_alph+ph_1(1,1)* nrm_alph *nrm_beta;ph_0(2,1)* nrm_alph +ph_1(2,1)* nrm_alph 
*nrm_beta]; 
for k=1:data_len; 
    phi_11(:,k)= phi_1(:,k).*(norm(phi_1(:,k))).^-1; 
if x(k)==0; 
data_Tx(:,k)=ph_0; 
else data_Tx(:,k)=phi_11(:,k); 
end; 
end; 
%------------------receiver part--------------------- 
for l=1:data_len; 
    teta(l)=0.5*(pi/2-acos(sum(abs(data_Tx(:,l).*ph_0))/sqrt(sum(abs((data_Tx(:,l))))))); 
    C(l)=acos(sum(abs(data_Tx(:,l).*ph_0))/sqrt(sum(abs((data_Tx(:,l))))))); 
    rr1(l)=cos(teta(l)+C(l))^2; 
    rr2(l)=1-rr1(l); 
    if data_Tx(:,l)==ph_0; 
        data_rec(l)=0; 
    elseif rr1(l)<=rr2(l); 
        data_rec(l)=1; 
    else data_rec(l)=0; 
    end; 
end; 
[num_err,err_rate]=symerr(data_rec,x); 
mean_err_rate(n)=err_rate; 
end; 
mean_err_rates(mm)=mean(mean_err_rate); 
end; 
plot(Qu_OP,'r') 
hold on 
plot(mean_err_rates,'--') 
plot(CLL,'b') 
CLL(:) 
Qu_OP(:) 
mean_err_rates(:) 
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Appendix-E 

 

No.E.1.This programme Using  Matlab 6 .1 .Co mmpute the opt imal orientat ion of  the 

measurement axis and performance  of  the optimal quantum rece iver for opt ical  Pulse  
Posi t i on Modulat ion (PPM) for mat  us ing  the i terat ive  rotat ional  alg or i thm  

 
ks=1:1:6; 
C=0.5*exp(-ks);%photon counting average probability of symbol error 
CC=C'; 
Q=0.25*(sqrt(1+exp(-ks))-sqrt(1-exp(-ks))).^2;%quantum Theoretical 
QQ=Q'; 
a=acos(exp(-ks)); 
b=pi/2-a; 
c=0:0.0000175:b(1); 
d=0:0.0000175:b(2); 
e=0:0.0000175:b(3); 
f=0:0.0000175:b(4); 
g=0:0.0000175:b(5); 
h=0:0.0000175:b(6); 
c1=b(1)-c; 
d1=b(2)-d; 
e1=b(3)-e; 
f1=b(4)-f; 
g1=b(5)-g; 
h1=b(6)-h; 
%-----------------------M=2-Rotation-------------------------- 
p1=1-0.5*(cos(c).^2+cos(c1).^2); 
p2=1-0.5*(cos(d).^2+cos(d1).^2); 
p3=1-0.5*(cos(e).^2+cos(e1).^2); 
p4=1-0.5*(cos(f).^2+cos(f1).^2); 
p5=1-0.5*(cos(g).^2+cos(g1).^2); 
p6=1-0.5*(cos(h).^2+cos(h1).^2); 
%..........................minimum error……………………………………………………………….. 
p1opt=min(p1); 
p2opt=min(p2); 
p3opt=min(p3); 
p4opt=min(p4); 
p5opt=min(p5); 
p6opt=min(p6); 
%......................minimum error angular location……………………………………… 
M_21=find(p1==p1opt); 
M21=c(M_21); 
M21opt=b(1)-M21; 
M_22=find(p2==p2opt); 
M22=d(M_22); 
M22opt=b(2)-M22; 
M_23=find(p3==p3opt); 
M23=e(M_23); 
M23opt=b(3)-M23; 
M_24=find(p4==p4opt); 
M24=f(M_24); 
M24opt=b(4)-M24; 
M_25=find(p5==p5opt); 
M25=g(M_25); 
M25opt=b(5)-M25; 
M_26=find(p6==p6opt); 
M26=h(M_26); 
M26opt=b(6)-M26; 
PROT=[ p1opt p2opt p3opt p4opt p5opt p6opt]'; 
semilogy(ks,CC,'g'); 
hold on 
semilogy(ks,QQ,'r'); 
hold on 
semilogy(ks,PROT,'*'); 
title('Performance Analysis of PPM-2') 
xlabel('Average Photon Signal Ks') 
ylabel('Average Probability of Symbol error P(SE)') 
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%..................PPM=3-Rotation …………………………............ 
C3=(2/3)*exp(-ks); 
CC3=C3'; 
Q3=(2/9)*(sqrt(1+2*exp(-ks))-sqrt(1-exp(-ks))).^2; 
QQ3=Q3'; 
p31=(1-(1/3)*[(cos(c).^2*(cos(M21)^2+cos(M21opt)^2)+cos(c1).^2)]); 
p32=(1-(1/3)*[(cos(d).^2*(cos(M22)^2+cos(M22opt)^2)+cos(d1).^2)]); 
p33=(1-(1/3)*[(cos(e).^2*(cos(M23)^2+cos(M23opt)^2)+cos(e1).^2)]); 
p34=(1-(1/3)*[(cos(f).^2*(cos(M24)^2+cos(M24opt)^2)+cos(f1).^2)]); 
p35=(1-(1/3)*[(cos(g).^2*(cos(M25)^2+cos(M25opt)^2)+cos(g1).^2)]); 
p36=(1-(1/3)*[(cos(h).^2*(cos(M26)^2+cos(M26opt)^2)+cos(h1).^2)]); 
%.............................Minimal Symbol Error……………………………………... 
p31opt=min(p31) ; 
p32opt=min(p32); 
p33opt=min(p33); 
p34opt=min(p34); 
p35opt=min(p35); 
p36opt=min(p36); 
%............... Minimum error angular location…................ 
M_31=find(p31==p31opt); 
M31=c(M_31); 
M31opt=b(1)-M31; 
M_32=find(p32==p32opt); 
M32=d(M_32); 
M32opt=b(2)-M32; 
M_33=find(p33==p33opt); 
M33=e(M_33); 
M33opt=b(3)-M33; 
M_34=find(p34==p34opt); 
M34=f(M_34); 
M34opt=b(4)-M34; 
M_35=find(p35==p35opt); 
M35=g(M_35); 
M35opt=b(5)-M25; 
M_36=find(p36==p36opt); 
M36=g(M_36); 
M36opt=b(6)-M26; 
PROT3=[ p31opt p32opt p33opt p34opt p35opt p36opt]'; 
semilogy(ks,CC3,'g'); 
hold on 
semilogy(ks,QQ3,'r'); 
hold on 
semilogy(ks,PROT3,'*'); 
title('Performance Analysis of PPM-3') 
xlabel('Average Photon Signal Ks') 
ylabel('Average Probability of Symbol error P(SE)') 
 
%....................PPM4-rotation........................................... 
C4=(3/4)*exp(-ks); 
CC4=C4'; 
Q4=(3/16)*(sqrt(1+3*exp(-ks))-sqrt(1-exp(-ks))).^2; 
QQ4=Q4'; 
p41=(1-(1/4)*[cos(c).^2*[(cos(M31)^2*(cos(M21)^2+cos(M21opt)^2)+cos(M31opt)^2)]+cos(c1).^2]); 
p42=(1-(1/4)*[cos(d).^2.*[(cos(M22)^2*(cos(M32)^2+cos(M32opt)^2)+cos(M22opt)^2)]+cos(d1).^2]); 
p43=(1-(1/4)*[cos(e).^2.*[(cos(M23)^2*(cos(M33)^2+cos(M33opt)^2)+cos(M23opt)^2)]+cos(e1).^2]); 
p44=(1-(1/4)*[cos(f).^2.*[(cos(M24)^2*(cos(M34)^2+cos(M34opt)^2)+cos(M24opt)^2)]+cos(f1).^2]); 
p45=(1-(1/4)*[cos(g).^2.*[(cos(M25)^2*(cos(M35)^2+cos(M35opt)^2)+cos(M25opt)^2)]+cos(g1).^2]); 
p46=(1-(1/4)*[cos(h).^2.*[(cos(M26)^2*(cos(M36)^2+cos(M36opt)^2)+cos(M26opt)^2)]+cos(h1).^2]); 
 
%.............................Minimal Symbol Error……………………………………... 
p41opt=min(p41); 
p42opt=min(p42); 
p43opt=min(p43); 
p44opt=min(p44); 
p45opt=min(p45); 
p46opt=min(p46); 
 
%............... minimum error angular location…................ 
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M_41=find(p41==p41opt); 
M41=c(M_41); 
M41opt=b(1)-M41; 
M_42=find(p42==p42opt); 
M42=d(M_42); 
M42opt=b(2)-M42; 
M_43=find(p43==p43opt); 
M43=e(M_43); 
M43opt=b(3)-M43; 
M_44=find(p44==p44opt); 
M44=f(M_44); 
M44opt=b(4)-M44; 
M_45=find(p45==p45opt); 
M45=g(M_45); 
M45opt=b(5)-M25; 
M_46=find(p46==p46opt); 
M46=h(M_46); 
M46opt=b(6)-M46; 
PROT4=[p41opt p42opt p43opt p44opt p45opt p46opt]; 
semilogy(ks,CC4,'g'); 
hold on 
semilogy(ks,QQ4,'r'); 
hold on 
semilogy(ks,PROT4,'*'); 
title('Performance Analysis of PPM-4') 
xlabel('Average Photon Signal Ks') 
ylabel('Average Probability of Symbol error P(SE)') 
%....................PPM=5-rotation........................... 
C5=(4/5)*exp(-ks); 
CC5=C5'; 
Q5=(4/25)*(sqrt(1+4*exp(-ks))-sqrt(1-exp(-ks))).^2; 
QQ5=Q5'; 
p51=1-
[(1/5)*[[cos(c).^2*[cos(M41)^2*[(cos(M21)^2*(cos(M31)^2+cos(M31opt)^2)+cos(M21opt)^2)]+cos(M41opt)^2
]]+cos(c1).^2]]; 
p52=1-
[(1/5).*[[cos(d).^2*[cos(M42)^2.*[(cos(M22)^2*(cos(M32)^2+cos(M32opt)^2)+cos(M22opt)^2)]+cos(M42opt)
^2]]+cos(d1).^2]]; 
p53=1-
[(1/5)*[[cos(e).^2*[cos(M43)^2.*[(cos(M23)^2*(cos(M33)^2+cos(M33opt)^2)+cos(M23opt)^2)]+cos(M43opt)^
2]]+cos(e1).^2]]; 
p54=1-
[(1/5)*[[cos(f).^2*[cos(M44)^2.*[(cos(M24)^2*(cos(M34)^2+cos(M34opt)^2)+cos(M24opt)^2)]+cos(M44opt)^
2]]+cos(f1).^2]]; 
p55=1-
[(1/5)*[[cos(g).^2*[cos(M45)^2.*[(cos(M25)^2*(cos(M35)^2+cos(M35opt)^2)+cos(M25opt)^2)]+cos(M45opt)^
2]]+cos(g1).^2]]; 
p56=1-
[(1/5)*[[cos(h).^2*[cos(M46)^2.*[(cos(M26)^2*(cos(M36)^2+cos(M36opt)^2)+cos(M26opt)^2)]+cos(M46opt)^
2]]+cos(h1).^2]]; 
%.............................Minimal Symbol Error……………………………………... 
p51opt=min(p51); 
p52opt=min(p52); 
p53opt=min(p53); 
p54opt=min(p54); 
p55opt=min(p55); 
p56opt=min(p56); 
 
%............... Minimum error angular location….......................... 
 
M_51=find(p51==p51opt); 
M51=c(M_51); 
M51opt=b(1)-M51; 
M_52=find(p52==p52opt); 
M52=d(M_52); 
M52opt=b(2)-M52; 
M_53=find(p53==p53opt); 
M53=e(M_53); 
M53opt=b(3)-M53; 
M_54=find(p54==p54opt); 
M54=f(M_54); 
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M54opt=b(4)-M54; 
M_55=find(p55==p55opt); 
M55=g(M_55); 
M55opt=b(5)-M55; 
M_56=find(p56==p56opt); 
M56=h(M_56); 
M56opt=b(6)-M56; 
PROT5=[p51opt p52opt p53opt p54opt p55opt p56opt]; 
semilogy(ks,CC5,'g'); 
hold on 
semilogy(ks,QQ5,'r'); 
hold on 
semilogy(ks,PROT5,'*'); 
title('Performance Analysis of PPM-5') 
xlabel('Average Photon Signal Ks') 
ylabel('Average Probability of Symbol error P(SE)') 
%.......................PPM-5 rotation....................................... 
C6=(5/6)*exp(-ks); 
CC6=C6'; 
Q6=(5/36)*(sqrt(1+5*exp(-ks))-sqrt(1-exp(-ks))).^2; 
QQ6=Q6'; 
p61=1-
[(1/6)]*[(cos(c).^2*([[cos(M51).^2*[cos(M41)^2*[(cos(M21)^2*(cos(M31)^2+cos(M31opt)^2)+cos(M21opt)^2
)]+cos(M41opt)^2]]+cos(M51opt).^2]))+cos(c1).^2]; 
p62=1-
[(1/6)]*[(cos(d).^2*([[cos(M52).^2*[cos(M42)^2.*[(cos(M22)^2*(cos(M32)^2+cos(M32opt)^2)+cos(M22opt)^
2)]+cos(M42opt)^2]]+cos(M52opt).^2]))+cos(d1).^2]; 
p63=1-
[(1/6)]*[(cos(e).^2*([[cos(M53).^2*[cos(M43)^2.*[(cos(M23)^2*(cos(M33)^2+cos(M33opt)^2)+cos(M23opt)^
2)]+cos(M43opt)^2]]+cos(M53opt).^2]))+cos(e1).^2]; 
p64=1-
[(1/6)]*[(cos(f).^2*([[cos(M54).^2*[cos(M44)^2.*[(cos(M24)^2*(cos(M34)^2+cos(M34opt)^2)+cos(M24opt)^
2)]+cos(M44opt)^2]]+cos(M54opt).^2]))+cos(f1).^2]; 
p65=1-
[(1/6)]*[(cos(g).^2*([[cos(M55).^2*[cos(M45)^2.*[(cos(M25)^2*(cos(M35)^2+cos(M35opt)^2)+cos(M25opt)^
2)]+cos(M45opt)^2]]+cos(M55opt).^2]))+cos(g1).^2]; 
p66=1-
[(1/6)]*[(cos(h).^2*([[cos(M56).^2*[cos(M46)^2.*[(cos(M26)^2*(cos(M36)^2+cos(M36opt)^2)+cos(M26opt)^
2)]+cos(M46opt)^2]]+cos(M56opt).^2]))+cos(h1).^2]; 
 
%.............................Minimal Symbol Error……………………………………... 
p61opt=min(p61); 
p62opt=min(p62); 
p63opt=min(p63); 
p64opt=min(p64); 
p65opt=min(p65); 
p66opt=min(p66); 
 
%............... Minimum error angular location…................ 
M_61=find(p61==p61opt);  
M61=c(M_61); 
M61opt=b(1)-M61; 
M_62=find(p62==p62opt); 
M62=d(M_62); 
M62opt=b(2)-M62; 
M_63=find(p63==p63opt); 
M63=e(M_63); 
M63opt=b(3)-M63; 
M_64=find(p64==p64opt); 
M64=f(M_64); 
M64opt=b(4)-M64; 
M_65=find(p65==p65opt); 
M65=g(M_65); 
M65opt=b(5)-M65; 
M_66=find(p66==p66opt); 
M66=h(M_66); 
M66opt=b(6)-M66; 
PROT6=[p61opt p62opt p63opt p64opt p65opt p66opt]; 
semilogy(ks,CC6,'g'); 
hold on 
semilogy(ks,QQ6,'r'); 
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hold on 
semilogy(ks,PROT6,'*'); 
title('Performance Analysis of PPM-6') 
xlabel('Average Photon Signal Ks') 
ylabel('Average Probability of Symbol error P(SE)') 
 
%...........................PPM=7-rotation……………………………………………………….. 
C7=(6/7)*exp(-ks); 
CC7=C7'; 
Q7=(6/49)*(sqrt(1+6*exp(-ks))-sqrt(1-exp(-ks))).^2; 
QQ7=Q7'; 
p71=1-
[(1/7)]*[cos(c).^2*([(cos(M61).^2*([[cos(M51).^2*[cos(M41)^2*[(cos(M21)^2*(cos(M31)^2+cos(M31opt)^2)
+cos(M21opt)^2)]+cos(M41opt)^2]]+cos(M51opt).^2]))+cos(M61opt).^2])+cos(c1).^2]; 
p72=1-
[(1/7)]*[cos(d).^2*([(cos(M62).^2*([[cos(M52).^2*[cos(M42)^2.*[(cos(M22)^2*(cos(M32)^2+cos(M32opt)^2
)+cos(M22opt)^2)]+cos(M42opt)^2]]+cos(M52opt).^2]))+cos(M62opt).^2])+cos(d1).^2]; 
p73=1-
[(1/7)]*[cos(e).^2*([(cos(M63).^2*([[cos(M53).^2*[cos(M43)^2.*[(cos(M23)^2*(cos(M33)^2+cos(M33opt)^2
)+cos(M23opt)^2)]+cos(M43opt)^2]]+cos(M53opt).^2]))+cos(M63opt).^2])+cos(e1).^2]; 
p74=1-
[(1/7)]*[cos(f).^2*([(cos(M64).^2*([[cos(M54).^2*[cos(M44)^2.*[(cos(M24)^2*(cos(M34)^2+cos(M34opt)^2
)+cos(M24opt)^2)]+cos(M44opt)^2]]+cos(M54opt).^2]))+cos(M64opt).^2])+cos(f1).^2]; 
p75=1-
[(1/7)]*[cos(g).^2*([(cos(M65).^2*([[cos(M55).^2*[cos(M45)^2.*[(cos(M25)^2*(cos(M35)^2+cos(M35opt)^2
)+cos(M25opt)^2)]+cos(M45opt)^2]]+cos(M55opt).^2]))+cos(M65opt).^2])+cos(g1).^2]; 
p76=1-
[(1/7)]*[cos(h).^2*([(cos(M66).^2*([[cos(M56).^2*[cos(M46)^2.*[(cos(M26)^2*(cos(M36)^2+cos(M36opt)^2
)+cos(M26opt)^2)]+cos(M46opt)^2]]+cos(M56opt).^2]))+cos(M66opt).^2])+cos(h1).^2]; 
 
%.............................Minimal Symbol Error……………………………………... 
p71opt=min(p71); 
p72opt=min(p72); 
p73opt=min(p73); 
p74opt=min(p74); 
p75opt=min(p75); 
p76opt=min(p76); 
 
%............... Minimum error angular location…................ 
 
M_71=find(p71==p71opt);  
M71=c(M_71); 
M71opt=b(1)-M71; 
M_72=find(p72==p72opt); 
M72=d(M_72); 
M72opt=b(2)-M72; 
M_73=find(p73==p73opt); 
M73=e(M_73); 
M73opt=b(3)-M73; 
M_74=find(p74==p74opt); 
M74=f(M_74); 
M74opt=b(4)-M74; 
M_75=find(p75==p75opt); 
M75=g(M_75); 
M75opt=b(5)-M75; 
M_76=find(p76==p76opt); 
M76=h(M_76); 
M76opt=b(6)-M76; 
PROT7=[p71opt p72opt p73opt p74opt p75opt p76opt  ]; 
semilogy(ks,CC7,'g'); 
hold on 
semilogy(ks,QQ7,'r'); 
hold on 
semilogy(ks,PROT7,'*'); 
title('Performance Analysis of PPM-7') 
xlabel('Average Photon Signal Ks') 
ylabel('Average Probability of Symbol error P(SE)') 
 
%..........................PPM=8-rotation....................................... 
 
C8=(7/8)*exp(-ks); 
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CC8=C8'; 
Q8=(7/64)*(sqrt(1+7*exp(-ks))-sqrt(1-exp(-ks))).^2; 
QQ8=Q8'; 
p81=1-
[(1/8)]*[cos(c).^2*([cos(M71).^2*([(cos(M61).^2*([[cos(M51).^2*[cos(M41)^2*[(cos(M21)^2*(cos(M31)^2+
cos(M31opt)^2)+cos(M21opt)^2)]+cos(M41opt)^2]]+cos(M51opt).^2]))+cos(M61opt).^2])+cos(M71opt).^2])+c
os(c1).^2]; 
p82=1-
[(1/8)]*[cos(d).^2*([cos(M72).^2*([(cos(M62).^2*([[cos(M52).^2*[cos(M42)^2.*[(cos(M22)^2*(cos(M32)^2
+cos(M32opt)^2)+cos(M22opt)^2)]+cos(M42opt)^2]]+cos(M52opt).^2]))+cos(M62opt).^2])+cos(M72opt).^2])+
cos(d1).^2]; 
p83=1-
[(1/8)]*[cos(e).^2*([cos(M73).^2*([(cos(M63).^2*([[cos(M53).^2*[cos(M43)^2.*[(cos(M23)^2*(cos(M33)^2
+cos(M33opt)^2)+cos(M23opt)^2)]+cos(M43opt)^2]]+cos(M53opt).^2]))+cos(M63opt).^2])+cos(M73opt).^2])+
cos(e1).^2]; 
p84=1-
[(1/8)]*[cos(f).^2*([cos(M74).^2*([(cos(M64).^2*([[cos(M54).^2*[cos(M44)^2.*[(cos(M24)^2*(cos(M34)^2
+cos(M34opt)^2)+cos(M24opt)^2)]+cos(M44opt)^2]]+cos(M54opt).^2]))+cos(M64opt).^2])+cos(M74opt).^2])+
cos(f1).^2]; 
p85=1-
[(1/8)]*[cos(g).^2*([cos(M75).^2*([(cos(M65).^2*([[cos(M55).^2*[cos(M45)^2.*[(cos(M25)^2*(cos(M35)^2
+cos(M35opt)^2)+cos(M25opt)^2)]+cos(M45opt)^2]]+cos(M55opt).^2]))+cos(M65opt).^2])+cos(M75opt).^2])+
cos(g1).^2]; 
p86=1-
[(1/8)]*[cos(h).^2*([cos(M76).^2*([(cos(M66).^2*([[cos(M56).^2*[cos(M46)^2.*[(cos(M26)^2*(cos(M36)^2
+cos(M36opt)^2)+cos(M26opt)^2)]+cos(M46opt)^2]]+cos(M56opt).^2]))+cos(M66opt).^2])+cos(M76opt).^2])+
cos(h1).^2]; 
%.............................Minimal Symbol Error……………………………………... 
 
p81opt=min(p81); 
p82opt=min(p82); 
p83opt=min(p83); 
p84opt=min(p84); 
p85opt=min(p85); 
p86opt=min(p86); 
 
%............... Minimum error angular location…................ 
 
M_81=find(p81==p81opt);  
M81=c(M_81); 
M81opt=b(1)-M81; 
M_82=find(p82==p82opt); 
M82=d(M_82); 
M82opt=b(2)-M82; 
M_83=find(p83==p83opt); 
M83=e(M_83); 
M83opt=b(3)-M83; 
M_84=find(p84==p84opt); 
M84=f(M_84); 
M84opt=b(4)-M84; 
M_85=find(p85==p85opt); 
M85=g(M_85); 
M85opt=b(5)-M85; 
M_86=find(p86==p86opt); 
M86=h(M_86); 
M86opt=b(6)-M86; 
PROT8=[p81opt p82opt p83opt p84opt p85opt p86opt]; 
semilogy(ks,CC8,'g'); 
hold on 
semilogy(ks,QQ8,'r'); 
hold on 
semilogy(ks,PROT8,'*'); 
title('Performance Analysis of PPM-8') 
xlabel('Average Photon Signal Ks') 
ylabel('Average Probability of Symbol error P(SE)') 
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Appendix-F 
 

 
This Matlab progra mme co mputes the  performance of  Sub-opt imal and opt imal quantum 

rece iver  for 3-psk opt ical  modulat ion formats .  

 

 
ks=0:1:10; 

P_c=1/3*(exp(-ks/2)); 

P_Q=1/3*exp(-ks) 

semilogy(P_c,'--') 

hold on 

semilogy(P_Q,'g') 

title('Top Right Plot') 

title('Performance Analysis') 

legend('Sub-Optimal quantum 3-PSK','Optimal Quantum 3-PSKquantum') 

xlabel('Average number of signal photn Ks') 

ylabel(' Average probability of  symbol error P(E)') 

text(2,(exp(-k(2)/2)),'\leftarrow(exp(ks/2)=Classical') 

text(3,1/3*exp(-k(3)))),'\rightarrow=quantum') 

axis thight 
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