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Abstract

Inverse compton (IC) scattering of lower frequency photons by relativistic electrons
was used as a method for the production of high-energy gamma-rays in an accreting
neutron stars. A spectrum function is derived.Based on which we obtained two new
results. First there is a maximum scattered photon energy for a given resonant scat-
tering which depends on both the incident electron energy and the magnetic field, but
is independent of the incident photon energy. It is also found that the common upper
limit of the scattered photon energy is the highest scattered photon energy for any
given incident photon and electron energy. Thus this may have physical implications

for Gamma-ray production.
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Introduction

b;Most of the known bright Gamma-ray sources in our galaxy are compact objects
in binary systems. Among which pulsars are a well- established class of Gamma-
ray sources .More over the extraction of gravitational potential energy from material
which accretes on to a gravitating body is now known to be the principal source of
power in several types of close binary systems; and is widely believed to provide the
power supply in active galactic nuclei and quasars.

When gas is accreted by a compact star, it is heated so much that a large fraction of
its gravitational energy is transformed into electromagnetic radiation Salpeter(1964),
Zeldovich(1964),Zeldovich& Guseynov(1965)[1]. Inverse compton scattering has at-
tracted more and more attention and a great deal of work has been done on this
subject (Daugherty & Harding 1989;Dermer 1990;Zhang & Qiao 1997;Harding & Mus-
limov 1998).Daugherty & Harding (1989) studied the gamma ray generation by Monte
Carlo simulation based on Herold’s crossection (Herold 1979) of magnetic compton
scatering in the electron rest frame(ERF)[2].

It is believed that inverse compton scattering in strong magnetic fields near the
surfaces of neutron stars is one of the possible mechanisms responsible for pulsed
Gamma-ray emissions. Theorotically it is believed that inverse compton scattering in

strong magnetic field can produce Gamma-rays in the range between 1 — 100Mev. In



this thesis we will be concerned on the production of these range of Gamma-rays on
the surface of neutron star from inverse compton scattering in strong magnetic field
enhanced by accretion. Thus we are aimed at the analytical study of Gamma-ray
production based on the compton scattering crossection in the lab frame (LF) where
we have found it helpful in astrophysics since a crossection in the LF on scattering
of lower frequency photon by relativistic electron can be reduced to Herold’s non-
relativistic result. This will not be recovered from a relativistic transformation of
Herold’s crossection in ERF.

The first chapter of this thesis devoted to the discussion of the physics of neutron
stars,in which the formation, structure, internal composition, and evolution of neutron
stars is described. In chapter two the source and generating mechanisms of Gamma-
rays through inverse compton scattering in strong magnetic field are briefly discussed.
The calculation of the crossection of the required Compton scattering is fully dealt
with in Chapter 3. The derivation of the spectrum function of scattered photon is

given in Chapter 4.



Chapter 1

The Physics Of Neutron Star

1.1 Introduction

Neutron stars are some of the densest manifestation of massive objects in the uni-
verse. In the following sections we will describe the formation , structure, internal
composition and life of neutron star. Observations such as mass transfer (accretion)
in neutron stars is also included with the discussion of the limit on the steady accre-
tion rate ,M(gsfl) , which is the Eddington limit,the reason for mass transfer as a

Roche lobe overflow in our case, formation of accretion disc and accretion column.

1.2 Neutron Star

The term "neutron star” refers to a star with a mass of order of 1.5M¢ [Mg = 1 solar
mass|, a radius of~ 12km, and magnetic field < 10®*Gauss. The nucleonic component
of neutron stars is mostly neutrons and some protons (and enough electrons and
muons to neutralize the matter). Neutron stars are formed in the aftermath of the
gravitational collapse of the core of a massive star [3].

A cloud in space collapses due to gravitation of the particles. In a normal star

4



in hydrodynamic equilibrium the particles 'feel’ gravity as well but do not collapse
because gravity is balanced mostly by radiation pressure and gas pressure. The radi-
ation pressure is produced as a result of high energy photons created due to nuclear
fusion inside the star’s nucleus. If the temperature is below the fusion temperature
of an available element a little contraction can raise the temperature to the ignition
level [4].

A star which has no fuel left for fusion in its core, collapses to a white dwarf |
a neutron star or a black hole depending on its mass. In a white dwarf gravity is
balanced by the degenerate-electron pressure. The average density of a white dwarf

is of the order 107gem 3.

For a massive predecessor (M, > 10My) the degenerate
electron pressure is not sufficient to prevent further collapse. Such a massive star will
collapse to a neutron star in which degenerate-neutron pressure balances gravity. If
the star is too massive to be supported by degenerate-neutron pressure it will totally
collapse to become a black hole.

A neutron star has five major regions :The inner and the outer cores, the crust,the
envelope, and the atmosphere, as shown in figure below (Figure 1.1).

The atmosphere and the envelope contain a negligible amount of mass, but the
atmosphere plays an important role in shaping the emergent photon spectrum, and
the envelope influences the transport and the release of thermal energy from the star’s
surface .

The crust extends from 1 to 2km below the surface. It contains nuclei which vary
in atomic weight. The crustal density varies from less than about p < 10°gem ™3 to

p > 2.4 x 10" gem ™3 near the core-crust interface which contains mostly neutron-rich

nuclei. The crust contains less than 10% of the total moment of inertia and hence



little mass. The central density of neutron star is about 10'-10%gem=3. Thus a
neutron star may be felt as one huge nucleus composed of 10%° nucleons.

The internal temperature of a neutron star soon after birth is ~ 10°k but cools
quickly to ~ 107k in a matter of 10 - 10% years as a result of neutrino emission.
Cooling by photon emission will take over after the first 10° years. Pulsar are rotating
magnetized neutron stars with magnetic fields typically in the range 2 x 10'° —2 x 10'3

Gauss[5]. The so called millisecond pulsars have much weaker magnetic fields.

Figure 1.1: Neutron star structure.



1.2.1 Neutron Star Formation and Magnetic Fields

Neutron star is formed when a Core of a massive star burns into iron. Which is
followed by iron core collapse. However as a result of conservation of angular momen-
tum, there will be an increase in the number of rotation. Plasma density gradient is
inherent to the degenerate system would lead to separated charges.

The spinning of this separated charges which comes as a result of plasma diffusion
is a source for the magnetic moment. Thus an increase in the magnetic moment will
increase the magnetic field. The magnetic fields generated by the spinning charges

are dipolar|6].

—1Qlw

3 (]:—;)(3(:08967, - k) (1.2.1)

Bout =

where () is the charge, w is the angular frequency of the charge, ¢ the speed of light,
e, and k are both unit vectors in the radial direction and along z-axis respectively.

When the neutron star density is reached, the energy from gravitational collapse
has heated the matter to 10% of its rest mass ( 100MeVor10' K per nucleon).
Thus the temperature and lepton number gradients becomes so high that neutrinos
are trapped inside the core which has implication of dynamo action resulting in an
even larger B in a matter of 30 seconds [7].

Neutron star have rapid rotational rate initially about 1ms. They spin down
due to gravitational radiation, EM radiation, thus neutron stars life depends on the

torque from these.



1.2.2 Magnetars

Magnetars are very strongly mangetized stars. The strong magnetic braking in these
stars cause rapid spin down ( 10000 years). Thus they are easily observable only for
a short period of time.Only about a dozen known so far. Starquakes and glitches
produce gamma ray bursts (GRBs). GRBs are very poorly understood, where the
strongest of them increase the conductivity of the Earths ionosphere from a distance
of 10 kpc (roughly the distance to the galactic centre). They have biosphere killing
potential. Short GRBs may be caused due to magnetar gamma flares. Magnetars are
of various types some of these are soft gamma-ray repeaters (SGR) and Anomalous
X-ray pulsars (AXP). Despit there similarity it is still not known that why SGRs
burst but AXPs don’t. Where the stronger the magnetic field is, the faster they spin
down (motion to the right). Thus magnetars are observable only for 10% years while
normal pulsars are observable for 107 years. Thus our galaxy may contain millions

of dead magnetars [7].

1.3 Accretion In Neutron Star

In a system in which a compact object (neutron star) and a stellar companion or-
bit each other, mass will be transferred to (accreted by) the neutron star from its
companion as shown in figure below.(Fig:1.2)

The overall process of accretion,such as the limit on the steady accretion rate,
M (gs71) , which is the Eddington limit, the reason for mass transfer as a Roche lobe
overflow in our case, formation of accretion disc and accretion column in neutron star

will be presented in the following section.



Figure 1.2: A binary system of a compact object and a companion star. Accreting
gas forms a disk around the compact object. In the accretion disk particles transport
their angular momentum outward by friction and approach the neutron star.

1.3.1 Accretion As A Source Of Power

The extraction of gravitational potential from material which accretes on to gravitat-
ing body is now known to be the principal source of power in several types of close
binary systems. It is widely believed to provide the power supply in an active galactic
nuclei and quasars.

This increasing recognition of the importance of accretion has accompanied the
dramatic expansion of observational techniques in astronomy, in particular the ex-
ploitation of the full range of the electromagnetic spectrum from the radio to x-rays
and gamma-rays. At the same time, the existence of compact objects has been placed
beyond doubt by the discovery of pulsars and black holes.

Thus, the new role for gravity arises because accretion on to compact objects is a

natural and powerful mechanisms for producing high-energy radiation.[§]
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1.3.2 The Eddington Limit

Consider a steady spherically symmetrical accretion, assuming the accreting material
as hydrogen exerts a force mostly on the free electrons by Thomson scattering. If S is
the radiant energy flux (erg s~tem™2) & o7 = 6.7 x 107?°cm? is the Thomson cross-
section, then in this limit the outward radial force on each electron equals the rate
at which it absorbs momentum, UT%The radiation pushes out electron-proton pairs

against the total gravitational force G M W ~ GM?=%, ris aradial distance from

the center.If the luminosity of the accreting source is L(ergs™'), we have S = #,
so the net inward force on an electron-proton pair is
LO'T 1
GMm, — —)— 1.3.1
(GMm, — 275)- (13.1)

This determines the luminosity for which this expression vanishes,the Eddington
limit,
4m Mmy,c

M
Loy = —2" 13 x10%(— -1 1.3.2
Edd o7 X (MQ)@TQS ( )

At greater luminosities the outward pressure of radiation would exceed the inward
gravitational attraction and accretion would be halted. If all the luminosity of the
source were derived from accretion this would switch of the source. If some, or all, of
it were produced by other means, for example nuclear burning, then the outer layers
of material would begin to be blown off and the source would not be steady. For
stars with a given mass-luminosity relation this argument yields a maximum stable
mass. In accretion powered objects the Eddington limit implies a limit on the steady
accretion rate, M(gs™!). Since for a body of mass M and radius R, the gravitational

potential energy released by the accretion of a mass m on to its surface is
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M
AE,. = GR—m (1.3.3)

*

where G is the gravitational constant,A neutron star with a radius R, ~ 10Km,
mass M ~ My, then the yield AE,,, is about 10?° erg per accreted gram. Now if
all of the kinetic energy of infalling matter is given up to radiation. The accretion

luminosity is

GMM
R,

Reexpressing Eq.(1.3.2) in terms of typical orders of magnitude writing the accre-

Lacc -

(1.3.4)

tion rate as M:1016M1693*1 we have

.M 10k
Laee = 1.3 % 1036M16(M_®)( R*m)ergs_l (1.3.5)
Obviously the ratios (N%) and (%) are of the order of unity for neutron stars.

Since M in a close binary systems involving neutron star is of order of 1010951 (~

1.5 x 107°Muyr~1), we have Mg ~ 1, and luminosity 10%ergs—?

represent value
commonly found in such system. Further by comparison with Fq.(1.2.3) it can be
seen for steady accretion Mgis limited by 102. Thus, accretion rate must be less than

about 10'8¢gs~! if the assumptions made in deriving the Eddington limit is valid [8].

1.3.3 Roche Lobe Overflow

Roche lobe overflow happens when the star gets old enough to expand far out to fill up
to L — 1%t lagrangian point. If the distance between the two star is sufficiently small,
the Roche lobe can become smaller than the actual volume of one of the stars, causing

its matter to be gravitationally captured by the other star via Accretion disc.[§]
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Roche lobe overflow was first studied by Edouard Roche. The Roche approach
is to consider the orbit of a test particle in the gravitational potential due to two
massive bodies orbiting each other under the influence of their mutual gravitational
attractions(which some times called restricted three-body problem). Thus, the two
stars execute Kepler orbits about each other in a plane. The Roche problem assumes
these orbits to be circular. Which is a good approximation for binary systems, since
tidal effects tend to circularize originally eccentric orbits on time scale short compared
to the time scale over which mass transfer occurs. Moreover assumption is made that
the two stars are ’centrally condensed’ in the sense that they can be considered as
point masses for dynamical purposes. If we write the two masses as M; M. and
MyMg, where 0.1 < My , My < 100 for typical stars, the binary separation , ”a”, can
be expressed in terms of the fundamental observational quantity, the binary period,

p, through Kepler’s law, as

4r%a® = G(M; + My) Map? (1.3.6)

L7

For binary periods of the order of years ,days , or , hours ,”a” can generally be

expressed in alternative forms:

ol

2
1.5 x 108MF (1 + q)3pirem,
a=1q 2.9x10"M?(1+ q)%pgaycm, : (1.3.7)
1 2
3.5 x 101°M{ (1 4 )3p}.cm,

=

My

where p,, = p in years etc, and ¢ = 37

My Mg and My M, are masses of the primary star and the secondary star respec-
tively. These are shown in the figure below (Fig:1.3) .
According to the Roche model the gravitational equipotential surfaces, makes con-

tacts at Ly, the first lagrangian point where the gravitational forces of the companion
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Figure 1.3: A binary system with a compact star of mass M; M. and a 'normal’ star

A

of mass M, M, orbiting their common center of mass with separation "a”.

and the compact object and the centrifugal forces cancel. Each such points is as-
sociated with two lobes called Roche lobes as shown in the figure below (Fig:1.4).
When, due to its evolutionary phase of expansion, the companion fills its Roche lobe,
matter will stream through L; to the compact object. This process is called Roche

lobe overflow.

1.3.4 Accretion Disc

The initial trajectory of matter issued from L; would be an elliptical orbit lying in
the binary plane. The presence of the secondary causes the orbit to precess slowly.
The stream will therefore intersect itself, resulting in dissipation of energy. However
since the angular momentum is conserved, the gas will tend to the orbit of lowest
energy for a given angular moment, i.e. a circular orbit.

In most cases the total mass of gas in the disk is so small that we can neglect
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Figure 1.4: A binary system with the secondary star filling the roche lobe and trans-
ferring mass through L; into the lobe of the compact primary.

the self-gravity of the disk. The circular orbit is then Keplerian with angular velocity
Qx(R) = (GMy /R, )Y?. The radius of this circular orbit is called the circularization
radius Reirc. It is determined from the relation (GM; Reipe)'/? = b?w. Then Rgp./a =
(1+¢)[0.5 — 0.227log q]*.

Within the ring of radius R, there will be dissipative processes, such as col-
lisions, shocks, and viscous dissipation. These will convert some of the energy of
the ordered bulk orbital motion into internal energy (heat). Eventually some of this
energy is radiated and therefore lost from the gas. As a result the gas has to sink
deeper into the gravitational potential of the primary, orbiting it more closely. This
in turn will make it lose angular momentum. So most of the gas will spiral inwards
towards the primary through a series of approximately circular orbits. The angular
momentum is transferred outwards through the disk by viscous torques. The outer

parts of the ring will gain angular momentum and will spiral outwards. The original

ring of matter at R = R.;. will spread to both smaller and larger radii by this process,
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to form an accretion disk[9,10].

1.3.5 Accretion Column

Column accretion occurs when the accreting star possess a magnetic field strong
enough to disrupt the inner regions of the disc channeling the accretion flow in such

a way that nearly resembles free-fall on the magnetic polar caps.



Chapter 2

Gamma Ray Sources And
Generating Mechanisms

2.1 Introduction

Pulsars are the brightest sources of gamma-rays. They emit radiation in the whole
electromagnetic spectrum and they are a perfect target for multi wavelength cam-
paigns[11]. Here we will discuss the general behavior of the seven well-studied gamma
ray pulsars. In addition to this the main mechanisms of gamma-rays production(inverse

compton(IC) scattering , Bremsstrahlung and n%-decays ) will be presented below.

2.2 Gamma Ray Pulsars

There are now convincing evidences that pulsars are rotating, highly-magnetized neu-
tron stars emitting pulsed radiation because of rotation. Pulsars are a well established
class of gamma-ray sources. Young pulsars with high spin rates are the most powerful
and the most likely to produce gamma rays. A small fraction of the rotational energy

is converted into radiation and the bulk of radiation is emitted in gamma-rays.

16
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Pulsars were first discovered in 1967. Today more than 1700 radio pulsars are
known, while pulsars in other wavelengths are more difficult to detect, because of a
combination of emission geometry and telescopes sensitivity. About 80 x-ray pulsars
are known and only 7 gamma-ray pulsars. Eventhough there are only 7 confirmed
gamma-ray pulsars, but we have good reason to think there are more out there [12].

The current knowledge about pulsars is still far to be complete, and the study
and discovery of new gamma-ray pulsars will provide a perfect tool for probing these
extreme intriguing sources.

The three brightest point sources in the gamma-ray sky appeared to be the Vela
(PSR B0833-45), Crab (PSR B0531+21) and Geminga (PSR J0633+1746). Pulsation
of Vela and Crab were detected by SAS-2 and extended by the COS B mission. A
major step in understanding gamma-ray pulsars came with the launch of the Compton
Gamma Ray Observatory (CGRO). CGRO carried four experiments (COMPTEL,
OSSE, BATSE, EGRET) that increased to seven the number of currently known
gamma-ray pulsars. EGRET was a pair conversion telescope that discovered the
gamma-ray emission from PSR B1706-44,6 PSR B1055-52,7 PSR B1951+328 and
detected the modulation of the gamma-rays from Geminga. The BATSE telescope,
mainly devoted to Gamma Ray Bursts, detected the pulsar PSR B1509-58 that was
observed also by COMPTEL up to 10 MeV. Some general facts can be derived by
looking at the seven high-confidence gamma-ray pulsars in a multi wavelength context
and by comparing them to the population of radio pulsars. The light curves look
different at different energies, from which we can infer that the emission mechanisms
are the result of a combination of geometry and energy band. For most of them the

light curve has two peaks. Not all have been observed at EGRET energies, e.g. PSR
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B1509-58 as been seen by COMPTEL up to 10 MeV.

The three brightest gamma-ray pulsars(Vela, Geminga and Crab) show a phase-
dependent spectrum with no simple phase-energy pattern, while for the others a
phase-resolved spectroscopic study is not possible because of the low statistics. Al-
though there is a concentration of millisecond radio pulsars, there is not yet an
high-confidence detection of a gamma-ray millisecond pulsar, with exception for a

low-confidence detection of PSR J0218+4232.1

2.2.1 The Standard Model For Pulsars

In the so-called ”Standard model” of pulsars the pulsed emission is explained as a
consequence of the rapid rotation of a neutron star with high magnetic field. In 1969
Goldreich and Julian solved the equation of an aligned rotator in vacuum, showing
that the environment around the pulsar must be filled by a plasma forming a magne-
tosphere corotating with the star. Since the magnetosphere is rotating at the same
angular speed of the star, there is a critical radius, named radius of the light cylinder
R., where the particles in the magnetosphere should corotate at the speed of light.
The field lines at this distance would eventually be swept out due to relativistic
effects, creating some field lines that close at a distance larger than R, (See Fig:2.1).
Particles can be extracted from the surface, since the electric fields are several orders
of magnitude greater than the gravitational force. They are accelerated along the
magnetic field lines. The particles traveling along the open field lines can reach
Lorentz factors of about v ~ 107, and eventually emit radiation. The radiation losses
are then not only due to magnetic dipole radiation but mainly due to magnetospheric

emission. The last closed field lines define a region on the neutron star surface called
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Figure 2.1: Pulsars Model

Polar Caps, located around the magnetic poles of the star. The bulk of the rotational
energy is converted into pulsar wind, while a minor fraction is converted into radiation.
According to the standard model the radio emission takes place above the magnetic
poles and the rotation of the star produce a pulsed emission because the rotation axis
and the magnetic axis are misaligned, as displayed in (Fig:2.1). The emission pattern
sweep the line of sight of the observers as in a lighthouse. The gamma-ray emission
takes place along the open field lines, where particles can be accelerated up to very

high energies.
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2.3 Gamma-ray generating mechanisms

The main mechanisms for gamma-ray production in a galactic scenario are inverse
compton (IC) scattering (Inverse Compton scattering involves the scattering of low
energy photons to high energies by ultra relativistic electrons so that the photons
gain and the electrons lose energy. The process is called inverse because the electrons
lose energy rather than the photons, the opposite of the standard Compton effect.)
of lower frequency photons, relativistic Bremsstrahlung and 7%-decay from hadronic
interactions. The common feature of all these mechanisms is that they require the
presence of a population of relativistic particles (electron or positrons in the first to
cases, protons or ions in the latter).[13-16]

Inverse compton scattering is expected to produce Gamma-rays with energies in
the range 1 — 100Mev; However those Gamma-rays with energies > 100Mev are
expected from 7m°-decay and Bremsstrahlung. The dominant contribution at energies
greater than 100Mev is expected to be from Gamma-rays produced in the decay of
neutral pions (7°) created in the collision of high energy protons and nuclei with
protons and nuclei of the interstellar gas.

In this thesis we only consider IC scattering since our main concern is the pro-

duction of Gamma-rays by IC scattering of lower frequency photons.



Chapter 3

COMPTON SCATTERING IN
STRONG MAGNETIC FIELDS
IN LABORATORY FRAME

3.1 Introduction

Since Herold’s study of the Compton scattering in strong magnetic fields in the elec-
tron rest frame(ERF), his expression of cross-section has been widely used in astro-
physical calculations. However, in actual calculations the cross-section in the labo-
ratory frame (LF) is required. The difficulty of obtaining a LF version of Herold’s
cross-section in the ERF is due to the fact that the QED processes in an external
magnetic are relativistic invariant only in the direction of the field and, therefore, no
exact relativistic transformations are available to recover the full expression of cross-
section in the LF from Herold,s expression. In this chapter, we aim at a derivation of

an exact LF version of Herold’s full expression of cross-section in the ERF [17].

21
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3.2 Cross-section in laboratory frame

Taking into account the fact that the ground Landau level is not degenerate due to
the spinor uy o(z1, k) = 0, the initial and final states of an electron-photon scattering

system can be represented by:

|f:ts) = co (pr. tr)ay, (ky,4)|0) (3.2.2)

where, ¢f = 3, is the electron creation operator, a; is the photon creation operator

and p;(y) denotes the incident(outgoing) electron momentum.We stress here that the
operators in these two expressions are Heisenberg ones, not the free ones, meaning

that interaction have been considered.

3.2.1 Derivation of the magnetic Feynman propagator

Consider the Dirac equation in the form,

(3.2.3)

in which e > 0 is assumed and the asymmetry gauge is taken,i.e.A(x) = (0, Bxy,0).The

solution of(3.2.3)with positive energy is:

+ (LL’, t) _ Nusm(xl?p)e[fiEn(pS)tJripzwszsxs} s=1,2 (3_24)

S,n

where FE,indicates the Landau energy of an electron and N is a normalization

constant.
En(p3) + m]l/?

E, = (m? 4 p? + 2neB)? N =
(p?’) ( P3 ) [ 2En(p3)

(3.2.5)
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The spinors uy ,(z1,p),uzn(x1, p) are given by:

L1 (21, p2)
(@1.9) ' (326
UL n\T1,P) = -4
En(;,oﬁfnfl(%ypz)
| Fntosym n(71:72) |
0
In(z1,p2)
u2,n(x17p) = —iv2neB (327)
En(p3)+m1”_1(551:p2)
| Bt Ln (%15 12) |
in which I,,(z1,p2) is the harmonic oscillator wave function,
I(x1,p2) = ()\\/ﬁan!)—1/26[—1/2(%1+Apz)2]Hn(% + Ap2) (3.2.8)
obeying the orthogonal condition
/dx1[n<xlap2)[m(x17p2> = Onm (3.2.9)
whereA™! = v/eB.The solution of (2.1.5) with negative energy is
¢£;L) (l’) — stm(xl’p>e[iEn(PS)t+iP2x2+ip3m3]S =1, 2 (3210)
with the spinors vy, (21, p) vo,, (21, p)given by
o An—1(71, p2)
—i\/2neBI T
vi (T, p) = | Pt (o22) (3.2.11)
I (71, p2)
0
én(iZiB;nIn—l(xpr)
L In X Y
Vo1, p) = | Frlretm (1.72) (3.2.12)

0
[n(x17p2)
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It is clear that the spinors us,(z1,p),vsn(x1,p),s=1,2 form a complete and or-
thogonalized basis in the four-dimensional vector space. Therefore the Dirac field

operators can be expanded as:

oo 2
1 . .
G@) =D Y 7 D leanpVuan(@r,p) + diu (b, van(an, p)ePo 00 (3.2.13)

n=0 s=1  p2,p3

00 2
1 . .
@) = D030 7 Sl o 0 (@1,0) + o, )0 (g, )

n=0 s=1 D2,D3

(3.2.14)

We know that the Feynman propagator of an electron is given by:

Sr(z,y) = —i(0|T%(2)d(y)]0) = —i(0 ()™ (y)7°|0), (3.2.15)

fort, > t,

= Sp(,y) = ~il0]3 D" 75 S Alean(p Dusnloa,p) + 475, n(p, Do, p)]

n=0 s=1 p2,p3

X [C:,n(p7 t)u;n<ylap) + ds,n(p? t)v:n<y17p>]} (3216>

w  etp2(w2—y2+ips(z3—ys) fyo | 0>

= Sp(ry) = 010D 75 S Hleanp: . D)L (0, it )]

n=0 s=1 p2,p3

+ [Cs,n(pa t)“s,n<xlap>ds,n(p7t)v;tn(ylap)]
+ [ds,n(p, ) vsn(x1, p)el, (0, t)ul, (1, p)] (3.2.17)

+ [dFs, n(p, ) vsn(1, p)dsn(p, )0 (y1, p)]} x eP2@2v2tipa(ea=ys),0|0)

From the commutation relations between the annihilation and destruction opera-

tors,we have

Cs.n(P1, t)c:fm(pg, t) + c;fm(pg, t)Csn (D, 1) = Os0nmOpy s (3.2.18)
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oo (p1, 1), (P2, 1) + ) (D2, ) 10 (D1, 1) = S0 O (3.2.19)
Therefore,
(Olcsn(Prs )¢ (P2, 1)|0) = SsrOnmOpips
and

<0|ds,n (pb t)d;tm (p27 t) |0> = 5sr(5nm6p1p27
from the properties of raising and lowering operators.

Using these two identities in(2.1.19), we will have

01Dy S (lewn(ps Bt 1, ) (0, Pt 0 )

SF(Q%?J) =
n=0 s=1 p2,P3
% 6¢P2($2—y2+ip3(r3—y3),yo|0>
(3.2.20)
= Sr(z,y) ZZ > tan(@y, p)ud, (yr, p)et? 2t 0(3.9.91)

n=0 s=1 p2,p3

—i | .
=712 Z Z{ul,n<x17p)“In(ybp)_'_uQ,n(-Tlap)u;n(ylvp)}e{ZPZ<x2_y2>+2p3(x3_y3)}70}

n=0 p2,p3
(3.2.22)
I 1 (71, p2)
(w1, Pt o (31 p) !
Uy n\T1, P uljn Y1, p = i
m[n 1(21, p2)
—iv2neB
| Bt In(T1:72) |
X [In—l(ylyp2) 0 Eﬂ(iﬁln—l(yhpﬂ i (?,Z)efm] (y1, p2)
[ 3 ivV2neB ]
In 1[n 1 0 En(;fmlnfllnfl En(p3)+mI 1[n
0 0 0 0
- g -~ (3.2.23)
En(p3)+mjn 1In 1 0 (En(p3)+m)2["_11”_1 ZpS(E (p3)+m)? In 1In 1
iV 2neB Iv2neB 2neB
B tminfn-1 0wy tae Indn- Enp) oz indn |




i} 0 ]
‘[ (5517]72)
Uon (T, P)us, (Y1,0) = | L o
En ﬁfn 1(1’17]72)
| moomm In(r1p2) |
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X 0 I(y1,p2) EZ é:ffmln 1(y1, p2) %In(ylypﬂ]
[0 0 0 0 ]
iv2neB —Dp.
_|Y Ity EnGpy)emintn-1 By ndn (3.2.24)
—iv2neB 2neB i 2neB o
0 Zls)emIn—1In GGy rmpz In-11n—1 (En<p3>+m>2ln—1]
—zp3\/2neB
0 Eanmiedn G nlt Egeme ndn
Summing (2.1.26)and (2.1.28),we will obtain:
i iv2neB T
L1 0 En(;;ﬁ[n—lln—l En(p3)+mln—1l
v 2neB
O InIn (g]ng%)g)m nin—1 —E (p3)+m[ ] (3225)
___p3 —1v2neB p3+ ne
En(pgf)—i-m[" 1[n 1 En(p3)+m["*1[” (En(p3)+m)2jn71]n71 ( , O)
iv/2neB —p p3+2neB
| En (p3)+m] In- En(p3§+mI”I” 0 (EnS(zos)er)2 I"[”_
We know that
E.(ps3) = (m2+p§+2neB)% = p2+2neB = E%(p3) —m? = (E,(p3) —m)(E,(ps3) +
m)

After inserting this relation into (2.1.29) and multiplying by ", the propagator

will have the form:

1‘1,341 p)
(w+i€)(E, +m)

F(z,y)

Y [

Pp2,P3

X e

[—iw(tz—ty)+ip2 (T2 —y2)+ips(r3—y3)]

(3.2.26)
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where,
(B, +m)L, 11, 0 Y S iv2neBl, 11, |
S (o0 0.p) = 0 (En(p3) +m) —iv/2neBI,I,_, psl I,
psln I, —iv2neBI, 11, —(E, —m)I,_1I,_, 0
iv2neBI, I, —psl, I, 0 —(En —m) 115
(3.2.27)

3.2.2 Calculation of the scattering amplitude

ZZZ

n=0 s=1  p2,p3

(0T co(py, ty)ib(ri, 1)]0) =

$1, )+dsn(pa ) (3517p)]e_mwfz—im:53 (3.2.28)

(Olco(py, ts)e(r1,1)[0), 1 — o0

(O’CO(pf’tf)W(Tla t)7°10)

ZZ S Oleo(pr )k, tut, (w1, p)2°10)

n=0 s=1  p2,p3

Ole (pf,tf)dsn(p,t) (@1, p)0]0)] x e panteems)

ZZ S 10leo(pys t )t (s Yty (w1, p)A0[0)] x e~ iP2e2tpszs)

n=0 s=1  p2,p3

! —i(p2x T
E ZKO’CO(pf;tf)CI(](p, t)U;0<$1,p)70|0>] X e (p2z2+p3x3)

p2 »P3

- Z (1, py)e P22 trers) (3.2.29)

p2 »P3

The incident (outgoing) electron momentum can be expressed as p;r) = (0, ai(s), Pi(s))

meaning the incident (outgoing) electron momentum along the direction of the mag-

netic field (taken as the Z direction) is p;s) and the center of the Landau orbit

is—)\Qai(f)

1 ) , . .
= (0|Tco(pf,tf) (7’1, )’0> — Edo(xbpf)e(—zEftf—zpfm—zafylﬂEftl) (3‘2'30)
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similarly,

1

(01T ax, (ky, tr) Au(ri, £)]0) = e“” (Ciwstytiogiiky.ri) (3.2.31)

7

but, ik = ikpry + ikpyy + ik,

ﬁ

where,k;, = kycosOy

<O|Ta“>\f(k:f7tf) MTl’ )|0> - 7 1 ()\f) ( 7;wftf—’—iwftl_’ik“facl'l_ik‘fyyl_’UCfCOSGfZl)
(3.2.32)
1 ) ) ) .
(0ITY(r3, t)eq (pi, t:)|0) = zuo(%,pi)G(ZE"t"*"pi”““m”Eit?) (3.2.33)
1 . o
(0ITaf (ki, t:) Au(77,4)|0) = —=—m=el M elitimivitatilir) (3.2.34)
\/— Cu

1 1 : . , . A
<O|T(l;: (k,“ tz)AuO:i) t) |O> _ = e(Ai)e(zwit,-—zwitz+zkmac2+zkiyy2+zki0050izg) (3235)

VV 2w

The scattering matrix can be generally expressed by:

Spi = lim  (0|T[co(py, tr)an, (ks ty)c (pi, ti)ay. (ki t:)]|0) (3.2.36)

tj——00,tf—00

Introducing the incoming interaction picture and making perturbation expansions,

one then obtains under the Born approximation:

t;——00,t §—00
X ’YH<O|T¢(5U1)@E($2)‘O>%

X [(01Tax, (kp, tr)Au(21)|0) (01T ay, (i, t:) Auany|0) (3.2.37)

St = lim 62/d4$1d4x2<O|TCO(pf7tf)&($1)|0>

+ (0[Tax, (ky,ty) Ay (22)|0)(0|Tag, (ki t) Ay (21)]0)]

X (0]T(22)cqy (piy t4)]0)



m e / a1 di 2 (0] Teo(pg, £7)1(21)]0)

t;——00,t f—00

0T () 6(2) 0},
(O[T ar, (k1) A, () [0) 01T, (ki) Ay )
(OIT(2)c (01, 1))

e [t 0T )l
0T 1) (2) 03,

(O[T, (ky. ) A ()]0 (01T, (ki ) Aua)10)]

(01T (x2)cg (i, 1:)0)

for this two expressions the respective feyman diagram will be as follows

Figure 3.1: feyman diagram

29
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i [ doidtay (e py)e B Bt

t;——00,t f—00

%<0|T¢($1)E($2) |0>%

1 1 . . . , )
[ eg\f)e(—zwftf-‘rzwftl —ikppx1—ikpyy1—ikypcosfyrz1)
\/E wa
L 1 €(>‘i)e(iwiti_iwitQ+ikix$2+ikiyy2+iki6089iz2)
VV AV 2w;
1 1 , . , .
61(/)‘f)e*l(u)ftf7u}ft2)72kf1227’Lk‘fyy272kf6089f22
\/5 wa
1 1 e()\i)ei(witifiwitl)+ikile+ikiyy1 +ik5i60891‘7;1]

1 A .
ZUO (3527 pi)el(Eiti_EitZ)+Z(piz2+aiy2) (3238)
lim ! /d4 dt ( )
= —eX x1d 1ot (T
t;——00,t f—00 LQV /4(")7, p 1 2Uo\ L1, Pf) T
dQO 551, 3327 )
X
Y- iz
X expliqo(ta — tl) + ZQy(yl — 292) +iq.(21 — 22)|
. . A
x {[expl—i(Est; — Epty) — i(ppzr + apy)len”
X exp|—i(wsty — wysty) — ik — ikpyyr — ik cosOpz]
X e,(/)‘i) expli(wit; — wity) + tkiyTo + ikiyys + ik; cos Hizgﬂ
. . A
+ [exp[—i(Esty — Esty) —i(pgz1 + af?h)]@r(/ &
X exp[—i(wsty —wyty) — tkpxo — ikypyys — iky cosfrzo]
X eft)\i) expli(wit; — wit1) + ikipxy + ikiyy1 + ik; cos 9221]} }
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(2m)° ¢’ 1 4, 74 -
= Spi= * —22/d x1d xg/dqouo(:cl,pf)
L2V 2wy = L —

x [é Sn(x1,2,q)
! (EZ + wi)Q — E%(qz) + i€

X éié(wf + Ef — qo)(5(qo — Wi — Ez)

X O(kiy + a; — qy)0(qy — Ky — ay)0(q — kg cos by — py)
Su(1, T2, q)

X O(k;cos; + pi — q.) exp(—ikx1 + tkipxe) + €
X €y0(wp — Ei+ qo)0(Ef — wi — qo)

X O(kiy —ap + qy)0(ai — kpy — qy)0(q. + ki cos 0; — py)
X 0(p; — kpcosOf — q.) exp(ikizx1 — ik ppx2)uo(z2, pi)

X lim  exp[—i(Ef +wyp)ty +i(E; —w;)ti]

ti——00,t f—00

after substituting all the expressions given from(2.1.33)t0(2.1.39) into(2.1.40),
whereey = e,(f‘f )q/u,él- = e,([\i)yﬂ.

The phase factor at the end of(2.1.42)can be ignored, since the cross-section~

|St4]?. The spinors g (z1, py),uo(z2, p;) can be expressed as:

_ Er4+m 1 _
(a1, pf) = | gEf 2 Io(a, ag )iy (py) (3.2.41)
E,+m_ 1
ug (w2,p1) = [~ o2, ai)u] (), (3.2.42)
where
“_f(pf):<0 10 Ef_{m) (3.2.43)

uf(pi):(o R ) (3.2.44)

(Ei —wr)® = ER(qz) + e
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E

(211)° 3 (Ef +m)(E; +m)

eXp Z
L2v gy 2 17 1E,E;

qy,9=

X /d4x1d4x2/dqolo(xl,af)ﬁf(pf)lo(x%ai)ui(pi)

~ Sn(x17$2’q) R
1(5 Er— ) —w; — Ei
< (Ei +wi)* — E3(q:) + i (wr + By = q0)0(go —w )

X O(kiy + ai — qy)0(ay — kpy — ay)d(qz — kycosfy —py)

X 0(k;cosO; + p; — q.) exp(—ikyx1 + thiys)

é Sn($1,$27Q)
‘ (El + wi)2 — Eﬁ(qz) + i€
X €rd(wr— Ei+qo)0(Ef —w; — qo)

X O(kiy —ay + qy)0(a; — ky — qy)0(q. + ki cos0; — py)

X 0(p; + kpcosby — q.) exp(ikizx1 — ikppx2)} (3.2.45)

Let I} = fd4x1d4x2 exp(—iksyx1)lo(z1, ar)Sn(z1, T2, q) exp(ikizxe)lo(z2, a;),and
= [ d*ax1d* sy exp(+ikipx1) Lo(x1, ap) Sy (@1, T2, q) exp(—ik o x2) (72, a;)
With the help of the integral:
[ deH (&) exp[—(€ — @)?] = VII(2a)" these two integrals yield values,
(A2kF ) (D
2nn!

1 1
X exp[i)\Q(afk‘fx + §k’ka'fy) - z)\Q(a,k:m + §k’wk’ly)], (3246)

)\2
L A, e:x;p[—z(ki2 sin® 0; + k7 sin® )]

where k" = kip £ ikiy and kf = kg, + ik, and A, is defined by

2n(qo +m) 0 —2ng. —2nk;
0 Nk k; —2nk} Nk
A — (g0 +m) "y LA (3.2.47)
2nq, —2nk; —2n(qop —m) 0

2nk}f —@ Nk Tk} 0 —(g0 — m)Nkfk;
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Similarly,
(AQk;k;)(n_l) Ny 2 .2
I, = Qn—n[B"eXp[_Z(ki sin” 0; + k7 sin” 0)]
1 1
x exp[—i\*(arki, — 5k:,;ggk;iy) + iX*(aik e + §k;fzk;fy)], (3.2.48)

with the matrix B,, given by

2n{go +m) 0 —2ng, 2nk;
0 +m)N2k kT oInkt kT kS
B, = (g0 +m) ki : Nk k; (3.2.49)
214 —2nk; —2n(qo —m) 0
k0 e
. ° exp(2 (E; +m)(Ef +m),1
sz LQV /4w Wy Z L2 (g AR, Ef ]2
Nk k) 32
% % exp|— - (k7 sin®6; + k7 sin” 6)]

{ us(pr)€rAnéiui(pi)
(Br + o) — B2(qu) + ic

1 1
X exp[z’)\2(afkfx + §k’ka’fy) — z)\Q(alk‘m + 5]{7196]{3@)]

X /dqm;((,df + Ef — q0)5(qo — W; — El)é(k?ly +a; — qy)

X 0(qy — kgy —as)o(q. — kycosty — py)o(k; cos; — p; — qz)

uf(py)éiBnerui(pi)
(B —wys)? — E2(q.) +ie

1 1
X exp[—i)\Q(afk;w — §kmk,y) + i)\Q(aik;fx + §kka‘fy)]

X /dQO5(Wf — Ei + qo0)0(Ef — wi — q0)d(kiy — ay + qy)

X 0(a; — kfy — qy)0(pi — kpcosOf — q.)0(q. + kicost; —ps)} (3.2.50)
But,

Z /dqoé(wf—i-Ef—qo)é(qO—wi—Ei)é(kiy—i-ai—qy)é(qy—kfy—af)é(qz—kf cos Oy —py)

Qy 7qz
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%0 (k; cos 0;—pi—q.) = 0(ws+Er—w;—E;)d(kiy+ai—ky—ayr)d(k; cos 0;+p,—kg cos 8 r—py)

Similarly,

Z dqod(wr—Ei+qo)0(Er—w;—qo)0 (kiy—as+qy,) X 6(a;—kpy—qy )0 (pi—kf cos 8 —q.)

qy 7(12

%0 (ki cos 0;+q.—py) = 0(ws+Er—w;—E;)6(kiy+a;i—kpy—ay)o(k; cos 0;+p;—ky cos Oy —py)

:>Sfi =

X

X

(211)° exp(2 i 1 (Ei+m)(Ef+m)
_ ]2
OL

LQV VAwwy AEE;

Nk k) =h 32
B ¥
{ b

(Ei +wi)? — EX(q:) + ie
1 1
eXp[Z'/\2(af]{3fgJ + §kfzkfy) — Z/\2(azkw + ékzzkzyﬂ

1%
(Ei —wp)® = Ef(gz) +ic

1 1
exp[—i/\Q(afkm — §l{fwk'ly) + i/\2(aik’fw + ékkafy)]}

(S(Wf + Ef —w; — EZ)(S(]{?W +a; — k’fy — af)

d(k;cos0; + p; — kpcosby — py), (3.2.51)

_ AN _ T . A
where Py = uy(ps)€rAnéiui(p;) andPy = uy(py)é;Bn€rui(pi), whereer = e,’v,

A
€ = eu“yu

These two scalar matrix products (i.e.PiandP;) for all combinations of 7, y2, 3

will have the form:

Pl = 27’1[

(qo + m)Psz

+ 2n|

(Ei +m)(Ef+m
Py

) + (QO - m)]e}re;

%

+ NEfE

+ Kk‘ze}i—ezz + k}_efzei_ + Qze}—ei_)

Ef+m  E;+m

(qo +m)P Py

P B
F(go—m) + =S BT g0 63.0.59)



35

(qo +m)P; Py
(E; +m)(Ef+m
Py P,
_|_
Efr+m  E;+m
(qo +m) PPy
(E; +m)(Ef +m)

P2 = 2n[

) + (QO - m)]eje‘;

— 2n|

](k‘fe;eiz + k;e;’efz + qzeje;)

P B
Qf+q

Nk kT
* ! i | Eir+m  E;+m

+ (g0 —m) +

e/.€3.2.53)
Evaluating expliX*(asky, + $kpakpy) — iN*(aikie + kiokiy)] and exp|—iX*(aski, —
%kmkzy) -+ i)\z(aikfx — %kkafy)]
at the value ay = k;y, + a; — kyy:
9 1 9 1
expliA“(afk s, + §kkafy) — i (aikip + §kmkw)]

1 1
= eXp[Z'A2<kJiykfx + aik:fx — k)kafy + Ekkafy) — Z/\2((lzkw + ikmkzy)]
1
2
1 1
= eXp(’L)\Q(kflyk'fJ;)) exp[z)\Q(—§k:fmk:fy — 5]{3“3]{?”/) + Z)\2(a7,]€fx — azkzw)]

1
= exp[z’)\Z(kiykfx + CLik'fx — ]i]ka’fy) — z)\z(azk’m + §]€2xl€1y)]

)2

. A .
= eXp<Z/\2(kiykfa:)) eXp[_T(kixkiy + kkafy) - 2)‘2ai<kiw - kfw)]
Similarly

1 1
exp[—z’)\Q(afk:m - Ek'mkfly) + 2)\2((1116]% - Ekka'fy)]

iz

= eXp(Z)\Z(kmk’fy)) eXp[—T(k:wkzy + k’ka’fy) — z)\Qal(k‘m - k’fx)]

and substituting it back into the original equation together with P, and P, the full

expression for the Sy; will be:

(2I)* exp(2) (Ei+ m)(Ey +m).1 Ny 2 i 2
Sf,b = L2V \/m 4E1Ef ]2 eXp[_Z(w’ Sin 97, + Wf S1n ef)]
)\2

X O(Ei+w; — Ef —wys)d(p; + kjcosB; —pr — kycosby)

X 5((1Z — kiy —Qf — kfy) (3254)
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where w; and wy are frequencies of the incident and scattered photons ,E; and
Ey represent the energies of the incident and scattered electrons, respectively,d;(6y)
denotes the angle between the incoming(outgoing)photon and the magnetic field. X

is given by the following expression as follows:

> 1 Nk kf X X
X = —_— ! " I\2 3
Z nl [( 9 ) exp(z)\ kzykfx)( (Ez + Wz‘)Q _ Ei2n+1 + (EZ + Wi)2 — EZQn)
n=0 ’ 7
)\2l€i_k+ . X’ X,
() exp(iNhinks, ) 1 + eyl

(Ei —wy)® — EF (B; —wy)? — B3,

n+1

in which k" = kig £ ikiy, kf = ko £ ikyy,

B}, =m?+ (pi + w; cos0;)* + 2neB (3.2.55)

E?, =m?+ (p; — wycosby)? + 2neB (3.2.56)
and X;, X;,i = 1,2,are given by

(E; +w; +m)p;(pi + w; cosl; —wy cosby)

o= (B, +m)(By +m)

+ (B; + w; —m)]e; e}

+ ( Di pi+WiCOSQi_WfCOSGf)
X [kfepe; + ki ene; — (pi+wicosbi)ese;] (3.2.57)
x [(Ei+wi+m)pi(pi+wicosﬁi — wycosby)
2 pu—

(Ei +m)(Ef +m)
Di +pi+wiCOSQi—waOS(9f>
EZ’ +m Ef +m
X (pi +wicosty) + (E; +w; —m)]esze. (3.2.58)

+



37

(E; —wyp +m)p;i(p; + wj cos6; —wycosby)

Xy = + (E; —w; —m)]eSe;
1 [ (El—l—m)(Eijm) ( f )] i f
FR Di pi+wicosﬁi—wfcos9f)
Ei +m Ef +m
< [kfenes +kyepet + (o — wycosy)eier] (32.59)
/ (E; — wy 4+ m)p;i(pi + w; cosb; — wy cos Oy)
Xy = + (B —wp—m
> = | (Ei + m)(E; +m) (Bi =y =m)
Di pi—FwiCOSei—WfCOSQf
+ (Eﬂrm B +m )(pi — wycosby)lesep. )

where e; and e; are polarizations of the incident and scattered photons and e =
eir £ ieiy,ejf = ey, £ Fies,. The conservation of energy and momentum along the z
direction,i.e.

E; = E; +w; —wy and py + kycosOp = p; + k;cos6; ,Jeads to

1
Wi = ooy {E; — p;cos 0 + wi(1 — cosB;cos ;) — [(E; — p; cosb;)?
sm” Uy

+ 2w;(E;cosfp — p;)(cos By — cos ;) + w?(cos Oy — cos 91-)2]%} (3.2.61)

QI ¢ (Bam)(Eptm), X, |
1Sul* = LAV? dor; 4EiE; ] exp[—;(wi2 sin® 0; + w} sin® 0]

X exp[—zQ)\Zal(km — k’fz) — Z)\Q(k?nk’zy + kfzkfy)]|X|2

X (B 4+w; — Er —wp)6*(p; + kicos; —pr — kycosf
f f f f f

x  6%(a;— ki —ay — kyy) (3.2.62)

In the expressions for X;,X;,X,,and X,putting p; + w; cos 6; — wyrcosby = pp,we get

the following.

X; = {[A — B(p; + w; cos Qi)e}Lei— + B(k;}'efzei_ + k;i_ez-ze;f)}(Ef +m) Y E; +m),
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Xo ={[A+ B(pi + wicosb;)es.e;. HEs + m) N E; +m)7t,
Xi = {[A/—B(pi—wf cosé’f)]e;e;r—B(k]?efze;r+ki+eize]7)}(Ef+m)’1(Ei+m)71and
Xé = {[Al + B(p; —wycosby)ler.ei. }(Er + m)’l(Ei + m)’1

In the above two expressions the coefficients A, A", B are defined by

A= (E;+w, +m)pips + (E; +w; —m)(E; + m)(Ef +m) (3.2.63)
A = (E; — wy +m)pips + (B — wp — m)(E; +m)(Ef + m) (3.2.64)
B = pi(Ef +m) + ps(E; + m) (3.2.65)
respectively.

Substituting these results back into the expression for X:

< NER
X = Z ] I 5 ! )" exp(iN?kiyk sz)
n=0
([A — B(pi +wicosty)lere; + B(kjep.e; + ki eief)(Ep+m) ' (E; +m)™!
(EZ -+ wi)2 — Ei%n-i-l
A+ B(p; + wicost)epei.(Ey +m)(E; + m)*l)
(Bi +wi)? = E7,

X

)\2kjk; N 9
5 )" exp(iX“kizkyy)
y ([A' — B(pi —wycosty)lesef — B(kyep.ef + ki eier)(Ep +m) (B +m)~"
(B —wyp)? — E]%,m-l
[A" + B(p; — wycosOp)|es.ei.(Ey +m) " (E; +m)~!
(B —wy)? — Ej%,n )}

+

(3.2.66)
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o0 . 0 . 9
Z l wzwf S111 U5 S1n f —i(¢; ¢>f)) z)\lewf sin 0; sin 05 cos ¢ 5 sin ¢;
n! 2

y ([A— B(pi +wicosby)leje; + B(kjep.e; + ki ei.ef)(Ep +m) (B +m)~!

(EZ + wl) E12n+1
N [A+ B(p; + w; cos ei)]efzeiz(Ef +m) Y E;+m)” 1)
+ ()\ wiWys Slne Slnef i(pi qbf))”ei)\QwiwfSineisinefsinqﬁfcosqﬁi
2

([A' — B(pi —wycosty)lesef — B(kyep.ef + ki eier)(Ep+m) (B +m)~"
X

(E’l - wf)z - E]%n—i—l
[A" + B(p; — wycosOp)|es.ei.(Ep +m)~ (B + m)*l)]

+
(El - wf)Q - E]%,n

(3.2.67)

Letting

1 )\ w;wy sin 6; Slnﬁf B
Y — 4 i(¢i— ¢f)
! ; n‘< 2
y [[A — B(pi +wicosty)lese; + B(kjer.e; + ki eief)
(Ez + wi)Q — Ei2,n+1
[A+ B(p; + w; cos Gi)]efzeiz]
(EZ + wl-)2 - Ez2,n

)" exp(iX*wiwy sin 6; sin 0 cos ¢ sin ¢;)

1, Nw; 0; sin 0 n . . . .
Y, = Z ( wiwr sin f; sin f il ¢f)) exp(i\2w;wy sin 6; sin 0 sin ¢ cos ¢;)

— n! 2
y [[A/ — B(p; — wy cos Qf)]e;ef — BQ(k:]?efze;|r + k;reize;)
(EZ - Wf)Q - Ef,n—i—l

+

[A/ + B(p; — wy cos Hf)]efzeiz}
(EZ - wf)z - E/%,n

=Y =Y1+Ys) = X(Ef+m)(E; +m)

_ Y
= X = (Er+m)(Eitm)

Y2 :
Substituting | X |* = W in [Syl?
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(20 et (E;4+m)(Ef+m) N, :
|Sfl|2 - LAY2 40)2'0&)]” [ 4EZE; ] exp[—?(w? SlIl2 92 + w]% Sll’l2 Qf)]

Y
(By & m)2(Er + m)?
x 0B +w; — Ep —wyp)8*(pi + ki cos 0; — py — kg cos ;)

X exp[—22)\2az(k:m — kfx) — Z/\Q(k?wk’w —+ k’kafy)]

X 62(ai — kiy —af — k?fy) (3268)

3 3
Taking the final states of the scattered photon and electron to be %and% and
Vddw,  VwldQy
(2m3 — T (2m)3

and also using e* = 161I?m?r3

‘SfiP (2H>6 16H2m2r8 1 A2 2 . 9 2 . 9
T A2 ey [4E,-Ef] eXP[—?(wi sin® 0; + wy sin” 0]
X exp|—i2X\°a;(kiy — kpo) — iN* (Kigkiy + kpokpy)]
Y|? T L1
i —————0%(a; — kiy — ay — k) (3.2.69)

(Ef +m)(E; +m) 2I1 21T
where we have used
52(Ez —1—wz~ — Ef — wf) = %5(Ez —|— Wi — Ef — wf) = %,
62(pi + kicost; — py — kycosfy) = %6(@ + k;cos0; —py — kycosby) = % Note
the above expression reduces because, from conservation of energy and conservation

of momentum along z-axis the term inside the delta function is zero.

Dividing this result by the relative incident flux density, W:
|Syil? VE (2ID)° m*rg . 1 A 2 o2
T (E; - p;costy) TV Ty By, OPLm 5 (Wi sin - wpsin” 6
x  exp|—i2X\°a;(kiy — kfo) — iN (kigkiy + kpaksy)]
[Y'|? V E;
X

(Ey +m)(E; +m) (E; — p; cos 0;)
X 52(0,1' — kiy —af — k’fy) (3270)
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Summing over the final states of the scattered photon and electron:

2
do = (2‘/H2) Z}z:’; [;f] Xp[—%(w sin” 6; + w7 sin® 0 )]
x  exp[—i2X\%a;(kiy — kpo) — iN (Kigkiy + kpokpy)]
y Y[? L VwjdQy V',
(Ef+m)(E; +m) (E; — p;cosb;) (2I1)3 (2I1)3
x  6%(a; — kiy —ay — kyy) (3.2.71)
do - riwr m”
dSdy 4 w; (Ef +m)(E; +m)(E; — p;cosb;

2
X exp[—)\g(w.2 sin® 0; + wi sin® 0;)][Y]?

X 52((11' — kiy —af — k:fy)d3pf} (3272)

But,

1
[Ef — (pi + wi cosb; — wy cosBy) cos Gf]

{— exp|—i2X\%a; (kix — k) — iN*(kickiy + krakpy)]

X 52(6% — kiy —ap — kp)d’py}

Therefore,
do rjwy m?
dQ; 4w (E-+m)(Ef+m)
0; + 20,)]|Y |2
y exp[=5- (w2 sin? w7 sin® 0y)]|Y'| (327

(E; — picos 91)[Ef — (p; + w; cosB; — wy cos by) cos by]

in which ryis the classical electron radius
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The above result is performed by letting:
k; = w;(sin 0; cos ¢;, sin 0; sin ¢;, cos 0;), and k; = wy(sin by cos ¢y, sin by sin gy, cos by)
Therefore,
A2 A2

(7]9;/‘??)” = [Ewin sin 0, sin efe*i(¢i*¢f)]n

and

A2 22 '
(GH k)" = [Grwiwy sinf sin e @]

using k; ky = (kiz — ikiy) (kg + ikpy)

3.2.3 Cross-section in the Electron rest frame

In the ERF p; = 0,(3.2.74) is reduced to Herold’s expression,as expected. To simplify
calculations,we choose the coordinate system with ¢; = 0.Denoting ¢; = ¢, from
above section we have

k;, = w; (sin B; cos ¢;, sin O; sin ¢;, cos 0;), and k; = wy(sin by cos ¢y, sin by sin gy, cos by)

which will reduce to

ki = w;(sinb;,0,cos6;), ky = wy(sinf cos ¢, sin O sin ¢, cos ¢) (3.2.74)

Taking into account the fact that photons have only two transversal polarizations,

the polarizations of incident and scattered photons can be chosen as

61(1) = (_ Cos 02'7 Oa sin 01)7 61(-2) = (07 _17 0) (3275)
6;1) = (—cosfcos ¢, — cos O sin ¢, sin by); 6;2) = (sin ¢, —cos ¢, 0). (3.2.76)
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The above choice is not unique but is convenient for calculations.Now we define

reduced quantities

A; = E;Af - E;AO == (3.2.77)

wherewy = % is the cyclotron frequency.We denote the reduced Doppler frequen-
cies by
Ay =71 = Fcost)A;; A =v(1 — Beosby)Ay (3.2.78)

Averaging over the polarizations of incident photons and summing over those of scat-
tered photons, the total differential cross section will be:

dU ]_ Z T(%Wf m2 e—T/\Q(wg sin? 97;-"-(4}? sin? Gf)‘Y‘Z
o @ dw; E;i+m (Ef+m)(E; — Pycos0;)[Ef — (P, 4+ w; cos 0; — wg cosb) cos O]
i 9€f € €y

;"3
(3.2.79)
where Y =Y, + Y,

Note that:w; = Aym,w; = Aym and E;+m = m(£ +1) = m(y+1)and in similar
wayEr+m=Ei+w —wp+m=m(Z4+% -2 41 =m(l+y+A; —Ay) and
w? = AIm? = Nw? = N2A?m? = B2 A? Similarly:

Nwi = NAIm? = %A? and E; — P,cost; = E;(1 — % cosf; = E;(1 — Bcosh;) =

my(1 — Bcosb;)

E; — (P; + wicosb; — wy cosby) cos B = Ey — P;cos 0y + w; cos ; cos 0y + wy cos 67
(3.2.80)

Using the usual trigonometric relationcos®§; = 1 — sin*6;and E; = E; — w; — wy
E; —w; —wy — Pycos b + w;costcos by + wy cos? 0 (3.2.81)

E; +w;(1 — cosB;cosby) — Picos by + wf((3082 6y —1) (3.2.82)
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E; — P,cos0; + wi(1 — cosB; cos ;) — wysin® b (3.2.83)

This gives = E;(1 — Bcosf;) + mA;(1 — cosb; cos ) — mAsin® 0
and this will reduce to:m[y(1 — Bcosf;) + A;(1 — cosb; cos ;) — Ay sin® 6]

Using all this back in the expression(ﬁz—"fgives

do B 1 Z T% Af 672%6 (A?P sin? 0+ A2 sin? 6;) Y’Q

L1 D @ (@)
i 0 f i 0 f
1
[v(1 — Bcostf) + A;(1 — cos;cos ) — A sin® 0]

(3.2.84)

WhereA;, = (1 — S cosb;)A; Now

do 7“(2] Af e_z—gc (A? sin? @+ Delta? sin? 0;)
22 - D X
dQdy 8 Ap(1+7)(1+v+A;—Ap) " [y(1—Bcosby) + Ai(1 —cosb;cosby) — Aysin® 6]

Y2
< > B

67gl) ’egcl) 7652) ’8;2)

Y|? . .
> mm @ @ % whereY =Y; 4+ Y5 is given by:
e; €5 e ey m

1 ] 1 ] 1 ] 1 .
ﬁW(ll — 1))+ ﬁW(U —2f))* + W|Y(21 — 1))+ le(% —2f)?

Where X; — Ap, Nipy = Ligp), 2i(pyrepresents the scattering from the polarization

Y (L = 1) =Yi(l = 17) + Ya(1li — 1f)]
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¢; = 0,07 = ¢ and

Nwwysinb;sinf; B,
2 - 2B

AZAJC sin 91 sin 9f = f

and e—i(d)i—d)f) — ei¢ and e[i)\2wiwf sin @; sin 65 cos ¢ ¢ sin ¢p;] _ el =1

1 1
(B +wi)? = E}, 4 CE? +w? + 2Bw; — m? — P? — w?cos? 0; — 2Pw; cos0; — 2(n + 1)eB’
(3.2.85)
using E7, ., = m? + (P, + wicos6;)*> + 2(n + 1)eB
! (3.2.86)
E? + 2F;w; — m? — P? — 2Pw; cosf; — 2(n + 1)eB + w? sin® o
_ ! (3.2.87)
~ 2Fw; — 2Pw; cosb; — 2neB + w? sin? 6; o
— ! (3.2.88)
©2mymA; — 2myBmA; cos B; — 2nm2 A + m2A? sin? 6 o
1
= 3.2.89
m2[2(A;. — nlg) + A?sin? 6] ( )
1
Similarly in Y5 :
1 1
_ (3.2.91)

(Bi —wp)? = B3, m2[2(Ag + nlg) — A sin® 0]

)\Qwiwf sin 0; sin 0 ¢

- #Sf,n—i-l and —_— = QB—éAiAf sin@; sin 0y = £ and

ei(qﬁi—qﬁf) — e—i¢’e[ik2wiwf sin6; sin @ sin ¢ ¢ cos ;] _ ei%AiAf sinf; sinfysing _ eiZfsin(b — ein

where 1 = 2£ sin ¢
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Therefore, Y = Y; + Y5 will be:

- L — 1,1
Y| = [A— B(Pi+wicosb)eje; + B(Kfep.e; + K[ eicf) ng — Simi1e™®
n=0
+ [A+ B(P, + wj;cosb;) efzezzzj ﬁ ne'™?
n=0

_ _ . 1 n 1 —ino+i
+ [(A' = B(P —wycosby))esef — B(Kyep.ef + K eper)] Z mﬁ ﬁSf,nHe ¢+in
n=0

o0

1 1

+ [(A"+ B(P, — wyscosby))es.e, Z—' p— Sy e et (3.2.92)

n=0
To calculate |Y(1; — 1¢)|, we use the polarization components: el(-l) = (cosb;,0,sin6;)
, €5’ = (—cosfycos @, — cosfysin ¢, sinfy) and
K; = w;(sin6;,0,cos6;), Kf = ws(sinfr cos ¢, sin 6 sin ¢, cos ¢)
Therefore:

—_ + . . . . . .
€re; = €fpCiz T €fyCiy — 1€py€ig + 1€f1€5 = COS ¢; cos 0y cos ¢ — 1 cosb; cos Oy sin ¢

e;{e; = cos 0; cos 05 cos ¢ + i cos 0; cos O sin ¢

K}refzei_ + Ki_eize;[ = (Kfmem + Kfyeiy + inyeim — inmeiy)efZ

+  (Kiers + Kiyepy +iKizep, —iKyep)e, (3.2.93)
K;{efzei_ + Ki_eize;f = (—wyssinfycos ¢ cosb; — iwssin by sin ¢ cos ;) sin O ¢
+ (—w;sinb; cos ¢ cos Oy — tw; sin §; sin ¢ cos O¢) sin

ef.€i, = sinf;sin Oy
and
Kf’efzef + K;reize; = (—wysinf cos ¢ cosb; + iwysin Oy sin ¢ cos 0;) sin

+ (—w;sinb; cos ¢ cos by + iw; sin ; sin ¢ cos ) sin b
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The first term in the square bracket of (3.2.92),

[A = B(P; +wicos)|efe; + B(Kfep.e; + K[ ei.ef)

= [(Bi+wi+m)FPr+ (Ei +wi —m)(E; + m)(Ey + m)]
— (P(E; +m) + P(E; +m))(P; + w; cos b;)][cos b; cos 7 cos ¢ + i cos §; cos 0 sin ¢
+ [Pi(E;+m) + Pi(E; +m)|[—w; sin® §; cos ¢ cos O; — iw; sin® O sin ¢ cos §;

—  w; sin?#6; cos ¢ cos 0 — iw; sin? ; sin ¢ cos 0] (3.2.94)

= ml([(By(L+7 + A)(By + Aicost; — Apcosty) + (v = 1+ Ap)(L+7)(1+ A = Ay))
— By +v4+ A= Ap) 4+ (By+ Ajcosb; — ApcosOr) (1 + 7)) (By + A cosb;)] cos by
— By +v+ A = Ap) + (By+ Ascosb; — Ajcos ;) (1 +7)Aysin® ;) cos b,

— (By(A+ v+ Ay — Ap) + (By+ Ascost; — Ajcos ) (1 + v)A; sin? §;) cos 0] (3.2.95)

The second square bracket, [(A + B(P; + w; cos6;))ef.e;.)]

= [(Bi twi+ m)P Py + (B +w; — m)(E; +m)(Ef +m)]

+ [(Pi(Ef 4+ m)+ Pr(E; +m))(P; + w; cos 0;)(sin 6; sin 66;)]

= m3[a+ b(By + A; cos6;)] sinb; sin by

The third square bracket, [(A’ — B(P; —wy cosf))esef — B(Kjep.e; + K ei.ef)]

= (B —wy +m)PPy + (E; — wp —m)(E; +m)(Ef +m)]
— (Bi(E;+m)+ Pr(E; +m))(P; — wy cos Bf)(cos b; cos O cos ¢ — i cos b; cos O sin ¢)
— (P(Ef +m) + Pr(E; +m))(—wy sin® 0 cos ¢ cos 0; + iw; sin® 0 sin ¢ cos 6;

—  w;sin® 6; cos ¢ cos Oy + iw; sin® 6; sin ¢ cos 0] (3.2.96)
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= e mP[[(By(1+7 = Ap)(By + Ajcos§; — Agcosly) + (v = 1= Ap)(L+7)(1+ A — Ay))
— (By(A+ v+ Ay — Ap) + (By+ Ajcost; — Aycos ) (14 7))(8y — Afsin ;)] Afsin® §; cos 6,

+ Byl +v+ Ay — Ap) + (By + Ajcosb; — Ay cos ;) (1 + ) A sin® 6; cos 6)] (3.2.97)
and the fourth square bracket can be solved as:

[(A"+ B(P; —wycosby))epzei] = [[(Ei —wp+m)PPy+ (B —wyp — m)(E; +m)(Ey + m)]

+ (Pi(Ef+m) + Pr(E; +m))(F; — wycos ;)] sinf; sin by

=m3[a’ + b(By — Ay cosfy)]sinb; sin b

Thus substituting this back in to |Y|gives Y (1i — 1f) thus:
- 1 n i(n+1)¢
Y(1, = 1) = m[(A_cosOf — By)cosb; — By cosby] E —'§ Sint1€
n!
n=0

—m [(A_ cosff + By) cosb; + By cos 0] E —‘Sﬁnﬂeﬂ[("ﬂ)qs_”ﬂ
n!
n=0

o e¢]
Z 1 - 1 ,
n=0 """ n=0

Where Ay = a+b(By+AA; cosb;, A, = a'+b(By—Afcosby), By = bA;sin® ;& By =
bAz SiIl2 91

in which
a=P0v1+v+A)(By+A;cos0; —Apcostp) + (v —14+2)(1+v)(1+v+ A —Ay)

a = 0y(1+v—Ap)(By+Aicos0; —Apcostp)+ (v —14+Ap)(1+7)(1+v+A; —Ay)

b=0y(14+~v+A; —Ap)(By+ Aicosb; — Aycosty)(1+7)
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which can be written again as:

Y(li - 1f) = mbD Z EfnSi,nHez(nH)d}
n=0

1 .
R DTS

n=0
+m  sinf;sin6;[A iifnS- e
i VRS — n in

= 1 n —i(np—
— A;ng Sy pe i) (3.2.98)
n=0

Following similar procedures for Y (1, — 2;),Y(2; — 17)andY (2; — 2;), that is using

the respective polarization components:

= 1 ,
Y(1;, = 2f) = im(A_cosb; — Bs) E _'C”Si7n+161(n+1)¢
n!
n=0

, =1 . ‘
+ im[A_cosb; + By Z —'C”Sfynﬂe”("*l)‘ﬁ*m (3.2.99)
n!

n=0

— 1 .
Y(2, = 15) = —mi(A_cosb; — By) E 7(”5i7n+162(n+1)¢
n!

n=0

: =1 . .
+ —mi[A cosf; + Bi] ) ﬁcnsf,nﬂe*’(”“)‘ﬁ*m (3.2.100)
n=0

Y(2i—25) = mA- Z Egnsi,n—klez(n—’—l)d)
n=0 "

R n —i(n i
= mALY (e I (3.2.101)
n=0



For n = 0:

Y/(QZ — 2f)

Y|?
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lesmeM’ — mDQvale*i(d’*”) + msin 92 sin (gf [AfS,L’O — A}Sﬂoem]
m(A_ cos; — By)S; e +im(A" cos; + By)Sye "
—im(A_cosO — By)S; e — im(A" cosf + By)Sy e "¢

mA_S; e —mA Sy e (3.2.102)

{D;S?,e*? + D357 e 2i0=n) 4 gin? 0, sin® 0
[A+Si,0 - A;Sf,oem]z
2(D15i716i¢ — DQSfjle_i(‘b—”)) sin Qz sin Hf
[AyS;0— A'LSpoe™
2D1DQSZ 16 S 2(¢ ) } + ’ + (A COS@ — BQ) 52162 ¢
A’ cosb; + By)?S% e %@ L 2((A_cosb; — By
71
(A" cosb; + BQ)SLle,lei‘z’e"(‘z”")) ]

| + (A_cosf; — By)*S?

7,

€% — (AL cos by + B1)*S3, e~ 2Uo=m)
2(A_coslf — By) (A cos; + By)S;1Sp1e e

| A28 €% + A2ST 1e72 07 — 24 A' ;1€ Sy e (3.2.103)



ol

taking the magnitude of leads to:
Y

m2

= [D} + (A_cost; — By)* + (A_cos by — By)* + A2]S},e*?

+ (D3 + (A_cost; + By)*(ALcos by + By)* + A?] S} e 2@

+ sin?6;sin®0;[A; Sip — A, Syoe?

+ 2[(A_cosb; — By)(A” cosb; + By) + (A_cos; — By)(A” cosf; + By)

— DyD5 — A_Ai]ewe_i(qﬁ_”)Si,leg

+ 2(DySi1e™ — DySp1e @ sin 0, sin 0[A, S; o — A, Spoe™  (3.2.104)

Y

> = C1521672l¢+0252 2U@=n) gin? 6, sin Qf
m

X [AYS)+ ATS7 0¥ —2AL Al S 0S0€"]

+ 2[(A_cosb;) (A" cosb; + By)

+ (A_cosf; — By)(A. cosf; — By)

— DDy — A_AJe®e7 9GS,

+ 2(DyA1S;i 18506 — DyA LSS e 0T

+ D1ALSi1Si06" + Dy Al Sf1Ssoe 07 (3.2.105)

Now integrating over ¢ the above equation gives the following:

e

m2

= 154 / e*?d¢ + Cy57 | / e 207 4 sin® 0, sin® 0,[A2 S7, + AZST, / e*"dg

— 2AL A S;0S50 / e"de] + 2[(A_ cos0; — By) (A" cosO; + By) + (A_cosf; — By)

X (Al_ COS 9f + Bl) — D1D2 - A_A/_]SiJSfJ / €i¢€_i(¢_n)d¢ - 2(D1A/+SZ‘713]070 / €i(¢+n)d¢
+ DyA,SioSsa / e~ @) sin @, sin 07 + 2(D1A;.S;1S:0 / e"dp + DaA' St1Sk0 / e~Ho=m)

Since [ €?¢dp = [e 2@ Mdp = [e* =27 and [ = 27rJ0(§):27r% fo% d¢ cosn =
2 %f dg cos(—Esin) [ e®e @M dp = 2m Jo(—£)
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Let @ = [(A_cosb; — By)(A" cosb; + By) + (A_cosb; — By)(A”cosb; + By) —
DDy — A_A"]

Y 2
|7n—|2 = 27T0152~271 + 27'(025]%71 + Sin2 91 Sil’l2 9f [27?143_52270 — 2A+A;Si7osf7027ﬂ]0(f)
+ 2A+A/+SZ'7()SJC’027T - 2A+A/+SZ'7()SJC’02H]
= 2[QS;15512mJ2(8)]
— 2[D1A;5i313f702ﬂ'¢]1(—5) + DQAI_i_SZ"OSf7127TJ1(—£)] sin 61 sin Hf
+ 2[D1A+S¢}1S@027T —+ DQA;Sf715f7027T] (32106)
’YP 2 2 ) ) I 2 /
27rm2 = ClSiJ + CQSf,l + Sin 9z S1n 9f[(A+Si7O — A-I—vao) + 2A+A+Si708f70(1 — Jo(f))]

—+ 2@3@15}’1:]2(&) — 2[D1A/_~_Si’15f,0 -+ D2A+Si’05f’1] sin 01 sin Hle(—f)

+ 2[D1A+S@1SZ'70 + DgAﬁrSf,le,o] (32107)
SinSio and Sf157, can be neglected since both are S; S, terms
= 0182271 + 028;71 + [(A—I—Si,o - A;Sﬁo)Q + 2(1 - Jo(f))A_i_Al_,'_SL()Sf,Q](SiH 0, sin Qf)Q
+ 2(@):]2(6)5'1’15]071 — 2[D1A;Si718f70 + DQAJFSZ"()Sf’l] sin 91 sin 0fJ1<—€) (32108)

Now substituting back the value of ) we will get

Y|P
27m?2

01522,1 + CQSJ%J -+ I:(AJ’»S’L"O — A;Sf,0)2 -+ 2(1 — Jo(f))AJrA/JrSi’OSf’Q](SiH 91 sin 0f)2
+ 2(&)Ja([(A= cosb; — By) (A~ cosb; + Bs) + (A_cosb; — By)(A” cosb; + By)

— D1D2 — A,A/_])SZ'JSﬁl — 2[D1A/+Si715f70 + D2A+S7:705f71:| sin 91 sin Qle(—g)

D, = (A_cosff — By)cost; — Bycosty

= 4A,cos0;cosly
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C, = Di+ (A_cost; — By)* + (A_cosf; — By)* + A%
= D? 4 (4A;cos 6;)* 4 (44 cos Hf)2 + (447,)?

= (4A;cos0;cos0;) + (44 cos6;)? + (4A; cos 0;)* + (4A,;)?

D, = (AI_COSQf‘f—Bl)COSQZ‘—I—BQCOSQf

= —4A;cosb;cosl;

Cy = D2+ (A cosb + By)*+ (A cos; + By)? + A

= (—4A;cos0;cos0;)® + (—4A; cos 0;)* + (—4A; cos ;) + (—4A;)?
The differential crossection given in Eq.(3.2.79) is reduced to
do = o(A;,0;,7,0f)sin6rdby, (3.2.109)

where

7TT2 A
0'( 1,91,")/,6‘]0) 4 Aw<f)/—|—1)(1+")/+Al_Af)

—B A2 o2
eEAfsm efY’r

X (3.2.110
(1 — Beosby) + A;(1 — cosb; cos ;) — A2 sin® 0 )
! f f f
Let us denote Y, for 2'3;52 ,then

Y, = C18} + 0287, + [(A1Si0 — A, Sp0)|*(sin6; sin ;)

+ [2(1 - J0<C))A+A/_~_Si7osf7g] (sin 91 sin 0f)2

Under Thomson limit (Ay = A; < 1) it is easy to see that Jy(¢) = 1, A_ = —A" =
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4A;, By = By = 0 and A, = — A’ ~ 4A,.Up on using this we proceed as follows

Y, = C1S? +CoS7, + [(AySip — AL Spo))*(sinf; sin ;)

= [(4Az COS Qz COSQf) + (4Az COS 02) + <4Az COS ef) + (4A2) ](Q(Az _ AO))

+ [(—4A;cos8;cos ;) + (—4A; cos ;) + (—4A; cos05)* + <_4Ai)2](—2(Ai i Ao) )?
1 1 2 . . 2
+ [(4Az)(2_Ai) ( 4Az)(2—Ai) (sinf; sinfy)

1 1
(A — Ap)? " (A; + AO)Q]

= 4A?[cos® 0; cos® O + cos® O; + cos® O + 1][

+ 16sin®6; sin® 0,

2 2
B B (Bt Ay 108 O™y
A? A2

A, —ZAO)Z &t Ay

= 4[cos® O(cos® 0; + 1) + 1(cos® 6; + 1)][

= 16sin®6;sin® 0y + 4(1 + cos® 6;)(1 + cos® 0;)|

=B A2sin? ¢
Af e2B:~f f
Ap(y+ 1)1 +v+ A — Ay) 8 [y(1 = Beosby) + Ai(1 — cos b cos ;) — A% sin® 0y

in Eq.(3.2.110) is § under this limit, hence

)
Y,
U<A1701?9f) = %Z
) : :
_ L2 e 2 29 2 A =
= g (16sin”6;sin” 0y + 4(1 + cos”0;)(1 + cos GJC)[(AI'—Ao)2 i (A1+Ao)2]}
c(An60) 1 ) ) A2 A2
B = sin® 6; sin 9f+4—1(1+C05 0;)(1 + cos ef)[(Ai—A0)2 * (A¢+A0)2]’

which is just Herold’s nonrelativistic result[18].



Chapter 4

Gamma Ray Production Through

Inverse Compton Scattering

4.1 Introduction

Inverse compton scattering has attracted more and more attention and a great deal of
work has been done on this subject (Daugherty & Harding 1989;Dermer 1990;Zhang
& Qiao 1997;Harding & Muslimov 1998).Daugherty & Harding (1989) studied the
gamma ray generation by Monte Carlo simulation based on Herold’s crossection
(Herold 1979) of magnetic compton scatering in the electron rest frame(ERF).

In this chapter we will give analytical study of Gamma-ray production resulted
from scattering of lower frequency photon (soft x-ray) by a beam of relativistic elec-
tron on the surface of an accreted neutron star based on our calculated crossection in
chapter 3 Where we have derived the lab frame version of Herold’s crossection in the

electron rest frame(ERF).Where we calculate the spectrum function of gamma-ray.

25
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4.2 Calculation Of Spectrum Function Of Gamma-
ray

In the following we use the simplified crossection to calculate the spectrum function of
the magnetic inverse compton scattering. Consider the scattering by a monochromatic

(v) electron beam. The density of scattered photons per unit time is

dN(v)
dt

:ne/SiHQidGi/sinefde/n(Ai)dAi(l — Bcosb;)a(A;,0;,7,0f)f(cosb;)
(4.2.1)

Where n, is the density of the electron beam and f(cos6;) an anisotropic factor
for the incident photons. If the incident photons are isotropic, then f(cos#;) = 1.
Taking in to account energy conservation and the condition A; < 1, it is easy to

drive

(1 — Beosby) + Ai(1 — cosb; cos ;) — Af sin® gfdA
f

infpdfy = —
S Trdvs Agp(y — Agcosby)

(4.2.2)

with substitution of this variable transformation in £q.(4.1.1), the spectrum of power
density per unit scattered photon energy of a low frequency photon gas scattered by

the monochromatic electron beam can be derived: Since

dN(g;Af) = ne/smﬁzd@/smﬁfd@f/n(AZ)dAz(l—ﬁcOSQz)

X 0(A;,0;,7,0f)f(cosb;)

Now we will substitute sinf;df given in equation Eq.(4.1.2) and o(A;,6;,7,6)in
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equationFq.(3.2.110)in the above equation we will get the following;:

dN(v,Af) i /Sine.de'/[’7(1—ﬁCOSQf—f—Ai(l—COSQZ'COSQf) —AfsinQQf)]
dt - ¢ e Af(’y— Af COS@f)
2
NIAL (1 — £ Ay
X dAy /n(AZ)dAZ(l B cosb;) 7 GO T ey

-B .
e 2B, A% sin’ 1Y, f(cos 6;)

4.2.3
. [Y(1 = Beosfy) + Ai(1 — cos b; cos ) — AF sin® 6] (4.2.3)
Multiplying this equation with d%’f usingA\;,. = vA;(1 — B cos 6;)and
YOy + DA+ 7+ A —Ap) = (v — Ay)
forA; < landy > 1We obtain
CdtdA; 8mrone /n(Az)dﬁl / sin 0;d0; A,
Yye e A0 (cos ) (4.2.4)
3292(y — Ag)(y — Afcosby) e
AdN (v, A
%&’fﬂ = SWTSne/n(Al)dAZF(% Ai7 Af)
ArdN (v, A
W = gwrgne/n(Ai)dAiF(% Ay Ay, (4.2.5)

where

Ay Yeoexp|5EA%sin® O]

A 3292(y = Ag)(y — Ag cos by)

F(v,A;, Ay) = /sin 6,do; f(cosby), (4.2.6)

is just the desired spectrum function. Now we take in to account the condition

7 > 1, under this condition the constants By, B, Ay, A, A_, A" will be reduced to
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their results given from Eq.(4.1.7)to Eq.(4.1.12)as follows;

B; = bAysin®6;
= [By(l+~v+A; — Ap) + (By+ Ajcost; — Ajcos ) (1 +7)]Afsin® 0
= [By+ By + BYA; — BYA; + By + By + Ajcosb; + A cosb; — Ay cos by
— yAjcosff]A;sin® 6,
= 28 +207 — Ap(B+ cos )] Ap(1 — cosO5)(1 + cos by)
= (29— Ap(1+cosby)]y(1 —cosbf)(1 + cosby)

= [27 — Ap(1+cosbf)](1 4+ cosbf)Ay,.

similarly

By, = bA,;sin?6;
= [By(A+~v+A; = Ap) + (By+ A;cosb; — AjcosOp) (1 + )] A, sin’ 6
= [27 — A;(1 + cos8;)]A;(1 — cosb;)(1 + cosb;)
= [27 — A;(1 + cos8;)](1 + cos;)A;(1 — cosb;)

= [27 — A;(1 + cos8;)](1 + cos ;) A,
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and

Ay = a+b(By+ A cosh)
= Oy(1+~v+2A)(By+Ajcosb; —Apcosty) + (v —14+2)1+7)1+7v+ A —Ay)
+ 27 — Ap(1 4 cosbp)]y(By + A;cosb;)
= BBy — Aycosly) + (v — Ap) + [27 — Ap(1 + cos 0p)]y(By + A cos b;)
= 29" —7*Ap(cos by +1) + 2y — Ap(1 + cos 05)]7(By + A cos 6;)
= Y2y — Af(cos O + 1)) + [2y — As(1 + cosb;)]y?

= [2v — Af(1+ cosby)]2y”
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similarly

AL = d +b(By— Afcosty
= By(L+7—Ap)(By+Ascost — Apcosty) + (v — 1 — Ap)(1+)(1+7A; — Ay)
+ 27— Ap(1 +cos0p)|(By — Ay cos Oy)
= By = Ap)(By — Agcosly) + (v = Ap)v(y — Ap)
+ 2y = As(1+cosp)](By — Ay cosby)
= [Bv(By = Apcosby) + (v = Ap)l(v — Af)
+ 27 = As(1+cosOp)](By — Ay cos by)
= 87" = ByAgcosty + 97 — yAs(y — Ap)
+ 2y = Ap(1 +cos0p)|(By — Ay cos Oy)
= [2v—Ap(1+cosby) — [2y — Ap(1 +cosbf)|yAy)
+ Y2y = Ap(1 +cos0y)](By) — [27 — Ap(1 4 cos0y)] (A cos Oy)
= [2y = Ap(1+cos0p)]29° — [27 — Ag(1 + cosOp)|[yAf cos Oy + yAg]
= [29 = Ap(1+cosOy)][29° — yAf(1 + cosfy)]

Ay = 2y = A1+ cosOy)][297 — vA s cos Oy)]



similarly,

A- = a—0b(By+ Aicost;)
= [2y — Ap(1 +cosbp)] — y[2y — A
X (14 cosbf)|(By + A;cosb;)
= [27v = Af(1 +cosby)](v* = 728 — yAi cos b;)
= [2v — Ay(1 + cosby)][—vAi cos b;]

A_ = [2’7 — Af(l —+ cos Hf)]AZT
Similarly A" =a’' — b(8y — Ay cosby)

= 27 = As(1 +cos )] = vAs] — [27 — As(1 + cos by)]
X y(By* —yAgcosby)

= —[27 = Ap(1+cosOp)](yA; = 7* + B7* — yAs cosby)
AL = —[27— Ap(1+cosby)|yAp(1 — cosby)
AL = —[2y = Ap(1 4 cosby)|Ay,

A_ =2y — Af(1 + cosbf)| Ay,

AL = =2y = Ap(1 +cos )| A,

Ay = 27 = Ap(1 + cosby)]297,
AL =2y — Af(1 +cos0p)](27° — Apy),

By =2y — Ap(1 +cosby)|(1 + cosbf) Ay,

By = 2y — Af(1 + cosby)|(1 + cos 0;) Ay,
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(4.2.7)
(4.2.8)
(4.2.9)
(4.2.10)
(4.2.11)

(4.2.12)
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and the spectrum function can be derived as follows:For v > 1 We can calculateC;andCsas

follows:

Cy = (A_cosf — By)*(1 + cos® 0;) + (A_cos Oy — By)* + (Bycosf;)* + A%

Cy = ([2y = Ap(1+cosby)]AycosOp — [2y — Ap(1 + cos0p)](1 + cos 05 Ay, ))*(1 + cos® 6;)
+ ([27 = Ap(1 + cos0p)] Ay cos 0; — [27 — Ap(1 + cos ;)] (1 + cos §;A;,))?

+ ([27 = Ap(1 4+ cos0p)](1 + cos ;) Ay cos 07) + ([27 — Ap(1 + cos 0;)]Ay))?

Cy = (27— Ap(1+cosbp))?*[(AgcosOy — Ap (14 cosby))*(1 + cos® 6;)

+ [Aycos8; — A (14 cos ;)] + [(1 + cos? 0;) Ay, cos 0] + A ]
C; = (29— Ap(1+cosbp))?[(Ascos O — Ap (14 cosby))*(1 + cos? §)
+ AZ(1+cos;)?cos® Oy + AZ]

Ch
(27 — Ay(1 +cosby))

5 = (Aycosy —Ap(1+ cos07))*(1 + cos® ;)

+ A2+ (1+ cosb;)® cos® 0]

Let let D; stands for the LHS.

Dy = [Aycosf; — Ap (14 cosb)]*(1 + cos® ;)

+ AZ[2+ (14 cosb;)]* cos® by
Similarly

Cy = (A cos b + B1)*(1 + cos? ;) + (A cosb; + By)? + (Bycos ;)% + A
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Cy = (=[2y = Ap(1 +cosp)]Ay, cos b + 27 — Ap(1 4 cos;)](1 4 cos0;)Ay,))?(1 + cos® 6;)
+ (=27 — Ap(1 + cos05)] Ay, cosb; + [27 — Ap(1 + cos05)](1 + cos 0;A;,))?
+ ([27 — Ap(1 + cos0p)](1 + cos ;) Ay cos 07)% + (=27 — Ap(1 + cos ;)] A,))?

Co
[2’}/ — Af(l + cos Hf)P

= Afcr(l + cos? 0;) + [Ay (1 + cos ;) — Ay, cos 0;]?

+ AZ((1+cosb;)?cos®0;) + A%,

Here also let D, stands for the LHS.

Dy = [Ai(1 4 cos8;) — Ay, cos 0, + A% (2 4 cos® 6;) + AZ (1 + cos6;)? cos® ¢

Now

Af }/T eﬁA? sin2 6f
A; 329% (v — Ap)(y — Agcosby)

F(’y, Al,Af) = /sm@ld@ f(COSGZ)

can be rewritten as

Ay Y —Baog
F(y, A, Af) = /Sineid61§32—f}/2€2lchf8m29ff(COS 0;)

r_ Yy
WhereY;, T (v—Af)(v—Aj cosby)

, 1 /
= ANt = Bycosty 1% T O [(ArSio — A S0

+ 2(1 - Jo(é'))A_FA/_i_SZ"OSf’O](SiH 91 sin Qf)Q]

Now let us substitute the values ofC, ChandS; ., Stn

Cl = [27 — Af(l + cos 9f)]2D1

Cy = [27 — Ap(1 + cos0f)]> Dy
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Sin = !
Y RN2(Ag — nlg) + A?sin® 6]
1
Stn =

T nl2(Af +ndp) — A% sin® 0]

WithA andA’ given in the previous calculation

v 1 [ 27 — Ay(1 + cosb;)]* Dy N (27 — Ay(1 4 cosb;)]2 D,
T (v = ANy = Ajeos ;) 2(Ay — Ag) + AZsin? 6,2 [2(Af, + Ap) — A% sin” 672
T 27 — Ap(1 +costp)]*29* 2y — Ap(1 + cosby)](2* — Afr))Q
20, + A?sin?0; 20, — A?T sin® 0y
2(1 = Jo(§))[2y — As(1 + cos07)]29°[2y — Ay(L + cos 0f)](29* — Ayy)

in? 0; sin®
! (24, + AZsin? 0;)(2A 4, — A? sin 6;) | sin” 6; sin® 6]
v o 2y =850+ cosfp))” D,
T ALy = Ay = Apcosty) (Ai — D)2 + (Aip — Ag)AFsin® f; + 44} sin 6
+ D
(A + Do — §A%sin” 0)?
2 2
+ ( 2y (2”}/ Afr) )2 sin2 0, gin2 0f

Air + 3AZsin? 0, Ay — IAZsin? 0,
4(1 = Jo(§))7v3(29% — Ay,) sin 6; sin® 0
(Ag — %A?g sin? ;)

]

Up on using the approximation

27 = Ap(1 +cosbf)]*
Ay = Ap)(y — Agcosty) —

andA; < 1 This will reduce to:

D, Dy
Y! = _
" (Az'l’ - AO)Z + F% + (Afr —+ AO — 05A?c SiIl2 0f)2 Air Afr — 05A?c SiIl2 Qf
4(1 = Jo(€))7v3(272 — Ay,) sin 6, sin® 0,
AfT(AfT — 05Afc sin2 Qf)

272 292 — Ay,
MyEas (29 ) e

x  sin®6;sin*0; +

Wherng = (Azr - Ao)A? SiIl2 02 + 4A;1 sin4 01

Ap Y]

—B
F(v,A;, Af) = /sin 0;db; exp[Q—BcAfc sin® 0] f (cos 0;), (4.2.13)
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where
Y/ — Dl —I— D2
' (Air = D02+ 1% (Ap + Ay — 0.5A2 sin’ )2
272 272 B Afr 2 .. 92 )
t A, TR, osazanze,) S s s
411 = J,(O)?]y3(2y% — Ay,) sin® 6; sin® 6 (4.2.14)
Ai(A g — 0.5A% sin® ) o

in which

Dy = [Aycos0p — Ap,(14+cos07))?(1+cos? 0;) + AZ [2+4 (1 +cos 0;)% cos® 0], (4.2.15)

Dy = [Ay(14cos6;) — A, cos 0;]° + A%, (2+cos® 0;) + AZ (1 +cos 0;)? cos® 0 (4.2.16)

and I'y is related to the inverse life time of an electron intermediate states which is
usually estimated according to the transition rate of an electron from the first landau
level to the ground state (Daughery and Vantura 1978);that is ,I'y = 2a(£)? with

« the fine structure constant. In obtaining Eq.(4.2.13), use has been made of the

following approximation.

[2’)/ — Af(l 4+ cos 9f)]2
4(y — Agp)(y — Afcosby)

~ 1 (4.2.17)

To see this we note that Ay reaches maximum only at 8y = 0 and 6; = 7, so
Ay < 7y if 05 is not close to zero , then it is clear that Eq.(4.2.17) is also valid, thus
the approximation is justified. It can be shown that Afsinf; can also be neglected
if there are other dominant terms. Using again the energy conservation, we get the

following approximate expression, From conservation of energy we have
FE = EZ + w; — W f

but
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Ef — Pscosfy = E;(1 — Eiisef) + w;i(1 — cos ; cos ) — wy sin® 0

= my(1 — Bcosby) + mA;(1 — cosb; cos ) — mA;sin® 0

E P
—f——fCOSQf:"}/(1—ﬁCOSHf)+Ai(1—COSQiCOS0f)—AfSiHQQf
m m
1 A; A
—(Ef — Prcosf;) =1— Bcosff + —(1 — cosb; cos — ZLgin?
m,y( s — Pycosty s ,y( 1) S 1
SinceA; < yWhere we have usedg—f = EJF“E}—;wf =1+ m(A;l—;Af) ~ 1 andg—’; =

Pi+w;cosf;—wycosly mA,; cosb; mA cosly
Ey - ﬁ + my - my = ﬁ

A,
1—fBcosb; =[1—[coshy +—(1 — cosb;cosby)]
Y

But
A;(1 = Fcosb;)(1 — [Fcosby)
Ag(1— Bcosby)

1 —fBcosy = %fcogei) Substituting this back:

1 —fBcosby ~

A;(1 — B cosb;)
Ag

A,
=[1—Bcosl; + —(1 — cosb; cos O)]
f)/

A;(1 = fFcost;) =1 — [Fcosbh + é(1 — cosb; cos )| Ay
g

[1—fFcosby+ %(1 —cosb;cosbs)|Ar = (1 — [Fcosb;)A,. (4.2.18)

For further simplification, we consider the case where ¢ is not close to zero, then

Eq.(4.2.18)can be simplified to

(1 —FBcosOp)Ar = (1— Pcost;)A; (4.2.19)

[1 —f[cosby+ %(1 —cosb;cosbs)|Ar = (1 — Fcosb;)A; (4.2.20)
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Af — (+3)A;

= For maximum scattered photon frequency cos#; = 7 and
1—pcos 9f+71(1+cos 0r)

cosfy =0
A~ A+ BA(L )
T A2+ )
_ (1 + B)°w;
T7 14201+ ByA;
W — (1+5)272Wi
T7 14201+ ByA;
-~ 4y%w;

WhereA; = *tandy = \/11_?

This means that the Doppler frequencies of the incident and scattered photons
are equal A;, = Ay,, which is just the Thomson limit in the LF.Equation(4.2.18)

tells us also that the highest scattered photon energy is of magnitude % ~
47%w;

irh A,),Which becomes 4v2%w; for vA; < 1,which is derived earlier. This is a well-

known feature of inverse compton scattering. Applying the Thomson limit Eq.(4.2.19)

and expanding Jo(¢) up to ¢* ;Eq.(4.2.14) is reduced to
Dy = [Ajcos0p — Ay (1 + cos 7)1 + cos® ;) + AZ[2 + (1 + cos 6;) cos® 0]
SinceA;, >~ Ay,

Dy = AZ [(cosff — 1 —cos05)*(1 + cos® 0;) + 2 + (1 + cos 6;)? cos® O]

Dy = A2 (14 cos®6;)(1 + cos®0;) + 2(1 + cos §; cos® §;)]

Dy = [Ai(1 4 cos8;) — Ay, cos 0,2 + A% (2 4 cos® 6;) + AZ (1 + cos 6;)? cos® ¢



68

= AZ 142+ cos? 0; + (1 4 cos® 0; + 2 cos ;) cos? 6]

= AZ [(1+ cos?6;) + 2 + (1 + cos® 0;) cos® O + 2 cos 0; cos® 0]

Dy = A2 [(1 4 cos®6;)(1 + cos® 05) + 2(1 + cos 0; cos® §;)]

ThusD; = Dy = CA? whereC = (1 + cos® 6;)(1 + cos? 0;) + 2(1 + cos §; cos? ) Now

oAz oAz 2 oy
Y, = A AT + (B 5 A)? + [Air - A ]“ sin® 0; sin” 0
41— 1+ 363)7%(27* — Ay,) sin® 6; sin” 6;

AirAfr

2y (29" = Ay)

(4.2.21)

Where we have neglectedA?c sin? ¢ Since the first two terms will not change through

the calculation we only solve the last two terms:

2’72Air - 272A7l7‘ - Ai’r

[ 2624272 sin? 0, sin® 0;
Air

22 i 2
sin” @, sin“ 6 ¢ +
| sin in” 0 AnA;,

Where2y? — Ay, ~ 2y%and since§ = J2A; Ay sin® 6; sin* 0 then this will lead us to:

2[% sin® 0; sin® 6]

YAAp(1 — [eosb;)(1 — Beosby)

sin? 6, sin? O +

B,
sin? §; sin® 07 + 0.5(5)27Ai7Af(1 —c0s6;)(1 — cosf;)(1 4+ cos;)*(1 + cos 6;)?

B.

sin® @, sin® 0 + 0.5( Iz 2y Ai(1 — cos 0;)][YA (1 — cos 0;)](1 + cos 0;)*(1 + cos ;)

sin? 6, sin ) + 0.5(%)2(Air)(Afr)(l + cos6;)*(1 + cos 6;)?
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Then collecting terms left before to get the required formula

v o_ CAZ n CAZ
T (A — D)2 HTE (A 4 Ag)?

+  0.5[A;(1 + cos;)(1 + cos @)(%)]2

+ sin? 6, sin® @ f

v oan o oony
T (Al’l‘ - Ao)2 + F(2) (Azr + Ao)2

B,
+ (sin®;sin6;)* + 0.5[A; (1 + cos ;) (1 + cos 9f)§]2, (4.2.22)
where the coefficient C is defined by
C = (1+ cos®6;)(1 + cos® O;) + 2(1 + cos b; cos® 0;). (4.2.23)

We can express this in other form

C(r) = (14 2z +2?)(2 - i—f + 2—;) +2[14+(1—2)(1— erQ)] Let z = (1 — cos6; ~
(1 — ) cosb;) Then

I4+cos?0y=1+(1- 2P =1+1-24 5 =224

Since costly =1 — = Because

(1 —Bcosbf)Ar = (1 — [cosb;)A;)

(1—=Bcoss)t =1~ Bceost; (1—Peosbf)w, =

1 —Bcosty = wiT ~1—cosly = wir hence cosfy =1 — wﬁr

1+ cos?0; = 1+ (cosb;)?>but © = 1 —cosb; = costy =1—x 1+ (1 —1x) =
1+1—-20+2°=2-2z+42% 2(1+cosbcos7) =2(1+ (1 —z)(1 - L))

then up on substituting this we can get C' = (1 + cos?6;)(1 + cos®6;) + 2(1 +
cos 0; cos® )

Again for z = (1 — cos ;) ~ ( — cosb;), with its lower limit being determined by
Eq.(4.2.20)

YAf(1 — Beosty) =~v(1 — Beosbs)A; — Aj(1 — cosb; cosby)
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But
Ag(1 = Beosty) = (1~ Feosfi)As(l ~ %)
~ Ap(1—Bcosty) (1+ Bcosty)
Tmin = Ay _ﬂ) <(1+ﬁcosef)

5

Where we have used,1 — Bcosf; =2 & 1 — fcos®; = 1 — 3% = 7%

A=Y

mwn T ‘ . ﬁ

2A( %)
A

TR ~
A

Tmin ~ 9 ! Af (4224)
272A:(1 — T)
Up on substituting Eq.(4.2.22) back into Eq.(4.2.13) we get three integrals.

where F},F3&F3 are the first ,second & third part of the integral after the above
substitution. In the following we will derive for Fy,Fo&F; Using A; = ~(1 —
Bcosb;)A; we get

A?cr = x272 A?

We know that Ay = “2 = BE,AZ- = “% then we define qg to be,

which can be rewritten as Ay = agyA; Now from above, the first part of the integral

18

=

2 A2 A2
wr / C r C r ]f(COS 92)

32’}/2 dx[(A”- — A0)2 + F2 + (A”« + Ao)Q

Tmin
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then we get

2 2A2,2 2 A\2,:2
R — / dof G A o Clay A g
3292 Jo, (VA —yAa)? + 15 (YA — vAa0)?
2 2 2
Wy C(x)x C(x)x
R = — d 1— 4.2.26
b7 o3y /m w1 t e/t -® (4220
where we have used [' = WFAOZ_ And the second part of the integral is

F, = /2 ir19~ﬁ ! [sin 6; sin 6] f (cos 6;)
y = S 1A13272S i sin 6]° f(cos 6;

Tmin

which can be rewritten as F, = [°  dx 5557 (1 — cos® ;) (1 — cos® 6y) f (cos §;) However,

(1 —cos?6;) = (1 — (1 —2x)?)

since 1 — x = cos#; by definition

=1—1+2z—2a?
(1—cos?y) = (1— (1 - )2
Wy
since cos 0y = 1—&
2 2
-1+ ==
Wy w?

Using the above two relation F3 can be rewritten as

B [ deg - - Df0-)

Simplifying leads to

1

2 T )
B = 5o /m da(2 = )2~ D)a’f(1 ~ ) (4.2.27)
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And the third part of the integral is

2
Ay 1 1 B
F, = in6.do. —~ ZIA(1 (1 €2
3 / sm@ld@Ai 3272(2[ (1 4+ cosb;)( —l—cost)B] )

Tmin

2

Which can be rewritten as 3 = 4 (5¢)? [ dx%[(Z —z)(2— L)]*f(1 — ) But

64 Ermin -
Air
2 = U (4.2.28)
wA? Be , [? T
"= 61 B / dafa(2=2)(2 = P 2) (4.2.29)

Recall the spectrum function is F' = F; + F5+ F3. Thus F},F5& F3 can be summarized

as

w. [? r%c(x) 2?c(x)

=t /m el O el (), (4.2.30)
1 2

L\, 2

F, = 722 /xmm de(2 —x)(2 — w—r)x f(l—ux), (4.2.31)
w,A?2 B [? T
B=S ) [ akeome- DF-n, (28
where,w, = :—f,ao = I'= 2a(B/B.)?/3vA;,and ¢(x) can be read from Eq.(4.2.23),
c(r) = (2 =22+ 2% (2 - ki + 55—2) P+ (1-a)(1— )Y (4.2.33)
N Wy w? wy o

A simple investigation will show that F3 is much smaller than F; and Fj.Resonant
scattering occurs when x,,;, < ag < 2 is satisfied where I} becomes very large. This
means that the resonance scattering becomes operative when the following conditions

are satisfied.
Wo
Wi

and

ST 920 (] — A
Wi 29%wi(1 = =)



which can be expressed alternatively by

and
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(4.2.34)



Chapter 5

DISSCUSION AND
CONCLUSSION

5.1 Introduction

Due to the high temperature near the cap of a pulsar ,T" ~ 10%k, there is a large num-
ber of photons resulting from thermal radiation. Producing x-ray photon spectrum
ranges from 124eV — 12.4keV as given in the table below. There are also high energy
electron beams in the magnetosphere produced either by electrostatic acceleration or
accretion. According to Fq.(4.1.34), these two conditions can produce Gamma-ray on
the surface of strongly magnetized neutron stars. In actual calculation we use typical
values for pulsars. We consider first the highest scattered photon energy which is seen
to depend both on the incident electron energy and the incident photon energy,we
will also consider resonance frequency of the scattered photon which depend on the
incident electron energy and the magnetic field, but is independent of the incident

photon energy.
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Class of Radiation

Frequency (hertz, Hz)

Wavelength (meters, m)

Energy (in eV)

Gamma 300 - 30 Ehz 1-10 pm 1.24 MeV - 124 keV
Hard X-rays 30-3 Ehz 10-100 pm 124-12.4 keV
Soft X-rays 3 Ehz-30 PHz 100 pm-10 nm 12.4 keV-124 eV

Table 1:Spectrum of soft Gamma-ray,Hard x-ray,and soft x-ray.

5.2 Highest scattered photon energy

The highest scattered photon energy which was derived earlier is Wepes =

4’72%'
1+4’YAZ

reduces to 4v%w,; for yA; < 1 since in inverse compton scattering we deal with the

scattering of lower frequency photon(soft x-ray) by a beam of relativistic electron.

Recall that wpe, = 47%w; On varying w; we will get a corresponding scattered fre-

quency. In doing so, using v = 100 which is the typical value for most pulsars. We

have generated the following figure (Fig: 5.1).

Figure 5.1: Highest scattered photon energy.
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5.3 Resonance Frequency of the Scattered Photon

The resonance scattering becomes operative when the following conditions are satis-
fied.

Wo

Ywi

and
wWo Z Wy -
Wi 29%wi(1 - =1)

This can be expressed in a useful way for ;’TO = 2 which it self may be rewritten

as 2my*2 = wy. This by definitions given in the literatures reduces to 24, = %.
Thus we finally get for the resonance scattered frequency
27w
—_— 5.3.1
Y= T1aA, (5:3.1)

It is seen from the last equation that the maximum scattered photon resulting from

magnetic resonance scattering is given by

2’}/(.00
1424

Wres =

which depends on the incident electron energy and the magnetic field, but is inde-

pendent of the incident photon energy. Since wy = FB and Ay = 20 = B% The above

relation will give

2veB
Wres =
m(1+ QB%)
Note that ;—% = B%. Thus
o~ B
Wres = | V5 ym



7

Now in the graph below we have varied the magnetic field from 2 x 10'© — 2 x 10'3

Gauss which is the typical value for gamma-ray pulsars; v is taken to be 100 .Thus

we have plotted w,.s Vs Bﬁ as shown below.

nits of m)

0 L L L L L L L L L
0 005 0t 015 02 02 03 03 04 046 05
B8

c

Figure 5.2: resonance frequency of the scattered photon.

5.4 Conclusion

To conclude , we have found an important relation in Eq.(4.1.34). The equation
clearly suggests that the resonance scattering of relatively soft photons with high
energy electron beams normally found in neutron star magnetospheres makes the
production possible on the surface of these stars in the presence of high magnetic
fields. This fields for example could be generated by an acquired angular momentum

from the basic field as suggested in kebede, 2002.
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