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Preface

A complete understanding of mathematical problem always requires
interpretation, and most often this requires approximation or numerical
evaluation of complicated expressions. In this report, we tired to show how to
get meaningful approximations of functions defined by a complicate definite

integrals or contour integral expressions by means of asymptotic expansions.

The whole work of this report is divided in to two parts:

The first part contains a brief introduction to the general theory of
asymptotic expansions. Here definitions, examples and basic properties (linear
combination, differentiation, integration) of asymptotic and order relations,

asymptotic sequence and asymptotic expansions are discussed in detail.

In part II, the most important methods of obtaining asymptotic
expansions for the functions defined by integrals are developed. In this part
various methods like method Integration by parts, Laplace’s method, Method

of steepest descents and Method of stationary phase are discussed.
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and instructor Prof. Dr. S.N. MURTHY for his continuous assistance in
offering me frequent advice, guidance and encouragement throughout the

progress of this report.
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Circumstances and encouraged me throughout my graduate study.
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Muhammad Umar who takes all the responsibilities of home care during my

study.

Oumer Berisso Metakssa June 2003.



I. Introduction

There are series w hose term at first d ecreases rapidly but | ater s tarts
increasing again. Such series are used to be called semi-divergent (Stieltjes)
and numerical computers often talk of convergently beginning series; but
Mathematical literatures call them asymptotic series or expansions

(Poincare’).

Although, the theory of asymptotic series were introduced by many
Mathematicians like Stirling,Euler,Legendre ;the modern theory of asymptotic
series was initiated by Stieltjes(1886) and more developed by Poincare’(1854-
1912 ) great French Mathematician in 1886.

Asymptotic expansions are generally divergent series, which has a great value

in many computations.

e They play an important role in the solution of linear differential
equations (about irregular singular points).

e They help to construct and investigate the series, which represents
function given by complicated integral expression, or power series
or else appears as solutions of differential equations, asymptotically.

e They help to compute values of function f(z) for large value of

arguments(z)

o They were used by Astronomers.



1. Asymptotic and Order Relations

1.1. Definition and Examples

In order to describe the behavior of a function f(z) (as z — z;), in terms of a
known function ¢(z)we shall often use the following notations:
Suppose f (z) and ¢(z)defined on a region R in the complex plane and let z,

be a limit point of R, which may or may not belong to R, possibly the point at

infinity, and the function ¢(z)may vanish, tends to infinity or has another

behavior at z,, then we have the following definitions.

Definition 1: We say that f (z) is of order ¢(z)(or fis "big Oh" of ¢ or fis
of order not exceeding ¢ ) as z — z;,denoted by f(z)=0(¢(z))

or simply f=0(¢ ) if there is a positive constant A > 0 and a neighbourhood U

of z; such that Mg A ,VzelUnNR.
(2|

f(z)
g(z)

1s bounded in

In other words if ¢ # 0 in R, f (z)=0(¢(z)) means

the neighborhood of z,.

Definition 2: We say that f(z) is of order less than¢@(z) (or fis "little oh "
of ¢) as(z — z,) denoted by f(z)=0(¢@(z)) or f=o(¢ ), if for any & > 0 there

f(z)

is a neighbourhood U, of z such that
g(z2)

<e,VzelU,nKR,




f(z)

In other words for ¢ # 0in R, f= 0o(¢ ) means =
g(z

> asg—>z,.

These two relations (O and o) which are given in definition 1 & definition 2

respectively are called order relations.

Remarks:
If we write as f = O(1) (z — z,) it simply to mean that | s |is bounded as
z — zo and f=0(1) (z — z,)is to mean f vanishes as z —> z.

If the functions involved in order relation depends on parameters, then, in

general also the constant A, and the neighborhood U, U, involved in the
definition will depends on the parameters. If A, U, U, may be chosen to be

independent of the parameters, then the order relation is said to be hold

uniformly in parameters.

Definition 3: we say a function f (z) is asymptotic (or asymptotically equal or

equivalent) to a function ¢(z)or ¢ is an asymptotic approximation of f

as z - z,,denotes as f(z) ~ ¢(z) if fEZ; — 1 (unity) as z — z or
g(z
f(z)~@(2)iff |im J(2) = #(2)| _ , ,where z, can be a constant or +o,
Z—=> ) ¢(Z)

and the relation is called an asymptotic relation.

Moreover from the definition it follows that if (z) ~ ¢,(z) forf, <argz <6,
and f(z)~ ¢,(z)for O, <argz <O, where@:< 0, and ¢ # ¢, , then
¢,(z) ~ ¢,(z) for 6, <argz <0,.



And also we note that an asymptotic relation is not unique relation; for

instance
z T
2 cosh z ~ e? for ’argz| <-2" as z — o0, and also

2cosh z ~e” + p, (z) for larg z| < %where p, (z) is any polynomial in z.
In the above all definition the function ¢(z) is called the GAUGE function,

being the function against which the behavior of f (z) is gauged.

Examples:

1. Since sinh z _ e? —e”? _ L_ 1 1
e’ 2e” l 2 geE 2
as z —oo,
— [sinh Z| i bounded as z —> .

z
€

Thus sinh z = O(e?) as z — .

l/z2
1/ =z

1

Z

2. Since 0 as z —> 0.

Thus 1/z* =0 (1/z) as z — .

3Since [z + D | _ |z +2z+1| |1
' N 2 =¥ =]
z Z z Z
2
= XD L 25w
72
Hence (z +1)* ~ z? Z —> 0,



Note that:

18

1. If f(z) =0(¢(z)) where z € [a, ©) = R we mean simply %ZT)
g VA

bounded though the region R.

i.e. It asserts that there is a number A > 0 such that
f(2)
g(2)

actual size of A. Of course if the above formula holds a certain value

<A (z>=a) with out giving information concerning the

of A, then it holds for every large value; thus there is an infinite set
of positive A’s.
The least member of this set is the supremum (Least upper bound) of

f(z)

) in the interval [a, o), we call it the implied constant
g (z

of the O term for this interval.

2. The notation O(g)and o(¢)can be also used to denote classes of

function f with the properties of the definitions 1 and 2 respectively

or unspecified functions with the property.

1.2. Operations in Asymptotic and Order Relations.

Operations with order relations are governed by a number of simple rules. We
shall set out the more frequently used rules for the O-symbol:
The c orresponding rules holds for the o-symbol. In the following rules the

region R and z; are fixed, and the qualifying phrase "as "is omitted though out.



1. If f=O(g)and a > 0,then|f]* = O(/g|") @M

2. If £,=0(¢;)i=1,2..k and q,’s are constants, then
k

k
2. aifi = 0() a;é;) (1)
=1

i=1

This relation holds also for infinite series provided that f,=O(¢;)

uniformly in i. In the case of infinite series, equation (II) and similar

statements will be interpreted in the following manner.

If > |ai¢i } converges then so does_ g, f; and (II)

f la; f;] = O(i la;di]) is true and if Y |a;¢,|diverges then there nothing to
i=1

i=1

state.

3. If £, =O(¢;), for finite i, a, are constant, and )(151‘ < ¢, then Yz common

to R and to some neighbourhood U, and z, we have

§%ﬁ=0w) (D)

i=1
This relation holds for infinite series provided that £, =O (¢;)

uniformly iniandy’ |a;| < o .

4. If £ =0 (¢;)i=12..k, then

I1 /i = o1 ¢ (V)

10



Proof: The proof of (1) is immediate.
To proof (2), by assumption, f; = O(¢;)

= there are numbers A; and a neighbourhood g/, of z, associated with

f; such that L < 4; Vi
[
1) If the number of f;is finite, thereisan A > 4 Viand a
neighbourhood

Ug U‘_, Y1 such that ‘Z aifi|S Z 'a’l‘{Aikﬁd < AZ |ai||¢f|

forz eR N U.
=% %;% <4 —1 z{_:a,-f; :O{Za;¢f}

i1)  If the number of f; is infinite, then the existence of A and U follows

from the uniformity in 1, of the order relation. The proof (3) can be
deduced from the proof of (2) since under the circumstances

enucsaged we may take U about to be contained in U, and then
AY |a,-“¢,-’ <Ay |a,-[¢ = Ay¢ , where A, = A Z‘ai( is a finite
number (constant).The proof of (4) is similar to that of (2).
5.We have also the following combinations of order relations, which can
be easily verified.
@ OO(D) =0(9).
(i) O(o(H)=o(O(D) = o(0(9)) =o(¢).
(iii)  O(f) O(¢) = O(f9).
(iv)  O(f) o(¢)=o(f) o(¢) = o(f}).
(v) O+ O(f) = O(f) +o(f)= O(f).
(vi)  o(f)+o(f)= o(f).

11



1:3 Differentiation and Integration of Asymptotic and Order Relations.

1.3.1 Differentiation

Differentiation of asymptotic or order relations is not always permissible.
For example, if f(z)=z+cosz , then f(z) ~ z as z— o,
but it is not true that f"(z)~1.

i.e. f'(z)=1-sin zis not asymptoticto Z=1 asz— .
To assume the legitimacy of differentiation further conditions, are needed.
For real variables, these conditions can be expressed in terms of the

monotonicity of derivatives.

Now we have the following theorem:
Theorem 1: Let f (z) be continuously differentiable and f (z) ~ z¥ as z— oo,
where p > 1 is constant. Then f'(z)~ pz? 5 provided that f'(z)is non -
decreasing for all sufficiently large z.
Proof: Let f(z) =z {l+1(z)} where |5(z)| < & when z > Z, assignable and

positive, and € being an arbitrary number in the interval (0,1). If h > 0, then

z+h

W'(z)< [f'(dt=f(z+h)- f(2)

z+h
= fptp_ldt +(z+h)Pn(z+h)—zPn(z) < hp(z + h)p_1 +2e(z + h)?

Z

Leth = \/E z then we have

f'(z)szPfl{(l+\/E)p—l+2p_lm],(z>2) (1)

12



Similarly /'(2) 2 PZP_I[(l V)" -2p 41‘/4’ o [Z g —Z\/EJ >

Thus from (1) and (2), we have

pzp_l[(l—«/g)p"I ~2p*1«/5:|s f(z) < pzP =l [(1 + \/E)pul +2p 7/ g(l + «/E)p :I

-1
= f(&)~-pz".
In complex plane, differentiation of asymptotic and order relations is generally

permissible in sub regions of the original region of validity.

Theorem 2: - Let f(z) be holomorphic (i.e. f is analytic and free from

singularity) function in a region containing a closed annular sector S
and f (z) =0(z?) (or f (z) =o(z") (D

as z— oo in S, where p is any fixed real number, then
fM@=0E"") o fM () =0T @)

as z— o in any closed annular sector C properly interior to S and having the

same vertex.

Proof: Consider the cauchy's integral formula for the m™ derivative of an

analytic function given by f

(m)_ m! _LO f(t)dt 3)

Zm (t _ Z)m+1
in which the path ¢ is chosen to be circle enclosing t=z .

The essential reason z is restricted to an interior region in the final result is to

oFix : ’ . P P
permit inclusion of @ in S. Since ’z = c‘ ~ |z| , for a constant number C,

the vertex of S may be taken to be the region with out loss of generality.

13



Let S be defined by a < ph z < f3, 'z’ > R, and consider the annular sector

S' to be defined by « + 6 < ph z< g-5, |z|> R', Where J is a positive

R

acuteand pr— |
1-sin &

By taking ¢ small enough we can ensure that S' contains C in (3) take ¢ to be
|t—z| :|zlsin§.

Than |z| (1-sing)< 1< ] (1+sin &§).

Hence t € S whenever z € S'. Moreover, if K is the implied constant of (1)

for S, then

!
<™ |z'p (1+sin6)?, the upper or lower sign being

(m) ¢,
‘f ] (|z‘sin o))"

taken according as p = or p< 0.In either case f(m)(z) is 0(zP™™),as

required. The proof in when the symbol O in (1) and (2) is replaced by o is
similar. We have shown, incidentally that the implied constant of(2)in S'

does not exceed m! (csc §)” (1+sin §)P K , but because this bound tends to
)

infinity as & — 0 we cannot infer that (2) is valid in S.

1.3.2 Integration

Order relation may be integrated either with respect to the independent
variable or with respect to parameters. For the sake of simplicity we shall
restrict our selves to integrals with respect to real variables. Extension to

complex and abstract variables is possible.

14



Theorem 3: - Let z be a real variable and R be the intervala <z <b
and let f = O(§)asz— b ..
If fand ¢ are measurable in R, then
[ f (o)t = 0(['4(t) dt ), as 2> .
Proof: -If [? ’qﬁ (t)‘ dt = oo there is nothing to proof.
Suppose |2 ‘¢ (t)| dt = o for some z € R Now since f= O(f), there is a
positive number A and Z, so that ]2 |¢ (1) | dt = o

and ‘f(Z)l < A‘¢(Z)] for Z<z <b.

= ‘Iff(t) dt| < L,b!f(r)l dt < L‘f’|¢(z)| dt < AL"|¢(;)\ dt ,forZ<z<b.

frava| [ |7 ]a
ngﬁ(t) dt ‘ jf|¢ ()] dt

=5 ij(t)dt:O(fqﬁ(t) dt ) asz—>b.

with respect to parameters we state the following theorem with out the proof.

Theorem 4: - Let z be a variable in the set R, let y be a real parameter,
o<y <B, and let f(z, y) = O(¢(z, 7)), uniformly iny, as z =z, .

If for each fixed z € R, fand ¢ are measurable functions of y in a<y < 3,

then [Vf(z.7)dy=0(["f(z,7) dy ) asz >z

15 ~ P,



2. Asvmptotic sequences

2.1. Definition and examples.

A sequence {(¢,(z)} of gauge functions defined on a region R is called an

asymptotic sequence as z— z,, if for each n

Ons1 = 0(0y) as z—> 7 in R, ie. if |2 —0 as z—> z.

Examples: a) the sequence {(z-z,)"} is an asymptotic sequence as z— zg,

since for € > 0, there is a neighborhood U, of z,, such that

(Z . Zo)n+l

(Z - Zo)n

b) {z"}is also an asymptotic sequence as z—» o as can be easily verified.

+1
lim (z=2)"" ge  i&
2220 (z-z)

s 0as z—>z

2:2 properties of asymptotic sequences.

(1) Any sub sequence of asymptotic sequence is again asymptotic

seéquence.

(i)  If {¢,} is an asymptotic sequence and a > 0, then {|¢n|a } 1s also
an asymptotic sequence.
(i) If {¢,} and {@,} are asymptotic sequence containing the same
number of functions, then {¢,p,} is an asymptotic sequence .
i.e. the product of asymptotic sequence of the same function is an

asymptotic sequence.

16



(iv) The definite integral of the asymptotic sequence (either with respect
of variables or parameters) is again an asymptotic sequence if the
corresponding integrals exist i.e.

e [fzis a variable in a region R=a <z <b, {¢,} be an asymptotic

sequence as z— band if all integrals ¢, ) - I5|¢(t)| dt exist,

then {¢,} is an asymptotic sequence as z— b,
o If {¢n(z,y)} be an asymptotic sequence uniformly in a parameter

v €(a,B) for z— z; in R ,and if all integrals

Py fa= Lﬁ|¢n (z,7)| dy exist, then{@,} is an asymptotic
sequence.
(1)) Two sequences {¢,} and {@,} are said to be equivalent to each other,
if for each n,¢, = O(@,) andgp, = O(¢,). Now if {¢,} and {¢,} are
equivalent to each other and if {¢, } is an asymptotic sequence, then

{¢n } 1s also an asymptotic sequence.

Proof: -The proof of each properties (i-v) follows directly from the properties
of order relation discussed under 2:2 above.
Now we prove property (v) as follows:
Since the two sequences are equivalent and {¢,} is asymptotic sequence
= @u-0(bn) and di=0(d,)
Now using order property 5(ii), we have
9net - Oty - O(0(B))=0(0(O(@n ))=0(0(d));since by 5(ii) o(O(9n )= 0(6n)
= 0(Qn)..... again by  5(ii) o(O(@n ))= 0(¢n)

Hence ¢,+1 - 0 (¢,), which implies {¢,} is an asymptotic sequence.

17



The differentiation of asymptotic sequence does not necessarily yields an
asymptotic sequence.

For instance the sequence {0, (z)} = {z" (a + co s (z "))} is an asymptotic
sequence forn=1,2,3... as z— .

But {¢, } is not asymptotic sequence.

3. Asymptotic Expansions

3.1 Definition and Examples

Definition 1: - Let f(z) be a function real or complex variables defined on
aregion R and let {¢,} be an asymptotic sequence for z— z;in R;

and let a be a constant (independent of the variable z). Then the series

5 a, ¢,(z) (which my be convergent or divergent) is said to be an
n=0

asymptotic expansions (to m terms) of the function f (z)

(with respect to the asymptotic sequence {¢,(z)}) if for every value of m,

F2) = 3 ay (2) = 0()as 7> 70

n=0

L if ’f(Z) =3 4y b (2)
lim n=0

=0
22 P (2) ‘

Notation:

a) 1if f (z) has an asymptotic expansion to m terms, we denote it as

f(z)= f: a, ¢,(z) asz—>z.
n=0

18



b) If f(z) possesses an asymptotic an expansion to any number of
o0
terms (i.e. with m = ) we denote it as f(z) ~ Y a, ¢,(z)
n=0
as z— 7y and called an asymptotic expansion of f (z).
c) The partial sum of this formal series will be called an asymptotic

approximation (representation) to f (z) .The first term (ay@,(2))

is called dominant term and written as f(z) ~ a,¢,(z) meaning

f(2)
¢0(Z)

If an asymptotic expansion to m terms, with m finite, involves certain

— 4y as z— zy.

parameters, w e shall say that it holds uniformity in these p arameters if the
reminder in o(¢p) uniformly in the parameters.

An asymptotic expansion (m = «) involving certain parameters will be said to

m

hold uniformly in these parameters if f — Za,,¢,, =0(@,,) ,uniformly in the

n=0

parameters for each sufficiently large m (but not necessarily uniformly in m).

Remark: If our asymptotic sequence {¢, (z)}={z"} we say that the series

[>2] w0

Z a, ¢,(z)= Z z™" is asymptotic expansion to the function f(z) if

n=0 n=0

}1_?; 'Zm (fm(z) _f(z))( =0 , for fixed n where Ju (2) = Zml z™"

n=0

in this case we call the series Z z~" as an asymptotic power series.
n=0

Or simply an asymptotic expansion with respect to the asymptotic

sequence {z "} is called asymptotic power series.

19



Examples of asymptotic expansion:

1 >
~ N g
L. — Z as z— o,

n=1

z+1 2. z+1
—— ~ ) 5 aszo w.
z" -1 n=l
—(n+l)z
sin z 2. pe

. "X Ty 4@ =) sz

In general asymptotic expansions are divergent.

3.2. Properties of Asymptotic Expansions.

Theorem 1:- If a function f (z) possesses an asymptotic expansion
(to m terms) then the coefficients of an asymptotic expansion are given

m =1

f(z)-> a,d,(z)

- s n=0
.= lim

*
z> z, ¢m(z) ( )

successfully by a

and conversely suppose we have functions f(z),00(2),0(2),02(2), ... ,0m(z)
defined in some region R, and if

m—1

f(z)-2 a,¢,(z)

a, = lim ¢"=EZ) and a, # 0 ,then {¢,} is an

asymptotic sequence and Za” #, 1s an asymptotic expansion (to m terms) of

n=1

f(z) as z— z.

20



Proof: - (=) suppose an asymptotic expansion of f(z) exists.

L f()~Ya, 4,2)

n=0

which intern implies for a fixed m, f(2)= Zan@ (2) =0(9,(2))
n=0

= 2!1_)1'2 (f(zq)é’:(gn (Z)] = 0 ) where fm - "Z::() a nr om'*

m—1 f _ f }
= J{;H . ﬁn—l + am ¢m=2 a n¢n + am ¢m, so that a, = L¢L
n=0 :

fm(Z) - fm_](z)]
¢m (Z)

— lim = Ilm (

Z —> Zy Z—)ZO

X
m—1

J f(z)-) a,8,(z)

——

_ hm J n=0

oy ¢ (2)

a, = lim
zZ—2Zg

[f(Z) _fm—] (Z)
D (2)

Note that:

m

since J(2) ~ Z a, ¢,(z)= f,(2)

n=0

:>f(Z) ”“fm(z) asz— z;. Or —j:(z—)-ﬂ as z— 7. '_

f;JJ (Z)

= f(2) > 1,/(2) as z—> Zo. N

i.e. f(z)and f,,(z) are asymptotically equivalent or equal.

21



(<) Conversely suppose f(z),00(2),01(2),02(2),03(2),...,0m(z) defined in some

m—1

f(Z)—Za¢ (z)

ion R, and let @, = lim ; 2@y 0 then
region K, and Ie 2> 24 ¢m (Z)

Claim i) {¢,} is an asymptotic sequence. i.e. we went to Show {1 = 0 (O).

ﬂw—ia¢()

2> 2 ¢m( )

Now, since ¢,

m—1

f(z)= 2, a,9,(2)

- R Rk
m—1 f(z)_i an¢n(2)
o X R R R e B
= [ - Sa.p, =o(,) 1)

Similarly if we replace m by m+1 in (*) we have

f Z a ¢ m+1 m+1 +0(¢m+1) (2)

Thus, from (1) and (2) we get
iy +0(B,,) = =D a8, =0(8,)
=, + 0,0 = 0(4,) (**)

22



Now if 4, ?’50 then ( 11 +0(1)) # 0 for some z in the neighborhood of z,
[ m+1 + 0(1)] ¢m+1 - O

and thus from (**) it follows that 2121;1

¢f?l
. hm ¢m+1 — 0
_(am+1 + 0(1)) z—>2Zg g
¢m+l _
— 21an10 =0 o [751 JR as z— 7.
m m

= Omi1 =0 (dm). Hence {¢,} is an asymptotic sequence.

m=1

f(z)= Zancﬁ (2)

ii)  More over from (¥), i.e. from ¢, = lim ¢m ( 2) we get

z—2zg

(1) 1ie. f_zan@=0(¢m). Hence Z a, $,(z) s asymptotic

n=0

expansion of f (to m terms) as z— z.

2 If Z a, $,(2) is asymptotic expansion of f (to m terms), then the same

n=0
formal series will also provide an asymptotic expansions any lesser

number of terms of the same function. i.e.

m-1
- Za 5, =0,) , as z—> zp.Since from theorem 1 above if f possess
n=o

an asymptotic expansion ,then the coefficient a,, is given by

m—1

f(Z)-Zaqﬁ (2)
a = lim = ,a #0

s ¢HI (Z) "

23



m +1

f - Z a,g.,

n=20 .
= 4 is bounded by a constant a,, as z— z.

m—1

Hence f e Za n¢n 2 O(¢m) .

n=o0

3. The asymptotic expansion of a given function is unique, although it

depends on the choice of the asymptotic sequence.

2 1 —zNl
Example: 1. - > z7" and o1 1~Z(z+1) 27" ag 7> o,
g = n=1 -
1 s 1 (22 -z+1)
. ms __1 n-1 n d . _1 n+l '
A z+1 Z( i z+1 2 z" A E=E0

From property (3) we see that the asymptotic expansion depends on the choice
of asymptotic sequence, but if we fix the sequence the expansion for that
function is unique (because each coefficients of an asymptotic expansion are
uniquely determined by theorem 1 by limit that is unique if it exists). But the

converse of the property (3) is not true, so we have

4. Two distinct functions f & g may have the same asymptotic

expansion.

24



1 1 @
Example: If J (Z):; and g(z):ﬁ +¢ | then both f & g have the

n+1
- "

same asymptotic expansion Z (-1) z"asz—> .
n=1

In general if we let g (z)=e ~*, then from theorem 1 above, we have

lime™ =0=a, —>g(z)—a, >0,

Z—0

a=limze” =lim(e” -ay)z=0=a, —>(g(z)—q, —%)z —0

Z—»0 Z—00

and inductively

: e a a,
a, =limz" e” =lime™ —[a, +—+---+—21)z" =q,, =0

Z—® Z—>»0 = =

= (g(z)_zanz_njzm -0 as z—» o,

n=0

o0
)
. -2 = .
Thus our &(2) =e ”Zanz —0+;+"'+Z_n+"' or simply e~ 0.
n=0

The function e~ is said to be transcendentally small for large z.

Therefore If f(z) has an asymptotic expansion ,then
f(z) + g(z) = f(z) +ehas the same asymptotic expansion as that of f(z) in

n

terms of the gauge function 9, (z2)=z",

5. Asymptotic expansion can be combined linearly.

2D



o]

b
Theorem 2: - if f(z)~ Z % and g(Z)"vZZ%',’, and A & B are any

m
m=0 2 m=0

constants, then

() AGr+Bge)~ 3 A

m=(0

@) f(Z)g(Z)’“Zj,,,,whereC =a,b +-+a,b,.

m=0
Proof: - The proof of (1) is simply follows from definition.

To prove (2), choose a, arbitrary for fixed n and write

3)
f(2)=s,(z) +£f) where s,(z)= ZO ™ and
z m=0 z
g(z)=s",(2) +L? where ' (z)= s b
iz m=0 7"

then by definition an asymptotic expansion

(f(2)~-s,(2))z" = h(z) = Oand
(4 (g(Z) —S'” (Z))Zn — I(Z) 50 as Z—» 0,

Now let S,, +7T, , where S, is the sum of the terms involving the powers

I 1
Ia_a_:"'
Z 22
1

1 1
nel 2 e T Er . Note thatthus 7, z" — 0 asz— .

Multiplying S, S', term-by-term and collecting like powers, we can

n
n

readily verify that 5,(2)=), =% with co,ci, ---,C, as given in (2).

m=0
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By definition of asymptotic expansion have to show that (fg —s, )z" — 0

h+l bl h+l  hl

_ 1 el i
as z— o0, so from (3) Jg=5,8,'+ e +Zzn =1t o +22n

Now since 7,z" — 0as z— o and using (3), we obtain then desired result,

n

+h+l+%—>0
Z

which gives (2). ie. (fE2—s,)2" =T,z
Note that property (1) can be generalized to asymptotic series, which

are not asymptotic power series provided the sequence {¢, (z)} is the same for

both series.

i f(z)~ Zan 9,(2) andg(z) ~ Z b, ©,(z) we can often produce a

n=0 n=0
composite set {¢”}u { : } and regard each expansion as a composite sequence,

with zero coefficients. But (2) is only true for asymptotic power series.

3.3. Integration and Differentiation of Asymptotic Expansions.

3.3.1. Integration

Theorem .1 suppose that for all sufficiently large values of the positive

real z, f(z) is continuous function and
= —n a 1
f(Z)“ZanZ asz—>oo,thenf(f)_ao_7
n=0

n+1

n as Z—» 0.
Z

o0 a e8]}
integerable and F(z) = j[f(t) “Hyg = _t]_]dt - Z

z n=1

a
n
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Proof: (i) existence; since J()—a, _TI is continuous when t > 0 and is

O(1/t%) as t— o, hence integrable:

= the integral F(z) exists for z > 0.

k
o a, 1
Now from the definition if J(2) ~ Zanz_n ,then f(2) ZZ P Zk+1)

n=0 4

o ® k an 1 4
AN N T
o[ & a, 1
P R I
w [ k ) 1
JZ o +0 e dt fork>?2

—dt+ IO[ ] Zk: (n - 1)z”1 +O:JO(I—:”—jdr

n=2

)
n=o

Now 0(
Z

Nr.__.8

1

J is bounded by A for large z.
Therefore

jo( M]dr ( ,}H]d: <4 j(

F(z)zz(nj#wg]: S aesof L),

n=2

and thus the result follows:

ie F(2)= j[f(t) i fg = %}; i Ay,

% nif’lz
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3.3.2 Differentiation

Differentiation of asymptotic expansion may be invalid. For instance ,

if f(z)=e"sin’) for positive real z, then f(z) ~ 9, % +...a8Z —> 0.
Z V4

Since from property (4) we have e*~ 9 . 02 F e
z Z

But f'(z) =cos(e’)—e”* Sin(ez) oscillates as z — o,
and therefore has no asymptotic expansion.
Theorem 2. If f (z) has a continuous derivative f '(z) and f '(z) possesses an

asymptotic expansion as z — o, then

w a w (n-1a 1
Hf@~ L2 = @f'@~-% A
n=0z" n=2 PA
_ o0 nan
——nélan (as z > o).
Proof: suppose f'(z) ~ i b’; as z —» o, (*)

Claim: (*) is identical to (2).

Now since f'(z) is continuous, = f'(z)1s integerable and from (*)

y A k bn 1
f(y)_f(z):"‘f'(t)dfz." (Z £ * O(tkﬂ ]Jdt (**)

z n=o0

k
{23 e of Aol
= !
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=)j'b0 dt +}j‘bl dt +f[2ﬁ: b: +O(tkl+l ﬂdt

_b (y=2)+h In(y/2)+ I[Z . o(%ﬂd:

n=12

S SO)—f@) = b,(-2)+BIn(/2)+ Z’[f(t) by - bt—ljdr |

b_l\

) dt is convergent. Since the
J

But as y — oo, f (y) =>a,and oF(f'(t) -by -

integrand is 0 [ 1_2] Tt follows that b, =8 =0 (otherwise it diverges).
Z

e8] ' b
Therefore @9 — f(2) = J[f (t) -bg - Tlldt _
Z

“f # by 2 bnyy
But by theorem above [ ') -bg - n dt ~ % .
24 n=1n2
ST,
b _/;;é‘—a' 669

n+l

Hence %5 —J (2]~ i

nz" as Z—» o0, > STy .
n=1

L Q%\
o L
But we know that g . { '?.,?’* )
@g— Jig) =~ : T S .
nz=1 z" A &“‘Q

(@siff(2)~ > a, 4,(2) , then & (2)~ad a, 4,(2) )

n=0

/& ¥
30 4 & &
g : / s | E]



Again we know that asymptotic expansion is unique

@0 b o a
:> n+l = n
; n zn ”Z:; Z"
bn 1 —
= - a, or bl’l +1 nan

Now derivating both sides, we get

0-f1()~ Y - an[;ﬂ ] )

n=I

na 3
Zn+l

o0 ) _'1
Hence f'(z)"‘—Z—n% :—z(”_% |

n=1 n=2 Z

Thus, in other words, the asymptotic expansion is obtained by term-by-term

differentiation.
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4. Methods of obtaining asymptotic expansion (approximation)

4.1 Integration by parts

There are several methods of obtaining asymptotic expansion of functions
defined by definite integrals.

One of these methods is the method of integration by parts. In this
method, the successive terms of the asymptotic series are produced by
repeated 1 ntegration by p arts; the a symptotic ¢ haracter o fthe series is then
proved by examining the reminders, which is in the form of a definite integral.
The field of application of the method is rather restricted, and it is difficult to
formulate precise theorems of any degree of generality. Instead of attempting

this, we try to make the idea clear by discussing particular examples.

Example: 1 Exponential integral

. e
The exponential integral Ei(x) is defined by the formula £ (x)= f7 dt

-t
e
To obtain the asymptotic expansion of £i(x), integrate f Py dt by parts

-1
e
= | — dt
[
e -x

=
e = @, e

= + > +2F—2 dt = i st
X X L §

=%

repeatedly and obtain that Ei(x) = —

PR3] Sl L (—1)"k!ftfﬂ dr

n=1
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n e
The reminder term &, (X) = (—1) ”!_[o £ dt is bounded for large x

n! ~ nle *

Lwe dt

(as x—0) by an (x)| .

n+1

xn+] X

= R, (x)-= o[ﬂl—e—J .

xn+l
Lk 1) (m=-1)! n'e *
Thus Ei(x)=€ = X 1) E ) 0| ~—art | -
n=1 X X
eyt m-1)r
= FEix)~ ¢ ,, and it is divergent.

n=l1

Example 2. Similarly to find the asymptotic expansion of a function

=

e
defined by f (x) = _EO 1+ xt dt , integrate by parts repeatedly to obtain,
et e
=l-x| —— dt =l-x+2x*| ——
/(x) ) (+x1)° b (1+x1)°
. —X - n n . k+1 k+1 e_:
=g 21 1)y atx"+ GOk +1)x f T

and the remainder term
-

e
W‘dr is proved to be O(1) as x—o.

R,(x) = (1) (k+ Dttt [

L f(x)=e* §O (1)'n!x" +0().

Hence f(x) ng(_ l)"n Ix",
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Example3. The incomplete gamma function

Consider the incomplete gamma function

¥ -tia-l "
y(a,x) = Le ‘t“"dt  where x and a are positive.

i) If x is small, we can deduce a series simply by using the expansion

B oo = 1 n t n ) .
et =y ( . and integration by parts as
n=1 u

}/(a’x) _ fi (_l)ntnﬂr—] t

n=0 f’l!

i (_l)ntfz+a ’
= nl(n+a) Which converges for all x.

In fact the power series converges for all bounded complex numbers.
However, its usefulness as an approximation is limited (if x is small x), since
it converges very slowly (it is alternating series) for the large x.

ii) To find a representation that is useful for large x, we define, the

complementary gamma function

T'(a,x)=T(a) - y(a,x)= _[ne“t"’}dt

-t a-1 P i
where, ['(a) = fe t“dtis a gamma function. Now integrating it by

" . : r(a) -x a—k r(a)
btainl'(a,x)= ) —————e"x" +———T(a—n,x
parts n times we obtainI'(a, x) kzlr(a %+ 1) Tan) ( )
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|F(a - n,x)] = 'r e 't " dt

a-n-1 ! 1
<X F Ydt = x"""e " for large

X, provided n > a-1, thus for the reminder term R (x) = L18) I'(a—n,x)

['(a,n)
We have |R,, (x)|= ‘L‘Q)F(a -n,x)| < i . s
['(a,n) ['(a-n)
IR I 1 ) I'(a) | _-x e
= l"(a,x)_;—-—er(a_k+1) X +0Hf‘(a—rz)e x J
- ) I'(a) —x a-k
:>r(a,x) ;m X as X—»oo (*)

iy @ D@=D---@-b)

)Ck

As a specific case, consider the complementary error function,
Erfe (x) = re"zdt _
For this if we let t* =s, then Erfc (x)= %Jv:e"smds = ;—r(lfz,xl) so that

from (*) we have

—xl 3 F(I/Z) 2\—k+1/2
;(1 k- 1/2)( )

1 .1 1
ErfC(X)=51"(§, ~ 58
\/; —x2 c —Zk
=2 ¢ gr( k+3/2)

_\/; el l
=g gr( k+3/2) x
1 w113, {2 =1
o Z (=D 2 k( )
k=0 (2x7)

as x—0.4.2

Ny

X
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4.2 Laplace’s method

This method is applied to find an asymptotic expansion of the integral

ﬁ ZA\X
function of the form f(2) = L¢(JC) e "™ gy

and the expansion obtained by this method is called laplace approximation.

Theorem: 1 (Laplace’s theorem) Let ¢(x) and h (x) two real continuous

functions defined in the finite or semi-finite interval @<X</3, such that

1. 4% & absolutely integerable over the interval [o,B]
for every value of z;

2. h(x) has a single maximum value in the interval [o,p], namely

at x = o and the supremum of h (x) in any closed subinterval not
containing o is less than h(a) ;

3. K'(x)is continuous ,and 4'(a)=0, #"(«) < 0,then

1/2
1f Zh(x) g o zh(a)|  — 7 e,
g(x)e x ~¢(ax)e 2 h (@) as Z—>o0

Proof: under condition stated, for an arbitrary number € > 0, choose a

Bt ber 5(< ¢ e h(@)—e<h'(x)<h(a)+e<0 .
PosithmEmnabier B Bo) SR gy s stpoe g WO

a <x<a+d.Since in this sub interval

K =h@)+ (- Q) where a<{ <+,

. 1 2 1 2 .
h(x)-h(a) lies between — B(x—a) and —EA(x—a) where A & B are positive

constants; with 4 =—h"(a) — € and B=-h"(a)+¢.
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a+d FhE) .
Hence J d(x)e dx lies between
(04

| 2
—zB(x—«a)

+6
{h(a) - gle*"® f e? dxand
s Zla )2
+ —ZA(X—«
{h(ar) + eJe”"®) E e? dx
. 2 4 . 2 g 2
_ —zA(x—a) —zAu —zAu
But since [§*7 e e = Fe"? du —1%e? du
s 1172 ~1 ;"
—{ } 1+0(? )
2 z4

When z is large, it follows that

+d 1/2 -1
r $(x) "W x < h(a)+ gle” @) {27:{ } {1 + O(e_ZM
o z

and similarly

2zB

o ey 1/2 -
L 6¢(x) e M¥) g, 2{/’1(0{)—8}6 “ ){ id } {14_0(62 e

For the rest of the interval, we have

ﬁ z X /8 X o
“M B(x) e ax| < L+5|¢(x)\e’( M gy

Where M = sup h(x) <h(a) by (2).

a+o<x<f3
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4 . Yii B
Hence by (1) ‘ j;+5 p(x) " Vaix < 2V L+5 ()| " Pedx = Ke* DM

1/2 -1 2
—zB8 il
So we have {#(a) — g}{%} 1+ O(e ? a ) K_MZeZ{M—h(a)}

€

= ﬂ Z X
<~Jze Zh(a)J‘ é(x) e*" ) dx
(04

1/2 -1, .2
S{¢(6¥)+8}{%} 1+0@?" )b+ K*/_ £ b -h(a0)

Now if we let z—o0, then

1/2 1/2
N = 2 h(x) a2 hie) e
(#() 8)( )= 2.9] & Ilsz Bo(x) "D [ze” M D < (p(x) + g)( TR 25)

Since € was an arbitrary, we have

1/2
— llmf zh(x) zh((x)d .
#x)e J— ze =) 2/1”( 5

1/2
zh(x z -7
=3 f¢(x) "Dy ~ g(ar)e "‘(O‘)[W( J .
An alternative form of this approximation is obtained by putting
e"™ = g(x), namely thatif g(x) attains i ts maximum at x = o w here
g'(x) =0, g"(x) <0,then

-7

2zg" (@)

1/2
J as Zz—»w,

f¢(x) (g(x))z dx ~ ¢(a)(g(x))z+1/z[
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Example: 1 Consider Bessel function 7, (z) of integer order n, which has

1
I {z2)= —fe”"“ cos nx dx

an integral representation -

Here ¢(x) = cos nx { h(x) = cos x which decreases steadily from a maximum

at x=0.Since h(0)=1,4'(0) =0 and h"(0) =—1<0,it follows that by above

z

It e
theorem 1, (2) ~ 172 , as Z—>0,

(27z)
Example: 2 approximate the gamma function defined by Euler’s integral

[z+1)= Jlefxxzdx = z! for large positive integer z.
0

Solution: In its current form, it is not possible to apply laplace’s method,

since x has no maximum. But if we put x=z t, we obtain

o0

F(Z + 1) =z Zz+] J.ez(fﬂnf) dt -

0

Now this integral is of the desired form with 4(¢) = —¢ +In¢, which has a
single maximum (-1) at t=1, with#'(1) =0 and h"(1) =—1 <0

Therefore applying the theorem to the intervals 0 <t <1 & t > 1, we obtain

172
r 1~2“11.‘2”)
(z+1)~ 22 {e [22_1]

Which when simplified gives F(Z + 1)~ (27? e )1/22 ‘e”" as z—w.

(Note that this approximation of I'(z + 1) is known as Starling’s formula that is

given as Ak \/(27”?;71”8_” or z!= F(Z+1)~ 1/i27rz z7e
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Example: 3 As an example for an alternative formulation of the theorem,

consider laplace’s first integral for the legender polynomial, namely

17 5 1/2 p
P,(u)= ; J-(ﬂ + (/—‘ _1) COS x) dX | Where u>land the
0
square root is positive.
.
Here #(x)=1& g(x)=p+\u" 1) cosx . And since g(x) has its greatest

value at x=0 on [0,r] with g'(0) = 0 and g{0) = —(yz — 1)”2 <0, we get

2 1/2 ypt1/2
P, ()~ 2171';1 (u+8j2:1%,4y as z—>0.

Generalizations of laplace’s Method.

In our discussion of the lap laces method, we considered integrals of the
/B znlx
form [ ¢(x) " dx as z—o,

where h (x) has a single maximum at a point § in the finite or infinite
intervala < x < g.for convenience we broke the interval up so that the

maximum was attained at an end point ,but this was not essential. It would be

possible to generalize the method to cover integrals of the form

A (G E
L g(x,z) e "2 gy , where ¢(x, z) is bounded as z—0 and h (x, z) has a

single maximum &; but this stationary point £ would no longer be fixed, it

would vary with z .
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The expression of the integrand as a product ge" is some what arbitrary,
and different factorizations may lead to different asymptotic formula valid in
different circumstances. It is customary to change the variable, if it is possible,
to make the stationary point independent of z.

For example, in the case of the gamma function,

—x_z zlnx zlnx—x
Ie X dx=I(z+])= I dx= I dx , we could not take
0 0

0

#x)=e ", h(x)=Inx, because Inx has no stationary point. But we could take
¢(x)=1and h(x,z)=zlnx—x

The function h(x,z) has a single maximum point at x = z, and the
asymptotic expansion could be worked out on that basis. We avoided this by

making the change of variable x =z t (in example 2 above).

Example: 2

consider the Bessel function

e

Je*

1 ~acosh
i a cos de,
2 -

1] «
Kz(a) - E_J- ezx—acosh Idx is

where z and a are positive and z is large.

Here, laplace’s method is not applicable with the factorization

h(x) = x,d(x) = e M ag h(x) has no maximum. But zx—acoshx has a

single maximum at x =sinh™(z/a), which varies with z.
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If we put x = sinh '(z/a)+ ¢, we obtain

K_(a)= —;—(z +z2 + az)z J'ez(’_er);é(t,z) dt

B
Where ¢(f ,Z)=e sl e . The function 7-e'has a single maximum at
t=0, but we have obtained this simple form at the expense of introducing z
into ¢. This 1s quite harmless, since in any finite interval -o <t < a, ¢(t, z) is
continuous and ¢(o., z) <d(t, z) < ¢(0, z),

Hence ¢(t, z)—>1 as z—>co uniformly in t, and as ¢(t, z) <1 for all t, z.

a

[0 4
z(1—€") _ z(1—¢e')
Now we have J.e p(t,2) dt = ¢(t0, 2) Je at , where -a <ty <

— -
e g(e,2) dt ~ [ a
and so )
o -1 4 1/2
- —zt A2
o ame(2)
- .

For the intervals t 2 o and t < -a., write t = o + v and recall that ¢(t, z) < 1

for all t and for all z. Then using the inequality €” 21+ y, (¥ 20), we have

0< [e*"g(1,2) dr < @ [e7=="W1) gy
o 0

< ez(a‘—e'z)oj.e—zy(e"—l) d}/ _ e—z(ea—a) _ 0(3_2]
0

7 g% =1

since € —a>1, Similarly fort < -qL.
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Thus, when a 1s positive and z—o0
- |28
K, (a)~ (z+ \z? +a2)ze ” il
Z
2°z%e™" |«

Or more conveniently X (a) ~ = 0 g *BI®
a

Theorem (Watson’s lemma)

Suppose @(f)is analytic in the sector 0 < | <R, < 0 < 7 and suppose

A1) =iakr(“ nH for M <R and that ’ﬂl‘)‘ <kd"
=

where k and b are positive numbers independent of t for R< t <T,

T . k/
then Ie—zr¢(t) Z a, FEM I’l)
0

k=1

as IZ| — 0 in the sector |arg z|< 6 <7 /2.

Proof: The proof is direct applications of the stated hypothesis. We divide the

interval of integration in to two parts.

F(2)= e d()dt + Te " $(t)dt = e~ $(t)dt. (1)
0 R 0
The second integral we bound by
T T
[e ¢ (2)dt|< [e ™ |p()ldt forx=Rez >0 (2)
R R

g
< K Ie_(‘t_b)’dt <K Ie—"[R for sufficiently large x.
R
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Thus the second integral is of order of e ™ which is small (because
asx —>o0,e " —0). For the first integral we note that since the power series

of¢(¢) 1s convergent on the real axis,

m—1

¢(f)=zakf S +R,(f)Where the reminder term has the bound
k=1

|Rm (t)‘ <ctm -1 for the interval 0 <t <R.

Therefore for the first interval we have

e ¢ (t)dt

o0 m— je.o] m— R
:I:J-e—zt Zlakt(k/n)—ldt_ Ie—zt Zlakt(k/n)_ldt-:l‘i‘ Je~—zl‘Rm(t) dt
0

0 k=1 R k=1
3)
of these three integrals, we evaluate the first and estimate the second and the

third:

o0 —ztm 1 t(k/n) ld m— 1akF(k/n)

ée kl kl ZKin (4

e —ztm (k/,,,)_ld m— 1akf(k/n ZR)

1,{6 zd Z KT (5)

The function I'(k/n,zR )is the incomplete gamma function d iscussed

earlier in section (5.1), and F(k/n,zR)z O(e™) forx =Re z> 0,
Finally

xJR e_rt(mfn)_ldt = o(x-mm ) (6)

R _ K
< cle /- gy = e
X 0

0

R —zt
Je "R, dt
0
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Now taking all these estimates together we have

R

_[e'“gﬁ(t)dt % Yje‘“gﬁ(f)dt

0

17 (2)|=

]ez';ﬁ(t)dt =

<|[e g0yt < +0(e™)

0

+

[ p()at

[j[e”z’g?ﬁ(t)dt

m=1
< Z akr(k/n)_o(e—.\'l?)_l_o(x—mfn)

- kin
k=1

Oy & +0(D)

Z ng/n))

k=1

y & g, I
= f(z)= Ie‘z’¢(t)dt Z E{CH/H) as [z|—>co.

k=1

Watson’s lemma can be stated in a slightly different, but equivalent form as

follows,

Theorem: 3

suppose ¢(¢) is analytic in a neighborhood of t =0
B(t) = i a,t* for |i| < Rand suppose that|g(t)| < ke”" for R< t <T,
k=0

then,

o T(m/
J‘e'“ @(t)dt ~— Z—"’ 12"8’:1 ) as |z| » o
0

m=l

in the sector |argz|< <7/2.

Note
This lemma actually shows that lapace’s method can be extended in to a sector

in the complex plane, and it is not restricted to real valued functions.
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Example 1: Obtain an asymptotic expansion of

w0, =gl

o}

0

/4
dt for |z| o in |arg z| < 5—5,5 =0,
Solution: To apply the lemma let ¢(¢) = ﬁ, then
+

§O=D =D <

n=0

1 )
Now fort > %, ¢' >1and e <l =¢(t)= 1+1t2 < e'which fulfils the lemma.

So by Watson’s lemma, we have

0 -zt

e
J‘ Ie Zt¢(f)df _ J"e ztz( l)n+l ay,. 1r2n zdt
01+t 0 n=1
© .1 T2n-1
~ £ ym B,
n=1 z
2 (2 1 i a (2n)!
D
n=0 n=0 Z
0 -2zt o) 2 !
Hence Ile =dt ~ ¥ (—1)" (21)1 as |z| -« in ‘argZ|S]—2r—5, 6>0,
O :0 Z

0 1

e
Example 2: consider the integral £'(2) = L e dt for complex valued z.

0

o ~lz s
F(z) = ’j'f ¢ ——ds
b1 & ! )
Z
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-1
2
The function ? (5) = [1 + ?SJ is analytical for|s| < 1,and bounded for

large real s,

using its power series expansion we have

F(z)~ ch'e“l-"hi (— msj ds

A

n

1t (Y - N () M
loE(He - fen

Which is an asymptotic expansion of F(z) valid for |z —» .

4.3 Method of steepest descents

This method is developed by Debye, and is applied to find the asymptotic

expansion of integrals of the form,

B
f@)=1= [e™g@)dt or 1= [e?Dg(r)dt

when z is large and positive. Where the path of integration is an arc or a

closed curve in the complex plane.

The functions () and ¢(z) are independent of z and are analytic functions of a

complex variable t, regular in a domain which contains the path of integration.

Those points of the t plane at which /'(f) = 0 are called saddle points of ().

The surface representing ’e A I as a function of Re t and Im t is called the

relief of ¢ ),
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In the t-plane, curves along whichReh(r)is constant are called level
curves: along such curves #(¢) has a constant modulus (they are contour lines

of the relief), and the phase e"changes as rapidly as possible. Those along

which Im#A(z) is constant are called steepest paths: along such curves e" has a

constant phase, and the modulus of e" changes as rapidly as possible (they are

the gradient of the relief).

The main aim of the method of steepest descents is to deform the path of
integration so as to make it coincides as far as possible with arcs of steepest
paths in order to apply Watson’s lemma.

1.e. to satisfy the conditions

e The path passes through a zero ¢, of #'(z)...(the saddle point).

e The imaginary part of i(r)is constant on the path (the steepest path).

If a & plie on steepest arcs through the saddle points, for instance
ifa & B are singularities of x(¢), then the path of integration may be deformed

so as to consist entirely of steepest paths through saddle points; other wise two
steepest arcs may occur which do not pass through saddle points. This letter
case may be described by references to the relief by saying that we first
descend along a gradient line to a singularity and then climb the saddle along

anther gradient line.

In any event, Reh()is monotonic along any steepest path (except at
saddles), and Laplace’s method may be used to evaluate the integral

asymptotically.
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Now if ¢,1s a saddle point for 4(¢) the paths of steepest descent through a

saddle point ¢,are given by (r) = h(z,) -7,
' . . dr .
where 7 is real positive, and so, if s is the arc of the path, s +|h'(1)|.

Therefore ?can only change sign if the path goes through anther seddle
A

point or a singularity of #'(r). This variable ¢ is usually monotonic on a
steepest path from a saddle point and either increases to oo or decreases to -oo.

, . . zh(t)—zt
But since the integrand is ¢

a path on which r - - would be lead to a divergent integral. Hence we try to
choose a path of integration on which zis positive —these are the pathsof

steepest decent from the saddle point.

Therefore if it is possible to deform the path of integration and express the
integral as the sum of integrals along paths of steepest descent from a saddle

point, all that remains is to consider the asymptotic behavior of integrals of the
= dt

form ¢ () [e™" (1)~ dz
0 dt ?

where z is large and positive, and, to each of those, we can usually apply

Watson’s lemma.
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Example: 1

Consider the integral /(@) i CI

Where the contour C is any vertical line of the form ¢=x+iy,xy >0fixed,

—0<y<aw.

Now we see that our h(r)=¢—+r and ¢() = L3 since A'(f)=0at t= Ya.
t

%

Hence % is the saddle point of h(t) ,and thus the paths of steepest descent
, i nk =1 2 1 .4
through the saddle point t=1/4 is given by t—\/;=7—f ,t=(5 +i7)" for real

positive number T .

Therefore we fulfills all the criteria to deform the path of integration, that is
» The path passes through t =1/4 when 1 = 0.
» Im (t—+/r ) is constant on the path.

Hence in terms of the new variables , T ,our integral becomes

| ez(—r2—1/4)

flz)= - | (1+2it)idr
2m i (it +1/2)2

~z72)

2 _ oo
=" ¢ Z/4J‘e—dT
T g 1+ 2ir
2 B gz &
f(z)="e 2% [ 72" 3 (-D"(2ir) "d7
T 0 n=>0
Now applying Watson’s lemma, we have
1 i B2 al(n+1/2)
f(z) ?e ’12::0(_4) 172 as z - o .
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Example: 2

Hankel’s integral - J‘e’“s“"ds
(z) 27i?

—i7T 7T i
where the contour C traverses from S =0 ' to § =0 around the origin
on the Re s < ( axis.

To approximate this integral substitute s= z t so that

I Nzt ) zdt =

F(z) 2ri;

J. zt _—z+1 —zlntdt

c

2711

1

-z [ _z(t—tInt)
=——1z " |e @ s
i I with the same path as

before.
Hence we have /(f)=t—1Int & ¢(t)=1and h (t) has only one saddle point
namely at ¢y =1 and A(z,) = (1) =1, and can be represented as a power

series near ¢, =1by

2 r
h(t)=h(t0)+(r_;0)h'(;0)+(t"fo) h (to)+___

2!

Z (1 —1 )n

When z 1s positive, the paths of steepest descent through the saddle point are

givenby 7-Inz=1-zwhere © > 0,satisfies the equation of the steepest path

Im(f —1n¢)= 0, which, with + = x+iy can be represented as the curve x = ycot y .
Now to deform the path of integration in to the steepest descent, we make

the exact change of variables 1 in to »?, so that A() =1-n>

1.e. we want a curve, parameterized by 1, passing through t =1 at 1 = 0 ,with

Im(#) =0 Re(h) <1 and with locally quadratic behavior in .

al



With this change of variables the integrals becomes

o0

1 1 1-z z(]—;]z) dt
= e — | . . "
['(z) 2ri J dn 17 which 1s still exact.

Now to find Edz_, we must make some approximation. We first invert the
17

change of variables to find (=t (n) and then differentiate to ﬁnd:—t.
n

We determined that
P e ey e
942 135 54042 ' 8505

dt 3i 50
= —=t(n)=iV2 - L * e
dn G ovz2 T sa0vz

t(l]):1+i\/577—§?]2—

4

=i«/§{1—ﬁ+ 1 +———]

6 216
1 i2 e [ n' '
B el Pl T DO SRR
Thus T(z) 27i OI [ 6 216 1
w 2 4
o 4 ezzl—zjle”’2 T AT dn
N2 i 6 216

Therefore using Watson’s lemma to integrate term by term, we get

: ~ezz"'[ijm 1- : + : s
I'(z) 27 12z 28822 oS

i LY
~efz 7% — 1.3.5....2n+D.(-D".
or I (27{} X ( )-(—1)".ap, 41

n=1
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Example: 3 Consider the integral

1
F(z)= Ieiz[’“z] % for large z.
0

The path of integration is the straight-line segment on the real t axis
between 0 & 1 which we want to deform in to steepest descent paths.
The function f(r)=i(t +¢*) has a saddle point at t = -1/2 which is of no use for
us; the “saddle point ” method does not help here. Instead we look for steepest
descent paths through t = 0,where f(0)= 0,so the steepest descent path has
Im f(£)=0.
If we set r = x +iy we found that Re f(¢) =-y(2x+1)
and Im f(¢) = x+ x* — »*). The steepest descent paths though t = 0 which

satisfies Im f(r) =0 is the curve y* = x +x°

Similarity the steepest descent paths though t =1 satisfies
Im f(¢) =2 (f(1) =2i) is given by x+ x> - y* =2,
So we can deform the path of integration in to two integrals, one on the path
o f)=fO) -1 forr=0 = ¢ :ilt+1)=—
a steepest descent paths through t = 0 and the other on the
¢, f(O)=f(1)-n forn 20
== & :i(t+t2)=2i—n the steepest descent paths through t =1.

These exact changes of variables make our integral as

s 2T th —-zn

B f ie 1%
ro-] ——ae-d]
0 0

1/2
[?1+%\/1+4n} (1+4i7)"

idn

172
[2+2ﬂ/1+4m/9} (1+4in/9)"*
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Now we can apply Watson’s lemma.
We expand the integrands, excluding the exponential, in power of T & n
and then integrate term-by-term. After a tedious calculation, we found that:

9 —zr . 2 3 . ® . 2 3
F(z)=+i - 1_&_&4_2312‘ +——- r—-l—ez"zj‘e*m 1—7”7—37?7 ¥ t+———in
Jdcrl 2 8 16 37, 18 216 11664

1/2 . . . s
F(z)~ LA l_gz___ 1082 +346531 " 1 7:2 ~ 373]+0(x_4)
z 4z 32z° 128z 3 z 18z° 108z

4:4 Method of stationary phase

The method of stationary phase is applied to find an asymptotic expansion of
integrals with oscillating integrand. It takes note of the fact that if an integrand
is rapidly oscillating, the integral is nearly zero except for contributions those

points where the phase of the integrand is stationary.

t3

Example 1: consider the integral G(z) = ,[COSZ(_:,"—t)df.
0

For large z, the integrand is rapidly oscillating as long as the function

3
%—ris changing in t.

3
At t = 1,the function L _thas a zero derivative, and thus, the phase of the
3 p

integrand is stationary.
The most significant contribution to the integral comes from the neighborhood

of this point, and all other regions are inconsequential comparison.
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3
Now expanding% —t about this point (t =1)

¢ -
By g—t=?+(t—l)2+———

bl

Truncate the approximation at the quadratic term and using this approximation
. . iy = 2Z 2
in the integral, we get G(2) ~ jCOS (—_;’—‘f' z(t-1)" )t

0

If our argument is correct, changing the lower limit from 0 to -0 makes no

substantial difference for large z, and we have

2z % ; o
G(z) ~ cos Tz jcos zt *dt + sin 23—2 jsm zt?dt

—wo )

- V4
But we know that ICOS at*dt = jsm at*dt = (%j ,

—0 —w

' G(z)~[ir—J”Tcos 2—Z+sin EJ—[EJUZL cos 2_z+ sinz—z
N 2z 3 3 z) 2 3 3

m[ 2 2 7]

=| — —_—— n—-_—
z 3 2
(7:)”2{ 22 T .2z .« [z]”z 2z
=— c0S—.cos— +sin—.sin— |=| — | cos(———)
Z 3 4 3 4 z 3 4
T e 2z 7
Hence G(Z)""[“) eosi———}.
z 3 4
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Example 2: consider the integral

2 wl2
Jo(2) = . [cos (zcos 8)d8 (the zeroth order Bessel function J, (2).)
0

; . ; T : d
For large z, the integrand is rapidly oscillating provided d—ecos 6 #0 and

at 0 = 0, the phase of the integrand is stationary and we expect significant
contributions to the integral.

We approximate cos & about @ =0 as

9 w2
cosd~1—67/2 and obtain J,(2) - [cosz (1-67/2)d6 .
0
Finally by similar way as example 1 above,

If move the upper limit from % to oo, there should be a little charge in this

approximation, and we obtain a result of

Jo(2) ~ %Tcos z(1- th )dO = (%J H cos (z - %) for large z.
0

In general the method of stationary phase is applied to find asymptotic
¢ izh (t
expansion of integrals of the from [ (z) = fg(t) e™dt in which z is a

large positive variable and h(t) is a real function of real variable t.

And according to Stokes and Kelvin, the dominant terms in the asymptotic
expansion of integral arises from the immediate neighborhood of the end
points of the interval and from the immediate neighborhood of those points at
which h(t) 1s stationary i.e. A'(f)=0; and in the first approximation the
contribution of stationary point, if there are any, is more important then the

contribution of the end points.
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Suppose that g is continuous and h is twice continuously differentiable,
let T be the only stationary point of h, for e <z < g, h'(r) =0and h''(7) > 0.
In the assumption that the neighborhood of t will give the principal
contribution to the integral, we introduce a new variable of integration u by
the substitution «* = A(¢) - (r) and obtain
T4 up

flz)= Ig(l) e = I 2u—;j,((?)—e[iz(hmﬂzndu

2
where u, = [h(7 — €)= h(z)]"'? and u, =[h(z + &) — h(z)]"'*
Since he neighbouhood of u = 0 matters, we may replace g(t) by g(t) and

2u

’

as t— 1 ,s0 that

142
2u 2 5 g 4 -
P by ( W) J ,which is the limit of

2 142 uy D (e)ei 9
o s T )4+ 12u d
J(z) h () g(f)_ie 7

By the same argument we may expand the integration from -co to « and

finally obtain

27

1/2
izh (7)+in /4
Zhrr(z_)] g(r)e’z‘ as Zz—» o, (*)

o~

For instance consider our example 1 above

© 3
GFlz)= _[cos z (% — t)dt Which can be rewritten as
0

3
o iz(%—r)

G(z) = Re je
0
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3
Here p(¢) = %_; and g(t) =1 thus #'(t)=0at t=1 = 1=1 and 0<1<c0
(i.e.1 is the only stationary point of h, in (0,0)).
R'(t)=2t=h'(1)=2>0and h (1)= -1+1/3 =-2/3.

Therefore applying (*) we get,

—_ [ﬁjlfzeg[z(;_z)mmj[1)1/28{2(‘3_2)4_7:@

2z 7

As we can see, the method of stationary phase gives a quick estimate of
the integrals of rapidly varying integrals.
Unfortunately, the method provides no check on the validity of the answer,
and no way to get a new more terms. This limitation is remedied by the
method of steepest descent and Watson’s lemma. Since for any analytic
function, a point of stationary phase is exactly a saddle point in complex
plane. Therefore it makes sense to deform the path of integration in to a
steepest descent path through the saddle point, invoking Watson’s lemma

along the way.
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For instance consider our first example again

ie. G(2)= _{cosz(%—:)dtzReJ'e 3 ’)dt,
0 0

we want to deform the path of integration (the real axis 0<<w)into a

3
steepest descent path. For this let A(¢) = i(%— tj .

So the steepest descent path for h(t) through the origin is t=iy, y > 0 and

through the saddle point (t = 1) is x{x* ~3-3)”)=—2where ¢ = x+iy.

So we deform the path of integration in to the two paths
"
B :z(?—t) = -7,

el m3] = —2iogy?
R = /

To invert these changes of variables for t =t (1) and t = t () we make use of

the power series

in? Sivi o, 1 4 TIi
n Pt i
6 72 27" 3456

Substituting this change of variables into the original and integrating term by

term, we find
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0 —o0

1/2 _,(2z_7 :
= R (E} e (3 4J(lﬁ il + 385 2+———}
z 50 z 4608 zZ
/2
[x] {22 :z)( 385 ] 1 .{22 71')
=[—| |co§ ——— |1~ s | gl s [l
z 3 4 4608z 10z 3 4

There 1s no contribution from the integral along ¢, since there the integrand is

f3
o0 lz(i_t) 0 ) oo 2
Re [e 3 dtzR{J.e"”(ﬂ)errez’Z” j'e"z” [ﬁjdn }
5 dr dn

purely imaginary.

As last example consider also example 2 above:
) rl2
Jo(z)==Re [e®**%0
T 0
Here the function f(6)=icos@has a saddle point at 0 =0 in (0, 7/2).
Thus he steepest descant path through 6 = 0 is the carve
cos xcosh y =1,0 = x + iy

and the steepest descant path through the end point 6 = /2 (not a saddle point)

. T
1sS=—-iy,y>0.
5 Yy

Therefore the original path of integration is deformed into two paths

¢ :icosf@=i—7"

c, :icosd=-n
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To invert these expirations for @ =d(r)and @ = 6(;7) we use

& 9 2n © " (9—71,'/2)2,”1
=Y 1 dcosd=-Y (- ¥-72)
cos @ "Z::O( ) ) and cos ;( ) aniD)

which enables us to find power series expansion for the inverse functions
0 =0(r)and 6 =6(n)

2 1 5 3

5i
T T - T+ Tl +——
V2i  6V2i 6V2i 4482

¢ 0=
V4 1 3 5

c,:0=—+iln+-n"—-——n’+—n" +-——-|.

’ 2 (” 6" 20" 112" )

as a consequence

2 . 2(do i do
Jo(z) = =Re|e” [e™ | == |dr - [e™*"| =——|d
o= Zael  Jor (G Jas - Jer (57 Jon |

(&) T -l e
| — Bl o | o= [ Bl e | b
nz 4 64z 4 \8z 7168z
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