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The absorntion coefficient r of a normal metal like 

any on0 of the thermodynamic and kinematic properth,s of the 

metal greatlv clenenc:1s unon the .state in "lhich the motul is 

found. Z\t Iml enough ter~n8ratures and the metal goinq through 

electronic nhase transition, the absorntion coefficient under 

the action of an external magnetic fielc:1 is shown to assume 

different values in differ.ent regions of Z, the par.amoter of 

PT'-2~. In PT-?!z ilssoiated with apnearance of a neN spheroidal 

cavity, it is found to bo lo\'] and monotonous b810w a certain 

threshold value Z* while ShOl'IS Giant Quantu!T1. Oscillations (GQO) 

with exponentially rising amplitude for values Z »z*, 
t 

the 

conditions of observation of GIIO l'-e infT k n T «hl1 « I Z I . In 

PT-?!z associated "lith breaking of the Fermi neck the absorp-

t:.ion coefficient ShO"IS strict dependence on the angle of ori-

entation of the Plv.gnetic field (e). Near a=o, it is found to 

behave in the same 'qay as in the apnearance of a snheroidal 

cavity NhereaB near a critical 

shows a sharp anisotropy of the 

value of the angle 8
Cy

it 

root .. type (0 - 8 rz - cr 

t Wherever hal/pears as a symbol here after in this manu·, 

scriDt it must be read. afl 11. 



INTRODUCTION 

The energy spectrum of the electrons of crystalline metal 

has band character \'Ihich results from its periodic nature in 

momentum space. At absolute zero, metals consist of partially 

filled bands, called conduction bands, which are responsible 

for the metallic properties of the metal; and in this ground 

state (T=O) the electrons occupy all states less than the 

Fermi energy, the surface of this constant energy being the 

Fermi surface. Within a given band of energy spectrum there 

are several singular pOints with critical values of energy 

€k at which the topology of the Fermi surface suffers changes 

and this occurs whenever under the action of external uniform 

pressure or of impurity the Fermi level approaches the criti­

cal values of energy €k (Le. whenever €F - k passes through 

zero) [1,2J. A change in the topology of the Fermi surface 

may be that a new split - off Fermi sheet appears (disappears) 

or a connecting neck is broken; and this commonly results in 

singularity of the density of states v(€) given by 

where vo (€) is a smooth function of the energy and OV(€) is 

singular. The singularity of density of states is of the root­

type, usually termed as a van Hove - type singularity [3] and 

is generally given by: 
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written under the assumption that the number of sheets incre-

ases with increasing energy. V is the volume of the spec i-

men, The singularities of the spectral density v (£) and the 

dynamics of the electrons near the critical surface lead to 

peculiar anomalies in the thermodynamic and kinetic character-

stics of the electron gas in a metal, the absorption coeffici-

ent of ultrasonic \<lave being one. Take, for instance, this 

other case of the thermodynamic potential (0) of which many 

physical propert.ies are derivatives. It can easily be shown 

that at absolute zero the anomaly of 0 is given by 

where, 

and z -

Note that, the second derivative of the thermodynamic pot­

ential has a singularity proportional to z~ while the third 

-'> derivative has a singularity proportional to Z • 
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'rhus the anomalies of the thermodynamic potential at: Z = 0 

carry the name "electronic phase transitions" or "phase transi­

tions of order 2~". 

At lml enough temperatures absorption of short ~lave-

length sound (k t »1), 11here k is the wave - vector of the inci­

dent sound and ~ is the ,mean - free path of electrons, by a 

metal can be considered as purely the direct absorption of phon­

ons by the electrons [4J of the metal and the coefficient of 

absorption for such a case is quite sensitive [5-8J to a phase 

transition of order 2':1 or simply to t.he parameter Z 0 The 

present work is devoted to the investigation of the behaviour 

of the absorption coefficient by a metal in a magnetic field 

in the case of electronic phase transition which results from 

a change in the topology of the Fermi surface for the cases of 

appearance (disappearance) of a spheroidal cavity and the rup­

ture of a connecting neck. 



CHAPTER I 

AT'fENUATION OF SOUND BY I1E:TALS 

1.1. Ultrasonic absorption in metals 

The most essential mechanism of abosrption of ultrasonic 

wave in normal metals comes from the interaction of conduction 

electrons with elastic oscillations of the lattice (phonons). 

An ultrasonic ~lave being an intense flow of coherent phonons 

with the same frequencies and wave vectors, when incident on 

a metal creates a sequence of compressed and rarefied reglons 

in the lattice moving \dth the velocity of sound. This sequ-

ence of compressed and rarefied regions on the other hand 

results in a periodic variation of the density of space charge 

moving along with the wave, which is explained by displacement 

of valence electrons from regions of compression (Le. regions 

of higher density of ion cores) into those rarefied. There­

suIting posltive charge in the compressed regions and negative 

one in the rarefied regions establishes a periodic distribution 

of the electric field \1hich remains practically fixed at each 

instant of time, since, of course, Ve » B-. . Here Ve and s 

arn the values of the electron and sound velocities respectively. 

Being accelerated in this electric field, electrons are then 

scattered on phonons and thus transfer to the lattice their 

energy gained from the ultrasonic wave. Energy is also partly 
? + lost as Joule's heating T .E:. This in essence is the electron e 

mechanism of absorption of the energy of the incident ultra-

sound. -4-
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The attenuation of sound in metals depends on -the magni-

tude of the ratio 1../9. of the wave length of sound and the elec-

tronic mean free path as \qell as on WT,T being the relaxation 

time of electrons and W the frequency of the incident sound. 

In case of \qhen 1..« 9. or egui valently WT »1 the attenuation may 

be thought of to be carried out by absorption and emission of 

single quanta of sound energy. Thus in this limit of high fre-

quency (i.e. k9. » 1) sound attenuation is a pure quantum pro-

cess, and the process of absorption is subject to the conserv-

ation of energy and momentum principles as given by~ 

... , 
p = p + hk 

... ... = p+q 

and (1.1.1) 
... ... 

£(p')= £(p) + hw 

... ... 
where, k is the phonon wave - vector and q the phonon momentum. 

From (1.1.1) follows 

...... ... 
£ (p+hk) = £(p) + hw 

which after expansion in powers of hk (assuming! hk! «Ip! ) 

delivers 

... ". 
£ (p+hk) 

IV + ~ 3£ = £(p) + hk. 
'elf; 

... ... ... = £(p) + hk,Ve 
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Comparison of this last equation ~lith (1.1.1) shows that 
-.,.4 

w= k.Ve which using the identities w = 2nf and s =f~ may be 

dissolved into 

s = Ve cos e 

When seen in light of the fact that at temperatures near abso-

lute zero much ,of the interaction of a normal metal with its 

surroundings comes due to the activity of its.conduction elec­

trons on the Fermt surface, Eq. (1.1.2) suggests that resonant 

absorption of phonons is only due ',to such electrons on the 

Fermi surface which move in phase with the sound wave. Since 

Ve = VF ~ s)VF being the Fermi velocity, these electrons 

move practically in the plane of constant phase of the wave 

at an angle close to 90 degrees to the vectort (the direc-

tion of motion of these electrons making an angle of the 

order of s/VF with the constant phase plane) (Fig. 1) . 

I I 
I 

I I -+ 
I 

I "Ie 
I 

I I 
I I I I I I 

e I I t 
Fig. 1. Relation between direction of incident sound and 

Fermi velocity Qf electrons involved in absorption. 
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For incident phonon energy which normally is quite i.nsigni-

ficant and may bc taken as only a small periodic perturbation , 

the absorption coefficient under the case discussed above can 

be determined using time - dependent perturbation theory. 

The problem actually may be put as that, being given the comp-

lete set of solutions to the unperturbed Schrodinger equation 

(1.1.3) 

where <Pn are Bloch - waves in the crystal, we try to find 

I/J(t) satisfying the equation 

(1.1.4) 

Here V (t) is the periodic perturbing incident sound energy. 

The standard procedure of solving this equation begins by exp­

anding wet) using a complete set of functions as 

I/J (t) = E Cn (t) 
n 

<Pn eXp(-iE~ t/h) • (1.1.5) 

Substitution of (1.1.5) into (1.1.4) together with (1.1.3) 

delivers 

exp(-iE~ t/h) =Ar. V(t)Cn <Pnexp(-iE~t/h) n 
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* Multiplying this by? m ' integrat.ing the result over all space 

and using the orthonormali ty of Bloch •. functions 

<cjJlcjJ>-·/l m n IOn 

we finally arr.ive at 

ac' 
III 

ih -rr = >.. l:C <1> Iv(t)lcjJ > eXPi(EO-EO)t/h 
nn m n" m n 

< cjJ Iv(t)lcjJ > m n 

(1.1.6) 

We shall solve (1.1.6) to first order in the parruueter A • 

As an in.itial condition at t~O we take the system to be in a 

particular state cjJk' as that 1jJ (0) = cjJk ~/hich when referred to 

(1.1.5) gives: 

Cnk(O) = 0 nk 

,./here 0nk is the delta Kronecker symbol. 

Since departures from these values at latter times will depend 

on A, \>le may, for first ~ order calculation, substitute this 

into RHS of (J..l.6). This yields the diff6rential equation 

(for Tntk) 



The probability that at a later time t, the state 1)J(t) is an 

eigen state of HO ~.'i th energy E~' that 1s, that. it is ~ n is, 

according to the exoas:i.on '-,ostulate 

p (t) ~ 1<0 11)J(t»1
2 ~ Ie (t)1

2 
n 'n ' n 

so, the probabil1ty of trans:lt1on from the initial state k 

to ·the final state m is given by 

wbe:i:e AV(t') is replaced by U. 

The (mergy operator U c1escribinCf an electron in an 

external period1c t1me ~ dependent field 19 of the form 

where, u 
..,. + 

'" A •• (n) tli ]. (r,'c) 
~J c. 

e 
• "k + ). . r 

Here the deformation tensor Ujj is glven by 

au. 
+ -.l) ax. 

J. 

which is periodic, 

(10108) 
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u
i 

being the displacement field of the medium. Aij is 

the tensor of deformation potential. The first term in (1.1. 8) 

refers to the absorption of j::hJnon energy while the second term 

refers to emission. That means (1.1.7), the probability of 

transition after absorption of a phonon of energy from the 

incident·sound wave, can be rewritten as: 

where, 

1 = 
2h2 

o 0 E -E -hw m k 
h 

It can be shown that 

Note that 

t 
fdt' 
o 

lim
t +00 

i 2 (lit) s n 2 (1.1,9) 

is the Dirac delta function o(a) 

for, when «to this limit is zero whilelqhen a =0 it is infi-

nlte, and moreover when integrated over a in the region (-00,00) 

it delivers unity. Thus for large enough t (1.9) yields 

The probability of transition per unit time may then be re-

written as 

/ 



-ll~ 

or even as 

P+ +, = * I U->+, I? 0 (hw++, -hoo) p+p pp pp 

h ~ and p+' f d i 1 f h 1 were, p re er to initial an f na. momenta 0 tee e-

ctron. 

This probability has to be multiplied by (f (p) - f (p' )), 
where f(p) is the Fermi-Dirac distribution, to accomodate the 

case of transitions in inverse directions. Hence, the rate 

of ultrasonic energy absorption per unit volume and per unit 

time will be given by: 

1 , .. 
Q = Vo l+, 

. pp 
~ hoo++,lu++, 12 6(hw++,-hw) pp pp pp (f t) -f t~) p p 

from ~lhich the coefficient of ultrasonic absorption (r) fol­

lows by dividing this by the flux = ~ pA
2 

00
2 

s 

r = 
2"ool u

o l
2 

2 2 ~+ 
V pA 00 8 pp' 
o 

{; (hw++ ,-hw) (f (+) -f (+') pp p p 
(1.1.10) 

where, P is the density of the crystal, A is the amplitude of 

oscillations in the sound wave and S is the group velocity 

of sound. 
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In (1.1.10), IUol2 stands for IU~p112 "Ihich can be considered 

as a constant matrix due to the limitation in the region of 

interest, namely, the region near and around the critical value 

of momentum. The summation of (1,1.10) has to be carried out 

over all quantum states satisfying (1.1.1); and since without 

a quantizing field in action the summation may be replaced by 

integration using the relation 

from ,(1.1.10) '1e get 

2Vo . 3 

= (2111-03 d P 

where, IH 12 is a constant matrix given by: 
o 

Ego (1.1.11) is the quantum formula for the coefficient of 

sound absorption. 

write 

Under the legitmate assumption that hW«1:+ we can p 

f(e+) - f(e++hw) 
p p 

= 
Of (e+) 

hw p . a e+ 
p 

_. f ( e+) - 1 f'( e+) +hw 
p p 

a f ( e+) 
. p 1 

a e+ 
p 
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But, 1 
= - knT (1.1.12) 

\qhere, 6 =e- Ii and II is the qhemical potential. 

In the limit as T approaches zero the function 

(e 6 /kBT+l)? 
for 6 + 0 is identically zero whereas in this 

same limit for 6=0 the function reduces to unity. 

it can easily be shm·m that 

f 
-~ 

6/kBT k T 
B .. 

.--::.6 .,.-/ .... k,-,:T..---;:"2- dll = -2- f 
(e6 B +1) -~ 

1 
2 

cosh x 

Thus we can conclude that (1.1.12) gives 

,/ 

Moreover, . 
.-~-

af (E+) 
p o (lI) and hence in this case (1.1.11) 

takes on 

(1.1.13) 

As compared to (1.1.11) Eq. (1.1.13) is (due to the assumption 

hoo «Ep) a quasiclassical formula for the absorption coeffici­

ent of ultrasonic \'lave; and for the case of T;;'O, it may be re-

written as 

, 
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r = hWflt1012 5 (C+-CF,)0 (c+p+hw-c(+++»d\) p p q 
(1.1.14) 

1.2 Absorption of sound in the phase transition of order 2~ 

As is mentioned in the introduction, a phase transition 

of order 2~ is accompanied by appearance (disappearance) of a 

new Fermi sheet or breaking of a connecting neck. Let us pick 

this case of appearance (disappearance) of a spheroidal cavity, 

just for the sake of mathematical simplicity. Near such a point 

of critical energy, the dispersion may be approximated by: 

where, of course, the energy is measured r.elative to Ek. Z is 

the measure of the size of the new cavity. 

The absorption coefficient (1.1.14) when made to accomo-

date this phase transition then appears as: 

For I q: I « I P I this takes on the form 

t +)2 
+bw.- C _JJ2:!:9. ) 

k 2m 
I 

+ + 
r = hwIl1

0
1
2 fd3p o (ck+p/.hm-cp) o (hw- p;,.q) 

(1.2.1) 

Employing now spherical polar coordiantes in which case 

d
3 2, d d d p = p SLne p e ~ 
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Eq. (1.1.15) can be rewritten as 

222 0 r = hw I!~ I 'Ip sin9 dp de d.p (E- - Z) 0 (hoo- pqcos ) o 2m m 

which itself, after making the change of variable 

x = - cos9 gives 

1 2 
dp I dx 0 (p hm-Z) 

-1 
o (hoo+ P~x)(1.2.2) 

T~e integration over x after making a further change of vari~ 

able 

1+~ 

Y -- x+ ~ reduces to pq 

m SO~rc1Y = m pg pq 
for _1+hoom < 0< 1+ hoom 

PC! pq 
-11 hoom 

pq 

so that (1.1.16) becomes (since £ 
2 = n 12m) 

r = 

Notice that the requirement in (1.2.3) may be 

mV2 
2 h2w2 ms 2_ z* e m 

£ = -2- = P 12m > "- 2"" -
2c/ 

.... 
.:,0 

(1.2.3) 

(1.2.4) 

restated as 

which, 
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of course ,is in agreement with (10 L 2) • 

Thus (1.2.4) delivers the absorption coefficient given by: 

2 
.2 .. m lw 

q 
(1.2.5) r = 

o for Z<Z* 

The above set of equations indicate that under phase transition 

of order 2~, the absorption coefficient shows a jump 6f,which 

is comparable to ro itself and this jump is independent of the 

parameter Z. Refer to ~igure 2. 

r o - - - - ~---'--~-.:.-

"1:* 

Fig. 2 Absorption coefficient in the case of appearance (dis-

appea:ramre) of a-sphero±dal-cavi-t-y--at---'l';O.-

The above result is calculated specifically for the case of 

negligible phonon energy hw and T~O so that smoothing of the 

jump due to ternperaturemay be ignored. 
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Let us now pick this other case of phase transition of order 

2~ accompanied by the breaking of a connecting neck. In the 

rupture of a connecting neck, let us assume that the constant -

energy surface &(p) = &k contains a conical singular point 
... ... 
P = Pk' Near such a singular point the dispersion is well ap-

proximated by (when energy is measured relative to the point 
... ... 
p = Pk): 

(m,l ,mil) >0 (1.2.6) 

where axis - 3 coincides with the axis of the neck. The above 

equation stands for a hyperboloid of one sheet if Z>O, a cone 

if Z=Oi and a hyperboloid of two sheets if Z<O(Figure 3). 

e 
o 

I 
1 
I 

I 
• 
I 

_-1.- I 
(a) (b) (el 0'<0 
Fig.3. Equal energy surfaces before and after breaking of neck. 
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For this case of nhase transit.ion accompanied by breaking of 

a connecting neck (1.1.14) must be re~lritten in a new form. 

This can be done by noting that: 

'P+h w'-

+ + 2 
(P2+ q sina) 

2m .1. 

2 

+ hwJ- ~1 + 
2m1. 

Assuming Idl «lplthi.';!11aY be shOlm to reduce into: 

hk (s -
»2 sin a P3 cos~ 

. +.....=;..~-) 

m.L m /I 

where, s = w/k 

Thus: o (€4o+hw - € (+ +» p n+q 
1 P2 sine P3 cosS 

= - 0 (s- --!:--_.+ --.;::.-- ) 
hk m l. mJl 

Using this and the dispersion (1.2.6) the absorption coeffici­

ent in (1.1.14) can be restated as (for 'r;'o)~. 

- Z)O {s-
<;/ sinS p 3 cose 3 

m I m )d p 
. .1. 1/ 

(1.2.7) 

e defines the angle of inclination between P3 and hk which 

is arbitrari1y made to lie on the (P2P 3) plane. 
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The integration of (1.2.7) is performed along the curve of inter-

section of the plane 

s - and the surface of (1.2.9). 

This curve of integration remains closed and elliptic, which 

can be shown using the method displayed in pp 73-77, only for 

o < 0 cr where Ocrl as evident, from Fig. 3 (b) I being the angle 

of cone safisfies the equation 

tan Ocr = = 
I (p~ + P~) 

This using (1.2.6) for the case €p = £k 

2 2 2 
Pl+P2 P3 

= 0 
2m.L - 2m" 

may be rewritten as 

tan ecr 

The calculation of r from (1.2.7) will be simplified if first 

integration over P3 is made, and later on simple transformation 

techniques developed in PP 77 may be followed to deliver . -

., 
r = 

m 2 2 
( II) f f Ii I p+q - (Z+ 

J;; 2m 
R 'ease 1 

m 52 
1/ 2) Idpdq 

2Rcos'e 
(1.2.8) 



where 

and 

t 26 an 
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It can be seen from this that the integral is different from 
2 2 zero when z+(m/ls )/2Rcos 6>0, and, consequently, the anomally 

in the absorption coefficient should be abBervable at 

Z = (1.2.9) 

So, as z~zcr' the absorption coefficient undergoes a jump equal 

to 

(1.2.10) 

\~hich coincides in order of magnitude \~i th r O. 

Note that for uz , the absorption coefficient is equal to cr 

zeroo ~1oreover, from (1.2.9) & (1.2.10) we abserve that as e 

increases toward 6 the quantities jzj and lJ.r show increments; cr 

and it can easily be calculated from (1.2.10) that in the limit 

e~6cr" the jump of the absorption coefficient shows a root-law 

increase as given by 

/lr = (lie «0 ) cr (1.2.11) 



\vhere, lIO=O -e cr 
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In the case of e >e during which the curve of integration cr 

of courseis open and infinite, the absorption coefficient r+ 0 

for any value of Z. A simple analysis shows that for any e>ecr 

there exists a value of the parameter Z at which the absorption 

coefficient logarithmically diverges according to: 

r 
Z+Z' cr 

where, Z' cr 

2 
ffi.J..S 

= -2':':'s-i-n""2-e 

tnl 

(1 -

2 
PO 

the maximum value of the absorption coefficient is 

• at Z = Zcr and is equal to 

rmax 

attained 

(1.2.12) 

Divergence is removed by using (1.1.11) instead of (1.1.14). 

Notice that as the angle e approaches the critical value, the 

quantity rmax increases and in the limit (1.2.12) gives 

(1.2.13) 
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1. 30 Absorption of sound in the maqnet:Lc field a~i~nt guaw­

tum oscillations 

The energy of the conduction electron in a magnetic field 
+ 
1I, which may be assumed to be directed along the Z .~ axis, is 

quantized (Refer to section 2,1, [9J) being dependent only on 

the principal quantum number nand Pz the component of the ele­

ctron momentum along the magnetic field. Ignoring the spin spli­

tting of the energy levels (Landau levels) and assuming for sim-

plicity quadratic dispersion law of the form: 

2 
£ = P 12m (1.3.1) 

the energy of the conduction electron under such condition may 

be given as: 

where, eH 
Il -- mc 

- hQ(l1+~) + (1.3.2) 

(Larmor frequency) • 

For such a case the absorption coefficient (1.1.10) takes on 

the form 

r = 114121: II 
1: 
n,n' 

(1.3.3) 
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where, 

Not only that, the conser.vation principles stated in (1.1.1). 

must no\., be rewritten as: 

(1.3.4) 

and hQ(n'+la) + 

But, (1.3.4) under the assumption Ihkzl« Ipzl requires t.hat 

P hk 
hQ(n'-n) + z z = hw 

m 

which since Q»w delivers the condition n' = n 

(1. 3.5) 

This speci-

fica11y means that the rise to a higher Landau level (by an 

electron) after absorption of a phonon of energy is improbable; 

or equivalently it means that the variation in the state of an 

electron after absorption \d11 be noted only as an increase of 

t)1e momentum Pz' Thus under this nm.,ly discovered condition 

(1. 3.5) becomes 

or 

~ 

hw = hk, 

s = v cosO 
z 

(1.3.6) 
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'this .is the condition of -absoption by a metal subject to a 

magnetic field, and it implies that only a small belt of elec-

trons on the Fermi surface are involved in ultrasonic absorp-' 

tion(Figure 4). 

Fig. 4. The belt of electrons effective in absorption. 

The value of 6 is limited by 61im <6<900 where 61im satisfies 

the relation 

s 
cos 6 lim = V

F 
(A) (1.3.7) 

According to (1.1.12), [f(e: +)- f(" '+1}] may be 
n,pz n 'Pz 

replaced by 1 so that this 
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together \'lith the conditions of absorption: 

I 
n = n 

let (1. 3.3) have the form 

0(8 ~ ". 8 ~ n p +hk - n p -hw) 'z z I Z 

Using the assumption Ihkz 1« li\h'lhich can be used to expand 

~ .,. 
8 n ,pz+hkz in powers of hkz' the above expression may be re-

written as: 

(1.3.8) 

I 
Bmplqying na'l (1.3.5) under the condition n = n and noting 

the fact that Pz is not quantized so that the density of ele­

ctron states along Pz is given by 

2VeH 
2 ' (27fh) c 

(1.3.B) can be changed 

into 



from \'lhich follo\'ls 

) INI2 1 

h 2 thn (n+!;,).~.~ 
cos 2k T ' 

B 

2 
Notice that in the above expression the quantity mOl 

2k2 
z 

is ignored from the argument of the hyperbolic cosine. 
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eR Since, n = mc 
(2Th)3 this same expression 

2V 

can further be reduced into 

hll E 
4kBT n 

1 
---.:::.---- (1.3.10) 

h2 rhfl (n+!;,) -llJ 
cos L: 2k T 

B 

For 11 "'0 or equivalently for hn «kBT the summation over n in 

(1. 3.10) may be replaced by an integral so that \qe get 

r = (r 0/2) j ---"'2-,=,d:.J.Y __ - ;; r 0 Iqhich is in perfect 
o cosh (y- ~/2kBT) 

agre-

ement with the discussion of section 1.2. '10reover, from 

(1. 3 .10) it follm·1S that for H large enough so that kBT 

r H oscillates between approximate maximum value r ~ o 4kBT 

«hn , 

»r 0 

and approximate minimum value 

\'Ihich occur ~Ihenever the value hn (n+!;,) is close to II and far 

from II respectively. Therefore, r exhibits very strong 



oscillations (Figure 11) . termed as 

(10-14] which are uniformly spaced 

--27:" 

Giant Quantum oscillations 
-1 in H .' The period of osoi-

llations may be easily determined using the techniques delivered 

in pp 64-65 as 

ldl/H) = eh/mc\l 

A sketch of the Lanaau levels as given by (1.3.2) is drawn 

below (Fig. 5). 

Fig. 5. Origin of Giant Quantum Oscillations. 

As has been tried to explain earlier, it is only those elec-

trons with momentum Pzosatisfying the condition (1.3.6) 

which can participate in ultrasonic absorption; and for low 

enough -temperatures .. their.energyis close to the Fermi level 

found in the narrow strip of energy indicated in Figure 5. 
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Then whenever Pzo merges into one of the allowed segments on 

the Landau levels marked in block the absorption coefficient 

r H rises to a large value and drops to a real low value other­

wise. That means as the magnetic field is continously increa­

sed broadning the gap between the Landau levels, the absor­

ption coefficient passes through peak values periodically which 

in effect produces the Giant Quantum Oscillations discussed 

earlier. Notice then the fact that for abservation of GQO, ].I 

has to he large enough 80 that. the condition 

(1.3.12) 

is satisfied. 



CHAPTER II 

GIANT QUANTUM OSCILLATIONS IN THE 

PHASE TRANSITION OF ORDER 2~ 

2.1. Quantization of the energy levels of the conduction elec­

tron in the magnetic field 

It was mentioned at the beginning of section 1.3 that 

the energy of the conduction electron in the magnetlc field is 

quantized. The quantized energy levels given by (1.3.1) for 

the simplest case of quadratic dispersion law applied in the 

free electron model may be derived quite simply using the 
.. 

Schrodinger equation 

(2.1.1) 

where the Hamiltonian Ol?erator In this case is 

nturn introduced as 

Thus: 

ion delivers 

H = k = ~2/2m ' P being the generalized mome-

p = p .- .§. A (p = - ihv -- kinematic momentum) c 

fm (- ihV - ~ A)2 ~= e~,which after. expans-

-29-



For the arbitra:r.y choice oft = (0, Ex,O) this again may be 

rewritten as: 

which, since 17
2 

(H x ) 1jI + 

1 a + '2m (~ J.h a y 

simplifies into 

(2.1.2) 

vie now look for the solution of this equation in the form: 

Substitution of this into (2,1.2) produces 

cp 2 
(x~ ii'-) $ (x) = (E"' 

2 
p 

~! l<!,(x) 

" 

(2.1.3) 

Note that, (2.1.3) is very similar to, the Schrodinger ,equation for a 

one dimensional Harmonic '" oscillator: 

~) (x) - e1jl (~) (2.1.4) 
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whose eigenvalues are given by 

= hw (n+~) 

\~he;:e, w = (kim) ~ ;and notice that there is a shift of origin 
cp 

by eil-

The quantized energy levels of the electron in the magne-

tic field is then easily observed from (2.1.3) by comparison 

with (2,1.4) to bel 

= hf!(n+~) + (2.1.5) 

\'-.'llere, Q = leln 
me (cyclotron frequency) 

As pointed out at the beginning,the above derivation is made 

f'Jr the simplest case of free electron model; but. the appear-

,'lnce of discrete energy levels for a fixed valle of Pz is a 

;>l:operty to be expected even for an arbitrary electronic spec-

-tTum which might be complicated if the trajectory of the cond-

uC'cion electron in momentum space is a closed curve. Since 

~ »hf! is the legitmate condition for ultrasonic absorption and 

observation of GQO, the relevant states have high quantum num-

bers n. Hence the quantized energy levels of an electron with 

an arbitrary dispersion can. be determined using the Semiclas­

sical Bohr - Sommerf£eld quantization rule stated as: 

(2.1.6) 
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\·,here Qi and Pi are conjugate coordinates and momenta of the 

electron, and the ni are integers. Making no distinction bet­

ween quasimomentum and momentum, which aviods the considera-

tion of quantum - mechanical transitions, (2.1.6) may be re-

written as: 

(2.1.7) 

the integral being taken along the classical trajectory of 

the electron. But a glance look at the form of Lorentz' Force 

2£ 
dt = hl dt 

c dt xH: 

which maybe. transformed into 

(2.1.8) 

shows that trajectories in momentum space and real space are 

rotated ~1ith respect to each other by angle of 900
, and for 

the magnetic field directed along the Z-axis, which is acco­

rdingto our interest, ~Ie from (2.1.8) find the relation 

dy = 

substituting this into (2.1.7), \qe finally arrive at 

f n do = 2111elh H (n +y) 
'y "X c (2.1.9) 
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\'Ihere now the integral is taken along the electron trajectory 

in moment,um space. The expression on the left side is simply 

the area enclosed by the orbit in momentum space S. The cond-

ltlons defining the closed oroit may be found straight away 

from Lorentz' force: 

Dotting this expression with V 

indicates the idea that in the 

a£ d£ = -:;: we get that dt "" 0 ~Ihich 
ap 

magnetic field the electron 

moves along a constant 

over dotting this same 

energy surface £(p) = 
equation with H gives 

constant. More-

(since Ht-o) 
d+ d+ 

I (~)zl =0 where (~)z is a component parallel to H. The last 

result shows that the projection of the momentum of the electr­

on along the magnetic field is retained, i,e. 

p = constant 
z 

Thus, the intersection of the surface £(p) = constant and the 

secant plane Pz = constant defines the curve of the path of 

the electron in momentum space under the action of the magnetic 

field. Depending on the topology of the constant energy sur­

face and the direction of the magnetic field, this trajectory 

may be either closed (determining a finite motion) or open, 
+ which passes continously through the whole p - space (and deter-

mines an infinite motion). From (2.1.9) ~16 then can ~Irite 



s (£ ) n,n .. z 
= 2111elhH 

c 
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(n+y) (2.1.10) 

which can he emp1oyod to find the quantized energy levels of 

the conduction electron with an arbitrary dispersion. Eg. 

(2.1.10) is known as the Lifshitz - Onsager quantization rule 

and is quasi-classical in nature as the following steps demon-

strate. From (2.19) fo11ows~ 

= 2,1\ e I H h 

c (as) 
a £ 

(2.1.11) 

But also from the perpendicular component (perpendicular to 

the secant plane) of Lorentz force: 

~hl 
c [v XH] (2.1.12) 

follows (after integration): 

c = eH (2.1.13) 

where TH is time of rotation 

The integral should be taken over the closed contour L of the 

path on the secant plane (Figure 6). 
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Fig.6, The secant plane. 

Notice that a strip of area in the secant plane is given by 

llSring = l dp J. dpv which using 

reduces into llS = ~ dp . f a 
ring . L v.l. .L. 

Thus the total area of the secant plane is given by 

e: [{ dp,L 
S = f v-J de: 

0 

It implies that 

as = J dP.l 
aE VJ. 

L 

'l'.his when substituted into (2.1.13) gives 

from which we discover that 

n = 2" = 2" I€IH 
TH 
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Comparing this with the cyclotron frequency of a free particle 

- ~ we identify: III - mc 

iT! (~:) = m* (2.1.14) 

as the effective cyclotron mass. Thus the expression (2.1.11) 

takes on the form 

f; e: = eHh 

* m c 
= hn 

But, quantization is possible for f; e: « e: ;;, e: p so that hn« e:p ' 

This last inequality establishes the fact that Lifshitz - Onsager 

quantization rule is classical. 

As a demonstration of how (2.1.10) may be used to find clas­

sical energy levels, let us pick the case of the quadratic dis­

persion law given by 

Fig.7. 

2 
= L. e: ('th • 

1:'1 2m* 
The constant energy surface e: (p) = ronst. 

in this case is spherical (Figure 7). 

SeCOt'l1 pIntle 

2 
The constant energy surface of the type L. .,~ .... * ....... "' .... 

2m 
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For the magnet.ic field directed along the Z- axis the 

curve of the orbit of the conduction electron is as shown 

above, in Figure 7. 

2 

From, ~ + 2m £= constant, where Pzo is 

itself a constant shows that the orbit is circular ~Iith radius 

1(2m £- ))z~ } so that th(, area of orbit is: 

~(2me - P 0
2 

) = S(e } - z n, pz 

Thus according to (2.1.10) one can ~Irite 

'l!(2m*£_p2)=2~lelhH (n+'-). ·zO c ., 

(y = lz for quadratic dispersion law) 

From this follows the expression for classical energy levels 

~Ihich is in accordance "lith (2.1. 5) • 

2.2. Conditions for experimental observations of GQO in PT-2lz 

The conditions of GQO without PT-2lz are indicated in (1.3.10) 

which for the case of T';O may be rewritten as: 

kBT «hn « £ • 
F 

(2.2.1) 
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'1'he fJeconc1 1nequality imposes the condit1on that GQO is obserc

-

vable only and only ~lhen the characters tic slze of the path of 

the electron 1n the magnetic field exceeds substant1ally its de 

Broglie ~;avelength AB • 

(2.2.2) 

Actually it can easily be shown that (2.2.2) dissolves into 

hQ « 7 . 

gives 

Integration of (2.1.12) for the magnitudes of Pol and r,1. 

cPJ. r= -- On the otherhand the de Broglie wavelength is 
.1. eH 

given by: • Using these relations (2.2.2) may be 

or as: 

But since ~= me 
Q , it further reduces into: 

or equivalently into 

hQ « 7 

which proves the statement. 
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'fhe requirement (2.2.2), means that the force set up by the 

field is small as compared with tho interatomic or crystalline 

force; and it varies only slightly at distances of order <a> 

or is sufficiently smooth. The above statement can be shown 

to be cortect as argued below. For an electron on the Fermi 

surface, PF' ~ hi a' and therefore, from the expression of de 

Broglie yTavelength An = h/pF followsg An - a. Thus, (2.2.2) 

rewritten as 

takes on the form 

cPF 
An« lelB 

c (hi a) 

a« lelH 

H 

from ~~hich follows 

(2.2.3) 

ch The quantity " '" II is the crystal field and is of the 
lela; a 

order of 108 - 109 Oerested. Thus observation 'of GQO is pos-

sible for fields much less than this value Ylhich proves the 

statement. Notice that since magnetic field intensities rea­

lly attainable in laboratory conditions are of the order 10fi 

Oerested, (2.2.3)' is delibrately satisfied. Moreover, tempe-

rature is seen to smear out oscillations as is evident in the 

discussion of sec.l.3. Thus, as a conclusion, one can state 

that the conditions for experimental observations of GQO in 

pT-2~ are the same conditions in (2.2.1) except that cF now 

has to be replaced by I z I '" I gF- gk I ~qhich is the parameter of 



phaf3e transition of order 2\ so that ~Je get: 

(2.2.4) 

Actually, for large values of Izl (2.2,4) reduces to (2.2.3). 

But on top of (2.2.4) \~e have also to consider 

hw «£ F and hw« hO (2.2.5) 

stated in sections 1.2 & 1.3 respectively (used actually to 

find the quasi - classical expression of the absorption coef-

ficient) as additional conditions for abservation of GQO. 

2,3. Derivation of the formula for GQO in pT-2\ and arbi-

trary dispersion law 

Eq. (1. 3.8) \~a.s speci fically derived under the assumption 

c i= the.quadratic dispersion law as given by (1.3.1) or equiva-

hmtlyof (1.3.2). The direct application of (1.3.2) in the 

(k~:{.·,'t\tion of (1.3.8) is observed in the equations (1.3.3) and 

(10 3. 4). But as the following steps demonstrate it can be 

shO'llil that (1.3.8) also applies to an arbitrary dispersion law. 

As \~as mentioned in section (2.1), the Lifshitz - Onsager quan-

tization rule can be readily applied to find quasiclassical 

enE.:;:gy levels of the conduction electron in the magnetic field. 

"\n"'""i.ng quadratic dispersion (not exactly as in 1.3.1), (2.1.10) 

oeLn:e and after absorption of phonon ~Iill take on the form: 



-> 
S(€ .... ,p ) n,Dz z 

and 

'" 21feHh (n+\) 
c 
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(2.3.1) 

c 
, 

(n +\) 

respectively. 

The conservation of energy and momentum principles (1.1.1) 

are now rewritten as: 

.... , + hk Pz = Pz + z 

/' (2.3.2) 
.,-

.• F' e: 1-)-, = e + + hw n-p n,pz .... ,'-' z 

But, because \, 

hw and I hk I «I Ii I 
3 Z 

the second part of (2.3.1) may be expanded as 

S(e ,+, p:>t) = 
n P " z ., z 

+ S (E +,p) + 
n,pz z 

as(e -> ,p+ ) n p ,z , z 
hw + 

which since 
+ as(E .... ,p) n,n z - z 

hk = z 

.... 
as(E .... ,p ) 

n,pz z 
a E + n,p 
--~Z-hk 

apz z 



may be rewritten as 

or as 

(hw+V hk ) z z 

substituting (2.3.1) into (2.3.3) we finally get 

->-
as(e ->- ,p ) 

2 nHh n,pz z 
.1I~ (n' -n) = 

c ae ->-
n,pz 

which may be re~lritten as 

(hoo + V hk ) z z 

eHh 
->-

as(e ->-,p) 
hoo +V hk z z 

n,pz z 
~£ ->-

n,pz 

->-as(e ->- ,p ) 

(2.3.3) 

(2.3.4) 

Letting 1 
211 

n,p z 
( . z )= 

ae ->-
m* analogus to (2.1.14), Eq. (2.3.4) 

n,pz 
will reduce into: 

eHh (n'-n) = hoo + V hk 
m*c z z 

or into 

hO* (n' -n) = hoo + V hk (2.3.5) 
z z 



\ 

* m c 
(Larmor ~'requency) 
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POl' a magnetic field which is sufficiently large \'10 have the 

conditions 

hw «hll 

and Iv hk I «hll satisfied, these conditions themselves z z 
being in accordance to condition (2.2.5). Consequently condi-

Hon (2.3.5) can be satisfied only "Then n I "'n just as in 

section (1.3) j \~hich then makes it possible to rewrite (2.3.5) 

~) 

Vz = - -k , 
z 

Using the relation w",ks this may be reduced to. 

IVzl cose ~ s (condition of absorption) 

which is exactly Eg. (1. 3. (i) for e heing the angle between the 

incident sound and the magnetic field directed along the z-axis. 

Now, after this, to arrive at the expression for the absorption 

coefficient all stepts after (1.3.6) may be repeated .~xcept of 

one minor chanqe, namely, the substitution of mltfor m and hence 

redefine Il as: 

Il -



\;ith this done, the absorption coefficient (1.3.3) reduces to 

exactly (1.3.8) "Thich proves the stutement that (1.3.8): 

is applicable to any arbitrary dispersion la~l. 

The above expression may be integrated over P7, to give: 

r r h\l" I - 2 ( )/ 
H = 0 4k T ~ cos 1 [E - 11 2J' TJ 

B n n 'PzO '8 
(2.3.6) 

~Ihere , 
mllw ,mllw mils 

PzO = k
z 

-, -f' cos,~ -- cosEl 

E:n. (2.3.6) may be made to accomadate the case of phane tran·· 

B:',t.ion of order 2l;; by simply introducing the !1aram'3ter of PT~h: 

Z = 

In that case (2.3.6) transforms into: 

(2.3.7) 

Eg. (2.3.7) is the required formula for GQO in p'f.-2'2 and aJ:::.~-



CHAP'mR III 

TIm ABSORP'l'ION COET!'PICIENT IN THE ~1AGNETIC F'IEI,D IN 'l'HE 

3.1. Validity of the expression. for GQO in the case of pT-2~ 

It has already been stated in section 1.2 that near the 

point of critical energy \~here a spherical equal energy sur-

f2.ce appears (d:'.sappears) the dispersion la" is approximated 

Under the action of the magnetic field directed along the 

z ~ axis it transforms into~ 

eH 
mc 

and u == rom 
"z k z 

This \~hen inserted into (2.3.6) delivers 

D.nd z* = P~/2m 

(3.1.1) 
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In the limit as H+ J, the summation in (3.1.1) may be replaced 

hy :~.ntegration so that 

~ hQ '" h-2 [hQ (x+~) Z-Z *] d 
r II .- '0 "4k T cos 2k T - 2k T x. 

BOB" B 

Change of variable 

(Z-z*) (dy = hQ dx) 
2kBT 

siloplifies the above expression into 

J -2 2kBT 
cah - (-h-) dy 

l,;hfl- (Z-Z*) 

2kBT 

'.c-lUS 1'.S H+O or equivalently Q->O this may be replaced by 

-2 S csh y dy 

Z-Z* 
- 2kBT 

As '~:-':' il'tegral on the RBS is a table integral 1151 (Dwight # 

679.20) the above exnreasion siml?lifies into 

r H = r cl2 tanh y 
'" 

. J Z-z* 

- 2K T 
B 

which gives 
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(l+tanh (3.1.2) 

But, under a further restriction of ~r 0, Eq. (3. 1. 2) shows 

a jumr of the ultrasonic absorption coeffici-ant as given by 

f = {fOO· if 
if O<z<z* 

and it, of course, is in perfect agreement with (1..2.5) \qhich 

was derived by V. N. Davydov and I~. I. Kaganov. Thus this esta-

blishes the fact that (2.3.6) is undoubtdly valid as a formula 

of GQO under phase transition of order 2~. 

Investigation of ra near Z * - Z and discusslon of results 

Once the validity of (?'.3.~) or equivalently (3.1.1) is 

est:ablished then it becomes reasonable to investigate the con-

sequences of applying these formulas to the various regions of 

interest. Near the point z - Z* (3.1.1) simplifies into: 

(3.2.1) 

The summation of (3.2.1) can be performed usi~g the poisson 

summation formula [16] . For an arbitrary function f(x), 

where n<x<n+l, a complex fourier expansion can be made as: 

(0 

f (x) = E 21Tikx 'ofk ., 
J<.=>'-«> 



I~hero the coeffid.ents gk are '.Jritten as 

n+l 
cry = r f (0 

n 

··21T Ua; 
e dt; 

For the case x+n+J:i, (3.?. 2) 1s replaceCl by 

(3,~.2) 

21Tikn 1Ti~ k 
Since e .- 1 and e = (~l) ., thls further reduces into, 

f(n+~) 

Ivhich in using (3.?.;>') takes on the form 

f(n+':;) 

Replacing the bracketed term by 

'" -21Tikl; 
r f (0 e ot; 
C 

n+l 
r fm 
n 

-21Tikt; t 
e dt;J 

an(! summtnq over all possible values of I; lt results in 

I,. '" -21Tikl; 
E f(n+~) _. E (~l)'- r f(O e dl; 
n k=-ro 0 



- ··1 lr 
~f f (F,) Il+!: (~l)' 

c·/.rrikt; '" J "'?rrllrt; 
e + 1: ("~l); e ~ . Idt; E f(n+~) 

n o k~l 

Noting that the c08ine function is even and the sine function 

is odd, this further slffinlifies into' 

'" E f (n+!;) =f f (x) +;> r. (~l)k 1 f(x) cos 2rrkx elx (3.2.3) 
n 0 J' 001 0 

which .i.s the Poisson sumJnation forp'.ula. 

In case of large values of the !'1.agnetic field so that hfI » YBT 

(3.2.3) may be used to r0.'-n:i te (3.2.1) as 

r = r _1_' _ [I dx +-
II 0 -11<" 'i' 0 ') h 

00 '" 

?, E (··1) Y f cos (2Ykx) dx] (3.?J) 

B 1 ~ (. QX ) cos,., ?J;''ii'i 
, .. '}~.'-

k~ 1 0 cosh2 ~QX_ ) 
2lr T 
'B 

Both intecrrals in (3.2.4) are table integrals and according 

to already mentiOtlAc1 formula in DNiaht '* F,7'). 20 the Hrst terM 

on RHS gives r 0 / 7. '. t10reover according to Brdelyi ('1'ab1es 

of: integral trannforms) rD. ~()*7.1 the cosine transf.orm of Bech? 

.is given by 

'" 
f Sech2 (ay) CO(l(xy) dy 
o 

1 -2 -1 
~ -"rra X C8 ch (1rra x) 

& 

(3.2.5) 



D(m:d.tinq the integral of the secone terM as ~ 

\ cos (7.nkx) 

J 2 hllX . 
o cosh (2k

n
T) 

cos 

~ .. ,1)ere, hflx 
"k~rp 
/.'.Ln ~ 

-- y, (3.2.5) may no'" he reacUly anplied to it FlO 

that we get 

f 
o 

COFl (2rrkx) d x 
,,2 (hllX cos,. "lJ ... ,..., 

~- ·~n J 

}. '1: ~ rr 1;:'"k 
;;:; -~. ( .- .J. -13) 

hn - hn csch 

Consequ Efltly the second terDl on the RBI) of (3. ') • l) ret1uces 

into. 

r. (~l)}: 'J cos (2rrY.:x) 

k=1 0 h:l (hnx ) 
cos 2k:r:? 

dx ] 

., '" 
... ? fr;. rr" (l'" T/1,n) l: 

(,,1) 1: 
k 

D -'" k=1 

7.'hU<:l the 1,,1,01e of (3.2.:1.) may now he revritten as 

Letting, ? 2 -_rr 

("'1) k 
k 

') 2, noL­,.rr '~'>''''3 
sinh( hn-) 

(3.2.(') may ho rewritten an 

(3.2.(,) 



\"hich since Xv: «1 (for l.arge ma<lnetic field) so that. 

~k -I-

may be transforme(' l.nto; 

':r'his on the other hand upon substitution of the value of xk 

delivers~ 

,,'I1!~n the substitution,. 

l: 
),=1 

E 
k=l 

(-1 k 3/ ,\ (~\L.) 2 r 211 k~' n' 

(3.:l.7) 



00 
" 

r F -- r rI'! 'l-f'n a" (3.2.3) 

'?or the sUT'unatlon of t'::e s~rtes :i.n (3.2.(1) TI.le can em,Ploy the 

idea in !~_t' rray Q,. S'p i ,e<]el (Dr,> 1 <l0) [17J 

~ '.' ) S1;\m of t, he residu0s of 1T CSC1T7. f (z)1 • 

1 at t116 '1ole1') of f (z) J 

70 maye use of this state'nent, (3.;:>.<) has to he put in the 

form! 

1 
2' 
a 

(3.2.9) 

1 
If TITe nO',1 set f (z) ~. ') ?' this function hClG 81m)')le n01es 

a "'+'6 • 

at Z ~ + aj. an~ ~ = ··ui 

Ther. the residUl3 of 

11m z+ai 

7fCSC 1r~ 
~--')­

a'"+z" 
at, say, Z = +ai in 

(?"'"ll) nCSC1T?;, 
(;,,-'a.i) (2+ai) 

ncsc 1T (ai) 
.~ - 2ar.-



In the save Hay .i. t. can br.~ F,hol.qn th2.t tho 
, , f: lfCSCnZ 

re~n.cue 0 : ~2~ 
a '+,;'. 

t.hat - ~ the sum of at z ~ 
~11 

~ai is cri.ven alBo by ~2 -r-~h h so .. -. a Sl.n TT<.l. 

the reSidues} "('comes 1[1 'h ' pith this ilS t~le result 
a S1.n_ 'ITa 

of smrrnaU.on of the' series, (3. ~. 9) takes nOlv its final form 

as' 

r '.J = f 11 al ' 
L 0 2 sl.nh1la 

(3.2.10) 

For large values of a (or l;~.rge magnetic field) one can .... rite 

sinhlri1 so that under such 2n assumption 

=1fo. 

rH = fO 1Ia e 

which after substitution of the value of <a> becomes: 

1 hQ 
-/(3/2) (;) (En"?!';) « roo 

(3.2.lJ.) 

Notic,3 then that n8i1r the noint Z ;, ZW and for the case of 

hQ »kflT the absorption coeffici0nt is exponentially small. 

If no"! l'1e consider the opnosiU case of kpT »hn or 
~ 

equivalently a «1 (near the same point z = Z*) in .!hich 

case sinh (1Ia) = 1Ia, (3.2.10) delivers, 

(3.2.12) 

I 



Actually f the same result. cOI.'l,'\ have h0en Ol">taille<"l nYlon apnl.i··· 

cation of the Euler-'Iaclaurian for?lula', 

x=oo 
E f (n+~i) 
n 

00 1 (If (x) 
~ f f (x) dx ~. 74 dx I (Gaalschitz 1893) 

o x~o 

to Eg. (3,2.1). ':'he formula is i',:nnlicable under the condition" 

If (11+'-2tl) - f (n+\) I « f (n+;') 

\'lhtch actua11't is 80uiva1ent ·to the condition 

COHmarison of Eqtns (3 . .2 .11) aml (3.? .1::» shOl"s that, near 

'" 'it Z ~ 7. in both cases of ric8 of the values of H or. ":' from 

minimal values, the absorn~:ion coefficient given hy (1.2.5) 

is smea:t:e~., the stronger effect heing that of the magnetic 

field E. 'Phe actual smoothing of the jUlnD ro at Z ;, z"lt.e. 

1<' \. T 
(1\"''1:~Z )« B JbY a small m8.~metic fieV! (hll «k 1.' can be B 

calculated us inc; the seconr1 orde:r. anoroximation of sinh a in 

(1.2.10) i.e. 

or. csch 71 a 
. 

sin~ na _. 

1 1Ia 
1Ia- "6 

(1tI'!) 3 
"3T 

:,. •. 
(a «1) 



Thioo: ',heD substitute<-l Jnto (3.2.10) delivers 

r = r! c. 
II 0 ? 

Hhich llY,'on repla.ceMent of the value of a;), from (1.2.°1) further 

reduceR into 

,~ 'J (,,),.] 
FT 
'1' 

(3.2.13) 

ECjo (3.2.13) is the ref'uir3d. e(Tuat<ion vhich estJ.rnatps the 

amount of smearing made by a small mi'l},meti.c field. 

As it is fully explained in sect:1.on 1~3J the elec«" 

trOllS that are rigorously involved in ultrasonic a\)sor!">tlon 

are those \<Those velociti.es satisfy conc1it.ion (1.3.(;») and 

Nhenever a section of the Landau - level consisting of elec-

trons "lith momentum 0zO satisfyin<;r (1:3.6) merges into the 

t' f, 'ctl k ~, (P' 1\) til" b" t' f'f' i t s r).n 0_ \/1. , .. 1 'B" .1.gure ". .~ a. "orr,> 1.on coe .... :lC en 

sumes a large value. As the J:1agnetic field is uniformly incre-

ased this behaviour of abso:t'ntion coeffi.cient is Dp..riodically 

repeated W}l tch accordi-nry to th.") \language of section 1.3 is 

termed as Giant (~uantum 0scJ.llat.ion. N ,* The region 7. a Z cor-

responcis to electrons vI th ",ermi veloclt'1 nearly a.loner the 

magnetic field H (arhitr.arily directed alonC! the z~ oxis); 

and it consists not so ar:mreciable number of electrons so that 

near thj.8 threshold of energy the coefficient of ahsorption 

i8 not exnccted. to 8hOl'l pecurliar behaviours. 



This is the \>lhole content of informations delivered by Eotns. 

(3.2.10 '-13). Note that the ahsorotion coefficient depends on 

the number of r~andau levels belo~1 2 so that if the condition 

hn »kBT is ir.mosed on to~ of Z ;;, \" * (kRT is the width of the 

strip) the ar-Borption coefficient \,:\.11 he exponentially small. 

An increment of the ~agnetic field or even a shift of the para­

meter Z \>1111 aggravate the situation by taking away the effect­

ive section on a Landau level far out of the strin as can he 

eaSily observed from EfTtn. (3.2.11) (Pigure 8). 

tn. 

Pig. 8: Arrang-ement of Landau levels for Z - z* and the case 

ex,? 

• 

On the otherhand, if hn «kBT, the number of Landau levels 

helow Z \·/ill he numerous so that the effective sections on the 

different Landau levels almost fo1"1'1 a net ,dth overlapping pro-

jections on t1)e 1:>,". - axis in such a ~lay that the process of 

absorption is passed 5OCOthly amon~ levels for changes of hn 
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(\10 «kB T) or 7. \·,hich re~ul ts in a uniform absorption coef­

ficient jUst as Ea, (3.2.l?) predicts (Fioure ~). 

J~~~~~--

~nt~~~ __ ~ ____________ ~~ 
PlO 

Fi 0 A t f L .0 T 1 f Z ",'" and h" ) T ' g." rrang8rnen 0 an.}.au ~eve s or =" .. « ~B 

3.3 , ." 
Inv('stigation of r Ii in t}le re'Jion 0<7.<,7. and discussion 

of results, 

In section (3.2), tn" b",haviour of the absorntion coef­

ficient near Z ;; 7,* \'Ias thoroughl" d.iscllssed. In thig section 

we pick another region, naJ~e.ly 1 the region O<Z<7,"'. For an arhi-

trary value of 7. l:>ut stlll j(BT «7., (3.2.3) rnav be i.mnosed on 

(3. L l) to IJroo.uce" 

hr. 00 -2 
4kS'f ~ cosh 

hnx 
2k 'T . . e" 

"'J h-2 ( hilx 
cos ~k T 

o .. B 

.:Ix + 

) ,cos (/.IT kx) dx 



" nil '" -2 ( hOx Z~Z 

r H '" ro .1k,:-,!' I cosh :?oj- '1' 
--) dx 

0 . 'n- ;>1':,. T 
<> 

" 

'" v '" E (~l) I dx 
Jr",1 0 

Usln'J the usual c1)ange of variah1e 

and the techn:\.0ues emo1oyec'l to fj nd (3.1. 2), Err 0 (3 0 3.1) 

simDlifies into: 

Not;.1 since 

esh y = 

for y> 0 I l.t'e can '!Ir i te 

~ \C'" 2 
Re E 1(-1) S Seeh v 

k=l * 

v -y 
""+13 

2 

z-~ 

~ 2l<BT 

idv 

A
Y / < cr,h~'.<". pY 

J 2 

2IlkTl<!~ 
hll e 

+ 
• 



or 1 
> -­.- v 

e 

.>? 1 
"I () :J..! ~> (coshy) '-? 2y 

e-

Thus ODe can roake the associatec'l apnroximation 

rE = r ch. Il+tanh 

1 

h
2 

cos y 

., J * e:xn (.·?+ ~1T~~kBl),! dy 

Z=Z 
2J'RT 

) iJ x 

(3.3.3) 

t'1TkTk
B e:xn (--2.+ h(1 i) y 

But, 

Since cxu(iy) 1"1 finite & cxp(?y) is infinite for Y+"', this 
( 

last expression finally gives 

cxp 

2 » 

t\ 1Tk'rkni 

lHl 

so that (:<.::1.3) may nQ1<,' be put in the form~ 



.~ 

rH '" r ol? ll+tanh(~~:T) I +r 0 
00 ~ 4 kTkS 

Re E (··1)· eXp hn 
k=l 

This simplifies into: 

00 k 
+ ro ~ Re l:. (-1) 

k=l 

* (!:::!...) eXp kBT 

411kTkB 
2 - hn i 

(3.3.'1) 

Let us now consider the region o<z<z*. Making the substitu-

* tion I z-z I = /::', (3.3.4) may be rewritten 0.9: 

00 k 
Re L (-1) 

k=l 211kTkB 
(l hn i) 

On multiplying and dividing the arg.ument in the summation by 

2 kTkBi 
1+ hn this further reduces into: 



Taking only the real part we may from here 11rite 

or 

Letting 

this gives 

-il/k T '" 
~ e B l! 

k=l 
1+ 

4 11 2k 2T2k 2 B 

h 2 0 2 

-il/k T '" 
e B E 

k=l 

(~1)kh202/4112T2k2B 

(h2112/4112T2k2,)+k2 
B 

(3.3.5) 

(3.3.6) 

This is in exactly the same form as Eq. (3.2.8) and successive 

techniques used to derive (3.2.10) may be employed to derive 

a similar expression from (3.3.6), namely, 

which upon substitution .the value of <a> from (3.3,5) delivers: 

-il/kBT hO 
rH = r 0/ 2 [I-tanh iI/ 2k

B
T) +r 0/ 4 ~ e [-1+ ~-' - ] 

2kBTsinh 2~BT 
(3.3.7) 
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Eq. (3.3.7) is actually the expression for the coefficient of 

. * ultrasonic absorption in the region O.<Z<Z • A more exact for-

mula may be obtained by considering (3.3.7) near 6;0. At this 

point and moreover for the condition hn »kBT so that 

hn 
2kBT 

e sinh = 2 

eq. (3. 3 .7) becomes: 

hn 
- 2kBT 

e J 

Comparison of ~·~:!.s formula ,~ith that stated in (3.2.11) shows 

that ~= 2. Thus (3.3.7) put in more exact form assumes: 

__ ..:.:h.:.:...n --J 
hQ 

2kBT sinh 2kBT 

(3.3.8) 

This being the general expression for the absorption coefficient 

in the region O<Z<Z* it can be shown to reduce to known expres-

sions already derived. For instance for small magnetic fields 

(hn «kBT) in which case: 

sinh hn 
2FT ' B 
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(3.3.8) dissolves into~ 

which near ~ ~ 0 (z=z*) itself dissolves into rH = ro~ 

and this is in exact agrrement with (3.2.12). Moreover, for 

the case ~ = 0 and hn »kBT, in \~hich case 

hn 
2kBT 

e sin 
2 

eq. (3.3.8) tay.es on the form 

which is in good agrrement with (3.2.11) 

Finally for the condition hn «kBT in \1hich case 

so that 

and a further condition of 6 «kBT in \~hich case 

~ 
tanh 2k T ... 0 

- B' 



(3.3,8) transforms into: 

But, this last expression is in a reasonable agreement ~7ith 

(3.2.13). 

The region O<z<z* is in direct contradiction with condition 

(1.3.6). Thus in this region the absorption coefficient should 

remain of no particular property, low and monotonous which is, 

of course, rightly predicted by (3.3.8). Note that as Z is 

increased starting from zero towards z* the value of l!. = I Z-Z* I 
decreases so that r H shows considerable gro~lth toward increas­

ing value of Z. In other worda,rH monotonously increases from 

rmin at z=o to rmax at z~z* (Figure 10). The extremum values 

follows from (3.3.8) directly by substituting l!. = 0 and z=o as 

a resu1 t of ~7hich \~e obtain 

and 

respectively. 

z* (1-tanh
2kBT

) 

hll 



I 
I 
I 
I 
I 
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Fig. 10: Dependence of r H on Z in the interval O<z<z*. 

3.4 * . Investigation of r H in the region· Z>>I-· Z and discussion 

of results' 

Earlier, in section 3.3, Eg. (3.3.2) was 'derived as an 

expression of the absorption coefficient for an arbitrary value 

ofZ: -and it may be em"loyed here \~ithout any reservation. 

First we try to evaluate the integral. 

gral 

J 
2 411kTkB 

Sech "y cos [ hn· 

-AI 2k T 
B 

can be rewritten as 

! 2 _",Sech y cos 

Since A »k T the inte-- B 

Z-Z* 
(y+ 2k T)] dy 

B 

* z-z 
(y"'2k T)] dy 

B 
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~Ihich after expansion gives 

., 2 
r Sech y cos 
-., 

., 2 4ukTkB 4ukTkB - r Sech y sin M! y sin [""'h'""'Il"-':::' 
-., 

nut, the value of the second integral between symmetric limits 

is zero so that we are left only with 

., 2 4ukTkB [4UkTkB 
r Sech y cos hQ Y cos. hn 
-., 

2 k 00 2 4ukTkn _. cos fin'" r Sech'y cos [( hQ ) yJ dy 
-00 

The integral is already evaluated in section 3.2 and using 

this result the above expression sim~lifies into: 

u 2~k~ 4nkTkB 2 [ 2" cos ""'Wl ( hO ) csch 
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Using this result Eq. (3.3,2) may be reNritten as 

cos 

(3.4.1) 

* In case of \·,hen to, »kBT (or equivalently, since Z »Z , when 

Z »kBT) under \'1hich tanh ._to,_;;, 1 (3.4.1) delivers 
2kBT 

k E (·-1) k 
k=l 

cos 
21T2~ 

csch( hn ) 

(3.4.2) 

From this \'1e discover that in the limit to, » kBT the presence 

of the magnetic field introduces the oscillatory term 

on top of the threshold value of absorption coefficient -'f 

(1.2.5), rO' so that the whole of (3.4.2) becomes oscillatory. 

The resulting oscillations are expected to be giant for the 

additional condition hn »kBT as (2.2.4) predicts. The ampli­

tude of oscillation can be estimated from an actual evaluation 

of (3.4.1) in the limits indicated. 

\ 
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Using the techniques employed 1n sect10n (3.2) \'Ie can 

fr1st ~lri te 

/. ,fkTk
B -h'n-- c5ch 

2 where a 15 given by (3.2.7). 

Using th1s result (3.4.1) takes on the form 

00 

I + 2 r L (-1) k 
0]<=1 

2 (2rrkll) a cos w-
a

2+k 2 

under the condi t10 n tanh 2e
B 

T ;; 

uces 1nto 

1 on effect this further red-

The series 1n (3.4.3) rewr1tten in the form 

or as: 

211 klI 
2 cos hn 

a ( 2 2 
a +k 

) -1] 

(3.4.3) 

may be sUl11I11ed using the formula in ~lurr~y R. Spiegel as indic-

ated in section (3.2) 

\ 
1 



If He choose 

the funct10n TTcse ll 7. cos has simnle roles at ? = +a1 

and at Z = -a1. 

The res1<'lue of the function at Z = +ai 1s gi wm by 

Urn 
( . ) " (2TTZA) 3-a1 TT CSCTTu cos hR 

U~-'ai) (Z+ai) 

1f CSCif ai cos 
= 2o.i 

But, cos = cosh 

so that tJoe residue at Z = +0.1 finally hecomes 

211a"') cor,h (!1"il" 
2ai (isinhl1a) -, 11/2a 

211a"') 
[ 

cosh (l1il _ J 
sinhTTa 

\ 
\ 
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In the same I·'ay the residue at ?, - -ai can also be nhm'ln to 

be 

2 1f all) 
[COSh (\i1l" J 

slnh 1fa 

As the result (3.j.3) oroduces 

Sllbstit1.1tlng the value of <a> from (3.2.7) this gives 

sinh 

which rea" b8 rmqritten as 

But it is already indicated that GOO is Observable under the 

cond 1 tions kB T «hl) « ll. 

From thi.s follow the sta·ternents 

- () 

\ 
\ 



ane 

Thesestatements imnosed on (3.4.4) finally deU.ver 

(3.4.5) 

PH = 
kT«n«t\ 

B 

1 (I"!: ) (hn ) exn (/,,(;)' "'BT 
fO" .:> 2 kBT "1" 

Fe<. (3.4.5) is an estimate of the amplitude of oscillations 

under the conditi.onR l>r? «hn «6 1 and \'/6 then conclude that 

under these concH tions the absor;::>tion coefficient f u sl1m.,s ., 

Giant Quantum oscillations \>I'ith an exnonentially rising am['li-

tude (in Z) "'h.i.ch is in line \,rith the ideas of Gurevich and 

other authors of r;~o. '.;'he osctllations are oerioc1ic in inverse 

magnetic field (lIE) and in the parameter Z. 

The per.i.ods of GQO of the coefficient of ultrasonic absorption 

in inverse magnetic f.i.eld (lin) or in the narameter (Z) are 

, 2"k6 easily extracted from the penod of cos (~) • Note that 

for Z ~~ Z* '.'le have ' = ~, -" ' "eH 't N " ". an,-,. s~nce .. = - we can 1<1r~ e mc 

cos (~"k6.) ~ cos [ 21Thk (~) (!!!.<2)] 
hn ell 

== cos (Z"kzmc) 1 
eh H 

But, 

(?"kzn,c) 1 _ [2"kzmc (1) + 2"kZmc ,(l)J 
cos eh - H - cos --eF\"- H eh" Ii 

"lhere I t\ (l/Il) is the '."leriod in inverRe magnetic field. Thus 

\'1e conclude that 

\ 
I 
I 



or eh (3.4.6) .-
rncZ 

where of course Z - E 
P 

E
k

, But for Z »l i.n l·]hich case 

Z := ~ th . 1 1 . tt F' .,e perJ.oc can.'e re'·7rl en as 

eh 
me E:T , 

.,~ 

For the case 6;7, 'lie can also Hrlte 

cos cos 

But, 

Z) 

cos cos (2Tr].: ~ + 2hTr~ 67.) 
h!'! .. 

where 6Z is the ),eriod in the narameter Z. Thus I'/e notice that 

or 

6Z '" hit (3.1. 7) 

Under the conditions of GOO as siven by (2.2.4) the "will be 

effective" sections ar.e regularly nJ.aced 'Hi th non-'overlaDping 

nrojections as shown in. Figure (11). 

I 
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Fig. 11: Arrangement .of Landau levels in GQO 

So, as the magnetic field is increased which causes the up-

ward movement of the levels and shift of the projections to 

the right, the absorption coefficient rises and falls between 

maximum and minimum values periodically together with periodic 

passage- of the projections through p 0 as just (3 .• 4.1) predi-. z 
cts (Figure 12). 

Fig. 12: Giant 

I 
I 

J 
l'" 

Quantum 

L- L-_ 

r~,t'IIi" 
1lr • ~ 

Oscillations in Z 
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r ll is estimated by (3.4.S) and the estimation of ,max 
r H . can be made by referrinq to the work of T.V. Ivanova 

,m~n . . 

and M. I. kaganov [ls1. In this \~ork, it is shown t.hat at 

T = 0, for the conditions, 

* Z »z 

z*» hfl 

and roT» 1(, = Relaxation time of free electrons) all of 

them being in accordance with those required for GQO, the abso­

rption coefficj.ent r H' which for low temperature is due to 

scattering from defects and impurities, is given by 

where, = 

8
0 

= energy of order of the Fermi energy of the main band 

= Relaxation time of electrons from the main band 

Hence, without loss of generality we can take up the above man-

tioned result for the estimation of r
H 

. i.e. 
,m~n 

rH,min = 

It may be interesting in addition to know why the amplitude of 

oscillations increases with increasing magnetic field. At 

H = 0, the allowed states are distributed (in p-space) 

\ 
J 
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uniformly inside the Fermi sphere and correspond to the eleme-

3 ntary volumes (2nh) • For clarity, these volumes can be deno-

ted by pOints spaced a distance 2nh from each other along the 

and pz. The points fill a .circle of radius 

where PF = 1(2mEp) in any section Pz = constant. 

uniform filling of the Fermi sphere by the points depicting 

A 

the allO\~ed states corresponds to a quasi-contionous energy spe-

ctrum (Figure l3a). 
Py 

o 
fig. l3a: Section of the Fermi sphere by Pz=O 

Fig. l3b: AllovTed orbits 

under the action of a magnetic field along the Z-axis, the dis­

crete levels given by hQ(n+~) become the allowed values of ener­

gy and these energy levels determine the discrete allowed orbi­

ts of electrons in the planes Pz = constant of p - space. 

(Figure 13b). Thus application of the magnetic field does not 

change the number of states in the plane but draws them onto the 

nearest orbits with radii,given by 

= I (2mhQ (Mis») 
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As the areas located hGtween any hlo neighbouring orbits is 

the same (can be noticed from 4.l.l),the degree of degeneracy 

• in each allowed orbit is 2 21Thn ffi

2 • The orhits considered are 
(2 1T h) 

entirely identical to each other in all planes Pz = constant. 

'Phis means that all allowed states in tho Fermi surface in the 

magnetic field are condensed on the surface of coaxial cylind-

ers parallel to the Pz ~ axis. The total number of states con­

densed onto the n-th cylinder Nill then be 

B1TmM 12m[£p- (n+~) hn] 

(21Th) 3 

when the magnetic field is increased to the extent that 

£~, = (n+~) hn the cylinder crosses over the }'ermi surface in 

which case, as the above equation indicates, the cylinder gets 

depopulat.ed from its electrons. These electrons are redistri-

buted onto cylinders of a smaller radius \'Ihieh are located -in-

side the Fermi sphere. 

This process may also bE' observed in light of what hap-

pens to the Landau levels (parabolae). An energy state ~Iith 

the given value of p on a parabolae \1ith the number n corre-.. z .. 

sponds to all states on the dlscrete orbit '1ith the same number 

which is located in the DIane p = constant and hence has a 

multiplicity equal to 2 

.. .. z 
2'Th(lm 
(2rrh)2 

The length of the parabolae 

. between two symmetrical pOints corresponds to the length of the 

n.,th cylinder. Since the energy of an electron on t.he parabolae 

\ 

1 
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is only dependent on P f as in the model of a one dimensional z 

gas the density of states on the parabolae can be written as 

= 411mhll 
2 (211 h) 

I:; 
fJ~lI h [ E - (n+l:;) hO] -I:; 

The total density of states of the the total electron system 

is then found by summing the above expression over all Landau 

levels. Notice that the density of states on the n-th para-· 

bola has an infinite singularity at E= (n+l:;)hO(n~o,1,2---). 

Nith an increase of the magnetic field the distance ho between 

the singularities grows and the infinite maxima on the curve 

of v (E) pass in succession through the Permi level. Each 
n 

time the bottom of a next Landau parabola coincides with the 

Fermi level, an infinite singularity of the density of states 

appears on the latter, which in turn causes a singularity of 

all thermodynamic and kinetic characterstics of the electron 

system, the absorption coefficient being one, which depend on 

the number of electrons on the Fermi level. The periodic rep-

etition of these singularities at an increase of H is physic-

ally the cause of the oscillating effect of the magnetic field 

on these parameters. As the magnetic field is not expected 

to excite electrons outside the Fermi level, .a JJandau parabola 

as it clears off.the Fermi level gets depopulated of its elec-

trons which get redistributed among lower parabolae, which are 

still under. This eventually increases the number states in 



the effective section on the next parabola so that ·the abso~ 

rption peak nOH apnears vii th lar.ger amnli tude and this conti ~ 

nues as the parabolae one by one sr.in over the Fermi level 

in the process of increasing t.he magnetic field. 

One pOint that must not be forgotten is the fact that 

the Fermi level is itself a function of the magnetic field. 

It can be shown that the Fermi level increases \dth increas-

ing magnetic field. This could have cOffi91icated the discus-

sion of GQO had it not been for the condition of observing 

them, hll «Z - 'F for large 7., \'lhere £p is the Fermi energy 

\.lithout magnetic field. For the condition stated above the 

relative variation of the Fermi energy in the magnetic field 

can be shm'ln to he proportional 
h(l 

to a small parameter (--0-> 
£ 

F 

For that reason, in magnetic fiel(18 for \'Thich h(l «£0, the F 

Fermi energy can be assumed practically constant and eaual to 



CHAPTER IV 

INFLUENLE OF RUPTURE OF THE CONNECTING NECK OF THE FERMI 

SURFACE ON GIANT WUANTUM OSCILLATIONS 

4.1' Derivation of the formula ofGQO in PT 2~ 

As already pointed out in section (1.2) the dispersion 

law near a conical point at ,qhich the Fermi - neck breaks is 

well approximated by (1.2.6). Beloy/ is made the description 

of thecharacterstics of the absorption coefficient fR'in re~ 

la:tion to the' above phenomenon. To this end, we start out " 

with,the.assumption that 'the critical momentum Ilk 1. at the. 

conic point serving. as origin of.the momentum space in which 

. the constant ~nergy.sJlrface £(p) = £k is drawn. This assurnp'" 

tion actually simplifies the labqrof mathematical manipu­

lations. Let' ,us also assume that· the magnetic field is made 

to lie on the Py-Pz plane making an angle 6 with the pz-axis 

so that Iii'" (o,Hsin6,Hcos6) (Figure 14). 
Pi-

Fig.14: :roo oonstant energy sur­
face. just before rupture of the 
neck; and orientation of the J:l'Ia()­

:tr-~-----'''+-''''---ilt netic field .and-1ncidentSOllDd. 

Py 
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... 
cIJ is the angle the magnetic Held II makes with the arbJ. tra-

.... 
rily directed wave vector ){ of the incident sound. 

The absorr.>tion coeff.icient: can be fully determined from (2.3.7) 

provided the disnersion €: is kno~m under the action of . . n,pzO 

the aoplied magnetic field. 

The dispersion law can be obtained from the Lifshitz - Onsager 

quantization rule (2.1.10) \'1l1ich in case of quardratic dis-

nersion law under consideration may be re~lritten as: 

2trlelHh (n+~) 
c 

(4.1.1) 

toJhere, S (€: ) is the area of the curve of orbit of the ele-
n,pz 

ctron ",hich is the intersection of 

e (0) - cOD~tant 

and 
p = cosntant z 

Depending on the top logy of the Permi surface the orbit may 

be either closed or open; and in our case the orbit if closed 

will be elliptic for an arbitrary orientation of the magnetic 

f:leld as the following geometrical consideration makes it clear. 

A qeometr'ic definition of the cones is usually given as f.ollows: 

"Let f'O be a fixed pOint, called the focus, and 'd' a fixed line 

not through the pOint, called the directrix (Figure 15). 

\ 
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y 

.[) (0,'/) 

x 

Fig. 15: The locus and directrix 

"A conic is the locus of a point p such that the ratio 

of the distance FP to the distance· of P from the line ,'d' is 

a positive constant, e, called the eccentricity; it is a para-

bola when e=l, an ellipse '.'i'hen e<l and a hyperbola when e>l". 

Thus: 

of the conics. 

Fp/ = constant, is the geometric definition Dp 

o 
Fig. 16: The right·circu1ar cone and the cutting plane n. 



NOH, all conic sections can ) .. e shown to be nlane ser:tions of 

a right circular cone (to ~lhich our constant energy surface 

corresponds at thenoint of breaking of neck E ~E ) F k 
(Figure 16). 

Consider then this right circular cone l'lith vertex 0 and a 

section reNt< of the cone by a plane IT 1 V is the Doint of the 

curve HVN on the intersection DVKL of IT and the plane perpendi-

cular to 11 through the axis OAl K is the intersection of 11 on 

OA, and C is the point in l>lhich the bisector of the angle 1<VO 

meets OA. The point C is at the same distance <r> from the 

element 0\1 of the cone and from the line of symmetry 1<V of the 

curve HVN; and the "erpenClicular from C upon 1(V is normal to 

the plane 11, being in a plane jlerpendicular to 1l. With C as 

center and <r> as radius describe a sphere; denote by F the 

point wh.ere it is tangent to the "lane of the section and by 

B the point where it is tangent to the line 0\1. Since the 

cone is right circular, this sphere is tangent to each eleme-

nt of the cone, and all the points of tangency are on a cir-

cle BE. DG is the line of intersection of the plane of the 

circle and the plane 1l; this line is perpendicular to DD. 

Let P be any point of the curve in which the plane cuts the 

cone, and PHO the element of the cone through P, H being its 

point of tangency to the sphere. Since FE and PH are tange-

nts to the sr.>here from an outside poil1t 0, they are equal, as 

shmm in solid geometry. Since all elements of the cone make 

the same angle l1i th the plane EUB, itself IA-"ing a cross -. section 
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the line PH makes \-li th this plane an angle eanal to VBD. 

From P Vie dra\oj PG, nerpendicular to Dr., 11hich being parallel 

to the line KFD makes the same anCjle with the plane of the 

circle EHn as the latter line, that is the angle VDB. If \'le 

denote by Q (not shO\~n in figure) the foot of the perpendicular 

from!, on the plane of the circle, ~le have 

Hence we get 

PH 

PG 

PF 
PG 

~ 
PO 

sin VBD 

-- sin 

PH 
::: ::: 

PG 

PO 
VDB 

sin von 
sin VBD 

The angle VBD is the complement of the angle AOB, and the angle 

'lOB is the angle \qhich the plane of the section makes with the 

plane of the circle EIlB, which is a plane normal to the axis 

of the cone. Since thes(~ angles do not depend in any way upon 

the position of the point D on the curve, it follows from the 

nF last equation that PG = constant, and thus the curve is a conic 

F being the focus and DG the directrix. For the curve to be 

an ellipse, the plane must intersect all the elements of the 

cone 1 that is the angle VDB must be less than the angle 'lBO, 

in which case the constant of the ratio is less than unity, as 
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it should he. 

When the angle VDB is equal to the angle VBD, that is, when 

the line VDL is parallel to the element OE, in which case the 

cutting plane is parallel to DE (Format of the cone) the above 

ratio equals +1, and the section by the plane is a parabola 

which corresponds to open orbit. 

In addition, when the angle VDB is zero, the section is 

a circle (c1osed orbit) whereas when the angle VOB is greater 

than ·.thl!) angle vnD such that the ratio is greater than +1, 

the section is one part of a hyperbOla (open orbit). The det­

ermination of the area of the closed orbit (ellipse) is better 

made in a reoriented set of axes so that the p' - axis is z 

along H. The reorientation can, of course, be effected using 

the transformation matrix~ 

1 o o 

o cose sine 

o .. sine cose 

\'lhich transforms the primed axes into the unprimed ones. As 

a result of transformation we get: 

D = p' 'x x 

Py = pi cose + p' sine -y z 

and Pz = P~ p' sine (4.1.2) cose _. 
y 
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Substitution of (4.1.2) into (1.2.6) 

Z = p~2 + (P~ sine +pycose) 2 
2 

I p' cose-p' sine) _ \ z y 
2m.\.. 2m 1.. 

P 'Z 
'x 

Z -. - + 
2m.1 

2 
.2(COS e 

Py 2m 
1 

+ 2p'p'sineCOsa(~21- + JL) 
z y.m1 2mJ/ 

2m /1 

Factoring out cos2a & cos2
6 

2 --2-- from the second and third terms 
mil moL 

respectively, this further gives 

From 

2 2 
l?~ cos a 

here f01101-15 

2 2 
P~ cos e 

z+ 
2m.). 

2m" 

+ P~P~sine 
m1 +m" 

cose ( ) 
m.1 mIl 

p,2 p~2cos~ m1 
- tan2 e) (- = ··x + 

mIl 2m.L 2m ll 

+ pi p' sinScose . z ~ y 

(m /I 
(-
m.). 

tan2
0 ) + 

cos2e 
Factoring out ~ 

mIl 2 
(m~ ~ tan e) from the second and third 

terms, this further 

o ,2cos2e 
Z + - z·"'-"'2m--

reduces into: 

, 2 
Px --+ 
2m .,l 

'. 
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+ 
?ml/ 

2 mil 
cos 8(­m1 

t 2) -- .an 0 

x fl' D' sine cosO (_ml._+m_'j J 
- z- - y m.l mil 

Adding to both sides of the eguation 

this may be changed into: 

2 - tan 0 ) 

2 2 
2 2 sin e (mot. +mll ) 

tan '0 ) +p' _. z 

",here, 

2 cos 0 
211111 

111/1 2 2 
(111 J. - tan 6l}>~ 

P~ tanS (111.1. +m,,) 

mil ? 
m,L(- - tan-o) 

m.l 

This last equation may be rewritten as 

where, 

z.+z cr 

,2 2 
Px ~ mil = + ~e (_ 
2m 1. 2m" m J. 

(4.1.3) 
2 - tan e) 
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The area of the closed trajectory of the electron in the mag-' 

netic field is then from hGre <Jiven by 1Ti.\b where, 

thUS1 

and 

8(Z Z ) 
I cr 

2m (7,+Z ) 
b = r cr 

l 2 m 
cos e (,- -

])\ 

[

2m (Z+Z) 1'1;<' _ ~ n cr 
- 11 [ 2m.L (Z+Zcr) ] 2 Ill" 2 

= 211' 

cos e(--- tan e) 
m]. 

The area of trajectory should necessarily be positive so that 

from (4.1.4) follow the conditions: 

Z + z > 0 
cr 

or Z >- Z er 

and 
mil 2 - tan S> 0 m,\. 

2 mil 
(,1.1.5 a,b) or tan e <-

mJ. 
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From (4,1.5 b) we ooncludethat there is a critical cirtgle ac~ 

above which a cannot grow tb so thl\t tha Bohr- Sommerfeld or 

equivalently the Lifshitz - Onsager qliah\::izat~on rule ls appi­

iedl and this value of the ci:1U·cal angi~ is given by 

...... 2 .. 
tan Ocr 

,. 

tan-lt'/) % 
m.l. 

(4.1.6) 

Eq. (4.1.6) can even be obtained through pure geometrical argu­

ment •.. Figure 17 shows that since the plane of orbit is suppo-
... 

sed to be perpendicular to the magnetic field H, the orbit re.-

mains ciosed· and elliptic for· . even past the angle of cone 0' . 

which· iiccprd!ng to the formula ih pp.i.q is gl veri by 

tano' = (m.1.)% 
mil 

e 

Fig. 17: The angle of cone 0' 

Notice that, as argued in pp 81-34, the orbit continues to 

be closed and elliptic until when it becomes parallel to the 
... 

format of the cone. For such a case, the field tt will stand 
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nernendicular to :the format of the cone. 'l'hen the angle e 

under such a situation is the critical angle e cr If the angle 

e passes this limit the orbit becomes open. Hence Ne come to 

the concluflion that 8' and e cr are comnlementary anglES to each 

other from \"Jhich consequently follmqs (4.1.6). 

Interms of (4.1.(;) it is possible to re~lrite (4.1.3) as 

s (Z ,z ) 
cr 

ano according to (I) .1.1) this again delivers 

211 
e( 

2 2)%= 
cos tan Ocr-tan a 

from ';lhich ~Ie get 

z = 101Hh (n+\) cosa 
c 

Using now the fact 

" I, ~ e: -e: 
F c 

211IeIHh(n+~) 
c 

- z cr 

",i t.ll" taken afl ori.gin, the above. expression may be put in c 

. its final and re'1uired forml 

(4 .l~;n 
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Eq. (4.1.6) is actually the dispersion of the electron under 

the action of the magnetic field; and it may be rewritten as 

where, 

£ = h,lla (n+~) - Z n,pzo . cr 

oH lla = - cosa c 

(4.1.8) 

(4.1.9) 

Finally substituting (4.1.8) into (2.3.7) we find the for­

mula for the absorption coefficient r H under pT-2~, namely, 

(n+~)-(Z+Z ) 
2kBT cr J (1.1.10) 

Eqtn (4.1.10) indicates the fact that r H shows anisotropy in 

that it assumes different values for different orientations 

of the magnetic field in the interval 

0< a < () 
~ cr . 

1.2 Investigation of the characterstics of r H near the bound-

aries of the interval 0<6 < 6 - cr 

/ 
Let us consider first the case tb.l\t a a!,)proaches zero 1. e. 

the magnetic field is almost parallel to the axis of symmetry 

of the neck. In this case (4.1.3) may be rewritten as 

Zcr == 
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\~hich upon using the condition of absor9tion p~ .- mils/cost 

may he transformed into 

2 
mils 

But, 2 = z* as defined in pp 48. 'l'hus in the limit 
2cos'$ 

indicated above z* = Z cr 

Moreover, in this limit, (4.1.9) reduces into 

eH -c 

which further simplifies into 

tane cr 

0= Q if (4.1.6) is em?loyed. 

These new values of Zcr and QO may nO~1 be used to find the 

form of r H from (~.l.lO) in the limit as 0 approaches zero, 

namely, 

Z+Z* 
- 2FT] 

B 
(4.2.1) 

Eg. (4.2.1) is very similar to (3.1.1); and hence in this limit 

of 0 approaching zero, all results of chapeter III may be tota­

lly transferred. 

In the other limit of e approaching 0cr,we start out the 



-<)2 .. 

j.nvGHtiqation of the characterstic of r H by first finding the 

d . • ,/ values of :"cr an na in thi.s limit, US1ng P z ~ mil&- cos</> He 

can rewri.te (1.1.3) as 

or 

z ;:: 
cr 

2 ?, 
m /I S 

= 2 
. cos <j> 

2 ? m /I .!) , 
cos cp 

m.l 
(-) (l~ 
mil 

After factori.ng out 

Z er 
= 

2 
milS ? 
-"---02'- [ cosua (l~ 
2cos <j> 

2 2 
tan 20 ) I m II ; 

cos </> 

2 2 
mil 2 m /1 s . 2a 

tan 0) I 2' (s1n ? 

m.!. cos 4> 2m"mi 

this reduces into 

mil 2 . 2 
--tan a)+s1n a 
n~ 

mil 2 
(1+ --I 

rni 
') 2 J 

(tan"a -tan-a) 
cr 

uron using (1.1.(;) this finally delivers, 

~Jhich in the alx>ve mentioned limit of a+a simplifies into: 
cr 

Z 
cr 

But, from tan Ocr 

a -a cr 



so that the above result may come out to be 

or 

Z cr 

m 

(m~) 2 (mol + mil) 
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(4.2.2) 

Moreover, in this limit of 0 approaching 0 cr (4.1. 9) may be 

re\1ritten as 

no = 

But from tanOcr 

(0 -0) ~ 
ell cr C cos ecr"=;'--~ 

ITlH ~ 
= (-) 

m.L 

(I~ mil) 

we get 

m ~ 
J. 

cos e = cr ---. l:! \'lhich \~hen applied to 
(mJ.. + mil) 

the preceeding equation finally gives 

ell 
m ~ (0 -0) ~ 

no J.. cr (01.2.3) = - ~ ~ c 
(m.l. + mil) (mil • m1 ) 

Thus using (4.2.2) and (4.2.3) Eq. (4.1.8) takes on the form 

E: .. 
n,pzO 

1, 
ellh __ m_.L __ r 
-c- ~ 

(m1 +m,,) 
(4.2.4) 
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so that the absorption coefficient in this limit is given by 
mlJ (8 -O)!.z ellh 1. cr 

c "7(=m-'J.·"'';m::-l/· )!.z -;(=m":::.L';:" =m~/(') %1':'" (n+!.z) - (Z+Z cr) 

EOOs~2[ ] 
2k BT 

(4.2.5) 

Notice that from (4.2.4) can be extracted the statement 

{; -EO = n+l n 

from which, since, 0 =0 follo~lS the inequality cr 

the inequality invites us to use the Euler - Maclaurian form-

ula to complete the summation in (4.2.5) regardless of the 

magnitude of the ~~gnetic field. The Euler-Maclaurian for-

mula is an approximate formula to the summation of the series 

of the type f(X+!.z). Consider an analytic and continous func-

tion f (x) ~ri th continous deri vati ves. This function may be 

expanded over bx as 

f(x) c 1 f I (x~) 1 fl' C 2 
= f(xi ) + 1 bx+;t"' (xi) (bx) +------

l. 

~Ihere , bx c 
= x - x, 

l. 

and XC = Xi +!.z i 
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If f(x) is nml integrated within one interval (xi,xi+l) it 

gives~ 

xi+ l 
xi+ l Xi+ l xi+l 

! f(x)dx 
xi 

;; t f (x~) dx 

xi 
+! f(xI)lIx 

xi 

dx+~ J f" (xI) (/lx)2dx 

Performing the integration then delivers 

xi+ l 

J f(x) dx = 
xi 

f( c) f' (c)«/lx) xi + xi -2-
2 

Xi 

Performing the integration over all other intervals and taking 

a sum of these will eventually produce 

b 
= E 

a 

Thus we conclude 

b 
f [(x) dx 
a 

xi+l 

+ l f(x)dx 
xl 

b 

xb 
+ ----- + f f(x) dx 

xr 

f(Xi+~) + 1/2t} t f II 
c 

(xi) 
a 

from here 

b b , 
E f" (xi) (4.2.6) = 1: f(x+l.;;) + '24' a /lxi 

a 
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where 

and 

But, since lIxi « \~e can make the replacement 

b " = f f (x) dx = 
x=b 

I f' (x) 
a x=a 

We then finally get the required formula from (4.2.6), namely, 

the Euler-Maclaurion formula: 

b 
E f(x+~) 
a 

b 
= f f(x)dx - 2

1
4 f' (x) 

a 

x=b 
I 
~.=a 

~lhen this formula is applied to (4.1.15) one gets 

1 
- 24 

(eHh 
c 

x-z-z cr dx 

x=oo ~ 

x=o j 
The integrated part may be expanded as: 

1 - (-) (-2) 
24 

-3 cosh 

~ k 
mJ. (6 -0) 2 eRh cr 
---T~ ~ x-Z-Zcr 
(m.1. +m,,) (m.L mil ) 

--c 

x 
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But, since kBT « Z, this integrated part gives zero in both 

limits so that the preceeding equation after a change of vari-

able 

y = 

reduces into: 

hn 2k T '" .. 2 
( B dy r H =ro 4kBT J cosh y 

m!:; (0 cr -0).1; 
i+i 

elIh cr 1. 2k T c 
(ml. +mll).I; 

!:; B (ml mil) 

which upon integrating delivers 

hI) 2kBT z+z 
r

ll rO l() [tanh cr 
+ 1 J = 4knT ~ 2kBT 

eHh m.). (Ocr-O) • 
c 

(m.! +rnl/) !:; 
(mjm,/) 

% 



Using (Ij. 2.6) and \l = oR this may be rewritten asg 
mlc 

2 j, 
tanO (l+tan 0 ) 2 

cr cr f 1+ 
(0 ~O)~ L 

cr 

tanh 
Z+Z 

cr }] 
2kBT 
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(4.2.7) 

Notice that a formulCl similar to (1.2.7) was derived by V.N. 

Davydov and M.l. Kaganov for the ultrasonic absorption coef-

fichmt in the case of Zero magnetic field as expounded in 

section (1.2) pp (18-2:.). 

Since 

Z+Z 
cr 

~ (0 .. O) 
cr ~ (n+~) + 

(111.1 mil) 

approaches « in the combined limits 

and 

H+o 

0+-0 
cr 

(4.2.7) may be sho~m to reduce to the exact form of (1.2.11), 

namely, rH« rO 8e-~ in this case. 

Eq. (4.27) sho~1S that with increasing of the angle e that is 

in approaching the angle Ocr the absorption coefficient reve­

als the same rise r H «1/1(6 -O} as in the absence of the 
cr 

magnetic field. The latt:er means that there exists a band of 

values of 0 where the effect of GQO vanishes. This is because 

in this band the growth of r H of the type (4.2.7) dominates 



-99-

over the effects of GQO in the rupture of the connecting neck 

at pT-2~. It should also be noted that at angles very close 

to the critical value Ocr ' the obtained formula is invalid, 

and not because of failure of the classical quantization con-

dition, but first of all, since the limit point to which the 

ellipse contracts as Z~-Zcr is located very far from Pc where 

the dispersion law (1.2.6) is valid. Since, however, the value 

of Zcr det>ends on m"s2 which is quite small I-Then measured in 

energy scale, formula (4.2.7) is at>plicable right up to angles 

very close to 0 • Then one can state that in all cases \~hen cr 

the Fermi surface has a narrovl connecting neck (and not only 

in pT-2~) a relative sharp anisotrooy of the ultrasonic abso-

rption should be observable in the magnetic field, 



SUH~IARY AND CONCLUDING REllARKS 

Hhen ultrasonic Have is incident on a normal metal at 

101'1 temperatures some of the wave ener9Y gats attenuated. The 

process of absorption in this case is identified as some kind 

of electron phonon interaction, and in the limit of k,'!' » 1 

(ul trasonic wave), Ivhere <k> is the wave number of the incident 

sound and < ,~> is the mean free path of the electrons, it is 

purely a auantum l)henomenon. The conservation of energy and 

momentum principles together with the fact that the incident 

phonon energy is quite negligible as compared to the electron 

energy require that it is only a small belt of electrons on 

the Fermi surface Nhich move in phase Ivith the incident sound 

that are involved in sound attenuation. Since the process 

of absorption is mentioned to be quantum, the absorption coef-' 

ficient of this pocket of electrons may be determined from 

time - dependent perturbation theory as (l.l.H). 

The absorption coefficient, like all other kinetic and 

thermodynamic characterstics of the metal, shows an anomaly 

during a change in the topology of the Fermi surface I'lhicn 

usually results in singularity of the density of states. 

Anomalies associo,ted with the topology of the Fermi 

surface are conventionally 'termed as electronic phase transi-

tions or phase transitions of order 2~. Assuming quadratic 

dispersion, in both cases of appearance of a nelv spheroida.l 
---

sheet and breaking of the Fermi neck, when there is no apn~ 

lied magnetic field, the absorption coefficient shows a 
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jump of the type (1.2.5) and (1.2.11) respectively. An appl-­

ied magnetic field quantizes the energy of the electron into 

levels kno\>/n as Landau levels. In this case it is expected 

that . .n. (Larmor frequency) is much greater than (JJ (frequency 

of incident phonon) so that phonon absorption does not change 

the level of conduction electrons. This fact together with 

the conservation principles still puts the same requirement, 

as in the case of no magnetic field, for the absorption of the 

incident sound. 

In case when hll «kBT and for quadratic dispersion law 

the absorption coefficient r H shows a change of the type (1.2.5) 

w'hereas for hll »kBT it oscillates I-lith an amplitude propor-­

tional to the magnetic field. 

The peaks are periodic in inverse magnetic field with 

the period as CJiven by (1.3.11). The oscillations of r H in 

applied magnetic field are termed as Giant Quantum Oscilla­

tions (GQO) and the condition of observation of GQO in experi­

ment can be given as kBT « hfl «).I ,where }1 is the chemical 

potential. 

In the present work GQO are studied in pT-2~. It is 

shOlvn that observation of GQO in experiments in pT-2~ is pos­

sible only for kBT «hn « I z I, where Z is the parameter of 

pT-2~ defined as Z=).I-ck • The condition for ultrasonic absor­

ption mentioned earlier is shown to persist even in this case 

\~ith the absorption coefficient how taking on the form as in 



(2 3.7) the validit.y of which is checked in that for an anplied 

magn"tic field directed along the Z~axi s and quadratic disper-

sion 1m·' it reduces to already kno\'ffi formulae sllch as, (1.2.5) 

under the prof>er limit of H+e>. As the ahsorntion coefficient 

rn is sensitive to the parameter Z, its characterstics are inve­

stigatec1. in the various regions of Z. In pT-2!:! associated \"ith 

appoarance of a neN spheroidal covity, depending on I'lhether 

~ * hQ »kBT or hQ «kBT the absorption coeffici ent near Z = I'; 1 

~lhere Z* is a threshold of energy as indicated in (3.1.1) I is 

shown to be small exnonentially and constant as given by (3 .• 2.11) 

and (3.~.12) respectively the declination from the constant 

value bei~g quite small and proDortional to Q2 for small enough 

magnetic fields. In the region 0<Z<3* which is in direct con-

tradiction to the condition of absorption, r H is shown to re­

main lowa,nd monotonously rise tO~Tards increasing Z. But in 

the case of Z »z *, the 2.bsorption coefficient is found to 

show GQO ~lith exponentially rising amplitude (3./).5). 'fhe 

periods of the oscillations in inverse magnetic field and the 

parameter Z are as given in (3.4.6) and (3.4.7) respectively. 

The conditions for the observation of these oscillations are 

deri ved to be 

In pT-2l; associated ,dth broaking of the Fermi neck and an /' 

arbitrarily oriented magnetic field (but VJith quadratic 
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dispersion law still) r
H 

is found to ShOl'1 strict dependence 

on the angle of orientation (0) of the field with the Z-axis, 

and it is shown that it vanishes beyond a critical value of 

the anqle 0 (as given by (1.1.6») ,.here the orbit of the ele-cr 

ctron ceases to be closed. Near 0 ;; 0, r H is discovered to 

be in similar fon1 Nith the one derived for the appearance 

of a new spheroidal cavity; whereas for the other case of 
)" 

o ~ 6 , r
H 

is shown to be inversely proportional to (6 -0)' cr cr 

indicating that in this particular limit there is a band of 

electrons on the Fermi surface ~Ihich out match those respo-

llSible for GQO so that r H shows the indicated sharp aniso­

tropy. 

Finally it may be commented that the knml1edge of the 

)eriod of GQO 1s quite important in that it leads (according 

to 2.1.10) to the kno~ ledge of area of cross-section of the 

Fermi surface which on the otherhand gives a valuabe in for-

:nation about the metal which is under investigation. 
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