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Abstract

In this project we consider the structure of semi groups of self mapping of a semi
group S under pointwise composition, generated by the endomorphisms of S. It is
shown that,ifS is Clifford semi groups with underlying semilattice [ , the
endomorphisms of S generate a Clifford semigroup E* (S) whose underlying
semilattice is the set of endomorphisms of A.These results contribute to the wider
theory of seminear-rings of endomorphisms, Since E* (S) has a natural structure as
distributively generated seminear-ring.
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| ntroduction

Let G be a group and M(G) be the set of all functions from G into G. Then M(G)
admits two natural binary operations. It is a semigroup under composition of
functions (written multiplicatively) and a groupunder point-wise composition
(written additively) using the group operation in G.that is (f+g)(s) = f(s)g(s) and
(fg)(s) = f(g(s)). If we write maps on the right, we found that the function
composition distributes on the left over point wise composition. So that f (g+h) =fg
+ fh for all f, g, h € M (G). This endows the set M(G) with the structure of a near-
ring (See [9]).

An algebraic structure (5,+,.) issaid to be a (left) seminear-ring if
1. (S, +) is semi group:
2. (S, .)is sem Croup and
3. a(b +¢) = ab + ac,for all a,b,c €S.

If (3) in the above definition is replaced by (a +b)c =ac+ be. for all a,b,c €S,
then (S, +,.) issaid to be arightseminear-ring.

Example:
Every ring is both aleft and right seminear-ring.

Within M(G) we have the subnear- ring My(G) consisting of all functions G — G
that maps the identity element of G to itself. Then My (G) contains the set End (G)
of endomorphism of G (asemigroup under composition of functions) and these are
precisely the elements that always distribute on the right: (f+g) h = fh + gh for all f,
g € Mo (G) if and only if h € End (G). We let E (G) be the subnear-ring of M, (G)
generated by the subset End(G). The fact that End(G) is a right distributive
semigroup implies that E (G) is generated by End (G) as a group (using only the
point wisecomposition).

An important result about this construction and motivation for the more general
theorem of distributivelly generated near-ring (originating in [11] is Frohlichs
Theorem [3] that, a finite non-abelian simple group G we have E(G) = (Mo(G)).
Further specific computations have been carried out for Dihedral groups [2] and
General Linear groups [12].



If we replace the group G by a semi groups we attempt to generalize these ideas.
The set M(S) of all functionsfrpm S into S is now a seminear-ring: It is a semi-
group under both composition of functions and point wise composition and left
distributive holds .

We consider the subsemigroup of E*(S) of M(S) generated by End(S) using point-
wise composition. Since elements of End(S) are also right distributive in M(S), it
follows that E* (S) isin fact a subseminear-ring of M(S).

The structure of E* (S) for a Brandt semi-group S was considered in[7].

In this project, we study the structure of E*(S) when S is Clifford semi-group that is
an inverse semi-group with a centralidempotent. The structure of Clifford semi-
groups is well known: They are precisely the strong semi-lattice of groups.

The main result in this project which is based on [13], shows that S is a strong
semi-lattice of groups in which all the linking maps are isomorphism ,then (E *(S),
+) has the same kind of structure and more over ,if A is the semi-lattice underlying
S, the semi-lattice E*(S) is End(S).



Chapter One

Preliminaries

In this chapter we consider definitions and examples of some preliminary concepts that will be
used in our coming discussion

1.1 Groups and Rings

Definition 1.1

A semi group is a noh-empty Set & together with a binary operationx on S which is
associative, i.eax (bh*c)= (ax b)*cforall a,b,c €S

Subsemigroup is any non-empty subset of a semigroup that is closed under the
semigroup operation.

Definition 1.2

Let G be any non-empty set andx be a defined binary operation on G. Then the
algebraic structure (G, x) is said to be a group if

A. x isassociative:.e, for all a, b, ce G, wehave(ax b) xc=ax (b x c).
B. Existence of identity ¢lement;

There exists an element e e Gsuchthata * e = e * @ = aforal ae G
C. Existence of inverse;

For each a € G, there exists an element be G suchthataxb=bxa=-e.

A group G issaid to be abelian if forall a, be G,=ax b=b x a.

Definition 1.3

A non-empty subset H of a group G is said to be a subgroup of G if H itself is a
group under the operation defined in G.

Definition 1.4

A subgroup H of a group G is called a normal subgroup of G if for every g € G
and h e H, ghg™ € H.



Definition 1.5

Let R be a non-empty set with two binary operations (usually calledaddition and
multiplication), then (R, +, .) issaid to bearingif;

A. (R, +) is an abelian group;
B. (R, .)isasemigroup end

C. Multiplication or (.)is distributive overaddition(+). That is, for all a. b, ce R,
we have a.(b +c) =a.b + a.c,(left distributive) and (b +c¢).a, = b.a, +c.a,
(right distributive)

Definition.1.6

A right near-ring is a nonempty set N together with two binary operations (+)and
(.) such that;

A. (N,+) isagroup (not necessarilv abelian);
B. (N,.) isa semigroup and
C. For all a,b,c € N, wehave {(a+b).c = a.c + b.c (right distributive).

If C in the above is replaced bya.(b+¢) = a.b + a.c, then, (N,+.) is called a left
near-ring.

Note:

In near rings two ring axioms are missing. These are commutativity of addition and
one side distributive law (either right distributive law or left distributive law)

Definition 1.7

A semi-ring is an algebraic structure consisting of a non-empty set R on which we
have two operations, addition (usually denoted by +) and multiplication (usually
denoted by.)such that the following hold:

1. Addition is associative, commutative and has aneutral element. That (R, +) is
commutative monoid with identity element, denoted by 0. That is,

I. (a+b)+c=a+ (b + )
ii. a+b=>b+a, and

iii. 0+a = a+0,for,ahbc €R.



2. (R, .) ismonoid with icentity element, denoted by 1. That is,
i. (a.b).c =a.(b.c), and
ii. l.a =a.lfor all a,b,c € R.
3. Multiplicative is distributive over addition from either side. That is
i. a(b+c¢)=ab +acand
ii. (a+ b)c =ab + ac,forall a,b,c €R.

4. The identity (neutral) element with respect to addition is multiplicatively
absorbing (annihilates R).That is,0. a = a.0 = Ofor all a € R.

Note:

The difference between a ring and a semi-ring is that,in a semi-ring, with respect to
additionthe set is a commutative monoid, not necessarily a commutative group;
specifically elements in a semi-ring do not necessarily have an inverse with respect
to addition.

1.2 Seminear-rings

Definition 1.8

An algebraic structure (5,+,.) is said to be a (right)seminear-ring if;
A. (S.+) isasemigroup;
B. (8. .)is a semigroup and
C.(a+b)e = ac + b.c foral a,b,c €8S.

Remark:

If (C) in the above definition is replaced by ¢.(a +b) = c.a +c.b,for al a,b,c € S,
then (8, +,.) is said to be aleftseminear-ring.

Thus, a left seminear-ring is a set L with two associgtive binary operationsthat
satisfv the left distributive law. That is, for all a,b,c € L,a.(b+c) = a.b =a.c.

Definition1.9

Let (L,+,.) be left seminear-ring. An element d € L is called distributive if it is
also distributive on theright, that is, for a,b € L,we have (a +b)d =ad + bd .



Theorem: 1.1

Let D be the set of distributive elements of a left seminear-ring (L,+,.). Then, D is
a subsemigroup of (L,.).

Pr oof
Since (L,+, .) isaleft semi near-ring, it suffices to consider the right distributively.

If D =@, thereis nothing to prove.
Suppose D+ @ , and suppose ¢, deD, Thenfor a, b, , we have,

at+b) (cd) =[ (a+b) ] d------------- --- associativity of <’ . ©’
=[(ac+bc)] d ........... sincece D
=(ac)yd+(c)d......... sincede D
=a(cd)+b(cd)............ associativity of <> . ©’

Therefore ¢, d e DHence D is a subsemigroup.

Let S be a semi-group (written multiplicatively). The set M(S) of all functions from
Sinto S is a seminear®ring under the multiplication operation given by the function
composition. and the addition operation given by point-wise composition. That is,
forall f,ge M(5) and s € S, we have,

i.s(f+g) = (sf)(sgand

ii.s(fg) = (sf)g
Note: s(f+ g) = (sf)(sg) isequivalentto (F+ g)(s) = f(s) g(s)and
s(fg) = (sf)gisequivalentto(fg)(s) = f(g(s)

Theorem 1.2
Let S be a semigroup (M(S),+,.) is aseminear-ring.

ProofLet f,ge M(S) andse S,

First we want to show well definedness of “ + “ and . “

i (f+g)(s):= f(s)g(s)
and f(s).g(s) is aunique element in S for f(s), g(s) € S,since Sisa
semi group



Thus “ + “ is well defined

. (f.g)(s) = f(g(s)) and g(s) is aunique element since g is a function and
f(g(s)) is aunique element since f is a function.
Thus “ . “ is well define.

Now it remains to show M(S),+ , .) isaright seminear-ring.Since S is a semi-group
it is non-empty,

For f ,gand he M(S) andse S, we have

i. [(f+tg)+h](s) = (f+g)(s) . h(s) ............ definition
= [f(s) g(s)]h(s) ......... .. definition
= f(s)[g(s) h(s)] ..covvvrnnnn Since the operation in S is associative
= f(s)[(gt+h)(s)] ......... definition
=[f+(gth)] (8) evrernnnn.n. definition

This implies(f+g)+h = f+(g+h) and
hence (M(S),+) is a semigroup.

. .J(fg)h](s) = (fg) (h(s)) «cevevirrr i definition
= f(g(h(s))) vevevres i definition
=1(g.h)(S)) cverriiiiiiis definition
= [f(gh)](S) vevreiiiriiiiiines definition

This implies (fg)h = f(gh) and
hence (M(S), .) is a semigroup

. [(f+tg)h](s) = (f+g) (h(s8)) veoverr corrinnnns definition of “ . “ on M(S)
= f(h(s)) . g(h(s)) .cceevrvrn... definition of “ + “ on M(S)
= (th)(s).(gh)(s) ... ...........definition of “ . “ on M(S)
= (fh+gh)(s) ......................definition of “ + “ on M(S) This

implies (f+g)h = fh + gh
Hence (M(S),+,.) is aright seminear-ring

Definition 1.10

Let S be a semi group. A function f e M(S) is said to be morphism,
if f(st) =f(s)f(t) forall s,teS

Theorem 1.3



Let S be a semigroup

End(S) = {f € M(S): f is morphism} is a subsemi-group of (M(S),.).
Proof
Let a,p € End(S) and s, tes.

Then (a.p)(s.t) = a(P(s.t))

= a(B(s)B(1))

= a(B(s))a(B(1))

= (a.B) (s)(a.p)(t)This implies)(a.B)(s.t) = ( a.B)(s)(a.B)(t)

There for afy € End(S)

Thus End(S),.) is a semigroup and hence it is a subsemi-group of M(S) .

Definitionl1.11

Let S be a semi-group. An element ae Sis said to be an idempotent element, if a° =
a. In aunary operation f, that is, a map from some set S into itself is called
idempotent if, for all x in S,f(f(x)) = f(x).The set of all idempotent elements of a
semi-group S is denoted by E(S).

Definition 1.12

Let S be the semi-group and a e E(S).A mapping C, € End(5) defined by C (x) =
a, for all x € Sis called a constant mapping determined by a.

Lemmal.1l

The semi-group of left distributive elements in M(S) is the semi-groupof
endomorphisms of S.

Proof:
It is clear that an endomorphism is distributive, that is,
Let f, g € M(S5) and ¢ € End(S). Then for each s € S, we have
s(f+gde = (5HG)e
= (sf ¢) (sg ¥)
=s(fo + 99
Thisimplies, (f + gl = fp + g and

hence ¢ is a distributive element



Now,Supposed € M(S) is distributive. For any s € S,letec; € M(S) be constant
function determined bys e S,defined by xc. =5 for all x €S. Then for any s5,t,x € §
we have

(st)d = (xcs Mxcy )d = x (¢ + ¢ )d
= ¥ (c,d+ced),

= (xced)(xc, d)

isd) (td)
Thisimplies (st)d = (sd) (td).
That is d is endomorphism.

A semi-near-ring L is called distributivelly generated if (L,.) contains a
multiplicative subsemigroup (S,.) of distributive elements which generates(L, +).

Theorem 1.4

If a semi group (L,+) is generated by (S,.) then L is the seminear-ring
Pr oof

Let L contains( S, .) which generates (L,+) distributively

Leta,belL andletf,g,he M(L,+) befunctionsfrom(L,+)to (L,+)
Letde (S, .)isdistributive, thatis, (atb)d=ad+bd.

Implies ad + bde (L, +)

We want to show (L, +,.) issemi near-ring

I.  ((f+g) +h) (ad+bd) = (f+g)(ad+bd) .h(ad+bd) .......... ... Since (L, +) isasemi group
=f(ad+bd) . g (ad+bd) . h (ad+bd) ... since (ad+bd) e (L, +)
=f(ad+bd) . (g (ad+bd) . h (ad+bd) )....associativity of * .
=f(ad+bd) . (g +h) (ad+bd) ............. since (ad+bd) e (L , +)
= (f+ (g + h)) (ad+bd)

Implies, ((f+g) +h) =(f + (g +h))

. ((f gh) (ad+bd) = (fg)h(ad+bd)
= f(g.h(ad+bd))



=f(g.h) (ad+bd)
= (f(gh)) (ad+bd)
Implies,(f g) h="f (gh)

. ((f+g)h) (ad+bd) = (f+g). h(ad+bd)
= f(h(ad+bd)).g(h(ad+bd))
=(fh)(ad+bd). (gh) (ad+bd)
= (fh + gh) (ad+bd)

Implies, (f+g) h =(fh + gh)
Hence (L, +, .) is(right) semi near-ring

We noticed that S need not be the semi-group of all distributive elements
and such a distributivelly generated semi-near-ring (d.g.s.n.r) is denoted by
(L,S)

If we consider the above seminear-rings M(S),then the setEnd(S), of all
endomorphismsof S, is a distributive semigroup of M(S) ,and generates a
distributivelly generated seminear-ring denoted by
(E(s)),End(s)).Distributivellygenerated seminear-rings were first studied in [10].

Let E*(s) be the subsemigroup of (M(S), +) generated by End(S). It is clear that
E'(s)isthen a distributivelly generated seminear-ring called endomorphism
seminear-ring of S.

Theorem 1.5
If S a commutative semigroup, then E*(S) = End(S) and (E*(S), +, .) is asemi-ring.
Proof
Let E'(S) = subsemigroup of (M(S), +) generated by End(S).
Let X1 , X2 andxz e S such that f(x) = x1, g(X) = x2 and h(x) =x3
Let (S,*) be acommutative semigroup,i.e Xi*¥Xz = Xo* X1,V X1 X2€ S
E*(s) isassociative ....... since E*(s) issubsemi group of (M(S), +)
End(S) is associative .....since Sisaseminear-ring.

ImpliesE*(S) = End(S)

10



Now let f,9,& h eE'(S)
We want to show ( E* (S),+,.) isasemi-ring

i. About (E' (9,4
(f(x) +9(x)) + h(x) = (X2+X2) + X3

=X1+ (X2 +X3) ..... sinceXy, X2 &X3€ S

= f(x) +(9(x) +h(x))

f(X) +9(X) = X14X2 =X2+ X1 eeunnnn .. since Siscommutative.
=9(x) +(x)
0+f(x)=0+Xx3=X3+0=X;

Implies (E* (S),+) isassociative , commutative and monoid with identity element O

i. .About(E" (S),.)
> () .9(x) . h(x) = (X1.X2). X3 = X1.(X2.X3)
=f(x).(g(x) . h(x)) ...since S is commutative

» Lf(X)= 1x1 =X
Implies( E” (S), .)is associative and monoid with identity 1

iii.  .Distributivelyof . on +
Since ( E+ (S) = End(S) = seminear-ring
Let f(x) € (E+ (S) beleft distributive,
e, f(x) [90()+h(x)] = f(x)g(x) +(x) h(x)
= X1 X2 + X1X3
= X 2X1 +X3X1
= (X2 +X3) X1
= (9(x) + h(x)) f(x)
Implies ( E+ (S) has both right and left distributive
iv.  .About identity element (w.r.t.addition) O,
0f(X) = 0.x1 = %x1.0=f(x).0=0
Implies O (identity element w.r.t addition) absorbs (annihilates) E*(S) .
Therefore E* (S), +, . ) isasemi-ring

1.3, Semilattice, L attice, andSubsemilattice

Definition1.11

11



1. Asemilattice is an algebraic structure (§,*)satisfying the followingconditions.
. x *x = x:
ii. x*y =y % xand
Hi. x* (yxz) = (xxy)*z foral x,yz € S.
That is, a semilattice is an idempotent, commutativesemigroup.

2. Ajoin semilattice(P, <, v)is a poset (P, <) ,( P is partially ordered set with
respect to the relation<) such that any two elements x,y € P have a least
upper bound (suppermum) xVy in S.

3. Ameet semilattice (P, <A) is a poset such that any two elements x, ye P have
a greatest lower bound (infumum) XAy in.

4. Alattice is an algebra L = (L, A, v) satisfying the following conditions,
Forall x,y,z¢e5

a. xax =xand xvx = Xx;

b. xay = yaxand xvy = yvax;

C. xa(yaz)= (xay)azandxv(yvz) =(xvy)vaz,
d. xa(Xvy)=xandxv(Xay)=x

The first three points of the axioms say that L is both a meet and join semilattice
and the fourth pair (called the absorption law) say that both operations induce the
same order on L.

5. A complete lattice is an ordered set L in which every subset A has a greatest
lower bound and a least upper bound.

The following diagram (figure.. 1)shows examples of meet-semilattice, join-
semilattice and lattice respectively

oooo

12



[oXe]e]

Meet- semilattice oin-semilatticel attice
Definition:1.12figure....1

Let (L, <, VA) be a semilattice. A nonempty subsetS € Lis said to be asubsemilattice
of Lif forall x,y € S, xvyeSandxAy € S. Theorem 1.6

Let A be a semilattice. Then the (End (a), +) is also a semilattice.
Proof:
Given asemilattice (A,*)
Consider End(A) ={ f:(SA) —S;A»: fis a morphism }
That is, f(a*xb) =f(a) = f(b) for all a,b € A.
Now for f,g and h € End(A) and se A, we have the following.
i (f+f) (s) =1(9) *f(s)=1(s) , because A is a semilattice.
Thisimpliesf+f = f
i. . (f+g) (s) =1f(s) * g(s) = g(s)* f(s)= (g+f)(s) ,, because A isasemilattice
Thisimpliesf+g = g+f
iii. . [(f+g)+h](s = (f+g)(s) *h(s)
= [f(9)*g(s)]¥h(s)
=f(s)*[9(s)*h(s)]
=f(s)* [(g+h)(s)]
= [F+H(g+h)l(s)
And thisimplies (f+g)+h = f+(g+h).
Hence (End(A),+) is asemilattice
1.4.Strong Semilattice of Groups
Given asemilattice ( L,*)ice

Define<OnL by, p<aifandonlyif pxa = B

13



Definition1.13
ACliffordsemigroup(strongsemilatiice of groups) is a disjoint union of groups
5=l B
indexed by a semilattice a together with a group homomorphism
fap: Ga — Ggwhenever a > Bin a, such that
i. foreach & € a,the homomorphismet, , is the identity;
ii. ifa= B =ythen ¢y, = ¢apdp,
The semigroup operation on§ = Un'r:A G, is defined by:
ab = (¢uap(@).(dgap) (b, )ifa €Guand b € Gg
Toillustrate that, leta,be S, then we will have the following three cases
Casel.abeG, (i.e, they belong to the same groupG,),
Then o= and
ab = (¢a,a(a).(¢a,a) (b) = ab (.is theoperationinG,)
Case2.aeG,,be Gy witho =f.

Then aff =p andab = (Paap(a)- (4y) (O) = (bap(a). (b=
( apla). b thatisp, (a)eG, , and . isthe operationin G, )

Case3d.acG,,beG,witha < i
Then,of=aand ab = (¢, ,(a). H)B,a) (b) = a.¢B'a) (b)
That is ¢B.a (b)e G, and (.) isthe operation in G,

In all cases, the operation is associative and ,Hence, Sisasemigroup. That is, letA bea
semilattice and let G¢ be asemigroup for each € e A with G, N Gg=@. If a # B & a.p €A, for each
pair o, € A with a > B, let d,p : G, — Gy be a semigroup homomorphism such that

I. ¢4 o IStheidentity

i ifa>B>Y then doy = dup dp.r

14



ConsiderS = UG,, o € Awith multiplication ab =(ad,, o) (bdp, up) if a € Gu& b € Gg,
See (3). Then the semigroup S is called the strong semilattice of semigroupsgs..
For a, B eAn, we cal ¢, pis the defining homomorphism also called

structurehomomeorphism.

We denote a strong semilattice of semigroups S with defining homomorphism

wpby § = (A: Gu, o p) for a semilattice A. If we replace the semigroup by group,
we call astrong semitattice of groups which is known as under the name of
Clifford semigroup.

Chapter Two

2.1. Endomor phism of CliffordSemigroups

Definition 2.1

15



Let S and T be semigroups andf:S— Tbe a mappind. Then,f is called a
semigrouphomomor phismif f(xy) = f{x)f(y), for all x, yeS.

The set of semigrouphomeomorphisms from Sinto T is denoted by Hom (S.T) and
End(S) =Hom (5.S). An endomorphism ¢ of a semi group S is a mapping ¢; S— §
such that (xy ) = ¢ (x)p(y) for allx,y €S.

The set End(S) forms a monoid with composition as a multiplicative and mappings
are composed from the right to the left. For f,g € End(S), the composition of f and
giswrittenas ., , and( ) (x) = g (f(x)) for all x e S,

Lemma 2.1

Let § = (4 Ga o) be a strong semilattice of groups and let f € End(§). then the
following holde:

a. finduces an endomorphism of the semilattice a,
Thatis (End (A) ={f: f: (S, A) —% A):f(aAb)=f(a) Af(b)
b. For each a € G,, we have G,f ¢ Ggr
Proof:

Lete, be the identity element of G,.Now G,f € G, for some Y € a and since e.fis
idempotent, we have e,f = ey we set af = Y. This impties G,f €SG,¢ since e, eg= €3,
it follows that f is an endomorphism of a.

The endomorphisms of Clifford semigroups were studied in detail in [3] under
various restrictions on the properties of liking maps ¢, .To pursue our study of the
structure of E* (S),we shall assume the strongest of the conditions considered in
[3],namely that the linking maps are all isomorphism . In this case we can simplify
the description of S.

Lemma 2.2

Let S= (a, Gy, ¢a, g)be a strong semilattice of groups in which all the linking maps
d,,p are isomorphism. For anyA € a, let S, be the strong semilattice of groups over a
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in which each group G,, a € a is equal to G, and all the linking maps are the
identity .Then S isisomorphic to S,.

Proof:

Given S = (a, Gy 04, p)

¢, p=isomorphism

Sy = (a, Gy ¢, 1) and

G,= G,

We want to show that, S= S,

We define an isomorphism y: S—S§; as follows. Its restriction y, to Ga is defined to
be Yo = da. wnd 1 wr.. Then vy is clearly bijective and we need only check that it is a
homomorphism. To thisend let aeG,and b € Gy so that in S we have

ab = (adq, op) (PP, up) € Gup =GaGP

In this proof ,we use the notation & for f(a)
We want to show (ab)y-=(a v ) (b y)
Then (ay) (by)= (ay.) (byp)

=(adu, ard 1, 1) (005 A0 A g1
whereasab =((adq, o) (g, p1))Wap

= (ada, up) Wap (DOp, pr)Wap

NOW (8d,a8) Wap = (8a,0p) (Pap.aprd 1 apr)
= @, apr0x,

= a (¢u, arPurapr) (0 waprd s o)

=abe, 004, w

Similarly (bdg.ap) Yap= (bdg. ap) (dap.aprdr.ap)
= b, aprdhapr

= b (9p.prdsn. apr) (0 praprd s p2)

=bdp 10",
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Thisimplies (ab)y =(ay)(by) = (ada.wnd 1) (09p.:02p1)
Hence y is a homomorphism and
therefore S isisomorphic to S;.

Now we can conclude from theorem 2.1, the results are similar for the linking maps
being isomorphism or identity.

We may now assume that S is a strong semilattice of groups over a in which every
group is equal to a fixed group G and with each linking map equal to the identity.
Hence S is the disjoint union of copies G, of G indexed by a € A .If g € G, then we
denote by g (* the copy of element g in G, In this notation the multiplication in S
is given by

g@Wnh® = gh®P (1)
Proposition 2.3

Any 6 € End (G) and f € End (aA) determine an endomorphism &; € End (S) defined by
g (“8; = g5 D and every endomorphism of S arises in this way.Hence we have, End
(S) = End (G) x End (A),as a semigroup of mappings

Pr oof:

To show that &; € End(S), we have to check the preservation of the multiplication
given in (1) above. That is almost trival. Take g‘®,h e S, then

(9 81 ((P)8= (£8)“"(h3)*"

- (g8h8) ((af) (BF)

= ((gh) 8) (1

= (gh)*P5;

=g (a)) h (ﬁ)af.

Implies (g'“) &; (h®)§;= g'“) hP§;
Hence 6; € End(S)

Now let 6e End(S) and let f be the induced endomorphism of A .For each a ea , we
have 6 : G, — Gy and since G, = G = Gyt , the restriction of & to G, induces an
endomorphism 3, of G.

Now for any g € G and a, B, € A, we have
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16" =g ® (g ® by applying & we obtain
le (apB) f=g (o) S (g-l) (B) S
= ((g 8a) (g'3p)) (P P

= ((934) (g Sp)) "

Therefore gd,= gég and 6 € End (S) induces the same endomorphism p on each
group G, with g'“8 = (gp)“? . Therefore & = ps. It is now clear that (p,f) — prisa
bijection End(G) x End(a) — End(S) and since g®pidx = gp'*P8x = (gpd) ™ this
bijection is a semigroup isomorphism .By reintroducing the isomorphic linking
maps in to S = (A, Gy, ¢4p ).For any A € A ,we may write an endomorphism Y of S
in the form Y =y&;y”' where &; € End(S,) and hence for g € G, , we have

gY = g\lfagf\lf-laf
= gdq, akd)_lk,axaf Dor.(atin O h(adi,

(which is the formula forY)

Chapter Three

3.1. Seminear-rings of Endomor phisms
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In this chapter we assume that the group G is afinite.

Let G be a finite group. This implies that any mapping in the group E(G) is a
positive combination of endomorphisms, and hence that the semigroup E*(G),
generated by End (G) coincides with E(G).

For fixed f €End (a), we have an embedding End(G) — End(S) by a — a;.We claim
that this embedding induces a homomorphismy;: E (G) — E*(S)

Suppose that € = 6; +o2+...+0on € E (G) we define g = (61) 1 + (02) t +...+ (om)s, Then
for each o ea and each g'?e G,,we have,

g%t = g ((61 )i + (62 )i +.oerut (m i)

=g 616)( g o2 )......( gV Omr)

(go1) (" (g 62) @ .....(g 62)"*"
((go1) (g 02)..... (go2 )

= (g (o1 toot...... +om))

= (ge) "

Thisimplies g e = (ge) ©P.

Hence ¢ depends only on ¢ and f, andys: ¢ —¢¢ is a well defined embedding
E(G) » E*(S).

Moreover, ife; = ni, then for all g € G and « € a, we have (ge) P = (gn) ), hence f
= k, and the images of distinct embeddingsy: (fe End (A)) are disjoint. We write (G)
¢ for the image of E (G) under the embedding y;. For each fe End (A),E (G) ¢ is a
subgroup of E*(S) isisomorphic to E (G).

Now if 0 € E'(S) we have 0 = 0; + 0, ....+0n for some 0; € End(S) and hence there
exists oj € End(G) and fjeEnd(a)such that ¢ = (o1 )f1 +(o2 )f2 +....+(om )fm.
Therefore (E*(s), +) is generated by the collection of disjoint subgroups E (G) ¢
where f € End (a).

Now take ¢;, e2¢ E(G) and f; ,f, € End(a) ,Then for all geG and i = 0,1,2,..,n we
have

9'“((e1 )f1 +( e2)f2) =( 9"“(e1)f1) (9 (e2)f2)
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= (gea) ™ (ge2) ("

= ((ge1) (gez)) (@) (@)
= (g (e1 + €2)) ((af)) (af)))
= (g (e1 + £2)) @ 071D

=9 £1,+82) 1412
A straight forward induction argument then shows that

(81) f1+ ( £2)f2+....+ (Sm) fm = (£1+ €y t....t Sm)f1+f2+...+fm.

Therefore

E*(s) = Uk o),fe End (n).
And so E*(S) is a semilattice of groups.

We first look at the composition of mapsin (E*(s).For g ) ¢ G,, we have

g @emi= (ge) “Imi
= (gen)

=g (en) fx

and hence gmy = (en)fk ===-=============mmmmmmmmmmmm e (2)

Now we have linking homomorphism ¢z, 1,:E (G) 1, — E (G) , whenever f; > f;
defined by &, — &12. So the linking homomorphism are the identity maps between
the indexed copies of E(G) in E*(S), and for the addition of &1 ¢, € (E*(S). we have

€1 M2 = (E+M) f14 12 =mmmmmmmmmmmmmmmmomom oo (3)

= (ef1) ¢ra, 11+ 12t (ME2) Dr2, 11+ 1277 =mmmmmmmmmes (4)

and so (E*(s) is the strong semilattice of its subgroups E(G)s. Now it is summarize
the conclusions in the following theorem, returning to the case of a
strongsemilattice of groups whose linking maps are isomorphism.

In the above discussion we have proved the following theorem which is the central part of this
chapter

Theorem 3.1
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Let S = (a,G., 0, g) be a strong semilattice of finite groups in which all the linking
maps ¢, p are isomorphism.

a. As a semigroup under composition of maps E*(S) is isomorphic toE (G) x E
(a) = E (G) xEnd (a).

b. As a semigroup under addition of mapsE'(S) is isomorphic to a strong
semilattice of groups over the semilatticeEnd (a), with each group isomorphic
to E (G).

Chapter 4

Some Examples
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4.1. Finite Chains of Finite Groups

Let A bethefinitechain 0 <1 < ...<n. It is well-known that in this case
_fZ2n+1
|End(A)| —( . )
If n =1 there are three endomorphism, and in this case (End (a), +) is again afinite
chain .Hence ifS = GoU G; with an isomorphism ¢: G; — Gy,

thenE*(S) = E (G) U E (G) U E (G).For n> 1, the semilattice (End (a), +) will not
be a finite chain. For n = 2, it is the 10-element semilattice which is shown in figure
2 below.

4.2. Finite Clifford semigroups over the free 2-generator semilattice
Let A = (a, B, ap) be the free 2- generator semilattice, with isomorphism:

Gy — Ggp < Gp.Then End(S) is the 9-element semilattice which is shown in figure
3 bellow
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[eXeJoXe]

Figure.....3

The maximal element at the left and right hand end of this picture are the two
automorphisms of a. Thereare four endomorphism in the principal order ideal of
End (a) generated by the identity (id). In addition to id itself, we have a: a — a, B
— af, b: a = afy, B — P and the constant map C = Cof at af.

Consider the subseminear-ring
E1ia)(S) = U e@)= E(G)ia U E(G)a U E(G)p U E(G)c

A quick check reveals that the multiplication table for the subsemilattice {id, a, b,
c} (under, +) coincides with its multiplication table under composition of maps. It
follows that E; (ig) (S) is astrong semilattice of near-rings.)

4.3. Non-isomor phic linking maps.

If the linking maps ¢,, 3 in S are not isomorphisms, then further complications arise
in the analysis of E'(S). As an illustration, consider the case n = 1 in example
4.1,s0 that S = Gy U G; with Go& Gsfinite, but with an arbitrary homomorphism ¢:
G1 — Gp. The three endomorphism of the chain O < 1 give rise to three types of
endomorphism of s.

Let f € End(S). If f induces the endomorphismcy which is a constant at 0 on the
chain o < 1,then f is determined by fo e End(Go ) , so that f | g, = foand f | G1 = ¢fo.

Similarly, if f induces the endomorphism c; which is a constant at 1 on the chain o
< 1, then f is determined byfo: Go— G, and again we have f | Go = fo and f | G1 = ¢fo

However if f induce the identity on the chain o < I,then it is determined by two
endomorphisms f; € End(G;) and fo € End(Go) such that f;¢ = ¢fo. Hence as a set
End(S) can be identified with the disjoint union,

End (Go) U @ U HOM (G, Gy), --=---===mmmsmmmmsmmmsmmsommcommcooone 5
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Where® = {(fo,fl) eEnd (Go)XEnd (Gl): fl(l) =(|)f0}
Clearly, if (fo, f1)ed®,then (im¢) focimd and (Ker ¢) fic Ker ¢.

If ¢ is surjective, then the condition (Ker¢ ) ficKer ¢ also imply that f; determines
fo and so we may simplify the description of® to® = {f € End (G1): (Ker ¢ ) ficKer

¢}

If ¢ is injective .then f, determines f; and so we may simplify ® to &= {f €
End(Go) : (im ¢ )focim ¢ }.

Now each subset shown in the partition (5) is a subsemigroup of (E(S), .) : the
composition in End(Gyp) and in @ is the obvious one in each case ,and If a, b ¢ Hom
(Go, G1) then a.b =a ¢ b.

We let Ec, (S) be thesubsemigroup of (E*(S), +) generated by End (G,),E;q(S) be the
subsemigroup of (E*(S), +) generated by ®, and Ec.(S) be the subsemigroup of
(E*(S), +) generated by Hom (Gy, G1). An element of Ec.(S) is represented by some
function €: Go—Gj: € acts on G, and its action on S is given by defining ge = gée if
g € G;. An element of Ei4(S) is represented by a pair maps (e, n) with €2 Go — Go
and n: G;— G; that satisfy ¢ e =n ¢. Finally an element of Ec.(S) is represented by
e € E(Gp) acting on Gy , and its action on Sis again given by defining ge = g ¢ ¢ if
geG1 .Then we have a decomposition

E*(S) = Ecs(S) U Eia(S) U Ec.(S)

(with co< id < c¢; as endomorphism of the chain o < 1) of (E'(S), +) asa
strongsemilattice of groups with linking maps.

dc1, id'Eci(S) — Eida(S), € — (¢ ¢,¢)
did, co:Eid(S) — Eco(S), (e,m) — ¢ and

¢c1, co: Eci(S) — Eco(S), € — €¢)
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