ADDIS ABABA UNIVERSITY
FACULTY OF TECHNOLOGY
SCHOOL OF GRADUATE STUDIES

CRACK DETECTION IN A ROTATING
DISK

A thesis submitted to the School of Graduate Studies of Addis Ababa
University in partial fulfillment of the requirement of the Degree of
Masters of Science in Mechanical Engineering
(Applied Mechanics Stream)

Thesis by
Haileleoul Sahle

Advisor

Dr. Alem Bazezew

July 2007



ADDIS ABABA UNIVERSITY
SCHOOL OF GRADUATE STUDIES

DEPARTMENT OF MECHANICAL ENGINEERING

Crack Detection in a Rotating Disk

Thesis by
Haileleoul Sahle
Faculty of Technology
Approved by Board of examiners: |
Ato Hamsasew Moges /f
Fr
Chairman Signature
Dr. Alem Bazezew //L’(J\lf*\
( i
TARER'
Advisor Signature
D
Dr. A. Raman }) }:::,/ '
d Internal Examiner Signature
"'/i. // d" f
Dr. Abiy Aweke / ’{/[ \I/I{/h
. Signature

External Examiner



Declaration

This thesis work is my original work and has not been presented for a degree in any other

university, and that all source of material are duly acknowledged.

Name: Haileleoul Sahle

Title of the Thesis: CRACK DETECTION IN A ROTATING DISK

Department: / 'FC?W‘S(?«-_‘;Q M 0ol

Signature:

Advisor:

Signature:

70



CONTENTS

ACKNOWIEAZMENT 1.ttt ettt et esb b ssessesseessessessessesnesens iii
Table Of CONTENT 1.vieveiieriieeiiietteieteeteteeet ettt ettt seesabessesbesaesseseesassessensesensens iv
LST OF fIGUTES +vevvevreieeriieieeetieteeeteesttesteesteeseessteesseesssessaesssessasessessensssessessseessessseessesseenssasssenss vii
LISt OF TADLE vttt ettt ettt e b e et et s et ese e neneas viii
ADSTTACE 1vvvventetieieiteteteete ettt ettt et ese e st seesebeste s estestesaesensasensentese et aesesaesensasentans ix
CRAPLET OMIE ceviviviiierieieeit ettt ettt ettt esteesseesesseessessesssessessesseseassessesssessessesssessessessasss 1
Lo I ErOAUCHION. ettt ettt ettt ettt ettt et e s ete st e teseesteseesaesensessansessessesansansesessens 1
1.1, OVerview Of the PIOJECE .ievieieiierieriieiieiiieetetetresesseeseeseeseseessessesseesseseessessesssessessens 1

1.2. Method of Crack Detection......cveveieerierieriierieieeiiereeieieseeseesressessessaseessessesessaesees 2
1.2.1. Non Destructive Test (NDT)....cooovieierieeieriereeierieiiereerreereereeresessesseseesens 2

1.2.2. Vibration-based crack detection methods ......ccevveveerieivierenienieiriiieieieienns 3

1.2.2.1. Non-model methods........ccocveiieieioriieiieriieiereeeeeeereere et eveenees 4

1.2.2.2. Modelbased methods ......c.covevieierioriiciieniiieceee et 4

1.3. Objective Of the thesis....cciviiiieiiiiieieieiieie ettt srer e ereesseeeseenseas 5
CRAPTET TWO.cttitieiiieiieiee ettt ettt e it etseesbebe e ess e ssaessesseessessseessesssesseesseesssessassenns 7
2. LIiteTature REVIEW .ocviciiciiiiioiiiiii ettt ettt ettt ebe e bs e sssaesbe e ssaessseessnaenns 7
2.1, INtrOdUCHON . ..cvtievievieiicetceriet ettt ettt ettt e as e eve s s steesse s essesseesseseeseersensensenes 7
2.2. On Rotating DisK.....cvieiieiieiiiie ettt ease v enseesseens s 7
2.3. On Crack Characteristic on a Rotating Disk........cccccoveviieiieiieiieiecieieeece e 8
2.4. On Detection of a Crack on a Rotor and Rotating Disk .......cccecvvvieierieniienieniinnnnne. 9
2.5. Organization Of the TRESIS....ccicviieieeiieiieie ettt ess s eae s 11
CRAPTET TRTEE...coviiviiiicie ettt ettt ettt et ere et rs e erseebe e erbesseessesseeseeersessessseeseas 12
3. Derivation on EQUations of MOtiON......cc.ieiiiiioiieiieiieieeiieetee e evsenseereens 12
3.1, INtrOAUCHION. ettt ettt ettt ettt sttt esseersenseeseeseesseeseensensenseerenes 12
3.2. Rotating Disk Without Crack.......cceeiieviieiiiiiieiieieeieeieeiieeee e 12
3.2.1. Kinetic Energy of Rotating DisK.......cceevieeriiiieiiiiiiieeiceiceeeeeeevee e 15

3.2.2. Potential Energy of Rotating Disk.......cccccvevvierieioniioieioeiereciieeeeeeveeeeveene 16

v



3.3. A Rotating Disk With Crack.....c.cceevieviieiieiioiiiiiiieieeieeeei et 20

3.3.1. Modeling of @ Crack......coevievieierieiieieiieiieieieie et ere e ese s s esseese s 20

3.3.2. The Strain Energy due to Cracke.....ocovvieieiioriiniiiieeiieiiee et 22

3.3.3. J-Contour INtegral....cicvieieiieiieiieieieii ettt e 22
CRAPLET FOUT ittt ettt ettt et essesseeseeseesbesbessaessesssessessessasssassassessessans 27
4. Finite Element FOrmulation........ccocievvieiieeiioiiiiiiiiieeeeieeieet et ess s nees 27
4.1, INErOAUCTION. 1. ttitiietietiett ettt ettt ettt et ers et et e essessessebesssessessessaessessassaesesrsenes 27
4.2. The Weak FOrML...ioioieiiiiiieieiieeitee ettt ere et ettt essesseeseeseessenns 27
4.2.1. The Displacement Formulation.........ccc.eeevvevieviniiriniieeieeeieeeieeeieeenns 29

4.2.2. The Kinematics EQUAtiONS......cevvevveieieieieieieieierieieietesieteiereereevetessennen 31

4.3, Spatial DiSCretization . ...cieiecieerieieeieieeeeriesieeteeteereeseeseesseesesssessessessessessessesssessessens 35
4.4. Assembly to Global Matrix FOrmi.......ccovvviiviiiiiiioieiiiiiiieieieeieies e 36
CRAPLET FIVE . itiitietiiitieiietieti ettt ettt et et ettt esseessess e s e s eessessesssessessasssessesseseessassas 38
5. SOIULION TEChNIGUES...ccvievieeieieiierieeiietieie ettt ettt et ers et et e s essessassesseesesssessessenns 38
5.1, INErOAUCHION. et vttt ettt ettt sttt e erb st e eseese st ese st essanseerenes 38
5.2. Geometric MOeliNg.....c.ccvieiiieeiiirieieierierieereere et eveereere vt s s eveeesesseneersensee 38
5.3. Discritizing the Model.........ccvooieioiiiiioiiiiiecee et s s r e 41
5.4, Material SeleCtion.....c.icvieriiiieriiiieierierieet ettt et eve e ers et ers s erseereereeteeaeessessenes 42
5.5. Finite Element Modeling........c.oooevieiiieeiieiieiiieriereeeriereere et eveneseevsene e 42
5.6. APPLiEd LOAdS.....iiiiierieriereierierieteetet ettt es e ers s eseere st et rserserseereens 43
5.7. Defined Analysis SolUtion OpPtionsS......eeveievierieriereiieieriereesiereesesessesieseessesesessesens 43
CRAPTET SIXoviitiiiiieiieeeieeiieeie et et e e ettetseereesbe s erseesseesseesseessessseesssassesseesseesseessesseesssessessanssenes 45
6. Result and DiSCUSSION......cviireierieriiiieiietiteetertee et ere et eseerserserseereessesseessessessessessens 45
CRaPTET SEVEN...cviiiieeiiiieiieetee ettt ettt ere e eta et e eabeeessesseesssesseeessesseesssesssaessasseeseeessessesssesseas 64
7. Conclusion and Recommendation...........cveieeiieriiieoiorieiiereeieeeeeeveee e 64
T L. CONCIUSION . ..ttevtetietietr ettt ettt ettt et e et essess e eseersase b eenserseessessensseseensas 64
7.2. Recommendation for Further Research..........cccooveevievieiiiiiiciiiieiciccceeeeeeeevenen 65
RETETEIICE. 1.ttt ettt ettt ss s e beersaese e ssesseesseessesseeseeessessseerees 67



LIST OF FIGURES

Figure 3.1 Flexible rotating disks........cocveverierierienierienieieiiienieiesieeieeiee e 13
Figure 3.2 An element of a plane with its reference middle surface.........ccceevveevieverienennnnn. 13
Figure 3.3 Resultant tractions a reference middle surface.......c.coevevivierienierienicinininieiennn, 14
Figure 3.4 Resultant moment on a reference middle surface.......ccoevvvveverierieenrenieniennenine. 14
Figure 3.5 The three modes Of fTacture.....cieieieeeieieiieeieiesieeereieereieteeereeees e eves e 21
Figure 3.6 An arbitrary contour for a J integral.......ccccevevveriirienierireninieieieeeieeieeesieeienen 22
Figure 4.1 An eight node element with its degree of freedom.......cceeevevierivrierenieniniiieninn, 30
Figure 4.2 Eight node annular element at crack tip 1€2ions.....ccoeveeveieviereeriereniieeienieieneene 33
Figure 5.1 Rotating disk without cracke.......ccevveivieiinieriiiiniiieicececcceceeeee e 39
Figure 5.2 Rotating disk with circumferential notch.......ccccvvvevierieiniriiiiiee, 40
Figure 5.3 Rotating disk with radial notch at radial center RC=2.12in...c.ccevrverrerveirennns 40
Figure 5.4 Rotating disk with arbitrary notch at radial center RC=2.12in.....ccccuevvvvevennen. 41
Figure 5.5 Discritization of geometric model with finite elements........ccccvevvvvreerieieriennnne. 42
Figure 5.6 Distribution of elements at crack SUIface........ocovveeieieiierieriierierieeeee e 43
Figure 6.1 The distribution of stress & deformation for rotating disk without crack......... 47
Figure 6.2 Ten expanded mode shapes of rotating disk without crack model..................... 48

Figure 6.3 Natural frequency distributions for rotating disk with circumferentially

oriented cracks as related with rotating disk without crack ........c.cccvevveevierirnnnnn. 48
Figure 6.4 Natural frequency value distributions for rotating disk with radically

oriented cracks as related with rotating disk without crack.........c.cccoevvevvieriennane. 49
Figure 6.5 Natural frequency value distributions for rotating disk with arbitrarily

oriented cracks as related with rotating disk without crack.........c.cccoevvevvierienane. 50

Figure 6.6 The local mode shape change in model due to crack 18 in its

3 0 SRAPE. ..ottt 51
Figure 6.7 The local mode shape change in model due to crack 18 on its

Oth MOdeE ShaPE...viviviiieiieiieie ettt ese e e e ens 51
Figure 6.8 Distribution of stress and deformation for rotating disk without crack............. 52

Figure 6.9 Distribution of deformation vector sum for rotating disk due to

circumferentially oriented cracks.........ocoovivieevieviiiioieieiiee e 53

vi



Figure 6.10 Distribution of deformation vector sum for rotating disk due to radically
OTIENTEA CTACKS. 1t veveeievieiietierieiet ettt ettt bbbt es e se s e benaens 54
Figure 6.11 Distribution of deformation vector sum for rotating disk due to
arbitrarily oriented cracke.....ccooveeieieeriininiieiee e 54
Figure 6.12 The net deformation value distribution for rotating disk due to the
circumferentially oriented cracks........ccooveevieieierieinieieiieieeeeeeeee e 55
Figure 6.13 The net deformation value distribution for rotating disk due to the
radically oriented cracks. ......cceoveverieivieieinieieiieecece s 55
Figure 6.14 The net deformation value distribution for rotating disk due to the
arbitrary oriented CTaCKS......cvevieieierieriieieeieieteieeeteeteeetete et 55
Figure 6.15 The net deformation value distribution for rotating disk due to the
Circumfratially oriented cracks.......coceeveevierieerierieierieiieieeeieieeeieiee e 57

Figure 6.16 The distribution of deformation for rotating disk due to the radial oriented

CTACK. 11ttt ettt ettt ettt st e e bt e st be st e s e b estese s esaetesesentesanseneene 58
Figure 6.17 Deformation distribution for rotating disk with arbitrarily oriented cracks.... 59
Figure 6.18 The stress distribution for rotating disk with circumferential crack ................ 60
Figure 6.19 The stress distribution for rotating disk with radial crack.........cccocevvevevieininnns 61
Figure 6.20 The stress distribution for rotating disk with arbitrarily oriented crack. . ....... 62
Figure 6.21 Stress relation with angular rotation and orientation of crack........ccocoevievienens 63

vii



List of Table

Table 6.1 Natural frequency Rotating Disk without crack.........ccoovieieiinieiiciiniiieicnne, 45

viii



Abstract

The aim of this thesis is to investigate techniques and parameters that could be used to
identify crack if it exist in a rotating disk. Many researches discovered formation or
propagation of a crack in a rotating disk will cause a catastrophic failure. Thus, health
monitoring for a rotating disk due to crack using crack detection techniques will minimize

or reduce the failure that probably to occur.

Among few methods of detecting crack components and due to its feasibility of detection
of fatigue crack, vibration-based crack detection techniques are applied in this thesis. This
method is based on the fact that change of physical properties (stiffness, mass and
damping) due to crack that will manifest themselves as changes in component modal
parameters (natural frequency, mode shape and modal damping). Thus, monitoring the
selected indicator derived from modal parameters helps to distinguish between crack or un-

crack existence and its state in the model.

This thesis demonstrates the change of the vibration characteristic of a rotating disk before
and after it is exposed to crack. A mathematical modeling for a rotating disk with crack is
derived using conservation of energy. That is, the energy gain of the rotating disk due to
inertia load is analyzed by modeling the rotating disk as plate. And, the energy release due
to crack formation and propagation is added to the system to approximate the
mathematical simulation fully. Then, a numerical equation is derived for finite element

analysis.

A powerful finite element analysis software ANSYS is used to simulate the numerically
derived equations for the models and to find solutions. Besides, the geometric model
which simulate the real rotating disk without and with crack are modeled by commercial
software SOLIDWORK for its benefit of modeling complex geometry for the rotating disk

with different crack models.

X



The vibration characteristic and physical changes i.e. distribution of deformation and stress
of the rotating disk is studied in relation to different crack orientation and a range of
inertia loads for the system. As the result obtained, their relationship and output of the
rotating disk without and with crack are discussed. And few recommendations are made

for the future study.



Chapter One

1 Introduction
1.1  Overview of the project

Interest on application of rotating component has increased dramatically in many
engineering designs and products such as flywheels, turbo machines, aircraft engines,
machine components in power plants, etc. Sudden failures of these structural
components are very costly and may also cause catastrophic failure in terms of human

life and property damage. Mostly, their failures have been attributed to the existence

of cracks and crack-like defects, [ 1, 2 ].

Although, those structural components might be designed or developed with cracks
when they are fabricated, crack growth mostly occurs under steady and varying loads.
Moreover, crack propagation and development rises due to various-time-dependent
processes, such as fatigue, creep and stress corrosions in their operational period.
Fatigue crack growth, which is widely encountered as services failure caused by
variability of applied loads on the components. Where as, creep crack growth that
occurs as a result of the degradation of material ahead of the main crack by time-
dependant cavity at elevated temperature and Stress corrosion crack that occurs due to
a process involving conjoint corrosion and straining of a metal due to residual or
applied stresses are the categories of steady loading crack formation. Besides, stress
corrosion crack growth depends upon the combination of alloy and environment

condition.

If the crack geometries are kept to grew till it reaches to their critical size i.e. as a result
in a transition from the relatively slow crack growth rates to the fast crack propagation
rates, the stress intensity which is a function of the geometry of the component
including the crack size, will reaches to the allowable fracture toughness value of the
material concerned. Thus, to have a long life and safe operation for the components
i.e. working condition is in the design range of fracture toughness, monitoring for
components health before and along to its operation period is unquestionable.

Consequently, detection for the crack on the rotating components is substantial.



1.2  Method of Crack Detection

Traditionally, crack or damage detection was achieved through localized point-by-
point inspection techniques. Some of such existing crack inspection techniques as
published in ASME code [1983] are the visual inspection, the acoustic or ultrasonic
sound method, the magnetic field method and radiograph method. These techniques
had principal shortcomings such as requiring highly-skilled man power and a need for
much inspection periods. Further, for those techniques, “what we get depends on
where we check” because of a prior knowledge of the location of crack based on a

previous experience, [1].

However, additional techniques for detection and locating a crack or crack-like
damages with better efficiency and economical detection methods had been developed
recently. Some of the techniques which are related with the objective of the thesis

work are:

1.2.1 Non Destructive Test (NDT): some of NDT method of detection that have

been used widely for detection of crack on rotor systems are:-

i. Eddy current inspection: Eddy current inspection is one of several NDT

methods that use the principle of “electromagnetism” as the basis for
conducting examinations. Eddy currents are created through a process called
electromagnetic induction. When alternating current is applied to the
conductor, such as copper wire, a magnetic field develops in and around the
conductor. This magnetic field expands as the alternating current rises to
maximum and collapses as the current is reduced to zero. If another
electrical conductor is brought into the close proximity to this changing
magnetic field, current will be induced in this second conductor. Using this
alteration of the generated eddy current, crack detection is conducted. Some
of the limitations of eddy current inspection include: Surface must be
accessible to the probe; skill and training is required for detection; it is more
extensive than other techniques; surface finish and roughness may interfere
with the detection of the crack; reference standards are needed for setup;

and depth of penetration is limited, [ 3].



ii. Neural network and pattern recognition methods: Neural network provides

a general, non-linear parameterized mapping between a set of inputs and a
set of outputs. Once trained on available sample data, the neural network
can recognize and classify the corresponding patterns based on the input-
output mapping. Though this signature analysis capacity had great
advantage, most of the time it might not be realistic to obtain vibration data-
base under various damage (crack) scenarios because of impractical to let real
components to experience all kinds of damage. Therefore, to come up to an
appropriate judgment using these techniques, a need of data for the healthy

and damaged sample state is required, [ 4 ].

iii. Wavelet analysis: The main advantage of using the wavelet transform is its
capability to reveal some hidden aspects of the data that other signal analysis
techniques fail to detect. When components vibration signals in the time
domain are decomposed into multiple signals using wavelet transform, the
change due to structural damage such as crack in each sub-signal may
manifest remarkable difference so that higher sensitivity to small damage
(crack) may be achieved. However, the selection of optical wavelet and some
techniques to eliminate the effect of boundary conditions have been

improved, [ 5 ].

1.2.2 Vibration-based crack detection methods: This method takes a consideration
of change in the assigned vibration characteristic of the component for crack
detection. The main vibration characteristic that have been used in vibration-based
crack detection method such as frequency, mode shapes and damping ratio are used
as a model parameters for its analysis. Since it is expected that this modal parameters
are related with the physical properties of the component (mass, damping and
stiffness), the change in the physical properties due to crack formation or propagation
can reveal themselves as change in modal parameters. As a result such modal

parameters used as an indicator for crack existence on the component.

In general, there are two approaches which are used in vibration-based crack

detection method, [ 1,5 ]. These are:



1.2.2.1 Non-model methods detect damage via the direct use of such quantities as

i.

ii.

iii.

Frequency change A common method based on identifying changes in
modal frequencies resulting from local stiffness changes or mass loss.
Care should be given for measuring and processing errors using this
techniques or it should be coupled with other localization damage

detection method like mode shapes.

Mode shapes mostly used in conjunction with natural frequencies.
Deterioration of a structure can alter local stiffness and cause
discontinuity near regions. The consequent change of mode shapes
depends on both the severity and the location of the damage where
crack occurs. The magnitude of change with respect to each mode may
vary from one to another. This can be used as a tool to predict the

location of the crack.

Damping is normally expected in a cracked component that would
increase the damping over the un-cracked components because of the
friction between cracked surfaces. However, for crack detection, it is
less likely to choose damping as an indicator compared to natural
frequencies and mode shapes. One of the reasons is the lack of
accuracy in determining damping ratios. There are situations where
damping may be the preferable indicator when frequencies and mode

shapes are insensitive to crack, [ 6 ].

1.2.2.2 Model-based methods use a pre-selected set of parameters to define the model

of the component under investigation and the assumed damage mechanisms.

The damage state of the component is then determined by means of changes

in the values of these parameters relating to the model. Typically, finite

element models are often used in such occasions. Two steps which are often

involved in the crack detection process are to produce a validated finite

element model of the undamaged state as a baseline and to renew the model

to obtain a model in damaged state matching the measured vibration data at

the damaged state. Comparison of the updated values to the baseline model



provides an indication of the damage and can be used to quantify the location
and extent of damage. Determination of very accurate mathematical model
that correctly captures the actual components dynamic behavior in some
predetermined frequency range is necessary. Hence, this approach seems more

effective to simple components than complex components,[ 7 ].

Taking into account the above discussion, a vibration-based crack detection
approaches is preferred and applied for the thesis work. Further supportive advantages
of vibration-based detection with NDT and traditionally used crack detection
approaches are, the modal parameterizes for characterizing the vibrating components
include both global and local information of the components dynamic properties; the
global nature of the parameters (such as natural frequencies and mode shapes) implies
that tests can be conducted at virtually arbitrary points; a prior knowledge of the
damage location is not necessary; hidden damage, which is normally difficult to
access, can be detected by this approach; the availability of high-speed portable
computers and data acquisition systems has made it feasible to integrate vibration
monitoring into the routine maintenance program at a relatively low cost. Besides, we
can also take its advantage that is the applicability does not depend on the structural
material in use, which means that it can be used for non-metallic or composite

structures.

1.3  Objective of the thesis

The general objective of this thesis is to develop methods of detection of crack in a
rotating disk using analytical simulations. And if an experimental set ups available,

verification on the analytic simulation result will be verified.

The Specific Objectives of the thesis include
i.  Modeling a solid rotating disk.
ii.  Modeling a notch on the rotating disk as one types of crack
iii.  To find qualitative change of parameters those manifest themselves for
crack detection on the rotating disk.
These objectives will be achieved by employing the following procedures:

*  Modeling a solid rotating disk with a structural member.



Modeling the crack on the solid rotating disk in terms of the type of
crack on position where crack propagate on the real physical
components.

Appling finite element analysis to describe the crack influence on the
selected modal parameters and component physical properties
[stiffness, mass and damping].

Discussion on the result of the analysis, in terms of the difference
between rotating disk without and with crack.

Discussion on the parameter that identify a crack on a rotating disk for

detection purpose.



Chapter Two

2 Literature Review

2.1 Introduction

Health monitoring and online crack detection are increasingly gaining the interest of
rotating component designers and manufacturers for benefit of safe operation and a
need for lower maintenance costs. However, the research out puts on this area is

limited. Some of the researches’ out put in relation to the objective of this thesis are:
2.2 On Rotating Disk

Jintai C., et al, [ 8 ] derived the governing equation for free vibration of a spinning
circular disk by using the variational formulation based upon the Kirchhoff plate and
von-Karman strain theory. They demonstrated that, the derivation of the governing
equation, which was theoretically valid under the assumption of in-plane deflections,
is steady and axisymmetric. They conduct analysis for natural frequency and critical
speeds for a freely spinning disk. Further they illustrate the dependencies of spinning

speed, mode number and natural frequency with natural frequency for stationary

disk,.

J. Chung, et al, [ 9 ] also analyzed non-linear dynamic responses for a flexible spinning
disc with angular acceleration based on the Kirchhoff plate theory and the von-
Karman Strain theory. Their derived non-linear equations of motion are coupled of
the radial, tangential and transverse displacements equations. Their analysis results
shows the natural frequencies for the radial and tangential motion are higher than
those of the transverse motion. The radial and tangential displacements have relatively
higher frequency components compared to the transverse displacement and the

effects of angular acceleration on the dynamic responses of the system are showed

briefly.

Wook H. and Jintai C., [ 10 ] analyzes the dynamic characteristics and responses of a
flexible rotating disk, when the disk has angular misalignment. They derived an

equation of motion in the transverse, radial and tangential displacements by applying



von Karman strain theory and the Kirchhoff plate theory. In their work, it is
illustrated that equations are fully coupled partial differential equations through the
transverse, radial and tangential displacements. Moreover, the equation of transverse
motion is non-linear while the others are linear. Finite element method is applied
after the non-inear equation is linearized in the neighborhood of a dynamic
equilibrium position. The effects of angular misalignment on the natural frequencies,
the mode shapes and the dynamic responses are investigated. Moreover, their analysis
shows that the angular misalignment causes the natural frequency split and the outof-
plane mode with only one nodal diameter and no nodal circle has the largest
frequency split. And the angular misalignment yields the amplitude modulations in

the transverse, radial and tangential dynamic responses.

T. Tomioka, et al, [ 11 ] developed an analysis of free vibration of rotating disk-blade
coupled systems by using Ritz method. They used artificial spring at the joint of disk
and blades for satisfying the boundary conditions and continuity condition. And, for
numerical analysis, an Orthogonal polynomials generated by the Gram-Schmidt
process were used as the admissible functions. Their final out put shows that, the disk-
blade coupled vibration occurs when some specific relations between the number of

blades and the nodal diameter components of the disk are satisfied.
2.3 On Crack Characteristic on a Rotating Disk

Wen-hwa and Ta-chyan , [ 12 ] they conduct analysis of crack based on a modified
Hamilton’s principle for fast rotating disks with mixed-mode cracks. They derived a
finite element model such that the proper crack-tip singularities to be considered and
the inter-element displacement compatibility conditions as well implemented in their
analysis. They determine the mixed-mode stress intensity factors, the modified J-
integrals for rotating cracked disks taking into account the effect of centrifugal force.
Further, they predict the direction of crack growth of a rotating disk with an arbitrary
internal crack using the “strain-energy density factor” concept. For evaluating the
integrity of structures, natural vibrations of cracked disk they conduct a Non-

destructive Testing. In their research verification, the simple case of a rotating disk



with radial cracks is solved and appreciated correlations between the computed results

and reference solution are obtained.

P. Rooke and J. Tweeds, [ 13 ] derived solution for stress intensity factor at both crack
tips and a crack formation energy with the help of ‘Fredholm equation’. For their

elastic analysis, they use a radial crack model in finite rotating elastic disk.

Makoto L., [ 14 ] uses the ‘Eigen function’ expansions for determining the complex
stress potentials for a rotating disk containing an internal crack at an arbitrary
position. While the unknown coefficients in the equations are formulated from, the
boundary conditions expressed in terms of the resultant forces. In his study,
numerical calculations are done for various configuration and convenient formulae

for the stress intensity factors.

M. Lorenzo and ]. Cartwright , [ 15 ] determine the strip yield zone length and crack
tip opening displacement for an internal radial crack in a rotating annular disk. In
their analysis a range of crack lengths and rotational speeds used as input parameters.
Their analysis is illustrated by the boundary element method combined with
subtraction of ‘Bueckner singular fields’ to obtain weighting functions. Besides, for
their analysis they use a general representation of the weight function, which leads to
integrals that can be evaluated analytically to obtain the stress intensity factor and
surface displacements of the crack. And the determination of crack tip opening
displacements for the strip yield crack is showed to be reduced to a non-singular

integral which can be evaluated in closed form.
2.4 On Detection of a Crack on a Rotor and Rotating Disk

Xin H., et al ,[ 16 ] to illustrate the presence and growth of cracks, by following a
combined computational and experimental study of the vibration characteristics of a
composite hub flywheel rotor system with a cracked hub disk. Their experimental test
was carried on both in-plane and out-of-plane vibration characteristics. A rotor with a
composite disk hub supporting a relatively massive rim used for the experiment whiles
a crack that is deliberately introduced into the hub disk during fabrication. In

addition, they developed a finite element model for further explore the relationship



between natural frequencies and crack properties. And at last, a simplified theoretical
model for the primary in-plane vibration mode was developed and used in a series of
parametric studies. As per their study, at final step a good agreement was found
between the model predictions and the experimental results. Their observation on the
presence of a crack tends to affect both the magnitudes and distribution of the rotor
natural frequencies. Primary frequencies for rotors with a crack are smaller than for
those without a crack. In addition, they suggest the frequency values of associated with
the "in-crack" direction are generally smaller than those associated with the "off-crack"
direction, introducing a non-symmetry into the rotordynamics which can serve as an

indicator for rotor health monitoring.

Itzhak G. and Cody C., [ 17 | conduct two theoretical analyses on global and local
asymmetry crack models. They utilized to identify characteristics of the system
response that may be directly attributed to the presence of a transverse crack in a
rotor. Their study result shows, the behavior of the 2X harmonic component of the
system response is an effective target observation for monitoring system of introduced
of a crack in rotor system. However, the detection of change in the magnitude of the
2X harmonic component of the system response became much more difficult for shaft

speeds which are greater than 2X resonance speeds.

Andrew L., et al, [ 18 | presents the analytical result concerning the detection of a
crack in a rotating disk. The concept of their approach is based on the fact the
development of a disk crack results in a distorted strain field within the components.
As a result, a minute deformation in the disk’s geometry as well as a change in the
system’s center of mass occurs. In their work, they use various notch sizes to simulate
an actual crack on a disk for their finite element analysis. Besides, their analytical
study results the overall changes in the disk’s geometry and center of mass with small

magnitude.

A detection of a crack on a rotating disk of a turbine is conducted by a Non
Distractive Test (NDT) by the Nondestructive evaluation group at NASA Glenn

research center, Lewis Field in Cleveland. Their assessing for feasibility of utilizing

10



real-time vibration data is obtained from radial blade tip clearance and shaft clearance

measurements using capacitive or eddy current probes, [ 4 ].

Wayne C. and Michel J., [ 19 | develop a system to detect, discriminate and tack
fatigue cracks in a rotating disk. Their effort produces a physical -based model that
describes the change in the center of mass of a rotating disk using damping ratio,
initial unbalance and crack size as parameters. They also developed a method for
detecting and discriminating a crack using a single cycle of data. They validated their

results through testing in a spin pit detection machine.

2.5 Organization of the Thesis

Chapter one, main causes for failure of rotating disk failure (crack) and methods
which are familiar with detection of the considerable failure cause is crack are
discussed. The review of literatures will be summarized on the second chapter. The
analytical and finite element modeling for the rotating disk with basic consideration
and assumption of crack discussed in the third and forth chapter respectively. The
derivation and solution techniques are presented in chapter fifth. The results
obtained and their discussions are included in sixth chapter. Finally conclusion and

recommendations for future research are mentioned in the last chapter.
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Chapter Three

3  Derivation on Equations of Motion
3.1 Introduction

In this study, to determine the governing equation of motion for the rotating disk
that exposed to crack in partial differential form, simple approaches are applied. First,
a governing equation for the rotating disk without a crack is analyzed considering the
rotating disk as a flexible body which will had an energy transformation between
Kinetic, potential and strain energy due to its high angular rotation. Then, the effect

of crack formation i. e an energy release from the system is added.
3.2 Rotating Disk without Crack

One of the best approaches for formulating the equation of motion for a rotating disk
is by following Kirchhoff plate theory [ 20,21 ] and Von-Karman strain theory [20,21 ].
This is the most commonly applied method for these classes of problems. Hence it is
reported that through the analysis by finite element method a three dimensional

elasticity approach is used.

Thus, let’s consider a flexible rotating disk fixed to a shaft at its inner radius r =R,
and free at its outer edge i.e. atr = R,. The flexible rotating disk rotates about the

rotation axis or the shaft axis Z with a constant angular speed Q. Consequently, the

flexible rotating disk will be under an inertia load (i.e. centrifugal force).

For defining a relation for displacement of the points and load and stress distribution
in the flexible rotating disk as well theirs relationship, a cylindrical coordinate system

by assigning the reference plane to be the middle surface of the plane element is used.

12



Figure 3.1 Flexible rotating disks

Using a free body diagram for small elemental as described in figure 3.2 for a Point P,
its position inside the disk can be defined by the radial co-ordinate r and the
tangential co-ordinate 0 and the transverse co-ordinate z. Thus, the displacement can

be represented by the radial displacement U, the tangential displacement u,and the
transverse displacement U . Further Using the Kirchhoff plate theory and a free body

diagram for the element, these displacements are expressed in terms of the

displacements for a point on the middle surface of the disk as

Figure 3.2 An element of a plane with its reference middle surface

13



u Zu—za—w
" or
uH:v—za—w 3.1

Where: u(r,0,t), v(r,0,t) and w(r,8,t) are the radial, tangential and transverse

displacements of a point P’ on the middle surface of the disk, respectively.

The stress distributions on an element of the rotating disk are shear stress ¢, and

normal stress o0, & 0, whose variations are considered to be linear over the

thickness,[20] .

Figure 3.4 Resultant moment on a reference middle surface

The relation of these stresses with the resultant force and moment defined by
equation (3.2) and it distribution on the middle surface shown in figure 3.3 and

figure 3.4 respectively.
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hi2 hi2

q;, = jo;.dz m; = jzadz (.2)

i i
—h/2 ~h/2

Where: g, = Forces along i =r,8and z
m; = Moments along i =r,fand z
0, = Stresses and

Z is position.
3.2.1 Kinetic Energy of the Rotating Disk

To determine the kinetic energy of the flexible rotating disk due to its high angular

-

rotation, let first take point P whose position vector r is:

-

r=(r+u,)e, +uye, +u.e. (3.3)
Wheree, , e, and e, are the unit vectors in the r, 0 and z directions. And the velocity

vector V , for which the angular rotation w = Qe,

—

V — V” _ Zl// (3‘4)
Vo= (a—”—gvje, +{@+Q(r+u)}eg +(8—W+Qa—wje, 3.5
ot ot ot 20 ) °
2 2 2 2
yo| 2w _ofdw dwi| | hw  ofdw, dw)l (3.6)
oror r0@ 0roé rotd 8 or roé

where V?the velocity vector due to in-plane and ¥ is the angular velocity vector due

to bending about the middle surface.

Thus, Assuming that the disk thickness is small as related with the outer radius, the

general kinetic energy expression for the flexible rotating disk can be described as,[ 8 |.

1
T=—ph|V°eV’dA (3.7
!

where p is the mass density of the disk, A is the thickness, and A is the area of

flexible rotating disk.
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Substituting equation (3.5) in equation (3.7), and after simplification, equation (3.7)

yields
1 Ju 2 Tow  (ow ow)
T=—ph|{|——Q —+Q —+Q— | )dA
27 £< o vj {aﬁ (””)} +(a;+ aej>
T:lphj _(a—”jz{ﬁjz{a—wjz +{(Qr)2—29va—u+92(r+v)2}
27 5| \or ot ot ot
v ow’ ow ow
2—Q Q— 2Q0—— [+dA 3.8
{ o (r+”)+( ae} My ae}}d 68

3.2.2 Potential Energy of the Rotating Disk

Considering the flexible rotating disk as an elastic body, the inertia load that is
generated due to the angular rotation develops an elastic energy. Hence, this elastic
potential energy can be considered to be equal with the strain energy of the system.
And, the general strain energy for system can be expressed as, (it may be noted that,

the centrifugal field on strain is neglected as first approximating)

U=| {j c,de, ]dv (3.9

where 0 is stress,€; is strain and V is the volume of the disk. Substitute the

constitutive equation for the linear elastic response of isotropic material in equation

(3.9), it yields

A
U :-V[(Egkkgﬁ +Ge,€,)dV (3.10)

VE
(1+0v)1-20)

Where, Lame’s constant: 4 =

E

Shear modulus: G =———,
2(1+v)

E modules of elasticity and v is poison’s ratio
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One dimensional form for equation (3.10) would be

U=={(o,e, v (3.11)

1
2

Further considering the variation of stress along Z axis is not varied, equation (3.10)

can be expressed as

U= %j(a,,g,, + 0 €0y +20 ,€,,)dV (3.12)
\%4

Integrating the term in equation ( 3.12 ) parentheses from —h/2 to h/2 with respect

to Z. The strain energy can be rewritten as

U= % [l a.e0 +a,25 +2q,080, +m ke, +mgk, +2m k,, dA (3.13)

A

Membrane—energy bending—energy

Where A is the area of the flexible rotating disc, €’,€pande’, are the strains at a
point on the middle surface. k,, k,and k,,are the curvature changes of the deflected
middle surface, i.e. a strain due to bending contribution:

o*w ’w  ow o*w ow
k=W g o O W _ow 3.14
r or? ¢ (rzaé’z rarj e (raraé’ rzaHJ ( )

Using Von-Karman strain theory for the consideration of linear and nonlinear terms

of strain, & =&’ — zk, for i(r, 6, z) strain at middle surface became

80—a_u+l(a_wj2 80—i+2+l(a_wj2
"or 2\ar )’ * 00 r 2\

0_1(au v v a_wa_wj

£l =3 wy_Y (3.15)

o or r orrdf

And for ¢,, g, and q,, which are the linearized internal forces and m,, m, andm,,

for linearized moment per unit length of the middle surface expressed as,
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=D a—”+v(i+1j —D{va—u+i+ﬁ}
7= ’l or 06 r)| % ="5o ar rd@ r

1- du oJv v
_l-v v _y 3.16
Qs 2 LaeJr or r} (3.16)
9w v(aw awj o’w l(aw awj
m, =—D += + , My =—D| V= +—| —+—
or’  r\rd@ ro@ or* r\or ro@
(1-v) | 9*w ow
__(l=v) 1 9w 3.17
Mo > "lore6  ro6 G-17

which Dyand D are the extensible rigidity and flexural rigidity of the flexible rotating

disc respectively

Eh ER’

D, = , D= (3.18)
C1-v? 120-v?)

If there exists non~conservative forces in the system, the work done by the non-

conservative forces expressed as

W =|(Pu+Py+PwkA (3.19)
nc J. r 6 z
A

where P ,P, and P are non-conservative forces in the r, 0 and z direction,

respectively.

Finally, substituting those relations between linearized force and moments as well
displacement relation with stress and strain in equation (3.13) and for this system the

non-conservative forces are assumed to be zero. (i. e P. =P, = P = 0). Thus the total

strain energy obtained as

au ( jz dv u ( ow j ( du oJdv v ow ow
:—J' g, —+—+= +q b
ar or rof r roé 00 or r Or rd@

*w( ow  *w ’w ow ’
vaw) —2(1- — - - dA (3.2
+( W) ( v)[ ror [rar * rzaﬁzj (raraé’ rzaé’J J} (3.20)
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where

9*w la_w 1 9w

Viw= et —
or* ror r’o6’

(3.21)

The equations of motion and the boundary conditions for a flexible rotating disc can

be derived by applying Hamilton's principle, [ 23 ].

The general expression for the Hamilton’s Principle between two arbitrary time’s ¢,

and t, expressed as

i(éT—éU)dt=0 (3.22)

h

Where T is the kinetic energy and U is strain and/or potential energy of the system.
Substituting equation (3.8) and equation (3.20) for the kinetic energy and strain
energy of the system in equation (3.22), equations for the radial, tangential and

transverse displacements for the flexible rotating disk without crack are obtained as,

[8,9,10].

2
/ 8_12"_29 dv Q.zl/t _%_aq_’g_ 9o _thzr (323)
ot ot or rd@ r
9%y ou 99, 9q,, q
W2 202" 2y |- 2o % e 3.24
p { t? ot Vj ro@ Jdr r 629
82W+2Q 9w L+ 02 2w +Dv4w_i l‘[ al aw)
P T 00 T S0 ror |\ ar T 00
0 ow ow
ro6 (q”g or To raﬁj} 02

2
Where V* = (Vz)
The corresponding boundary conditions are the same as those of a conventional

rotating disk. The boundary conditions are

= Displacement and slope at r=a:—u=0;v=0;w= 0;3—W =0 (3.26)
r
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= Force and moment at

oViw dm,,
—=0 3.27
or " ro6 G.27)

r=b:—q,=0;q,,=0;m, =0;—-D

Attention should be given to the above equation. That is equation (3.23) and (3.24)
are linear equations while equation (3.25) is a non-linear equation because the

linearized forces ¢,,q, and q,,are only a function ofu and v, equation (3.16).

3.3 A Rotating Disk with Crack

To determine the governing equation of motion for a flexible rotating disk with a
through crack, we have to consider the effect of energy release due to crack formation.
Thus the total strain energy for the flexible rotating disk with a crack will be equal to

total strain energy of the flexible rotating disk without a crack.
U, =U-U, (3.28)

Where U, is total strain energy for the flexible rotating disk with through crack.
U is strain energy for the flexible rotating disk without crack.

U, isloss strain energy due to crack formation on the flexible rotating disk.

3.3.1 Modeling of a Crack

In cracked structures, the stress field near crack-tips may be one of the three modes of

fracture as it seen in Figure 3.5. These modes of fractures are categories as

= Mode I (Tension, opening), is associated with local displacement in

which the crack surfaces move directly apart.

=  Mode II ( In-plane Shear, Sliding), is characterized by displacement in
which the cracked surfaces slide over one another perpendicular to the
leading edge of the crack.

=  Mode III ( out-of-plane-Shear, Tearing ), finds the crack surfaces sliding

with respect to one another parallel to the leading edge.
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Figure 3.5 The three modes of fracture

In this study the frequently encountered, a fracture mode, the opening mode is
selected since the main loading on the flexible rotating disk is the body force.
Consequently, due to the position and direction of crack extension, we can name the
crack on the fixable rotating disk as a radial crack, a circumferential crack and an

arbitrarily oriented crack.

A flexible rotating disk without crack will have a constant stiffness and thus a constant
displacement under the body force due to its high angular rotation. However, when
the fixable rotating disk contains a crack, the cracked portion of the cross section is
not capable of supporting the body force. Thus, a crack behavior called “breathing”
will occur, where the displacement as function of the stiffness will be minimum when
the crack is closed and maximum when the crack is open. This results in a time
dependant stiffness coefficients in the governing equation of the system, and requires

making broad simplifying assumption or some type of numerical approximation.

This study focuses on an opening crack which is a through-thickness crack model due
to its mostly practical in terms of implementation for a real crack detection and good

approximation for the breathing crack. [12, 24, 25].

3.3.2 The Strain Energy due to Crack

As it discussed in potential of a rotating disk on page 16, the inertia load is considered
as an external load on the system which develop an elastic potential energy i.e. strain
energy in the system. Thus, to determine the potential energy due to the crack

formation we can use the energy release rate relations.
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For linear material, energy release rate G is expressed by, as proposed by Galerkin’s
proposal,[ 25].

G=—% (3.29)
dA,

Where G - energy release rate, £ - is Potential energy and A - is cracked surface

area.

And for nonlinear elastic material the energy release rate which relate the potential

energy and crack area by the | integral, [ 25 ].

J=_r (3.30)
dA,

where J- energy release rate, Besides, for linear elastic material ] integral can be

considered to be equal to G , which be

jog=_d7 (3.31)
dA,

3.3.3 J-Contour Integral

A general formula of the ] integral for a crack in an arbitrary body as described by

figure 3.6 can be expressed by , while a crack extension along the & direction,

Figure 3.6 An arbitrary contour for a ] integral

where X-Y is the global coordinate system and & —7is local coordinate at crack tip.

a mathematical expression as

ou.
J=[U,dan-1 Zigs (3.32)
l &
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Where U, = 0,dé; is the strain energy density,
T, = on; is the traction vector,

I is an arbitrary contour around the tip of the crack,
n s the unit vector normal to T’

o0, €,and u are the stress, strain, and displacement fields, respectively

Using an axisymmetric property for the description of local axis (&,7) at the crack tip
the same as that of the local coordinate axis of the rotating disk(r,8), Mode I of a

radial crack as it seen in figure 5.3 , its ] integral expression as given equation (3.32),
where ds = drd@, is obtained to be
ou v, d

u
"+0,,—2+0 “drd (3.33)
or TOm g T Ty

J=[Uv,d6-,
T

And for Mode I of a circumferential crack, figure 5.2 is

ou ov ou
J= 1[ U dr~c, =40, a—g +o, a—g)drdﬁ (3.34)

where 0, ,0,, and 0,,- are radial, tangential and Shear stresses at a point at radius r

rr?

and angle 8.

Taking equation (3.33) which express the ] integral for a radial crack, the loss of
potential energy due to crack formation on the flexible rotating disk can be obtained

by substituting equation (3.33) in equation (3.31), thus it yields

_dar _ 'ondH—(O'W —+0
dA, 1 or

c

u v ou
gga—;w,g 5, )drdd (3.35)

Following a cross product and an integral procedure, above equation will be

z=U =—j jU d0-[c M o Voo M0l 3.36)
C alt 0 rr ar 66 ae ré ar C

jdrdejdAc (3.37)
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Finally using Hamilton’s principle for the rotating disk with a through-thickness radial

crack can be described as

j(éT—é‘UT)dt=i(éT—5(U—Uc)dt=j(éT—éU+éUC)dt =0 (3.38)

f t f

5;{%‘/0.Voj_[%'vfaijgijjdv+(Uc)}=O (3.39)

Since the variation for the first two expressions in equation (3.38) has been discussed,

let’s analyze the term due to the released potential energy due to crack independently

5I U,.dt = 5j {— Aj([ l UodejdAC + Aj([ l (0',, %+0'€H aaL;Jr% aa”rr jdrd&jdAC }dt
=5]Z ~ [ [u,a6 b, |+ jj(a o, g au’jdrd& A | Lt
) At 0 c At "oy 60 20 o or c
5TUCdt = 5}{[—]([Uﬂd/&c}e +
1 f '\ Ac

ou v ou
{ Aju(o_ arr 4 ""”a_; ‘o, arr jdrdajdAC:l}dt (3.40)

The first integral of equation (3.40) composes the sum of strain energy density on

crack surface of the rotating disk. Besides, when this strain energy loss compared with
that of total strain energy gain by the flexible rotating disk due to inertia load is very

small. Thus we can apply the variation integral only on the second part of equation

(3.40) integral, which it will be

1 2 Ju Jdv Ju
o|U .dt=68 —t+0,—+0,—|drd@ [dA dt 3.41
,'[ C IJ‘(E[[O-W ar 0-«96 ae O-rH a J r Jd C ( 4 )

1 Ac r

Since dA =rdrd@ which is equivalent todA/r =drd@, we can express equation

(341) as
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5jU dt = j IU ( ”r + 0,4 %ng,g%’j%]mcdr (3.42)

t, Ac

sfo.a-] j( j(e2

t, A

—6‘9 — (&/) (&)JdA }dAdt
r

sfoi-] j{

b rar r or
C

[ H" 9 %0 aj(&t) ae(&/)}dAc}dAdt (3.43)

where the bracket of equation (4.43) compose components along

= the radial i(aa—” + 90, j and
r

or or

A. (0
* tangential —& 9%
r\ d60

J coordinates direction.

Finally, the equations of motion for the flexible rotating disk with crack can be
derived by substituting the radial and tangential components of equation (3.43) in
equation (3.22) and (3.23) for the radial and tangential displacements as well equation
(3.2) for the stress and force relation, the displacements equations of the flexible
rotating disk with crack along the radial, tangential and transverse direction obtained

as

2
ph(a——zgz@ Qqu_%_aQ_ra_ﬁzphgzwlA—;(aiﬁq—”j (3.45)
r

o> ot or rd@ r or  or
2
oh a_:+2ga—u—£22v 99, 99, _ﬂ:li(aqij (3.46)
¢ ot 06  or r r A\ 060

—i(qw L a_Wj} ~0 (3.47)
F r I

The boundary conditions of the flexible rotating disk without crack are the same as

that for the flexible rotating disk with crack as it expressed in equations (3.26) and
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(3.27). We call the differential equation (3.45) - (3.47) with boundary conditions
(3.26) and (3.27) the strong form of the differential equation.
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Chapter Four

4 Finite Element Formulation

4.1 Introduction

It is a basic fact that most practical problems in engineering are governed by
differential equation. The governing equation of the flexible rotating disk with a
through-thickness crack is in partial differential form. Owing to complexities of
geometry and some-how the loading, finding exact solutions to those governing
equations might not be possible. Thus approximate techniques for solving differential
equation are implemented for this study. Indeed, the finite element method is one of

such techniques that yields good approximation, [ 26, 27, 28].

As it has been discussed previously, the three dimensional flexible rotating disk has
been modeled by circular plate which is exposed to high rotating angular speed. Thus,
the plate elements are considered to be subjected to both in plane and transverse

displacement.
4.2 The Weak Form

One of the step in the finite element formulation is to find the weak form from the
strong form, which is the partial differential form of the governing equation of the
flexible rotating disk (3.23), (3.24) and (3.25) and the associated boundary conditions
given by equation (3.26) and (3.27). But before this step is conducted, the trial and
weighting functions should be defined. The trial functions are function in the
'Hilbert space H',[34] which satisfy both the essential and natural boundary

conditions,[ 9 ]. Denoting the trial function in the r,8and z directions by u,vand w,

they can be defined as:

w,v)eV z{(u,v]ue H've H',

uv

=0} 4.1)

u _ =0, v|r:a =0,q,|,_, =0,9,

'A Hilbert space is an abstract vector space in which distances and angles can be measured, which is
"complete”, meaning that if a sequence of vectors approaches a limit, then that limit is guaranteed to be
in the space as well.
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wev, z{w|we H',ow/dore H',0w/06e H',w| _ =0,0w/dr| _ =0,m,| =0,

r=b
~ DOV w/or+am,, /06|  =0] 4.2)

where V and V are the trial function space for the radial and tangential and

uy
transverse displacement respectively. Note that, equation (4.2) implies that both the
transverse displacement and its derivatives should be in Hilbert space as a result of the

plate theory which describe the degree of freedom by displacement as well the slopes.

And the weighting function is defined as an arbitrary function, which is zero on the
boundary where the essential boundary conditions are prescribed. Therefore, the
weighting functions for the radial, tangential and transverse displacement, which are

represented by W,,W, and W, are given by

W, .W,)eV.a :{(WI,WJWl eH' \W,e H'\W|_ =0W,| =0} 4.3)
W,e V. =W|w,eH' ow,/ore H',0W,/d6e H',
Wi _, =0.0w,/or _, =0} 4.4)

To obtain the weak form, the first step is to multiply equation (3.23), (3.24) and (3.25)

by the weighting function the W,,W, andW,,respectively, and followed by an

integration of this equation over the disk area A.

2
IAWI[ph[?)—Z— 29@—9214}—% %0 G0 _ 2,
t

ot or rd@ r
1A (9q, 0q,,
v Ar, _fre =0 .5
r A (ar " or ()
2
J'W2 oh a_:+2ga_”_g2v _ 9% %4, 4o _1Ac aqij =0 (4.6)
% ot ot 0@  or r r A\ 00

9w o’w 2 9w 4 o [ [ ow BWJ
w. h +2Q +Q + DV o ow ow
J- 3<{p (atz atae 862] w rar r qr ar Qrﬁ rae

A
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d ow ow
_%(%ag""h %j}> =0 4.7

Before applying the Galerkin’s method of approximation on equation (4.5) , (4.6) and
(4.7) which can be fully coupled with each other, as a results leads to derive one weak

from, the necessary formulation are:
4.2.1 The Displacement Formulation

The essential step consisted of approximating the variation of displacement in the
element should be done with suitable functions. Thus, an eight node annular
element, figure 4.1, is chosen to approximate the variation of displacement within an
element in terms of the displacement at the nodes of the element. Where, this model
for the displacement formulations are choose taking into consideration, the
displacement function is continues with in the element, its capability of representing
rigid body displacement of the element, and since the boundary curvature of the
flexible rotating disk is curved. By assuming a linear displacement variation inside the
element, the displacement model can be modeled as it been seen figure 4.1. Beside a
classical interpolation polynomial has been chosen for this study in addition to
natural interpolation polynomial because the governing differential equation

composed of a higher order, biharmonic(V*w = 0). Thus, is C' continuity is required

which states a continuity in addition touand v, consideration for continuity along

w o, . .
—— in inside and between elements should be encountered.
n

2wy

()

e(v)

Figure 4.1 An eight node element with its degree of freedom
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2
Thus the degree of freedom at each node will be u,v,w,— ow w 9w . Using the

or 96 9rd8
natural interpolation polynomial methods, the displacement model along radial and

tangential direction is set as

= ju(r,@)| _ ru
U= {V(r’ 9)} = [N(r,ﬁ)]A{v} 4.8)

Ner0)], _[N 0 - - -0 N 0}
2x16

Where

(4.9)
0O N, O — - - 0 N,

And using a conforming element made by Bogner-FoxSchmit (BFS-16), the

displacement model along the transverse is set as:

w
w
. ar
W =w(r,0)=[N(,0),1 I (4.10)

06
9w
drof

Where,

N(r.6)), = [HS (VHE HE HHD0), HY (mH @), HO (HHP@O)] @11

For i and j =1, 2 the shape function is defined by Hermitian polynomial. While the

first order Hermite polynomial can be defined as

Hy(r) = %(Zr*‘ —3lr? +1°) HY(6) = 113(293 _310% +1%)

Hg) (r)= —%(2r3 —3ir?) HY(6)= —%(293 ~316%)
and ll

H{(r)= (r —20r* +1%r) Hf})(0)=1—2(03—2lt92+120)

H{(r)= 1—2(r3 —1r?) HY6) = liz(eﬂ —16%)

Where [ is the element length.

The combined element displacements vector at nodal point will be
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. (awj (awj 9’w (awj (awj 9’w
d=3u,,v,w,| — || = | .| === | +upvyswy| — | s| =— | J| =—=—| +--
dr ), \d8), \ 0rd8 ), or ), \08),\drdé ),
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4.2.2 The Kinematics Equations

Taking into consideration the displacement of plate element due to membrane and

bending effect, the relationship between strains to displacements can be expressed as:
ou dv u 1l (au ov v] !
—, + —,—| — + —_—
. ; or rd@ r 2\dr or r
{SL}: €1 [gr’gg’grﬁ] _ (4.13)
8b [kr’kg’krg ]T T
’w (ow 9w ’w  ow
_— ]+ ’_2 —
or’ ror  r’06’ rordf r’o6

Thus the component of the strain can be expressed in terms of nodal displacement as

{e}=[BKa<} (4.14)
Where
% 0 0 0 0 0
or
& % 0 0 0
r roé
% (% _ﬂj 0 0 0 0
[B]: 08 or r oy (4.15)
0 0 0 ——=L 0 0
or
0 0 0 & % 0
r roé
0 0 o o N M
L r r |
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Taking in to consideration for those relation that been formulated, summing
equations (4.5) , (4.6) and (4.7) which then the weak form (integrate form) of

resultant equation over the disk area A became
ph[W' Gy 20ph[W' @ a—udA—szhIWTCD udA
o or S o ot

— T _ — P
+Eh DngA+1A—Xj(8§)TD€£dA+j0TQ0dA:jWTFdA (4.16)
A r A A A

u W, a_W oW,
_ W — _J or a_J) or
Where u=4v W =3W, 0= ow 0= oW,
w W, 08 roé
1 0 0 PhQ’r
Qr qu
®, =01 0 F=| 0 Q:[ }
0 0 _av: 0 4.6 Y¢
00
o_[ow, aw, w aw, ow, W,
or ' rd@ r rd@ or r

_82W3 1 aW3+32Ws 2 m_% ' 4.17)
or> " r\ or  r96* ) r\oro@ i@ '

A different shape function as in equation 4.11 for elements around the crack tip is
used from those elements enclosed in the flexible rotating disk for advantage of
following the singularity effect at those regions. That is because, in linear elastic
problem, it has been shown that the displacement near the crack tip vary as Jr , where
r is the distance from the crack tip. And the stress and strains are singular at the crack
tip, varying as 1/ Jr . Thus to pick up the singularity in strain, the crack face should be
coincident and the element around the crack tip should be quadratic, with the

midside nodes placed at the quarter points. The singular element which is selected for

this study is shown in figure 4.6.
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Figure 4.2 Eight node annular element at crack tip regions

The trial function vector for u can be defined as

u=N"d¢,

Where the shapes function N that is a function of rand @ assigned as:

_NAii 0 0
0 N, O
0 0 Ny
N(r,0)= Where i,j=1,2,...,8
Ny, 0 0
0 Ny O
L 0 0 NBij_48*3

Similarly for @ vector in equation (4.16) can be written as
@=N,d*

Where the shapes function N, that is function of rand 6 assigned

0 0 O]
0 0 o0
0 0 0
N,(r,0)= Ny, 0 0 Where i,j=1,2,...,8
o Mu/ o
L0 0 0],

Further, the weighting function vectors W, 8 are given by

(4.18)

(4.19)

(4.20)

(4.21)
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W=N"d* (4.22)
0=Nld (4.23)

—L
And for the weighting function of £ it can be expressed by using equation (4.14) as

¢ =Bd (4.24)
Where d'is an arbitrary 48x1vector.

4.3 Spatial Discretization

The flexible rotating disk is modeled with a through-thickness crack and the
discretization for the area is done using eight node annular elements. The process of
discretization is essentially depending on the exercise of the analyst judgment. For this
study, a discretization process that minimized errors and guarantees good range of
accuracy is implemented. To achieve this accuracy, as it been discussed earlier, an
eightnode annular element is selected for its advantage of modeling curved
boundaries of the flexible rotating disk model and for yielding good solution with
minimum element number. More over, this quadratic element model has an
advantage in that it can modeled to be designed so that the cracks tip singularity effect

can to be incorporated easily.

Thus, let the disk is discretized by N, i.e finite N elements, which had a trial function

as described above. Then substitution of strain-deformation relation equation (4.14)
and trial functions equation (4.18), (4.20), (4.22)(4.24) in to the integral form of the
governing equation of the rotating disk equation (4.16). And applying finite element

formulation techniques, thus the result became as:

N, —e\T . X N, —\T
Z(d ) {m"d"+2£2ged“+[K“—SKf]d“+P"}:Z(d ) P (425
e=1 e=
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Where, for element area of A,
m® :pth NNTdA, g :pth N® N"dA, K° :jABTDBdA,
K: =[ B DB,dA, 'S =1/r(A,/A), P = ( [ N.ON; dAjde, F*=[NFdA (4.26)

Note that, all matrixes in equation (4.26) are 48x48matrix while the element

internal force vector P°and the element load vector F¢are 48x1vectors. And, K_ is

the stiffness coefficient due to crack.

4.4 Assembly to Global Matrix Form

- e
An arbitrary vector,d , for which the set of the ordinary differential equations that
can be obtained in matrix vector form during the assembly procedure. Thus the global
matrix vector is obtained by assembling the element matrix and their vectors of

equation (4.25). The global equation result as:

Md +2QGd + [k — Sk_]d + P(d) = F 4.27)

Where

e M is the global mass matrix, which expressed by
NF
M= 41 me, (4.28)

e dis the global displacement vector ,which expressed by

d=<u,,v,,w (a_wj [a—wj w +u % w
12V W or 1’ Y 1’ 9r00 1’ """ STAN,+10 YN +10 VYN, 1

T

ow ow °w
wy o [ow) 29
(al’ jNﬁ-l (aejNﬁl (araeJN +1} (4 )

e K is the global stiffness matrix, which expressed by

NA’
k = Ii}lke, (4.30)

*S constant coefficient for crack stiffness in terms of the crack type and its configuration
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e k._is the localized stiffness matrix due to crack( i.e. in the region of crack),

expressed by
k =Ak°, (4.31)

e The non-inear global internal force vector P(d) and the global load vector

F can be expressed as

N, N,
P(d)z@lPe, F=AF°, (4.32)

e=1

Where “ A” denotes the assembly operator.

Noting that the governing equation of the flexible rotating disk (4.27) with crack is a
non-liner equation of motion because Pis a function of d. Hence, to obtain the
natural frequency and mode shape of the flexible rotating disk, equation (4.27) should
be linearized. Thus, a perturbation method of linearization the non-linear equation is

applied,[23,31,36).

For dynamic steady state condition, i.e. =0 because of constant angular rotation,

the displacement vector can be written as
d=d" +Ad (4.33)

Where: d”=the displacement vector of the equilibrium position

Ad =perturbation displacement vector from equilibrium position
Substituting equation (4.33) into equation (4.27) yields the dynamic equilibrium
equation in a steady state and a perturbed equation from the equilibrium position.

The equilibrium equation is given by
[K-SKd' +Pd")=F (4.34)

And since equation (4.37) is non-linear, the equilibrium position vector d* can be

obtained by a non-linear equation solver. The perturbed equation is

MAd+2QGAd+[K - SK, + K, ]1Ad = 0 (4.35)

Where is the tangent matrix at the equilibrium position, defined by

36



P

= 4.36
=i (4.36)

K;

Finally, the linear governing equation of rotating disk with crack in matrix form is

expressed by equation (4.35).
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Chapter Five

5 Solution Techniques

5.1 Introduction

The governing equations of the rotating disk without and with crack are developed in
chapter four, see equation (3.45), (3.46) and (3.47). And in chapter five the governing
equation is expressed by matrix form equation (4.38). In this chapter, solution options
taking into consideration the objectives of thesis are applied to find solution for those

governing equations.

ANSYS, which is a complete finite element analysis (FEA) simulation software
package developed by ANSYS Inc-USA, is used to simulate the essential condition,
inertia load and boundary conditions, restrained effect of the system at middle bore.
Further, it helps to determine the geometric modeled response to specified condition.
The geometric models, which simulate the physical components (rotating disk without

and with crack) are used as an input for finite element analysis in ANSYS software.

However, ANSYS software is capable of modeling physical components in geometric
models finite element analysis, another commercial software SolidWorks used for
geometric modeling in this study. SolidWorks employs a parametric, feature-based
approach for creating models and assemblies. The reason behind for selecting this
software for geometric modeling is due to the complicated features of the physical
components such as different profile of notches for modeling crack, gear teeth to

imitate blade on the rotating disk and the disk cross-section.

The procedures followed for determining solution for selected solution options

discussed below.

5.2 Geometric Modeling

The geometric models that simulate the physical components of rotating disk without
and with crack for analysis purpose are discussed below. Models that have been done

taking in to account the objective of the thesis are
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ii.

Rotating Disk without crack: The designed geometric model of the rotating
disk without crack had an outside diameter of 9.25 in. and a bore thickness
and outside rim thickness of 1.00 in. and 1.25 in., respectively. The thinnest
portion of the web is 0.10 in., with the cross-section and height dimensions
of the blades being 1.25 in. x 0.13 in. and 0.33 in., respectively. Lastly, eight
holes, 0.20 in. diameter each, were placed midway in the rim section. The
eight holes were evenly spaced. The holes are to be utilized for possible mass
attachments or used for future notch initiation points. The geometric model

is seen figure 5.1.

Figure 5.1 rotating disk without crack

Rotating Disks with circumferential crack: This geometric models are
designed with the same dimension of the rotating disk without crack
geometric values except that on this model, circumferentially oriented
notches is added at radius R=2.12in to simulate circumferential crack.
Figure 5.2 shows a rotating disk with circumferential notch subtending an

angle of 6°.

For better understanding the behavioral change that might rise due subtend
angle for circumferential crack, different angle values have been used in the
analysis. Selected subtended angle 0 are 12°18°24°26°32° |, which in
parallel used as an input parameter for analysis of the rotating disk with-out

and with crack.
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iii.

Figure 5.2 Rotating Disk with circumferential notch sustained angle of 28°

Rotating Disks with radial crack: The same procedures are followed for
modeling rotating disks with radial crack as for modeling Rotating Disks
with circumferential crack. Besides, notch orientations in these models are
along radial direction. For investigation of change in length of crack with
behavioral change in models different notch lengths are used for analysis.
These are 0.222in, 0.444in and 0.666in. Figure 5.3 shows one of the

rotating disks with radial notch of 0.444in in length.

Figure 5.3 Rotating Disk with radial notch at radial center R=2.12in
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iv. Rotating Disks with an arbitrarily oriented crack: These geometric models
are designed following the same procedure as rotating disk without crack
model. In advance, these models are designed with a notch at different angle
of B from radial axis. These models are expected to describe the behavior
and physical change of a model with the change of crack orientation from

radial axis to tangential axis. For notch length of 0.444in, Selected angle B

are 15°, 30°45°,60°75° from radial axis.

Figure 5.4 Rotating Disk with arbitrary notch at radial center Re=2.12in
[Notch length L=0.444in at 45° from radial axis]

Note: Modeled notches are assigned on position where the Rotating Disk without
crack is highly stressed region owing to the centrifugal load i.e. radial center R=2.12in.
Moreover, modeled notch dimensions are adapted from one of the research carried by
NASA research center, [4]. Thus, the width of the notch is done by imitate the
dimensions of a wire thickness equal to 0.12in and the height of the crack is specified

to be equal to the web section thickness of the models.

All geometric models, modeled by SolidWorks had been imported to the finite

element analsysis software, ANSYS, for analysis purpose.
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5.3 Discritizing the Model

The discritizing element used for analysis, which their sum of response in the model
rise to the total response of the complete geometric model is specified from ANSYS
element library. A solid model element, 20 solid 95, which satisfy the characteristic
need in discritzing the geometric model as per the objectives of the analysis criteria is

selected.
5.4 Material Selection

Most commonly used material for production of Rotating Disk, nickel alloy (i.e.
Haynes X-750) is selected as material input for the analysis. The material properties
for Haynes X-750 are Young Module’s E=31x10° Kpsi, Poison’s ratio v=0.3 and
Density p=0.311b/in’. Perhaps, design limitation to burst failure due angular rotation

for a model with this material equal 25000rpm.
5.5 Finite Element Modeling( Mesh Generation)

In this step, previously defined geometric models in ANSYS software is further
defined by meshed finite elements and nodes. Thus, the geometric model with finite
element will simulate the physical components in more suitable form as well it will be
more preferable to obtain approximate results to the exact result of the solution from

the analysis.

1
ELEMENTS

Figure 5.5 Discritization of geometric model with finite elements
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Density of the generated meshes is controlled at global and at local level. A default
option “smart sizing” for specifying element sizes at global level is applied. And for the
benefit of keeping singularities at crack tip “keypoint sizing” for concentrating the

middle nodes of element around crack tip are specified to shift to corner nodes,[ 1].

Figure 5.6 Distribution of elements at crack surface
5.6 Apply Loads

In this step, essential and boundary conditions are specified. Where, one of the
loading conditions for the analysis is to constraint, the inner surface of the middles
bore of the geometric model from translational motion along x, y and z axis and a
rotational motion along x and z axis. This step helps to define the boundary condition

for satisfying the physical system joint (i.e. to restrain the rigid body) between rotating
disk and shaft.

In addition, an essential condition for the benefit of encountering the inertia effect is
specified i.e. in terms of angular velocity along y-axis. Specified angular velocity values
with in the design angular velocity limit of the model are 2000rpm, 4000rpm,
6000rpm, 8000rpm and 10000rpm, which are taking as an advantage for there can be

used as input parameters for analysis.
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5.7 Defined Analysis Solution Options

At this step, Analysis types are selected in terms of expected result that could
characterize the components from either the components exposed to damage
(cracked) or not. Among from few analysis options provided in the finite element
analysis software ANSYS, a modal and static analysis are carried out taking into
consideration the objective of this thesis. The modal analysis are carried out for
investigation of the change in disk rotating disks vibration characteristic such as
natural frequency and mode shapes. And, static analysis is carried out for determining

the distribution of deformation and stresses on the rotating disks due to inertia load.
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Chapter Six

6 Result and Discussion

In chapter five, steps and input parameters that are used in the analysis of the rotating
disk without and with crack discussed briefly. In this chapter, results from the analysis
in relation to input parameters will be discussed. To remind ourselves what input
parameters are used for analysis, they are different angular speeds, different crack
orientation, different crack length and a range for crack sustained angle. They are
specified to investigate the behavioral change of the rotating disk when it is exposed to

crack.

It should be noted that in this thesis only the disk mounted on the shaft is considered
and the effect of blades mounted on the edge of the disk is not considered in the
analysis. Thus, only the inertia effect of the rotating disk is considered by its angular

rotation.

Taking into account that understanding the behavior of the rotating disk without
crack is important for comparison, its analysis is carried first. Table 6.1 presents the
first ten natural frequencies of the rotating disk without crack that obtained from the

modal analysis of the finite element model using ANSYS.

Table 6.1: Natural frequency Rotating Disk without crack

Expanded modes | Natural frequency(Hz)
1 19.01953789191
2 19.27573053682
3 28.61926001242
4 63.15635104316
5 63.16425780515
6 84.72076098343
7 175.7252920167
8 175.7732168761
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Expanded modes | Natural frequency(Hz)

9 205.7563083334

10 205.7766322548

And, the first four mode shapes corresponding to the first four natural frequencies of

the rotating disk without crack are illustrated in figure 6.1 (a)-(d).
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Figure 6.1 Mode shapes of rotating disk without crack.

Also, further study on mode shapes in modal analysis shows that as the natural
frequency values keeps increasing, the modal diameters of the models are increased.
Consequently, results obtained for the rotating disk without crack is used as reference

for understanding the behavioral and physical change of a rotating disks with crack.

The distribution of natural frequencies for rotating disks with different
circumferential crack is seen in graph® of figure 6.2 related with natural frequencies of
the rotating disk without crack. As it can be seen from the graph, natural frequency
values for rotating disk with crack had a different magnitude at each step when they

compared with the natural frequency of the rotating disk without crack.

% For better description, line distributions for natural frequency have been scaled. Thus, to determine
the exact values at each step, listed scaling factor should be used.
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It is been discussed that softening of component due to existence of crack on system
leads to change of the vibration characteristic of the component. Thus, the reason for
change in natural frequencies between the rotating disk without and with crack can be
stated as a change in stiffness of the disk due to crack formation and propagation i.e.
due to disk softening. This conclusion is supported by the research made by Fredrick
D. Ju on “Structural Dynamic Theory in Health Monitoring” ,[ 1 ].Note that from
many possible natural frequencies for the rotating disk, only ten natural frequency

values are expanded (extracted) in modal analysis.
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1.00E+03 4 9
E = No crack
g 8.00E+02 A —12
g —18
g 24
£
?; 6.00E+02 4 —26
2 —3
4.00E+02 4
2.00E+02 .-_//_/_
0.00E+00 T T T T T T T T 1
1 2 3 4 5 6 7 8 9 10

Expanded Natural Mode

Figure 6.2 Natural frequency distributions for rotating disk with circumferentially
oriented cracks as related with rotating disk without crack.
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Figure 6.3 Natural frequency value distributions for rotating disk with radically
oriented cracks as related with rotating disk without crack.
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Figure 6.4 Natural frequency value distributions for rotating disk with arbitrarily
oriented cracks as related with rotating disk without crack.

A behavioral change in natural frequencies for model with radially and arbitrarily
oriented crack is observed in figure 6.3 and 6.4 graphs when they related with natural
frequency value for model without crack. The same reason, which is softening of the

component for minimized stiffness leads for change in natural frequency.

The change in natural frequencies between models with different orientation and
length of crack is observed as compared with the natural frequency of model without
crack in figure 6.2 - 6.4 graphs. The mode shapes of the models with different crack
orientation and length is different when it compared with mode shape of a model
without crack have a difference in their global and local shape (i.e. shape around
crack). When we give attention to the first mode shape of the disk without crack, with
circumferential crack, radial crack and an arbitrarily oriented crack, we can observe a
global change in their shapes and magnitudes, figure 6.5. Regarding changes in
localized mode shape, figure 6.6 and figure 6.7 clearly illustrate with the third and
ninth mode shape of the models and we can relate them with mode shape of rotating

disk without crack.
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In addition to the modal analysis of the finite element model, analysis for distribution
of deformation and stress due to inertia load are carried on the finite element model
by ANSYS. Figure 6.8 (a) - (b ) shows the distribution of the deformation and stress

on rotating disk without crack at an angular rotation of 6000rpm respectively.

As is can be seen in the figures 6.8, the inertia load due to angular rotation on model
made a uniform distribution for deformation and stress along its curved boundary of
the rotating disk. The distribution of deformation keeps increasing form the middle
region of the model to the outer radius of the model. While, for the predefined
boundary condition the distribution of stress on the model is seen to be higher at the

web section of the disk as related with other part of the model.

Consequently, since these regions are a sever position for a possibility of crack
formulation due to fatigue load and it propagation on the disk. The stress distribution
result is used to position the crack models at these regions taking into account the
previous discussion and for a better result on deformation and stress magnitudes.
Thus, the distribution of deformation and stress on the rotating disk without crack

helps further analysis on crack behavior when it exists on rotating disk.
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Figure 6.8 Distribution of von Mises stress and deformation for rotating disk
without crack, respectively.

The physical changes in the rotating disks when they exposed to crack have been
observed by the distribution of in deformation using graph of figure 6.9 - figure 6.11.

The graphs shows the relation of maximum deformation values of the rotating disks
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for the range of angular rotation. Each graphs illustrate, the deformation magnitude

of the rotating disks are increased when the angular speed increased.

Hence, as it is been discussed in Dynamics Theory when the angular speed in the
system increased, system will be exposed to much more inertia loading. Thus, the
system will be strained more which as a result higher deformation magnitude will be
obtained on the system. Moreover, when we compared the magnitude deformation
between rotating disk that exposed to circumferential and radial crack, results shows
that models with circumferentially oriented crack leads to maximum deformation as
compared with that of models exposed to radial cracks. The line of action of the
inertia load that is perpendicular to crack opening direction for a circumferential

crack can be considered as a reason.
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Figure 6.9 Distribution of deformation vector sum for rotating disk due to
circumferentially oriented cracks.
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Figure 6.10 Distribution of deformation vector sum for rotating disk due to
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Figure 6.11 Distribution of deformation vector sum for rotating disk due to
arbitrarily oriented crack.

And, graphs of figure 6.12 - figure 6.14 illustrates the net change in deformation due
to crack on the models. A change in deformation value on models has a direct
relation to the change in angular rotation on the models verses angular speed. The net

deformation value is obtained from the difference between the maximum
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deformation value if rotating disks with crack and with out crack. This physical
change through the models, when the rotating disk is exposed to crack is confirmed

by research conducted by NASA research center, [ 18 ].
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Figure 6.12 The net deformation value distribution for rotating disk due to the
circumferentially oriented cracks.
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Figure 6.13 The net deformation value distribution for rotating disk due to the
arbitrary cracks.
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Figure 6.14 The net deformation value distribution for rotating disk due to the
arbitrary oriented cracks.

In the above graphs, we observe the change in deformation value for rotating disk
when models exposed to different crack length and orientation. In addition, as it can
be seen from figure 6.15 the global and local distribution of deformation for models is
influenced by crack length and orientation when the models exposed to crack. Figure
6.15 (a ) - ( c ) illustrates a circumferential crack made significant change of
deformation not only in global boundary of the models but also to around the cracks
regions of the models. This localized crack effect is clearly described with an increased
crack length i.e. a subtended angle of 12°, 18° and 32° in those figures. Besides, a
localized deformation change is clearly illustrated in figure 6.17, where a crack
changes it position from slight angle difference 15° from radial axis to high angle

range equal to 75°.

Distribution of deformation for rotating disk with radial crack is illustrated by figure
6.16. As it can be seen, the existence of crack on the rotating disk significantly affects
the global distribution of deformation when we compare it with rotating disk without
crack. Moreover, further study on rotating disks with different radial crack length
shows the same result. However we have to note this statement is made only in

relation with limited input parameters that been used for analysis.
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Figure 6.17 Deformation distribution for rotating disk with arbitrarily oriented cracks.

From the stress analysis using ANSYS, stress distribution observed to be altered by
existence of crack on the rotating disks when it is compared with rotating disk without
crack. figure 6.18 - 6.19 clearly illustrate the magnitudes and distribution of the stress
through out the models. It can be observed from the results that, crack tip surfaces are
the region where disk is maximally stressed as compared with other region of the
rotating disks. This is clearly seen from figure 6.18 b and 6.19 b, that the distribution
of stress became more sever at crack tip regions. Thus, these regions with maximum

stress had a possibility of crack growth as compared with other regions in the models.

Although, figures 6.18 and 6.19 shows that, the relative global stress distribution
through out the models seems to be significant affected by existence of a radial crack.
However, result of models with circumferential crack shows that, the attainable
maximum stress through the model is much higher than models with radial crack.
Thus, figure 6.20 shows the flow stress distribution change in the rotating disk when
it is exposed to crack which orientation change from radial direction with different

angle .
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Figure 6.18 The stress distribution for rotating disk with circumferential crack.
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Figure 6.19 The stress distribution for rotating disk with radial crack.
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(e)p=75° (f) Stress around crack tip of a radial crack

Figure 6.20 The stress distribution for rotating disk with arbitrarily oriented
crack.

Further, analysis for stress distribution on a rotating disk with crack length of 0.444in
at different angle orientation i.e. at 15° 30°, 45° 60°, 75° 90° had been done on
finite element analysis software ANSYS. The result of the analysis shows that, the

maximum stress developed on the rotating disk is when the crack is oriented at 45°
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from radial axis. Besides, graph of figure 6.14 illustrates the relationship between the
maximum stresses developed with crack angles at different orientations on the
rotating disk. A range of angular rotation and a crack length of 0.444in are used as

input parameters for stress analysis.
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Figure 6.21 Von-Mises Stress relation with angular rotation and orientation of crack.

In addition, from the graph of figure 6.21, it is observed for selected angular rotation,
the rotating disk is maximally stressed if it is exposed to a crack with its angular
orientation of 45° from the radial axis. That is because, a region around a crack tips
that orientation at 45° had a lesser energy strain so as to resist load as related with
other regions of the disk. And, ends points of the lines shows the value of stress for
rotating disk when it is exposed to radial crack and circumferentially cracks. Thus,
their relative magnitude shows that, a rotating disk which exposed to circumferential

crack is more severe than a rotating disk with a radial crack.
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Chapter Seven

7 Conclusion and Recommendation

7.1 Conclusion

In this thesis, the main objective is to find parameters that can be used for detection
of a crack on rotating disk. First, the mathematical and numerical relations which
represent the governing equation of the rotating disk are formulated by simulating the
rotating disk by a structural member using “plate” theories. For modeling different
crack types on the rotating disk fracture theories are applied. Then, finite element
analysis software “ANSYS” is used for analysis on geometric models that simulate the
physical component of rotating disk without and with crack. Taking in to account
what it has been found from literature and results from this thesis study, the

conclusions that we reached with are discussed below.

As the results of the modal analysis confirm, the natural frequency values of a rotating
disk with crack has different magnitudes when it compared to those of a rotating disk
without crack. Thus, natural frequency can be used as one parameter for identifying

crack on the rotating disk.

The other parameter that can be used for identifying a crack in a rotating disk is mode
shapes of the model. As per the result of the modal analysis, models of rotating disk
that are exposed to crack have different mode shapes when we compare them with
those of the rotating disk without crack. Further, the changes of mode shape between
models without and with crack are not only along the global boundary of model but
also in the local regions of crack surfaces. Consequently, this localized alteration of
mode shape can be considered as an advantages for identifying crack not only to
indicate that model is exposed to crack but also to identify the particular crack regions

where crack formed among the total volume of the model.

In addition, we observe from the distribution of deformation that models of rotating
disk with crack shows increase in the magnitude of deformation as compared with

deformation of rotating disk without crack. Therefore, increment in magnitude of
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deformation for real rotating disk from deformation magnitude of real rotating disk
without due to other loading condition can be used as an indicator for the disk to
identifying presence of crack. That is because the difference in magnitude owes to the

existence of crack on model.

Thus, the natural frequency, the mode shape and deformation magnitude of a model
can be used as means of identifying crack existence on models. Thus, we can use these

indicators as parameters for detection of crack on rotating disk.
7.2  Recommendation for Further Research

Crack detection has been a very important issue to engineering sectors for minimizing
catastrophic failure as well as for maintenance cost. In order to improve the
effectiveness of current technology, the following research areas are recommended for

future studies.

v In this thesis, cracks have been positioned only to the region where a rotating
disk without crack stressed highly due to inertia load. However, there is a
possibility of crack formation and propagation in other regions of the rotating
disk. Thus, further research can be done by positioning the crack in other
regions of the rotating disk by observing their relevance to crack formation
and propagation, such as at tip of holes surface of the rotating disk. In
addition to this, research can be done by modeling surface crack on rotating
disk to find the behavioral change of the rotating disk if it contains such crack

models.

v Only softening of disk due to crack formation is considered in the study of the
behavioral change of the rotating disk in this thesis. Beside, taking into
account that pre-stressing loads and joint condition between blade and
rotating disk that can alter stiffness of the component can also be consider to
as a source of softening effect. Therefore, further work can be done by
applying a combination of those softening effect for finding the behavioral

change of the rotating disk.
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v To support the detection of crack on rotating disk by finding other parameters
that can be used for monitoring crack formation and propagation. For
example, analysis on the shift of center of mass of the rotating disk due to

crack formation and propagation can applied.

v' Taking into consideration that some real rotating disk operates under thermal
loading in addition to inertia load as an external load, further research can

made on rotating disk taking into account both loading conditions.

Finally, it is recommended that experimental research can be performed for
conforming the analytical analysis result obtained. This thesis is limited to
analytical analysis due to limitation of experimental setup for doing experimental

investigation.
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