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Introduction 

In this seminar paper we study Weyl algebra and modules over the Weyl algebra. In the first 
chapter we give some basic concepts of rings and Modules with their propert ies as a 
preliminary. 

In the second chapler we give definit ions ofWeyl algebra, modules over the We)'1 
algebra and also to describe a few important theorems, Lemma and proposi tion of modules 
over the Weyl algebra. 
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Chapter one 

Preliminaries 
1.1. Definitions and some properties on rings 

Definition 1.1.1 : A ring (R, +, .) consists of a non - empty sel R and two binary 
operations "+" and "." satisfy ing: 

i, ( R , + ) is abelian group 

ii, ( R •. ) is a semi group 

ii i, "+" and "." arc related by the usual distribut ive laws. 

(i.e. for all a, b, c e R,a · (b+c) = a · b + a ·cand (a + b) ·c = a ·c + b·c) 

Example: ( Z. +, . ) is a ring, where Z is an integers, "+ "and "." usual addition and --- multiplication respectively. 

Delinition 1.1.2: A ring (R, +, . ) is called 

I) Commutative if"·" is commutat ive (i.e. ab = ba , for all a, b E R ) 

2) Unitary (a ring with unity) if (R , .) has an iden tity element, denoted by I. 

3) Division ring if it is a ring with uni ty and every non - zero element has 

a multiplicative inverse . 

4) A field if it is a commutative division ring. 

Example:( IR ,+,)is a field, where IR is the set o f real numbers, "+ "and ". " usual addition 

and mulliplication respectively. 

Delinition 1.1.3: Let R be a ring with unity and let R" = R \ {Ol · 

I) An element ae R" is called zero divisor if 3 be R' such that ab = ba = O. 

2) R' is said to be integral domian if R' is commutative ring with unity and has 
no zero divisor. 

3) An element a e R is ca lled unit or invertible if 3 bE R such that ab = ba = I. 

Example: (Z,+,) is integral domain . 
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1.2. Subrings and ideals 

Definition 1.2.1 : Let R be a ring. A subring of R is a non - empty subset S,; R and for all 
a, be S 

i) a - be S 

ii) ab e S 

Definition 1.2.2: Let R be a ring, 

I) I\;; R is ca lled left ideal of R if 

i) I is an additive subgroup of R 

ii ) f e R ,xe l => rx e I . 

2) I\;; R is ca lled right ideal of R if 

i) I is an additi ve subgroup of R 

ii) fe R , x e l => xr e I . 

3) I,; R is ca lled two sided ideal ofR if 1 is both a left and right ideal of R. 

Examplc:(n Z,+,) is an ideal of Z • where f1 EN 

1.3. Characteristic of a ring 

Definition 1.3.1 : Let R be a ring. I f there exists n E N such that na = D, for all a E R, then the 
smallest such positive integer is ca lled the characteri stics of R and denoted by 
charR. If no such positive integer exists, then we say R has characteri stic zero. 
(i.e. charR = 0) 

Example: a, char Z = 0 

b, char Zn = 11 

Notalion : Krx] is the set of polynomials in one indeterminate over a fi eld K. 

Addition and multiplication in Klxl 

• • 
Definition 1.3.2: Let ['(x) = L>,x' ,g(x) = L) ,x' be two elements of K[x]. Then 

,.0 •• 0 

l. ['(x) = g(x) if and only if a; = b; , for all i 
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• 
II . [(X) + g(x) = L C,x' ,where Cj = 8 j +bi for each i 

,.0 

. , 
iii . f(x)g(x) = :L djX' • where d; = 'L lI' _lbj 

,.0 1_0 

Observation I : (K [xl , +, .) is a commutative ring. 

Note: A ring R is said to be simple if it has no proper ideal. 

1.4. Localization 

Definition 1.4.1: Let R be a ring with un ity. A subset S !: R is ca lled a multip licative set if 

a, bE S => ab E S 

Example: Let R be a ring with unity. 

Let P be a prime ideal of R. 

Let S = R \ P. Then Sand P are a multiplicative sets. 

Note: RS-1= R, is ca lled localiza tion of Rat p and usua lly denoted by Rp, where 

R,= {;:rERandS ES} 

Delinition 1.4.2: K [xlr = {;, : 0 ~ f and P,jE K[X),r EN o} is localization of K[xl at f, the 

set of rational funct ions orthe form J!..... , where No is set of natural number with zero. 
/' 

Theorem 1.4.1 : (K [xlr ' +) is abelian group. 

p II q [ 1 Proof: Let f, h, p, qE K[x) and 5, r, t EN and T ' f " /' E K x r Then 

I. L +!L E K[xl
r 

(s ince the sum of two rational functions is rational) 
/' f' 

p q h _ p q f ' +I1 /' 
II . /' +( /' + f' ) - /' + f' f' 

= p f'f'+(q f'/,+ h f'/,) 
/,f'f' 
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_ (p I' f ' +q f ' f')+ hl' I' 

/'1' f' 

= (p I' f'+ q /, /') + h I' /' 
/' I' f ' /' f' f ' 

p f ' f ' q f'f' h = ( + )+--
/' I' f' /' I' f' f' 

_ p f'f ' IJ /'/' h - ( + )+--
/' f' /' /' I' f' f' 

p q " = (--+-)+--
/' /' f' 

I-fence U+" is associative 

ii i. since 0 + L = L + 0 = L ,O e K [xl, is additive identity. 
/' /' /' 

iv. since J!... + ( - p ) = (- p ) + J!... 
/' /' /' /' 

V. since L + .!L = pf' +q f ' 

/' f' /' f' 

=IJ /'+ Pf' 
/'f' 

= O. - p is add it ive inverse for .l!..... . 
/' /' 

This impl ies "+" is commutative 

Hence ( K [xl/' +) is abelian group. 
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1.5. Definitions and some properties on modules 

Definition 1.5.1: let (M, +) be abel ian group and (R, +, .) be a ring. M is called a left 

R-module or a left module if there exists a map -: R x M -+ M, given that the 

following conditions are satisfi ed: 

i) a(x + y) = ax + ay whenever ae R and x E M 

ii) (ab) x= a(bx) whenever a, b E R and x E M 

iii) (a + b) x = ax + bx whenever 8 , be R and x E M 

iv) I x=x for all x E M and I denotes the identi ty element of R 

Example: 1. ( Z. + •. ) is a module over itself. 

2. (R, +,.) is a module over itself. 

1.5. 1. Homomorphisms and isomorphisms over a module. 

Let M and N be modules over a ring R. 

Definition 1.5.1.1 : A mapping f:M -+ N is said to be an R-homomorphism or a homomorph ism 
of R-rnodules if it sat isfies the following two conditions: 

i. f (x + y) = f(x) + f(y) whenever x, Y E M; 

ii . f(ax) = a f(x) whenever a E R and x E M. 

Definition 1.5.1.2: A homomorphism f: M-->N ofR-modules is called 

i) a monomorphism if x of y (where x, yE M ) implies that f( x) of f(y). 

ii) an epimorphism or a surjection if each clement of N is the image of at least onc 

element of M. 

iii) isomorphism if fi s both a monomorphism and an epimorphism 

iv) an endomorphism if M = N 

v) an automorphism if f: M ~ M is isomorphism. 

Definition 1.5.1.3: Let J: M .... N is a homomorph ism of R-modules. 

Then the set of clements of M which are mapped on to the zero clement of N is 
called the kernel of J and is denoted by KerJ . i.e, Kelj = {xE M I J (x) =0. ) 
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Lemm.1.5.1.I: J:M->N ofR-modules IS a monomorphism if andonlyif KerJ ~ {O,, ). 

Proof: (=» Suppose J is monomorphism. 

Let xEKerf. Then J (X) ~ ON and J(O) ~ ON 

Since f is a monomorphism, x = ON 

Hence K.,j ~ {ON} 

(<=) Suppose f (x) ~ fey), for x, y EM, we need to show that x ~ y. 

= f (x) - f ey) ~O 

;:::::) f ( x - y) = 0 .... ,since r is homomorphism. 

:=:::) x - Y E Kerf 

;:::::) x - y = 0.11 

=x = y 

Hence f is monomorphism. 

Note:-Two R- modules M and N arc sa id to be isomorphic if there exists an 
isomorphism of M on to N alld this is denoted by M ;:;: N 

Note: If A is a subset of a set B, then we obtain a mapping j : A~B by puuingj(a) ~ a 

for every ae A .This mapping is ca lled the inclusion mapping of A into B . 

In the special case where A = B, this yields the identity mapping of B and denoted by iH . 

Definition 1.5.1.4: Iff: M->N is a homomorphism, f (M) is called the image of the 

mapping f and the image off denoted by imf. 

Note: f is an epimorphism if and only if 1111 [ = N. 

\.5.2. Submodulc 

Definition 1.5.2.1: Let R be a ri ng and M be an R - module. 

A non empty subset N ofM is called a submodule of M if 

i, X, YEN:=) x - yEN 

ii , ae R ,X E N ~ ax eN 
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Example I: Let f: M4N be a homomorphism, where M and N are modules.Then imf 
is a sub module ofN. 

Proof: i, s ince 1'(0) = O,we have Ihal Oe imf. 

I-Ience imf;#.¢. 

ii , Let YI . Y2 E imf . Then ftX I) = YI and ftX2) = Y2 for some Xl . X2E M. 

y, - y, = f(x,) - I'(x,) 

= f(x, - x,) ......................... (since f is homomorphism) 

;::::::. Y, - Y2 = ftXt - X2) E imf .... " ............ (since X, - X2 EM) 

;::::::. Yl - Y2 E imf 

iii , LeI a e R, y, e im J. Then J (x, )=Y, ' for some x, e M 

Now, ay,=aJ(x,)=J(ax, ) ........ ........ (since J is homomorphism) 

=> oy,=J(ox,)e illlJ 

;::::::. aYIE imJ 

Hence imfis a submodule ofN. 

Example 2: LeI M be an R - module and m e M \ {OJ. Then Rm is submodule of M. 

Proof: Let a, b ERm, a = rim, b = r2m,for some rl. r2 E R 

a-b = rim - r2m = (rl- r2)m E Rm 

ra = r(r,m) = (rr, )m e Rm for re R. 

I-Ience Rm is submodule of M. 

Definition 1.5.2_2: An R- module M is simple or irreducible if there is no sub module N 
such Ihal {O}c: N c: M . (i .e. if {OJ c: N c: M " hell N ={O} or N= M) 

Or an R - module M is simple if and only if Rm = M, 

for all m e M \ to} and Rm is sub module of M. 

Delinition 1.5.2.3: LeI M be an R- module, N be a submodule of M. Then 
A){, ={x+N l xEM } is ca lled quotient module or factor module. Define the operation 

"+" and "·" on MiN as follows: 
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For x+N, y+N e MiN , (x+N)+( y+N) = (x+y)+N and a(x+N) = ax +N for a e R. 

Note:-Lel M be an R - module, N be a submodule of M. Then % is an R - module. 

Let R be a commutative ring and let N, P be submodules of a module M, we define 

(N: P) = (a e R i aI' c;; N) is an ideal of R. 

In particular, (0: M) = (a e R I aM = O}is an ideal ofR. This ideal is ca lled ann ihilalor of M, 
denoled by Ann(M) or Ann ~" . 

Definition 1.5.2.4 : Lei R be a ring and M be an R- module. 

An element me M is said to be a torsion clement if there exist a non - zero re R such thai 
rm = 0 (i.e. if Ann(m) is non - zero left ideal ) 

Note :- The sel of alliors ion elements of M is denoled by r (M) . 

- The module is called a lors ion module if r (M) = M. 

1.5.3. Algebra 

Definition 1.5.3.1: Let K be a commutati ve ring with unity .An algebra Over K 

(or a K- algebra ofM) is a ring M such Ihal: 

i, (M , +) is a unilary (left) K- modu le. 

ii , a(mn) = (am)n = l11 (all) for all ae K and m, Be M. 

Example: I. Let f : R ~ M be a ring homomorphism. Defin e ax = f{a) .x, ae R ,xe M. 

Then M is an R- algebra. 

Proof: Let a , a E R and x, Y E M.Then, 

i, a(x+y) = f(a)(x +y) = f(a)x + f(a)y = ax + ay 

ii , (a + b)x = f(a +b)x = (f(a) + f(b))x . .......... (since f is homomorphism) 

= f(a)x + f(b)x 

= ax + bx 

iii , (ab)x = f(ab)x = (f(a)f(b»x = f(a)(f(b)x) = a(bx) 

iv, I · x = x, for all x e M. Hence (M , +) is unilary(lefl) R-module. 

v, a (xy) = f(a )(xy) = (f(a)x)y = (ax)y 
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and also a (xy) = f(a )(xy) = (f(a )x)y 

= (xr(a »y, since M is a commutati ve ring. 

= x (Ila )y) 

= x(ay). 

Hence M is R- algebra. 

2. IrK is a commutative ring wi th identity, th en the polynomial ring K[x] = K[Xl ..... Xn] is 

a K· algebra with the respective K-modulc structure given in the usual way. 

Proof : We need to show that i. (K[x].+) is a unitary (left) K-modulc. 

ii . a(fg) = (a l)g = f(ag) for all a e K and f. ge K[x]. 

Now. since K[x] is a ring with unity (K[xl . +) is abclian group. 

Let a map K x K[xl --> K[x] bc an action of K on K[x] by (a. I) H af. where li e K 

and fe K[x]. 

For a. d e K and f. ge K[xl. where f = (b •• b, •... ) and g = (co. Cl. ... ) and 

bo ,bl "" , co ,c • •... E K . We have, 

I. a (Hg) = a (bo+co.b,+c" ... ) 

= (a (bo+c. ). a (b,+c ,) •.. . ) 

= (abo+ nco, abl +aclt .. . ) .... . ... ,(as "," is left distributive.) 

= (abo. ab, •... ) + (aco. ae" ... ) 

= a (bo• b, •... ) + a (co. c, . ... ) 

= af + ag 

2. (a +d)f = (a + d) (bo.b, •... ) 

= ((a + d) boo (a + d) b" ... ) .......... . (as "." is left distributive.) 

= (abo +dbo• ab,+db" ... ) .... .......... (as "." is right distributive.) 

= (abo. abl. ... ) + (db •• db" ... ) 

= a (bo• b" ... ) + d (bo. b, . ... ) 

= af + ctr 
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3. (ad) f ~ (ad) (bo.b" ... ) 

~ «ad) boo (ad) b" .. . ) 

~ (a(dbo) • a(db,) •. .. ) . ........ (as (K[x] • . ) is sem i-group ) 

~ a (dbo• db, •... ) 

~ a (d (bo• b, • ... )) 

~ a (dt) 

4. l.f ~ (l.bo• l.b, •... ) 

~ (bo• b, •... ) 

~ f 

Therefore K[xJ is a unitary left K-module. 

Finally. we have; a (fg) ~ a «bo.b, •... ) (co. Cl. ... )) 

~ (a (bo• b, •.. . )) (co. cl. ... ) 

~ (abo. ab" ... ) (co. c, . ... ) 

~ (boa. b,a •... ) (co. c, . .. . ) .since (K[xJ.+.·) is commutative ring. 

~ «bo• b" ... ) a) (co. Cl. .. . ) 

~ (bo• b, •... ) (a (co. Cl. ... )) 

~ f(ag) 

: . K[xJ is a K- algebra 
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Chapter Two 

Weyl algebra 

2.1. Definitions and some properties on Weyl algebra 

In this section the Wcyl algebra is introduced as a ring of operators on a vector space of 
infini te dimension. 

Notation: K denotes a field of characteri stic zero. 

K[ X ]i s the ring ofpolynomiais Klxp .. . ,xn ]in un" indeterminates over K. 

The ring K [X ] is a vector space of infin ite dimension over K. Its algebra 0 (' linear 

operators is denoted by End, (K [X n . Recall that the algebra operations in the 

endomorphism ri ng arc the addition and composition of operators. Le. 

de fi ne: 'I'+rp:K [Xj-->K[X j by ('I'+rp)(f) = 'I'(f) + rp(f) fora ll j e K[XI, 

'I' , rpe End, (K [X]) and "+" is addi tion of endomorph isms (2.1.1 ) 

And 'I' 0rp='I'rp:K [X]--> K[Xj by 'I'rp(f) ='I'(rp(f)) ,'Vje K[XI , 'I' , rp e Elld, (K [X]) 

"0" is composition of endomorph isms 

Theorem 2.1.1: (End, (KIX]),+, o) is a ring. 

Proof: i, Let j,g eK[X ] , and 'l' , rp e Elld,(K[X]) , a e K 

('I' +rp)(f + g) = 'I' (f + g) +rp(f + g) 

= 'I'(f)+'I'(g)+rp(f)+rp(g) 

= ('I'+rp)(f) + ('I' +rp)(g) 

('I'+rp)(aj) = 'I'(aJ)+rp(aJ) 

= a'll (f) + arp(f) 

= a('I' +rp)(f) 

=> 'I'+rp e Elld, (KIX]) 

12 
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And 'I/<p(f + g)='I/(<p(f + g» 

= 'I/(<p(f)+<p(f» 

= 'I/(<p(f))+'I/(<p(g)) 

= 'I/<p(f) + '1/ <p(g) 

=:> '1/'1' eEnd,(K [Xll 

ii . For any '1/ .<p.¢ e End, (K [X]) and / e K[X j. 

(by (2. 1.2)) 

(by(2.1. 1» [('I/+<p) +¢](f) = ('I/ +<p)(I)+¢(I ) 

=['I/(f ) +'1'(1 )]+ ¢(I) 

='1/ (I) + ['I' (lH(I)J 
='1/(1) +(<p+¢)(I) 

=['1/ +( <p+¢)](I) 

(sin ce"+ "is assoc;alive on K[X]) 

(by(2. 1.1 )) 

=:> ('I/ +<P) +¢ = 'I/+(<P+¢) 

Hence "+" isassocialive on End..: (KtX]) 

iii . 0: K[X ] -->K[X] defined by 0(1) = 0 .V'/e KIXj 

is the zero element in EndK(K[Xl). so,a is an identity element for ,,+,. on 

End,(K[X]) 

iv. For any '1/ e End,(K [X ]) . 

Ihe map -'1/: K[Xl -->K jX I given by (- '1/)(1) = -'l/ (I) .V'/e KIXI is Ihe add ili vc 

inverse of VI . 

i.e, every element in EndK(K (X ]) has an inverse 

v. Forany 'I/.<pe End,(K [X]) .and /e KIXj 

('1/+'1' )(1) = '1/(1 )+'1'(1) 

='1'(1)+'1/(1) 

= ('1'+'1/ ) (1) 

Hence IJf +qJ = CP+V/ 

Thus "+" is commutati ve. 

13 
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Therefore ( End,(K[X]), +) is abelian group. 

vi, V'o(~+¢)(J) = V'(~+¢)(J) 

= V'((~ +¢)(J)} 

= V'(~(JH(J)) 
= V'(~(J)}+V'(¢(J)} 

= (V'o~)(J) + (V'o¢)(J) 

= (V'o~ + V'o¢)(J) 

Similarly, [(V' + ~ )o¢I(J) = (V' +~)( ¢(J )) 

= d¢(J)} +~(¢(J)) 

= (V'o¢)(J)+(~o¢)(J) 
= [(V'o~) + (~o¢)I(J) 

=> (V' +~)o¢ = V'o~ + ~o~ 

Thus" 0" is distribufive over "+ ". 

vi i, [(V'o ~)o¢I(J) = (V' o~)(¢(J)) 

= V'(~(¢(J)}) 

= V'((~o¢)(J)} 

= (V'o(~o¢)}(J) 

=> (V'o ~)o ¢ = V'o(~o¢) 

Thus "0" is assoc iative on End,(K[X]) 

Therefore (End,(K[X]) , +, 0) is a ring. 

The mappings, 

(by (2. 1.2)) 

(by(2.1. 1)) 

(by (2. 1.2)) 

(by(2. 1.2) ) 

i , : KIXI -> K[XI are the operators of K[XI which arc defined on a 

polynomial fe K[x] by the fonnulae x,(f)=x, ' f , where i = 1,2, ... , n. 

and also the mappings, 
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a, : K[XJ--> K[XJ are the operators of K[XI which arc defined on a 

polynomial fe K[xJ by the formulae a,(f)= ai, where i = 1, 2, ... , n. 
iJ XI 

Definition 2.1.1: The n" Weyl algebra A. is the K- sub algebra o f End, (K IXJ) 
generated by the operators x" 'Yl •. .. t.t" and 01 ,a2 .... ,0" . 

Note: I.The elements of All are linear combinations over K of monomials in the 

generators x. ,x2 , ... ,x" ,0.,0], ... ,0" . 

2. a~ (f) is the /11 derivative of f with respect to x, , where JeKIX) 

and j=O, I , ... , n, j = 1. 2 •...• n. 

Lemma 2.1.1: A Weyl algebra All is not commutative. 

Proof: considerthe operator a, x, and apply it to a polynomial 1 e KI X I . 

Now, a,;, (I) = a, (x, I ) 

= l·a,(x,)+x,a, (I) 

a 
= I-(x,) + x,a, (I) 

ax, 

= I+x,a,! 

= (l+x,a, )1 

=(I+x,a, )1 

(by definition) . 

(product rule of differentiation) 

Thus, as operators we see that a, .i, = ( I + x,a, ) ............... (2.1.3) 

where 1 stands for identity operator. It follows A" is not commutative. 

Note: If P, Qe All' then their commutator is the operator 

[P, QJ = PQ - QP 

The formula (2.1.3) becomes [a" x,] = I ....................... (2. 1.4) 

A similar calculation allow us to obtain formulae for commutators of the other 
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generators of An ' 

These are [a" x, ] = o'J ' [a" a, ] = [x, ," , ] = o ...................... (2. 1.5) 

where t$j, i$n Kronecker delta symbol 0 = {I if'-) 'J 0 f)l1k,...,~ 

2.2: Canonical form 

In th is section we construct a basis for the Weyl algebra as a K-vector space, Th is 
basis is known as the canonical basis, Ifan clement of A is wr itten as a linear 

" 
combination of canonical basis, then we say that it is in canon ical fonn , 

The multi-index a is an clement of N" • and a =( ai' a 1 " . . ,an) 

Now x" means the monomial X~' X:l ... x:. 
The degree of this monomial is the length lal oCthe multi-index a , namely 

Notice that a pair (a .p) of multi -indices in Nn is itselfa mult i-index in M2n. 

so it makes sense to talk of its length , 

Note: The factorial of a multi - index peN" is dt::: fillcd by p! == P. !P2 ! .. , Pn! 

Lemma 2.2.1: Let 0,13 E N" and assume that 101,; 1131 . Then 0' (x' ) = 13 ' if 0 = 13 , and 

other wise zero, 

Proof: if 0 = 13 . Then, aPex' ) = a' (x P) 

- (a Aa~ a'H )(,A," x"') P I - , 2'" ~ - I '1'2'" " - I ,,' 

- (a AaPo a" " X,Ax" ,"" )13 I 13 I 
- I 2"'n-2 '. 2 .. ··n-2 n-" II' 
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~ p! 

If .5 " P and 1.51 < Ipl ' a'(x' ) ~ O. 

. a, e 1'1 IS a basIs of An as a vector space over K. Proposit ion 2.2. 1: The sel B ~ { x·a' . P ~ , } . . 

Proof: i, Let coP E K for a , f3 E N" such that L ca,8 xl> afJ = 0, where 0 is the zero operator. 

LeI I E K[X) be a monomial of degree p, 

Now, I e., x·a'(f) ~ OU) ~ 0 

=> P! Ie., x· ~ 0 (by Lemma 2.2. 1) 

Since x'" *" O, wehave CaJJ = 0, Va .fJeN" 

Hence B is linearly independent. 

ii, Let De An and D = Leap x"aP be a finite linear combination, CapE K • 

We need tu show that if some CliP"'#. 0, then 0 *' O. 

BUI D is a linear operalor ofK[X) . 

• Suppose D ~ 0 

::::::) caP == 0, Va ,/l eN". since B is linearly independent . 

This follows Ihal c., " 0 => D " O . 

• Suppose D " 0 
=> 30,,1 E K[XJ such Ihal D (I) " 0 (Olherwise D (I) ~ 0, VI E KlXl => D ~ 0) 

Choose 8 be the index such that cdO ;tO for some index a , but caP = 0 , for all indices f3 such 

Ihal Ipl<I.5I. 
Now. D (x' ) ~ I e., x·a'«') ~ .5! I e., x' (by Lemma 2.2. 1) 

~ D (xJ ) :# 0, since at least onc of the coefficients Ca6 *0 by the choice of 
8 

. 
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Hence D '* 0 =::) D = Lc"px"a fJ for some caP ,* 0 .~f­

Hence B is a basis of An. 

Examples: I . Find the canonical form of a~ XI + a l X I in II ) 

Solution:- a~ XI + al X I = °2°2 XI + 01 X I 

~ 0, .<,0, + (1 +.<, 0,) ............. (by(2. 1.3)) 

~ (x, 0,)0, + 1 + x,o, .... .. .• ...... ( by (2. 1.5» 

l-fence I + XI 01 + XI o~ is a canonical form of o~ XI + 01 XI in A ) . 

2. Fi nd the canon ical form of a: X l
1 in A) . 

( by (2.1.3») 

(by (2. 1.3» 

( by (2.1.3) ) 

( by (2.1.3») 

2.3. The degree of an operator 

Let D e A,. The degree of D is the largest length of the multi-indices (a,p)e N" xN" for 

which xQ afJ appears with non- zero coe mcient in the canonical form of D. It is denoted by 

deg (D). As the degree o r a polynomial, we use the convention that the zero polynom ial has 

degree --<.() • 
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Theorem 2.3.1: The degree satisfies the following properties; for D . D' e A .. ; 

Proof:-

l.deg( D+D')s max(dcg (D) ,dcg( D' )} 

2, deg(DD') =deg(D)+deg(D') 

3, deglD, D' ls dcg( D)+dcg( D' )- 2, 

I , Case I: I f ei ther D or D' is non-zero constant. 

Without loss of generality assume that D' is non-zero constant. 

Now, dcg(D + /f) = deg(D) , larD ", 0 

= max {deg( D) ,O) 

= max (deg( D) ,deg( D')} 
For D = 0, deg( D+D')= dcg( D') = max (deg ( D) ,deg( D')} 

Case 2: I f D.D' eA .. arc wri tten in canonical form, then so is D + D' , and one concludes 

Ihal deg( D+ D' )s max (deg ( D) ,deg( D' )} 

2, Case I: Ifei lher deg(D)or deg(D' ) is zero, 

Without loss of generality assumc that dcg (D') = 0 

This impl ies D' is constant and I)' -:I:- O. 

dcg(DD' ) = deg (D) 

= dcg(D) + dcg(D' ) 

Hence deg(DD')=deg(D)+dcg(D') 

Case 2: Suppose D=o' and D' = x" wilh tal + [p[ = k, 

If p, 1:- 0 , then [ap , xu ]=a, [ all-" , xu ]+[ a, .xu ]all . " , wherc e, denotes thc multi-index 

all of whose cntries are zero, except the jl.h en lry which is I , 
Since for some i. p,-:l:-O, by induction we have ; 

deg[oh ] s [aH P[- 3 a"d deglo, ,x" 1 S [a[- I , since deg(oh) = [p[- I 
=> deg(o, [a'-" ,x" ]) '; I +[a[+[p[- 3 = [al+iP[-2 

And deg([o" x" loh ) ,;[a [- I+[P[- I= [al+iP[- 2 
Then deg la' ,x" ] = deg(a, lah ,x" J +10, ,x" 10'-" ) 

19 



5 max (deg(a,laP-<. ,x' I) ,deg (l a, ,x' I a"" )} ~ la i+lp l- 2 

=> deg[a' ,x' ] 5 1al + Ip l- 2, But [a' f] ~ a' x" - x' a' 

=> aP x" = XII all + [a'l, xlJ
] 

Since deg(x' a' ) ~ lal+lpl alld des ra' ,x' 15Ia l + IPI- 2 

We conclude that deg(OO') ~ deg( a' x") ~ deg(x' a' ) ~ la l + IPI ~ deg( O) +deg( 0 ' ) Hence 

deg( 0 0) ~ deg ( O)+deg( 0') , 

Case 3: Let 0 = ,yael and D' = XU a~ 

If lal = Ip\ = 0 , then D= xd and 0 ' = 0'1 . Thus, the result is the same as case 2. 

Suppose lal '" o,IPI '" 0, Then 00' ~ x' (a' x' )O" 

~ x' (x' a' + la' ,x' r)O" 

Since [a', x" ] ~ a' x" - x" a' and deSra', x' ] 5 Ial+lpl - 2, 

deg(x' [a' ,x" ]a' ) 5 lol +laI+lPI- 2+1'11 ~ dcg(O) +deg(D) - 2 

Tht.:11 dt:~( DO' ) =dcg( .\"6." all'" + :<' lall ,x" liY' ) 

5 maxldeg(x"'a"' ),des(x' [a' ,x" JO"ll 

~ deg (O)+deg(D) 

I-lenee deg(OO') ~ des (D) +dcg(D' ) 

Example: Let P ~ x,a and Q ~ x, a , Then deg (P) ~2 and deg (Q) ~2 , , 

=> deg (P + Q) ~ 2 

Hence deg (P + Q) ~ max {deg (P ) , deg ( Q ) } ~ 2 

=> deg (PQ) ~ 4 ~ deg (P ) + deg(Q) 
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~ x,( I + x, a ) a -x ,x,a a 
I L I 1 

=o deg ( I' , Q) ~ 2. 

=0 deg [I' , Q 1 ~ deg (I' ) + deg ( Q) - 2 

Co rollary 2.3.1: The algebra An is a domain. 

Proof :- Let P, Q E A" with PQ ~ 0 (0 is zero operator ).Then we want to show P ~ 0 or Q ~ 0 

Suppose not, (i.e, p" 0 and Q" 0 ). 

=0 deg(P) ~ nand deg(Q) ~ m , for some n, III ~ 0 

=0 deg(p) + deg(Q) ~ n + III ~ 0 

=0 deg(PQ) ~ s ~ 0 , for some s ~ n + III 

=0 PQ " 0 - H -

Hence P ~ 0 or Q ~ 0 

I-Ienec An is a domain . 

Corollary 2.3.2: The only elements of A" that have an inverse are the co nstants. 

Pr 00/: Lei 0:1:- p EA" has all inverse 

~3P'EAn such /hal pp' = l 

=0 deg (pp') = deg(l) = 0 

=0 deg (p)+ deg (p') = 0 

=odeg (p) =deg (p') = 0 , (since the degree of a non - zero operators is 

always non - negative.) 

~ P is constant . 
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2.4. Ideal structure 

Theorem 2.4.1 : The Weyl algebra A, is simple. 

Proof : let I be a non - zero two sided ideal of An . 

Let 0 '# p El with smallest degree in I . 

Case 1. deg (p) = ° 
~ P is constant. 

:::::> p is a unit in J (by corollary 2.3.2) 

=> there exist p.le I such that p.lp ;:: P p.l = I e I ,(since I is two 

sided ideal of A, ). 

Now, letx e An, l e I 

::::::) x. l =1.x=x E I 

=> 1 can be generated by 1 

But I ~ An 

Hence I ;:: An 

Case 2: p ~ Le.,x· a', where 0 * c., e K fora ,pe N" 

=> deg( p) ~ a+p > 0 

Now x E A .. ,p E I => xp, pX E J , since I is two sided ideal of A,, -

IfP * 0 , then xp _ px e l (otherwise p ~ O. Then xp - px ~ Oe 1 --><-- to 1 * 0) 

But from (theorem 2.3. 1, # 3 ) we have 

deg (xp - px) ~ deg Ix, p] 5 deg (x) + deg ( p) - 2 

~ I+a+p -2 

= a + P -1 , which is a contradict ion to the choice of p (i.c. p 

has smallest degree in 1 ). Thus P ~ O. 

22 



Now, since a + P > 0 and P = 0, we have a *0 . 

=> 0 * a, p - p a, = [a" p] e I 

Moreover dcg I a" pi ,; deg( a, ) + deg(p)·2 

= 1+ a+p- 2 

= a + P - I , again contradiction to the choice of p (Le. p has 

the smallest degree in I). Hence a ::: O. 

=:> / contains only the constant element (s). 

Hence / = Afl. 

Thus Afl does not contain a two - sided proper ideal. 

Therefore An is si mple. 

Corollary 2.4.1: Every endomorphism of A" is injective. 

Proof: Let ¢:A" -)A" be an endomorphism 

=> ¢(p) - ¢( p') = 0 

=> ¢(p _ p') = 0 • since ¢ is homomorphism . 

=> p - p· e K,,.¢ 

=> p _ p' = 0 since Ker¢ is two sided ideal of A" which implies Ker¢ ::: O. 

=:> p = p 

Hence ¢ is injective. 

2,5. Modules over the Weyl algebra 

The Weyl algebra was constructed as a subring of an endomorphism ri ng. Writing CrXI is a 

polynomial ring C [Xl' X! , ... , x,, ]. where C is a complex number as a field K. Then we have that 

A. is a sub ring of Endc(ClX j).One deduces from this that the polynomial ring is a len A. ' 

modu le.Thus the action of .i, on C IXl is by straight forward multiplicat ion where as 0, acts 

by differentiation with respect tax, . 

Note: Let M be a K _ vector space. Then to say M is A~ - module, it suffices to show that : 
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i. [a, ,x) l lf =b" J II 

ii , [.l/. Xj ]II = [' a, ,aj 111 =0 (2 . 1.6) 

rorevcry ue Mand X".l" a,and a
l 

are operators or KIX'I· 

Theorem 2.5. 1: qXj is is a le ft A. - module . 

Proof: a mappings, A. x qXj .... qx j defined by ( ,r, ,f) ..... ,r, (f) = x, -/ 

(a"f) ..... a,(J ) for all f eq X I 

i, ra",r, l (J) = (a, x, -", a,) (I) = g~~~", where i ,j= I,2, ... ,n (by (2. 1.5)) 

ii, ra, ,a, ]( f )=O-/=O 

iii , lx, "', 1(J)=0· f =0 

Hence q X I is is a left A. - module. 

(by (2, 1.5)) 

(by (2, 1.5» 

Exa mple: C[xJ is a len A
I
- module with the action of' x and a~on te l'x.! . Defined 

x,a, : qx] .... qxl , by f ..... xf and f .... a, (J) 

Proor: From theorem 2. 1.1 (C lx j,+,· ) is a ring, then we have that (C(xl .+) is abelian group. 

Now, let P , Q e AI and f, g E C[x).Considcr the monomials P = XU a~, 

Q = xu, a~ and a ,p,al' fJl e No' 

i, P (/+g) = x'a~(/+g) 

= x' ( a~(/+g» 

= x' ( a~ (f) + a~ (g» ................ ( by linearity). 

= x' ( a~ (f» + x' ( a~ (g » ............ (by de fi nition). 

= (x' a~ )(/) + (x' a~)( g) 

= P f+ I'g 

ii , (P + Q)f = (x'a~ + x"a~ ) f = (x'a~ ) f + (x"~)f= I' f + Qf 

iii , ( P Q)f = (x' a~ x" a~ )f =(x' a~ ) «x" a~ )f) = P (Q f) 

24 



iv, 1(/) = 1. / = I 

Moreover, 

[a 'J I = (a x xa ) 1 - i llif'" h .. 1 2 ¥,. ~ - ~ - ' OOlht,.."W ,\V ere ' ,J=, .... ,n 

[a,.a, J 1 = (a:-anl = 0. I =0 

[x.xJI = (x'- x' }1 = 0. 1 =0 

Hence C[x] is a len A,· module. 

Theorem 2.5.2: C [x] as An - module is simple. 

Proof: let I ec[xl.! ,,0 and A. f be a submodule of q xl· 

Then a:' (I) = e.·a!. This implies I = ~ a:' I e AJ 
c a' " . 

=:> AJ = qx]. 

Hence C[xJ as A" - module is simple. 

Theorem 2.5.3:Let l"O.!elC[xJ. qxll is a len A.- module. 

Proof: Define a map ·: A, x qX]1 -> qxll • given by 

[
X 1!...] H X 1!...= X, P and 
" /' ' f' f' 

(
0 .l!...] H 0 (.l!...] J' a, p-po,(I' ) 
"1' ' I' (I')' 

= I' O. P - Pl" r' a,(I) 
(f')' 

(by (2. 1.5» 

(by (2.1.5)) 

(by (2.1.5» 

=la, (p) - rp o, (I) e Ixl/, where. ; = I • ... , n. 
I'" 

Si nce the set of rational functions of the form ;, is abelian group with an operation "+", 
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i. e. (qx l" +) is abelian group. (sec theorem 1.4 .1) 

Now, let p, q, h, r e C[x] and L ,!L ~ e C[x] and .i a e A r t s eN j ' / " j J I ,'j ~ t • ' 

and where i = I t 2, .. " n 

i, x ( L + !L) = x (PI' + (V' ) 
, I' I' ' 1'1' 

= x, p l' + xl f/ /' 

1'1' 1'1' 

= X, P + X,q 

I' I' 

= x (L) + x (lL) 
'I' ' I' 

a (I' + q ) - a (I'I'+(V') 
' I' I ' ' I'I' 

= I' l'a,(pl'+ 'I I')-(pl' +ql')a,(i' I ' ) 
(f'I')' 

J' I' [I' a, I' +1' a,!' +1' a, q+qa,!'] - (pI ' +q 1')(l'aJ' + I'a,!') 
(f' /')' 

= 1'1'[1' a, I' +1' a,!' +1' a,q+qa,!'] 
(f'I')' 

= a (L )+a (!L) 
' /' ' f' 

" (- a )p 11 x+ - = , , ' f r 
(.',+a,)p 

I' 

= X,I' + a, p 

I' I' 
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- - -- ---

~x(L)+a(L) 
' J' ' J' 

111 , (a x)L = ~x L - ~(x L )-a (x' p ) " f' Oxl' f'-ax, ,/,-. ' f ' 

(X a )L =x ~L - (a p) - . (a p) , ' J' , Ox, I' -x, I j' - x, ' i' 

Moreover, 

[a .] ( P ) - (a' . l( p) Ii (p) {fr if ,., 
I' X) I' - ' XJ -x) 8, I' = 'J I' = 0 nIM""'''' 

, where i, j = 1,2, ... , n. 

[a"a,](;.)= 0.(;.)=0 

[x, ,x,] (;. ) =0(;' ) =0 
l·lenee qx], is a left A. ' module. 

( by (2. 1.5) ) 

Example: Let J ~ x+ l , and arbitrary p E c[x]. Then qx i, is A, • module. 

x(L) _ x( p ) - XP E C[, ] J' - (x+ l)' - (x+ l)' . , 

a _ _ = E x, 
(
p) _ (x+ l),a, (p) -r(x+ I)'-'P a, (p )- r(x +lr' p Cll 

, J' «x+ In ' (x + I)' 

(by (2. 1. 5)) 

[a a j ( p ) ~ O P ~ O 
, " (.<+1)' . (x+l)' 

(by (2.1.5)) 

r j( p ) - 0 p -0 
x , x (x+ l)' - . (x+ I)' -

(by (2. 1.5)) 
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Hence C[xl, is A, - module. 

Lemma 2.5.4; Let R be a ring and M be an irreducible left R - module. 

I , IfO ;,uE M, then M" R/ / Ann(u) 

2. IfR is not a division ring, then M is a torsion module. 

Proof; Consider a map f: R -> M, defined by f ( I) : I . u : U 

Let a, b, CE R, 

i, f(a+b) : f(a+b . I) : (a+b) . u 

= au + bu 

: f(a) + f(b) 

ii, f(ca) : (ca) . u : C (au) : c f(a) 

Hence f is homomorphism. 

Since O;,uEM and M is irreducible (i.e. for any O;,uEM 3 1 E R such that f( I) : u ), 

f is surjective. 

Kerf : (b E R / f (b) : OJ : (bE R / b . u : ° for ° ;' U E M j : Ann( u) 

Hence M" R/ () ........... (by fundamental theorem of homomorphism) 
/ Ann II 

2. Suppose Ann(II):OforsomeO;, UE M. 

It fo llows from (I) above, M " R, since ~nn(lI) : R / (OJ : R 

Since M is irreducible, this can happen only if the left ideals of R is it self. 

But in this case R is a division ring -H- to the hypothesis. 

Thus Ann(u) '# O. Hence ifR is not a division ring. then M is a torsion module 
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2.5. 1. T wist ing 

Let R be a ring and M be a left R - module. Suppose q be an automorphism of R. 

We shall define a new left module M. ' as follows: As an abelian group, M. = M . 

The difference lies in the action ofR on M". 

Let ae R and ueM, define a · u = q(a) u .Then M. is a left R - module. 

To show this, 

Define R x M . --> M . by (a, u) Ha ·u = q(a) u. 

i, (a+b)u = q(a+b) u, for a,be R, ue M. 

= (q (a) + q (b)) u, since q is an automorphism. 

= q (a) u + q(b) u 

= au + bu 

ii , (ab)u = q(ab) u 

= q(a)q(b)u 

= q (a) (bu) 

= a (bu). 

iii , a (u + v) = q(a) (u + v) , u, V e M. and a e R. 

= q(a)u + q(a)v 

= au + av 

Hence M is a left R - module . • 

It is called the twisted module ofM byq . 
. . R b . M be a left R- module and q be an automorphism of R. 

ProposItion 2.S. 1.t : Let e a nng, 
Then, 

a M is irreducible if and only ifM is irreducible. , . 
b. M is a torsion module if and only if M is a torsion module. 

. . 
c, If N is a submodule of M , then (%). " "/N • . 
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d, Let J be a left ideal of R . 

Set u (J) ~ {u (r): r e J}. Then, 

u (J) is a left ideal of A, and (~ l. " 7."11. 
Proof: a, (=> ) Suppose a left R- module M. is irreducible . 

:=::) ForO:;tu, v E M" there exists a E R suchthat cr(a) u = v 

=> au = vinM 

Hence M is irreducible 

( <=) Suppose an R - module M is irreducible. 

=> For 0* U, v E M there exists a E R such that au == v 

::::::) cr(a) u = v in M., 

Hence M (1 is irreducible 

b, (=> ) Suppose M. is a torsion module 

::::::) There exists U E M tI such that CT (a) u == 0, for some a E R 

=> au == 0 

Hence M is torsion module. 

( <= ) Suppose M is torsion module 

=> there exists U EM such that all =0 , for some a E R 

=> uta) u ~ 0 

Hence M a is a torsion module. 

c, define I : M . .... (%). by I (u(a) u) ~ u(a) (u+ N ) ~ u(a) u + N. , for a e R, u e M . 

i, Well definedness 

Suppose u(a,) u, u (a, ) u e M. such that u(a,) u ~ a(a, ) u 

=> u ta,) ~ a (a, ) 

Now, I( a(a,) u) ~ a (a,) (u + N) 
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= a (a,)(u + N) 

= /(a(a, )u) 

Hence / is well defined. 

ii, For each a(a) u + Na e (%t there exists a(a) u e Ma such that 

/ (a(a) u) = a(a) u + Na· 

Hence f is surjective. 

iii , Ker / = {a(a) ue M.I /(a(a) u) = a({/)(u + N) = Na } 

= {a(a) u e M.I a(a) u + N, = Na } 

= {a(a) u e Mal a(a) u e Na } 

= {a(a) u e ManNa} 

= No ,since N is a sub module of M . 

Hence f is injective. 

Therefore c'Y-t " Mr. . . 
d. i, To proof a(1) is left ideal of A • 

• Since a (0) = 0, for 0 e J, a (J) ~ ¢ 

• Let x, y e a (J ). Then x = a(r ,), y = a(r , ), for r , , r , e J 

x- Y = (J (r I ) - a (r 1) = (j (r,- r 2) ,s ince (j is an automorphism. 

=> x- yea (J) . 

• Let a E A" and XE 0" (J) . 

ax = aa(r, ) = O'(ar , ) , for TIE J 

=>axe a(J) 

Therefore a (J) is left ideal of A •. 

ii, To proof (~ )a == y" 'UI 

Defin e /: R --> (Y, )a by / ( I) = I + J and / (b) = b . / ( I) = a (b) + J 
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I, well definedness 

Suppose a = b, for a, b e R. 

Now, f(a) = a ·f( I) = u(a) + J = u(b) + J = b ·f( I) = fI b) 

Hence f is well defined. 

2, Let a,beR . Then f (a+b)=(a+b)-/(I) 

= u(a+b)+J 

f (ab)=ab· f (l) = u(ab) +J 

= u (a)+u(b)+J , since u is automorphism 

= (u(a) +J) + (u (b)+J) 

= f (a)+ f(b) 

= u(a)u(b)+J , since u is automorphism 

= (u(a)+J) (u(b)+J) 

= cr (a)<T (b) 

Hence J is homomorphism. 

3, Foreach u(b)+Je (%). , thereexists be R such that f (b) =b· f (l) = u(b) +J 

Hence f is surject ive. 

4, Ker f ={be R1f (b)=J) = {b e Rl b-/ (I) =J) 

= {b e Rlu(b) +J =.I) 

= {be Rl u(b) e J ) 

={b e Rl be u -' (J) j 

= u -' (J) 

Hence f is injective. 

Therefore (}'j )a:= t 'IJ I 
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