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Introduction

In this seminar paper we study Weyl algebra and modules over the Weyl algebra. In the first
chapter we give some basic concepts of rings and Modules with their properties as a
preliminary.

In the second chapter we give definitions of Weyl algebra, modules over the Weyl
algebra and also to describe a few important theorems, Lemma and proposition of modules
over the Weyl algebra.



Chapter one

Preliminaries
1.1. Definitions and some properties on rings

Definition 1.1.1: A ring (R, +,-) consists of a non - empty set R and two binary
operations “+" and **- " satisfying:

i, (R, +) is abelian group
ii, (R, - ) is a semi group
iii, “+”and " are related by the usual distributive laws.
(i.e. for alla, b, c € R,a-(btc)=a-b+a-cand (a+ b)-c=a.-¢c+b-c)
li)_(gmplc: (Z,+, -)is aring, where Z is an integers, “+ “and *-” usual addition and
multiplication respectively.
Definition 1.1.2: A ring (R, +, ) is called
1) Commutative if “-” is commutative ( i.e. ab=ba, for alla,be R)
2) Unitary (a ring with unity) if (R , -) has an identity element, denoted by 1.
3) Division ring if it is a ring with unity and every non — zero element has
a multiplicative inverse .
4) A field if it is a commutative division ring.

Example: (R, +.-)is a field, where R is the set of real numbers, “+ “and -~ usual addition

and multiplication respectively.
Definition 1.1.3: Let R be a ring with unity and let R” =R\ {0}.
1) Anelement ae R is called zero divisor if 3be R’ such that ab=ba = 0.

2) R'is said to be integral domian if R’ is commutative ring with unity and has
no zero divisor.

3) An element aeR is called unit or invertible if 3beR such that ab=ba= 1.

Example:(Z,+,-) is integral domain.



1.2. Subrings and ideals
Definition 1.2.1: Let R be a ring. A subring of R is a non — empty subset Sc R and for all
a,beS
i) a—beS
ii) abe S
Definition 1.2.2: Let R be a ring,
1) IcRis called left ideal of R if
i) I is an additive subgroup of R
ii) reR, xel = rxel.
2) IcRis called right ideal of R if
i) 1is an additive subgroup of R
ii) reR, xel = xrel.

3) Ic Ris called two sided ideal of R if I is both a left and right ideal of R.

Example:(nZ,+,-) is an ideal of Z , where neN
1.3. Characteristic of a ring

Definition 1.3.1: Let R be a ring. If there exists ne N such that na = 0, for all ae R, then the
smallest such positive integer is called the characteristics of R and denoted by
charR. If no such positive integer exists, then we say R has characteristic zero.

(i.e. charR = 0)
Example: a, charZ =0
b, charZ A = n
Notation: K[x] is the set of polynomials in one indeterminate over a field K.

Addition and multiplication in K[x]
Definition 1.3.2: Let f(x) = Z“-"" s lx)= Zb,x' be two elements of K[x]. Then
i=0 1=0

i. f(x)=g(x)ifand only ifa;=b;, forall i
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i. f(x)+g(x)= Zc,x' , where ¢; = a; +b, for each i

1=0

i, f(x)g(x)= Y dx' , where d;= Ya,_b,
1=0

=0
Observation 1: (K[x], +, -) is a commutative ring.

Note: A ring R is said to be simple if it has no proper ideal.

1.4. Localization
Definition 1.4.1: Let R be a ring with unity. A subset S < R is called a multiplicative set if
a,be S = abe S
Example: Let R be a ring with unity.
Let P be a prime ideal of R.

Let S=R\P. Then S and P are a multiplicative sets.

Note: RS™'= R_is called localization of R at p and usually denoted by R;, where

R= {i rel andseS}

S
Definition 1.4.2: K[x]} = {fL 0% fand p,_/'eK[x].reN,,} is localization of K[x]at [, the

set of rational functions of the form % , where N, is set of natural number with zero.

Theorem 1.4.1: (K [x], . +) is abelian group.

Proof: Let f, h, p, qe K[x] and s, r, t €N and ;r ,Th,—, fi € K[x]; . Then

+i_ € K|[x] , (since the sum of two rational functions is rational)
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Hence “+” is associative

-

ii. since 0 + fﬁ = —j{’— +0 = ’{’, ,0e K[x], is additive identity.

iv. since 2 + (:—E) = (:ﬁ)+ L =0 5 ZP is additive inverse for -%

N SRR fr P

This implies “+" is commutative

Hence (K [x] , +) is abelian group.



1.5. Definitions and some properties on modules
Definition 1.5.1: let (M, +) be abelian group and (R, +, *) be aring. M is called a left
R-module or a left module if there exists a map *: R x M — M, given that the
following conditions are satisfied:

i) a(x+y) =ax+aywhenever ac Randx € M

ii) (ab)x= a(bx) whenever a,b e R andx e M

iii) (a+ b)x=ax + bx whenever a, be Randxe M

iv) 1x=x for all xe M and 1 denotes the identity element of R
Example: 1. (Z, +, ) is a module over itself.

2. (R, +, -) is a module over itself.

1.5.1. Homomorphisms and isomorphisms over a module.
Let M and N be modules over a ring R.

Definition 1.5.1.1: A mapping :M—N is said to be an R-homomorphism or a homomorphism
of R-modules if it satisfies the following two conditions:

i f(x+y)=f(x)+1(y) whenever X,y € M;
ii. f (ax) = a f (x) whenever a € Randx e M.
Definition 1.5.1.2: A homomorphism f: M—N of R-modules is called
i) a monomorphism if x#y (where x, ye M) implies that f( x) # f(y).

ii) an epimorphism or a surjection if each element of N is the image of at least one
element of M.

iii) isomorphism if fis botha monomorphism and an epimorphism
iv) an endomorphism if M = N
y) an automorphism if M —»M is isomorphism.

Definition 1.5.1.3: Let f:M—>Nisa homomorphism of R-modules.

Then the set of elements of M which are mapped on to the zero element of N is
called the kernel of f and is denoted by Kerf .1.e, Kerf = {xeM!_f (x) =0_\,}



Lemma 1.5.1.1: /: M—N of R-modules is a monomorphism if and only if Kerf = {0, }.

Proof: (=) Suppose f is monomorphism.
Let xeKerf . Then f(x)=0y and f(0)=0x
Since f is a monomorphism, X = Oy
Hence Kerf = {Oy}
(<) Suppose f(x)=1(y), for x, y €M, we need to show that x =y.
= f(x) - f(y)=0
= f(x-y)= 0, ,since fis homomorphism.
= x -y € Kerf
=» X-y=0,
—=X=Yy
Hence f is monomorphism.

Note:-Two R-modules M and N are said to be isomorphic if there exists an
isomorphism of M on to N and this is denoted by M = N

Note: If A is a subset of a set B, then we obtain a mapping j: A—B by putting j(a) = a
for every ae A .This mapping is called the inclusion mapping of A into B .

In the special case where A = B, this yields the identity mapping of B and denoted by i, .

Definition 1.5.1.4: If : M—>N is a homomorphism, f (M) is called the image of the
mapping f and the image of f denoted by imf.

Note: f is an epimorphism if and only if Imf=N.

1.5.2. Submodule
Definition 1.5.2.1: Let R be a ring and M be an R — module.
A non empty subset N of M is called a submodule of M if
i, x,ye N=>x-yeN

ii,ac R,xe N = axe N



Example 1: Let f: M—N be a homomorphism, where M and N are modules.Then imf
is a sub module of N.

Proof: i, since f(0) = 0,we have that e imf.
Hence imf#4 .
i, Let y; , y2 € imf. Then f(x;) =y, and f(x;) = y> for some X, Xoe M.

y1—y2 = f(x)) = 1(x2)

=Xy = X) s vsnsonnesssnsippeasassss (SHICEL IS homomorphism)
=Sy -y2=f(x;=x) e imf....oooeennnnin. (since x;—X €M)
= y;—Yy; € imf
iii, Letae R, y, € im /. Then f(x )=y, , for some x, € M
Now, ay,=af(x)=f(ax) ..coooerinanrnn (since f is homomorphism)
= ay,=f(ax)e imf
= aycimf
Hence imf is a submodule of N.
Example 2: Let M be an R — module and me M\ {0}. Then Rm is submodule of M.
Proof: Let a, b e Rm, a = rym, b = rym,for some r; r; € R
a-b= rym-rm = (r;-r;)m € Rm
ra = r(rym) = (rr;)m € Rm for re R.

Hence Rm is submodule of M.

Definition 1.5.2.2: An R— module M is simple or irreducible if there is no submodule N
such that{0}c N M. (ie. if {0} c N <M .then N={0}or N = M)

Or an R - module M is simple if and only if Rm = M,
forallm € M\ {0} and Rm is submodule of M.

Definition 1.5.2.3: Let M be an R— module, N be a submodule of M. Then
I'*VN={J:+N /xeM} is called quotient module or factor module. Define the operation

“+"and *“-” on M%V as follows:



For x+N, y+N € % , (x*N)+( y+N) = (x+y)+N and a(x+N) = ax +N for a eR.
Note:-Let M be an R - module, N be a submodule of M. Then M, v is an R — module.

Let R be a commutative ring and let N, P be submodules of a module M, we define
(N: P)={aeR/aP < N} is an ideal of R.

In particular, (0: M) = {aeR / aM = 0}is an ideal of R. This ideal is called annihilator of M,
denoted by Ann(M) or Ann{"’.

Definition 1.5.2.4: Let R be a ring and M be an R- module.

An element me M is said to be a torsion element if there exist a non — zero re R such that
rm = 0 (i.e. if Ann(m) is non — zero left ideal )

Note :- The set of all torsion elements of M is denoted by 7 (M) .

- The module is called a torsion module if 7 (M) = M.

1.5.3. Algebra
Definition 1.5.3.1: Let K be a commutative ring with unity .An algebra Over K
(or a K- algebra of M) is a ring M such that:
i, (M, +) is a unitary (left) K- module.
ii, a(mn) = (am)n = m(an) for all ac K and m, ne M.
Example:1. Let f: R — M be a ring homomorphism. Define ax = fla).x,aeR xeM.
Then M is an R- algebra.
Proof: Let @, a € R and x, ye M.Then,
i, a(x+y) = fla)(x +y) = f(a)x + f(a)y = ax + ay
ii, (a + b)x = fa +b)x = (f(a) + f(b))x ........... (since fis homomorphism)
= fla)x + f(b)x
=ax + bx
iii, (ab)x = f(ab)x = (f(a)f(b))x = f(a)(f(b)x) = a(bx)
iv. 1-x =x, for all xe M. Hence (M , +) is unitary(left) R-module.

v, a(xy) = fla)(xy) = ({(a )X)y = (@ X)y



and also a (xy) = f(a )(xy) = (f{a )x)y
= (xf( @ ))y, since M is a commutative ring.
=x (fla)y)
=x(ay).
Hence M is R- algebra.
2. If K is a commutative ring with identity, then the polynomial ring K[x] = Klx),...Xa]is
a K- algebra with the respective K-module structure given in the usual way.
Proof : We need to show that i, (K[x],*) is a unitary (left) K-module.
ii, a(fg) = (af)g =f(ag) for allacK and I, ge K[x].
Now, since K[x] is a ring with unity (K[x], +) is abelian group.
Let a map K x K[x] — K[x] be an action of K on K[x] by (a. f) > af, where acK
and fe K[x].
For a. deK and f, ge K[x], where f= (b, by,...) and g = (co, ¢....) and
By 3By 505Gy 58155 €K . WeE have,
1. a(ft+g)=a (bytco,bitcy,... )
= (a (bgtcy), a (bytey)s...)
= (abgt acy, abj+acy,...) ....ooue. (as “.” is left distributive.)
= (aby, aby,...) + (acy, acy, ...)
= a (bg, by,...) +a(co. €y, .-2)
=af +ag
2. (a+d)f=(a+d)(bg.by....)
=(a+d)bg(@a+d)by...) ceeennnnn (as “.” is left distributive.)
= (abg +dby, ab;+dby,...) coeeeinnninn (as “.” is right distributive.)
= (aby, ab, ...) + (dbg, dby....)
=a (bg, by,...) +d (b, by, ...)
= af + df
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3. (ad)f = (ad) (bg,b),... )
= ((ad) by, (ad) by.....)
= (a(dbp) , a(db;) ,... ) cevunen. (as (K[x] . . ) is semi-group )
= a (dby, db,...)
=a (d (bg, by, ...))
=a (df)
4, 1.f=(1.by, 1.by,...)
= (bg, by,...)
=f
Therefore K[x] is a unitary left K-module.
Finally, we have; a (fg) = a ((bg,by,... ) (o, C...)
= (a (bg, by.-..)) (€0, €4, )
= (aby, aby,...) (co, €1, --)
= (bpa, bja,...) (co, €1, ) since (K[x].+,-) is commutative ring.
= ((bo, by,...) @) (co, €1, )
= (bg, by...) (@ (co, €1, -2))
= f(ag)
- K[x] is a K- algebra

11



Chapter Two
Weyl algebra

2.1. Definitions and some properties on Weyl algebra

In this section the Weyl algebra is introduced as a ring of operators on a vector space of
infinite dimension.

Notation: K denotes a field of characteristic zero.

K[X]is the ring of polynomials K[x,,...,x, Jin “n” indeterminates over K.

The ring K[X] is a vector space of infinite dimension over K. Its algebra of linear
operators is denoted by End, (K[X]). Recall that the algebra operations in the
endomorphism ring are the addition and composition of operators. i.c.

define: v +¢: K[X]>K[X] by (w+0)(/) = v (N+e(/) forall feK[X],
v .peEnd, (K[X]) and “+" is addition of endomorphisms (2.1.1)
And y o @=yg :K[X] - K[X] by vo (f)=w(e(/),YfeK[X], v.peEnd (K[X])
“o” is composition of endomorphisms (2.1.2)
Theorem 2.1.1: (End (K[X]),+,°) is a ring.
Proof: i, Let f,g eK[X],and v,¢ ebnd, (K[X]) , aeK
Ww+o)(f+8) = w(f+&)+e(f+8) (by (2.1.1))
=y (NH)+y@+e(f)+e@)
= (y+) () + ¥ +9)g)
(w+o)(af)=y(afN+eaf)
= ay (f)+ap(f)
= a(y+o)/f)

— y+peknd (K[X])

12



And yo(f+g)=v(p(f +8)) (by (2.1.2))
= y(e(f)+e(f))
= y(p(N+y(e(g)
= wo(f)+y o(g)
= yo € End, (K[X))

ii, For any w.p,¢ € End, (K[X]) and f e K[ X],

[ +@)+81(f) = (v +¢)(f)+¢(/) (by(2.1.1))
=y (N)+e()+e(/)
=y (f)+lp(f)+e(/)] (sin ce"+"is associative on K[X])
=y (/) +(e+¢)(/) (by(2.1.1))
=[y +(p+¢))(/)

= (v+o)+p =y +(9+4)
Hence "+ "isassociative on End, (KX )

iii. 0: K[X] > K[X] defined by 0(f)=0 VfeK[X]

is the zero element in End, (K[X]). S0.0 is an identity element for “+" on

End, (K[X])
iv, Forany y € End (K[X]) ,

the map -w : K[X]=>K[X] given by ) (f)=-w(f). ¥ eK[X] is the additive

inverse of v .

i.e, every element in End, (K [X])has an inverse
v, Forany v ,¢ € End, (K[X]) , and feK[X]

(w+e)(/)=v(N)+o(/) (by(21.1)
=o(f)+vw(f) ("+"is commutative on K[X])

=(p+y)(/)

Hence y+¢ = ¢ +y

Thus “+7 is commutative.

13



Therefore ( End, (K[X]), +) is abelian group.

vi, y o(9+9)(/) =v (9+4)(/) (by (2.1.2))
=v((o+9)(/))
=y (e(f)+4(/)) (by(2.1.1))
=y (e(f))+v (4(/)) (by(2.12))
= (vop)(f)+(wod)(f)
= (vop + yop)(f)

=yo(p+4)=yop +yop

Similarly, [(v +9)0#1(f) = (¥ +¢)(¢(/))
=y (p(/f))+e(e(1)) (by(2.12))
=(vog)(/)+(eo9)(/)
= [(yo9) + (pog)I(/)
= (y+p)op=yop+@pod
Thus" 0" is distributive over"+".

vii, (v o@)og)(f) = (voo)(¢(/))
v(e(4(1))
v((pod)(/))
=(yo

o(po9))(/f)

= (yop)od =y o(po9)

]

]

Thus “o” is associative on End, (K[X])
Therefore ( End,(K[X]),+. 0) is a ring.

The mappings.
%: K[X]—> K[X] are the operators of K[X] which are defined on a
polynomial fe K[x] by the formulae x,(f)=x f ,wherei=1,2,.

and also the mappings,

14



0,: K[X]— K[X] are the operators of K[X] which are defined on a

polynomial fe K[x] by the formulae a,(f)=g—f- ,wherei=1,2,...,n.
X

Definition 2.1.1: The »” Weyl algebra,is the K- sub algebra of End, (K[X])
generated by the operators X, ,%,,....%, and 0,,6,.....0,.

Note: 1.The elements of A, are linear combinations over K of monomials in the

generators X ,%,,...,X, 40,,0;4:,0,
2. 9/(f) isthe j" derivative of f with respect tox, , where feK|[X]
and j=0,1,...,0, i=1,2,..,0
Example: x,8,,x; 0 are elements of 4,
Lemma 2.1.1: A Weyl algebra 4, is not commutative.

Proof: consider the operator 3, X, and apply itto a polynomial feK[X] .

Now, 3,%(f) = 8,(x-/) (by definition).
=19,(x)+x2,(f) (product rule of differentiation)
- f%(x,) +x0,(/) [since %(x,) - 1'}
= f+x0,.f
= (1+x,0, ) f
~(1+£9,)f

Thus, as operators we see that 0, £ = (14%0,) ceenennneennnns

where 1 stands for identity operator. It follows 4, is not commutative.

Note: If P. Qe 4,, then their commutator is the operator

[P,Q]=PQ-QP

The formula (2.1.3) becomes [, ) [ (2.1.4)

A similar calculation allow us to obtain formulae for commutators of the other

15



generators of 4, .

These'are [8,,% =8, [ 0.8 =% 2] =0 ..o iivisunccns (2.1.5)

where 1<j,i<n Kronecker delta symbol 6, = { Ty

0 otherwise

2.2: Canonical form

In this section we construct a basis for the Weyl algebra as a K-vector space. This
basis is known as the canonical basis. If an element of 4, is written as a linear

combination of canonical basis, then we say that it is in canonical form.

The multi-index « is an element of N, and a=(¢,.q,....a,)

Now x“ means the monomial x x3* ... x;*

The degree of this monomial is the length || of the multi-index « , namely
lo| = @ + a, +..+a,
Notice that a pair () of multi-indices in N" is itself a multi-index in N*" ,
so it makes sense to talk of its length .
Note: The factorial of a multi —index geN" is defined by f!= BBt .. B!

Lemma 2.2.1: Let &, € N” and assume that |6 <|A| - Then P(x*y=prif§ = p ,and
other wise zero .

Proof: if & = B . Then, &’(x°) = 0" (x*)

alm ﬂnl(xlﬂl ﬁn‘)

Il

@0% .00 ) (x{"x{: ")
= @P0% .. Pl x5 B,
= @P0k .. 0% Pl o x) Bt B!

i (alﬂ.ag’: "-af'. 3 )(xtﬂ x.{j: "'xf-'x‘ )B,2' B! B!

= ﬂl!ﬂzlﬂS!”‘ﬁﬂ--I!ﬁn-l! u!

16



= ﬂ!
If 6 # pand |6|<|p| . &°(x°) =0.

Proposition 2.2.1: The set B={ x“0” : a,f e N"} is a basis of A, as a vector space over K.
Proof: i. Let ¢,,€K for a,8 € N" such that Y ¢, x"@" =0, where 0 is the zero operator.
Let f e K[X] be a monomial of degree S,
ie. f=x"= xPxl..xP where ||=p5+p,+..+p, and x=(3% 3%y 5s%,)
Now, D Cu x“0’(f)=0(f)=0

= p1Y.c,x* =0 (by Lemma2.2.1)

= anﬁ x* =
Since x“ = 0, we have ¢, = 0, Va,feN"
Hence B is linearly independent.
i, Let De A, and D= Yc,,x“0" bea finite lincar combination, ¢,,€K.
We need to show that if some ¢, # 0,thenD # 0.

But D is a linear operator of K[X].
+ Suppose D=0

=¢,; =0, Va, peN’, since B is linearly independent .
This follows that ¢,, # 0 = D # 0.

+ Suppose D # 0
= EIO;tfeK[X]suchthatD(f) # 0 (otherwise D (f)=0, ¥f eK[X] = D=0)

Choose & be the index such that c,;#0 for some index a,but ¢, =0, forall indices /8 such

that |ﬂ|~c|5|,
Now, D (x°)= Y, x70° () = & Y ¢ x° (byLemma 2.2.1)

= D (x%) # 0, since at least on¢ of the coefficients ¢ s #0 by the choice ofJ .

17



Hence D # 0 = D= ) ¢, x"d forsome ¢,,#0 .«
Hence B is a basis of A,,.

Examples: 1. Find the canonical form of 8} x, + @, x, in 4,
Solution:- 0} x, + 0, x, = 0,0, x, + 8, x,
=908 S(IFEd) ivvcisirsiin (by(2.1.3))
= (20,)0; ¥ 1E X0 creennonsesine (by(2.1.5))
= 14 x,0, +x,0
Hence 1+ x,8, + x, @, is a canonical form of 2, x, + &, x, in4,.
2. Find the canonical form of 9} x; in 4,.

Solution:- &} x! =8, 0, x, x,

= 9,(1+x,0,)x, (by (2.1.3))
= 0,%+0,x,0,Xx,
=]1+x08, + 9,%(1+x0,) (by(2.1.3))

=1+x,0, + 0, x, + 9, x, x,0,

=1+ x0, +(1+x,0, )+(l +x20, )x0, (by(2.1.3))
=2+2x,0, +x,0, + x,0, x,0,

=2+3x,0, +x;(1+x,0,)0, (by(2.1.3))
=2+3x,0, + x,0, + x, x,0,0,

=2+4x0, + x/ 0;

Hence 2 + 4x, 8, + x 8! is a canonical form of &} x in4;.

2.3. The degree of an operator

Let De A,. The degree of D is the largest length of the multi-indices (a,f)e N"xN" for
which x“ 8" appears with non- zero coefficient in the canonical form of D. It is denoted by
deg (D). As the degree of a polynomial, we use the convention that the zero polynomial has
degree -=«.
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Example: - The degree of 2x,8, +x,x;0,, is 5.

Theorem 2.3.1: The degree satisfies the following properties; for D, DeA,;
1.deg(D+ D')Smax{deg(D).dcg(D' )I
2 dcg(DD') =dcg(D)+deg(D')
3. dcg[&D]Sdcg(!))«»dcg(D')—2.

Proof’-

1. Casel: If either D or D is non-zero constant.

Without loss of generality assume that D is non-zero constant.
Now, deg(D+D') = deg(D), forD # 0

max {deg (D),0}

max{deg(D).dcg(D' )}

For D=0, deg(D+D )= deg(D') = max{dcg(D).deg(D’)}

Il

Case 2: 1 f D,D e A, are written in canonical form, then so is D+ D', and one concludes

that deg(D+D')_<.max{dcg(D).deg(D')}
2. Case 1: If cither deg(D)or deg(D) is zero.
Without loss of generality assume that deg(D') =0
This implies D is constant and D # 0.
deg(DD') = deg(D)
= deg(D) + dcg(D' )
Hence deg(DD')=deg(D)+deg(D')
Case 2: Suppose D=03" and D'=x* with o] + 18| =k.
If §,#0, then [2” ,x*’]:@,[af'"- ..r":|+[6l x 0" , where ¢, denotes the multi-index

all of whose entries are zero, except the i entry which is 1.
Since for some i. 3 #0. by induction we have :

deg[d"*] <|a+|f|-3 and deg[d, .x*] <|a| -1, since deg(@"™*) =|4|-1
s deg (8 [0°% .x“]) < 1+|a|+|B]-3 = |al+[B|-2

And deg ([3,.x*10") < |a|-1+|B]-1= |a| +]8]-2

Then deg[0”,x°] = deg(d,[0"",x"] +[8,,x"10")
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< max {dcg(a, [0, x"]),deg([0,,x*]0" " )} = |a|+|B|-2
= deg[d”,x"] € |a| + |ﬂ|—2. But [¢/,x"] =0 x* - x* o’
= 0/ x* =x" 0" +[0",x"]
Since deg(x” 8”) = |a|+| | and deg[d” .x"] <|al + |B|-2
We conclude that deg (DD') = deg(@” x* ) = deg(x” ") =la| + 8| = deg(D)+deg(D’) Hence
dcg(DD') =deg(D)+dcg(DI).

Case 3: Let D=x°9" and D =x“ 0"
If || =|p| =0, then D=x" and D = @". Thus, the result is the same as case 2.
Suppose |a| # 04| # 0. Then DD =x (8% x*)o"
=’ (x* 0 +[&" \x" l)e”
= xPraghn 4 ¥[8 x°]0"
Since [0”,x*] =" x* - x“0” and deg[0”,x“] < ||+ 8] -2,
deg(x*[0",x“10") < |6|+|a|+|B| - 2+l = deg(D)+deg(D) -2
Then dcg(DD') =deg(»***0""" + X°[9" ,x*12")
< max {deg(x***2"""),deg(x'(0" x"12")}
= deg(x"*"0"")
= deg(D)+deg(D)
Hence deg(DD') =deg( D)+deg(D')
Example: Let P=xX;5, and Q =X, . Then deg (P) =2 and deg (Q) =2

a, P+Q=x9, +X14,
= deg(P+Q)=2
Hencedeg(P+Q)=max{deg(l’),deg(Q)}=2
b, PQ= X0, X1, = Xa(1 +X19,) 5, X29, * X2X15]
= deg (PQ) =4 = deg (P ) + deg(Q)
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¢, [P.QI=PQ-QP
=X20,X10, -X10, X20,
=x(1+x19,)9, - X1 %29, 9,
=X29, t X2X1 9} - X1 X2,
=X20,
=deg (P,Q)=2.
—deg [P,Q]=deg(P)+deg(Q)-2
Corollary 2.3.1: The algebra A, is a domain.
Proof :- Let P, Q € A, with PQ =0 ( 0 is zero operator ).Then we want to show P=00r Q=0
Suppose not, (i.e, P#0and Q=0 ).
— deg(P) = n and deg(Q) = m , for some n, m = 0
= deg(P) + deg(Q)=n+m 2 0
= deg(PQ)=s 2 0, forsomes=n+m
= PQ#0 ¢«
Hence P=00rQ =10

Hence A, is a domain.

Corollary 2.3.2: The only elements of A4, that have an inverse are the constants.
Proof: Let 0# p €A, has an inverse
—3p'e A, suchthat pp'=1
= deg(pp')=deg(1)=0
= deg(p) +deg(p)=0

=deg(p)=deg(p')=0, (since the degree of a non —zero operators is
always non — negative.)

= p isconstant.
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2.4. Ideal structure
Theorem 2.4.1: The Weyl algebra A, is simple.
Proof : Let / be a non - zero two sided ideal of A, .
Let 0 #p e/ with smallest degree in/.
Case 1.deg (p) =0
= pis constant.
= pisaunitin / (by corollary 2.3.2)
— there exist p*e / suchthatp’p=pp’=1e / ,(since / istwo
sided ideal of A,).
Now, let xeA, 1€ /
= x.1=1x=xe/
— | can be generated by 1
= Ac 1
But / c A,

Hence I = A,

Case2:p= anﬂx“a”, where 0#¢,, € K fora,fe N
= deg(p) =a+p >0
Now xe 4, .p €l =Xp, PX€ I, since / is two sided ideal of 4, .
Ifg+0 ,thenxp-px €/ (otherwise = 0. Then xp —px = 0el »>«to]=0)
But from (theorem 2.3.1, # 3 ) we have

deg (xp - px ) = deg [x,p] < deg (x) +deg (p) -2
=+a+p -2
= a+f -1, whichis a contradiction to the choice of p (i.e. p

has smallest degree in/ ). Thus g =0.
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Now, since @+ >0and g =0, we have a #0 .
=0# d,p-pod, =[0,p] el

Moreover deg [, ., p] < deg(@,) + deg(p) -2

I

1+ a+p-2

]

a+ -1, again contradiction to the choice of p (i.e. p has

the smallest degree in/ ). Hence a =0.
— | contains only the constant element (s).
Hence /= A,.
Thus A, does not contain a two - sided proper ideal.
Therefore A, is simple.
Corollary 2.4.1: Every endomorphism of 4, is injective.
Proof: Let ¢:4, -4, be an endomorphism

Let p,p €4, and d(p)=¢(p)

= ¢(p)-¢(p) =0

= ¢(p—p) =0 ,since ¢ is homomorphism .

- p-p eKer¢

_, p-p=0since Kerg is two sided ideal of A, which implies Ker¢ = 0.

= p =p.
Hence ¢ is injective.

2.5. Modules over the Weyl algebra

g of an endomorphism ring. Writing C[X] is a
polynomial ring C[x,,x, ,nX, ], where C is a complex number as a field K. Then we have that
A, is a sub ring of End,.(C[X]).One deduces from this that the polynomial ring is a left 4, -
module.Thus the action of % on C[X] is by straight forward multiplication where as @, acts

by differentiation with respect 10X, .

The Weyl algebra was constructed as a subrin

Note: Let M be a K - vector space. Then to say M is 4 - module, it suffices to show that :
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i, [0,,%,|u=6,, u
i, [%,% Ju=[9,,0,]u=0 (2.1.6)
for every ue Mand £, ,%,.0, and 0, are operators of K[X].
Theorem 2.5.1: C[X] isisa left 4, - module.
Proof: a mappings, 4,x C[X]— C[X] defined by (x,,/) - (N =x-S

(@,,f) a,(f) forall feC[X]

i, [0,,%,1(/) = @,%,-%,0)(f) = {trese WhETE irj=1,2,0.,m (by (2.1.5))

0 otherewive

ii, [9,,0,1(f)=0-1=0 (by (2.1.5))

ii, [%,,%,1(f)=0-/=0 (by (2.1.5))
Hence C[X]isisaleft 4,- module.
Example: C[x]is aleft 4,- module with the action of x and @,on C[x]. Defined

x,0. : C[x] > C[x] ,by f>xf and f—-a.(f)
Proof: From theorem 2.1.1 (C[x].+,) is a ring, then we have that (C[x],+) is abelian group.
Now, let P, Q€ 4, and f, g € C[x].Consider the monomials P = x” 2/,

Q = x" 9} and a.pa.feN,.

i, P (f+g)=x"00(f+8)

= x*(8/(f+g))
= x(P(f)+00(g)) ceverrerrinnnns ( by linearity).
= X" (P (f)+ x(BL(8)) vuveevverne (by definition).

= (2" 3!) (/) +(x* ) (8)

=pfw Py
i, (P + Q) f =(x 0! +x00) [ =(x"8)/ + (PR =R QT
i (P O)f =(xdf xah) f =(x"dl) ((x ) )=P ()

24



v, 1I(f)=1f=f

Moreover,
[0,.%] £ = (8,x-%8,) f = {(/uhwive + Where i,j=12,...n (by (2.1.5))
[0,,8,) f = (8-8]) f =0. f =0 (by (2.1.5))
[2.6) £ =(s*=at) f =0: [ =0 (by (2.1.5))

Hence C[x] isa left 4,- module.
Theorem 2.5.2: C[x] as 4, - module is simple.
Proof: let feC[x],f #0 and 4, f beasubmodule of C[x].
Lt f=Y e X & =(e,.,a,,..,a,) and |a| = &+, +.. 4, x = f8a%ss %)

1
c al

g fedy

Then &° (f) = ¢, -a!. This implies 1 =

=" A = Clx}.
Hence C[x] as 4,- module is simple.
Theorem 2.5.3:Let f#0, feCl[x], C[x], isaleft 4,- module.

Proof: Define a map-: 4,x C[x], = Clx], , given by

.fralp_prfr_]al(f)
f

far(p);r:pau(f) c C[I]_,- ’“rhere‘ ) -

Since the set of rational functions of the form -}0— is abelian group with an operation “+",
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i.e. (C[x],, +) is abelian group. (see theorem 1.4.1)

Now, letp,q, h,f e C[x] and 2. L

h
; ,— € C[x], and %,0,€4, ,r,t,s€ N
fr f: fu [ ]f

and wherei=1,2,....,n

Il

Loy 4y p|B X

7o (p s +as)-(ps'+as)o (1 1)
o

L L[S 8 p+pd, [ +f70,9+40 r1-lp s +as )10 +0,1')]
a5

rlropwassroarar] [prear)rorsrar)]
1Yy 1y

a9 L )48 (L
a(f) (f)

i, (i_+a,)—;’,- =
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i =
[a,,f_,](%] = (,%-%, a,){%}:a{%H;' o wherei,j=1,2, ..., 0.

[&,,2,][}",} =0.(%] =0 (by (2.1.5))

Hence C[x], isa left 4,- module.

Example: Let f = x+1, and arbitrary pe C[x]. Then Clx]; is A4, - module.

. P P A=
x[f'] L (x+1) Cl¥,

[_ﬂ] (x+1) 0, ( p)—r(x+]) p_0.(p)- rx+1)"'p < Clx,
1

(x+1) ) (x+1)
L=}
= 5 2.1.5
[a:9xl( )) (a R xa )(( 1) {D atherwise (b)’( ] ))
P =p (by (2.1.5))
(x+1)

(by (2.1.5))

E__j=ifi.
(%5 %] ((x+l)’) 1)
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Hence C[x], is 4, - module.

Lemma 2.5.4: Let R be a ring and M be an irreducible left R —module.
1.1f0#ue M, then M = y
Ann(u)

2. If R is not a division ring, then M is a torsion module.
Proof: Consider a map f: R & M, defined by f(1)=1-u=u
Leta, b, ceR,
i, flatb) = flatb - 1)=(atb) - u
=au+ bu
= f(a) + f(b)
ii, f(ca) = (ca) - u=c(au)=¢ fla)

Hence f is homomorphism.

<M and M is irreducible (i.e. for any 0# ueM 31e Rsuchthat f(1)=u),

Since 0=u
f is surjective.

Kerf=(be R/f(b)=0} = {be R/b-u=0for0#ueMj= Ann(u)

( by fundamental theorem of homomorphism)

2. Suppose Ann(u)= 0 for some 0# ue M.

It follows from (1) above, M = R, since %nn W R/{0}=R

Since M is irreducible, this can happen only if the left ideals of R is it self.

But in this case R is a division ring <10 the hypothesis.

Thus Ann(u) #0. Hence .fR is not a division ring, then M is a torsion module
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2.5.1. Twisting
Let R be a ring and M be a left R — module. Suppose o be an automorphism of R.

We shall define a new left module M _ , as follows: As an abelian group, M =M.
The difference lies in the actionof Ron M, .
Let acR and ueM, definea -u= o (a) u.Then M, is a left R — module.

To show this,
Define RxM_ - M_ by(a,u) »a -u= o (a) u.
i, (atbju= o (atb)u, forabeR, ueM,
= (o (a) + o (b)) u, since o isan automorphism.
=g(a)ut o(b)u
=au+bu
ii, (abju=o (ab) u
=o(a)o(b)u
= o (a) (bu)
= a (bu).
iiiba(u+v)=oc@@*tV),uVEe M, anda e R.
=g(auto(@yV
=au +av

Hence M isa left R — module.

It is called the twisted module of Mbyo.

Proposition 2.5.1.1: Let R be a ring, M be a left R- module and o be an automorphism of R.

T'hen,
a, M _ is irreducible if and only if M is irreducible .

b, M _ is a torsion module i and only if M is a torsion module .

~ M

¢, If N is a submodule of M , then ("), = (R
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d. Let ] be a left ideal of R .
Set o (J) = {o (r): rel}. Then,
o (1) is a left ideal of A, and (%), = %,

Proof : a, (=) Suppose a left R- module M, is irreducible .

— For0=u,v e M thereexists a € R such that oc(a)u=v

= au=vinM
Hence M is irreducible
(<) Suppose an R — module M is irreducible.

— For 0#u, v € M there exists a € R such thatau = v
= og(a)u=vin M,
Hence M is irreducible

b, (=) Suppose M isa torsion module

— There exists u € M, such that o(a)u=0, forsomea € R

= au=0
Hence M is torsion module.

(<) Suppose M is torsion module

— there exists u eM such that au =0 , for some a € R

=o(au=0

Hence M _ is a torsion module.

c. define /: M, - (*4), by f(o(a)n)= o(a)(utN)=c(au+N,, foracR,ue M.

i. Well definedness

Suppose o(a,)u. o(a,)ue M, such that o(a)u=ocl(a,)u
= a(a) = o(a,)

=i T &

Now, f(o‘(al)u) = o(a)(ut N)
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= O'(Gz)(ll )
= f(o(ay)u)
Hence f is well defined.

i, For each a(a)u+ N, € (*4), there exists o(a)u € M, such that

f(o(a)u)=oc(a)uth,.
Hence f is surjective.
iii. Ker = {o(a)ue M,/ f(o(@)u)= ol@u+ N)= N,}
={o(a)ue M,/ o(a)ut N,= N, }
= {o(a)ue M,/ o(a)ueN, }
= {o(a)ue M,NN,}

= N, ,since N isasub module of M .

Hence f is injective.
Therefore (), = "%, -
d. i, To proof o(J) is left ideal of 4,
e Since o (0)=0, for0 € J, o(l)# ¢

o Letx,y € o(J). Thenx= o(r,),y=o(r,), for r,,r, el

x-y = o(r))- o(r,)=ol(r-r;) .since o isan automorphism.
= x-yeo(J).

e Letae A andxeo ().
ax=ao (r,)= o (ar,), for r,el
—axe o (J)

Therefore o (J) is left ideal of 4,.
ii, To proof (%)), = Vo)

Define f:R = (#), by f(1)=1+] and f(
31
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1, well definedness
Suppose a=b, fora, b € R.
Now, f(a)=a- f(1)=c(@+I=a(b)+I=b-f(1)= f(b)
Hence f is well defined.
2.Let a,beR.Then f(a+b)=(a+b) /(1)
=o(a+b)+J
= o(a)+o(b)+J . since o is automorphism
= (o(a)+ )+ (a(b)+J)
= f(a)+/(b)
f(ab)=ab-f(1) = o(ab)+J
= o(a)o(b)+J , since o is automorphism
= (o(a)+J) (o(b)+Y)
~o(a)o(®)
Hence f is homomorphism.
3, For each o (b)+J € (%), . there exists b e & such that f(b)=b-f(1) = a(b)+J
Hence f is surjective.
4,Ker f={beR/ f(b)=J} = {beR/b-f(1)=/]
= {beR/a(b)+J/=/|
= {beR/o(b)eJ}
={bembea-*(J)}
=o"'(J)
Hence / is injective.
Therefore (%), = Yo
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