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Abstract

When membranes channels are very narrow so that their average diameters
are comparable to the average size of the permeating particles, then two par-
ticles can’t pass each other inside the channel. These molecular-sized chan-
nels are usually referred to as nano-channels. The research work presented
in this thesis deals with the modeling of nano-channels, description of their
transport properties and the channel gating mechanisms. As particles perme-
ate through nano-channels, they interact with multiple weakly attractive and
repulsive sites on the wall of the nano-channel, where the attractive sites act as
potential wells and the repulsive sites act as potential barriers. In this thesis,
the potential energy landscape of the internal wall of the entire length of the
nano-channel is modeled as a spatial distribution of potential wells and poten-
tial barriers. Moreover, we considered the potential wells as the lattice sites of
a one dimensional lattice with s lattice sites and particles permeating through
nano-channels spend more time in the vicinity of these potential well sites. We
assumed that between these potential wells, there are particle repelling sites or
potential barriers that must be hopped by the permeating particles. Thus, the
height of the potential barrier between the potential wells or lattice sites con-
trols the rate of particle transport through nano-channels. The phenomenon of
particle transport or diffusion through nano-channels is modeled as hopping
of particles between nearest neighbor potential wells across the intervening po-
tential barriers.

The occupation numbers that denote the lattice sites in the emitter and col-
lector baths are 7. and 7. and the channel sites are 7;, where i = 1,2, ..., s with
s denoting the total number of lattice sites. The average value of these internal

and external occupation numbers lies in the range between zero and one. In



this work, we employ the discrete or lattice model of particle transport through
nano-channels, which employs the Master equation formulation of the rate equa-
tions that describe the time rate of change of the average values of the occu-
pation numbers associated with each lattice site. The effects of the potential
barriers between the potential wells are taken into account via the forward and
backward transition rates. These transition rates describe the rate of forward
and backward hopping of a particle sitting at a given potential well across the
intervening potential barriers.

In the first chapter, we have proposed a simple lattice model of nano-channels
and simple expressions for the total rate at which particle are injected into and
out of the nano-channel at the two end sites. In chapter two, starting from
the Master equation of the rate equations and employing the steady state as-
sumption and the mean filed approximation of the effective transition rates
for both the internal and external sites, we have derived a general expression
of the average particle flux through a nano-channel at steady state. The ex-
pression of the average particle flux is a multi variable function. That is, J =
T (N s Ney Nes Ves Ves Ty oo Nss V1o ey Voo Ky g Ky s oo kg K oo k), wherey; = 1—
n;- The nano-channel is characterized by the channel parameters n;, ..., 75, 71, .., Vs,
ki,...k7, ki, ....kf. The effects of the emitter bath is taken into account via

the bath parameters n., 7., 7., k; and that of the collector bath via the bath pa-

[

rameters n., 1., 7., k. . In chapter three and four, we have presented a detailed
description of the properties of a nano-channel with one and two internal po-

tential wells, respectively.

Our results show that the average particle flux through a nano-channel as
a function of An, for the specified values of the other parameters, is a rapidly
increasing function of An for small and intermediate values. When An = 0,
the average flux has a minimum value and as An increases to large values, the
average particle flux through a nano-channel with both one and two internal
potential wells increases slowly and finally enters into the saturation region in
which it no longer increase as the concentration gradient increases. For most
cases, the range of the concentration gradient in which the average particle flux
becomes saturated lies between 1.0 M and 10 M for the specified values of the

other parameters. Moreover, the average particle flux approaches more rapidly



to its saturation value when the external potential well V, is occupied and the
external potential well V. is empty. The average particle flux as a function of An,
through a nano-channel with a single internal potential well is greater than the
average particle flux through a nano-channel with two internal potential wells,
thatis Ji (An|ne, ne) > Jo(An|ne, ne).

Moreover, the average particle flux through a nano-channel, with one and
two internal potential wells, as a function of the external occupation number
1., for the specified values of the other parameters, is a rapidly increasing func-
tion of 7. for small values of 7., usually 7. ~ 0.2 and after that it becomes satu-
rated. When 7, = 0, the optimized particle flux assumes a minimum value and
the nano-channel is in the inactivated state. When 7. = 1 the nano-channel
becomes fully activated and as a result the average flux approaches a maximum
positive value. Thus, 7. acts as a gating variable that controls the direction and
magnitude of particle transport through a nano-channel. Moreover, the average
particle flux as a function of 7., for the specified values of the other parameters,
approaches to a maximum positive value as . — 0 and decreases as 7. increases
and finally as n. — 1, the flux decreases to a small negative value. When 7. = 0,
the average particle flux has a maximum positive value and the nano-channel
is in the fully activated state and when . = 1 the nano-channel becomes fully
inactivated and as a result the flux approaches a small negative value. There-
fore, 7. also acts as a gating variable that controls the magnitude and direction

of particle transport through a nano-channel.

In this thesis, we have also shown that the average values of the occupation
numbers of the internal potential wells as a function of An, for the specified
values of the other parameters, are rapidly increasing functions of An for small
and intermediate values. When An — 0, the average occupation numbers have
small positive values and as An increases to large values, the average occupa-
tion numbers of the internal potential wells of a nano-channel with both one
and two internal potential wells increase slowly and finally approach the satu-
ration region in which they no longer increase as the concentration gradient in-
creases. For most cases, the range of the concentration gradient in which these
average occupation numbers become saturated lies between 1.0 M and 10 M

for the specified values of the other parameters. Moreover, the average occupa-
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tion numbers approach more rapidly to the saturation value when the external
potential wells V, and V, are occupied. For a nano-channel with two internal po-
tential wells, the average occupation number as functions of An of the internal
potential well V; is greater than the average occupation number of the internal
potential well V;, that is 12 (An|ne, n.) > no2(An|ne, ne).

The average value of the occupation number of the internal potential well
V1 increases more rapidly as 7, increases and slowly as 7. increases. Similarly,
the average value of the occupation number of the internal potential well V5 in-
creases more rapidly as 7. increases and slowly as 7. increases. As the average
value of the occupation number of V) increases, the average value of the occu-
pation number of V; also increases, and vice versa. The average value of the
occupation number of V; increases as the values of the normalized potential
barriers u;, v and u; increase and as ., u, and u_ decrease. Similarly, the
average value of the occupation number of V; increases as the values of the nor-

malized potential barriers u, , uy and v, increase and as v, u;” and u, decrease.

XXXVii



ACKNOWLEDGMENTS

Throughout the long journey of this PhD work my heavenly father Jesus Christ
is the source of my motivation, enthusiasm and determination. I have encoun-
tered so many obstacles during this long journey. But all the time my lord Jesus
Christ encourages, motivates and enlightens me. Whenever I think of Him I be-
come renewed and energized. I also get some Heavenly power and guidance.
During those dark and difficult times He enlightens my eyes and fills me with
His power. There is no word to express His help care and love for me. It sur-
passes our little mind and the expression of our language. The only thing I can
say is what is written in the holy scripture: I will praise You forever, Because
You have done it; And in the presence of Your saints I will wait on Your name,
for itis good. PSALM 52: 9.

I am extremely grateful to Addis Ababa University for sponsoring me to do
my PhD research here in Ethiopia. I am grateful for the financial support and
all other assistances that I received from the University. May God Bless Addis
Ababa University.

I would like to express my sincere thanks to my supervisor Dr. Mulugeta
Bekele for his limitless and invaluable effort in guiding and supervising this
work. I am very impressed by his friendly approach, continues encouragement,
patience and stimulating guidance, his wide knowledge, enthusiasm for research
and generosity of time towards students. I gained a lot of knowledge and expe-
rience from fruitful discussions I had with him. He gave me great academic
freedom in my research which I hope will help me to gradually establish inde-
pendent research ability. To work with him is really a great pleasure. I am hope-
ful that my relation with him will unfold through time. May God Bless him with
His Heavenly Blessings.

I would also like to express my sincere thanks to Prof. Joanny. I traveled to
Paris two times for one month and started my research work presented in this
thesis. During my short time at the Curie Institute in Paris, I worked with Prof.
Joanny, who facilitated and arranged all the financial and facilities for my re-
search. In addition to this I have done my work intensively during this short

XXxXVviii



time and I had discussion with Prof. Joanny everyday. I am very impressed
by his friendly approach, continues encouragement, patience and stimulating
guidance, his wide knowledge, enthusiasm for research and generosity of time
towards students. I gained a lot of knowledge and experience from fruitful dis-
cussions I had with him. To work with him is really a great pleasure. I am hopeful
that my relation with him will unfold through time. I would also like to thank
the Foundation Pierre-Gilles de Gennes for Research (FPGGQG). It is the FPGG who
covered all the financial support for my visit to Curie Institute. May God Bless

Prof. Joanny and DeGennes foundation with His Heavenly Blessings.

I would also like to express my gratitude to Physics department of Addis
Ababa University particularly to the special colleagues who have served as the
department chairmen during the period of my PhD study; Dr. Tilahun Tesfaye,
Dr Gizaw Mengistu, Dr Lemi Demeyu, Dr. Belayneh Mesfin for the support and
encouragement. [ would also like to thank W/ro. Tselat Adinew, the secretary of
the department of physics for her friendly approach, encouragement and pro-
viding me all the facilities that I needed from the department for my work. I
would also like to thank all the staff members of the department of physics for
friendly approach and love. May God Bless you with His Heavenly Blessings.

I would also like to thank Dr Tatek Yergou and His PhD student Solomon
for the fruitful discussions that I had with them. During our discussions, they
provided me with some useful ideas that helped me plot the graphs at the final
stage of the research work. May God Bless you with His Heavenly Blessings.

At the last, but certainly not the least I am deeply indebted to my precious
family. May God Bless you with His Heavenly Blessings.

Yitagesu Elfagd, Addis Ababa, Ethiopia

June 2014

XXXiX



MODEL AND THEORY OF NANO-CHANNELS

1.1 Introduction

The protein channels of cellular membranes support and regulate the fluxes of
various ionic and metabolic molecules that are critical for proper cell function-
ing Ref. (1} 2} 3; 4). When the Protein channels embedded in membranes are
very narrow so that their average diameters are comparable to the average size
of the molecules that permeate through these molecular sized channels, then
two particles can’t pass each other inside the channel. These molecular-sized
or nano-sized channels are usually referred to as nano-channels or molecular-
channels or one-dimensional channels. In this thesis, we preferred to use the
term nano-channels to describe these molecular sized protein channels em-
bedded in lipid bilayer membranes. The possible translational collective modes
of motion of the permeating particles inside these nano-channels are constrained
to be along the longitudinal direction, that is along the length of the nano-
channel and are blocked in the transverse direction. Thus, the possible col-
lective excitations inside these nano-channels are the longitudinal collective
translational motion of particles, which give rise to the single file nature of the
translocation of the particles through the nano-channel. A simple model of the
structure of a lipid bilayer membrane and the surrounding aqueous solution is
available in literatures, in particular in Ref. (16;[17;(18;19;20). One simple struc-
ture taken from the internet is shown in Fig.



Fig. 1.1: A simple model of the three dimensional structural of a lipid bilayer membrane

and the surrounding aqueous solution

In most biological cells, the intracellular solution (ICS) and extracellular so-
lution (ECS) are separated by LBLM. The gross two dimensional structure of the
ICS, LBLM and ECS system is shown in Fig.
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Fig. 1.2: A simple gross model of the two dimensional structure of the LBLM, ECS and
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The extracellular solution (ECS), considered as the emitter bath, has two do-
mains, the bulk and the interfacial domains. The bulk domain of the ECS, de-
noted by ECBS in Fig. the component that is far away from the outer surface
of LBLM, is the homogeneous and unpolarized component of the ECS that acts
as the source of particles. The interfacial domain of the ECS, denoted by ECPS in
Fig. the component that is in the vicinity of the outer surface of the LBLM, is
the inhomogeneous and polarized component. Similarly, the intracellular solu-
tion (ICS), considered as the collector bath, has two domains, the bulk and the
interfacial domains. The bulk domain of the ICS, denoted by ICBS in Fig.

2



the component that is far away from the inner surface of the LBLM, is the homo-
geneous and unpolarized component of the ICS that acts as the sink of particles.
The interfacial domain of the ICS, denoted by ICPS in Fig. the component
that is in the vicinity of the inner surface of the LBLM, is the inhomogeneous

and polarized component.

Moreover, a gross model of the structure of LBLM, ECS and ICS system when
nano-channels are embedded in the LBLM is shown in Fig.
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Fig. 1.3: A simple gross model of the Structure of ECS, LBLM and ICS system when

nano-channels are embedded in the LBLM

Itis known that the structure of protein channels of cell membranes is very com-
plex, and itis reasonable to suggest that the corresponding free-energy potential
of interaction has a very rough landscape. Recent molecular dynamics simula-
tions of glycerol translocation through aquaglyceroporin GIpF have calculated
a PMF that shows several relatively weak (2 — 6 k5T") but strongly localized nar-
row wells as shown in Ref. (4). Similar profiles of the PMF are also discussed
in Ref. (8). We consider a molecular sized channel neglecting structural details
and molecular composition. That is, a random potential of mean force profile
along the internal path of particles through nano-channels, without consider-
ing the specificity and composition of the nano-channel, can be employed to
develop a general model and theory that can describe the most important fea-
tures of particle transport through nano-channels. A general landscape of the

potential of the mean force along the length of a nano-channel is shown in Fig.
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Fig. 1.4: Landscape of the potential of mean force along the length of a typical nano-

channel

Fig. shows that the landscape of the potential of the mean force along
the internal path of particles through nano-channels is very complex. As can
be seen from Fig. the entire internal path of particles through a nano-
channel is equivalent to an array of potential wells and potential barriers, in
which the heights of the potential barriers and the depths of the potential wells
aren’t uniform, but are randomly distributed along the internal path of parti-
cles through the nano-channel. The potential wells or potential minima or trap
centers are particle attracting or binding sites on the internal wall of the nano-
channel and the potential barriers or potential maxima are particle repelling
sites on the internal wall of the nano-channel. As particles permeate through
nano-channels, they interact with these attractive and repulsive sites on the in-
ternal wall of the nano-channel. They also interact with water molecules and
other constituent particles of the aqueous solution. These interaction potential
energies are collectively described by the potential of mean forces (PMF). The
landscape of the PMF of nano-channels is generally asymmetric with multiple
weakly attractive and repulsive sites. Thus, the landscape of the PMF is modeled
as a spatial distribution of potential wells and potential barriers. The energies
of these potential wells and potential barriers and the distances between them
aren’t uniformly distributed. Moreover, the heights of the potential barriers and
the depths of the potential wells are also randomly distributed.

In the general model of the PMF shown in Fig. we have assumed the
existence of two external potential wells situated in ECPS and ICPS, which play
the role of gating variables of nano-channels as we will show in chapter four and
five. In the next section we will formulate the lattice model of nano-channels.



1.2 One Dimensional Lattice Model of Nano-Channels

As the potential of mean force profile along the length of the nano-channel
shown in Fig. and in Ref. (4} [8), which is just an array of potential wells
and potential barriers, suggest, it is possible to divide the whole length L of
the nano-channel into s energetically inequivalent and none-uniformly spaced
cells, whose centers coincide with the bottom of the potential wells on the land-
scape of PME are considered as the lattice sites of a one dimensional lattice.
Nano-channels are therefore represented by a one dimensional lattice, which
is considered as an irregular lattice as there is no periodic distribution of the
locations of the potential wells and the potential barriers along the landscape
of the one dimensional potential profile. Moreover, the total number of lattice
sites of the one dimensional lattice representing a nano-channel is equal to the
total number of potential wells on the landscape of the PMF along the inter-
nal path of particles through the nano-channel. Therefore, in the lattice model
description of particle transport through nano-channels, the attractive sites on
the internal wall of the nano-channel are considered as the lattice sites of a one
dimensional lattice and the repulsive sites between the neighboring attractive
sites are modeled as potential barriers, across which particles hop during their
translocation through the nano-channel. As Fig. shows, there are s internal
lattice sites, associated with the s potential wells of the nano-channel, and two
external lattice sites, associated with the polarized portions of the two baths,
and as a result the one dimensional lattice representing nano-channels has s+ 2
lattice sites. The collective system consisting of the Nano-Channel, the emitter
bath and the collector bath is shown in Fig. The nano-channel is consid-
ered as an open system coupled to two particle reservoirs, the emitter bath and
the collector bath B,, with densities n. and n., respectively. The bulk portion of
the ECS (B,) acts as the source of particles and the interfacial portion of the ECS
is represented by the prominent potential well V, as shown in Fig. situated
just at the center of ECPS. The bulk portion of the ICS (B,.) acts as the sink of
particles and the interfacial portion of the ICS is represented by the prominent
potential well V. as shown in Fig. situated just at the center of ICPS.
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Fig. 1.5: A simple one dimensional lattice representing nano-channels coupled to the
emitter bath and collector bath via its left and right boundary sites, V; and Vs,
respectively.

The remaining s internal sites of the one dimensional lattice are represented
by the s cells V;, where i = 1,2, ..., s labels the sites of the local potential wells.
The nano-channel is coupled to B, via V}, situated at the left end (z = 0), and to
B, via V, situated at the right end (x = L). The system therefore corresponds to
diffusion of particles through an open medium between two particle reservoirs
with different densities. The emitter bath is connected to the nano-channel via
V. which is in direct contact with V; and the collector bath is coupled to the
nano-channel via V, which is in direct contact with V..

The states of both internal and external lattice sites at any time ¢ are de-
scribed by the binary variables, 7;(¢), which correspond to the occupation num-
ber of the lattice site V; at time ¢, where ¢ labels the sites of the internal and
external potential wells. The only interaction between particles is a hard-core
repulsion that prevents more than one particle occupying the same lattice site
at the same time. This is the so-called totally asymmetric exclusion process Ref.
(3), where exclusion effects preclude more than one particle at any site. There-
fore, each occupation number 7; = 1 if the i — th site is occupied by a single
particle and 7; = 0 if the site is vacant. The nano-channel is therefore an open
and is thus driven system with stationary none-equilibrium states, as particles
enter and leave the nano-channel via the two end sites, which act as boundaries
between the nano-channel and the two baths, at different rates.



1.3 The hopping Mode of Particle Transport Through

Nano-Channels

There are two models of particle transport through nano-channels, the discrete
and continuum modes of motion, (2; [3; [4; 5; [6; [7; 8; 9). The discreet mode of
motion of particles through nano-channels involves hopping of particles across
the potential barrier separating the potential wells, which are the lattice sites
of the one dimensional lattice representing nano-channels. That is, the dif-
fusive mode of motion of neutral particles through nano-channels is modeled
as hopping of particles over a one dimensional lattice. This model utilizes the
Master equation to describe the rate of change of the average value of the oc-
cupation numbers of the lattice sites. Diffusion on a topologically disordered
lattice structure isn't yet well developed. A molecule sitting at a localized poten-
tial well hops across the intervening potential barrier to a neighboring vacant
potential well with the assistance of a phonon or another dynamical excitation.
After staying there for a while, it hops again to another nearest neighbor vacant
potential well. The assistance of other degrees of freedom will make the mo-
tion of molecules stochastic. Therefore, instead of the continuum model, the
Fokker-Planck description, it is sensible to study the dynamics of Particle trans-
port through nano-channels coupled to emitter and collector baths using the
lattice model of particle transport through nano-channels, that is in terms of

the Master equation.

The motion of particles inside nano-channels can be decomposed into two
components. The first one is the local fluctuation mode of motion of particles
in the local potential wells. The second mode of motion involves hopping of
particles across the potential barrier between nearest neighbor vacant potential
wells. When the height of the potential barrier separating two nearest neighbor
potential wells is high compared to thermal energy, these jumps are rare and
take place on time scales very much greater than the time scales for local fluc-
tuations. Thus, when the temperature 7" isn’t too large, the probability distribu-
tion function of the particles is concentrated only around these local potential
wells. Because the particles spend most of their time around these minima, the
mean dwell time at these sites is large. In other words, the potential minima



are the sites at which the particles reside for long periods of time, making occa-
sional jumps to neighboring sites. The time spent during hopping is negligible
compared to the dwell time in the potential wells. In our analysis we consider
the local fluctuations about the potential minima to be always in equilibrium

on the longer time scale of hopping.

The dynamics of a particle on the longer time scale is thus hopping between
the nearest neighbor sites with nonuniform jump rates. We thus specify the
state of the lattice site V; at time ¢ by its occupancy number 7;(¢). This state
changes when particles jump from one site to another site and thus 7;(¢) is a
stochastic process. The state is stochastic because its change due to hopping
across the potential barrier between nearest neighbor potential wells is driven
by the random thermal motion and other collective excitations (phonon), that
are created and annihilated randomly. Thus, we arrive at diffusion of particles
on a disordered one dimensional lattice structure with nonuniform jump rates
characterizing the hopping mode of conduction of particles through nano-channels,
where transport of molecules through nano-channels takes place by hopping of
particles across the potential barrier between an array of potential wells dis-

tributed along the length of the internal wall of the nano-channel.

1.4 Model of the Transition Rates Describing Hopping Mode

Motion of Particles Through Nano-Channels

The transition rates between the nearest neighbor lattice sites of the nano-channel
are different for different sites and in different directions which means that the
barrier height energies of the potential barriers separating the potential wells
are nonuniformly distributed along the internal particle path through the nano-
channel. The non-uniformity of the the transition rates arises from two factors,
from the nonuniform distribution of the distance between the potential wells
and from the nonuniformly distribution of the heights of the potential barriers
and the depths of the potential wells along the internal particle path through
the nano-channel.

The diffusive motion of particles through nano-channels involves a process
in which a particle jumps from one site V; to nearest neighbor vacant site V.,

with a certain transition rate. As the particle number density of the permeating
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particles in the emitter bath B, increases, the occupancy of the the external lat-
tice site V. increases and thus the mean residence time or the average time that
the site is being vacant decreases as n. increases. In other words, as n. increases,
n. increases but v, = 1 — 7, decreases. Similarly, as the particle number density
n. increases, 7. increases but 7. = 1 — 7. decreases, which means that the mean
residence time that V, is being vacant decreases as n. increases. Therefore, the
increase in the density of the permeating particles in the vicinity of V., and V,
will enhance the frequency of the jump rates to V; and V;, respectively.

At the two boundary sites of the nano-channel, the dynamics is modified to
mimic the coupling with the reservoirs. Since the nano-channel is coupled to
B. and B, via V; and V, respectively, it exchanges particles with the reservoirs at
different rates and thus the total number of particles inside the nano-channel is
not conserved. During each time interval d¢, a particle sitting at V,, where n, = 1,
hops to V; when V] is vacant so that ; = 0 and vice versa. Let us consider the

following notations:

Vi =Vi(1) when site V;is occupied and thus n; = 1
V: = V;(0) when site V;is vacant and thus n; = 0 (1.1

In terms of the above notations, the elementary hopping processes occurring
across the potential barrier between the sites V., and V; can be described by a
simple elementary process of the form:

Vo(1) 4+ V41(0) = V.(0) + Vi (1) (1.2)

During the forward elementary reaction (from left to right), a particle hops from
V. to V; at the intrinsic rate constant k£ and during the reverse elementary reac-
tion, a particle hops from V; to V, at the intrinsic rate constant k; . The intrinsic
transition rate k. is given in units of (xM)~'s~! and n, is given in units of xM so
that the product £ n. has the dimension of s~!'. Therefore, the average particle
flux through the nano-channel has the dimension of s~.

The possible values of the transition rates that we will employ in the graphi-
cal analysis of this work are chosen based on the works of Ref. [(1;2)], where we
have added additional factors as would be shown below. Based on the work of
Anatoly B. Kolomeisky [(2)], a particle enters the nano-channel from the emitter
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bath with concentration c¢; with the rate v = k,,c; and from the collector bath
with concentration c, with the rate wy = k,,co, where k,, = 15(uM)~'s~!. More-
over, a particle leaves the nano-channel to the emitter bath and collector bath
with the rates wy = k,sr and uy = k,sy), respectively, with k,;; =~ 500s~. For
the internal sites, it was assumed that a particle at site j(j = 1,2, 3, ..., s) jumps
to the right (left) with the rate u,(w;) where u; = w; = a, with a =~ 5005~

The total transition rate from V, to V; would be highly influenced by the con-
centration of particles in B.. We incorporate this fact into the dynamics by the
assumption that a particle hops from B, to V; only if it occupies V.. It is sensible
to assume that the total nearest neighbor assisted jump rate from V, to V; is pro-
portional to n., 7. and ;. Therefore, the total rate at which particles are injected
from the emitter bath B, into V;, denoted by Q7 (n., 7., 71 ), that takes the above

fact into account can be written as:

Q:(n& MNes 715 k:) = nenelylk: (1.3)

where we have introduced the following variables for convenience.

’Yz:l_nz
7@21_776

where i = 1,2, ..., s, with s being the number of internal potential wells. Thus,
the expression of the transition rates in Eq. (1.3) and Eq. (1.6) is slightly different
from those used in Ref. (1} [2).

Moreover, during each time interval dt, a particle occupying site V., (when
n. = 1 and thus V, is the donor site) hops to the vacant site V; (when n, = 0 and
thus V; is an acceptor site) and vice versa. The elementary hopping processes
across the potential barrier between the sites V, and V; can also be described by

the elementary reaction of the form:
Ve(0) 4+ Vi(1) = V(1) + Vi(0) (1.5)

During the forward elementary reaction (from left to right), a particle hops from
Vs to V. at the intrinsic rate constant £ and during the reverse elementary re-
action, a particle hops from V, to V; at the intrinsic rate constant k. We also

10



assume that the total nearest neighbor assisted jump rate from V, to V; is pro-
portional to n., 7. and ~,. Therefore, the total rate at which particles are injected
from the collector bath B, into V;, denoted by Q' (n., 7., vs), that takes the above
fact into account can be written as:

Qj (ncv Ney Vs kc_) = ncnc%kc_ (1.6)
For the internal channel sites, we assume the following elementary reaction.

Vi(1) + Vis1(0) = V;(0) + Vi1 (1)  for the jump process between V; and V.,
Vi(0) + Vi1 (1) = V;(1) + V;_1(0) for the jump process between V;and V;_;
(1.7)

During the forward elementary reaction (from left to right), a particle at the
donor site V;(1), where n; = 1 jumps to its right neighbor acceptor site V;;(0),
where 7,,, = 0, with a site dependent intrinsic jump rate ;" and during the re-
verse elementary reaction, a particle at the donor site V;,,(1), where ;.1 = 1,
jumps to its left neighbor acceptor site V;(0), where n; = 0, with the intrinsic
i+1-
Thus, a particle at a given site hops to its right or left neighbor site provided that

jump rate k., ,. We have similar description for the second elementary reaction.

the donor site is occupied and the acceptor site is empty. Therefore the total

transition rates for the internal sites are given by:

QF (i, Vi1, K) = miviga ki’ fromV;to Vi

QO (MisYie1, ki) = ik fromV;toV;_4 (1.8)
In our model, the transition rates are more general which can be modified to
include different additional factors. Moreover, we assumed that the intrinsic
transition rates don't depend on the occupation numbers of the lattice sites.
Except these modifications of the effective transition rates, our model is more

general and can be applied for any system. In the next section we will discuss
these concepts in more detail.

1.5 Specification of the Range of the Possible Values of the

Transition Rates

The intrinsic transition rates kI and k_ are given in units of (zA)~'s~! and the
concentrations n, and n. are given in units of )M so that the products k. n. and
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k. n.have the dimensions of s~! and as a result the average particle flux through

the nano-channel has the dimension of s~. The dimension of both £;” and ; is

s~ L

From the experiments on maltodextrin translocation through maltoporin
channels , in Ref. (2) the following values are used for the external and inter-

nal transition rates.
kr =15 x 10°M st = 15(uM)~1s!
kr =15 x 10°M st = 15(uM) " 's7!
ki =ki=..=kI=500s
ki =ky =...=k; =500s" (1.9)

On the other hand, from the experiments on maltodextrin translocation through
maltoporin channels, in Ref. (1) the following numerical values are used for zero
potential difference, with an experimental error of ~ +10 percent.

kP =86 x 10°M 's7! =8.6(uM) st (1.10)
For the other transition rate at zero voltage they have obtained:
kr =2.2x10°M1s7? (1.11)

with an experimental error of ~ +(20 — 25) percent. From Ref. (1), for a channel
with a single internal site, there is only a single thermodynamic binding con-

stant at zero voltage that is given by:

+ —
ok ke
ke ok
_ Kk
kD kS
kon
K = (1.12)
Koy
where they defined the parameters:
kon = kI + K
Forp = ki + ki (1.13)
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K has two values, the smaller and the larger one:

K =3.0x 10*
K =1.7 x 10* (1.14)

Moreover, at zero voltage, they employed the relations:

kogs = 340 when K = 3.0 x 10*
kosr =580 when K = 1.7 x 10 (1.15)

Employing these results, they also obtained the following relations :

ki = 0.796 X kopy = 270.64 when k,y; = 340

ki = 0.796 x korr = 461.68 when kosp = 580

ki =0.204 x k,pp = 69.36  when k,z; = 340

ki = 0.204 x kop; = 118.32 when k,yp = 580 (1.16)

According to model used by Ref. (1), the values of the transition rates lie in the

range:

270.64 < k; < 461.68
69.36 < ki < 118.32 (1.17)

Therefore, as the above result shows, the bath transition rates in units of (A7)~ s™!

have values in the ranges specified below.

1<kl<15
1<k <15 (1.18)

Moreover, the internal transition rates in units of s~! have values in the ranges

specified below.

0 < k; <500
0 < ki < 500 (1.19)

In this research work, we have calculated the average particle flux through the

nano-channel for the following fixed ranges of the average values of the occu-

13



pation numbers of the internal and external potential wells.

0<n <1
O<m<l1
0<n <1
0<r. <1
0<y <1
0<v.<1 (1.20)

wherei = 1,2, ..., s, with s being the number of internal potential wells.
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FORMULATION OF THE DYNAMICS OF PARTICLE
TRANSPORT THROUGH NANO-CHANNELS

2.1 The Master Equation Description of the Time Evolution of

the Occupation Numbers of the Lattice Sites

The translocation of particles through nano-channels is a dynamic process in
which the average values of the occupation numbers of the channel and bath
lattice sites change with time as the occupation probability of these sites change
with time. We employ the Master equation to describe the essential features of
the hopping mode of motion of molecules through nano-channels embedded
in LBLM, Ref. (4 5 [7;18; 9; [10; 11} 12; 13) and (42; 43; 44; [45; 46; [47; 48). The
averaging process is taken over all the possible values of the bath and chan-
nel parameters in their specified ranges. We assume that the hopping mode
of motion of particles through nano-channels take place only between nearest
neighbor sites as the probability of long range hopping is negligible. Therefore,
the total transition rates into the particular site ; from V;_; and V;,; and the to-
tal transitions out of 7 into V;_; and V;,, is given by the master equation, Ref.
(75195 1105 111).

K3 3

dg? = <tal + Qi_+1 - Qf - Q‘_>

% = (Q70) + () — (@) — (@) 2.1)



Upon substituting the expressions of the total transition rates defined in Eq.
(1.8) into Eq. (2.1), we get

d(n;)
dt

= ic1 (1= m))ki" + (miga (1= )iy, —
— (i1 = mima )Yk — (i1 = miga)) e (2.2)
We can rewrite Eq. (2.2) in a more familiar form:

dimi _ (-1 (L= ma)) by — (i1 = mima)) b —

dt
= (L = i DB — (i (1 = ) )R] (2.3)

The Master equation for the rate of change of the average value of the occupa-

tion number of V] is:

d(m)
dt

= <ne776(1 - 771>>k: - <771(1 - ne)>k1__
— [(m (1 = m))ky” — (2 (1 —m1))ky ] (2.4)

The Master equation for the rate of change of the average value of the occupa-
tion number of V; is:

)y (1 = mVEE = (a1 = 7o)V —

dt
— [(ns(X = me )k — (neme(1 —ms)) k] (2.5)

2.2 The Average Particle Flux Through a Nano-Channel at
Steady State

These equation are the familiar continuity equations associated with each site
in the nano-channel. We make the assumption that the particle flux from the
emitter bath to the collector bath is positive. Therefore, the average current as-
sociated with the hopping mode of motion of particles through a nano-channel
is:

Ji = (mi(1 — 7h’+1)>k;r — (Mig1(1 — 77i)>k;+1 between V; and V;

Jo = (nene(1 —m))kr — (m(1 —n.))k; betweenV,and V;

Je = (0s(1 =)k — (nene(1 —ms))k;  betweenV; and V. (2.6)
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In terms of the v variables defined in Eq. (1.4), the expression in Eq. (2.6) be-
comes:

Ji = vk — (imie1) ki, fromVito Vi,
Jo = (neney)k — (mrye)ky  fromV, to V)
Je = Nsve)kd — (nenevs)k,  from Vi toV, 2.7)

In the first expression of Eq. (2.7), the average value of the occupation number
of the lattice sites of the nano-channel is coupled to the occupation numbers its
nearest neighbor lattice sites. Moreover, in the second and third expression of
Eq. the average values of the particle number densities in emitter and col-
lector baths are coupled to occupation numbers of the leftmost and rightmost
lattice sites of the nano-channel, respectively. Solving such coupled equations
is difficult and thus we are forced to make some simplifying assumption so as
to decouple these equations. We must decouple the correlation of the occupa-
tion numbers so as to solve the problem exactly and propose some decoupling
mechanisms so as to find a more manageable expression of the average parti-
cle flux. At steady state, particles can’t accumulate in the local potential wells
and thus the average particle flux across each potential barrier between nearest
neighbor potential wells must be the same.

2.3 The Mean Field Approximation of the Steady State Particle
Flux Through Nano-Channels

At steady state, particles can’t accumulate in the local potential energy wells and
thus the average current across each potential energy barrier between the near-
est potential well sites must be the same. Therefore, the first assumption is the

steady state assumption, which states that:
Jo=J1=Jy=..=J,=J.,=J = constant (2.8)

The second assumption is the Mean field approximation, as discussed in Ref.
(10). The mean field approximation consists of factorizing the two site correla-
tion, that is we impose the condition of uncorrelated occupancy of the lattice

sites of the nano-Channel at Steady State. Therefore, the assumption of uncor-

17



related occupancy of the lattice sites the nano-channel becomes:

(MiYir1) = (i) (Vi) (2.9)

In the third assumption, we assume that the occupation numbers of the exter-
nal potential wells V, and V, and the internal potential wells V; and V; are un-
correlated with the particle number densities of the emitter and collector baths,
respectively. That is, the correlation among the three numbers in Eq. can
be decoupled. Therefore:

(nenem) = (ne)(Me) (m)
(nenens) = (ne) (ne) (ns) (2.10)

Employing the assumptions stated in Eq. (2.8), Eq. (2.9) and Eq. (2.10), the
expressions of the steady state average particle flux through the nano-channel

given in Eq. (2.7) becomes:

(m:) <%‘+1>ki+ — (Mit1) <%>/€[+1 fromV;toV;,,
(ne)(ne) Y1)k = (m)(ve)ky  fromV to 1}
<773> <'7C>k: - <776> <n0> <'78> ke fromV,toV, (2.11)

J
J
J

As aresult of the mean field approximation, the transition rates become lin-
earized. Therefore, as one can see from Eq. (2.11), the effective linearized tran-
sition rates can be defined as:

wi = (Vir1)k; from Vj to Vi,
(yi-1)k;  fromVito Vi,
we = (ne)(ykS  fromV.toW
(ne) () fromV, to V; (2.12)

Employing the linearized effective transition rates in Eq. (2.12), the expression
of the net average particle flux across the potential energy barrier between the
potential wells V, and V; becomes:

J = (ne)w — (mwy (2.13)
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The expressions of the net average particle flux across the potential energy bar-
rier between the potential energy wells V; and V, becomes:

J = (n5>wj - <770>wc_ (2.14)

The expressions of the net average particle flux across the potential energy bar-
rier between the potential energy wells V; and V;,; becomes:

J=mw — (ip)w,  for1<i<s-—1 (2.15)

Thus, employing Eq. (2.15), the expression of the average particle flux across the
potential energy barrier between V; to V5 is:

J = (m)wi — (m)wy (2.16)

Solving Eq. (2.16) for (1) and then substituting the resulting expression into Eq.
(2.13), one can get the following expression for the average current.

w-‘r
J = L[y = J] = (m)wy (2.17)

— e
Wy

Thus, after some rearrangement of Eq. (2.17), we get:

()]

Wi () — %

1+ 2%
1

J = (2.18)

The average particle flux across the potential energy barrier between V;, and V;
is:

wi [<ne> — 12 ()
J = el (2.19)
142k + 2L
wl (.01 w2

By repeating the above procedure for the net average particle flux across each
potential barrier, we finally get general the expression of the net average particle
flux across the potential barrier between V,_; and V;:

(ne) — Tz {w%} (ns)

L+ I {Z—;} (2.20)

— ot
J =w,
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We repeat the same procedure for the average particle flux across the potential
energy barrier between V; and V., and get the following general expression for
the average current.

J=w e (2.21)
1 + Zz—l r=1 {ﬁ}
Since V,,; =V, and V;, = V,, we have that:
wa = wh
Wei1 =W, (2.22)

Using the definitions in Eq. (2.22), we can rearrange the Eq. (2.21) and get:
(i fne) =TT { % ooz ()]
1+ i T {5}

Using the definitions of the effective transition rates given in Eq. (2.12), the ratio
of the effective transition rates in Eq. (2.23) can be rewritten as:

W ) 1 ki
-

i=1 "

J = (2.23)

Upon substituting Eq. (2.24) and (2.12) into Eq. (2.23), the expression of the
average particle flux through the nano-channel becomes:

) [ () et — TI [ tne e el 225

The product of the ratio of the intrinsic jump rates is a constant and can be

represented by a constant parameter y, that is defined by:

S k’_
ps=]] [F] (2.26)

i=1

Using Eq. (2.26) into Eq. (2.25), we get:

(2.27)

J = <’71> <n6> <7]e> <70>k: — Ms <nc> <nc> <76>]€C_
(re) 1+ 30 I %
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Let us use the following notations of the mean values of the variables for conve-

nience.
(ne) = ne;
(ne) = ne;
(Me) = Ne;
(Me) = 1e;
(Ye) = 7e;
() = e (2.28)

Moreover, the expression in the denominator of Eq. (2.27) can defined by:

w=>T1% (2.29)

i=1r=1"T

Using the notation given in Eq. (2.28) and (2.29) into Eq. (2.27), the general
expression of the average particle flux at steady state becomes:

eeck+_ s ccek_
J:ﬁ[nnve unnvc} (2.30)

Ye L4 xs
In the general expression of the average particle flux given in Eq. the term
in the numerator depends on the properties of the two baths, that is, it depends
on the emitter bath variables n., 7., 7., k7 and on the collector bath variables
Nes Nes Ve, k. - The expression of x; consists of the sets of the occupation numbers
of the lattice sites of the nano-channel, that is (v, s, ...,7,). It also takes into
account the possible potential profile of the entire particle path along the length
of the channel through the set of the parameters (£, k5, ..., kF). It also depends
on products of the ratio of the backward and forward transition rates. In the
following section we will discuss the expressions of the parameters y and
and the average particle flux J as a function of the intrinsic transition rates, the

0 and (§ parameters and the occupation numbers of the channel and bath sites.

2.4 Expression of the the Average Particle Flux in Terms of 0

and $ Parameters

The parameters y; and s in Eq. (2.30) are the channel parameters that charac-
terize the nature of the nano-channel, where 1, depends on ki, k5, ..., kT and y,
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depends on ki k3, ..., kX, ve, V1,72, s Vss Y. We can rewrite the expression of y,
defined in Eq. (2.29) as follows:

ZHw+ Zl_[k+

i=1 r=1 i=1 =1 7“
1 kT 1 kT ks 1 kT kS ka . Sk

S:'Y'Vl_:_ YeM1 i—i YeM1 }s-i-:j- '771H_z+ (2.31)
Y172 k] Y2v3 ki kg V374 k1 Ky ks VsVe ;5 ki

Using Eq. (2.26) and Eq. (2.31) into Eq. (2.30), we can rewrite the average parti-
cle flux in another form:

nenekz_ _ [k;k;k; neNeke
Ve kS kT Ye
Js = — — e — (2.32)
1 + k_l 1 _|_ kl k + + k k2 ...k571 1 kl kQ ~~-ks 1
Yevr ke k*k* 7273 k*k;..kstl Ys—17s ki ki ..kT vsve

Based on the forms of Eq. (2.31) and Eq. (2.32), let us define a new channel
parameter J;:

5; = 4 (2.33)

where the parameter ¢; is the ratio of the backward and forward transition rates
from a given site. Using Eq. (2.33) into Eq. (2.26), we get:

— f[ 5i (2.34)
=1

Therefore, the parameter 1, depends on ¢y, d5, d3, ..., 6s. We can rewrite the sec-
ond expression in Eq. (2.31) in terms of the set of parameters {J;} as:
) 5102 01010 010203...05_1  010203...04

1+12+113+‘“+123 1+123 :|
M2 7278 Y374 Ys—17s YsVe

Therefore, using Eq. (2.34) and Eq. (2.35) into Eq. (2.30), the expression of the
average particle flux through the nano-channel with s internal sites becomes:

Xs = Ve { (2.35)

L _
- NeNeYek, (0162...05)ncneek; (2.36)

1 6162 916193 016203...05—1 810203...04
Tee [7 26! T 71% + Y273 + Y374 ot Ys—17s - YsYe

We can further simplify Eq. (2.36) and get:

] — (016 e

1 01 5152 515153 010263...05—1 010203...0
YeV1 Y1772 Y273 + Y374 + + Vs—17s YsVe

Js = (2.37)
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As Eq. (2.37) shows, the first term in the numerator depends only on the proper-
ties of the emitter bath, the second term on the properties of the nano-channel
and the third term on the properties of the collector bath. After some rearrange-

ment of Eq. (2.32), we get:

nenckd | kg kg Ry ks nencke
ki e T 3— k; k:—71 kd e
Ja = ky k3 ky ko
1 1 Bp By | _ 1 Ny N3 R4 s 1
o o ] e [ F e o [E R s
(2.38)
Based on the form of Eq. (2.38), let us define another channel parameter:
k-
B, = titl (2.39)

B
where the parameter j; is the ratio of the backward and forward transition rates

across a given potential barrier between two neighboring sites. Therefore, using
the definition in Eq. (2.39) into Eq. (2.38), we get:

kd ke
i [—} i

Ye
1 1 B1 8132 ﬁlﬁzﬁs Bs—2 B1B2PB3---Bs—1
kT kT kS + kT Tt T kT -
1 Vel 1 Y172 2 Y273 3 V374 1’Ys 17s s VsYe

Js = (2.40)

We have now presented a general formulation of particle transport across a
membrane that separates two baths facilitated by nano-channels. We have de-
rived two similar expression of the average particle flux through a nano-channel,
that are described in terms of the § and 3 parameters as shown in Eq. and
Eq. (2.40). These two forms of the expression of the particle flux are more gen-
eral and can be applied to any nano-channel, where the effects of the channel
structure are taken into account by the set of the channel parameters.

UC:(771,772,...,ns,’yl,’yg,...,fys,kf,kj,. ,k:,k ky, . ky) (2.41)

These parameters characterize the nano-channel as they depend on the nature
of the nano-channel. The effects of the two baths are taken into account by the
set of bath parameters.

Op = (nev Ny Nes Ney Ves Ves ke ) kc ) (2.42)

To make progress in the analytical and numerical analysis, we make some as-

sumptions that simplify the general expression of the average particle current

given in Eq. (2.37) and Eq. (2.40).
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2.5 Approximations and Assumptions of the Bath and Channel

Parameters

2.5.1 The Permeability Coefficient of Membrane Transport Facilitated
by Nano-Channels

As the form of the general expressions of the average particle flux through a
nano-channel with s internal sites in Eq. and Eq. suggests, we im-
pose the following constraint equation that couples the channel parameters to
the emitter and collector bath parameters.

ke k. ne

T = b O 1]

ke k7

iﬂ-:@®@m@{cn] (2.43)
r)/e (&

The expression on the left consists of the parameters that couple the emitter
bath to the nano-channel and the expression on the right in the square bracket
consists of the parameters that couple the collector bath with the nano-channel.
Upon using the first constraint equation in Eq. into Eq. (2.40), we get the

following expression after some rearrangement:

Js = ki e ! (ne — ne)
s ke 1 +1 + B1 + 5152 + o+ ﬂlﬁzﬂs Bs—2 2 4 B18283-..Bs—1 e ¢
k1 ver1 kT 2

kSvoys ki ysva kY ve—17s Edvsve

(2.44)

where s denotes that the nano-channel has s internal sites. The concentration
gradient of the permeating particles between the emitter and collector baths is
defined as:

An =n, —n, (2.45)

Therefore, using Eq. (2.45) into Eq. (2.44), we get:

k3 ne 1
Js = ki 1 1 B 5152 ﬁlﬁzﬁg B Phg | A7
1 f)/e k;"/e'}/l k;‘»'Yl’YQ k;’YQ'YS + k3 Y37v4 + + s 1Ys—17s + kj'YS'Yc

(2.46)
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We can rewrite Eq. (2.46) in the conventional law of permeation as:
J, = P,An (2.47)

Now Eq is similar to the standard form of the equation of permeation of
particles across a membrane and as a result the parameter P; is interpreted as
the average permeability coefficient associated with particle transport across a
membrane, in which the permeation is facilitated by a nano-channel with s-site.
By comparing Eq. and Eq. (2.47), the average permeability coefficient
associated with particle transport through nano-channels is defined as:

p_ [’f? 77@1 1
s — —
k 1 1 51 B1B2 B1B2p3...8s—2 B1B2PB3...8s—1
17 Erverr | kimve | kg v2vs + k3 v37a Tt kX vs-17s T kd ysve

(2.48)

The permeability coefficient characterizes the permeation ability of particles
across a membrane facilitated by membrane spanning nano-channels. The per-
meability coefficient depends on the structure and properties of the nano-channel
and also on the properties of the regions ECPS, via 7., ., kI, and ICPS via .. As
one can see from Eq. the average permeability coefficient depends on the
following set of bath and channel parameters:

Py = Pi(Nes 15 M2y s Moy Mes kT KT kS o K Ry kg ok K) (2.49)

cey vg 5 g

When the transition rates k. and & are expressed in units of M ~'s~!, where M
refers to mole and s refers to second, the permeability coefficient is also given in
units of M~!'s~! and when £} and &, are expressed in units of (M)~ 's~!, where
M refers to micro-moles, the permeability coefficient is also given in units of

(uM)~1s7! so that the particle flux is in units of s71.

Moreover, using the first constraint equation in Eq. into Eq. (2.48) can
also be rearranged and can be defined in terms of the § parameters as:

1

1 51 (5152 61(5253“-5571 616253...55
YeV1 + Y172 + Y273 +o Tt Ys—17s + YsVe

(2.50)

The expressions of the permeability coefficients defined in Eq (2.48) and in Eq.
(2.50) are equivalent as one can be reduced to the other by some rearrangement
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of the transition rates. Therefore, both Eq (2.48) and in Eq. (2.50) can be ex-
pressed in terms of the transition rates as:

krn, 1
Ps:{en] — ——— E— 2.51)
Ve _+ + kiky 1 +k1 ky ks 1 + .+ ki ky . ks 1

Yen1 k+ vm EF kS vevs ' kTETET v3va EF kT kT vsve

2.6 Equality of the § and J Parameters
Let us assume that all the 0 parameters are equal. That is:
01 =0=03=..=0,=0 (2.52)

This means that the ratios of the forward to backward transition rates from each
lattice site are equal. Upon substituting Eq. (2.52) into Eq. (2.37), we get:

ne'r]ekj _ 6Snc7]ck;

J — e e (2.53)
S 1 5 62 §s—1 s
YeY1 + Y172 + Y273 + Y374 + + + YsYe

Upon substituting Eq. (2.52) into Eq. (2.50), the expression of average perme-

ability coefficient becomes:

kS 1
P Lo 0 4 #  8 ,  p y (254
Te v T am 1w T PETNLNETN
Let us also assume that all the 7 parameters are equal. That is:
Pr=0=p0=.=0=p (2.55)

This means that the ratios of the forward to backward transition rates across
each potential barrier in the nano-channel are equal. Upon substituting Eq.
(2.55) into Eq. (2.40), the expression of the average particle flux becomes:

Nelle k'e 58 1 | nene k_g
Ye kl Ye k+

e e e el A,
krvevr  kimivz  k3vevs kg s kS vs-1vs |k se

Js = (2.56)

Upon substituting Eq. (2.55) into Eq. (2.48), the expression of average perme-
ability coefficient becomes:

krn 1
Py === 5 - — | (2.57)
ki e ! L_ B e -+ B
Erverr  kvive | ks ki ysva 1’Ys s ki vsve
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As Eq. (2.57) suggests, let us assume that all the forward transition rates, except

kI, are equal, that is:
b =ki=.. =kt =k (2.58)
Therefore, upon combining Eq. (2.58) and Eq. (2.55), we get that all the back-

ward transition rates, except k;, are also equal. That is:

ky =ky = .=k =k, (2.59)

Using Eq. (2.58) into Eq. (2.56), we get:

NeMle Q _ /68 1 | ReNe k_;
Ye k7 Ye k+

Js = . . s ﬂs - = (2.60)
k1 vem kg {7172 + Y273 + Y374 + - + } + kS vsve
Moreover, using Eq. (2.58) into Eq. (2.57), we get:
kFne 1
P, = L:?? 1 - — — — 2.61)
L k] vem1 - ky {“/172 - Y273 - Y374 T + 1%} kT vse

2.7 Equality of the Occupation Numbers of the Internal
Potential Wells
We also assume that the occupation numbers of all the internal lattice sites of
the nano-channel are equal. That is:
m=mn=n0=..=0Ns=1
NM=Y=Y=.=7%=7=1—7n (2.62)

Using Eq. (2.62) into Eq. (2.53), the expression of the average particle flux be-

comes:

ngneké’ _ 6°nencke

_ ’79 Ve
JS — §s—1
Lis+8+5+..+%
nenek . 5Sncnck;
_ Ve Ye
JS o 1 1

LD+ 2(E - D+ 51404248+ . 51 +67)

Tbenekj _ 3 nencke
J. =2 e e (2.63)
10 4 SO0 4 (14 5462 4 33 + ...+ 69)

Ve Ve
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Using Eq. (2.62) into Eq. (2.54), the expression of the average permeability coef-
ficient becomes:

P_ktjne[ 1

s (L Ly oIy 1 24 g3 s

Yo [5G —3)+ T —5) + L+ +02+ 0+ ... +6%)
2k+ 1

Py=—= =) (2.64)
Ve | 2O +(1+6+52+53+ -+ 0%)

Similarly, using Eq. (2.62) into Eq. (2.60), the expression of the average particle
flux becomes:

Nele kfe s—1 | NeNe k_;

|: Ve :| kl /6 |: Ye :| k;+

8 1 S— Bs—1
o kf72{1+5+ﬁ2+ S N A e e s

Nele kj /88 1 | nene k_;
kT kT

Ye Ye
s—1
+,m{1+ﬁ+ﬁ2+ A e

J, = ’y (2.65)

Moreover, using Eq. (2.62) into Eq. (2.61), the expression of the average perme-
ability coefficient becomes:

P_'k’e*ne] 1

s — s /651

Lk Ve k77+kf72{1+6+ﬁ2+ e R
[kt n, 1

P, = 78"] = (2.66)
LR e | | ot s (L4 B+ 82+ + 2+ 5

When the parameter ¢ is small compared to one, we can retain only the first
order terms for the sum in the denominator of Eq. (2.63) and Eq. (2.64). That is:

14604+ +83+...+58~1+6 whend < 1 (2.67)

Therefore, using the approximation in Eq. (2.67), the expression of the average
particle flux in Eq. (2.63) becomes:

’ne’]ekg _ 0 nencke

_ 2 ’Ye Ye
=0 e ) (2.68)

Moreover, using Eq. (2.67) into Eq. (2.64), the expression of the average perme-
ability coefficient becomes:
vk ne 1

: (2.69)
Ve |24 H09 4 (1 49)
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Similarly when the parameter [ is small compared to one, we can retain only
the first order terms for the sum in the denominator of Eq. (2.65) and Eq. (2.66).
That is:

1+8+8+3+..+8°~1+3 wheng<1 (2.70)

Thus, using Eq. (2.70) into Eq. (2.65), the expression of the average particle flux
becomes:

[M} k. 351 [M] ke

Ve ki Ye k

= : : 2.71

s L L] 48} + 22 &7
kgy?

kT vey kS yve

Moreover, using Eq. (2.70) into Eq. (2.66), the expression of the average perme-
ability coefficient becomes.

+
P, — V ’761 1 2.72)

= 1 1 Bt
k1% e T R {L+0}+ ke

When the forward and backward transition rates from each lattice site are equal,

thatis, ; =k, then § = 1 and as a result we get:
1+04+82+0°+...+6°=s+1 whend=1 (2.73)

Using Eq. (2.73) into Eq. (2.63), we get:

Netle ki _ neneke

_ 2 Ve Ye
z]s - 7 Y—Ye + (’Y*"/c) + s + 1 (2.74)
Ye Ye

Using Eq. (2.73) into Eq. (2.64), we get:

vk ne 1
Ye u+w+1+s
Ye

Ye

P, = (2.75)

When the forward and backward transition rates across each potential barrier

in the nano-channel are equal, that is, %

1 = kF, then § = 1 and as a result we

have:

1+B8+8+34+...+p2=5—1 wheng=1 (2.76)
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Using Eq. (2.76) into Eq. (2.65), we get:

|:neZZe:| Q . [ncnc] k'_;

= +
T, =~ vel k] _ Ye 1 k3 2.77)
e TR TR
Moreover, using Eq. (2.76) into Eq. (2.66), we get:
krne. 1
Ve d Ui T iy

Moreover, when s is very large and § < 1, the sum in the denominators of Eq.
(2.63) and Eqg. (2.64) can be represented by a geometric series. That is:

o 1
Zéﬂ — Ty when sislargeand § < 1
j=0

68 - e . - e
M — 0, when sislarge, 6 <1 and 170 g (2.79)
Ve Ve
Therefore, using Eq. (2.79) into Eq. (2.63), we get:
nenekj _ 6Snc7]ck;
2 € c
Jo=7" | —= - - (2.80)
Ve 1-4
Therefore, using Eq. (2.79) into Eq. (2.64), we get:
2k + 1
L (2.81)
Yoo |5 Tis

Furthermore, when s is very large and 5 < 1, the sum in the denominators of
Eq. (2.65) and Eq. (2.66) can be represented by a geometric series. That is:

Zgi - ﬁ, when sislargeand § < 1
=0

s—1
lf;% — 0, when sislarge, § <1 and e <1 (2.82)
Therefore, using Eq. (2.82) into Eq. (2.65), we get:
e 6k+ ]-
J, = [V” L } 1 (2.83)

kL e 1 f1
7 kL e + kg {1—5}

Therefore, using Eq. (2.82) into Eq. (2.66), we get:

- 1
P, = V: "6} — (2.84)
1 Ve kl_% —+ m {m}

30




2.8 Expression of the / Parameters in terms of the Equilibrium
Values

We assumed that the forward and backward transition rates and hence the delta
and beta parameters are independent of the occupation numbers of the lattice
sites of the nano-channel and also independent of the concentrations of the
permeating particles in the two baths. Therefore, we can express the § and
parameters in terms of the equilibrium values of the particle number densities
and occupation numbers of the two end sites. The average particle flux through
the nano-channel vanishes at equilibrium even in the presence of a concen-
tration gradient between the two baths. This is so because the average current
depends not only on the concentration gradient between the two baths but also
on the occupation numbers of the two external sites, on the occupation num-
bers of the s internal sites and on the two jump rates from the two baths to the
nano-channel via the two end sites. We can write this functional dependence
as:

JS = J(”Sanwne’ncu k:7 k;;%;’h?%a oy Vss Ves k;u k57 RS k;7 k1+7 k;r’ ) k;r) (285)

Thus, employing the condition that the average current can vanish if the expres-
sion in the numerator of Eq. is zero for a finite value of the expression in
the denominator, we can determine the expression of the product of the ¢ pa-
rameters in the square bracket in Eq. (2.37). We can solve for the product of the
) parameters by setting the expression in the numerator of Eq. to zero.
That is:

5y = e e ke (2.86)

nne e ke

where the superscript o denotes the values assumed by these parameters when
the system is in equilibrium, that is, when there is no net flux through the nano-
channel. Therefore, using Eq. into Eq. (2.37), the expression of the aver-

age particle flux through the nano-channel becomes:
Ve nene ve ke Ve

Js = (2.87)

1 01 9102 016103 010263...05—1 010203...0
YeV1 + Y172 + Y273 + Y374 Tt Vs—17s + VsVe
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We can rearrange Eq. (2.87) in another form as:

Ne Ne N Ne
ng ng ng ng
0,70 L.+ e T T dc
J. = neneke e 78 (2 88)
s fyo 1 1 0102 + 010193 + + 010203...05—1 010203...05 :
¢ YeV1 Y172 Y273 Y374 o Vs—17s YsYe

We now define the following normalized bath and channel parameters.

e
Pe = _0’
ne
Ne
Pc = _o’
nC
_ e,
Ve = —,
ne
m .
V= s
N
_Ns .
Vg = —]
UH
e
Ve = _07
e
A = L
o
A = L& (2.89)
Ve
Using Eq. (2.89) into Eq. (2.88), we get:
ookt Peve _ pcle
Js = ezeo - IR TR v A 5151A§3 I Ac_i_ 510205 51 | 515253‘..55] (2.90)
¢ Y1 T e | evs Y374 Ys—17s YsVe

Moreover, Eq. (2.90) can be rewritten in a more convenient way.

0,,01.+ _ PclVcAe
J, = bevenniche L e 2.91)
8 - .
YO 1 4 4y 0102 016163 010203...05_1 516203...05
ele YeV1 + Y172 + Y273 + Y374 +ot Vs—17s + YsYe

The average particle flux injected from the emitter bath into the nano-channel
via its leftmost site is:

J = nenenks —myeky

ek
J = peveyininlkl |1 — I — (2.92)
peVe’}/lngngkj

At steady state the average particle flux has the same value across each potential
barrier of the nano-channel. Therefore, employing this property, we can equate
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the two expressions of the average particle fluxes in Eq. (2.91) and Eq. SO as
to get the expression of the factor in the denominator of Eq. (2.91).

1 - nl'Yek;
1 = YA peveningnks
L | & 4 &by 000 g 516265 Gso1 | 516205...5 12e e 1 _ belede
VeVl Y172 Y273 Y3Y4 —17s VsVe PeVeAc
(2.93)

Now if the second term in the denominator of the expression on the right hand
side of Eq. (2.93) is small compared to one, then we can expand it using Taylor’s
series and retain only the first order terms and neglect higher order terms. That

is:

1
1 5 5102 | 61010; 516263 De1 | 610903..05
YeY1 ’Yl’lYZ ’Y;’YS + ’173745 + + —17s . ’YS'JYC
ek CVC)\C
A (1 — ey P (2.94)
PeVe%”????k? peVe/\c

Upon substituting Eq. (2.94) into Eq. (2.91), after some rearrangement we get:

oy e |
J = peverpntn®hkt |1 — — 0T |1y ) P (2.95)
PeVe%nZ??ZkZF peVe)\c

2.9 Expression of the § Parameters in terms of the Equilibrium
Values

Following the same arguments as we did in the previous section, employing the
condition that the average current can vanish if the expression in the numera-
tor of Eq. is zero for a finite value of the expression in the denominator,
we can determine the expression of the product of the beta parameters in the
square bracket in Eq. (2.40). We can solve for the product of the beta parameters
by setting the expression in the numerator of Eq. to zero. That is:

= B1fy...Bs 1——6”—6—0—6 s (2.96)

where the superscript o denotes the values assumed by these parameters when

the system is in equilibrium, that is, when there is no net flux through the nano-
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channel. Therefore, using Eq. (2.96) into Eq. (2.40), we get:

Nele n_gﬁlg Nele
7= kF Ve [nzngwg} [ e }
s kl_ 1 1 B1 B182 + .+ B1B2PB3.---Bs—2 + B1B283...8s—1
kT vevr  kivive | kdvevs | kdysva T kX ys—17s kT ysve
(2.97)
We can rearrange Eq. as:
n NefeYe _ ne e Ve
J. = nenek, ngng ve  m2n2 Ye
s ok 1 1 B1 B152 B1B2p3...8s—2 B1B2PBs...Bs—1
Tefhn E verr  kimive | kdvevs T k3 v3v4 Tt kX vs—17s ™ kdvsve
(2.98)
Employing the notation in Eq. (2.89), Eq. (2.98) becomes:
PeVe _ Pclc
J. — ngneky e Ae
s of~ 1 1 B1 81082 B1P205..-Bs—2 B1B205.--Bs—1
e kL vevr  kivive | kdvevs | kdvswa Tt kX vs—17vs + kT vs7e
(2.99)
This equation can also be written as:
_ PcVcAe
J _ PeVe ngngk: 1 PeVeAc
s — —
A of 1 1 B1 B152 B1B2p3...8s—2 B1B2Ps...Bs—1
e M k] Yem1 T Eyive | kg yes + k3 v37a Tt kr 1 ve-17s t kT Vs
(2.100)

The average particle flux injected from the emitter bath into the leftmost site of
the nano-channel is given by Eq. (2.92). At steady state the average particle flux
has the same value across each potential barrier between neighboring potential
wells of the nano-channel. Therefore, employing this property, we can equate
Eq. to Eq. so as to get the same expression of the average particle
current at steady state, that is Eq. (2.95).

kT Vere |
Ty = peveyinfnokt (1 — —1JT |y ) Pet 2.101)
peVeVIHZng: peVe)\c
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2.10 The Assumption of Uniform Average Particle Flux Across
Each Potential Barrier at Steady State

The expression of x, defined in Eq. (2.29) can be rewritten as:

= YeMN L < YY1 H k+ Vs Ye 7H k+]
Y 76’71 [Z VsVe Hk+ Hk+] (2102)

YsVe i—1 YiVi+1
Moreover, we assume that the average particle current across each potential
barrier between neighboring potential energy wells is zero at equilibrium. Thus,

for the potential energy barrier between the sites V; and V;,; we have:

i+1

H+m

770 ’7e771+1 z+1 k_
© ook AAEF

(2.103)

Solving for the product of the ratio of the jump rates in Eq. (2.103), we get

f[ 71—&—1 7%776 k+
+ P)/e 771—‘,—1 kz—‘,—l

Tk, on 77 k-
[[Z="-cex (2.104)

Upon substituting Eq. (2.104) into Eq. (2.102), we get:

s—1 o 0,,0

Ye 1 Vs Ve ryiJrl e k: + le /yc ene kJr

YsVe ) 72'7%’-&-1 ’73 775+1 kz_+1 /ye cnc kc

okt | 0 0

yo = JneneRe Z{ Yotr }+ T (2.105)
Ve — iVl Vs Yendnlk;

We can now write the above expression as:

Xs =

Xs = QUg (2.1006)
where we have defined that:
_ Yenngngkd
Ve
_ Z { YVit1 } + Ve — (2107)
7@72+1771+1kz+1 7570”2773]{0
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Now using Eq. (2.106) and (2.86) into (2.30), we get:

ng ng 8 k&

+ _ Ke_ —
ryl nenefYcke |:ng ng v k;i| ncﬁc%kc

Js = 2.108
Ve 14 AVg ( )
The expression in Eq. (2.108) can be written as:
[ — 7277 ne Me Ye
Ty = nenek meTe Do e TE 2.109
Melleffe N1 1 4 avy ( )

Using the definitions of the gamma variables in Eq. (1.4) into Eq. (2.109), we get:

r1_ nen? A=ng nene (1=
JS _ nenekj<1 o 771) e nel(l—iin;),ljnc e (]‘7776 ] (2‘110)
Let us define the following variables for convenience
o 1
v, = —;
ne
o 1
v = —;
Lo
o 1
Ve = _0’
s
1
V0= — (2.111)
e

Using the definitions given in Eq. (2.89) and (2.111) into Eq. (2.110), we get:

_ peve Ve—vd vE—1
Ve Ve—V2 12—1
Js = peve(V) — Vl)ngngnfk: pelle Ve~ Ve Ve

(2.112)

1+ av,

At steady state the average current must be the same across each potential bar-
rier traversed by the particles. Therefore, using the definitions given in Eq.
and into Eq. (2.92), we get the expression of the average particle flux
across the potential barrier between the sites V. and V;.

0 vi(ve — vk

Js = peve (V] — Vl)ngneonlk: 1— (2.113)

peve(vy — vi)ngks

By equating Eq. (2.112) and (2.113), we get the expression of the term in the
denominator of Eq. (2.112).

] 1— vi(ve—v2)ky .
peve(v1—v?)nSke
1+ avs B 1— wl'e—vz’ ve—l 2.114)

peVe Ve—vQ V9—1
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Now for small values of the second expression in the denominator of Eq. (2.114),
we can expand it using Taylor’s series and retain only the first order terms and
neglect higher order terms:

1 _ | (Ve — V) ki " Pele Ve — VO VS — 1 (2.115)
1+ av, peVe(1 — V9)N2kF Pele Ve — VO V0 — 1

Upon substituting Eq. (2.115) into Eq. (2.112), we get the following expression
of the average particle flux after some rearangement:

(Ve — VO)kT ]

peve(vr — 17 )nek
Pcle Ve — Vo VS — 1 2

1-— 1 (2.116)
PelVe Ve — VS VI —

We can also have another similar expression of the average particle flux at steady

Js = peve(vy — vi)ngngnikS {1 -

state following the same procedures. As stated previously, during the derivation
of Eq. (2.116), the average particle flux is assumed to have the same value across
each potential barrier traversed by the particle. Thus, the average particle flux

across the potential barrier between the sites V; and V. is:

Js = nsvekd — nenevysk, (2.117)
Using the definitions given in Eq. (2.89) and (2.111) into Eq. (2.117), we get:

S Ck+
JS — _ncfrlcf}/sk; [1 — m—s:|

neneYsky
(Vg - VC)VSk;r

(2.118)

Jo—_ ’ o 0nOnof— |1 —
i peve(Vs — vs)neninik, [ peve(v? — v )nok;

By equating Eq. (2.112) and (2.118), we get another expression of the term in the
denominator of equation|2.112

o 0,700 .— 1-— —(ug—uc)uskj
1 _ /)ch(Vs B Vs)ncncns kc peve(vg—vs)n2ke
peve(vi — vi)ngngnihkt | | 1 — beretete e

peVe Ve—vQ V9—1

2.119
1+ av, ( )

Now for small values of the second term in the denominator of Eq. (2.119), we
can expand it using Taylor’s series and retain only the first order terms and ne-
glect the higher order terms.

1 peve(vy — vs)neninsk, vs (v — vk PeVe Ve — Vg Vg — 1
= 1— 1+
1+ aUg pel/e(yf - yl)ngngnfkj pcl/c(yg - Vs>ngkg

(2.120)
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Upon substituting Eq. (2.120) into Eq. (2.112), we get the following general ex-
pression of the average particle flux at steady state after some rearrangement:

VS(Vg - VC>/€:

peve(ve — vs)ngk;
Veve — 1210 —1)°
[1-{"“ e e e }] (2.121)
PeVe Ve — V2V — 1
The average particle fluxes given by the expressions in Eq. (2.95), (2.101), (2.116)

and (2.121) are simply the average particle flux through a nano-channel with a
single internal site with a small perturbation term that is less than one. That is,

Js = pch<Vs - Vs)”zngngkg |i1 -

the second terms on the right hand side are considered as small perturbations to
the particle flux through a nano-channel with a single internal site. In the next
chapter we will optimize the average particle flux at steady state with respect to
the bath and channel parameters.
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DESCRIPTION OF THE PROPERTIES OF A
NANO-CHANNEL WITH A SINGLE INTERNAL
POTENTIAL WELL

3.1 The Average Particle Flux Through a Nano-channel with a
Single Internal Potential Well and its Average Occupation

Number

Using the notations in Eq. (2.28) into Eq. (2.11), we get the following expressions
of the average particle flux through a nano-channel:

J = nenenik — miyeky fromV,toV;
J = nYip ki = nipiviks,  fromVito Vi,
J = nevekt — nenevysk, fromV,toV, 3.1

The average particle flux across each potential energy barrier along the inter-
nal wall of the nano-channel given in Eq. is more general and is difficult
to solve. Therefore, in this chapter we consider a particular case in which the
nano-channel has only one internal potential well, that is s = 1. Therefore, in
the following section, we present a detailed analysis of a nano-channel which

has a single internal potential well, whose potential of mean force profile is
shown in Fig.
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Fig. 3.1: A simple model of the one dimensional profile of the PMF of a nano-channel
with a single internal potential well embedded in LBLM

The expression of the net average particle flux across the potential energy
barrier between the potential wells V., and V/ is given by the first expression in

Eq.B.1
J = nene%k’: — MYeky (3.2)

One can now solve Eq. (3.2) for n; and get the following expression of 7; as a
function of the average particle flux .J.

nenekt — J
nenek: + ’Yekl_

m = (3.3)

The expressions of the net average particle flux across the potential energy bar-
rier between the potential wells V; and V.. is given by the third expression in Eq.

B.1
J = myeki” — neneyiky (3.4)
Upon substituting the expression of ~; given in Eq. [1.4)into Eq. we get:
J = mveki + nenck ] — nenck, (3.5)

Upon substituting the expression of 7; in Eq. [3.3]into Eq. we get the expres-
sions of the net average particle flux through the nano-channel with a single
internal potential well:

neneekd ki — neneyeki k7

- 3.6
nenekt + veky + kit + nenck; (3.6
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Therefore, upon substituting the expression of the average particle flux in Eq.
into Eq. 3.3} we get the expression of the average occupation number of the
potential well V;:

(nenek)? + vk [nenekd + nenek ] + nenenenck Tk
neNek)2 + nenek [29ekT + ki + nenck ] + ekt [Veky + veki + nenek ]
3.7)

7712(

We define the concentration gradient between the emitter and collector baths
as follows:

An =n, —n, (3.8)

The concentrations of the two baths are expressed in units of micro-moles, de-
noted by M. For convenience we set the concentration of the collector bath
to be one micro-moles, that is n. = 1uM and as a result one can express the
concentration of the emitter bath in terms of the concentration gradient An be-
tween the two baths. That is:

n.=1+An when n,=1uM (3.9

Using Eq. [I.4Jand Eq. 3.9]into Eq. 3.6} we get the following general expression of
the average particle flux through a nano-channel with a single internal potential

well as a function of the concentration gradient An.

kTR (1 —ne) — kykone(1 = ne) + kFkfne(1 = ne) An

3.10
kfne + k(1 —ne) + k(1 —ne) + kZne + kfneAn (.10

Moreover, upon substituting Eq. [1.4/and Eq. 3.9]into Eq. we get the general
expression of the average occupation number of the internal potential well V}

in terms of the concentration gradient An.

m = {(kIn.)* (L 4+ An)® + kI nky (1 — ne) + k. ne) (1 + An) + kyk;ne(1 —ne)}/
{(kZne)?(1+ An)? + kI ne[2ky (1 — ne) + ki (1 — ne) + kZne (1 + An)+
k(L —n)[kr (1 —ne) + kT (L —ne) + k. e} 3.11)

The transition rates depend on the potential of mean force profile along the
internal wall of the nano-channel. We take this fact into account by defining the
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transition rates in terms of the height of the potential energy barriers between

the potential energy wells.

k= v exp(—u])
ko = v, exp(—u;)
k; = v exp(—u;)
-
ki = v exp(—uj) (3.12)
where we have defined the normalized energies u; and u; as follows:
Et
+ E+ —_ _—e
e =0 =17
-
- = Ei prm— ¢
ve = PR =T
_ _ By
BT
uf = BE] = (3.13)

where 7' is the absolute temperature, kp is the Boltzmann constant, Er and E;r
are the heights of the potential energy barrier in the backward and forward di-
rections from the potential energy well V}, respectively. Moreover, the coeffi-
cients in Eq. have values which are given in Eq.[1.9] That is:

v =15 x 10°M st =15 (uM)~'s7!
v, =15 x 10°M st =15 (uM) s
vi=vf =...=v} =500s"

vy, =v, =..=v, =0500s" (3.14)
Upon substituting the expressions in Eq. into Eq. [3.10, we get:

J = {vivine(l —ne) exp(=[ul +uf]) — vy v ne(l = ne) exp(=[ug +u; )+
vivine(1 = ne) exp(=[u +uf])An}/

{vdme exp(—u) + v (1 —me) exp(—uy) + v (1 — ) exp(—uf") + v, neexp(—u, )+
vin. exp(—ul)An} (3.15)
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Upon substituting the expressions in Eq. into Eq. 3.11} we get:

m = {(vfne)*(1 + An)? exp(—2u}) + v ne exp(—u) vy (1 — ne) exp(—uy )+
v, neexp(—u, )|(1+ An) + vy v, ne(1 — ne) exp(—[uy +u.])}/
{(vFne)? exp(—2uf ) (1 + An)? + v ne exp(—ul ) [2v7 (1 — ne) exp(—uy )+

vi (1 = me) exp(—ui) + v neexp(—u, )](1 4+ An) + v (1 = ne) exp(—uy) vy (1 — 1) exp(—

vi (1 = ne) exp(—ui) + v neexp(—u, )]} (3.16)

In the next section, we consider cases where the heights of the potential energy
barriers between the neighboring potential energy wells are different and we
will plot the variation of the average particle flux through the nano-channel as a
function of the concentration gradient between the emitter and collector baths

and discuss the properties that can be extracted from the plot.
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3.2 Discussion of the Average Particle Flux Through a
Nano-Channel with a Single Internal Potential Well

3.2.1 The Average Particle Flux Through a Nano-Channel as a Func-
tion of the Concentration Gradient when the Potential Barriers

are Twice of Thermal Energy

In this section we will present a detailed description of the average particle flux
through a nano-channel with a single internal potential well and two external
potential wells as a function of the concentration gradient between the emitter
and collector baths when the potential barriers are twice of the thermal energy
kpT. Taking this fact into account, we will plot the variation of the average par-
ticle flux through the nano-channel as a function of the concentration gradient
and discuss some of its important properties.

Using n. = 0, vl = 2, u; = 2, u; = 2, u; = 2 and the values the transition
rates specified in Eq. into Eq. we have plotted the variation of the
average particle flux J through a nano-channel with a single internal potential
well as a function of concentration gradient An in units of ;M for five different
values of 7., thatisn. = 0,7, = 0.25,7. = 0.5,n. = 0.75,17. = 1.0 on the same
graph as shown in Fig.

J
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Fig. 3.2: Plot of J as a function of the concentration gradient An in units of M when
s=1,n.=10uM,n =0v=v =15@uM)tst vy = v =500s1,
uf =2,u] =2,uf =2,u; = 2forthe values n. = 0,7, = 0.25,7, = 0.5,7. =

0.75,7, = 1.0
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Using 7. = 0.5, ul = 2,u; = 2,uf = 2,u; = 2 and the values of the transition
rates specified in Eq. into Eq. we have plotted the variation of the
average particle flux J through a nano-channel with a single internal potential
well as a function of concentration gradient An in units of M for five different
values of 7., thatisn, = 0,7. = 0.25,7. = 0.5,7. = 0.75,7. = 1.0 on the same
graph as shown in Fig.

An

200 400 600 B00 1000

Fig. 3.3: Plot of J as a function of the concentration gradient An in units of M when
s=1,n.=1.0uM,n. =05 v =v, =15(uM)" s vy = v = 500571,
uf =2,u] =2,uf =2,u; = 2forthe values 7. = 0,7, = 0.25,7, = 0.5,7. =
0.75,7. = 1.0

Using 7, = 1.0, vl = 2,u; = 2,uf = 2,u; = 2 and the values of the transition
rates specified in Eq. into Eq. we have plotted the variation of the
average particle flux J through a nano-channel with a single internal site as a
function of concentration gradient An in units of ;M for five different values of
ne, thatis n. = 0,7, = 0.25,n. = 0.5,7. = 0.75,17. = 1.0 on the same graph as

shown in Fig.
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Fig. 3.4: Plot of J as a function of the concentration gradient An in units of xM when
s=1,n.=1.0uM,n =10, v; =v; =15(uM) s vy = v = 500571,
uf =2,u] =2,uf =2,u; = 2forthe values 7. = 0,7, = 0.25,7, = 0.5,7. =
0.75,m. = 1.0

For the given values of 7. and 7., the average particle flux through a nano-
channel with a single internal potential well as a function of the concentration
gradient An is denoted by J;(An|n.,n.). Since we have assumed that the con-
centration of the permeating particles in the collector bath to be n. = 1.0 uM,
the maximum negative value of the concentration gradient is An = —1.0 /M.
Using these notations and assumptions, we see from Fig. to Fig. that
Ji(Anlpe = 0,m:) < Ji(An|n. = 0.25,n.) < Ji(An|n. = 0.5,1.) < Ji(Anlp. =
0.75,m.) < Ji(An|n. = 1.0,7.) for all possible values of An and 7.. That is, for
the given values of An and 7. in their respective ranges, the average particle flux
through a nano-channel with a single internal potential well increases as the

average value of 7, increases.

The average particle flux through the nano-channel is zero even in the pres-
ence of a large concentration gradient between the two baths whenn. = 7. =0
and 1. = 7, = 1.0 as shown in Fig. and Fig. respectively. The average
particle flux through the nano-channel assumes negative values when 7. = 1.0
for all possible values of An and 7, as shown in Fig. When An = —1.0 uM
and n. = 1.0, the average particle flux through the nano-channel is zero for all
possible values of . and for all other values of 7. the fluxis negative and its mag-
nitude increases as 7. increases and we have the maximum negative flux when

n. = 1.0. Moreover, J;(An = —1.0uM|n.,n. = 0) — 0 for all possible values of 7..

46



For small values of An, the average particle flux through the nano-channel
increases rapidly as An increases and then it increases slowly and finally satu-
rates to a constant value for large values of An. For a given value of 7., the rate of
approach of the average flux as a function of An to the saturation value is differ-
ent for different values of 7.. That is, the flux saturates more quickly at a small
value of An when 7, = 1.0 and as 7, decreases from its maximum value of one to
zero, the concentration gradient at which the flux becomes saturated increases
from the smallest value, which occurs when 7. = 1.0 to the largest one, which
occurs when 7. = 0. In other words, for a given value of 7., the value of An at
which the flux saturates increases as 7. decreases from one to zero. For a given
value of 7., the average flux associated with different values of 7. converge to
each other as An — —1.0 uM and then diverge from each other as An increases
to intermediate values and finally the flux associated with different values of 7,
saturates to the same maximum positive value as An increases to large values.
The saturation values of the average particle flux associated with different val-
ues of 7, are: J;(An — 10M|n, > 0,7, = 0) — 67.6676 s, J:*(An — 10M|n, >
0,7. = 0.5) — 33.833857 1, J5*(An — 10M|n, > 0,1, = 0.95) — 3.38338 5! and
Ji(An — 10M|n. > 0,n. = 1.0) — 0 for all possible values of 7. in the range
0<ne < 1.0.

Therefore, the average flux attains a maximum positive value when 7. = 0
and 7. = 1.0 for for large values of An. Therefore, when n. = 0, the mean res-
idence time of a particle at the potential well V. is negligible and as result the
occupation probability of V, is almost zero. Moreover, as 7. — 1, the mean
residence time of a particle at the potential well V, is large and as result the
occupation probability of this site is almost one. This means that the average
particle flux through the nano-channel attains a maximum positive value when

V. is empty, thatis . = 0, and when V, is occupied, that is n, = 1.

Using 7. = 0, v} = 2,u; = 2,uf = 2,u; = 2 and the values of the transition
rates specified in Eq. into Eq. we have plotted the variation of the
average particle flux J through a nano-channel with a single internal site as a
function of concentration gradient An in units of M for five different values of
N, thatis g, = 0,7, = 0.25,n. = 0.5,n. = 0.75,7. = 1.0 on the same graph as

shown in Fig.
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Fig. 3.5: Plot of J as a function of the concentration gradient An in units of xM when
s=1,n.=1.0uM, 5 =0, v =v, = 15uM) s Lvyy = v = 500571,
uf =2,u] =2, uf =2, u; = 2 for the values n. = 0,1, = 0.25,7. = 0.5,7, =
0.75,n. = 1.0

Using 7. = 0.1, u} = 2,u; = 2,u] = 2,u; = 2 and the values of the transition
rates specified in Eq. into Eq. we have plotted the variation of the
average particle flux J through a nano-channel with a single internal site as a
function of concentration gradient An in units of ;M for five different values of
Ne, thatis n. = 0,7, = 0.25,n. = 0.5,n. = 0.75,n. = 1.0 on the same graph as

shown in Fig.

1n.=1.0

! An
2000 4000 6000 8000 10000

Fig. 3.6: Plot of J as a function of the concentration gradient An in units of M when
s=1,n.=10uM, n. =01,v}S =v, =15 (,uM)_ls_l,yf = Vfr = 50051,
uf =2,u] =2, uf =2,u; =2 for the values 5. = 0,1, = 0.25,n. = 0.5,7, =
0.75,n. = 1.0

Using n. = 0.5, u} = 2,u; = 2,uf = 2,u; = 2 and the values of the transition
rates specified in Eq. into Eq. [3.15, we have plotted the variation of the
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average particle flux J through a nano-channel with a single internal site as a
function of concentration gradient An in units of ;M for five different values of
Ne, thatis n. = 0,7, = 0.25,n. = 0.5,n. = 0.75,7. = 1.0 on the same graph as

shown in Fig.
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Fig. 3.7: Plot of J as a function of the concentration gradient An in units of xM when
s=1,n.=1.0uM,n =05 v =v, =15uM) s vy = v = 500571,
uf = 2,u; =2, uf =2,u; = 2 for the values 1., thatis n. = 0,7. = 0.25,7, =
0.5,m. =0.75,n. = 1.0

Using 7. = 1.0, v} = 2,u] = 2,uf = 2,u; = 2 and the values of the transition
rates specified in Eq. into Eq. we have plotted the variation of the
average particle flux J through a nano-channel with a single internal site as a
function of concentration gradient An in units of ;M for five different values of

ne, thatis n, = 0,7, = 0.25,n. = 0.5,n. = 0.75,17. = 1.0 on the same graph as
shown in Fig.

As Fig. shows, when 7, = 0, the average particle flux through the nano-
channel assumes constant negative values that don’t change as the concentra-
tion gradient increases and its magnitude increases as 7. increases. When 7, =
0, the average particle flux associated with different values of 7. is: J;(An|n. =
0,7. = 0) — 0, J1(An|n. = 0,n. = 0.25) — —0.288767s71, Jy(An|n. = 0,7, =
0.5) — —0.669977 s, Jy(An|n. = 0,m. = 0.75) — —1.19648 s~ and J; (An|n. =
0,m. = 1.0) — —1.9709 s~ for all possible values of An. Moreover, the average
particle flux through the nano-channel assumes negative values when 7. = 1.0
and 0 < 7. < 1.0 and positive values when . = 1.0 and 0 < 7. < 1.0 for all
possible values of An as shown in Fig.

49



60 7:=0

50 7. = 0.25
40

1. = 0.5
30
20 7. = 0.75
10

1. = 1.0

200 400 600 800 1000

Fig. 3.8: Plot of J as a function of the concentration gradient An in units of xM when
s=1,n.=10uM,n = 1.0, v = v, = 15(uM) s vy = v = 500571,
uf =2,u] =2, uf =2, u; =2 for the values 5. = 0,1, = 0.25,7. = 0.5,7, =
0.75,n. = 1.0

As the figures from Fig. 3.5|to Fig. [3.8|show, for a given value of 7., the average
particle flux through the nano-channel assumes a maximum value when 7. = 0
and a minimum value when 7. = 1.0. That s, J,(An|n,n. = 0) > Ji(An|ne, n. =
0.25) > Ji(An|ne,n. = 0.5) > Ji(An|ne,n. = 0.75) > Ji(An|n.,n. = 1.0) for
all possible values of An and 7.. The average particle flux through the nano-
channel is zero even in the presence of a large concentration gradient between
the two baths when . = n. = 0 and . = 7. = 1.0 as shown in Fig. and
Fig. respectively. When An = —1.0 uM and 7. = 1.0, the average particle
flux through the nano-channel is zero for all possible values of 7. in the range
0 < 1. < 1.0. For small values of An, the average flux increases rapidly as An
increases and then it increases slowly and finally it saturates to a constant value

for large values of An.

Moreover, the value of the concentration gradient at which the average par-
ticle flux through the nano-channel becomes saturated increases from the least
value, which occurs when n. = 1.0, to the largest value which occurs when
n. = 0, for all possible values of 7.. That is, J;(An|n.,n. = 1.0) saturates first
at a small value of An and J;(An|n.,n. = 0) saturates last at a large value of An
for any value of n.. Moreover, as 7. increases, the value of An at which the flux
saturates decreases as one can see in the Fig. [3.5]to Fig. All the fluxes shown
in the figures from Fig. to Fig. saturate to the same maximum positive
values which are the same as those shown in the figures from Fig. to Fig.
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That is, J;*(An — 10M|n. > 0,7, = 0) — 67.6676 57", J;*(An — 10M|n, >
0,7. = 0.25) — 50.7507 s, J&%(An — 10M|n. > 0,7, = 0.5) — 33.833857,
Ji(An — 10M|n. > 0,1, = 0.75) — 16.9169 s~ ! and J;*(An — 10M|n. > 0,7, =
1.0) — 0 for all possible values of 7, in the range 0 < 7. < 1.0. Therefore, for
the given values of An and 7, in their respective ranges, the average particle flux
through a nano-channel with a single internal potential well decreases as the
average value of 7. increases.

Using 7. = 0.1, 7. = 0.1, u; = 2,uf = 2,u; = 2 and the values of the transi-
tion rates specified in Eq. into Eq. we have plotted the variation of the
average particle flux J through a nano-channel with a single internal potential
well as a function of concentration gradient An in units of M for four different
values of u, thatis v} ~ 0,u} = 1.0,u} = 2.0,u = 3.0 on the same graph as
shown in Fig.

An
| [ 2000 1000 6000 8000 10000

Fig. 3.9: Plot of J as a function of the concentration gradient An in units of M when
s=1,n.=10uM,n =011 =01v5 =v; =15uM)"ts vy =vf =
500571 uy = 2,uf =2,u; =2, uf =2,u; =2,uf =2,u; =2 for the values

uf ~0,uf =1.0,uf =2.0,uf =3.0

Using 7. = 0.95, 5. = 0.95, u; = 2,u] = 2,u; = 2 and the values of the transi-
tion rates specified in Eq. into Eq. we have plotted the variation of the
average particle flux J through a nano-channel with a single internal potential
well as a function of concentration gradient An in units of M for four different
values of v}, thatis uf ~ 0,uf = 1.0,u} = 2.0,u = 3.0 on the same graph as

shown in Fig.
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Fig. 3.10: Plot of J as a function of the concentration gradient An in units of M when
s=1,n.=1.0uM,n. =0.951n. =095 vF =v, =15pM) s v, =v =
50057 Y, uf = 2,u] = 2,uf = 2,u; = 2 for the values uf ~ 0,uf = 1.0,ul =
2.0,u} = 3.0

Using . = 1, 7. = 0, u; = 2,u] = 2,u; = 2 and the values of the transition
rates specified in Eq. into Eq. we have plotted the variation of the
average particle flux J through a nano-channel with a single internal potential
well as a function of concentration gradient An in units of ;M for four different
values of v}, thatis v} ~ 0,4} = 1.0,u} = 2.0,u = 3.0 on the same graph as

shown in Fig.
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Fig. 3.11: Plot of J as a function of the concentration gradient An in units of M when
s=1,n.=10uM,n = 1.0,n. =0, v = v, = 15(uM) sy = yf‘ =
500571, ut = 2,u] = 2,uf = 2,u; = 2 for the values u} ~ 0,u} = 1.0,uf =
2.0,uf =3.0

Using 7. = 0.5, 5. = 0.5, v} = 2,u{ = 2,u; = 2 and the values of the transition
rates specified in Eq. into Eq. [3.15, we have plotted the variation of the
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average particle flux J through a nano-channel with a single internal potential
well as a function of concentration gradient An in units of ;M for four different
values of uy, thatisu; ~ 0,u; = 1.0,u; = 2.0,u; = 3.0 on the same graph as

shown in Fig.
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Fig. 3.12: Plot of J as a function of the concentration gradient An in units of M when
s=1,n.=1.0uM,n. = 0.5,n. = 0.5 v =v. =15(uM)" s vy =vf =
50057 L, uf = 2,u] = 2,uf = 2,u; = 2 for the values u; ~ 0,u] = 1.0,u] =
2.0,u; =3.0

Using 7. = 0.5, n. = 0.5, ul = 2,u; = 2,u, = 2 and the values of the transition
rates specified in Eq. into Eq. we have plotted the variation of the
average particle flux J through a nano-channel with a single internal potential
well as a function of concentration gradient An in units of ;M for four different
values of v, that is v ~ 0,u; = 1.0,u{ = 2.0,u] = 3.0 on the same graph as

shown in Fig.
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Fig. 3.13: Plot of J as a function of the concentration gradient An in units of M when
s=1,n.=10uM,n. = 05,1 =05 v =v, =15uM) sy = =
50057 Y, uf = 2,u] = 2,uf = 2,u; = 2 for the values uf ~ 0,u] = 1.0,u] =
2.0,uf =3.0

Using 1. = 0.5, . = 0.5, v} = 2,47 = 2,u] = 2 and the values of the transi-
tion rates specified in Eq. into Eq. we have plotted the variation of the
average particle flux J through a nano-channel with a single internal potential
well as a function of concentration gradient An in units of M for four different
values of u_, thatis u; ~ 0,u; = 1.0,u; = 2.0,u; = 3.0 on the same graph as

shown in Fig.
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Fig. 3.14: Plot of J as a function of the concentration gradient An in units of M when
s=1,n.=10uM,n. = 05,1 = 0.5 v =v, =15uM) s vy = =
50057 Y, uf = 2,u] = 2,uf = 2,u; = 2forthe values u; ~ 0,u; = 1.0,u; =
2.0,u; = 3.0

As one can see in Fig. to Fig. and in Fig. [3.13} the average particle flux
as a function of An through a nano-channel with a single internal potential well
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decreases as the height of the normalized potential barriers v and u]” increase
from values that are nearly zero to higher values. The average flux approaches
the saturation values more quickly when «; is small than when v} is large but
the flux approaches the saturation value more quickly when u; is large than
when u] is small. The average particle flux associated with different values of
ul saturate to the same maximum positive value but the average particle flux
associated with different values of ] saturate to the different maximum posi-
tive values as An increases to large positive values. Therefore, for all possible
values of «, we see that J;*(An — 10M|n. = 0.1,n. = 0.1) — 60.9008 s7*,
Jiot(An — 10M|n. = 0.95,7. = 0.95) — 3.38338s7%, Ji%(An — 10M|n, =
10,7, = 0) — 67.6676s%, J:*(An — 10M|n. = 0,m, = 1.0) — —1.9709 s ™.
Moreover, we see that J{%(An — 10M|n. = 0.1,n. = 0.1,uf = 0) — 449.999 57,
Ji%(An — 10M|n. = 0.1,n. = 0.1,uf = 1) — 165.546 s7*, J{%(An — 10M|n, =
0.1,7. = 0.1,uf =2) — 60.9008 s, Ji**(An — 10M|n. = 0.1,n. = 0.1,uf = 3) —
22.4042 571

However, the average particle flux as a function of An through a nano-channel
with a single internal potential well increases as the height of the normalized
potential barriers u; and u_ increase from values that are nearly zero to higher
values as shown in Fig. and in Fig. The average particle flux associ-
ated with the different values of u; and u_ saturate to the same maximum pos-
itive value as An increases to large positive values, that is, Ji*(An — 10M|n, =
0.1,n. = 0.1,uy) = J;*(An — 10M|n. = 0.1,n. = 0.1,u;) — 60.9009 s~ for all

possible values of u; and u .

3.2.2 The Average Particle Flux Through a Nano-Channel as a Function
of the Average Occupation number of the External Potential Wells

when the Potential Barriers are Twice of Thermal Energy

Using the positive concentration gradient An = 1000 M, uf = 2,u] = 2,u] =
2,u; = 2 and the values of the transition rates specified in Eq. into Eq.
we have plotted the variation of the average particle flux ./ through a nano-
channel with a single internal potential well as a function of 1, for five different
values of 7., that is, . = 0,7. = 0.25,7. = 0.5,1. = 0.75,7. = 1.0 on the same

graph as shown in Fig.
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Fig. 3.15: Plot of J as a function of n. when s = 1, An = 1000 uM, n. = 1.0 uM, v =
v =15 (uM) s vy = v =500s71, uf =2,u; =2,uf =2,u; =2 forthe

values n. = 0,7, = 0.25,n. = 0.5,7, = 0.75, 7. = 1.0

Using the positive concentration gradient An = 50 uM, uf = 2,u] = 2,u] =
2,u; = 2 and the values of the transition rates specified in Eq. into Eq.
we have plotted the variation of the average particle flux ./ through a nano-
channel with a single internal potential well as a function of 1, for five different
values of 7., that is, . = 0,7. = 0.25,17. = 0.5,7. = 0.75,7. = 1.0 on the same

graph as shown in Fig.

Fig. 3.16: Plot of J as a function of . when s = 1, An =50 uM, n. = 1.0 uM, v = v, =
15 (uM)~ts7 vy = v = 50057 Y, ul = 2,u; = 2,uf = 2,u; = 2 for the
values . = 0,m. = 0.25,1. = 0.5,7, = 0.75, 7. = 1.0

When there is a positive concentration gradient of An = 1000 xM the aver-
age particle flux as a function of 7. approaches to slightly different maximum
positive values as 7. — 0 and to slightly different maximum negative values as
n. — 1.0 as shown in Fig. For the given values of An and 7., the average
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flux decreases as 7. increases from zero to one. The average particle fluxes asso-
ciated with different values of 7, are far apart from each other as . — 0 and as-
sume the values: J;(An = 1000 uM|n. = 0,7. — 0) — 0, J1(An = 1000 uM|n. =
0.25,m. — 0) — 54.876s~, J,(An = 1000 uM|n. = 0.5,n. — 0) — 61.5216s57 %,
Ji(An = 1000 pM|n. = 0.75,7. — 0) — 64.1096s~' and J;(An = 1000 pM|n, =
1.0,7. — 0) — 65.4869s=1. The fluxes converge to each other as . — 1.0 and
assume the values: J;(An = 1000 uM|n. = 0,n. — 1.0) — —1.9709s7!, J;(An =
1000 pM|n. = 0.25,n, — 1.0) — —0.183713s7 L, Ji(An = 1000 uM|n. = 0.5, 7. —
1.0) — —0.0652952s~%, J;(An = 1000 M|y, = 0.75,7, — 1.0) — —0.02225675 "
and J;(An = 1000 uM|n. = 1.0,n7. — 1.0) — 0. Moreover, the fluxes assume the
values J;(An = 1000 uM|n. = 1.0,n.) > 0 and J;(An = 1000 uM|n. = 0,71.) < 0
for all possible values of 7..

Using zero concentration gradient An = 0, v} = 2,u] = 2,u] = 2,u; = 2
and the values of the transition rates specified in Eq. [3.14]into Eq. we have
plotted the variation of the average particle flux J through a nano-channel with
a single internal potential well as a function of n, for five different values of 7,
thatisn. = 0,7, = 0.25,7. = 0.5,1. = 0.75, 7. = 1.0 on the same graph as shown

in Fig.

Fig. 3.17: Plot of J as a function of n. when s = 1, An = 0, n, = 1.0pM, v} = v, =
15 (uM)ts7h vy = v = 500571, uf = 2,u] = 2,uf = 2,u; = 2 for the
values n. = 0,7, = 0.25,n. = 0.5,7, = 0.75, 7. = 1.0

When An = 0, the average particle flux as a function of 7. obey that J;(An =
0|ne = 1.0,m.) > Ji(An = 0|n. = 0.75,n.) > Ji(An = 0|n. = 0.5,n.) > Ji(An =
0|n. = 0.25,n.) > Ji(An = 0Jn. = 1.0,7.) and approach to different maximum
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positive values as . — 0, that s, J;(An = 0|n. = 0,17, — 0) — 0, J1(An = 0|, =
0.25, 1. — 0) — 0.288767, J;(An = 0|, = 0.5,7. — 0) — 0.669977, J;(An = 0|, =
0.75,7. — 0) — 1.19648, J,(An = 0|n. = 1.0,7. — 0) — 1.9709. Moreover, the
average particle flux as a function of n. approach to different maximum negative
values, that is, J;(An = 0|n. = 0,7, — 1.0) — —1.9709, J;(An = 0|n. = 0.25, 1. —
1.0) — —1.93336, Ji(An = 0|, = 0.5,7. — 1.0) — —1.86241, J;(An = 0|y, =
0.75,7, — 1.0) — —1.67771, J,(An = 0[. = 1.0,7, — 1.0) — 0. When An = 0,
the average particle flux through the nano-channel is positive if .J; (An = 0|n, =
0.25,7, < 0.25) > 0, J1(An = 0|n. = 0.5,1. < 0.5) > 0, J1(An = 0|n. = 0.75,n. <
0.75) > 0. Moreover, J;(An = 0|n. = 0,7.) < 0 and J;(An = 0|n. = 1,0,71.) > 0
for all possible values of 7. in the range 0 < 7. < 1.0.

Using the negative concentration gradient An = —1.0 uM, u} = 2,u] =
2,uf = 2,u; = 2 and the values of the transition rates specified in Eq. 3.14]into
Eq. we have plotted the variation of the average particle flux J through
a nano-channel with a single internal potential well as a function of 7, for five
different values of 7., thatisn, = 0,n. = 0.25,7. = 0.5,5, = 0.75, 7. = 1.0 on the
same graph as shown in Fig.

Fig. 3.18: Plot of J as a function of . when s = 1, An = —1.0 uM, n. = 1.0uM, v} =
vo =15 (uM) s v = v =500s71, ut =2,u; =2,uf =2,u; =2forthe

values . = 0,m. = 0.25,1. = 0.5,7, = 0.75, 7. = 1.0

When the concentration gradient has the maximum possible negative value,
that is, An = —1.0 uM, Fig. shows that the average particle flux through
the nano-channel as a function of 7. is zero when 7. = 1.0 for all possible values

of 7. in the range 0 < 7. < 1.0 and is negative for all possible values of 7. in the
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range 0 < 7, < 1.0in the entire range 0 < . < 1.0. When An = —1.0 M, the av-
erage particle flux is zero when 7. = 0 for all possible values of 7. and as 7. — 1.0,
the average particle flux as a function of 7. approach to different maximum neg-
ative values, that is, J;(An = —1.0 uM|n. = 0,7, — 1.0) — —1.9709s7%, J;(An =
—1.0 pM|n, = 0.25,77. — 1.0) — —1.9519557", J,(An = —1.0 uM|n. = 0.5,1, —
1.0) — —1.9151257!, Ji(An = —1.0 uM|n. = 0.75,m. — 1.0) — —1.81253s7 1,
Ji(An = —1.0 uM|n. = 1.0,n. — 1.0) — 0.

Using the positive concentration gradient An = 2500 puM, uf = 2,u; =
2,uf = 2,u; = 2 and the values of the transition rates specified in Eq. 3.14]into
Eq. we have plotted the variation of the average particle flux J through
a nano-channel with a single internal potential well as a function of 7, for five
different values of 7., thatisn. = 0,n. = 0.25,7. = 0.5,5. = 0.75, 7. = 1.0 on the
same graph as shown in Fig.
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Fig. 3.19: Plot of J as a function of 5. when s = 1, An = 2500 uM, n. = 1.0 uM, v} =
vo =15 (uM) s vy = v =500s71, ut =2,u; =2,uf =2,u; =2 forthe

values . = 0,1, = 0.25,7. = 0.5, = 0.75, 7. = 1.0

Using the positive concentration gradient An = 35 puM, uf = 2,u] = 2,u] =
2,u; = 2 and the values of the transition rates specified in Eq. into Eq.
we have plotted the variation of the average particle flux J through a nano-
channel with a single internal potential well as a function of 7, for five different

values of 7., thatisn. = 0,7, = 0.25,n. = 0.5,n. = 0.75,n. = 1.0 on the same
graph as shown in Fig.
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Fig. 3.20: Plot of J as a function of . when s = 1, An = 35 uM, n. = 1.0uM, v} =
v =15 (uM) s v = v =500s71, uf =2,u; =2,uf =2,u; =2 forthe

values . = 0,7, = 0.25,n. = 0.5,n. = 0.75, 7. = 1.0

When An = 2500 M and An = 35 pM the average particle flux approach to
slightly different negative values as . — 0 and and assume the values: J;i*(An =
2500 uM|n. — 1.0,n. = 0) — 0, J;(An = 2500 uM|n. — 1.0,n. = 0.25) —
—0.288767s71, J3®(An = 2500 puM|n. — 1.0,1. = 0.5) — —0.669977s~L, Ji¢(An =
2500 puM|n. — 1.0,m. = 0.75) — —1.19648s~", J:*(An = 2500 pM|n. — 1.0,7, =
1.0) — —1.9709s~!. The fluxes diverge from each other and saturate to different
maximum negative values as 7. — 1.0, thatis, J;*(An = 2500 uM|n. — 1.0,7. =
0) — 66.7776, J;(An = 2500 pM|n. — 1.0,n. = 0.25) — 50.2435, Ji*(An =
2500 pM|n. — 1.0,7, = 0.5) — 33.6032, J(An = 2500 pM|p. — 1.0,7, =
0.75) — 16.8557, Ji*(An = 2500uM|n. — 1.0,7. = 1.0) — 0. Moreover, when
An =~ 35 uM the average particle flux increases almost linearly as 7. increases
and approach to different maximum positive values as . — 1.0. Moreover, the
average particle flux assumes the values when Ji*(An = 2500 uM|n,n. — 0) >
0 and J{*(An = 2500 uM|n.,n. — 1.0) < 0 for all possible values of 7.

Using zero concentration gradient An = 0, v} = 2,u; = 2,uf = 2,u; = 2
and the values of the transition rates specified in Eq. [3.14]into Eq. we have
plotted the variation of the average particle flux J through a nano-channel with
a single internal potential well as a function of 7, for five different values of 7,
thatis 7. = 0,7. = 0.25,n. = 0.5,1. = 0.75,77. = 1.0 on the same graph as shown

in Fig.
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Fig. 3.21: Plot of J as a function of n. when s = 1, An = 0, n, = 1.0uM, v} = v, =
15 (uM)~ts7 vy = vf = 50057, uf = 2,u] = 2,uf = 2,u; = 2 for the
values n. = 0,7, = 0.25,n. = 0.5,n. = 0.75, 7. = 1.0

When An = 0, the average particle flux as a function of 7. obey that .J; (An =
0[ne,ne = 0) > Ji(An = 0[ne,ne = 0.25) > Ji(An = One,n. = 0.5) > Ji(An =
0|ne,n. = 0.75) > Ji(An = 0OJn.,n. = 1.0) and approach to different negative
values as . — 0, thatis, J;(An = 0jn. = 0,5, — 0) — 0, J1(An = 0|n. =
0.25,1. — 0) — —0.288767, J;(An = 0|, = 0.5,1. — 0) — —0.669977, J;(An =
0n. = 0.75,n. — 0) — —1.19648, J;(An = 0|n. = 1.0,7. — 0) — —1.9709. More-
over, the average particle flux as a function of 7. approach to different maxi-
mum positive values, that is, J;(An = 0. = 0,7, — 1.0) — 1.9709, J;(An =
Oln. = 0.25,7. — 1.0) — 1.93336, Jy(An = Op. = 0.5,7. — 1.0) — 1.86241,
Ji(An = 0ln, = 0.75,1. — 1.0) — 1.67771, J;(An = 0|n. = 1.0,7. — 1.0) — 0.
When An = 0, the average particle flux through the nano-channel is positive
if 1(An = 0|n. = 0.25,n. > 0.25) > 0, J1(An = Oln. = 0.5,n5. > 0.5) > 0,
Ji(An = 0ln. = 0.75,1. > 0.75) > 0. Moreover, .J;(An = 0|n, = 0,7,) > 0 and
J1(An =0|n. = 1,0,7.) < 0 for all possible values of 7. in the range 0 < . < 1.0.

Using the maximum negative concentration gradient, thatis, An = —1.0 uM,
ul = 2,u; = 2,uf =2,u; = 2 and the values of the transition rates specified in
Eq.[3.14into Eq. we have plotted the variation of the average particle flux J
through a nano-channel with a single internal potential well as a function of 7,
for five different values of 7., thatis n. = 0,7, = 0.25,1. = 0.5,n. = 0.75,5. = 1.0
on the same graph as shown in Fig.
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Fig. 3.22: Plot of J as a function of . when s = 1, An = —1.0uM, n, = 1.0uM, v} =
v =15 (M) ts7H v = v =500s71, uf =2,u; =2,uf =2,u; =2 forthe

values n. = 0,7, = 0.25,n. = 0.5,1n. = 0.75, 7. = 1.0

When An = —1.0 uM, Fig. shows that the average particle flux through
the nano-channel as a function of 7. is zero when 7. = 0 for all possible values
of 7. in the range 0 < 7. < 1.0 and is negative for all possible values of 7. in the
range 0 < 7. < 1.0 in the entire range 0 < 7, < 1.0. When An = —1.0 uM, the
average particle flux is zero when 7, = 1.0 for all possible values of 7. and as
n. — 0, the average particle flux as a function of . approach to different max-
imum negative values, thatis, J;(An = —1.0 uM|n. = 0,7, — 0) — 0, J;(An =
—1.0 uM|n. = 0.25,7, — 0) — —0.288767s71, Ji(An = —1.0 uM|n, = 0.5,1, —
0) — —0.669977s%, Ji(An = —1.0 uM|n. = 0.75,7. — 0) — —1.19648s71,
Ji(An = —1.0 uM|n. = 1.0,n, — 0) — —1.9709s~ 1.

Using 7. = 0, u} = 2,u] = 2,uf = 2,u; = 2 and the values of the transition
rates specified in Eq. [3.14]into Eq. we have plotted the variation of the aver-
age particle flux J through a nano-channel with a single internal potential well
as a function of 7, for five different values of the concentration gradient An in
units of M, thatis An = —1.0, An = 0, An = 35, An = 100, An = 500, An = 1000
on the same graph as shown in Fig.
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Fig. 3.23: Plot of J as a function of n. when s = 1, n. = 1.0uM, 5. = 0, v} = v, =
15 (uM)~ts7 vy = v = 50057, uf = 2,u] = 2,u] = 2,u; = 2 for the
values An = —1.0, An = 0, An = 35, An = 100, An = 500, An = 1000

Using 7. = 0.001, u} = 2,u; = 2,uf = 2,u; = 2 and the values of the transi-
tion rates specified in Eq. into Eq. we have plotted the variation of the
average particle flux J through a nano-channel with a single internal potential
well as a function of 7, for five different values of the concentration gradient An
in units of M, thatis An = —1.0, An = 0,An = 35, An = 100, An = 500, An =
1000 on the same graph as shown in Fig.
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Fig. 3.24: Plot of J as a function of . when s = 1, n. = 1.0 uM, . = 0.001, v,f = v, =
15 (uM)~ts7 vy = v = 50057, ul = 2,u; = 2,uf = 2,u; = 2 for the
values An = —1.0, An = 0, An = 35, An = 100, An = 500, An = 1000

Using . = 1.0, v} = 2,u] = 2,uf = 2,u; = 2 and the values of the transition
rates specified in Eq. into Eq. we have plotted the variation of the av-
erage particle flux through a nano-channel with a single internal potential well
as a function of 7, for five different values of the concentration gradient An in
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units of u M, thatis An = —1.0, An = 0, An = 35, An = 100, An = 500, An = 1000
on the same graph as shown in Fig.
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Fig. 3.25: Plot of J as a function of . when s = 1, n, = 1.0uM, n. = 1.0, v = v, =
15 (uM)~ts7 vy = v = 50057, ul = 2,u; = 2,uf = 2,u; = 2 for the
values An = —1.0,An = 0, An = 35, An = 100, An = 500, An = 1000

When 7, = 0, as shown in Fig. [3.23|the average particle flux is negative in the en-
tire range 0 < 7. < 1 and has the same value for all possible values of An. As 7,
increases the flux associated with different values of An become separated from
each other, that is, the distance between them increases and the flux increases
in the positive direction and finally the flux associated with all possible values of
An becomes totally positive as 7. — 1.0. Moreover, J;(An = —1.0 uM|n.,n.) <
Ji(An = 0[ne, me) < Ji(An = 35 pM|ne,ne) < Ji(An =100 pM|ne,n.) < Ji(An =
500 puM|ne,n.) < Ji(An = 1000 uM]|n.,n.) for all possible values of 7. and 7..
The average particle flux assumes a maximum value when 7. — 0 for all possi-
ble values of 7. and An and then decreases as 7. increases and finally become
minimum when 7. = 1.0.

Using 7. = 0, v} = 2,u] = 2,uf = 2,u; = 2 and the values of the transition
rates specified in Eq. [3.14]into Eq. we have plotted the variation of the aver-
age particle flux J through a nano-channel with a single internal potential well
as a function of 7, for five different values of the concentration gradient An in
units of M, thatis An = —1.0, An = 0, An = 35, An = 100, An = 500, An = 1000
on the same graph as shown in Fig.
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Fig. 3.26: Plot of J as a function of n. when s = 1, n. = 1.0uM, n. = 0, v} = v, =
15 (uM)~ts7 vy = vf = 50057, uf = 2,u] = 2,u] = 2,u; = 2 for the
values An = —1.0, An = 0, An = 35, An = 100, An = 500, An = 1000

Using n. = 1.0, v = 2,u; = 2,u] = 2,u; = 2 and the values of the transition
rates specified in Eq. into Eq. we have plotted the variation of the av-
erage particle flux through a nano-channel with a single internal potential well
as a function of 7, for five different values of the concentration gradient An in
units of M, thatis An = —1.0, An = 0, An = 35, An = 100, An = 500, An = 1000
on the same graph as shown in Fig.

Fig. 3.27: Plot of J as a function of . when s = 1, n, = 1.0uM, n. = 1.0, v = v, =
15 (uM)~ts7 vy = v = 50057, ul = 2,u; = 2,uf = 2,u; = 2 for the
values An = —1.0, An = 0, An = 35, An = 100, An = 500, An = 1000

When 7. = 1.0, as shown in Fig. the average particle flux is negative in
the entire range 0 < 7. < 1 and the flux increases almost linearly when An =
35uM for all possible values of 7.. The fluxes associated with the possible val-
ues of An converge to each other as . — 0 and . — 1.0 and as 7, increases
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to intermediate values the flux associated with different values of An diverge
from each other, that is, the distance between them increases. Moreover, the
magnitudes of the fluxes associated with different values of An obey |J;(An =
—LO uM|ne, ne)| < |J1(An = Olne, ne)| < |J1(An = 35 uM|ne,ne)| < |Ji(An =
100 M |ne,n.)| < |Ji(An = 500 pM|ne,n.)| < |Ji(An = 1000 M|, n.)| for all
possible values of 7. and 7.

3.2.3 Conclusion

1. Therefore, for the given values of An and 7, in their respective ranges, the
average particle flux through a nano-channel with a single internal poten-

tial well decreases as the average value of 7. increases.

2. The average particle flux through the nano-channel is zero even in the
presence of a large concentration gradient between the two baths when
n. = n. = 0 and n. = n. = 1.0 and average particle flux through the nano-
channel assumes negative values when 7. = 1.0 for all possible values of
An and 7,.

3. The average particle flux associated with different values of v saturate to
the same maximum positive value but the average particle flux associated
with different values of u] saturate to the different maximum positive val-
ues as An increases to large positive values.

4. The average flux approaches the saturation values more quickly when w}
is small than when v is large but the flux approaches the saturation value
more quickly when u is large than when v is small.

5. The average particle flux associated with the different values of u; and u_
saturate to the same maximum positive value as An increases to large pos-

itive values,
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3.3 Discussion of the Average Occupation Number of a
Nano-Channel with a Single Internal Potential Well

In this section, we will present a detailed description of the average occupation
number of the internal potential well V; of a nano-channel with a single internal
potential well and two external potential wells as a function of the concentra-
tion gradient between the emitter and collector baths and as a function of the
occupation number of the external potential wells when the height of the poten-
tial barriers is twice of the thermal energy kz7'. Taking this fact into account, we
will plot the variation of the average occupation number of the internal poten-
tial well as a function of the concentration gradient and the occupation number
of the external potential wells.

3.3.1 The Average Occupation Number of the Internal Potential Well of

a Nano-channel as a Function of the Concentration Gradient

Usingn. = 0, v} = 2,u; = 2,uf = 2,u; = 2 and the values of the transition rates
specified in Eq. into Eq. we have plotted the variation of the average
occupation number 7, of the internal potential well V; of a nano-channel with a
single internal potential well as a function of the concentration gradient An in
units of M for five different values of 7., that is, n. = 0,7, = 0.25,7. = 0.5, 7, =
0.75,n. = 1.0 on the same graph as shown in Fig.
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Fig. 3.28: Plot of n; as a function of the concentration gradient An in units of M when
s=1n.=1.0uM,n. =0, v = v, =15@uM)ts7Luy = v = 500571,
ul = 2,u; = 2,u = 2,u; = 2 for five different values 7. = 0,7, = 0.25,7, =
0.5, = 0.75,1, = 1.0

Using 7. = 0.5, u} = 2,u; = 2,uf = 2,u; = 2 and the values of the tran-
sition rates specified in Eq. into Eq. we have plotted the variation
of the average value of the occupation number 7, of the internal potential well
of the nano-channel with a single internal potential well as a function of the
concentration gradient An in units of M for five different values of 7., that is

Ne = 0,m. = 0.25,1, = 0.5,m. = 0.75, 7. = 1.0 on the same graph as shown in Fig.
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Fig. 3.29: Plot of 1; as a function of the concentration gradient An in units of yM when
s=1,n.=1.0uM,n. = 05 = v, = 15@uM)ts7Lv; = v = 500571,
ul = 2,u; = 2,u = 2,u; = 2 for five different values 7. = 0,7, = 0.25,7, =
0.5,m¢ =0.75,n. = 1.0

Using n. = 1.0, uf = 2,u; = 2,uf = 2,u; = 2 and the values of the tran-
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sition rates specified in Eq. into Eq. we have plotted the variation
of the average value of the occupation number 7, of the internal potential well
of the nano-channel with a single internal potential well as a function of the
concentration gradient An in units of M for five different values of 7., that is

Ne = 0,m. = 0.25,1. = 0.5,m. = 0.75,7. = 1.0 on the same graph as shown in Fig.
3.300
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Fig. 3.30: Plot of n; as a function of the concentration gradient An in units of yM when
s=1,n.=1.0uM,n. = 1.0, vt = v = 15uM) s vy = v = 500571,
ul = 2,u; = 2,u] = 2,u; = 2 for five different values 7. = 0,7, = 0.25,7, =
0.5, = 0.75,n, = 1.0

For the given values of 7. and 7., the average occupation number of the
internal potential well of a nano-channel as a function of An is denoted by
m(An|ne, n.). Fig. [3.28 to Fig. [8.30] show that i (Anln. = 0,n.) < m(An|n. =
0.25,n.) < m(Anln. = 0.5,n.) < m(An|pe = 0.75,n.) < m(An|n. = 1.0,7.) for
all possible values of An and 7.. The average value of the occupation num-
ber assumes the values 7, (An|n.,n.) = 1.0 when . = 1.0 and n. = 1.0 and
m (An|ne, n.) = 0 when n, = 0 and 7. = 0 for all possible values of An. Moreover,
m(An — 10M|n., n.) — 1.0 for all possible values of . > 0 and 7. and n; (An|n. =
1.0,7.) approaches its saturation or maximum positive value more rapidly than
other possible values. For small values of An, that is, An < 400uM the average
occupation number of V; of the nano-channel increases very rapidly as An in-
creases and then it increases slowly and finally as An increases to large values,

n (An|ne, n.) saturates to its maximum constant value 7, (An|n., n.) — 1.0.
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For a given value of 7., the rate of approach of ; (An|n., n.) as a function of An
to the saturation value is different for different values of .. That is, 7, (An|n., n.)
saturates more quickly at a small value of An when 7. = 1.0 and as 7. decreases
from one to zero, the value of An at which »; (An|n., n.) becomes saturated in-
creases from the smallest value, which occurs when 7. = 1.0 to the largest one,
which occurs when 7. = 0. In other words, for a given value of 7., the value of
An at which 7, (An|n., n.) saturates increases as 7. decreases from one to zero.
For a given value of 7., the average value of 7, (An|n., n.) associated with differ-
ent values of . converge to each other as An — —1.0 u/M and then diverge from
each other as An increases to intermediate values and finally the average value
of n, (An|ne., n.) associated with different values of 7, saturates to the same max-
imum value 7, (An|n.,n.) — 1.0 as An increases to large values.

Therefore, the average value of 7, (An|n.,7n.) attains its maximum value of
one when 7. = 1.0 and 7. = 1.0 at a very small value of An as shown in Fig.
Therefore, when 7. = 1.0, the mean residence time of a particle at the
potential well V, is large and as result the occupation probability of V, is almost
one. Moreover, as 7. — 1.0, the mean residence time of a particle at the potential
well V, is large and as result the occupation probability of this site is almost one.
This means that the average value of 7, (An|n.,n.) attains its maximum value

when V., is occupied, that is . = 1.0, and when V, is occupied, that is . = 1.

Using . = 0, u} = 2,u; = 2,uf = 2,u; = 2 and the values of the transi-
tion rates specified in Eq. into Eq. we have plotted the variation of
the average value of the occupation number 7; of the internal potential well of
a nano-channel with a single internal potential well as a function of the con-
centration gradient An in units of xM for five different values of 7., that is n. =
0,7. = 0.25,n. = 0.5, . = 0.75, . = 1.0 on the same graph as shown in Fig.
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Fig. 3.31: Plot of n; as a function of the concentration gradient An in units of xM when
s=1n.=1.0uM,n. =0, v = v, = 15@uM) s~ Lvy = v = 500571,
ulf = 2,u; = 2,uj =2,u; = 2 for five different values n. = 0,7, = 0.25,7. =
0.5,7. =0.75,n.=1.0

Using . = 0.5, uf = 2,u; = 2,uf = 2,u; = 2 and the values of the
transition rates specified in Eq. into Eq. we have plotted the varia-
tion of the average value of the occupation number 7, of the internal potential
well of a nano-channel with a single internal potential well as a function of the
concentration gradient An in units of M for five different values of 7., that is
Ne = 0,m. = 0.25,n. = 0.5,1. = 0.75,7. = 1.0 on the same graph as shown in Fig.
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Fig. 3.32: Plot of n; as a function of the concentration gradient An in units of M when
s=1,n.=1.0uM,n. = 05 v; =v, =15uM) s vy = v =500s71,
ul = 2,u; = 2,uj =2,u; = 2 for five different values n. = 0,7, = 0.25,7. =
0.5,m. =0.75,n.=1.0

Using n. = 1.0, v} = 2,u] = 2,uf = 2,u; = 2 and the values of the transi-

71



tion rates specified in Eq. into Eq. we have plotted the variation of
the average value of the occupation number 7, of the internal potential well of
a nano-channel with a single internal potential well as a function of the con-
centration gradient An in units of yM for five different values of 7., that is . =
0,m. = 0.25,n. = 0.5,n. = 0.75, 7. = 1.0 on the same graph as shown in Fig.
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Fig. 3.33: Plot of n; as a function of the concentration gradient An in units of M when
s=1,n.=1.0uM,n. = 1.0, v = v, = 15uM) ts7L vy = v =500s71,
ul = 2,u; = 2,uj =2,u; = 2 for five different values 5. = 0,7, = 0.25,7. =
0.5,m. =0.75,n7. = 1.0

As shown in Fig. for the given values of 7., the average value of 7, (An|n. =
0,7.) as a function of An assumes small constant values that don’t change as An
increases. The plots shown in Fig. [3.31]to Fig. 3.33|show that: 7, (An|n., n. = 0) <
Mm(An|ne, n. = 0.25) < mi(An|ne, e = 0.5) < pi(An|ne, ne = 0.75) < m(An|ne, n. =
1.0) for all possible values of An and .. Moreover, 1;(An|n.,n.) = 1.0 when
n. = 1.0 and n. = 1.0 and 7, (An|n., n.) = 0 when 7, = 0 and . = 0 for all possible
values of An. Furthermore, 1, (An — 10M|n.,n.) — 1.0 for all possible values
of n. > 0 and 7. and 7;(An|n.,n. = 1.0) approaches its saturation value more
rapidly. For small values of An, thatis, An < 4000uM the average occupation
number of V; of the nano-channel increases very rapidly as An increases and
then it increases slowly and finally as An increases to large values, 7, (An|ne, 7.)

saturates to its maximum constant value 7, (An/|n., n.) — 1.0.

Using . = 0.1, n. = 0.1, u; = 2,uf = 2,u; = 2 and the values of the tran-
sition rates specified in Eq. into Eq. [3.16, we have plotted the variation of
the average occupation number 7; of the internal potential well V; of a nano-

channel with a single internal site as a function of concentration gradient An in
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units of y M for four different values of v, thatisu} ~ 0,u = 1.0, u} = 2.0,u} =

e

3.0 on the same graph as shown in Fig.
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Fig. 3.34: Plot of n; as a function of the concentration gradient An in units of yM when
s=1,n.=10uM,n. =01, 7. =01, v =v, =15uM) s vy =vf =
500571, uf = 2,u] = 2,uf = 2,u; = 2 for the values u ~ 0,uf = 1.0,ul =
2.0,u} = 3.0

Using 7. = 0.95, n. = 0.95, v} = 2,u] = 2,u{ = 2,u; = 2 and the values of the
transition rates specified in Eq. into Eq. we have plotted the variation
of the average Occupation Number 7, of the internal Potential Well of a nano-
channel with a single internal site as a function of concentration gradient An in
units of u M for four different values of v, thatis uf ~ 0, v} = 1.0,u} = 2.0,u} =

e

3.0 on the same graph as shown in Fig.

Usingn. = 1,1, = 0, uf = 2,u;] = 2,uf = 2,u; = 2 and the values of the
transition rates specified in Eq. into Eq. we have plotted the variation
of the average Occupation Number 7, of the internal Potential Well of a nano-
channel with a single internal site as a function of concentration gradient An in
units of u M for four different values of v}, thatis uf ~ 0, v} = 1.0,u} = 2.0,u} =
3.0 on the same graph as shown in Fig.

Using 7. = 0, n. = 1.0, u} = 2,u] = 2,uf = 2,u; = 2 and the values of the
transition rates specified in Eq. into Eq. we have plotted the variation
of the average Occupation Number 7, of the internal Potential Well of a nano-
channel with a single internal site as a function of concentration gradient An in
units of u M for four different values of v, thatis u} ~ 0, v} = 1.0,u} = 2.0,u} =
3.0 on the same graph as shown in Fig.
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Fig. 3.35: Plot of n; as a function of the concentration gradient An in units of M when
s=1,n.=10uM,n. =0.95mn =095 v =v, =15 (,uM)_ls_ljl/f = l/fr =
50057 Y, ut = 2,u; = 2,uf = 2,u; = 2 for the values: v ~ 0,u} = 1.0,u} =
2.0,u} = 3.0
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Fig. 3.36: Plot of 1; as a function of the concentration gradient An in units of yM when
s=1,n.=10uM,n =101 =0, v =v; =15uM) s Ly, = =
50057 Y, uf = 2,u; = 2,uf = 2,u; = 2 for the values: v ~ 0,u} = 1.0,uf =

2.0,utr = 3.0
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Fig. 3.37: Plot of n; as a function of the concentration gradient An in units of M when
s=1n.=10puM, 0 =0,m. = 1.0, v = v = 15(uM) s = =
50057 Y, ut = 2,u; = 2,uf = 2,u; = 2 for the values: v ~ 0,u} = 1.0,u} =
2.0, u} = 3.0

Using . = 1.0, 7. = 1.0, v} = 2,u; = 2,uf = 2,u; = 2 and the values of
the transition rates specified in Eq. into Eq. we have plotted the vari-
ation of the average Occupation Number 7, of the internal Potential Well of a
nano-channel with a single internal site as a function of concentration gradient
An in units of pM for four different values of v, thatis v} ~ 0,u} = 1.0,u} =

e

2.0,u} = 3.0 on the same graph as shown in Fig.
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Fig. 3.38: Plot of n; as a function of the concentration gradient An in units of yM when
s=1,n.=10uM,n. = 1.0, n. = 1.0, v = v = 15(uM)" s vy = v =
50057 L, uf = 2,u; = 2,uf = 2,u; = 2 for the values: u ~ 0,u} = 1.0,u} =
2.0,uf = 3.0

As shown in Fig. [3.37] the average value of 7, (An|n., n., v}) as a function of An
assumes the same constant values when 7, (An|n. = 0,7, = 1.0, u}) = 0.0291262
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and n; (An|n. = 1.0,7. = 1.0, u}) = 1.0 that don’t change as An increases for each
possible value of u;". Fig.[3.34]to Fig. [3.36show the property that: n; (An|n., n., u ~
0) > m(An|ne, e, uf = 1.0) > mi(Anlne,ne, ud &~ 2.0) > m(An|ne, ne,ul ~ 3.0)
for all possible values of An, 7. and .. Moreover, 1, (An|n., 1., u}) approaches
its saturation value more rapidly when v is small, that is «7 ~ 0 than when
u assumes higher values. Therefore, as the normalized potential barrier u;
increases, the transition rate from the external potential well V, to the inter-
nal potential well V; decreases and as result the occupation probability of V; is
small, which means that the average value of the occupation number 7, of V; of

a nano-channel with a single internal potential wells decreases.

Using n. = 0.5, 7. = 0.5, u} = 2,u] = 2,u] = 2,u; = 2 and the values of the
transition rates specified in Eq. into Eq. we have plotted the variation
of the average Occupation Number 7, of the internal Potential Well of a nano-
channel with a single internal site as a function of concentration gradient An in
units of M for four different values of uy, thatisu; ~ 0,u; = 1.0,u; = 2.0,u; =
3.0 on the same graph as shown in Fig.
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Fig. 3.39: Plot of n; as a function of the concentration gradient An in units of yM when
s=1,n.=10uM,n. =05n. =05 v =v, =15uM) sy = 1/1+ =
500571, ut = 2,u; = 2,u = 2,u; = 2for the values: u; ~ 0,u] = 1.0,u] =
2.0,u; =3.0

Using n. = 0.5, n. = 0.5, u7 = 2,u] = 2,uf = 2,u; = 2 and the values of the
transition rates specified in Eq. into Eq. [3.16, we have plotted the variation
of the average Occupation Number 7, of the internal Potential Well of a nano-

channel with a single internal site as a function of concentration gradient An in
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units of M for four different values of v, thatis uf ~ 0,u] = 1.0,u] = 2.0,uf =
3.0 on the same graph as shown in Fig.
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Fig. 3.40: Plot of n; as a function of the concentration gradient An in units of M when
s=1,n.=10uM,n. =05n =05 v =v, =15 (,uM)_ls_l,uf = yf =
500571, uf = 2,u] = 2,uf = 2,u; = 2 for the values u] =~ 0,u] = 1.0,u] =
2.0,u] =3.0

Using n. = 0.5, n. = 0.5, vl = 2,u] = 2,uf = 2,u; = 2 and the values of the
transition rates specified in Eq. into Eq. we have plotted the variation
of the average Occupation Number 7, of the internal Potential Well of a nano-
channel with a single internal site as a function of concentration gradient An in
units of yM for four different values of u_, thatisu_ ~ 0,u; = 1.0,u; =2.0,u, =
3.0 on the same graph as shown in Fig.

The average value of 7, (An|n.,n.) becomes large when u; and u] assume
large values as shown in Fig. and Fig. respectively. That is, when u
and u;” assume large values the escape rate from the internal potential well V; is
small and as a result the mean residence time of a particle in V; becomes large,
which in turn imply that the occupation probability of V; by a particle increases
and thus the average value of n, (An|n., 7.) increases as u; and u; increase. The
average value of 7, (An|n., n.) saturates more quickly to its maximum value when
u; and u] assume large values. Moreover, the average value of 1, (An|n., n.) as-
sumes the same value for each possible value of u_ as shown in Fig.
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Fig. 3.41: Plot of n; as a function of the concentration gradient An in units of M when
s=1,n.=10uM,n. = 05,1 = 0.5 v =v, =15uM) sy = =
5005~ Y, ut = 2,u; = 2,uf = 2,u; = 2 for the values: u; ~ 0,u; = 1.0,u; =
2.0,u; = 3.0

3.3.2 The Average Occupation Number of the Internal Potential Well as
a Function of the the Average Occupation Number of the External
Potential Wells when the Potential Barriers are Twice of Thermal

Energy

Using the positive concentration gradient An = 1 M, v} = 2, u; = 2,uf =
2,u; = 2 and the transition rates in Eq. into Eq. we have plotted the
variation of the average occupation number 7, of the internal potential well V;
as a function of 7, for five possible values of 7., thatisn. = 0,7. = 0.25,7, =
0.5,m. = 0.75, 7. = 1.0 on the same graph as shown in Fig.

The average value of n; associated with all non-zero values of 7. coincide
with each other and assume almost the same saturation value of one when An
assumes large values, in particular as An — 1M. As An decreases to small val-
ues, in particular as An — 1M, the average value of 7; associated with all non-
zero values of 7, separate from each other and assume different values and be-
come almost parallel to each other as shown in Fig.
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Fig. 3.42: Plot of n; as a function of . when s = 1, An = 1000000 uM, n. = 1.0uM,
vi=v; =15 (M) ts7huy = v =500 uf = 2,u; = 2,uf =2,u; =2

for five values of 7., that is: . = 0,7, = 0.25, 7. = 0.5, 7. = 0.75, 7. = 1.0

Using positive concentration gradient An = 250 uM, vl = 2,u] = 2,uf =
2,u; = 2 and the transition rates in Eq. into Eq. we have plotted the
variation of the average occupation number 7, of the internal potential well 1}
as a function of 7. for five possible values of 7., thatis . = 0,1, = 0.25,n. =
0.5,1m. = 0.75,17. = 1.0 on the same graph as shown in Fig.
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Fig. 3.43: Plot of n; as a function of n. when s = 1, An = 250 uM, n, = 1.0uM, v} =
v = 15(uM) ts7 vy = v = 5007 uf = 2,u; = 2,uf = 2,u; = 2for

five values of 7., that is: . = 0,7, = 0.25, 7. = 0.5, 7. = 0.75,7. = 1.0

Using zero concentration gradient An = 0, v} = 2,u; = 2,uf = 2,u; = 2 and
the transition rates in Eq. into Eq. we have plotted the variation of the
average occupation number 7, of the internal potential well V; as a function of 7.
for five possible values of 7, thatis n. = 0,7, = 0.25,7. = 0.5,1. = 0.75,7. = 1.0
on the same graph as shown in Fig.
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Fig. 3.44: Plot of n; as a function of . when s = 1, An = 0, n, = 1.0uM, v} = v, =
15 (uM)~ts™ vy = v = 500571, uf = 2,u; = 2,uf = 2,u; = 2 for five

values of 7, that is: 7. = 0,7, = 0.25,7. = 0.5,17. = 0.75,7. = 1.0

When An = 0, the average occupation number 7, as a function of . obey that
m(An = 0n. = 1.0,n.) > m(An = 0n. = 0.75,m:) > m(An = 0[n. = 0.5,7.) >
m(An = 0ln. = 0.25,1.) > m(An = 0|n. = 0,7.). The average value of 7, ap-
proach to different minimum values as . — 0, that is, 7;(An = 0|n. = 0,7, —
0) — 0, 7 (An = 0ln, = 0.25,1, — 0) — 0.00426743, n.(An = O|n, = 0.5,7. —
0) — 0.00990099, 7;(An = 0|n, = 0.75,7. — 0) — 0.0176817, 1 (An = 0. =
1.0,n. — 0) — 0.0291262. Moreover, the average occupation number 7; as a
function of 7, approach to different maximum values, that is, 7;(An = 0Jn. =
0,7, — 1.0) — 0.0291262, n;(An = 0n. = 0.25,n. — 1.0) — 0.047619, n,(An =
0|7 = 0.5,7, — 1.0) — 0.0825688, 11 (An = 0|n. = 0.75,7, — 1.0) — 0.173554,
m(An = 0[n, = 1.0,n. — 1.0) — 1.0.

Using negative concentration gradient An = —1.0 uM, v} = 2,u] = 2,uf =
2,u; = 2 and the transition rates in Eq. into Eq. we have plotted the
variation of the average occupation number 7, of the internal potential well V;
as a function of 7. for five possible values of 7., thatis . = 0,1, = 0.25,7. =
0.5,m. = 0.75, 7. = 1.0 on the same graph as shown in Fig.

When An = —1.0 uM, the average occupation number 7, as a function of 7,
obey that n;(An = —1.0 uM|n. = 0.99,7n.) > m(An = —1.0 uM|n. = 0.75,n.) >
m(An = —1.0 uM|n. = 0.5,n.) > m(An = —1.0 uM|n. = 0,7n.). The aver-
age value of 7, approach to the same minimum zero value as n. — 0. More-

over, the average value of 7, approach to different maximum values, that is,
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m(An = —1.0 uM|n. = 0,n. — 1.0) — 0.0291262, n;(An = —1.0 uM|n. =
0.5,7. — 1.0) — 0.0566038, i (An = —1.0 pM|n. = 0.75,7. — 1.0) — 0.107143,
m(An = —-1.0 uM|n. = 1.0,n. — 1.0) — 0.75.
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Fig. 3.45: Plot of n; as a function of . when s = 1, An = —1.0 uM, n. = 1.0uM, v =
v = 15(uM) sy = v = 50087 uf = 2,u; = 2,uf = 2,u; = 2for

five values of 7., thatis: . = 0,7, = 0.25, 7. = 0.5, 7. = 0.75,7. = 1.0

Using the positive concentration gradient An = 10000 pM,u} = 2,u; = 2,uf =
2,u; = 2 and the transition rates in Eq. into Eq. we have plotted the
variation of the average occupation number 7, of the internal potential well 1}
as a function of 7. for five possible values of 7., thatis . = 0,7. = 0.25,7, =
0.5,n. = 0.75, 1. = 1.0 on the same graph as shown in Fig.
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Fig. 3.46: Plot of n; as a function of n. when s = 1, An = 10000 puM, n. = 1.0uM, v} =
v, =15 (pM) sy = V1+ = 500571 uf = 2,u; = 2,u1" = 2,u; = 2for

five values of 7., that is: n. = 0,7, = 0.25,1. = 0.5, 7. = 0.75,17. = 1.0

For a given value of An = 10000 uM and 7. in their respective ranges, the av-

erage occupation number 7; a nano-channel with a single internal potential
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well increases as the average value of 7, increases. When An = 10000 pM the
average value of 7, approach to slightly different minimum values as . — 0,
that is, 7;(An = 10000 uM|n. — 0,n. = 0) — 0, ;(An = 10000 uM|n. —
0,17, = 0.25) — 0.00426743, n;(An = 10000 uM|n. — 0,7n. = 0.5) — 0.00990099,
n(An = 10000 uM|n. — 0,nm. = 0.75) — 0.0176817, n;(An = 10000 pM|n. —
0,m. = 1.0) — 0.0291262 and diverge from each other as 7, increases to interme-
diate values and finally saturate to the same maximum values of one as . — 1.0.

Using zero concentration gradient An = 0, v} = 2,u; = 2,uf = 2,u; = 2
and the transition rates in Eq. [3.14]into Eq. we have plotted the variation of
the average occupation number 7, of the internal potential well V; as a function
of . for five possible values of 7, thatisn. = 0,7. = 0.25, 7. = 0.5, 7. = 0.75,n, =
1.0 on the same graph as shown in Fig. When An = 0, the average value
of ; as a function of 7. obey that n;(An = 0|n.,n. = 1.0) > n(An = 0[ne,n. =
0.75) > m(An = 0ne, e = 0.5) > m(An = 0[ne, ne = 0.25) > m(An = 0|, . = 0).

Fig. 3.47: Plot of n; as a function of . when s = 1, An = 0, n, = 1.0uM, v} = v, =
15 (uM)~ts7 vy = v = 500571, ul = 2,u; = 2,uf = 2,u; = 2 for five

values of 7, that is: n. = 0,7, = 0.25,7. = 0.5,7. = 0.75, 7. = 1.0

The average value of 7; approach to different minimum values as . — 0, that
is, m1(An = 0ln. = 0,9, — 0) — 0, ;1 (An = 0Jn. = 0.25,9. — 0) — 0.00426743,
m(An = 0ln. = 0.5,7. — 0) — 0.00990099, 7, (An = 0|n. = 0.75,5. — 0) —
0.0176817, n1(An = 0|n. = 1.0,n7. — 0) — 0.0291262. Moreover, the average value
of ; approach to different maximum values as n. — 1.0, that is, n;(An = 0[5, =
0,7, — 1.0) — 0.0291262, n;(An = 0|n. = 0.25,7. — 1.0) — 0.047619, n,(An =
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07 = 05,7 — 1.0) — 0.0825688, m(An = Oln. = 0.75,7. — 1.0) — 0.173554,
m(An =0|n. =1.0,n. — 1.0) — 1.0.

Using negative concentration gradient An = —1.0 uM, v} = 2,u; = 2,uf =
2,u; = 2 and the transition rates in Eq. into Eq. we have plotted the
variation of the average occupation number 7, of the internal potential well 1}
as a function of 7. for five possible values of 7., thatis . = 0,7. = 0.25,7n. =
0.5,1m. = 0.75,n7. = 1.0 on the same graph as shown in Fig. We see that 7,
approach to different minimum values as . — 0, thatis, 7, (An = —1.0uM|n. =
0,7 — 0) — 0, ;m(An = —1.0uM|n. = 0.25,7. — 0) — 0.00426743, n,(An =
—1.0uM|n. = 0.5,7. — 0) — 0.00990099, m, (An = —1.0uM|n. = 0.75,7. — 0) —
0.0176817, n (An = —1.0uM|n. = 1.0,n. — 0) — 0.0291262. Moreover, 1, ap-
proach to different maximum values as . — 1.0, thatis, 7, (An = —1.0uM|n. =
0,7. — 1.0) = 0, ;m(An = —1.0uM|n. = 0.25,7, — 1.0) — 0.00990099, 7, (An =
—1.0uM|n. = 0.5,n, — 1.0) — 0.0291262, n;(An = —1.0uM|n. = 0.75,n, —
1.0) — 0.0825688, n; (An = —1.0uM|n. = 1.0,9. — 1.0) — 1.0.
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Fig. 3.48: Plot of ; as a function of . when s = 1, An = —1.0 uM, n. = 1.0uM, v} =
v = 15(uM) ts7 vy = v = 50057 uf = 2,u] = 2,uf = 2,u; = 2for

five values of 7, thatis n. = 0,7, = 0.25, 7. = 0.5,7. = 0.75,7. = 1.0

Using n. = 0, u} = 2,u; = 2,u] = 2,u; = 2 and the values of the transition rates
specified in Eq. into Eq. we have plotted the variation of the average
occupation number 7; of a nano-channel with a single internal potential well
as a function of 7, for five different values of the concentration gradient An in
units of yM, thatis An = —1.0,An = 0, An = 35,An = 100, An = 500, An =
1000, An = 10000 on the same graph as shown in Fig.
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Fig. 3.49: Plot of 7, as a function of 5. when s = 1, n, = 1.0uM, 5. = 0, v = v, =
15 (uM)~ts7 vy = v = 50057, uf = 2,u] = 2,uf = 2,u; = 2 for the
values of An in units of uM: An = —1.0, An = 0, An = 35, An = 100, An =
500, An = 1000, An = 10000

Using 7. = 0.5, v} = 2,u] = 2,uf = 2,u; = 2 and the values of the transition
rates specified in Eq. into Eq. we have plotted the variation of the av-
erage occupation number 7; of a nano-channel with a single internal potential
well as a function of 7, for five different values of the concentration gradient An
in units of M, thatis An = —1.0,An = 0,An = 35, An = 100, An = 500, An =
1000, An = 10000 on the same graph as shown in Fig.
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Fig. 3.50: Plot of 7, as a function of . when s = 1, n. = 1.0 uM, n. = 0.5, v = v, =
15 (uM)~ts7 vy = v = 50057, uf = 2,u; = 2,uf = 2,u; = 2 for the
values of An in units of uM: An = —1.0,An = 0,An = 35, An = 100, An =
500, An = 1000, An = 10000

Using n. = 1.0, v} = 2,u; = 2,uf = 2,u; = 2 and the values of the transition
rates specified in Eq. into Eq. [3.16} we have plotted the variation of the av-
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erage occupation number 7; of a nano-channel with a single internal potential
well as a function of 7, for five different values of the concentration gradient An
in units of uM, thatis An = —0.99, An = 0, An = 35, An = 100, An = 500, An =
1000, An = 10000 on the same graph as shown in Fig.
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Fig. 3.51: Plot of 7, as a function of n. when s = 1, n. = 1.0 uM, n. = 1.0, v = v, =
15 (uM)~ts7L vy = v = 50057, uf = 2,u] = 2,uf = 2,u; = 2 for the
values of An in units of uM: An = —0.99, An = 0, An = 35, An = 100, An =
500, An = 1000, An = 10000

The average value of 7, as a function of 7. associated with different values of An
coincide with each other in the entire range 0 < 7. < 1.0 when . = 0 and as-
sume the value n; = 0.0291262 when 7. = 1.0 as one can see in Fig. The av-
erage value of n; associated with different values of An separate from each other
as 7. increases and finally when . = 1.0, the average value of 7, associated with
different values of An approach to different values as . — 0, that is, 7, (An =
—0.99 uM|n. = 1.0,n, — 0) — 0.00029991, 7 (An = Olp. = 1.0,5. — 0) —
0.0291262, n;(An = 35 uM|n. = 1.0,n. — 0) — 0.519231, n,(An = 100 puM|n. =
1.0,m7. — 0) — 0.751861, 7, (An = 500 uM|n. = 1.0,n. — 0) — 0.937617, n; (An =
1000 pM|np. = 1.0,n. — 0) — 0.967773 and 7;(An = 10000 pM|n. = 1.0,7. —
0) — 0.996678. As 7. increases the values of 1; associated with the different val-
ues of An approach to each other and finally all of them converge to the same
saturation value of ; = 1.0 when . — 1.0 as shown in Fig.

Using n. = 0, v} = 2,u] = 2,uf = 2,u; = 2 and the values of the transition
rates specified in Eq. into Eq. we have plotted the variation of the av-
erage occupation number 7, of a nano-channel with a single internal potential
well as a function of 7, for five different values of the concentration gradient An
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in units of uM, thatis An = —0.99, An = 0, An = 35, An = 100, An = 500, An =
1000, An = 10000 on the same graph as shown in Fig.

Fig. 3.52: Plot of n; as a function of . when s = 1, n. = 1.0 uM, n. = 0, v} = v =
15 (uM)~ts7 vy = v = 50057 Y, uf = 2,u; = 2,uf = 2,u; = 2 for the
values of An in units of uM: An = —0.99, An = 0, An = 35, An = 100, An =
500, An = 1000, An = 10000

Using 7, = 1.0, vl = 2,u; = 2,uf = 2,u; = 2 and the values of the transition
rates specified in Eq. into Eq. we have plotted the variation of the av-
erage occupation number 7; of a nano-channel with a single internal potential
well as a function of 7, for five different values of the concentration gradient An
in units of M, thatis An = —1.0, An = 0, An = 35, An = 100, An = 500, An =
1000, An = 10000 on the same graph as shown in Fig.

m
1.0

0.8

0.6

0.4

0.2

Fig. 3.53: Plot of 7, as a function of . when s = 1, n, = 1.0 uM, n. = 1.0, v = v, =
15 (pM)~ts~ vy = v = 50057, ut = 2,u; = 2,uf = 2,u; = 2 for the
values of An in units of uM: An = —1.0,An = 0,An = 35,An = 100, An =
500, An = 1000, An = 10000
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The average value of 7, as a function of 7., n,(An = 35 uM|n.,n.), increases
linearly as 7. increases for each possible value of 7. as one can see from Fig.
and Fig. The average value of 7, as a function of 7, associated with
different values of An coincide with each other and assume the value ;, = 0
as . — 0 and then as 7. increases to intermediate values the deviation be-
tween the values of 7; associated with different values of An becomes maxi-
mum and then as . — 1.0 they converge to each other and assume the same
saturation value of ; = 1.0 as one can see in Fig. When 7. = 0, the av-
erage value of 7, associated with different values of An approach to different
values as . — 1.0, thatis, n;(An = —0.99 uM|n. = 0,7, — 1.0) — 0.00029991,
m(An = 0ln. = 0,7, — 1.0) — 0.0291262, n,(An = 35 uM|n. = 0,7, — 1.0) —
0.519231, n(An = 100 uM|n. = 0,9, — 1.0) — 0.751861, 1 (An = 500 uM|n. =
0,7, — 1.0) — 0.937617, n;(An = 1000 uM|n. = 0,7, — 1.0) — 0.967773 and
m(An = 10000 pM|n. = 0,7, — 1.0) — 0.996678.
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DESCRIPTION OF THE PROPERTIES OF A
NANO-CHANNEL WITH TWO INTERNAL POTENTIAL
WELLS

4.1 Expressions of the Average Particle Flux and Average
Occupation Numbers of the Internal Potential Wells of a
Nano-Channel With Two Internal Potential Wells

In this section, we will derive the exact and general expressions of the average
particle flux and the average occupation numbers and present a detailed anal-
ysis and discussion a nano-channel which has two internal potential wells, de-
noted by V; and V;, and two external potential wells, denoted by V. and V,, as
shown in Fig. which is a course-grained model of the profile of the potential
of mean force along the internal wall of the nano-channel.
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Fig. 4.1: A one dimensional course-grained model of the potential of mean force pro-
file along the internal wall of a nano-channel with two internal potential wells
embedded in LBLM

Using the expression of the average particle flux across the potential energy
barrier between the potential wells V. and V; given in Eq. (3.2), we have ex-
pressed the average occupation number 7, of the the potential well V; as a func-
tion of the the average particle flux as shown in Eq. (3.3). That is, from Eq. (3.3),
the expressions of ; and v, are given by:

nenekt — J
m = —
neNekd + Yeky
kT A+
p— 4.1)

nenekd +veky
Moreover, the average particle flux across the potential energy barrier between
the potential wells V; and V4 is given by the second expression in Eq. (3.1).

J = myeki — monks (4.2)

One can now solve Eq. (4.2) so as to get the following expression of 7, as a func-
tion of the average particle flux J.

Wk —J
T 4
Upon substituting the two expressions in Eq. into Eq. (4.3), we get the
following expression for the average occupation number of the potential well V5
after some rearrangement:
_ nenek kY — [nenckl +yeky +ki]J

4.4
nenekt ki + vk ky + (ky — k)J (4.4)

T2
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One can also obtain from Eq. (4.4), the following expression of 7, = 1 — 7.

 Yeki kg 4 [nenekd 4 ek + k3]
"= nenekF ki + ki ky + (ky —k)J

The expressions of the net average particle flux across the potential energy bar-

(4.5)

rier between the potential wells V5 and V.. is given by the third expression in Eq.

(3.1).
J = noveks — neneyak;, (4.6)

Upon substituting the expression in Eq. and Eq. into Eq. (4.6), we get
the expressions of the average particle flux through the nano-channel with two
internal potential wells:
_neneYekT ki ky — neneyeky Ky kg
nenek ki + ek ky + (k3 — k) J
B {%k‘g* (nenekd + veky + k3] + nencky [nenekt + veky + ky | } 7
nenekd ki + veky ky + (ky —ki')J

One can now rearrange Eq. (4.7) and get a second order linear equation for the

(4.7)

average particle flux through a nano-channel with two internal potential wells:
(ky — kD) J? 4+ {nenck ki + Yok ks + nenevek by + veryeky ki + veky ky + nenenenck k; +
+ neneek ke + nencky koY neneveky ky ko — neneyek! K kS =0 (4.8)
Eq. can be written in a more simple form:
aJ’+bJ+c=0 (4.9)
where we have defined the following parameters:
a="ky, —k
b=nenkl ki + veki ky + neneyek T ks + Yeyeki ky + Yeky ki + nenenenck kL +
Yk ke A neneks ke
c = neneyeky ky k, — nenevek ki ks (4.10)

Now Eq. (4.9) is a second order linear equation that has two linearly indepen-

dent solutions which are given by:
—-b 1
J+: ?+EV62—4GC
b 1
J_ = — — —Vb% —4dac (4.11)

a a
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Now since the average particle flux through the nano-channel must be finite
and real but can be both positive and negative. For the particle flux to be real,
the expression in the square root must be greater than or equal to zero, that is
b? — 4ac > 0. For the values of the transition rates specified in Eq. and
for the concentration gradient An = 10000 M and n. = 1 uM, the expression
in the square root is positive for both solutions and thus the value of the ex-
pression in square root is real. We consider only the first solution, that is .J,,
as it is physically acceptable in all aspects. The second solution, that is J_, di-
verges to large values which aren’t experimentally observable. Moreover, the
average values of the occupation numbers of the internal potential wells, given
by the expressions in Eq. and Eq. (4.4), become greater than one, which
violates the constraint imposed on the values of these variables as stated in Eq.
and as a result we neglect the second solution, that is J_. Therefore, upon
substituting the constants in Eq. into the expression of the first solution,
J. = Jo, in Eq. (4.11), we get the expression of the average particle flux through
a nano-channel with two internal potential wells:

J, — {nenek:{kf + ’Vck; + 'Ve'Vckfk;r + Vckgk;r +nenck; } + ek ky +nenck {veky + kQ}}
= —

2(ky — k)
4(k; - k1+)<ne77670kjkirk; - HCUCVekfkgk;)
L=y 1+ + + -1+ -1+ —1.— — —
(nenek’:{kl + Veky + Veveky by + Yekg ky + ncnckc_} + Veky ky + ncnckc_{%kl + k; })2
(4.12)

Upon substituting the expression of the concentration gradient in Eq. into
Eq.4.12} we get:
B [(1 + An)nek{ki + veky + veveki ki + veky k3 + nekg } + veki ky + nck {veky + kf;}} y
[1_
Aky — KL+ An)nevek bk — neveky ks b7) ]

2(ky — ki)
1+
\/ (1 + An)nek{ki + 7ekd + veveky k3 + veks k3 + ks } + veki ky + nek; {veki + k3 })?
(4.13)

Upon substituting Eq. [1.4]and Eq. into Eq. 4.13} after some rearrangement,
we get the following general expression of the average particle flux through a

nano-channel with two internal potential wells:
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Now upon substituting Eq. into Eq. we get the expression of the average
occupation number of the internal potential well V; of a nano-channel with two
internal potential wells:
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Similarly, upon substituting Eq. and the expression of the average particle
flux in Eq. into Eq. we get the expression of the average occupation
number of the internal potential well V; of a nano-channel with two internal
potential wells:
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(4.16)

In the following section, we present the plot and discussion of the variation of

the average particle flux J and the average occupation numbers 7; and 7, as a

function of the concentration gradient An.
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4.2 Discussion of the Average Particle Flux Through a
Nano-Channel With Two Internal Potential Wells

4.2.1 The Average Particle Flux Through a Nano-Channel with Two In-
ternal Potential Wells as a Function of the Concentration Gradient

when the Potential Barriers are Twice of the Thermal Energy

In this section, we will present a detailed discussion of the average particle flux
through a nano-channel with two internal potential wells and two external po-
tential wells as a function of the concentration gradient between the emitter

and collector baths when the potential barriers are twice of the thermal energy.

Usingn. = 0, uf = 2,u; = 2,uf = 2,u; = 2,u3 = 2,u; = 2 and the values
of the transition rates specified in Eq. into Eq. (4.14), we have plotted the
variation of the average particle flux J through a nano-channel with two inter-
nal potential wells as a function of the concentration gradient An in units of yM
for five different values of 7., thatis ., = 0,7, = 0.25,7, = 0.5,n, = 0.75,1, = 1.0
on the same graph as shown in Fig.

An

500 1000 1500 2000 2500

Fig. 4.2: Plot of J as a function of the concentration gradient An in units of xM when
s=2,n.=10puM,n.=0,vF =v; =15uM) s~ vy =vf =500s71 v, =
vy =500s Y ut = 2,u] = 2,uf = 2,u; =2,uj =2,u; =2 for five different

values . = 0,n. = 0.25,1. = 0.5,7, = 0.75, 7. = 1.0

Using 7. = 0.5, uf = 2,u] = 2,uf = 2,u; = 2,u; = 2,u; = 2 and the values
of the transition rates specified in Eq. (3.14) into Eq. (4.14), we have plotted the
variation of the average particle flux J through a nano-channel with two inter-
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nal potential wells as a function of concentration gradient An in units of M for
five different values of 7., thatis n. = 0,7. = 0.25,7. = 0.5,1, = 0.75,77. = 1.0 on
the same graph as shown in Fig.

200 400 600 800 1000

Fig. 4.3: Plot of J as a function of the concentration gradient An in units of M when
s=2,n.=1.0uM,n.=05,v] =v, =15 M) s vy =v =500s"1 vy =
vy =500s7 L ut = 2,u; = 2,uf =2,u; =2,uj =2,u; =2 for five different

values 7. = 0,7, = 0.25, . = 0.5, = 0.75, 7. = 1.0

Using . = 1.0, uf = 2,u] = 2,uf = 2,u; = 2,u; = 2,u; = 2 and the values
of the transition rates specified in Eq. into Eq. (4.14), we have plotted the
variation of the average particle flux J through a nano-channel with two inter-
nal potential wells as a function of concentration gradient An in units of M for
five different values of »,, thatis . = 0,7, = 0.25,7. = 0.5,n. = 0.75,7. = 1.0 on
the same graph as shown in Fig.

For the given values of 7. and 7., the average particle flux J through a nano-
channel with two internal potential wells as a function of An is again denoted
by Jo(An|n., n.). Using this notations, one can see from Fig. to Fig. that:
Jo(Anlne = 0,m.) < Jo(An|ne = 0.25,1.) < Jo(An|n. = 0.5,1.) < Jo(Anlp. =
0.75,1.) < Jo(An|n. = 1.0,n,.) for all possible values of An and 7.. That is, for
the given values of An and 7, in their respective ranges, the average particle flux
through a nano-channel with two internal potential wells increases as the av-
erage value of 7. increases. The average particle flux through a nano-channel
is zero even in the presence of a large concentration gradient between the two
baths when . = 1. = 0 and . = 7. = 1.0 as shown in Fig. and Fig.
respectively.
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Fig. 4.4: Plot of J as a function of the concentration gradient An in units of xM when
s=2n.=10uM,n.=1.0,v] =v; =15 (M) s vy =vf =500s71, 05 =
vy =500s Y ut = 2,u] = 2,uf =2,u; =2,uj =2,u; =2 for five different

values 1, = 0,7, = 0.25,7. = 0.5,7, = 0.75,7, = 1.0

The flux assumes negative values when 7. = 1.0 for all possible values of An
and 7, as shown in Fig. When An = —1.0 uM and n. = 1.0, the average
particle flux through the nano-channel is zero for all possible values of 7. and
for all other values 7, < 1.0 the flux is negative and its magnitude increases as
n. increases and the flux assumes maximum negative value when . = 1.0 and

n. = 0. Moreover, Jo(An = —1.0 uM]|n.,n. = 0) — 0 for all possible values of 7.

For small values of An, the flux increases rapidly as An increases and then
the flux increases slowly and finally saturates to the same maximum positive
value as An increases to large positive values. For a given value of 7., the rate of
approach of the flux as a function of An to the saturation value is different for
different values of 7.. As one can see from the Fig. to Fig. for a given
value of 7., the value of An at which the flux becomes saturated decreases as 7,
increases. The flux J(An|n. = 1.0,7.) saturates more rapidly at small value of
An and assumes a maximum positive value always for any value of An and 7..
For a given value of 7., the flux associated with different values of 7. converge to
each other as An — —1.0 M and then diverge from each other as An increases
to intermediate values and finally the flux associated with different values of 7,
saturate to the same maximum positive value as An increases to large values.
These saturation values are: J5%(An — 80 M|n. > 0,n7. = 0) — 33.8338s71,
J5%(An — 450 M|n, > 0,n. = 0.25) — 28.8767s7%, J5®(An — 300 M|n, >
0,7 = 0.5) — 22.33265", J3(An — 25 M|n. > 0,7, = 0.75) — 13.29425~"
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and J5"(An — 20 M|n. > 0,n. = 1.0) — 0 for all possible values of 7, in the
range 0 < n, < 1.0.

Therefore, the average particle flux attains maximum positive value when
n. = 0 and n. = 1.0 for large values of An and as a result, the nano-channel be-
haves as if its gate is closed to conduct particles in the reverse direction. When
n. = 0, the mean residence time of a particle at the potential well V, is negli-
gible and thus the occupation probability of V. is almost zero. Moreover, as 7,
increases from zero to one, the mean residence time of a particle in the poten-
tial well V, also increases, which means that the occupation probability of V,
by the particle also increases, and as a result the nano-channel behaves as if its
gate is fully closed to conduct particles in the reverse direction. As . — 1, the
mean residence time of a particle at the potential well V, is large and as result
the occupation probability of this site is almost one. This means that the aver-
age particle flux through the nano-channel attains a maximum positive value

when V. is empty, that is . = 0, and when V,, is occupied, thatis 7. = 1.

Usingn. = 0, u} = 2,u; = 2,uf = 2,u; = 2,u = 2,u; = 2 and the values
of the transition rates specified in Eq. into Eq. (4.14), we have plotted
the variation of the average particle flux J through a nano-channel with two
internal potential wells as a function of concentration gradient An in units of
uM for five different values of ., thatisn. = 0,7, = 0.25,n. = 0.5,n. = 0.75,n, =
1.0 on the same graph as shown in Fig.

Using n. = 0.5, u} = 2,u] = 2,u = 2,u; = 2,u; = 2,u; = 2 and the values
of the transition rates specified in Eq. into Eq. (4.14), we have plotted
the variation of the average particle flux J through a nano-channel with two
internal potential wells as a function of concentration gradient An in units of
uM for five different values of 1., thatis . = 0,7. = 0.25,n. = 0.5,1. = 0.75, 7. =
1.0 on the same graph as shown in Fig.

Using n. = 1.0, u} = 2,u] = 2,u = 2,u; = 2,u; = 2,u; = 2 and the values
of the transition rates specified in Eq. into Eq. (4.14), we have plotted the
variation of the average particle flux J through a nano-channel with two inter-
nal potential wells as a function of concentration gradient An in units of M for
five different values of 7., thatis n. = 0,7, = 0.25,5. = 0.5,1. = 0.75,77. = 1.0 on
the same graph as shown in Fig.
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Fig. 4.5:

Fig. 4.6:

n = 0 200 400 600 800 1000
7 = 0.25

-0.5
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ne =0.75

nc=1.0

Plot of J as a function of the concentration gradient An in units of yM when
s=2,n.=1.0puM,n.=0,v5 =v; =15uM) s~ vy =vf =500s71 v, =
vy =500s Y ut = 2,u] = 2,uf = 2,u; =2,uj =2,u; =2 for five different
values of 7., that is, . = 0,7, = 0.25,1. = 0.5,n. = 0.75, 7. = 1.0
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Plot of J as a function of the concentration gradient An in units of uM when s =
2,ne = L.0uM, ne = 0.5, vF = v = 15(uM) s vy = v = 500571 vy =
vy =500s71 uf =2,u; =2,uf =2,u; =2,uf =2,u; =2 for five different

values of 7., that is, . = 0,7, = 0.25,1. = 0.5,7. = 0.75, 7. = 1.0
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Fig. 4.7: Plot of J as a function of the concentration gradient An in units of u M when s =
2,n. = 1.0uM, . = 1.0, v5 = v =15(uM)"ts7yy =vf =500s7 10y =
vy = 50057 ut = 2,u] = 2,uf =2,u; =2,uj =2,u; =2 for five different

values of 7, thatis, n. = 0,7, = 0.25,7. = 0.5,7. = 0.75,7. = 1.0

One can see from Fig. [4.5]to Fig. [4.7]that: J,(An|n., n. = 1.0) < Jo(An|ne,n. =
0.75) < Jo(An|ne,n. = 0.5) < Jo(An|ne,n. = 0.25) < Jo(An|ne,n. = 0) for all
possible values of An and 7.. That is, for the given values of An and 7, in their
respective ranges, the average particle flux increases as the average value of 7,
increases. As can be seen from Fig. when 7. = 0 the average particle flux
through the nano-channel as a function of An in the entire range that we have
considered in this work has the property that: Jy;(An|n. = 0,7. = 0) = 0 and
Jo(An|n. = 0,m. > 0) < 0. That is, the average particle flux through the nano-
channel associated with each possible value of . > assumes a constant negative
value as An increases and as 7, increases from zero to one, the magnitude of the
average particle flux increases from zero, which occurs when J,(An|n. = 0,7, =
0) = 0 to a maximum negative value Jo(An|n, = 0,7, = 1.0) = —1.91491s7!, a
flux in the negative direction and as a result we conclude that the nano-channel
is totally inactivated so as to conduct particles in the positive direction but more

activated to conduct particles in the reverse direction.

Fig. shows that Jy(Anln. = 1.0,n. = 1.0) = 0 and Jy(Anln. = 1.0,n. <
1.0) > 0 for all possible values of An. Moreover, the plots in Fig. [4.5]to Fig.
shows that J>(An|n., n. = 1.0) < 0 for all possible values of An and 7.. Therefore,
even in the presence of large concentration gradient between the two baths, the
average particle flux through the nano-channel is zero when . = 0 and n. = 0
and when 7, = 1.0 and 7. = 1.0. Moreover, Jo(An = —1.0 uM|n. = 1.0,n.) = 0
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for all possible values of ..

For small values of An, the flux increases rapidly as An increases and then
the flux increases slowly and finally saturates to the same maximum positive
value as An increases to large positive values. For a given value of ., the rate of
approach of the flux as a function of An to the saturation value is different for
different values of 7.. As one can see from the Fig. to Fig. for a given
value of 7., the value of An at which the flux becomes saturated decreases as
n. increases. The flux J(An|n.,n. = 1.0) saturates more rapidly at small value
of An and assumes a minimum positive value and the flux J(An|n.,n. = 0)
saturates more slowly at large value of An for any value of An and 7.. For a
given value of 7., the flux associated with different values of 7. converge to each
other as An — —1.0 uM and then diverge from each other as An increases
to intermediate values and finally the flux associated with different values of
n. become parallel to each other and saturate to the different maximum posi-
tive values as An increases to large positive values. The fluxes associated with
different values of 7. saturate to the same maximum positive value as 7. in-
creases but the value of An at which the saturation occurs decreases as 7, in-
creases. These saturation values are: Js*(An|n. > 0,7, = 0) — 33.8338s71,
Js(Anne > 0,n. = 0.25) — 28.8767 s, J5*(An|n. > 0,7, = 0.5) — 22.3326 571,
J5%(An|n. > 0,m. = 0.75) — 13.2942 5! and J5*(An|n. > 0,1, = 1.0) — 0 for
all possible values of 7. in the range 0 < 7. < 1.0. The saturation values of the
concentration gradient An corresponding to 7. = 0.25, n. = 0.5, n. = 0.75 and
n. = 1.0 are An ~ 80 M, An ~ 35 M, An ~ 20 M, An ~ 10 M, respectively.

Therefore, when 7. = 1.0, the average particle flux assumes negative val-
ues for all possible values of An and 7. and when . = 1.0, the average particle
flux assumes positive values for all possible values of An and 7. and the nano-
channel behaves as if its gate is closed to conduct particles in the reverse direc-
tion when 7, = 1.0 and in the forward direction when 7. = 1.0. Therefore, as 7,
increases from zero to one, the mean residence time of the particle in the po-
tential well V, also increases, which means that the occupation probability of V,
by a particle increases, and as a result the nano-channel behaves as if its gate
is fully closed for reverse flux. In other words, as n. — 1, the mean residence

time of a particle at the external potential well V, is large and as result the occu-
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pation probability of this site is almost one. When 7. = 0, the mean residence
time of a particle at the external potential well V. is negligible and as a result the
occupation probability of this site is almost zero.

Using 7, = 0.1, 9. = 0.1, u] = 2,u] = 2,u; = 2,uj = 2,u; = 2 and the values
of the transition rates specified in Eq. into Eq. we have plotted the
variation of the average particle flux J through a nano-channel with two inter-
nal potential wells as a function of concentration gradient An in units of M for
four different values of v/, thatis v} ~ 0,u} = 1.0,u}f = 2.0,u7 = 3.0 on the
same graph as shown in Fig.

An
I / /}0 4000 6000 8000 10000

Fig. 4.8: Plot of J as a function of the concentration gradient An in units of M when
s=2mn.=10uM,n =0.1,n =01, v =v =15(uM) s v =vf =
500571 vy = vy = 500s7h up = 2,uf = 2,u; = 2,uj = 2,u; = 2 for the

values ul ~ 0,uf = 1.0,u} =2.0,u} = 3.0

Usingn. = 0.9, 7. = 0.9, u] = 2,u] = 2,u; = 2,uy = 2,u; = 2 and the values
of the transition rates specified in Eq. into Eq. we have plotted the
variation of the average particle flux J through a nano-channel with two inter-
nal potential wells as a function of concentration gradient An in units of M for
four different values of v/, that is v ~ 0,u = 1.0,u = 2.0,u = 3.0 on the
same graph as shown in Fig.
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Fig. 4.9: Plot of J as a function of the concentration gradient An in units of xM when
s=2mn.=10uM,n =091 =09, v =v, =15uM) sy =1 =
5005 vy = v = 500s7Y ul = 2,uf = 2,u; = 2,uy = 2,u; = 2 for the

values ul ~ 0,u} = 1.0,u} = 2.0,ul = 3.0

Using 7. = 1.0, 7. = 0, u] = 2,uf = 2,u; = 2,uj = 2,u; = 2 and the values
of the transition rates specified in Eq. into Eq. we have plotted the
variation of the average particle flux J through a nano-channel with two inter-
nal potential wells as a function of concentration gradient An in units of u M for
four different values of v/, thatis v} ~ 0,u} = 1.0,u} = 2.0,uf = 3.0 on the
same graph as shown in Fig.
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Fig. 4.10: Plot of J as a function of the concentration gradient An in units of M when
s=2,n.=10uM,n =1.0,n. =0, v =v; =15(@uM) sy = Vf' =
5005 vy = v = 500871 up = 2,uf = 2,u; = 2,uj =2,u; =2 forthe

values u} ~ 0,u} = 1.0,u} = 2.0,uf = 3.0

Using n. = 0.1, . = 0.1, uf = 2,u] = 2,u; = 2,us = 2,u; = 2 and the values
of the transition rates specified in Eq. (3.14) into Eq. (4.14), we have plotted the
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variation of the average particle flux J through a nano-channel with two inter-
nal potential wells as a function of concentration gradient An in units of M for
four different values of u;, thatis u; ~ 0,u; = 1.0,u; = 2.0,u; = 3.0 on the
same graph as shown in Fig.
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Fig. 4.11: Plot of J as a function of the concentration gradient An in units of xM when
s=2n.=10uM,n =01, =01v 5 =v; =15uM) sy = =
50057 vy = vy =500s7Y uf = 2,uf = 2,u; = 2,u; = 2,u; = 2 for the

values u; ~ 0,u; =1.0,u; =2.0,u; =3.0

Usingn. = 0.1, n. = 0.1, uf = 2,u; = 2,u; = 2,uy = 2,u; = 2 and the values
of the transition rates specified in Eq. into Eq. (4.14), we have plotted the
variation of the average particle flux J through a nano-channel with two inter-
nal potential wells as a function of concentration gradient An in units of M for
four different values of v, that is v ~ 0,u] = 1.0,u] = 2.0,u] = 3.0 on the
same graph as shown in Fig.
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Fig. 4.12: Plot of J as a function of the concentration gradient An in units of M when
s=2,n.=10uM,n. =01, 7. =01, v =v; =15uM) sy =vf =
5005 vy = v = 50057, uf = 2,u] = 2,u; = 2,uj = 2,u; = 2 forthe

values u] ~ 0,uj = 1.0,uf =2.0,uf = 3.0

Using . = 0.1, 7. = 0.1, uf = 2,u] = 2,u] = 2,uy = 2,u; = 2 and the
values of the transition rates specified in Eq. into Eq. we have plotted
the variation of the average particle flux J through a nano-channel with two
internal potential wells as a function of concentration gradient An in units of
pM for four different values of vy, thatis uy; ~ 0,u; = 1.0,u; =2.0,u; = 3.0 0n
the same graph as shown in Fig.
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Fig. 4.13: Plot of J as a function of the concentration gradient An in units of xM when
s=2n.=10uM,n =017 =01v5 =v; =15@uM) s Ly = =
5005 vy = v =500s7Y, uf = 2,u] = 2,uf = 2,uj = 2,u; = 2for the

values u;, ~ 0,u5; =1.0,u; =2.0,u; =3.0

Using n. = 0.1, . = 0.1, uf = 2,u; = 2,uf = 2,u; = 2,u; = 2 and the values
of the transition rates specified in Eq. (3.14) into Eq. (4.14), we have plotted
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the variation of the average particle flux J through a nano-channel with two
internal potential wells as a function of concentration gradient An in units of
uM for four different values of uJ, thatis uy ~ 0,uj = 1.0,u5 = 2.0,u; = 3.0 on
the same graph as shown in Fig.

J
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Fig. 4.14: Plot of J as a function of the concentration gradient An in units of M when
s=2n.=10uM,n =01, =01v 5 =v; =15uM) sy = =
50057 vy = v =500s7Y uf = 2,u; = 2,uf = 2,u; = 2,u; = 2 for the

values uf ~ 0,uj = 1.0,uf = 2.0,u35 = 3.0

Usingn. = 0.1, n. = 0.1, uf = 2,u; = 2,uf = 2,u; = 2,u; = 2 and the values
of the transition rates specified in Eq. into Eq. (4.14), we have plotted
the variation of the average particle flux J through a nano-channel with two
internal potential wells as a function of concentration gradient An in units of

pM for four different values of v, thatisu, ~ 0,u; = 1.0,u; =2.0,u; = 3.0 0n
the same graph as shown in Fig.

As one can see in Fig. to Fig. the average particle flux as a function
of An through a nano-channel with two internal potential wells decreases as the
height of the normalized potential barriers v, u{ and «J increase from values
that are nearly zero to higher values. The average flux approaches the saturation
values more quickly when u! ~ 0 than when u} = 3 but the flux approaches the
saturation value more quickly when «; = 3 than when u; ~ 0 and when uj = 3
than when u; =~ 0. The average particle flux associated with different values of
u} saturate to the same maximum positive value but that associated with dif-
ferent values of v and «J saturate to different maximum positive values as An

increases to large positive values.
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Fig. 4.15: Plot of J as a function of the concentration gradient An in units of M when
s=2,n.=10uM,n. =01, 7. =01, v =v, =15uM) sy =vf =
500871 vy = vy = 500s7Y uf = 2,u; = 2,uf = 2,u; = 2,uy = 2 forthe

values u; ~ 0,u; =1.0,u; =2.0,u; =3.0

Therefore, for all possible values of v, we see that J5*(An — 360M|n. = 0.1,7. =
0.1) — 32.0025s~'. But the fluxes associated with different values of u; satu-
rate to: J5%(An — 10M|n. = 0.1,n. = 0.1,u] ~ 0) — 54.2681s7!, J5"(An —
10M|n. = 0.1,7, = 0.1,u] ~ 1.0) — 45.7134 s, J5"(An — 10M|n. = 0.1,n, =
0.1,uf =~ 2.0) — 32.0011s7', J5%(An — 10M|n. = 0.1,n. = 0.1,u; ~ 3.0) —
17.6279 s71. Similarly, the fluxes associated with different values of u; saturate
to: Js*(An — 30M|n. = 0.1,m. = 0.1,uj ~ 0) — 58.7982s7 ', J5¢(An —
30M|n. = 0.1,n. = 0.1,uy =~ 1.0) — 47.991s7', J5"(An — 30M|n. = 0.1,n. =
0.1,u =~ 2.0) — 32.0021s7', J5%(An — 10M|n. = 0.1,n. = 0.1,uy ~ 3.0) —
16.7934 s71.

However, the average particle flux as a function of An through a nano-channel
with two internal potential wells increases as the height of the normalized po-
tential barriers u;, u, and u_ increase from values that are nearly zero to higher
values as shown in Fig. [4.11} Fig. 4.13|and Fig. The average particle flux

associated with different values of u;, u, and w_ saturate to the same maxi-

mum positive value as An increases to large positive values, that is, J5*(An —
300 M|n. = 0.1,n. = 0.1,u; ) = 32.0025s~! for all possible values of u; , J;*(An —
300 M|n. = 0.1,m. = 0.1,uy) — 32.0025s~! for all possible values of u, and
J(An — 300 M|n. = 0.1,n. = 0.1,u; ) — 32.0025 s~! for all possible values of

U,

c
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4.2.2 The Average Particle Flux Through a Nano-Channel With Two

Internal Potential Wells as a Function of the Average Occupation

Number of the External Potential Wells

Using the positive concentration gradient An = 2500 uM, v = 2,u; = 2,u] =
2,u, = 2,uj = 2,u; = 2 and the values of the transition rates specified in Eq.
(3.14) into Eq. (4.14), we have plotted the variation of the average particle flux J
through a nano-channel with two internal potential wells as a function of 7, for
five different values of 7., thatis n, = 0,7, = 0.25,7, = 0.5,1, = 0.75,77. = 1.0 on
the same graph as shown in Fig.

Fig. 4.16: Plot of J as a function of . when s = 2, An = 2500 uM, n. = 1.0uM, v} =
v = 15(uM) sy = v = 500s7 vy = vy = 50057, uf = 2,u] =
2,uf = 2,u; = 2,uj = 2,u; = 2 for five different values of 7., that is: 7, =
0,17 =0.25,n, = 0.5, = 0.75,n, = 1.0

When there is a positive concentration gradient of An = 2500 uM the aver-
age particle flux as a function of 7. approaches to slightly different maximum
positive values as . — 0 and to slightly different maximum negative values as
n. — 1.0. For the given values of An and 7., the average flux decreases as 7.
increases from zero to one. The average particle fluxes associated with differ-
ent values of 7, are far apart from each other as . — 0 and assume the values
Jo(An = 2500 pM|n. = 0,m. — 0) — 0, Jo(An = 2500 uM|n. = 0.25,17. — 0) —
31.7219, Jy(An = 2500 uM|n. = 0.5,n. — 0) — 32.9562, Jo(An = 2500 pM|n, =
0.75,7. — 0) — 33.3892 and J5(An = 2500 pM|n. = 1.0,n. — 0) — 33.6101.
The Fluxes converge to each other as n. — 1.0 and assume slightly different
negative values: Jy(An = 2500 uM|n. = 0,m. — 1.0) — —1.91491, Jo(An =
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2500 uM|n. = 0.25,7, — 1.0) — —0.0755163, Jo(An = 2500 uM|n. = 0.5,7, —
1.0) — —0.0258517, Jo(An = 2500 uM|n. = 0.75,1. — 1.0) — —0.0086955 and
Jo(An = 2500 uM|n. = 1.0,n. — 1.0) — 0. Moreover, the average fluxes J,(An =
2500 puM|n. = 1.0,m.) > 0 and Jo(An = 2500 pM|n. = 0,7.) < 0 for all possible
values of 7...

Using zero concentration gradient An = 0, u} = 2,u;] = 2,uf = 2,u; =
2,uy = 2,u; = 2and the values of the transition rates specified in Eq. into
Eq. (4.14), we have plotted the variation of the average particle flux J through a
nano-channel with two internal potential wells as a function of 7, for five differ-
ent values of 7., thatisn. = 0,7. = 0.25,n. = 0.5,7. = 0.75, 7. = 1.0 on the same

graph as shown in Fig.

Fig. 4.17: Plot of J as a function of . when s = 2, An = 0, n. = 1.0uM, v} = v =
15 (uM)~ts7 vy = v = 50087 vy = v = 500571, ulf = 2,u] = 2,uf =
2,u;, = 2,uy = 2,u, = 2 for five different values of 7., that is: 7. = 0,7, =

0.25,1. =0.5,17. = 0.75,1, = 1.0

When An = 0, the average particle flux as a function of 7. obey that J;(An =
0|ne = 1.0,m.) > Jo(An = 0|n. = 0.75,1.) > Jo(An = 0|n. = 0.5,n.) > Jo(An =
0|ne = 0.25,1.) > Jo(An = 0|n. = 0,7.) and approach to different maximum
positive values as . — 0, that is, Jo(An = 0|n. = 0,17, — 0) — 0, Jo(An = 0|, =
0.25,m. — 0) — 0.201913s7 !, Jy(An = 0|n. = 0.5,7. — 0) — 0.500257s7, Jo(An =
0|7, = 0.75,m. — 0) — 0.985789s7", Jo(An = 0|, = 1.0,7. — 0) — 1.91522s 1.
Moreover, the average particle flux as a function of . approach to different max-
imum negative values as n. — 1.0, that is, Jo(An = 0|, = 0,7. — 1.0) —
—1.91491s71, Jo(An = Oln. = 0.25,n. — 1.0) — —1.87887s7 !, Jo(An = 0|n. =
0.5,7. — 1.0) — —1.8107s7%, Jo(An = Olp. = 0.75,7. — 1.0) — —1.63299s1,
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Jo(An = 0ln. = 1.0,m7. — 1.0) — 0. When An = 0, the average particle flux
through the nano-channel is positive if J(An = 0|n. = 0.25, 7. < 0.250376) > 0,
Jo(An = 0[5 = 0.5,7. < 0.500501) > 0, Jo(An = 0|5, = 0.75, 7. < 0.750375) > 0.
Moreover, Jo(An = 0|n. = 0,n.) < 0and Jo(An = 0|n. = 1.0,n.) > 0 for all
possible values of 7. in the range 0 < 5. < 1.0.

Using the negative concentration gradient An = —1.0 uM, v} = 2,u; =
2,uf =2,u; =2,uj =2,u; = 2 and the values of the transition rates specified
in Eq. into Eq. (4.14), we have plotted the variation of the average particle
flux J through a nano-channel with two internal potential wells as a function of
n. for five different values of »,, thatisn. = 0,7. = 0.25,7. = 0.5,n, = 0.75, 7, =
1.0 on the same graph as shown in Fig.
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Fig. 4.18: Plot of J as a function of 5. when s = 2, An = —1.0 uM, n. = 1.0uM, v} =
v, = 15(uM) s vy = v =500s7 vy = vy = 50057 uf = 2,u] =
2,uf = 2,u; = 2,u = 2,u; = 2 for five different values of 7., that is: 7. =
0,7 =0.25,n. = 0.5, = 0.75,7, = 1.0

When the concentration gradient has the maximum possible negative value,
thatis, An = —1.0 uM, Fig. shows that the average particle flux through the
nano-channel as a function of . is zero when . = 1.0 for all possible values of 7.
in the range 0 < 7. < 1.0 and is negative for all other possible values of 7. in the
range 0 < 7, < 1.0in the entire range 0 < . < 1.0. When An = —1.0 M, the av-
erage particle flux is zero when 7. = 0 for all possible values of . and as 7. — 1.0,
the average particle flux as a function of 5. approach to different maximum neg-
ative values, that is, Jy(An = —1.0 pM|n. = 0,7, — 1.0) — —1.91491s7 !, Jo(An =
—1.0 uM|n. = 0.25,7. — 1.0) — —1.89698s', Jo(An = —1.0 uM|n. = 0.5,n, —
1.0) — —1.86212s71, Jo(An = —1.0 uM|n. = 0.75,7. — 1.0) — —1.76483s71,
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Jo(An =—1.0 uM|n. = 1.0,n. — 1.0) — 0.

Using the positive concentration gradient An = 2500 puM, uf = 2;u; =
2,uf = 2,u; = 2,uj = 2,u; = 2 and the values of the transition rates speci-
fied in Eq. into Eq. (4.14), we have plotted the variation of the average
particle flux J through a nano-channel with two internal potential wells as a
function of n, for five different values of ., thatis, n. = 0,7n. = 0.25,n. = 0.5, 7. =
0.75,7n. = 1.0 on the same graph as shown in Fig.
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Fig. 4.19: Plot of J as a function of 5. when s = 2, An = 2500 uM, n. = 1.0uM, v} =
v, = 15(uM) sy = v = 50087 vy = vy = 50057 uf = 2,u] =
2,uf = 2,u; = 2,uf = 2,u; = 2 for five different values of 7., that is: 7. =
0,m7. =0.25,7. =0.5,7. = 0.75,n. = 1.0

When An = 2500 pM the average particle flux approach to slightly different
negative values as 7, — 0 and assume the values: J;*(An = 2500 uM|n. —
1.0,7. = 0) — 0, J5%An = 2500 uM|n. — 1.0,n, = 0.25) — —0.2015551,
J3(An = 2500 pM|n. — 1.0,1. = 0.5) — —0.499503s~1, J5*(An = 2500 puM|n, —
10,7, = 0.75) — —0.984765s7", J5*(An = 2500 uM|g. — 1.0,7. = 1.0) —
—1.91491s71. The fluxes diverge from each other and saturate to different maxi-
mum positive values as . — 1.0, thatis, J5*(An = 2500 puM|n. — 1.0,17. = 0) —
33.6101s71, J5%(An = 2500 uM|n. — 1.0,n, = 0.25) — 28.7119s7 %, J5%(An =
2500 pM|n. — 1.0, = 0.5) — 22.232s571, J5*(An = 2500 pM|n. — 1.0,7. =
0.75) — 13.2565s7 1, J5*(An = 2500 uM|n. — 1.0,7. = 1.0) — 0. Moreover, the
average particle flux assumes the values when J5*(An = 2500 uM |1, n. — 0) >
0 and J5*(An = 2500 pM|ne,n. — 1.0) < 0 for all possible values of ..

Using zero concentration gradient An = 0, uf = 2,u] = 2,u] = 2,u;, =
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2,u3 = 2,u; = 2 and the values of the transition rates specified in Eq. into
Eq. (4.14), we have plotted the variation of the average particle flux J through a
nano-channel with two internal potential wells as a function of 7, for five differ-
ent values of 7., thatis: . = 0,7, = 0.25,7. = 0.5,7. = 0.75, 7. = 1.0 on the same

graph as shown in Fig.

Fig. 4.20: Plot of J as a function of . when s = 2, An = 0, n, = 1.0 uM, v = v, =
15 (uM)~ts7hur = v = 50087 vy = v = 500571, ul = 2,u; = 2,uf =
2,u;, = 2,uj = 2,u; = 2 for five different values of 7., that is: 7. = 0,7, =
0.25, 7 = 0.5,7. = 0.75, 7. = 1.0

When An = 0, the average particle flux as a function of 7. obey that J,(An =
0lne; e = 0) > Jo(An = 0|, n. = 0.25) > Jo(An = 0, . = 0.5) > Jo(An =
0|7, m. = 0.75) > Jo(An = 0O|n.,n. = 1.0) and approach to different negative
values as . — 0, thatis, Jo,(An = 0jn. = 0,7, — 0) — 0, o(An = 0|n. =
0.25,7, — 0) — —0.2015557%, Joy(An = 0n. = 0.5,m, — 0) — —0.499503s~",
Jo(An = Oln. = 0.75,m. — 0) — —0.984765s7, Jo(An = O|n. = 1.0,n. —
0) — —1.91491s~'. Moreover, the average particle flux as a function of 7. ap-
proach to different maximum positive values as . — 1.0, thatis, Jo(An = 0|n, =
0,m. — 1.0) — 1.91522421s7 !, Jo(An = 0|n. = 0.25,n. — 1.0) — 1.879298s7 !,
Jo(An = 0|n, = 0.5,7. — 1.0) — 1.81134077s~ %, Jo(An = 0[n. = 0.75,7. — 1.0) —
1.634054119657 1, Jo(An = 0ln. = 1.0,, — 1.0) — 0. When An = 0, the average
particle flux through the nano-channel is positive if J;(An = 0|n. = 0.25,7, >
0.25) > 0, Jo(An = 0|y, = 0.5,1. > 0.5) > 0, Jo(An = 0|5, = 0.75,7. > 0.75) > 0.
Moreover, Jo(An = 0. = 0,7.) > 0 and Jo(An = 0n. = 1,0,7.) < 0 for all
possible values of 7, in the range 0 < 7, < 1.0.

Using the negative concentration gradient An = —1.0 uM, u} = 2,u] =
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2,uf = 2,u; = 2,u; = 2,u; = 2and the values of the transition rates specified
in Eq. into Eq. (4.14), we have plotted the variation of the average particle
flux J through a nano-channel with two internal potential wells as a function of
n. for five different values of »,, thatis: . = 0,7, = 0.25, 7. = 0.5,7. = 0.75, 7. =
1.0 on the same graph as shown in Fig.

J

041c =006

Fig. 4.21: Plot of J as a function of 5. when s = 2, An = —1.0 uM, n. = 1.0uM, v} =
v, = 15(uM) sy = v = 50087 vy = vy = 50057 uf = 2,u] =
2,uf = 2,uy; = 2,uj = 2,u; = 2 for the values 7, that is: 7. = 0,7, =
0.25, 7. = 0.5, 7. = 0.75, 7. = 1.0

When An = —1.0 uM, Fig. shows that the average particle flux through the
nano-channel as a function of 7, is zero when . = 0 for all possible values of
n. in the range 0 < 7. < 1.0 and is negative for all other possible values of 7. in
the range 0 < 7. < 1.0 in the entire range 0 < 7, < 1.0. When An = —1.0 uM,
the average particle flux is zero when 7. = 1.0 for all possible values of 7. and as
n. — 0, the average particle flux as a function of . approach to different max-
imum negative values, thatis, J;(An = —1.0 uM|n. = 0,7, — 0) — 0, Jo(An =
~1.0 uM|n. = 0.25,7. — 0) — —0.2015557, Jo(An = —1.0 uM|n, = 0.5,7, —
0) — —0.499503s~", Jo(An = —1.0 uM|n. = 0.75,m, — 0) — —0.9847655",
Jo(An = —1.0 uM|n. = 1.0, — 0) — —1.91491s~ 1.

Usingn. = 0, uf = 2,u] = 2,uf = 2,u; = 2,u; = 2,u; = 2 and the val-
ues of the transition rates specified in Eq. into Eq. (4.14), we have plotted
the variation of the average particle flux J through a nano-channel with two
internal potential wells as a function of 7. for five different values of the concen-
tration gradient An in units of M, thatis: An = —0.99, An = 0, An = 50, An =
100, An = 500, An = 1000 on the same graph as shown in Fig.

114



— 1

-0.5

-1.0r An = -0.99, 0, 50, 100, 500, 100

Fig. 4.22: Plot of J as a function of . when s = 2, n. = 1.0 uM, 5. = 0, vJ =
= 15(uM) sy = v =500s7 vy = vy = 50057 uf = 2,u] =
2 uf = 2u, = 2,u2 = 2,u; = 2 for the values of An in units of puM:

An = —0.99, An = 0, An = 35, An = 100, An = 500, An = 1000

Using . = 0.5, u = 2,u] = 2,u = 2,u; = 2,u; = 2,u; = 2 and the values
of the transition rates specified in Eq. into Eq. (4.14), we have plotted
the variation of the average particle flux J through a nano-channel with two
internal potential wells as a function of 7. for five different values of the concen-
tration gradient An in units of uM, thatis: An = —0.99, An = 0, An = 50, An =
100, An = 500, An = 1000 on the same graph as shown in Fig.

J

An = 1000

Fig. 4.23: Plot of J as a function of n. when s = 2, n. = 1.0 uM, n. = 0.5, v =
= 15(uM) s vy = v =500s7 vy = vy = 50057 uf = 2,u] =
2 uf = 2u; = 2,uf = 2,u; = 2 for the values of An in units of yM:

An = —0.99, An = 0, An = 35, An = 100, An = 500, An = 1000

Using n. = 1.0, v} = 2,u] = 2,uf = 2,u; = 2,u; = 2,u; = 2 and the values
of the transition rates specified in Eq. (3.14) into Eq. (4.14), we have plotted
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the variation of the average particle flux J through a nano-channel with two
internal potential wells as a function of 7. for five different values of the concen-
tration gradient An in units of M, thatis: An = —0.99, An = 0, An = 50, An =
100, An = 500, An = 1000 on the same graph as shown in Fig.

Fig. 4.24: Plot of J as a function of 5. when s = 2, n. = 1.0uM, n. = 1.0, v} =
v, = 15(uM) sy = v =500s7 vy = vy = 50057 uf = 2,u] =
2,uf = 2,u; = 2,uj = 2,u; = 2 for the values of An in units of uM:
An = —0.99, An = 0, An = 35, An = 100, An = 500, An = 1000

When 7. = 0, as shown in Fig. the average particle flux is negative in the
entire range 0 < 7. < 1 and has the same value for all possible values of An.
The figures Fig. and Fig. show that as 7, increases the flux associated
with different values of An become separated from each other, that is, the dis-
tance between them increases and the flux increases in the positive direction
and finally the flux associated with all the possible values of An becomes totally
positive as . — 1.0. Moreover, J,(An = —0.99 uM|ne,n.) < Jo(An = 0|ne,n.) <
Jo(An = 35 puM|ne,ne) < Jo(An = 100 pM|ne,n.) < Jo(An = 500 pM|ne,n.) <
Jo(An = 1000 M |n., n.) for all possible values of . and 7.. The average particle
flux assumes a maximum positive value when . — 0 for all possible values of 7,
and An and then decreases as 7. increases and finally become minimum when
n. = 1.0.

Using 7. = 0, v} = 2,u] = 2,uf = 2,u; = 2,uy = 2,u; = 2 and the val-
ues of the transition rates specified in Eq. into Eq. (4.14), we have plotted
the variation of the average particle flux J through a nano-channel with two
internal potential wells as a function of 7, for five different values of the concen-
tration gradient An in units of p M, thatis: An = —0.99, An = 0, An = 35, An =
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100, An = 500, An = 1000 on the same graph as shown in Fig.

An = 1000

Fig. 4.25: Plot of J as a function of n. when s = 2, n, = 1.0 uM, . = 0, v =
v, = 15(uM) sy = v = 50087 vy = vy = 50057 uf = 2,u] =
2,uf = 2,u; = 2,uf = 2,u; = 2 for the values of An in units of pM:

An = —0.99, An = 0, An = 35, An = 100, An = 500, An = 1000

Using . = 0.5,uf = 2,u] = 2,u] = 2,u; = 2,u5 = 2,u; = 2 and the values
of the transition rates specified in Eq. into Eq. (4.14), we have plotted
the variation of the average particle flux J through a nano-channel with two
internal potential wells as a function of 7, for five different values of the con-
centration gradient An in units of p M, thatis An = —0.99 uM,An = 0,An =
35 uM,An = 100 uM,An = 500 uM,An = 1000 uM on the same graph as
shown in Fig.

When 7. = 0, as shown in Fig. the average particle flux is positive in
the entire range 0 < 7. < 1 and when 7. = 1.0, as shown in Fig. the av-
erage particle flux is negative in the entire range 0 < 7. < 1. The average flux
increases almost linearly when An = 35 M for all possible values of 7. and 7.
The fluxes associated with the different possible values of An converge to each
other as . — 0 and as 7, increases to intermediate values the flux associated
with different values of An diverge from each other to the maximum extent,
that is, the distance between them increases and as n. — 1.0 the fluxes associ-
ated with different values of An converge to each other. Moreover, the magni-
tudes of the fluxes associated with different values of An obey that: |Jo(An =
—1.0 pM|ne;ne)| < |J2(An = Olne,ne)| < |Jo(An = 35 pM|ne, ne)| < |J2(An =
100 pMne,me)| < [Jo(An = 500 pM|ne,ne)| < |Jo(An = 1000 M |n.,n)| for all
possible values of 7, and 7.
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Fig. 4.26: Plot of J as a function of n. when s = 2, n, = 1.0 uM, n. = 0.5, v =
v, = 15(uM) sy = v =500s7 vy = vy = 50057 uf = 2,u] =
2,uf = 2,u; = 2,uj = 2,u; = 2 for the values of An in units of puM:
An = —0.99, An = 0, An = 35, An = 100, An = 500, An = 1000

Using n. = 1.0, vl = 2,u; = 2,uf = 2,u; = 2,u3 = 2,u; = 2 and the values
of the transition rates specified in Eq. into Eq. (4.14), we have plotted
the variation of the average particle flux J through a nano-channel with two
internal potential wells as a function of 7, for five different values of the concen-
tration gradient An in units of M, thatis: An = —0.99, An = 0, An = 35, An =
100, An = 500, An = 1000 on the same graph as shown in Fig.

J

Fig. 4.27: Plot of J as a function of . when s = 2, n, = 1.0uM, n. = 1.0, v =
vy = 15(uM)ts7hyy = v =500y = v = 500571, ut = 2,u] =
2,uf = 2,u; = 2,uj = 2,u; = 2 for the values of An in units of uM:
An = —0.99, An = 0, An = 35, An = 100, An = 500, An = 1000
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4.3 Conclusion of the Average Particle Flux Through a
Nano-Channel with Two Internal Potential Wells

1. For one particular given value of 7., the average particle flux J,(An|n., n.)
as a function of An associated with the different values of r, saturate to the

same maximum positive value as An increases to large positive values.

2. For given values of 7., the fluxes obey that: Jy(An|n. = 0,7n.) < Jo(An|n. =
0.25,7m.) < Jo(An|n. = 0.5,n.) < Jo(An|n. = 0.75,n.) < Jo(An|n. = 1.0,7,.)
for all possible values of An > 0 and ..

3. For given values of 7., the fluxes obey that: Jy(An|n.,n. = 0) > Jo(An|ne, n. =
0.25) > Jo(An|ne, e = 0.5) > Jo(An|ne,n. = 0.75) < Jo(An|ne,n. = 1.0) for
all possible values of An > 0 and 7..

4. For one particular given value of 7., the average particle flux J,(An|n., n.)
as a function of An associated with the different values of 7. saturate to

different maximum positive value as An increases to large positive values.

5. The average particle flux through a nano-channel is zero even in the pres-
ence of a large concentration gradient between the two baths when 7, =
n. = 0 and 7, = 7, = 1.0 as shown in Fig. [4.2|and Fig. [4.4] respectively.

6. The flux assumes negative values when 7. = 1.0 for all possible values of
An and 7, as shown in Fig.

7. When An = —1.0 M and 7. = 1.0, the average particle flux through the
nano-channel is zero for all possible values of 1. and for all values 7. < 1.0
the flux is negative and its magnitude increases as 7. increases and as-

sumes maximum negative value when . = 1.0 and n, = 0.
8. Moreover, Jo(An = —1.0 uM|n.,n. = 0) — 0 for all possible values of 7..

9. For a given particular value of 7., the flux J,(An|n. = 1.0,7.) as a function of
An approaches its saturation value more rapidly when 7, assumes higher

value and more slowly when 7, assumes smaller values.
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10.

11.

12.

13.

14.

The average particle flux through a nano-channel attains maximum posi-
tive value when V, is empty, that is . = 0, and when V, is occupied, that is
Ne = 1.

For the given values of An, . and 7., the average particle flux J,(An/|n., 1.)
is a monotonically decreasing function of the height of the forward poten-
tial barriers v, v; and uj . Thatis, Jo(An|n,., n.) assumes large values when
these potentia barriers are small as compared to thermal energy, that is,
uf < 1,uf <1l.0andu; < 1.0.

For the given values of An, 1. and 7., the average particle flux Jo(An/|n., 7.)
is a monotonically increasing function of the height of the backward po-
tential barriers u;, u; and . That is, Jo(An|n.,n.) assumes large values
when these potentia barriers are large as compared to thermal energy, that
is, u;y > 1.0, u; > 1.0and u; > 1.0.

For the given values of An, 7. and 7., the average particle fluxes associated
with the different values of «. saturate to the same value as An increases
to large positive values. The average particle fluxes associated with the

different values of u;, u; and u_ also have similar saturation property.

For the given values of An, . and 7., the average particle fluxes associated
with the different values of u] saturate to different saturation values as
An increases to large positive values and those associated with different
values of u3 also saturate to different values.
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4.4 Discussion of the Average Occupation Numbers of the
Internal Potential Wells of a Nano-Channel With Two
Internal Potential Wells

In this section, we will present a detailed description of the dependence of the
average occupation numbers of the internal potential wells of the nano-channel
on the concentration gradient and the Average occupation numbers of the ex-
ternal potential wells. The nano-channel has two internal potential wells and
two external potential wells and the heights of the potential barriers are twice of
the thermal energy. The expression of the average occupation numbers of the

internal potential wells V; and V; as a function of the concentration gradient An
are given in Eq. and Eq. 4.16)} respectively.

4.4.1 Discussion of the Average Occupation Number of the Internal Po-

tential Well V] of a Nano-Channel

4.4.1.1 The Average Occupation Number of the Internal Potential Well V; of a Nano-

Channel as a Function of the concentration gradient

Using . = 0, ul = 2,u; = 2,uf = 2,u; = 2,uy = 2,u; = 2 and the val-
ues of the transition rates specified in Eq. into Eq. (4.15), we have plot-
ted the variation of the average occupation number 7, of the internal potential
well V; of a nano-channel with two internal potential wells as a function of the
concentration gradient An in units of M for five different values of 7., that is,
Ne = 0,m. = 0.25,1, = 0.5,m. = 0.75, 7. = 1.0 on the same graph as shown in Fig.
4.28]
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Fig. 4.28: Plot of n; as a function of the concentration gradient An in units of M when
s=2,n.=1.0uM,n.=0,vF =v; =15(pM) sy, =v =500s71, vy =
vy = 50057 Y ul = 2,u] = 2,uf = 2,u; =2,uj = 2,u; = 2 for the values
Ne = 0,me =0.25,n. = 0.5,0. = 0.75,n7, = 1.0

Using n. = 0.5, uf = 2,u] = 2,u] = 2,u; = 2,uy = 2,u; = 2 and the
values of the transition rates specified in Eq. into Eq. (4.15), we have plot-
ted the variation of the average occupation number 7, of the internal potential
well V; of a nano-channel with two internal potential wells as a function of the
concentration gradient An in units of M for five different values of 7., that is
Ne = 0,m. = 0.25, 1. = 0.5,1m. = 0.75, 7. = 1.0 on the same graph as shown in Fig.

An
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Fig. 4.29: Plot of 1, as a function of the concentration gradient An in units of yM when
s = 2,n. = 1.0pM, n. = 05, v = v = 15(uM) sy, = v =
50057 vy = vy =500 uf =2,u; =2,uf =2,u; =2,u] =2,u; =2for

the values . = 0,7, = 0.25,7. = 0.5,7. = 0.75,n. = 1.0

Using . = 1.0, uf = 2,u; = 2,uf = 2,u; = 2,uj = 2,u; = 2 and the val-



ues of the transition rates specified in Eq. into Eq. (4.15), we have plot-
ted the variation of the average occupation number 7, of the internal potential
well V; of a nano-channel with two internal potential wells as a function of the
concentration gradient An in units of M for five different values of 7., that is

Ne = 0,m. = 0.25,1. = 0.5,m. = 0.75,7. = 1.0 on the same graph as shown in Fig.

|
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Fig. 4.30: Plot of 7; as a function of the concentration gradient An in units of yM when
s = 2,n. = 1.0pM, n. = 1.0, v = v = 15(uM) sy = v =
50057 vy = v =500 uf =2,u; = 2,uf =2,u; =2,u] =2,u; =2for

the values . = 0,7, = 0.25, 7. = 0.5,7. = 0.75,n. = 1.0

For the given values of 7. and 7., the average occupation number of the inter-
nal potential well V; of a nano-channel with two internal potential wells as a
function of An is denoted by 7,5(An|n.,n.). The plots in Fig. to Fig.
show that ni2(Anln. = 0,1:) < ma(An|n. = 0.25,7.) < ma2(An[p. = 0.5,7:) <
ma(An|n. = 0.75,n.) < ma2(An|n. = 1.0,7,.) for all possible values of An and 7..
The average value of the occupation number assumes the values 7,2(An|n. =
1.0,m. = 1.0) = 1.0 and n12(An|n. = 0,n. = 0) = 0 for all possible values of
An. Moreover, n3(An — 10M|n.,n.) — 1.0 for all possible values of n. > 0
and 7. and 7;2(An|n. = 1.0,7.) approaches its saturation or maximum positive
value more rapidly than the other possible values. For small values of An, that
is, An < 400uM, the average occupation number of V; of the nano-channel
increases very rapidly as An increases and then it increases slowly and finally
as An increases to large positive values, 7,2(An|n., 7.) saturates to its maximum
constant value of one, that is 7,5 (An/|n., n.) — 1.0.

For a given value of 7, the rate of approach of 7;,(An|n., 7.) as a function of
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An to the saturation value is different for different values of .. Thatis, 75 (An|n. =
1.0,7.) saturates more quickly at a small value of An and n2(An|n. = 0,7.)
saturates more slowly at large value of An. Thus, as 7. increases from zero to
one, the value of An at which 7,5(An|n., n.) becomes saturated decreases from
the largest value, which occurs when 7. = 0 to the smallest one, which occurs
when n. = 1.0. In other words, for a given value of 7., the value of An at which
ma(An|ne, n.) saturates increases as 7, decreases from one to zero. For a given
value of 7., the average value of 7;5(An|n.,7.) associated with different values
of n. converge to each other as An — —1.0 uM and then diverge from each
other as An increases to intermediate values and after that the average value
of n12(An|n., n.) associated with different values of n, began to converge to each
other and finally saturate to the same maximum value 7;5(An|n.,n.) — 1.0 as

An increases to large positive values.

Therefore, the average value of 7;5(An|n., 7.) attains its maximum value of
one when 7. = 1.0 and . = 1.0 at very small value of An as shown in Fig.
Therefore, when 7. = 1.0, the mean residence time of a particle at the poten-
tial well V, is large and as result the occupation probability of V, is almost one.
Moreover, as . — 1.0, the mean residence time of a particle at the potential well
V. is large and as result the occupation probability of this site is almost one. This
means that the average value of 7;5(An|n., 7.) attains its maximum value when
V. is occupied, that is 7. = 1.0, and when V., is occupied, that is 7. = 1.

Usingn. = 0, uf = 2,u] = 2,uf = 2,u; = 2,u5 = 2,u; = 2 and the val-
ues of the transition rates specified in Eq. into Eq. (4.15), we have plot-
ted the variation of the average occupation number 7, of the internal potential
well V; of a nano-channel with two internal potential wells as a function of the
concentration gradient An in units of M for five different values of 7., that is
Ne = 0,m. = 0.25,n. = 0.5,n. = 0.75, 7. = 1.0 on the same graph as shown in Fig.
4.31]
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Fig. 4.31: Plot of n; as a function of the concentration gradient An in units of M when
s=2,n.=1.0uM,n.=0,v 7 =v; =15(uM) s vy =vf =500s"1, vy =
vy = 50057 ul = 2,u; = 2,uf =2,u; =2,uj =2,u; = 2 for the values
Ne =0, =0.251n. =0.5,n7. =0.75,7. = 1.0

Using . = 0.5, vl = 2,u; = 2,uf = 2,u; = 2,u; = 2,u;, = 2 and the
values of the transition rates specified in Eq. into Eq. (4.15), we have plot-
ted the variation of the average occupation number 7, of the internal potential
well V; of a nano-channel with two internal potential wells as a function of the
concentration gradient An in units of M for five different values of 7., that is

Ne = 0,m. = 0.25,n. = 0.5,17. = 0.75, 7. = 1.0 on the same graph as shown in Fig.
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Fig. 4.32: Plot of n; as a function of the concentration gradient An in units of M when
s = 2,n = 1.0pM, n. = 0.5, v = v; = 15(uM) sy, = v =

500571 vy = v =500 uf =2,u] = 2,uf =2,u; =2,u] =2,u; =2for

five different values n. = 0,7, = 0.25,n7. = 0.5,n. = 0.75, 1. = 1.0

Using . = 1.0, uf = 2,u; = 2,uf = 2,u; = 2,uj = 2,u; = 2 and the val-



ues of the transition rates specified in Eq. into Eq. (4.15), we have plot-
ted the variation of the average occupation number 7, of the internal potential
well V; of a nano-channel with two internal potential wells as a function of the
concentration gradient An in units of M for five different values of 7., that is
Ne = 0,m. = 0.25,n. = 0.5,1. = 0.75, 7. = 1.0 on the same graph as shown in Fig.
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Fig. 4.33: Plot of 1; as a function of the concentration gradient An in units of yM when
s = 2,n = 1.0pM, n. = 1.0, v = v; = 15(uM) sy, = v =
500871 vy = v =500 uf =2,u] = 2,uf =2,u; =2,u] =2,u; =2for

five different values n. = 0,7, = 0.25,7. = 0.5,7. = 0.75, 1. = 1.0

As shown in Fig. for the given values of 7., the average value of n,5(An|n. =
0,7.) as a function of An assumes small constant values that don’t change as An
increases. The plots shown in Fig. to Fig. imply that: 75(An|n., n. =
0) < m2(Anne,ne = 0.25) < mia(Anfne, e = 0.5) < mi2(An|ne, . = 0.75) <
ma(An|n.,n. = 1.0) for all possible values of An and 7.. Moreover, 7;5(An|n. =
1.0,m. = 1.0) = 1.0 and n12(An|n. = 0,n. = 0) = 0 for all possible values of
An. Furthermore, 12(An — 10 M|n.,n.) — 1.0 for all possible values of . > 0
and 7, and 7;5(An|n., n. = 1.0) approaches its saturation value more rapidly. For
small values of An, that is, An < 4000 M the average occupation number of
V1 of the nano-channel increases very rapidly as An increases and then it in-
creases slowly and finally as An increases to large positive values, 72(An|n., 7.)

saturates to its maximum constant value, that is, 2 (An|n., n.) — 1.0.

Using 7. = 0.1, 9. = 0.1, u] = 2,uf =2,u; = 2,uj = 2,u; = 2 and the values
of the transition rates specified in Eq. (3.14) into Eq. (4.15), we have plotted the
variation of the average occupation number 7; of the internal potential well V; of
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a nano-channel with two internal potential wells as a function of concentration
gradient An in units of M for four different values of v}, thatis u} ~ 0,u} =
1.0,uf = 2.0,u = 3.0 on the same graph as shown in Fig.

An
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Fig. 4.34: Plot ofy; as a function of the concentration gradient An in units of M when
s=2n.=10uM,n =017 =01v 5 =v; =15@uM) sy = =
500571 vy = v =500s7Y up = 2,uf = 2,u; = 2,uy = 2,u; = 2 for the

values ul ~ 0,ul = 1.0,u} =2.0,u} =3.0

Using n. = 0.95, 7. = 0.95, u] = 2,u{ = 2,u; = 2,uy = 2,u; = 2 and the values
of the transition rates specified in Eq. into Eq. (4.15), we have plotted the
variation of the average occupation number 7, of the internal potential well V; of
a nano-channel with two internal potential wells as a function of concentration
gradient An in units of pM for four different values of «.", thatis v ~ 0,u} =

e

1.0,uf = 2.0,u = 3.0 on the same graph as shown in Fig.

Usingn. = 1.0, n. = 0, u; = 2,uf = 2,u; = 2,uy = 2,u; = 2 and the values
of the transition rates specified in Eq. into Eq. (4.15), we have plotted the
variation of the average occupation number 7, of the internal potential well V; of
a nano-channel with two internal potential wells as a function of concentration
gradient An in units of M for four different values of «.", thatis v ~ 0,u} =
1.0,u} = 2.0,uS = 3.0 on the same graph as shown in Fig.

Usingn. = 0, 5. = 1.0, u;y = 2,uf = 2,u; = 2,uy = 2,u; = 2 and the
values of the transition rates specified in Eq. into Eq. (4.15), we have
plotted the variation of the average occupation number 7; of the internal po-
tential well V; of a nano-channel with two internal potential wells as a function

of concentration gradient An in units of uM for four different values of ».", that
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isul = 0,u}f =1.0,uf =2.0,u) = 3.0 on the same graph as shown in Fig.

1.000

0.998

0.996

0.994

0.992

0.990

Fig. 4.35: Plot of n; as a function of the concentration gradient An in units of yM when
s=2,n.=1.0uM,n. =0.951n. =095 v =v, =15@pM) s Ly =v =
5005 Y vy = v = 50057 , up = 2,uf = 2,u; = 2,uj = 2,u; = 2 forthe

values uf ~ 0,u} = 1.0,u} = 2.0,ul = 3.0
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Fig. 4.36: Plot of n; as a function of the concentration gradient An in units of yM when
s=2,n.=10uM,n = 10,7 =0, 1/2‘ =v, =15 (,uM)_ls_l,uf = yfr =
5005 Y vy = v = 50057 , uy = 2,uf = 2,u; = 2,uj = 2,u; = 2forthe

values uf ~ 0,u} = 1.0,u} = 2.0,ul = 3.0
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Fig. 4.37: Plot of n; as a function of the concentration gradient An in units of M when
s=2n.=10uM,n. =0,n. = 1.0, v =v, =15 (;LM)_ls—ljl/l_ = V1+ =
5005 vy = v = 50057t up = 2,uf = 2,u; = 2,uj = 2,u; = 2 forthe

values uf ~ 0,u} = 1.0,u} = 2.0,ul = 3.0

Using . = 1.0, 7. = 1.0, u; = 2,u] = 2,u; = 2,uy = 2,u; = 2 and the
values of the transition rates specified in Eq. into Eq. (4.15), we have
plotted the variation of the average occupation number 7, of the internal po-
tential well V; of a nano-channel with two internal potential wells as a function
of concentration gradient An in units of ;M for four different values of «.", that
isuf ~0,uf =1.0,uf =2.0,u} = 3.0 on the same graph as shown in Fig.

m
2.0

1.5

.
u=0,1,23
1000 2000 3000 4000 5000

An

0.5

0.0

Fig. 4.38: Plot of n; as a function of the concentration gradient An in units of yM when
s=2,n.=10uM,n. = 1.0, . = 1.0, vF = v = 15(uM)" s vy = v =
5005 vy = v =500s7Y, up = 2,uf = 2,u; = 2,uj = 2,u; = 2 for the

values ul ~ 0,uf = 1.0,u} =2.0,u} =3.0

The plots shown in Fig. and Fig. show that the average value of ;2 (An|n., 1., u)
as a function of An assumes the same constant values that don’t change as An
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increases for each possible value of v. That is, n12(An|n. = 0,7, = 1.0,u}) =
0.0282988 and ny2(An|n. = 1.0,n. = 1.0,u}) = 1.0 for each possible value of .
The plots shown in Fig. [4.34]to Fig. [4.36/show the property that: 12 (An|n., ., ul =
0) > m2(An|ne, ne, uf ~ 1.0) > n2(An|ne, ne, uf ~ 2.0) > n2(An|ne, ne, uf =~ 3.0)
for all possible values of An, 1. and 7.. Moreover, n5(An|n., 1., u)) approaches
its saturation value more rapidly when «. is small, that is v} ~ 0 than when
u assumes higher values. Therefore, as the normalized potential barrier u;
increases, the transition rate from the external potential well V, to the inter-
nal potential well V; decreases and as result the occupation probability of V; is
small, which means that the average value of the occupation number 7; of V] of
a nano-channel with two internal potential wells decreases.

Using 7, = 0.1, 9. = 0.1, u} = 2,u] = 2,u; = 2,uf = 2,u; = 2 and the values
of the transition rates specified in Eq. into Eq. (4.15), we have plotted the
variation of the average occupation number 7, of the internal potential well V; of
a nano-channel with two internal potential wells as a function of concentration
gradient An in units of M for four different values of vy, thatis u; ~ 0,u; =
1.0,u; = 2.0,u; = 3.0 on the same graph as shown in Fig.
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Fig. 4.39: Plot of n; as a function of the concentration gradient An in units of yM when
s=2n.=10uM,n =017 =01v 5 =v; =15uM) sy = =
50057 vy = vy = 500s7Y uf = 2,uf = 2,u; = 2,uy = 2,u; = 2 for the

values u; ~ 0,u; =1.0,u; =2.0,u; =3.0

Usingn. = 0.1, 7. = 0.1, uf = 2,u; = 2,u; = 2,uy = 2,u; = 2 and the values
of the transition rates specified in Eq. (3.14) into Eq. (4.15), we have plotted the
variation of the average occupation number 7, of the internal potential well V; of
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a nano-channel with two internal potential wells as a function of concentration
gradient An in units of pM for four different values of v, that is uj ~ 0,u] =
1.0,uf = 2.0,u; = 3.0 on the same graph as shown in Fig.
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Fig. 4.40: Plot of n; as a function of the concentration gradient An in units of yM when
s=2,n.=10uM,n. = 0.1, n. = 0.1, v =v =15uM) s vy =vf =
5005 vy = v = 500s7Y, uf = 2,u] = 2,u; = 2,uj = 2,u; = 2 forthe

values v ~ 0,u]” = 1.0,uf = 2.0,uf = 3.0

Using n. = 0.5, . = 0.5, uf = 2,u; = 2,u] = 2,u = 2,u; = 2 and the values
of the transition rates specified in Eq. into Eq. (4.15), we have plotted the
variation of the average occupation number 7; of the internal potential well V; of
a nano-channel with two internal potential wells as a function of concentration
gradient An in units of xM for four different values of u,, thatis u;, ~ 0,u;, =
1.0,u; = 2.0,u, = 3.0 on the same graph as shown in Fig.

Using 7. = 0.1, n. = 0.1, uf = 2,u] = 2,uf = 2,u; = 2,u; = 2 and the values
of the transition rates specified in Eq. into Eq. (4.15), we have plotted the
variation of the average occupation number 7, of the internal potential well V; of
a nano-channel with two internal potential wells as a function of concentration
gradient An in units of p M for four different values of u;, thatis uy ~ 0,uj =
1.0,ug = 2.0,u5 = 3.0 on the same graph as shown in Fig.

Using . = 0.5, 7. = 0.5, uf = 2,u] = 2,u] = 2,u; = 2,u; = 2 and the
values of the transition rates specified in Eq. into Eq. (4.15), we have
plotted the variation of the average occupation number 7; of the internal po-
tential well V; of a nano-channel with two internal potential wells as a function
of concentration gradient An in units of pM for four different values of «_, that
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isu; ~0,u; =1.0,u; =2.0,u; = 3.0 on the same graph as shown in Fig.
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Fig. 4.41: Plot of n; as a function of the concentration gradient An in units of yM when
s=2,n.=1.0uM,n. =051 =05 v =v, =15uM) s v = =
5005 Y vy = v = 500s7Y, uf = 2,u] = 2,uf = 2,uj = 2,u; = 2forthe

values uy, ~ 0,uy = 1.0,u; =2.0,u; = 3.0
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Fig. 4.42: Plot of n; as a function of the concentration gradient An in units of yM when
s=2,n.=10uM,n. =010 =01vF =v, =15@uM) s Lvyy =vf =
5005 vy = v = 500sY, uf = 2,u] = 2,uf = 2,u; = 2,u; = 2forthe

values uj ~ 0,uy = 1.0,uj = 2.0,ui = 3.0
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Fig. 4.43: Plot of n; as a function of the concentration gradient An in units of M when
s=2,n.=10uM,n. =051 =05vF=v, =15 (uM)‘ls_l,I/f = V1+ =
500871 vy = v = 500s7Y uf = 2,u; = 2,uf = 2,u; = 2,uy = 2 for the

values u; ~ 0,u; = 1.0,u; =2.0,u; = 3.0

The average value of 7,5(An|n., n.) becomes large when u; and ] assume
large values as shown in Fig. and Fig. respectively. That is, when u
and ] assume large values the escape rate from the internal potential well V;
is small and as a result the mean residence time of the particle in V; becomes
large, which in turn imply that the occupation probability of V; by a particle
increases and thus the average value of 7,5 (An|n,., n.) increases as v; and u; in-
crease. The average value of 7,5(An|n., n.) saturates more quickly to its maxi-
mum value when u; and «| assume large values. Moreover, the average value
of n12(An|n., n.) assumes the same value for each possible value of u; and u
as shown in Fig. and Fig. respectively. However, average value of
ma(An|ne, n.) becomes large when u; assume large values as shown in Fig.
This is because as uJ increases the escape rate from the internal potential well
V5 decreases and as a result the mean residence time of a particle in V; becomes
large, which in turn imply that the probability that V5 is found to be in the va-
cant state becomes very small and as a result a particle in V; can’t jump to V5.
Therefore as a particle stays for a long time in V5, it forces the particle V; to stay
there longer and thus the occupation probability of V; by a particle increases

and thus the average value of 1,5(An|n., n.) increases as u; increases.
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4.4.1.2 The Average Occupation Number of the Internal Potential Well V; of a Nano-
Channel as a Function of the Average Occupation Number of the External

Potential Wells when the Potential Barriers are Twice of Thermal Energy

Using the positive concentration gradient An = 1000 uM, v = 2,u; = 2,u] =
2,u;, = 2,u; = 2,u; = 2 and the values of the transition rates specified in Eq.
into Eq. (4.15), we have plotted the variation of the average occupation
number 7, of the internal potential well V; of a nano-channel with two internal
potential wells as a function of 7. for five different possible values of 7., that is
Ne = 0,m. = 0.25,1. = 0.5,1m. = 0.75, 7. = 1.0 on the same graph as shown in Fig.
4.44
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Fig. 4.44: Plot of n; as a function of . when s = 2, An = 1000 uM, n, = 1.0 uM, v} =
v, = 15(uM)ts7 vy = v =500s7 vy = vy = 50057 uf = 2,u] =
2,uf = 2,u; = 2,uf = 2,u; = 2 for five values of 7, that is 7. = 0,7, =
0.25,n. =0.5,n7. =0.75,n. = 1.0

When An = 1000 p)M, the plot in in Fig. show that the average value of
ma(An|ne,n.) as a function of 7. obey that: n;5(An = 1000 pM|n. = 1.0,7.) >
Mm2(An = 1000 pM|n. = 0.75,1.) > ma(An = 1000 pM|n. = 0.5,1.) > ma(An =
1000 pM|ne = 0.25,m.) > ma2(An = 1000 pM|n. = 0,n.) for all possible values of
n.. The average value of ;5(An = 1000 pM|n.,n.) associated with the different
values of 7, increase very slowly as 7. increases from zero to one. As 7. becomes
slightly greater than zero, the average value of 7;5(An = 1000 uM]|n.,n.) jumps
rapidly to slightly different values that are closer to one and are almost parallel
to each other as shown in Fig.

Using zero concentration gradient An = 0, v = 2,u;] = 2,u] = 2,u; =
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2,uy = 2,u; = 2 and the values of the transition rates specified in Eq.
into Eq. (4.15), we have plotted the variation of the average occupation number
n, of the internal potential well V; of a nano-channel with two internal potential
wells as a function of 7, for five possible values of 7., thatisn. = 0,7, = 0.25,7. =
0.5,17. = 0.75, 7. = 1.0 on the same graph as shown in Fig.
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Fig. 4.45: Plot of 1 as a function of . when s = 2, An = 0, n. = 1.0 uM, v} = v, =
15 (uM)~ts7 vy = v = 50087 vy = v =500, ul = 2,u; = 2,uf =
2,u;, = 2,uj = 2,u; = 2 for five values of 7., thatis 5. = 0,7, = 0.25,7, =
0.5, =0.75,7, = 1.0

When An = 0, the average value of 7,2(An|n.,n.) as a function of 7. obey that:
ma2(An = 0n. = 1.0,1.) > ma(An = 0[n. = 0.75,1.) > ma(An = 0[n. =
0.5,7.) > ma2(An = 0|n. = 0.25,71.) > ma2(An = 0|n. = 0,7.). The average value of
nma(An|ne, n.) approach to different minimum values as n. — 0, that is, n12(An =
Olne = 0,m. — 0) — 0, n2(An = 0ln. = 0.25,n7. — 0) — 0.00596186, n12(An =
0ln. = 0.5,7. — 0) — 0.0147711, na(An = 0. = 0.75,1. — 0) — 0.0291079,
ma(An = 0|n. = 1.0,m7. — 0) — 0.0565534. Moreover, the average occupation
number 75(An|n., n.) as a function of . approach to different maximum values
as as . — 1.0, that is, n12(An = 0|n. = 0,7. — 1.0) — 0.0282988, n15(An =
0[n. = 0.25,7. — 1.0) — 0.0465559, m2(An = 0[n. = 0.5,7, — 1.0) — 0.0810849,
ma(An = 0|n. = 0.75,n, — 1.0) — 0.171128, n15(An = 0|n. = 1.0,n. — 1.0) — 1.0.

Using the negative concentration gradient An = —1.0 uM, u} = 2,u] =
2,u = 2,u;, =2,u; =2,u; = 2and the values of the transition rates specified
in Eq. into Eq. (4.15), we have plotted the variation of the average occu-
pation number 7; of the internal potential well V; of a nano-channel with two
internal potential wells as a function of 7. for five possible values of 7., that is
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Ne = 0,m. = 0.25,1. = 0.5,m. = 0.75, 7. = 1.0 on the same graph as shown in Fig.
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Fig. 4.46: Plot of 7; as a function of . when s = 2, An = —1.0 uM, n. = 1.0 uM, v} =
vy = 15(uM)ts7hyy = v = 50057y = v = 500571, uf = 2,u] =
2,uf = 2,u; = 2,uy = 2,u; = 2 for five values of 7, that is 7, = 0,7, =
0.25,7 = 0.5, 7 = 0.75, 7. = 1.0

When An = —1.0 uM, the average occupation number 75(An|n., 1.) as a func-
tion of . obey that n2(An = —1.0 uM|n. = 0.99,7.) > Ma2(An = —1.0 uM|n. =
0.75,1.) > ma(An = —=1.0 uM|n. = 0.5,1n.) > ma(An = —1.0 uM|n. = 0,7,).
The average value of 7;5(An|n., n.) approach to the same minimum zero value
as . — 0. Moreover, the average value of 7,5(An|n.,n.) approach to differ-
ent maximum values as . — 1.0, that is, n3(An = —1.0 uM|n. = 0,n. —
1.0) — 0.0282988, n12(An = —1.0 pM|n. = 0.5,7. — 1.0) — 0.0373785, ma(An =
—1.0 uM|n. = 0.5,n. — 1.0) — 0.0550373, n12(An = —1.0 uM|n. = 0.75,n, —
1.0) — 0.104323, 712(An = —1.0 uM|n, = 1.0,1. — 1.0) — 0.74413,

Using the positive concentration gradient An = 10000 pM, uf = 2,u; =
2,uf =2,u; =2,uj =2,u; = 2 and the values of the transition rates specified
in Eq. into Eq. (4.15), we have plotted the variation of the average occu-
pation number 7, of the internal potential well V; of a nano-channel with two
internal potential wells as a function of 7. for five possible values of 7., that is
ne = 0,m. = 0.25,n. = 0.5,17. = 0.75, 7. = 1.0 on the same graph as shown in Fig.
4.47
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Fig. 4.47: Plot of n; as a function of . when s = 2, An = 10000 uM, n. = 1.0 uM,
vi = v, = 15(pM)tsThyy = v = 50057 vy = v = 50057, uf =
2,u] = 2,uf = 2,u; = 2,uj = 2,u; = 2 for five values of 7., that is, 7. =
0,7. =0.25,7. = 0.5,7. =0.75,n. = 1.0

Using the positive concentration gradient An = 35 yM and v} = 2,u; =
2,uf = 2,u;, = 2,u; = 2,u; = 2and the values of the transition rates specified
in Eq. into Eq. (4.15), we have plotted the variation of the average occu-
pation number 7; of the internal potential well V; of a nano-channel with two
internal potential wells as a function of 7, for five possible values of 7., that is

Ne = 0,m. = 0.25,n. = 0.5,1. = 0.75,7. = 1.0 on the same graph as shown in Fig.
4.48

Fig. 4.48: Plot of n; as a function of . when s = 2, An = 35 uM, n. = 1.0 uM, v} =
v, = 15(uM) s vy = v =500s7 vy = vy = 50057 uf = 2,u] =
2,uf = 2,u; = 2,uj = 2,u; = 2 for five values of 7., that is, n. = 0,7, =
0.25, 1, = 0.5,70 = 0.75,n. = 1.0
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The plots in Fig. [4.47|and Fig. [4.48|show that the average value of 7,5(An|n., .)
as a function of 7. obey that: n2(An|n.,n. = 1.0) > na(An|ne,n. = 0.75) >
Ma(An|ne, n. = 0.5) > ma(An|ne,n. = 0.25) > niz(Anln,n. = 0) for all possi-
ble values of An and 7.. For a given value of An = 10000 M and 7., the av-
erage value of 7;5(An|n., n.) increases as the average value of 7. increases. The
average value of 7;2(An = 10000 puM]|n.,n.) approach to slightly different min-
imum values as 7. — 0, that is, n;2(An = 10000 uM|n. — 0,n. = 0) — 0,
ma(An = 10000 uM|n. — 0,1, = 0.25) — 0.00297852, n; (An = 10000 uM|n. —
0,7. = 0.5) — 0.00738171, na(An = 10000 pM|n. — 0,7, = 0.75) — 0.014553,
n1(An = 10000 pM|n. — 0,n. = 1.0) — 0.0282988. The average value of 1;5(An =
10000 pM]|ne,n.) diverge from each other as 7, increases to intermediate values
and after that they began to converge to each other and finally saturate to ap-
proximately the same maximum values of one as . — 1.0. Moreover, when
An = 35 uM, the average value of ;5 (An|ne, 7.) increases linearly as 7, increases
for each possible value of 7. as shown in Fig.

Using zero concentration gradient An = 0, u} = 2,u] = 2,uf = 2,u; =
2,u5 = 2,u; = 2 and the values of the transition rates specified in Eq.
into Eq. (4.15), we have plotted the variation of the average occupation number
n; of the internal potential well V; of a nano-channel with two internal potential

wells as a function of 7, for five possible values of 7., thatis 7. = 0,7, = 0.25,7. =
0.5,17. = 0.75, 1. = 1.0 on the same graph as shown in Fig.
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Fig. 4.49: Plot of 7, as a function of . when s = 2, An = 0, n, = 1.0 uM, v} = v, =
15 (uM)~ts7 vy = v = 500571 vy = v = 500571, uf = 2,u] = 2,uf =
2,u; = 2,uj = 2,u; = 2 for five values of 7, thatis, . = 0,7, = 0.25,7. =
0.5,m. =0.75,n. = 1.0
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When An = 0, the plots in Fig. [4.49|show that the average value of 7:,(An|n., 7.)
as a function of 7. obey that: n;3(An = 0|n.,n. = 1.0) > n2(An = 0|ne, . =
0.75) > ma(An = 0|ne,n. = 0.5) > ma(An = 0|ne,ne. = 0.25) > na(An =
0|ne, n. = 0). The average value of 7;5(An|n., n.) approach to different minimum
values as . — 0, thatis, n2(An = 0|n. = 0,7, — 0) — 0, n2(An = 0O|n. =
0.25,7, — 0) — 0.00297852, 712(An = 0[5, = 0.5,7, — 0) — 0.00738171, 12(An =
0l = 0.75,7. — 0) — 0.014553, na(An = 0. = 1.0,. — 0) — 0.0282988.
Moreover, the average value of 7,5(An|n.,n.) approach to different maximum
values as n. — 1.0, that is, 7;5(An = 0|n. = 0,7, — 1.0) — 0.0565534, n12(An =
07 = 0.25,7. — 1.0) — 0.0742506, 115(An = 0[n. = 0.5,7. — 1.0) — 0.107727,
Mma(An = 0[n. = 0.75,n, — 1.0) — 0.195059, n12(An = 0|n. = 1.0,7, — 1.0) — 1.0.

Using negative concentration gradient An = —1.0 uM, v} = 2,u; = 2,uf =
2,u, = 2,uy = 2,u; = 2 and the values of the transition rates specified in
Eq. into Eq. (4.15), we have plotted the variation of the average occu-
pation number 7; of the internal potential well V; of a nano-channel with two
internal potential wells as a function of 7, for five possible values of 7., that is
Ne = 0,m. = 0.25,n. = 0.5,1. = 0.75, 7. = 1.0 on the same graph as shown in Fig.
4.50

n

Fig. 4.50: Plot of n; as a function of . when s = 2, An = —1.0 uM, n, = 1.0 uM, v} =
vy = 15(uM)ts7hyy = v = 50057y = v = 500571, uf = 2,u] =
2,uf = 2,u; = 2,uj = 2,u; = 2 for five values of ., thatis n. = 0,7, =
0.25,n, = 0.5, 7, = 0.75,1. = 1.0

When An = —1.0 uM, the plots in Fig. show that the average value of
ma(An|ne,n.) as a function of 7, obey that: n;3(An = —1.0 uM|ne,n. = 1.0) >
ma(An = —1.0 uM|ne,n. = 0.75) > ma(An = —1.0 uM|ne,n. = 0.5) > No(An =
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—1.0 uM|ne,n. = 0.25) > miz(An = —1.0 pM|n., n. = 0). We see that na(An|n., n.)
approach to different minimum values as 7. — 0, thatis, n2(An = —1.0 uM|n. =
0,7 — 0) — 0, n2(An = —1.0 uM|n. = 0.25,n, — 0) — 0.00297852, n;(An =
—1.0 uM|n. = 0.5,9. — 0) — 0.00738171, m(An = —1.0 uM|n. = 0.75,n. —
0) — 0.014553, m(An = —1.0 pM|n. = 1.0,n. — 0) — 0.0282988. Moreover,
n2(An|ne, n.) approach to different maximum values as . — 1.0, thatis, 12(An =
—1.0 uM|n. = 0,m. — 1.0) — 0, m2(An = —1.0 uM|n. = 0.25,n, — 1.0) —
0.009886349, 71 (An = —1.0 uM|n. = 0.5,7. — 1.0) — 0.02906965, 1, (An =
—1.0 pM|n, = 0.75,1. — 1.0) — 0.08242224, n15(An = —1.0 uM|n. = 1.0,7, —
1.0) — 1.0.

Usingn. = 0, uf = 2,u; = 2,u] = 2,u; = 2,u; = 2,u; = 2 and the
values of the transition rates specified in Eq. into Eq. (4.15), we have
plotted the variation of the average occupation number 7; of the internal po-
tential well V; of a nano-channel with two internal potential wells as a function
of 7, for five different values of the concentration gradient An in units of yM:
An = —0.99,An = 0,An = 35,An = 100, An = 500, An = 1000 on the same
graph as shown in Fig.

m
0.025
0.020 An = —0.99, 0, 35, 100, 500, 1000
0.015
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0.2 0.4 0.6 0.8 1.0

Fig. 4.51: Plot of 7; as a function of n. when s = 2, n, = 1.0uM, n. = 0, v =
vy = 15(uM)ts7hyy = v =500y = v = 500571, ut = 2,u] =
2,uf = 2,u; = 2,uj = 2,u; = 2 for the values of An in units of uM:
An = —0.99, An = 0, An = 35, An = 100, An = 500, An = 1000

Using n. = 0.5,uf = 2,u] = 2,uf = 2,u; = 2,uj = 2,u; = 2 and the val-
ues of the transition rates specified in Eq. (3.14) into Eq. (4.15), we have plot-
ted the variation of the average occupation number 7, of the internal poten-

tial well V; of a nano-channel with two internal potential wells as a function
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of 7, for five different values of the concentration gradient An in units of yM:
An = —0.99,An = 0,An = 35,An = 100, An = 500, An = 1000 on the same

graph as shown in Fig.
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Fig. 4.52: Plot of 7, as a function of . when s = 2, n, = 1.0uM, n. = 0.5, v =
vy = 15(uM)ts7hyy = v =500y = v = 500571, ut = 2,u] =
2,uf = 2,u; = 2,uj = 2,u; = 2 for the values of An in units of uM:
An = —0.99, An = 0, An = 35, An = 100, An = 500, An = 1000

Using . = 1.0, uf = 2,u; = 2,uf = 2,u; = 2,uj = 2,u; = 2 and the val-
ues of the transition rates specified in Eq. into Eq. (4.15), we have plot-
ted the variation of the average occupation number 7, of the internal poten-
tial well V; of a nano-channel with two internal potential wells as a function
of 7, for five different values of the concentration gradient An in units of pM:
An = —0.99,An = 0,An = 35,An = 100, An = 500, An = 1000 on the same

graph as shown in Fig.

The average value of 7,5(An|n., 7.) as a function of », associated with differ-
ent values of An coincide with each other in the entire range 0 < 7. < 1.0 when
n. = 0 and increase rapidly to its maximum value 7;5(An|n.,n.) = 0.0282988 as
n. = 1.0 as shown in Fig. The average value of 7,2(An|n., n.) associated
with different values of An separate from each other as 7. increases to inter-
mediate values, that is . — 0.5 and increase slowly to their maximum values
as 7. increases as the plot in Fig. shows. Finally when n. — 1.0, the av-
erage value of 7,2(An|n., n.) associated with different values of An approach to
different values as . — 0, that is, n12(An = —0.99 uM|n. = 1.0,n7. — 0) —
0.000599041, n12(An = 0ln. = 1.0,n. — 0) — 0.0565534, n12(An = 35 uM|n, =
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Fig. 4.53: Plot ofn; as a function of n. when s = 2, n, = 1.0uM, n. = 1.0, vF =
v, = 15(uM) sy = v =500s7 vy = vy = 50057 uf = 2,u] =
2,uf = 2,u; = 2,uf = 2,u; = 2 for the values of An in units of pM:
An = —0.99, An = 0, An = 35, An = 100, An = 500, An = 1000

10,1, — 0) — 0.683476, n12(An = 100 pM|n. = 1.0,7. — 0) — 0.85834, 12(An =
500 uM|n. = 1.0,m. — 0) — 0.967803, n12(An = 1000 puM|n. = 1.0,m7. — 0) —
and 7y2(An = 10000 pM|n. = 1.0,n7. — 0) — 0.983622. As 7, increases the av-
erage values of 7;5(An|n., n.) associated with different values of An approach
to each other and finally all of them converge to the same saturation value of
ma(An|n. = 1.0,n.) — 1.0 as n. — 1.0 as shown in Fig.

Using . = 0, vl = 2,u] = 2,uf = 2,u; = 2,u; = 2,u; = 2 and the
values of the transition rates specified in Eq. into Eq. (4.15), we have
plotted the variation of the average occupation number 7, of the internal po-
tential well V; of a nano-channel with two internal potential wells as a function
of 7. for five different values of the concentration gradient An in units of yM:
An = —0.99,An = 0,An = 35,An = 100, An = 500, An = 1000 on the same
graph as shown in Fig.

Using n. = 1.0, vl = 2,u] = 2,u] = 2,u; = 2,uj = 2,u; = 2 and the
values of the transition rates specified in Eq. into Eq. (4.15), we have
plotted the variation of the average occupation number 7; of the internal po-
tential well V; of a nano-channel with two internal potential wells as a function
of 7. for five different values of the concentration gradient An in units of yM:
An = —0.99,An = 0,An = 35,An = 100, An = 500, An = 1000 on the same
graph as shown in Fig.
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Fig. 4.54: Plot of 7; as a function of 5. when s = 2, n, = 1.0uM, n. = 0, v =
v, = 15(uM) sy = v = 50087 vy = vy = 50057 uf = 2,u] =
2,uf = 2,u; = 2,uf = 2,u; = 2 for the values of An in units of puM:
An = —0.99, An = 0, An = 35, An = 100, An = 500, An = 1000

Fig. 4.55: Plot of 7, as a function of n. when s = 2, n, = 1.0 uM, n. = 1.0, v =
v, = 15(uM) sy = v =500s7 vy = vy = 50057 uf = 2,u] =
2,uf = 2,u; = 2,uj = 2,u; = 2 for the values of An in units of uM:
An = —0.99, An = 0, An = 35, An = 100, An = 500, An = 1000

The plots in Fig. and Fig. show that the average value of 7,(An =
35 uM|ne, n.) as a function of 7. increases linearly as 7. increases for each possi-
ble value of 7.. The average value of 7;5(An|n., n. = 0) as a function of 7, associ-
ated with different values of An coincide with each other and assume the same
value 715(An|n.,n. = 0) = 0 as . — 0 and then as 7, increases to intermediate
values, that is . — 0.5, the deviation between the values of 7,2(An|ne, 7. = 0)
associated with different values of An becomes maximum and then as 7. — 1.0
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they approach to each other but assume different values as shown in Fig.
These values are: 7;5(An = —0.99 pM|n. — 1.0,1. = 0) — 0.000599041, 112(An =
07, — 1.0,7. = 0) — 0.0565534, n12(An = 35 pM|n. — 1.0,7, = 0) — 0.683476,
mo(An = 100 uM|n. — 1.0,n. = 0) — 0.85834, n12(An = 500 uM|n. — 1.0,7n, =
0) — 0.967803, m2(An = 1000 uM|n. — 1.0,1. = 0) — 0.983622 and n;2(An =
10000 puM|n. — 1.0,n. = 0) — 0.998336. When 7. = 1.0, the average value of
ma(An|n., n. = 1.0) associated with different values of An converge to each other
and assume the same value 7;5(An|n.,n. = 1.0) = 0 as . — 0 and as 7, increases
to intermediate values the deviation between the values of 7,5(An|n., 7. = 1.0)
associated with different values of An becomes maximum and then as 7. — 1.0
they converge to the same saturation value of ;2 (An|n., n. = 1.0) = 1.0 as shown

in Fig.
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4.4.2 Discussion of the Average Occupation Number of the Internal Po-
tential Well V5 of a Nano-Channel with Two Internal Potential

Wells

4421 The Average Occupation Number of the Internal Potential Well V5 of a Nano-

Channel as a Function of the Concentration Gradient

Using n. = 0, uf = 2,u; = 2,uf = 2,u; = 2,uy = 2,u; = 2 and the val-
ues of the transition rates specified in Eq. into Eq. (4.16), we have plot-
ted the variation of the average occupation number 7, of the internal potential
well V5 of a nano-channel with two internal potential wells as a function of the
concentration gradient An in units of M for five different values of 7., that is
Ne = 0,m. = 0.25,1. = 0.5,1m. = 0.75,7. = 1.0 on the same graph as shown in Fig.
4.56!

An
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Fig. 4.56: Plot of ), as a function of the concentration gradient An in units of yM when
s=2,n.=10 uM,n.=0,v] =v; =15(uM) s v = Vfr =500s"1 v, =
vy =500s7 Y uf =2,u] =2,uf =2,u; =2,uf =2,u; =2 for five different

values: 7. = 0,1, = 0.25,7. = 0.5, 7. = 0.75,1. = 1.0

Using . = 0.5, uf = 2,u] = 2,uf = 2,u; = 2,uy = 2,u; = 2 and the values
of the transition rates specified in Eq. into Eq. (4.16), we have plotted
the variation of the average occupation number 7, of the internal potential well
V5 of the nano-channel with two internal potential wells as a function of the
concentration gradient An in units of M for five different values of 7., that is
Ne = 0,m. = 0.25,1. = 0.5,7m. = 0.75,7. = 1.0 on the same graph as shown in Fig.
4,57}
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An

200 400 600 800 1000

Fig. 4.57: Plot of 1, as a function of the concentration gradient An in units of M when
s =2,n. = 10puM, n. = 05 v = v, = 15(@uM) s Ly, = v =
500871 vy = vy =500s7Y uf =2,u] = 2,uf =2,u; =2,uj =2,u; =2for

five different values: n. = 0,7, = 0.25,9. = 0.5,7. = 0.75,17. = 1.0

Using n. = 1.0, ul = 2,u; = 2,uf = 2,u; = 2,u = 2,u; = 2 and the values
of the transition rates specified in Eq. into Eq. (4.16), we have plotted
the variation of the average occupation number 7, of the internal potential well
V5 of the nano-channel with two internal potential wells as a function of the
concentration gradient An in units of M for five different values of 7., that is
Ne = 0,m. = 0.25,1. = 0.5,1m. = 0.75, 7. = 1.0 on the same graph as shown in Fig.
4.58]
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Fig. 4.58: Plot of 1), as a function of the concentration gradient An in units of yM when
s =2,n = 10puM, n. = 1.0, vf = v = 15(@M) s Ly, = v =
50057 vy = vy =500 uf =2,u; = 2,uf =2,u; =2,u] =2,u; =2for

five different values: . = 0,7, = 0.25,7. = 0.5,7. = 0.75,7. = 1.0
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For the given values of n, and 7., the average value of the occupation number
of the internal potential well V; of a nano-channel with two internal potential
wells as a function of An is denoted by 722(An|n., n.). The plots in Fig. to
Fig. show that 7y (An|n. = 0,7:.) < nw(An|n. = 0.25,1.) < n22(Anln. =
0.5,71c) < ma2(Anlne = 0.75,1.) < n2a(An|n. = 1.0,7,.) for all possible values of
An and 7.. The average value of 7. (An|n., n.) assumes the values 7 (An|n. =
1.0,m. = 1.0) = 1.0 and ny2(An|n. = 0,n. = 0) = 0 for all possible values of An.
For small values of An, thatis, An < 400 pM, the average value of 1y, (An|ne, 7.)
of the nano-channel increases very rapidly as An increases and then it increases
slowly and finally as An increases to large positive values, 7.:(An|n.,7n.) satu-
rates to its maximum constant value. Moreover, for one particular given value
of 7., the average values of 7s,(An|n.,n.) associated with different values of 7,
saturate to the same values. The saturation value of 7, (An|n., n.) and the cor-
responding concentration gradient where the saturation occurs are: 7s,(An —
100 M|ne,n. = 0) — 0.5, no2(An — 85 M|ne,m. = 0.5) — 0.669967, 122(An —
40 M|ne,n. = 1.0) — 1.0 for all possible values of . > 0. The average value of
n2a(An|ne, n.) with the higher value of 7. approaches its saturation value more
quickly than that at a smaller value as the plots in Fig. to Fig. show.
That is, 2 (An|n. = 1.0,7.) saturates more quickly at a small value of An and
na2(An|n. = 0,7,) saturates more slowly at large value of An.

Thus, as 7. increases from zero to one, the value of An at which 73 (An|ne, 7.)
becomes saturated decreases from the largest value, which occurs when ., = 0
to the smallest one, which occurs when n, = 1.0. In other words, for a given
value of 7., the value of An at which 7, (An|n.,7n.) saturates increases as 7. de-
creases from one to zero. For a given value of 7., the average value of 79 (An|7e, 1.)
associated with different values of n. converge to each other as An — —1.0 uM
and then diverge from each other as An increases to intermediate values and
after that the average value of 7:,(An|n., n.) associated with different values of
n. began to converge to each other and finally saturate to the same maximum

value as An increases to large positive values.

Therefore, the average value of 7y (An|n., 7.) attains its maximum value of
one when 7. = 1.0 and . = 1.0 at very small value of An as shown in Fig.
Therefore, when . = 1.0, the mean residence time of a particle at the poten-
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tial well V. is large and as result the occupation probability of V, is almost one.
Moreover, as 7. — 1.0, the mean residence time of a particle at the potential well
V. is large and as result the occupation probability of this site is almost one. This
means that the average value of 7.2 (An|n., n.) attains its maximum value when

V. is occupied, thatis n. = 1.0, and when V, is occupied, thatis . = 1.

Using 7. = 0, u} = 2,u; = 2,uf = 2,u; = 2,uy = 2,u; = 2 and the val-
ues of the transition rates specified in Eq. into Eq. (4.16), we have plotted
the variation of the average occupation number 7, of the internal potential well
V5 of the nano-channel with two internal potential wells as a function of the
concentration gradient An in units of M for five different values of 7., that is
Ne = 0,m. = 0.25,n. = 0.5,17. = 0.75, 7. = 1.0 on the same graph as shown in Fig.
4.59
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Fig. 4.59: Plot of 1), as a function of the concentration gradient An in units of yM when
s=2,n.=10 uM,n. =0,vf =v; =15(uM) s vy =vi =500s"1, vy =
vy =500 uf =2,u; =2,uf =2,u; =2,uf =2,u; =2 for five different

values: . = 0,7, = 0.25,n. = 0.5,7. = 0.75,n7. = 1.0

Using . = 0.5, ul = 2,u] = 2,uf = 2,u; = 2,u; = 2,u; = 2 and the values
of the transition rates specified in Eq. into Eq. (4.16), we have plotted
the variation of the average occupation number 7, of the internal potential well
V5 of the nano-channel with two internal potential wells as a function of the
concentration gradient An in units of M for five different values of 7., that is
Ne = 0,m. = 0.25,n. = 0.5,1. = 0.75, 7. = 1.0 on the same graph as shown in Fig.
4.60!
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Fig. 4.60: Plot of 1, as a function of the concentration gradient An in units of M when

s =2,n. = 10pM, 5. = 05 v = v; = 15(@uM) s Ly = v =
5005 L vy = v =500 uf = 2,u] =2,uf =2,u; =2,uf =2,u; =2for

five different values: n. = 0,7. = 0.25, 7. = 0.5,7. = 0.75,17. = 1.0

Using . = 1.0, v} = 2,u; = 2,uf = 2,u; = 2,u; = 2,u; = 2 and the
values of the transition rates specified in Eq. (3.14) into Eq. (4.16), we have plot-
ted the variation of the average occupation number 7, of the internal potential

well V; of the nano-channel with two internal potential wells as a function of the

concentration gradient An in units of M for five different values of 7., that is

Ne = 0,m. = 0.25,n. = 0.5,1. = 0.75, 7. = 1.0 on the same graph as shown in Fig.
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Fig. 4.61: Plot of 1), as a function of the concentration gradient An in units of yM when

s =2,n = 10pM, 5 = 1.0, vf = v = 15(@uM) s Ly, = v =
5005 L vy = v =500 uf = 2,u] = 2,uf =2,u; =2,uf =2,u; =2for

five different values: n. = 0,7, = 0.25,n. = 0.5,1. = 0.75,7. = 1.0
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The plots shown in Fig. to Fig. imply that: 7y (Anjne,n. = 0) <
N22(An|ne, ne = 0.25) < Noz(An|ne, ne = 0.5) < ma2(An|ne, ne = 0.75) < naa(An|ne, e
1.0) for all possible values of An and 7.. As shown in Fig. for the given
values of 7., the average value of 7y (An|n. = 0,7.) as a function of An as-
sumes small constant values that don’t change as An increases in the positive
direction. These small values are: 7s(Anln. = 0,m7. = 0) = 0, nw(An|y. =
0,7. = 0.25) = 0.00596895, 122(An|n. = 0,m. = 0.5) = 0.0147928, nn(Anln. =
0,n. = 0.75) = 0.0291634, ns2(An|n. = 0,7, = 1.0) = 0.0567077. Moreover,
Nao(Anln. = 1.0,n. = 1.0) = 1.0 and 9y (An|n. = 0,n. = 0) = 0 for all pos-
sible values of An. Furthermore, the average value of 7, (An|n.,n.) associated
with the different values of 7, saturate to different values when 7, has different
values. When 7, = 0.5, these saturation values are: 7, (An — 70 M|n. = 0.5,71. =
0) — 0.5, maa(An — 70 M|y, = 0.5,1, = 0.25) — 0.573257, naa(An — 70 M|y, =
0.5, = 0.5) — 0.669966, n:2(An — 70 M|y, = 0.5,7. = 0.75) — 0.803536,
Naa(An — 70 M|n. = 0.5,n. = 1.0) — 1.0. When 7, = 1.0, these saturation val-
ues are: 7g9(An — 10 M|n. = 0.5,n. = 0) — 0.5, nea(An — 10 M|n. = 0.5,n. =
0.25) — 0.573257, n(An — 10 M[n. = 0.5,7. = 0.5) — 0.669966, 122(An —
10 M|ne = 0.5,7. = 0.75) — 0.803536, 722(An — 10 M|n. = 0.5, 5. = 1.0) — 1.0.

For small values of An, thatis, An < 500 uM whenn, = 0.5and An < 200 uM
when 7, = 1.0, the average value of 7,5 (An|7., n.) increases very rapidly as An in-
creases and then it increases slowly and finally as An increases to large positive
values, 722 (An|n., n.) saturates to different maximum values. The average value
of 12 (An|n., n.) with the higher value of 7. approaches its saturation value more
quickly than that at a smaller value as the plots in Fig. to Fig. show.
That is, n:2(An|n.,n. = 1.0) saturates more quickly at a small value of An and
ne2(An|ne, n. = 0) saturates more slowly at large value of An. For a given value of
ne, the average value of 7., (An|n., n.) associated with different values of . con-
verge to each other as An — —1.0 xM and then diverge from each other as An
increases to intermediate values and after that the average value of 75 (An|ne, 7.)
associated with different values of . become parallel to each other and saturate
to different maximum values as An increases to large positive values. There-
fore, the average value of 7, (An|n., n.) attains its maximum value of one when
n. = 1.0 and n, = 1.0 at very small value of An as shown in Fig.
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Using 7. = 0.1, 7. = 0.1, u] = 2,uf =2,u; = 2,uj = 2,u; = 2 and the values
of the transition rates specified in Eq. into Eq. (4.16), we have plotted the
variation of the average occupation number 7, of a nano-channel with two in-
ternal potential wells as a function of concentration gradient An in units of M
for four different values of «.", thatis v} ~ 0,u} = 1.0,u = 2.0,u} = 3.0 on the
same graph as shown in Fig.

|
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Fig. 4.62: Plot of ), as a function of the concentration gradient An in units of yM when
s=2,n.=10uM,n. =010 =01vF =v, =15@uM) s vy =v] =
5005 Y vy = v = 50057 , up = 2,uf = 2,u; = 2,uj = 2,u; = 2 forthe

values: u} ~ 0,uf = 1.0,u} =2.0,uf =3.0

The plot shown in Fig. [4.62]shows that the fluxes associated with different values
of u obey: na2(An|ne, ne, uf ~ 0) > Nea(An|ne, ne, ul = 1.0) > noa(An|ne, ne, ul =~
2.0) > nea(An|ne, ne, uf ~ 3.0) for all possible values of An, 7. and .. Moreover,
nea(An|ne, n.) approaches its saturation value more rapidly when « ~ 0 than
when v ~ 3.0. The average value of 7, (An|n.,7.) associated with the differ-
ent values of v saturate to the same maximum value: 7s(An — 100 M|n, =
0.1,m. = 0.1,u}) — 0.527062 for all possible values of u}. Therefore, as the
normalized potential barrier «, increases, the transition rate from the exter-
nal potential well V, to the internal potential well V; decreases and as a result
the occupation probability of V] is small which means that the average value of
na(An|ne, n. decreases. Therefore, when 7;5(An|n., 7. is nearly empty, the tran-
sition rate of a particle from V; to V5 is negligible and as a result the occupation
probability of V; is small and thus the average value of 1, (An|n., n.) decreases

as u_ increases.
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Using 7. = 0.1, n. = 0.1, v} = 2,uf = 2,u; = 2,uj = 2,u; = 2 and the values
of the transition rates specified in Eq. into Eq. (4.16), we have plotted the
variation of the average occupation number 7, of a nano-channel with two in-
ternal potential wells as a function of concentration gradient An in units of M
for four different values of v, thatis u; ~ 0,u; = 1.0,u; = 2.0,u; = 3.0 on the
same graph as shown in Fig.
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Fig. 4.63: Plot of 1), as a function of the concentration gradient An in units of M when
s=2,n.=10uM,n. =01, 7. =01, v =v, =15uM) s v =vf =
5005 vy = v = 500s7Y, uf = 2,uf = 2,u; = 2,uj = 2,u; = 2forthe

values: u; ~ 0,u; =1.0,u; =2.0,u; =3.0

The plot shown in Fig. [4.63|shows that the fluxes associated with different values
of u; obey: na2(An|ne, ne, uy & 0) < Noa(An|ne, ne, uy =~ 1.0) < o2 (An|ne, ne, uy ~
2.0) < ma(An|ne,n.,u; =~ 3.0) for all possible values of An, 7. and 7.. More-
over, 1:2(An|ne, n.) approaches its saturation value more rapidly when u; ~ 3.0
than when u; = 0. The average value of 795 (An|n., 77.) associated with the differ-
ent values of u; saturate to the same maximum value: 7s5(An — 150 M|n. =
0.1,m. = 0.1,u;) — 0.527062 for all possible values of u;. Therefore, as the
normalized potential barrier u; increases, the transition rate from the inter-
nal potential well V; to the external potential well V, decreases and as a result
the occupation probability of V] is large which means that the average value of
ma(An|ne, n. is large. Therefore, when 7,2(An|n., 7. is nearly occupied, the tran-
sition rate of a particle from V; to V] is negligible as transition from V5 to V; takes
place as long as V; is empty and as a result the mean residence time of a particle
in V5 is large which implies that the occupation probability of V; is enhanced
and thus the average value of 7,2 (An|n., n.) increases as u; increases.
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Using 7. = 0.1, 9. = 0.1, uf = 2,u] = 2,u; = 2,uj = 2,u; = 2and the values
of the transition rates specified in Eq. into Eq. (4.16), we have plotted the
variation of the average occupation number 7, of a nano-channel with two in-
ternal potential wells as a function of concentration gradient An in units of M
for four different values of v, that is u{” ~ 0,u] = 1.0,u] = 2.0,u] = 3.0 on the
same graph as shown in Fig.
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Fig. 4.64: Plot of 1), as a function of the concentration gradient An in units of yM when
s=2,n.=10uM,n. =010 =01vF =v, =15@uM) s Lvyy =v] =
5005 vy = v = 500s7Y, uf = 2,u] = 2,u; = 2,uj = 2,u; = 2 for the

values: uf” ~ 0,u] = 1.0,u] =2.0,u] =3.0

The plot shown in Fig. shows that the flux associated with different values
of ul obey: nos(An|ne, ne, uy = 0) > N2 (An|ne, ne, uf =~ 1.0) > nos(An|ne, ne, v ~
2.0) > n22(An|ne, n., uf = 3.0) for all possible values of An, 7, and 7.. Moreover,
na2(An|ne, n.) approaches its saturation value more rapidly when « ~ 0 than
when v ~ 3.0. The average value of 7,,(An|n.,n.) associated with the differ-
ent values of u] saturate to different maximum values: 7y (An — 100 M|n, =
0.1,m. = 0.1,u; ~ 0) — 0.891461, ne(An — 100 M|n. = 0.1,n. = 0.1,u; =~
1.0) — 0.751467, noa(An — 100 M|y, = 0.1,7. = 0.1,u] ~ 2.0) — 0.52706,
Nee(An — 100 M|n. = 0.1,n. = 0.1,u; =~ 3.0) — 0.291827. Therefore, as the
normalized potential barrier u;” increases, the transition rate from V; to V5 de-

creases and as a result the average value of 7y, (An/|n., n. decreases.

Using 7. = 0.1, 5. = 0.1, uf = 2,u] = 2,uf = 2,uy = 2,u; = 2 and the values
of the transition rates specified in Eq. (3.14) into Eq. (4.16), we have plotted the
variation of the average occupation number 7, of a nano-channel with two in-
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ternal potential wells as a function of concentration gradient An in units of M
for four different values of u,, thatis uy; ~ 0,u; = 1.0,u; = 2.0,u; = 3.0 on the
same graph as shown in Fig.

An
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Fig. 4.65: Plot of ), as a function of the concentration gradient An in units of yM when
s=2,n.=10uM,n. =010 =01v} =v =15@uM) sy =vf =
500571 vy = v = 500s7Y uf = 2,u] = 2,uf = 2,uj = 2,u; = 2 forthe

values: u;, ~ 0,u; =1.0,u; =2.0,u; =3.0

The plot shown in Fig. [4.65|shows that the fluxes associated with different values
of u; obey: a2 (An|ne, e, uy = 0) < Noa(An|ne, Ne, uy =~ 1.0) < Noa(An|ne, Ne, uy ~
2.0) < nea(An|ne,n.,u; =~ 3.0) for all possible values of An, . and 7.. More-
over, 7y (An|n., n.) approaches its saturation value more rapidly when u, ~ 3.0
than when u; =~ 0. The average value of 7, (An|n., n.) associated with the differ-
ent values of u, saturate to the same maximum value: 7y (An — 150 M|, =
0.1,7. = 0.1,u;) — 0.527061 for all possible values of u,. Therefore, as the
normalized potential barrier u, increases, the transition rate from 15 to V; de-

creases and as a result the average value of 7y, (An/|n., 1. increases.

Usingn. = 0.1, n. = 0.1, v = 2,u; = 2,uf = 2,u; = 2,u; = 2 and the values
of the transition rates specified in Eq. into Eq. (4.16), we have plotted the
variation of the average occupation number 7, of a nano-channel with two in-
ternal potential wells as a function of concentration gradient An in units of pM
for four different values of u;, thatis uy ~ 0,u; = 1.0,u; = 2.0,u5 = 3.0 on the
same graph as shown in Fig.
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Fig. 4.66: Plot of 1, as a function of the concentration gradient An in units of M when
s=2,n.=10uM,n. =01, 7. =01, v =v; =15uM) sy =vf =
5005 vy = v = 50057, uf = 2,u] = 2,uf = 2,u; = 2,u; = 2forthe

values: uy ~ 0,uy = 1.0,uj = 2.0,ujy = 3.0

The plot shown in Fig. shows that the fluxes associated with different
values of uj obey: 1 (An|ne, n., ug = 0) < Nag(An|ne, e, us ~ 1.0) < n2a(An|ne, ne, ug ~
2.0) < no2(An|ne,n.,ud =~ 3.0) for all possible values of An, 7, and 7.. Moreover,
n92(An|ne, n.) approaches its saturation value more rapidly when v ~ 0 than
when uj = 3.0. The average value of 7,(An|n.,n.) associated with the differ-
ent values of u; saturate to different maximum values: 7y(An — 150 M|n. =
0.1,n. = 0.1,uf ~ 0) — 0.131057, naa(An — 150 M|, = 0.1,n. = 0.1,u} =~
1.0) — 0.29077, poo(An — 150 M|p. = 0.1,n. = 0.1,uf ~ 2.0) — 0.527061,
Noo(An — 150 M|n. = 0.1,n. = 0.1,us =~ 3.0) — 0.751821. Therefore, as the
normalized potential barrier u; increases, the transition rate from V; to V, de-

creases and as a result the average value of 755(An/|n., 7. increases.

Using 7. = 0.1, n. = 0.1, v} = 2,u] = 2,uf = 2,u; = 2,u5 = 2 and the values
of the transition rates specified in Eq. into Eq. (4.16), we have plotted the
variation of the average occupation number 7, of a nano-channel with two in-
ternal potential wells as a function of concentration gradient An in units of pM
for four different values of u_, thatis u; ~ 0,u, = 1.0,u, = 2.0,u; = 3.0 on the
same graph as shown in Fig. The average value of 72 (An|n., 1., u_ ) associ-
ated with different values of u_ assume the same value for all possible values of
An.
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Fig. 4.67: Plot of 1, as a function of the concentration gradient An in units of M when
s=2,n.=10uM,n. =010 =01vF =v, =15@uM) st vy =vf =
500871 vy = vy = 500s7L uf = 2,u; = 2,uf = 2,u; = 2,uy = 2 for the

values: u; ~ 0,u; = 1.0,u; =2.0,u; =3.0

4.4.2.2 The Average Occupation Number of the Internal Potential Well V5 of a Nano-
Channel as a Function of the Occupation Number of the external Potential

Wells when the Potential Barriers are Twice of Thermal Energy

Using the positive concentration gradient An = 10000 M and the values of
the transition rates specified in Eq. into Eq. (4.16), we have plotted the
variation of the average occupation number 7, of the internal potential well V;
of the nano-channel with two internal potential wells as a function of 1. for five
possible values of 7., thatisn. = 0,7, = 0.25,7. = 0.5,1. = 0.75,5. = 1.0 on the
same graph as shown in Fig.

When An = 400 M, the plot in Fig. show that the average value of
N2 (An|ne, n.) as a function of 7. obey that: 1y, (An = 400 uM|n. = 1.0,1.) >
M22(An = 400 puM|n. = 0.75,1.) > noa(An = 400 pM|n, = 0.5,1.) > naw(An =
400 pM|n. = 0.25,n.) > na(An = 400 uM|n. = 0,7.) for all possible values of
n.. The average value of 1y (An = 10000 pM |n., n.) associated with the different
values of 7. coincide with each other and assume the same value for all possible
values of 7. as shown in Fig. The average value of 795 (An|n., 7.) associated
with the different values of 7. increase very slowly as 7, increases from zero to
one for all possible values of An and 7.. As 7. becomes slightly greater than zero,
the average value of 7, (An = 400 pM|n.,n.) jumps rapidly to slightly different
values that are closer to one and are almost parallel to each other as shown in
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Fig. 4.68: Plot of n as a function of n. when s = 2, An = 10000 puM, n. = 1.0uM, v} =
vy = 15(uM)ts7hyy = v =500y = v = 500571, ut = 2,u] =
2,uf = 2,u; = 2,uj = 2,u; = 2 for five values of ., thatis: . = 0,7, =
0.25, 7. = 0.5,71¢ = 0.75, 7, = 1.0

Using the positive concentration gradient An = 400 M and the values of the
transition rates specified in Eq. into Eq. (4.16), we have plotted the vari-
ation of the average occupation number 7, of the internal potential well V5 of
the nano-channel with two internal potential wells as a function of 7, for five
possible values of 7., thatis n, = 0,7, = 0.25,17. = 0.5,7. = 0.75,7. = 1.0 on the
same graph as shown in Fig.
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Fig. 4.69: Plot of 7, as a function of . when s = 2, An = 400 puM, n, = 1.0uM, v} =
v, = 15(uM) sy = v = 50087 vy = vy = 50057 uf = 2,u] =
2,uf = 2,u; = 2,uf = 2,u; = 2 for five values of ., thatis: 7. = 0,7. =
0.25,7, = 0.5, 7, = 0.75, 7. = 1.0

Using zero concentration gradient An = 0 and the values of the transition rates
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specified in Eq. into Eq. (4.16), we have plotted the variation of the aver-
age occupation number 7, of the internal potential well V; of the nano-channel
with two internal potential wells as a function of 7. for five possible values of 7.,
thatisn. = 0,7, = 0.25,n. = 0.5,1. = 0.75, 7. = 1.0 on the same graph as shown

in Fig.
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Fig. 4.70: Plot of 7, as a function of . when s = 2, An = 0, n. = 1.0 uM, v} = v, =
15 (uM)~ts7 vy = v = 50087 vy = v =500, ul = 2,u; = 2,uf =
2,u;, = 2,uj = 2,u; = 2 for five values of 7, that is: 7. = 0,7, = 0.25,7. =
0.5, =0.75,7, = 1.0

When An = 0, the average value of 75, (An|n., n.) as a function of 7. obey that:
m2(An = 0n. = 1.0,1.) > noa(An = 0[n. = 0.75,1.) > noa(An = 0[n. =
0.5,7.) > m(An = 0|n. = 0.25,1.) > nw(An = 0|n. = 0,7.). The average
value of 75,(An|n.,n.) approach to different minimum values as 7. — 0, that
is, Moo (An = 0|n. = 0,1m. — 0) — 0, n22(An = 0|y, = 0.25,17. — 0) — 0.00298389,
neo(An = 0ln. = 0.5,7. — 0) — 0.00739286, n2e(An = 0ln. = 0.75,7. — 0) —
0.0145681, no2(An = 0|n. = 1.0,7. — 0) — 0.0283034. Moreover, the average
value of 7(An|n.,n.) as a function of 7. approach to different maximum val-
ues as 7. — 1.0, that is, na(An = 0. = 0,m. — 1.0) — 0.0567077, n12(An =
0[ne = 0.25,7. — 1.0) — 0.074464, no2(An = 0|n. = 0.5,7. — 1.0) — 0.108042,
ma(An = 0|n. = 0.75,7. — 1.0) — 0.195585, n12(An = 0|n. = 1.0,n. — 1.0) — 1.0.

Using the negative concentration gradient An = —1.0 xM and the values of
the transition rates specified in Eq. into Eq. (4.16), we have plotted the
variation of the average occupation number 7, of the internal potential well V;
of the nano-channel with two internal potential wells as a function of 1. for five
possible values of 7., thatis n. = 0,7, = 0.25,7. = 0.5,1. = 0.75,17. = 1.0 on the
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same graph as shown in Fig.
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Fig. 4.71: Plot of 72 as a function of . when s = 2, An = —1.0 uM, n. = 1.0uM, v} =
v, = 15(uM) sy = v =500s7 vy = vy = 50057 uf = 2,u] =
2,uf = 2,u; = 2,uj = 2,u; = 2 for five values of ., thatis: 7. = 0,7, =
0.25,n7. =0.5,n7. =0.75,n. = 1.0

When An = —1.0 uM, the average occupation number 7,2 (An|n,., 7.) as a func-
tion of 7. obey that 1y (An = —1.0 pM|n. = 0.99,1.) > M2(An = —1.0 pM|n, =
0.75,1.) > naa(An = —=1.0 uM|n. = 0.5,n.) > ne2(An = —1.0 uM|n. = 0,7,).
The average value of 723 (An|n., n.) approach to the same minimum zero value
as n. — 0. Moreover, the average value of 7s(An|n.,n.) approach to differ-
ent maximum values as . — 1.0, that is, ni2(An = —1.0 uM|n. = 0,n. —
1.0) — 0.0282988, n;(An = —1.0 uM|n. = 0.5,n. — 1.0) — 0.0373785, n; (An =
—1.0 uM|n. = 0.5,n. — 1.0) — 0.0550373, m(An = —1.0 uM|n. = 0.75,n. —
1.0) — 0.104323, 1 (An = —1.0 pM|n. = 1.0,n. — 1.0) — 0.74413.

Using the positive concentration gradient An = 2500 uM, uf = 2,u] =
2,uf = 2,u;, = 2,uj = 2,u; = 2and the values of the transition rates specified
in Eq. into Eq. (4.16), we have plotted the variation of the average occu-
pation number 7, of the internal potential well V; of the nano-channel with two
internal potential wells as a function of 7. for five possible values of 7., that is
Ne = 0,m. = 0.25,n. = 0.5,17. = 0.75, 7. = 1.0 on the same graph as shown in Fig.
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Fig. 4.72: Plot of 7j» as a function of . when s = 2, An = 2500 uM, n, = 1.0 uM, v} =
v, = 15(uM) sy = v =500s7 vy = vy = 50057 uf = 2,u] =
2,uf = 2,u; = 2,uy = 2,u; = 2 for the values of ., that is: 7. = 0,7, =
0.25,n. =0.5,n. =0.75,n. = 1.0

Using the positive concentration gradient An = 35 p M and the values of the
transition rates specified in Eq. into Eq. (4.16), we have plotted the vari-
ation of the average occupation number 7, of the internal potential well V; of
the nano-channel with two internal potential wells as a function of 7, for five
possible values of 7., thatis . = 0,7. = 0.25,7. = 0.5,1. = 0.75,1. = 1.0 on the
same graph as shown in Fig.
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Fig. 4.73: Plot of 1, as a function of . when s = 2, An = 35 uM, n. = 1.0 uM, v} =
v = 15(uM) sy = v = 50087 vy = vy = 50057, uf = 2 u]
2,uf = 2,u; =2,uj =2,u; = 2 for the five values of 7, that is: 5. = 0,7, =
0.25,7. =0.5,n7, = 0.75,n. = 1.0

The plots in Fig. and Fig. show that the average value of 7y, (An|n., n.)
as a function of 7, obey that: 7 (An|ne,n. = 1.0) > ne(An|ne,n. = 0.75) >
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a2 (An[ne, ne = 0.5) > naa(An|ne, ne = 0.25) > na2(An|ne, n. = 0) for all possible
values of An and 7.. For a given value of An = 2500 M and 7., the average
value of 7,5 (An|n., n.) increases as the average value of 7, increases. The aver-
age value of 7o (An = 2500 pM|n., n.) converge to each other and assume nearly
the same zero value as 7. — 0, that is, ny2(An = 2500 pM|n. — 0,7n.) — 0 for
all possible values of .. The average values of 752 (An = 2500 pM|n., n.) increase
rapidly as 7, increases, particularly in the small range 0 < 7. < 0.2, and after that
the average value of 17,2 (An = 2500 M |n., n.) become constant and saturate to
the different maximum values, which are parallel to each other as shown in Fig.
As n. — 1.0, the 199 (An = 2500 M |n.,n.) approach to the different satura-
tion values, which are given by, 7,2(An = 2500 puM|n. — 1.0,1. = 0) — 0.496693,
Naa(An = 2500 puM|n, — 1.0,n, = 0.25) — 0.570043, ny2(An = 2500 pM|n. —
1.0,m, = 0.5) — 0.667081, naa(An = 2500 uM|n. — 1.0,7. = 0.75) — 0.801488,
Noz(An = 2500 uM|n, — 1.0,n, = 1.0) — 1.0. Moreover, when An = 35 uM, the
average value of 795 (An|n., n.) increases linearly as 7. increases for each possible
value of 7. as shown in Fig.

Using zero concentration gradient An = 0 and the values of the transition
rates specified in Eq. into Eq. (4.16), we have plotted the variation of
the average occupation number 7, of the internal potential well V; of the nano-
channel with two internal potential wells as a function of 7. for five possible
values of 7., thatisn. = 0,7, = 0.25,7. = 0.5,n. = 0.75,1. = 1.0 on the same

graph as shown in Fig.

When An = 0, the plots in Fig. [4.74]show that the average value of ns2 (An|n., 7.)
as a function of 7, obey that: 7y (An = 0[ne,n. = 1.0) > nw(An = 0ne,n. =
0.75) > noa(An = 0ne,n. = 0.5) > nw(An = 0ne,n. = 0.25) > nyw(An =
0|ne, n. = 0). The average value of 795 (An|n., n.) approach to different minimum
values as . — 0, that is, 79(An = 0|n. — 0,7, = 0) — 0, nea(An = 0|n. —
0,7 = 0.25) — 0.00596895, 722(An = 0|n. — 0,7, = 0.5) — 0.0147928, 122(An =
0ln. — 0,7m. = 0.75) — 0.0291634, n22(An = 0ln. — 0,7, = 1.0) — 0.0567077.
Moreover, the average value of 792 (An|n.,7.) approach to different maximum
values as 7. — 1.0, that is, 792(An = 0|n. — 0,7m. = 0) — 0.0283034, n92(An =
0ln. — 0,7, = 0.25) — 0.0465643, 722(An = 0|y, — 0,1, = 0.5) — 0.0811033,
N2 (An = 0|ne — 0,1, = 0.75) — 0.171186, 192(An = 0|, — 0,7n. = 1.0) — 1.0.
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Fig. 4.74: Plot of 72 as a function of . when s = 2, An = 0, n, = 1.0 uM, v} = v, =
15 (uM)~ts7 vy = v = 50087 vy = v = 500578 uf = 2,u; = 2,uf =
2,u; = 2,uj = 2,u; = 2 for five values of 7., that is: 1. = 0,7, = 0.25,7. =
0.5,7. = 0.75,7. = 1.0

Using negative concentration gradient An = —1.0 xM and the values of the
transition rates specified in Eq. into Eq. (4.16), we have plotted the vari-
ation of the average occupation number 7, of the internal potential well V; of
the nano-channel with two internal potential wells as a function of 7, for five
possible values of 7., thatis . = 0,7. = 0.25,7. = 0.5,1. = 0.75,1. = 1.0 on the
same graph as shown in Fig.
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Fig. 4.75: Plot of 72 as a function of . when s = 2, An = —1.0 uM, n. = 1.0 uM, v} =
v = 15(uM) sy = v = 50087 vy = vy = 50057, uf = 2,u]
2,uf = 2,u; = 2,uj = 2,u; = 2 for five values of ., that is: 7. = 0,7, =
0.25,17¢ = 0.5,7¢ = 0.75,n7. = 1.0

When An = —1.0 upM, the plots in Fig. show that the average value of
N2 (An|ne, n.) as a function of n, obey that: 7y (An = —1.0 uM|ne,n. = 1.0) >
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Nao(An = —1.0 uM|ne,n. = 0.75) > noa(An = —1.0 uM|ne,n. = 0.5) > Noa(An =
—1.0 uM|ne, ne = 0.25) > nma(An = —=1.0 pM|ne, n. = 0). We see that noz(An|n., n.)
approach to different minimum values as . — 0, thatis, 7so(An = —1.0 uM |9, —
0,17, = 0) —, nea(An = —1.0 uM|n. — 0,n. = 0.25) —, noe(An = —1.0 uM|n. —
0,7, = 0.5) —, noa(An = —1.0 uM|n. — 0,m. = 0.75) —, Neo(An = —1.0 uM|n. —
0,m. = 1.0) —. Moreover, 1. (An|n.,n.) approach to different maximum val-
ues as 1. — 1.0, thatis, ne2(An = —1.0uM|n. — 1.0,n. = 0) —, ne(An =
—1.0 uM|n. — 1.0,m. = 0.25) —, n(An = —1.0 uM|n. — 1.0,n. = 0.5) —,
Ny (An = —1.0 pM|n. — 10,7, = 0.75) —, n22(An = —1.0 uM|n. — 1.0,7, =
1.0) —.

Using . = 0, u} = 2,u; = 2,uf = 2,u; = 2,uy = 2,u; = 2 and the val-
ues of the transition rates specified in Eq. into Eq. (4.16), we have plot-
ted the variation of the average occupation number 7, of the internal potential
well V; of a nano-channel with two internal potential wells as a function of 7,
for five different values of the concentration gradient An in units of M, that is
An = —0.99,An = 0,An = 35,An = 100, An = 500, An = 1000 on the same
graph as shown in Fig.
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Fig. 4.76: Plot of 7, as a function of n. when s = 2, n. = 1.0 uM, n. = 0, v} =
vy = 15(uM)ts7hyy = v = 50057y = v = 500571, ut = 2,u] =
2,uf = 2,u; = 2,uj = 2,u; = 2 for the values of An in units of uM:
An = —0.99, An = 0, An = 35, An = 100, An = 500, An = 1000

Using . = 0.L,uf = 2,u] = 2,uf = 2,u; = 2,uj = 2,u; = 2 and the val-
ues of the transition rates specified in Eq. into Eq. (4.16), we have plot-
ted the variation of the average occupation number 7, of the internal potential
well V; of a nano-channel with two internal potential wells as a function of 7,
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for five different values of the concentration gradient An in units of M, that is
An = —0.99,An = 0,An = 35,An = 100, An = 500, An = 1000 on the same
graph as shown in Fig.
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Fig. 4.77: Plot of 7, as a function of n. when s = 2, n, = 1.0 uM, 5. = 0.1, v =
vy = 15(uM)ts7hyy = v =500 vy = v = 500571, ut = 2,u] =
2,uf = 2,u; = 2,uj = 2,u; = 2 for the values of An in units of uM:
An = —0.99, An = 0, An = 35, An = 100, An = 500, An = 1000

The average value of 72(An|n., n.) as a function of r, associated with different
values of An coincide with each other in the entire range 0 < 7. < 1.0 when
n. = 0 and increase rapidly to its maximum value 7y (An|n.,n.) = 0.0567077
as 1. = 1.0 as shown in Fig. The average value of 72 (An|n.,n.) associ-
ated with different values of An separate from each other as 7. increases to val-
ues 7. — 0.1 and increase slowly to their maximum values as 7, increases as
shown in Fig. to Fig. Finally when 7. — 1.0, the average value of
n2a(An|ne, n.) associated with different values of An approach to different val-
ues as 7. — 0, that is, n(An = —0.99 uM|n. = 1.0,n. — 0) — 0.00029982,
Naa(An = 0[n. = 1.0,7, — 0) — 0.0283034, nas(An = 35 pM|n. = 1.0,7. — 0) —
0.341846, n12(An = 100 pM|n. = 1.0,1m. — 0) — 0.429231, n22(An = 500 uM|n. =
1.0,m, — 0) — 0.483917, m (An = 1000 uM|n. = 1.0,7. — 0) — 0.491819 and
neo(An = 10000 uM|n. = 1.0,n. — 0) — 0.499169. As 7. increases the av-
erage values of 7:(An|n., n.) associated with different values of An approach
to each other and finally all of them converge to the same saturation value of
Nao(An|n, = 1.0,7n.) — 1.0 as n. — 1.0 as shown in Fig.

Using . = 1.0, v} = 2,u; = 2,uf = 2,u; = 2,u; = 2,u; = 2 and the
values of the transition rates specified in Eq. (3.14) into Eq. (4.16), we have plot-
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ted the variation of the average occupation number 7, of the internal potential
well V, of a nano-channel with two internal potential wells as a function of 7,
for five different values of the concentration gradient An in units of M, that is
An = —0.99,An = 0,An = 50, An = 100, An = 500, An = 1000 on the same
graph as shown in Fig.
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Fig. 4.78: Plot of 7, as a function of n. when s = 2, n, = 1.0 uM, 5. = 1.0, v =
v, = 15(uM) sy = v =500s7 vy = vy = 50057 uf = 2,u] =
2,uf = 2,u; = 2,uf = 2,u; = 2 for the values of An in units of uM:
An = —0.99, An = 0, An = 35, An = 100, An = 500, An = 1000

Using . = 0, uf = 2,u] = 2,uf = 2,u; = 2,uj = 2,u; = 2 and the values
of the transition rates specified in Eq. into Eq. (4.16), we have plotted
the variation of the average occupation number 7, of the internal potential well
V, of a nano-channel with two internal potential wells as a function of 7, for
five different values of the concentration gradient An in units of M, that is
An = —0.99,An = 0,An = 35,An = 100, An = 500, An = 1000 on the same
graph as shown in Fig.
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Fig. 4.79: Plot of 7, as a function of n. when s = 2, n. = 1.0 uM, 5. = 0, v} =
v, = 15(uM) sy = v =500s7 vy = vy = 50057 uf = 2,u] =
2,uf = 2,u; = 2,uj = 2,u; = 2 for the values of An in units of pM:
An = —0.99, An = 0, An = 35, An = 100, An = 500, An = 1000

Using . = 1.0, v} = 2,u] = 2,u] = 2,u; = 2,u; = 2,u; = 2 and the
values of the transition rates specified in Eq. into Eq. (4.16), we have plot-
ted the variation of the average occupation number 7, of the internal potential
well V, of a nano-channel with two internal potential wells as a function of 7,
for five different values of the concentration gradient An in units of M, that is
An = —0.99,An = 0,An = 35,An = 100, An = 500, An = 1000 on the same

graph as shown in Fig.
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Fig. 4.80: Plot of 7y as a function of n. when s = 2, n, = 1.0 uM, n. = 1.0, v =
v = 15(uM) sy = v =500s7 vy = vy = 50057 uf = 2,u] =
2,uf = 2,u; = 2,uj = 2,u; = 2 for the values of An in units of uM:
An = —0.99, An = 0, An = 35, An = 100, An = 500, An = 1000

The plots in Fig. and Fig. show that the average value of 7 (An =
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35 uM|ne,n.) is a linearly increasing function of 7, for each possible value of
n.. The average values of 7 (An|n.,n. = 0) as a function of 7, associated with
different values of An coincide with each other and assume the same value
noo(An|ne,n. = 0) = 0 asn. — 0 and then as . — 0.5, the deviation be-
tween the values of 7. (An|n.,n. = 0) associated with different values of An
becomes maximum and then as . — 1.0 they approach to each other and as-
sume the values: 1y (An = —0.99 puM|n. — 1.0,7. = 0) — 0.00029982, n9a(An =
0|ne — 1.0,m. = 0) — 0.0283034, n22(An = 35 uM|n. — 1.0,nm. = 0) — 0.341846,
Nao(An = 100 uM|n. — 1.0,n. = 0) — 0.429231, noo(An = 1000 uM|n, — 1.0,7. =
0) — 0.491819 and 792(An = 10000 pM|n. — 1.0,nm, = 0) — 0.499169 as shown
in Fig. When 7. = 1.0, the average value of 75, (An|n.,n. = 1.0) associated
with different values of An converge to each other and assume the same value
nao(An|ne,n. = 1.0) = 0 as . — 0 and as 7. increases to intermediate values
the deviation between the values of 7, (An|n.,n. = 1.0) associated with differ-
ent values of An becomes maximum and then as 7. — 1.0 they converge to the
same saturation value of 795 (An|n., n. = 1.0) = 1.0 as shown in Fig.

4.4.3 Conclusion of the Average Occupation number of the Internal Po-
tential Wells V; and V5 of a Nano-Channel With Two Internal
Potential Wells

1. Forone particular given value of ., the average occupation numbers of the
Internal Potential Wells V; and V5, denoted by 1,2 (An|n., n.) and 12 (An|ne, n.),
respectively as a function of An associated with the different values of 7,
saturate to the same maximum positive value of one as An increases to

large positive values.

2. For the given possible values of 7., the average occupation numbers 7,5 (An|ne, 7.)
associated with different values of 7. obey that: 715(An|n. = 0,71.) < m2(An|n. =
0.25,7.) < ma(An|n. = 0.5,7:) < ma(An|n. = 0.75,1.) < ma(An|n. = 1.0,7.)
for all possible values of An > 0 and ..

3. For the given possible values of 7., the average occupation numbers 722 (An|ne, 1.)
associated with different values of . obey that: 7 (An|n. = 0,7.) < n22(An|n. =
0.25,m.) < noa(An|n. = 0.5,1.) < no2(An|ne. = 0.75,1.) < n2(An|n. = 1.0,7,)
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10.

11.

for all possible values of An > 0 and ..

For the given values of 7., the average occupation numbers 72 (An|ne, 7.)
associated with different values of 7. obey that: 112 (An|ne, n. = 0) > m2(An|ne, n. =
0.25) > na(An|ne, . = 0.5) > ma(An|ne,n. = 0.75) < n2(An|ne,n. = 1.0)

for all possible values of An > 0 and 7.

For the given values of 7., the average occupation numbers 75 (An|n., 7.)
associated with different values of 7. obey that: 752 (An|ne, 7. = 0) > 192 (An|ne, n. =
0.25) > noa(An|ne,n. = 0.5) > noa(An|ne, n. = 0.75) < noa(An|ne, n. = 1.0)

for all possible values of An > 0 and 7,.

For one particular given value of 7., the average occupation numbers 7,5 (An|n., 1.)
and 792 (An|n., n.) as functions of An associated with the different values of
n. saturate to different maximum positive values as An increases to large

positive values.

. The average values of 752(An|n.,n.) and nw(An|n., n.) as functions of An

are one for all possible values of An when 7, = 1. = 1.0.

. When 7. = 0, the average values of 73(An|n., n.) and 7 (An|n., n.) asso-

ciated with different values of 7, are constant and don’t change as An in-

creases.

For the given value of 7., the average values of 7;3(An|n. = 1.0,7.) and
nea(An|n. = 1.0,7.) as functions of An approach their saturation values
more rapidly when 7, assumes higher values than when 7, assumes smaller

values.

The average values of 115 (An|n., n.) and neo (An|n,, n.) attain maximum pos-

itive values when V, and V, are occupied, thatis 7. = 1 and 7. = 1.

For the given values of An, 7. and 7., the average values of 75(An|n., 7.)
decrease as the height of the potential barriers v, u; and u_ increases.
This because as the potential barriers «.", u; and u_ increase the transition
rate into the internal potential well V; decreases and thus the occupation

probability of V; also decreases.
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12.

13.

14.

15.

16.

17.

For the given values of An, 7. and 7., the average values of 7, (An|ne, 7.)
decrease as the height of the potential barriers v, u; and u_ increases.
This because as the potential barriers «.", u; and u increase the transition
rate into the internal potential well V; decreases and thus the occupation

probability of V; also decreases.

The average value of 7,2(An|n., 7.) increases as the height of the potential
barriers u;, u{ and uJ increases. This because as the potential barriers u;,
uf and uj increase the mean residence time of a particle in the internal
potential well V; increases, which means that the occupation probability
of V; also increases.

The average value of 75, (An|n., 7.) increases as the height of the potential
barriers u, , u3 and u; increases. This because as the potential barriers u,
uy and u; increase the mean residence time of a particle in the internal
potential well V; increases, which means that the occupation probability
of V;, also increases.

For the given values of An, 7. and 7., the average occupation numbers
ma(An|ne, n.) and ny2(An|n., n.) associated with different values of ' and
u} saturate to the same maximum value as An increases to large positive
values and those associated with different values of u;“ saturate to different

maximum values, where j = 1, 2.

For the given values of An and 7., the average occupation numbers 7,5(An =
35 uM|ne,n.) and neo(An = 35 uM|n., n.) as functions of 7, increase almost
linearly as 7, increases for all possible values of 7.

The average occupation numbers 7,5 (An|n., 7.) and 122 (An|n., n.) are mono-
tonically increasing function of both 7. and 7. for all possible values of An.
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SUMMARY AND CONCLUSION OF THE PROPERTIES
OF A NANO-CHANNEL WITH ONE AND TWO
INTERNAL POTENTIAL WELLS

5.1 Comparison of the Average Occupation Numbers of the
Internal Potential Wells of a Nano-Channel with Two
Internal Potential Wells

Using n. = 0.1, 1. = 0.1, uf = 2,u; = 2,uf = 2,u; =2.0,u5 = 2,u; = 2and the
values of the transition rates specified in Eq. into Eq. and Eq. S0
as to get the average occupation numbers of the internal potential wells 1; and
V, of a nano-channel with two internal potential wells denoted by 72 (An|ne, 7.)
and 792 (An|n., n.), respectively. The plot of the variation of 7;5(An|n.,n.) and
n22(An|ne, n.) as a function of An in units of A on the same graph are shown in
Fig.

Usingn. = 1.0, 7. = 0, uf =2, u; = 2,uf =2,u; =2.0,uy = 2,u; =2and the
values of the transition rates specified in Eq. into Eq. and Eq. Slo)
as to get the average occupation numbers of the internal potential wells V; and
V5 of a nano-channel with two internal potential wells denoted by 7,5 (An|ne, 7.)
and 722(An|n., n.), respectively. The plot of the variation of 7,5(An|n.,n.) and
n22(An|ne, n.) as a function of the concentration gradient An in units of M on
the same graph are shown in Fig.



Using 7. = 0, 7. = 1.0, u} = 2,u; = 2,uf =2,u; =2.0,u5 =2,u; = 2andthe
values of the transition rates specified in Eq. into Eq. and Eq. S0
as to get the average occupation numbers of the internal potential wells V; and
V, of a nano-channel with two internal potential wells denoted by 72 (An|ne, 7.)
and 72 (An|n., n.), respectively. The plot of the variation of 7;5(An|n.,n.) and
n22(An|ne, n.) as a function of the concentration gradient An in units of xM on
the same graph are shown in Fig.
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Fig. 5.1: Plot of n12(An|ne, n.) and n22(An|n.,n.) as a function of the concentration gra-
dient An in units of uM when s = 2, n. = 1.0 uM, 5. = 0.1, n. = 0.1,
vi =v; =15 (M) sy = v =500s7L vy = v =500s71, uf

e :2,u1_:
+ _ - _ + _ - _
2,u] =2,uy =2,uy =2,u;, =2
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Fig. 5.2: Plot of n12(An|ne, n.) and n22(An|n.,n.) as a function of the concentration gra-
dient An in units of uM when s = 2, n. = 1.0 uM, n. = 1.0, n. = 0,
vi=v; =15(pM) sy = v =500s7 vy = v =500 uf = 2,u] =

2,uf =2,u; =2.0,uf =2,u; =2
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Fig. 5.3: Plot of n12(An|ne, n.) and n22(An|ne, n.) as a function of the concentration gra-
dient An in units of uM when s = 2, n. = 1.0 uM, n. = 0, n. = 1.0,
vi=v; =15(pM) ts7huy = v =500s7 vy = v =500 uf = 2,u] =

2,uf =2,u; =2.0,uj =2,u; =2

For all possible given average values of the external occupation numbers 7, and
n., the average values of the internal occupation number as a function of An,
thatis, 712(An|ne, n.) and nya (An|n., n.) obey that: n12(An|ne, . < 1.0) > 2 (An|ne,n. <
1.0), for all possible values of An, 7. and n. < 1.0. Asn. — 1.0, n12(An|ne, n.) — 1.0
and also as 7. increases, 722(An|7., 7.) also increases and thus 7 (An|n. = 0, 7. =
1.0) > m2(An|n. = 0,n. = 1.0) as shown in Fig. The maximum value of both
ma(An|ne, n.) and 192 (An|ne, n. < 1.0) occurs when 7, = 1.0 and 7. = 0 as shown
in Fig. The average values of 7,5 (An|n., n.) and 1.2 (An|ne, 1.) increase rapidly
in the range of the concentration gradient An < 2000 M whenn, = 0.1,7. = 0.1
as shown in Fig. and in the range An < 500 uM when 7, = 1.0, . = 0 as
shown in Fig. and after that both saturate to different saturation values val-
ues. On the other hand when . = 0, . = 1.0, the average values of 112 (An|ne, 7.)
and 722 (An|n., n.) assume constant average values that don’t change as the con-
centration gradient increases as shown in Fig.

Using An = 5000 uM, . = 0, vl = 2,u; = 2,uf = 2,u; = 2.0,us =
2,u; = 2 and the values of the transition rates specified in Eq. into Eq.
and Eq. so as to get the average occupation numbers of the internal
potential wells V; and V5 of a nano-channel with two internal potential wells

denoted by 712(An|ne, n.) and 1 (An|n., 1.), respectively. The plot of the varia-
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tion of n12(An|n., n.) and 1. (An|n., n.) as a function of n. on the same graph are
shown in Fig.
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Fig. 5.4: Plot of n12(An|ne, n.) and n22(An|ne, n.) as a function of n. when s = 2, n, =
1.0 uM, An = 5000 uM, 5. = 0, v = v = 15(uM) sy, = v =

C
5005 Y vy = vy =500 uf =2, u] =2,uf =2,u; =2.0,uf =2,u; =2

Using An = 5000 puM, n. = 1.0, uf = 2,u;] = 2,uf = 2,u; = 2.0,u; =
2,u; = 2 and the values of the transition rates specified in Eq. into Eq.
and Eq. so as to get the average occupation numbers of the internal
potential wells V; and V5 of a nano-channel with two internal potential wells
denoted by 712(An|ne, n.) and n(An|n., n.), respectively. The plot of the varia-

tion of n12(An|n., n.) and ns2(An|n., n.) as a function of n. on the same graph are
shown in Fig.

For the given possible values of An and 7., the average values of the internal
occupation numbers as a function of 7., that is, 712(An|ne, n.) and 192 (An|ne, n.)
obey that: 7so(An = 5000 uM|n. = 0,1.) > m2(An = 5000 uM|n. = 0,n.) for
all possible values of 7. and both increase continuously in the entire range 0 <
n. < 1.0 as shown in Fig. This implies that when 7. = 0, the occupation of
the potential well 1/ is less likely and as 7. increases the occupation probability
of V5 increases and as a result the average value of 7y, (An|n., n.) dominates as
n. — 1.0. But, when 7, > 0, the average value of 7,5(An = 5000 pM|n. > 0,7.)
jumps rapidly to its saturation value, that is, 7,2(An = 5000 uM|n. > 0,1.) —
1.0 and becomes dominant, that is, 7;2(An = 5000 pM|n. > 0,1.) > nea(An =
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Fig. 5.5: Plot of n12(An|ne, n.) and na2(An|ne, n.) as a function of n. when s = 2, n, =
1.0 uM, An = 5000 uM, 5. = 1.0, vF = v7 = 15(uM) s vy = v =

c

5005 L vy =vy =500 uf =2 u] =2,uf =2,u; =2.0,uf =2,u; =2

5000 pM|n. > 0,7,.) in the entire range 0 < 7. < 1.0 for all possible values of 7, >
0. However, 792(An|ne, 1.) increase continuously in the entire range 0 < 7. < 1.0
as shown in Fig.

Using An = 2500 uM, n. = 0, uf = 2,u; = 2,uf = 2,u; = 2.0,uy =
2,u; = 2 and the values of the transition rates specified in Eq. into Eq.
and Eq. so as to get the average occupation numbers of the internal
potential wells V; and V; of a nano-channel with two internal potential wells
denoted by 712(An|ne, n.) and n(An|n., n.), respectively. The plot of the varia-
tion of n15(An|ne, n.) and n:2(An|ne., n.) as a function of 7, on the same graph are
shown in Fig.

For the given possible values An and 7., the average values of the internal oc-
cupation numbers as a function of the eternal occupation number 7., that is,
M2 (An|ne, ) and a2 (An|n., n.) obey that: n15(An = 5000 pM |ne,n. = 0) > na2(An
5000 puM|ne,n. = 0) for all possible values of 7. and both increase rapidly in the
small range 0 < 7. < 0.2 and after that both assume their saturation values as
shown in Fig. But as the average value of 7. increases, the average values
of n12(An = 5000 pM|ne,n.) and neo(An = 5000 pM|n.,n.) approach each other
and finally when 7. — 1.0, the plots of coincide with each other as shown in Fig.

5.7

Using An = 2500 pM, n. = 1.0, u} = 2,u] = 2,uf = 2,u; = 2.0,uj =
2,u; = 2 and the values of the transition rates specified in Eq. into Eq.
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Fig. 5.6: Plot of n12(An|ne, n.) and naa(An|ne, n.) as a function of n. when s = 2, n, =
1.0 uM, An = 2500 uM, n. = 0, vF = v; = 15uM)"ts7Lyy = v =

c

5005 L vy =vy =500 uf =2 u] = 2,uf =2,u; =2.0,uf =2,u; =2

and Eq. so as to get the average occupation numbers of the internal
potential wells V; and V5 of a nano-channel with two internal potential wells
denoted by 712(An|n., n.) and n(An|n., n.), respectively. The plot of the varia-
tion of n12(An|n., n.) and 1.2 (An|n., 1.) as a function of 7, on the same graph are

shown in Fig.
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Fig. 5.7: Plot of n12(An|ne,n.) and n92(An|n., n.) as a function of n. when s = 2, n, =
1.0 uM, An = 2500 uM, n. = 1.0, v = v = 15(uM)" s vy = v =

C

50057 vy = vy =500s7h uf =2,u; =2,uf =2,u; =2.0,uf =2,u; =2

Using An = 0,7, = 0, uf = 2,u] = 2,u] =2,u; = 2.0,uy = 2,u; = 2and the
values of the transition rates specified in Eq. into Eq. and Eq. o)
as to get the average occupation numbers of the internal potential wells V; and
V, of a nano-channel with two internal potential wells denoted by 72 (An|ne, 7.)
and 722(An|n., n.), respectively. The plot of the variation of 7;5(An|n.,n.) and
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n22(An|ne, n.) as a function of . on the same graph are shown in Fig.
n
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Fig. 5.8: Plot of n12(An|ne, n.) and n22(An|n., n.) as a function of n. when s = 2, n, =
1.0 uM, An =0,m. = 0, v = v, =15 (,uM)_ls_l,l/l_ = Z/fL = 5003_1,1/2_ =

vy =500 uf =2,u] =2,uf =2,u; =2.0,uf =2,u; =2

Using An = 0,7, = 0.5, v = 2,u; = 2,uf =2,u; =2.0,u; =2,u; =2and the

values of the transition rates specified in Eq. into Eq. and Eq. SO
as to get the average occupation numbers of the internal potential wells V; and

V, of a nano-channel with two internal potential wells denoted by 72 (An|ne, 7.)
and 722(An|ne, n.), respectively. The plot of the variation of 7;5(An|n.,n.) and
n22(An|ne, n.) as a function of . on the same graph are shown in Fig.
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Fig. 5.9: Plot of n12(An|ne, n.) and n22(An|n., n.) as a function of n. when s = 2, n, =
1.0 uM, An = 0,m. = 05, v = v, =15 (uM) " ts7 vy = v =500s71, vy

vy =500s7 Y uf =2,u] =2,uf =2,u; =2.0,uf =2,u; =2

For the given possible values of An and 7., the average values of the internal oc-

cupation numbers as a function of 7., that is, 712(An|n.,n.) and 192 (An|ne, n.)
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obey that: 7y (An = 0n. = 0,1.) > m2(An = 0ln. = 0,7.) for all possible
values of 7. and both increase continuously in the entire range 0 < 7. < 1.0
as shown in Fig. But, as the average value of 7. increases the occupa-
tion probability of the potential well V; increases and thus the average value
of ni2(An = 0|n. > 0,7,) increases and thus began to shift upward and inter-
sects with the plot of 7s5(An = 0|7.,7.) as shown in Fig. and when 7, = 1.0,
the average value of n,5(An = 0|n. = 1.0,7.) dominates the average value of
n2o(An = 0|n. = 1.0,n.), thatis, n12(An = 0|n. = 1.0,71.) > n22(An = 0|n. = 1.0,7,)
in the entire range 0 < 7. < 1.0 as shown in Fig. Finally, when 7. = 1.0 and
n. = 1.0, the occupation probability of both V; and V; increases and as a result
even when the concentration gradient is zero, n,2(An = 0|n. = 1.0,7. = 1.0) =
n22(An = 0|n. = 1.0, 7. = 1.0) = 1.0 as shown in Fig. [5.10}

Using An = 0,7, = 1.0, uf = 2,u] = 2,uf = 2,u; = 2.0,uj = 2,u; = 2
and the values of the transition rates specified in Eq. into Eq. and
Eq. so as to get the average occupation numbers of the internal potential
wells V] and V5 of a nano-channel with two internal potential wells denoted by
ma(An|ne, n.) and ne(An|n., n.), respectively. The plot of the variation of ;5 (An|n., n.)
and 792 (An|n., n.) as a function of 7. on the same graph are shown in Fig.
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Fig. 5.10: Plot of n12(An|ne,n.) and n22(An|n.,n.) as a function of n. when s = 2, n, =
1.0 uM, An = 0,7, = 1.0, v7 = v, =15 (uM)ts~ vy = v =500s71 v, =

vy =500s7 L ut =2 u] = 2,uf =2,u; =2.0,uf =2,u; =2

Using An = 0,n. = 0, uf = 2,u] = 2,uf =2,u; = 2.0,uj =2,u; = 2and the
values of the transition rates specified in Eq. into Eq. and Eq. SO

as to get the average occupation numbers of the internal potential wells V; and
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V5 of a nano-channel with two internal potential wells denoted by 72 (An|ne, 7.)
and 79 (An|ne, n.), respectively. The plot of the variation of 7,2(An|7n.,n.) and
n22(An|ne, n.) as a function of 7, on the same graph are shown in Fig.

Using An = 0,1, = 0.5, uf = 2,u; = 2,uf = 2,u; = 2.0,uj = 2,u; = 2
and the values of the transition rates specified in Eq. into Eq. and
Eq. so as to get the average occupation numbers of the internal potential
wells V; and V; of a nano-channel with two internal potential wells denoted by
ma(An|ne, n.) and nw(An|n., n.), respectively. The plot of the variation of ;5 (An|n., n.)
and 722 (An|n., n.) as a function of 7, on the same graph are shown in Fig.

Using An = 0, 7. = 1.0, uf = 2,u;] = 2,uf = 2,u; = 2.0,uy = 2,u; = 2
and the values of the transition rates specified in Eq. into Eq. and
Eq. so as to get the average occupation numbers of the internal potential
wells V] and V5 of a nano-channel with two internal potential wells denoted by
ma(An|ne, n.) and nw(An|n., n.), respectively. The plot of the variation of ;5 (An|n., n.)
and 722 (An|n., n.) as a function of 7, on the same graph are shown in Fig.
"
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Fig. 5.11: Plot of nm12(An|ne, n.) and ne2(An|n.,n.) as a function of n. when s = 2, n, =
1.0 uM, An =0, 1. = 0, v = v = 15(uM)"1s™ vy = v =500s7 1,0y =

vy =500s L uf =20 =2,uf =2,u; =2.0,uf =2,u; =2
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Fig. 5.12: Plot of n12(An|ne,n.) and ne2(An|n.,n.) as a function of n. when s = 2, n, =
1.0 uM, An = 0,7, =05, v =v, =15 (M) ts7L vy = v =500s71 vy =

vy =500s L uf =2 u] =2,uf =2,u; =2.0,uj =2,u; =2
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Fig. 5.13: Plot of n12(An|ne, n.) and n22(An|n.,n.) as a function of n. when s = 2, n, =
1.0 uM, An = 0,7, = 1.0, v = v, =15 (uM) s~ L vy = v =500s71 vy =

vy =500s L uf =2 u] = 2,uf =2,u; =2.0,uj =2,u; =2

For the given possible values of An and 7., the average values of the internal
occupation numbers as a function of 7, that is, 712(An|ne, n.) and 192 (An|ne, n.)
obey that: n2(An = 0ne,n. = 0) > n2(An = 0Jn.,n. = 0) for all possible
values of 7. and both increase continuously in the entire range 0 < 7. < 1.0
as shown in Fig. But, as the average value of 7. increases the occupa-
tion probability of the potential well V; increases and thus the average value of
ne2(An = 0|n.,m. > 0) increases and thus began to shift upward and intersects
with the plot of n;5(An = 0|n.,7.) as shown in Fig. and when 7. = 1.0,
the average value of 792(An = 0|n.,n. = 1.0) dominates the average value of
ma(An = 0|ne, n. = 1.0), thatis, g (An = 0|7, 7. = 1.0) > n2(An = 0|, n. = 1.0)
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in the entire range 0 < 7, < 1.0 as shown in Fig. Finally, when 7. = 1.0 and
n. = 1.0, the occupation probability of both V; and V; increases and as a result
even when the concentration gradient is zero, n,2(An = 0|n. = 1.0,7. = 1.0) =
n22(An = 0|n. = 1.0, 7. = 1.0) = 1.0 as shown in Fig. [5.13]

Using An = —1.0 uM, 5. = 0, uf = 2,u] = 2,uf = 2u; = 2.0,uy =
2,u; = 2 and the values of the transition rates specified in Eq. into Eq.
and Eq. so as to get the average occupation numbers of the internal
potential wells V; and V; of a nano-channel with two internal potential wells
denoted by 712(An|ne, n.) and n(An|n., n.), respectively. The plot of the varia-
tion of 715(An|ne, n.) and n.2(An|n., n.) as a function of 7. on the same graph are
shown in Fig.

Using An = —1.0 uM, 5. = 1.0, uf = 2,u; = 2,uf = 2,u; = 2.0,uj =
2,u; = 2 and the values of the transition rates specified in Eq. into Eq.
and Eq. so as to get the average occupation numbers of the internal
potential wells V; and V5 of a nano-channel with two internal potential wells
denoted by 712(An|ne, n.) and n(An|n., n.), respectively. The plot of the varia-
tion of n12(An|n., n.) and 1 (An|n., n.) as a function of n. on the same graph are

shown in Fig.

Fig. 5.14: Plot of n12(An|ne,n.) and n22(An|n.,n.) as a function of n. when s = 2, n, =
—1.0 uM, An = 1.0 uM, n. = 0, vt = v = 15(uM) " ts7 vy = vf =

(&
500571 vy = vy =500 ulf = 2,u; = 2,uf =2,u; =2.0,uf =2,u; =2
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Fig. 5.15: Plot of n12(An|ne, n.) and n22(An|n.,n.) as a function of n. when s = 2, n, =
1.0 uM, An = —1.0 uM, ne = 0.9999, v7 = v = 15(uM)ts7 Ly, = v =

5005 L vy = vy =500 uf =2, u] = 2,uf =2,u; =2.0,uf =2,u; =2

For the given possible values of An and 7., the average values of 7,5 (An|ne, 7.)
and 792 (An|ne, n.) obey that: ny(An = —1.0 uM|n. = 0,n.) > ma2(An = —1.0 uM|n. =
0,7.) for all possible values of 7. and both increase continuously in the entire
range 0 < 7. < 1.0 as shown in Fig. But, as the average value of 7, in-
creases the occupation probability of the potential well V; increases and thus
the average value of 7;5(An = 0|n. > 0,7.) increases and thus began to shift
upward and approaches the plot of 7:(An = 0|n.,7.) and when 7, = 1.0, the
average value of 75(An = 0jn. = 1.0,7.) coincides with the average value of
Noe(An = —1.0 uM|n. = 1.0,7.) and assume the same value in the entire range
0 < n. < 1.0 as shown in Fig. When 7. = 1.0, where 7;5(An|n.,n.) and
n2a2(An|ne, n.) coincide with each other, the common average value increases
slowly for small values of 7. and when . > 0.8, it increases rapidly to its max-
imum common value of n2(An = —1.0 uM|n. = 1.0,nm. = 1.0) = nw(An =
—1.0 uM|n. = 1.0,n, = 1.0) — 1.0.

Using An = —1.0 uM, n. = 0, uf = 2,u] = 2,uf = 2u; = 2.0,uj =
2,u; = 2 and the values of the transition rates specified in Eq. into Eq.
and Eq. so as to get the average occupation numbers of the internal
potential wells V; and V5, of a nano-channel with two internal potential wells
denoted by 712(An|ne., n.) and 1 (An|n., n.), respectively. The plot of the varia-
tion of 715(An|ne, n.) and n:2(An|ne., n.) as a function of 7, on the same graph are

shown in Fig.
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Fig. 5.16: Plot of ni2(An|ne,n.) and na2(An|ne,n.) as a function of n. when s = 2,
ne = 1.0 uM, An = —1.0 pM, n. = 0, v} = v; = 15(uM) s vy = v =

5005 L vy =v) =500s Y uf =2, u] =2,uf =2,u; =2.0,uf =2,u; =2

Using An = —1.0 uM, n. = 1.0, v} = 2u] = 2,uf = 2,u; = 2.0,u; =
2,u; = 2 and the values of the transition rates specified in Eq. into Eq.
and Eq. so as to get the average occupation numbers of the internal
potential wells V; and V5, of a nano-channel with two internal potential wells
denoted by 712(An|n., n.) and 1 (An|n., n.), respectively. The plot of the varia-
tion of n15(An|ne, n.) and ny2(An|n., n.) as a function of 7, on the same graph are

shown in Fig.
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Fig. 5.17: Plot of n12(An|ne,n.) and ng2(An|n.,n.) as a function of n, when s = 2, n, =
1.0 uM, An = —1.0 uM, . = 1.0, v} = v; = 15(uM) sy = vf =

50057 vy = vy =500s7h uf =2,u; = 2,uf =2,uy; =2.0,uf =2,u; =2
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For the given possible values of An and 7., the average values of 1y (An|n., 7.)
and ns2(An|ne, n.) obey that: ny(An = —1.0 pM|ne, ne) > m2(An = —1.0 pM|n.,n.)
for all possible values of 7. and 7. and both increase continuously in the entire

range 0 < 7. < 1.0 as shown in Fig. and Fig. and approach the same
value of 0.0033 as . — 1.0 when 7. = 1.0.
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5.2 Comparison of the Average Particle Flux Through a
Nano-Channel With One and Two Internal Potential Wells

Using n. = 0.1, 7. = 0.1, uf = 2,u; = 2,uf =2,u; =2.0,u3 =2,u; = 2and the
values of the transition rates specified in Eq. into Eq. and Eq. o)
as to get the average particle flux through a nano-channel with a single internal
potential well denoted by J;(An|n.,n.) and the average particle flux through a
nano-channel with two internal potential wells denoted by .J,(An|7,, 7.), respec-
tively. The plot of the variation of J,(An|n., n.) and Jo(An|n.,7n.) as a function of
An on the same graph are shown in Fig.

Using 7. = 0.95,7. = 0.95, u} = 2,u; = 2,uf =2,u; =2.0,u3 =2,u; =2and
the values of the transition rates specified in Eq. into Eq. and Eq.
so as to get the average particle flux through a nano-channel with a single inter-
nal potential well denoted by J; (An|n., 7.) and the average particle flux through
a nano-channel with two internal potential wells denoted by J>(An|7,,7.), re-
spectively. The plot of the variation of J; (An|n.,n.) and J>(An|n., n.) as a func-
tion of An on the same graph are shown in Fig.
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Fig. 5.18: Plot of J;(An|ne, n.) and J2(An|ne, n.) as a function of the concentration gra-
dient An in units of uM when n. = 1.0 uM, n. = 0.1, 5. = 0.1, v = v =
15 (uM)"ts7hvy = v = 50057 vy = v =500s7L uf = 2,u] = 2,uf =

2,uy; =2.0,uj =2,u; =2
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Fig. 5.19: Plot of J,(An|ne, n.) and J2(An|ne, n.) as a function of the concentration gra-

dient An in units of M when n, = 1.0 uM, n. = 0.95, . = 0.95, v.7 = v
15 (uM)~ts7 vy = v = 50057 vy = v = 500571, ulf = 2,u] = 2,uf =

2,uy; =2.0,uf =2,u; =2

For all possible given average values of 7. and 7., the average particle fluxes
as a function of An, thatis, J,(An|n., n.) and Jo(An|n.,n.) obey that: J,(An|n. >
0,7. < 1.0) > Jo(An|n. > 0,n. < 1.0), for all possible values of An, n. > 0 and
n. < 1.0. That is, for the same given values of An, 7., 1. and transition rates,
a nano-channel with a single internal potential well is more permeable to par-
ticles than that with two internal potential wells. In other words, the rate of
translocation of particles through a nano-channel with a single internal poten-
tial well is greater than that with two internal potential wells. When both 7. and
n. increase to higher values both average particle fluxes decrease and finally be-
come zero when J;(An|n. = 1.0,n. = 1.0) = Jo(An|n. = 1.0,n. = 1.0) = 0, which
implies that the nano-channel becomes totally impermeable or totally inacti-
vated. The average particle fluxes assume maximum saturation values when
Ji(An =1 M|n, = 1.0,n, = 0) = 67.6674~* and Jo(An = 1 M|n, = 1.0,n. = 0) =
33.8338s~1, which implies that the nano-channel is fully activated and hence the
rate of translocation of particles through the nano-channel is maximum. There-
fore, the gate of the nano-channel is fully open to conduct particles in the posi-
tive direction. Both J; (An|n., n.) and J2(An|n., n.) increase rapidly and saturate
quickly to different saturation values and become parallel to each other in the
small range of the concentration gradient An as shown in Fig. to Fig.
This property reflects the fact that a rapid process occurs that changes the gate
of the nano-channel from fully being closed state to fully open open state.
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Usingn. = 1.0, n. = 0, v = 2,u; = 2,uf = 2,u; = 2.0,uy = 2,u; = 2and
the values of the transition rates specified in Eq. into Eq. and Eq.
so as to get the average particle flux through a nano-channel with a single inter-
nal potential well denoted by J; (An|n., 7.) and the average particle flux through
a nano-channel with two internal potential wells denoted by J>(An|7,,7.), re-
spectively. The plot of the variation of J; (An|n., n.) and J>(An|n., n.) as a func-
tion of An on the same graph are shown in Fig.
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Fig. 5.20: Plot of J,(An|ne, n.) and J2(An|ne,n.) as a function of the concentration gra-
dient An in units of uM when n, = 1.0 uM, n. = 1.0, n. = 0, v} = v, =
15 (uM)~ts7hoy = v =500s7 vy = vy = 500874 uf = 2,u] = 2,uf =

2,uy; =2.0,uj =2,u; =2

Using An = 10000 puM, n. = 1.0, uf = 2,u; = 2,uf = 2,u; =2.0,uy = 2,u; =2
and of the transition rates specified in Eq. into Eq. and Eq. o)
as to get the average particle flux through a nano-channel with a single internal
potential well denoted by J;(An|n.,n.) and the average particle flux through a
nano-channel with two internal potential wells denoted by .J,(An|7,, 7.), respec-
tively. The plot of the variation of J,(An|n., n.) and Jo(An|n.,7.) as a function of
n. on the same graph are shown in Fig.

For all possible given average values of An and 7., the average particle flux
as a function of 7., that is, J;(An|n., n.) and J>(An|n.,n.), obey that: J;(An =
10000 uM|n, = 1.0,1.) > Jo(An = 10000 uM|n. = 1.0,n.) for all possible val-
ues of 7.. This property hold for all possible values of . > 0 and 7.. As the
average value of 7. increases, the average particle flux through a nano-channel

with a single internal potential well, J;(An|7., n.) decreases almost linearly but
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the average particle flux through a nano-channel with two internal potential
wells, Jo(An|n.,n.) decreases slowly just like an inverted parabola as shown in
Fig. As n. — 1.0, both average particle fluxes become zero, that is, J; (An =
10000 pM|n. = 1.0,7. = 1.0) = Jo(An = 10000 uM|n, = 1.0,7n. = 1.0) = 0, which
implies that the nano-channel behaves as if its gate is in the fully closed state.
As n. — 0, both fluxes assume maximum values, that is, J;(An = 10000 pM|n, =
1.0,7, = 0) = 67.4429s* and Jo(An = 10000 pM|n. = 1.0,7. = 0) = 33.7776s2,
which implies that the nano-channel behaves as if its gate is fully open, and
hence the rate of translocation of particles through the nano-channel is maxi-

mum.

Fig. 5.21: Plot of J;(An|ne,n.) and J2(An|n., n.) as a function of . when n, = 1.0 uM,
An = 10000 uM, n. = 1.0, v} = v =15 (uM)"ts~ vy = v =500s1, vy =

1/2+ :5008_1,U2_ =2,u; :2,ul+ =2,uy :2.0,u§r =2,u, =2

Using An = 10000 uM, n. = 0, uf = 2,u] = 2,uf = 2,u; = 2.0,uy = 2,u; = 2
and of the transition rates specified in Eq. into Eq. and Eq. S0
as to get the average particle flux through a nano-channel with a single inter-
nal potential well denoted by .J; (An|n., n.) and the average particle flux through
a nano-channel with two internal potential wells denoted by J>(An|7,,7.), re-
spectively. The plot of the variation of .J;(An|n.,n.) and J>(An|n., n.) as a func-
tion of 7. on the same graph are shown in Fig.
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Fig. 5.22: Plot of Jy(An|ne,n.) and Ja(An|n., n.) as a function of n. when n. = 1.0 uM,
An = 10000 uM, n. = 0, v = v; = 15(uM)"Ls7 vy = v =500s71 vy =

vy =500s L uf =2 u] =2,uf =2,u; =2.0,uj =2,u; =2

Using An = 10000 uM, n. = 0.95, ul = 2,u; = 2,uf = 2,u; = 2.0,uy =
2,u; = 2 and of the transition rates specified in Eq. into Eq. and
Eq. so as to get the average particle flux through a nano-channel with
a single internal potential well denoted by .J;(An|7n.,7n.) and the average par-
ticle flux through a nano-channel with two internal potential wells denoted by
Jo2(An|ne, n.), respectively. The plot of the variation of .J; (An|n., n.) and Jo(An|n., n.)
as a function of 7. on the same graph are shown in Fig.
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Fig. 5.23: Plot of J;(An|ne, n.) and Ja(An|ne,n.) as a function of . when n. = 1.0 udM,
An = 10000 uM, n. = 0.95 vS = v, = 15(uM) sy = v =

500871 vy = vy =500 uf =2,u; = 2,uf =2,u; =2.0,uf =2,u; =2

For all possible given average values of An and 7., the average particle fluxes
as functions of 7., that is, J;(An|n.,n.) and Jy(An|n.,n.) obey that: J;(An =
10000 pM|ne,n. = 0) > Jo(An = 10000 pM|n.,n. = 0), for all possible val-
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ues of n.. Both J,(An|n.,n.) and Jo(An|n.,n.) increase rapidly in the range of
0 < 7. < 0.1 and after that they saturate to different average values as shown
in Fig. and Fig. However as 7. increases, both fluxes J;(An|n.,7.)
and J,(An|n.,n.) decrease and the difference between them decreases and fi-

nally when 7. = 1.0, both fluxes coincide and assume the same negative flux as

shown in Fig.

Using An = 10000 M, n. = 1.0, uf = 2,u; = 2,uf = 2;u; = 2.0,u; =
2,u; = 2 and of the transition rates specified in Eq. into Eq. and
Eq. so as to get the average particle flux through a nano-channel with
a single internal potential well denoted by .J;(An|n.,n.) and the average par-
ticle flux through a nano-channel with two internal potential wells denoted by
Jo(An|ne, n.), respectively. The plot of the variation of .J; (An/|n., n.) and Jo(An|n., n.)
as a function of n, on the same graph are shown in Fig.
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Fig. 5.24: Plot of J;(An|ne,n.) and Jo(An|ne, n.) as a function of n. when n. = 1.0 uM,
An = 10000 uM, n. = 1.0, vF = v =15 (uM)"ts~ L o) = v =500 1, vy =

vy =500s7 uf =2,u7 =2,uf =2,u; =2.0,uf =2,u; =2

Using An = 1000 uM, n. = 0, uf = 2,u; = 2,uf = 2,uy; = 2.0,uy = 2,u; = 2
and of the transition rates specified in Eq. into Eq. and Eq. SO
as to get the average particle flux through a nano-channel with a single inter-
nal potential well denoted by J; (An|7., 7.) and the average particle flux through
a nano-channel with two internal potential wells denoted by J>(An|n.,n.), re-
spectively. The plot of the variation of J;(An|n.,n.) and Jy(An|n., n.) as a func-
tion of . on the same graph are shown in Fig.
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Fig. 5.25: Plot of J1(An|ne,n.) and Ja(An|n., n.) as a function of n. when n. = 1.0 uM,
An = 1000 uM, n. = 0, v = v = 15 (uM)"ts7 Loy = v = 500571 vy =

vy =500s Y uf =2 u] = 2,uf =2,u; =2.0,uj =2,u; =2

Using An = 0,7, = 0,uf = 2,u; =2,uf =2,u; =2.0,uj =2,u; =2and of
the transition rates specified in Eq. into Eq. and Eq. so as to get
the average particle flux through a nano-channel with a single internal poten-
tial well denoted by .J;(An|n., n.) and the average particle flux through a nano-
channel with two internal potential wells denoted by J>(An|n., n.), respectively.
The plot of the variation of J;(An|n., n.) and J2(An|n., n.) as a function of 7. on
the same graph are shown in Fig.

Using An = 0, 7. = 0.5, u} = 2,u; = 2,uf = 2,u; =2.0,u; =2,u; =2and
of the transition rates specified in Eq. [3.14]into Eq. and Eq. so as to get
the average particle flux through a nano-channel with a single internal poten-
tial well denoted by J,(An|n., n.) and the average particle flux through a nano-
channel with two internal potential wells denoted by J>(An|n., n.), respectively.
The plot of the variation of J;(An|n., n.) and J(An|n., n.) as a function of 7, on
the same graph are shown in Fig.
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Fig. 5.26: Plot of Jy(An|ne,n.) and J2(An|n., n.) as a function of n. when n. = 1.0 uM,
An=0,1.=0,vf =v; =15uM)ts7Lyy = v =500s71 0y = v =
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Fig. 5.27: Plot of J1(An|ne,n.) and Jo(An|n., n.) as a function of n. when n. = 1.0 uM,
An =0,n.=05v] =y, =15@uM) s~ Ly, =v =500s vy, =v) =

5005 Y ud = 2,uy =2,uf =2,u; =2.0,uf =2,u; =2

For the given possible values of An and 7., the average particle fluxes as a
function of ., thatis, J; (An|n., n.) and Jo(An|n., n.) obey that: J;(An = 0|, n. =
0) > Jo(An = 0|n., n. = 0) for all possible values of 7. and both increase contin-
uously in the entire range 0 < 7. < 1.0 as shown in Fig. But, the plot
of Jo(An = 0|n.,n. > 0) began to shift upward, that is, it increases as 7. in-
creases and intersects with the plot of J;(An = 0|n.,7n.) as shown in Fig.
and finally when n. = 1.0, the plot of J2(An = 0|n.,n. = 1.0) exceeds that of
Ji(An = 0|ne, n. = 1.0), that is, Jo(An = 0|7, n. = 1.0) > J1(An = 0|ne,n. = 1.0)
in the entire range 0 < 7. < 1.0 and both become negative as shown in Fig.

Using An = 0, 7. = 1.0, u} = 2,u; = 2,uf = 2,u; =2.0,uj =2,u; =2and
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of the transition rates specified in Eq. into Eq. and Eq. so as to get
the average particle flux through a nano-channel with a single internal poten-

tial well denoted by J,(An|n.,n.) and the average particle flux through a nano-
channel with two internal potential wells denoted by J,(An|n., n.), respectively.
The plot of the variation of .J, (An|n., n.) and Jo(An|n.,7.) as a function of 7. on
the same graph are shown in Fig.

J

-L0
-L2
-14

-1.6

Fig. 5.28: Plot of J;(An|ne,n.) and J2(An|ne, n.) as a function of n. when n. = 1.0 plM,
An =0,7.= 1.0, v = v = 15(uM) s~ vy =v =500s vy =v) =

50057 Y ud = 2,u] =2,uf =2,u; =2.0,uf =2,u; =2

Using An = —0.99 puM, n. = 0, u} = 2,u; = 2,u] = 2,u; = 2.0,us = 2,u; = 2
and of the transition rates specified in Eq. [3.14]into Eq. and into Eq. [4.14]so
as to get the average particle flux through a nano-channel with a single internal
potential well denoted by J;(An|7n., n.) and the average particle flux through a
nano-channel with two internal potential wells denoted by J,(An|n., n.), respec-
tively. The plot of the variation of J; (An|n., n.) and Jy(An|n., n.) as a function of
n. on the same graph are shown in Fig.

Using An = —0.99 puM, n. = 0.5, uf = 2,u; = 2,uf = 2,u; = 2.0,uy =
2,u; = 2 and of the transition rates specified in Eq. into Eq. and
Eq. so as to get the average particle flux through a nano-channel with
a single internal potential well denoted by J,(An|n.,7n.) and the average par-
ticle flux through a nano-channel with two internal potential wells denoted by
Jo(An|ne, n.), respectively. The plot of the variation of J; (An/|n., n.) and Jo(An|n., n.)
as a function of 7, on the same graph are shown in Fig.
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Fig. 5.29: Plot of Ji(An|ne,n.) and Jo(An|n., n.) as a function of n. when n. = 1.0 uM,
An = —0.99 uM,n. = 0, vF = v =15 (M)~ ts7 vy = v =500s71 vy =

vy =500s L uf =2 u] =2,uf =2,u; =2.0,uj =2,u; =2

J

Fig. 5.30: Plot of J1(An|ne,n.) and Jo(An|n., n.) as a function of n. when n. = 1.0 uM,
An = —0.99 uM,n. = 0.5, vF =v; =15 (M) ts Ly, =vf =500s71, vy =

vy =500s Y uf =2 u] =2,uf =2,u; =2.0,uj =2,u; =2

For the given possible values of An and 7., the average particle fluxes as a func-
tion of ., thatis, J; (An|n., n.) and J>(An|n., n.) obey that: J;(An = —0.99 pM|n., n. =
0) > Jo(An = —0.99 puM|n.,n. = 0) for all possible values of n. and both increase
continuously in the entire range 0 < 7. < 1.0 as shown in Fig. But, the plot

of Jo(An = —0.99 uM|n.,n. > 0) began to shift upward, that is, it increases as

n. increases and approaches the plot of J;(An = —0.99 pM]|n.,n.) as shown in
Fig. [5.30]and finally when n. = 1.0, the plot of J,(An = —0.99 pM|n.,n. = 1.0)
exceeds that of J;(An = —0.99 uM|n.,n. = 1.0), thatis, Jo(An = 0[n.,n. = 1.0)
becomes less negative while J;(An = 0|n., 7. = 1.0) becomes more negative in

the entire range 0 < 7. < 1.0 as shown in Fig.
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Using An = —0.99 uM, n. = 1.0, uf = 2,u; = 2,u] = 2,u; = 2.0,uy =
2,u; = 2 and of the transition rates specified in Eq. into Eq. and
Eq. so as to get the average particle flux through a nano-channel with
a single internal potential well denoted by .J;(An|n.,n.) and the average par-
ticle flux through a nano-channel with two internal potential wells denoted by
Jo(An|ne, n.), respectively. The plot of the variation of J, (An|n., n.) and Jo(An|ne, n.)
as a function of n, on the same graph are shown in Fig.
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Fig. 5.31: Plot of Ji(An|ne,n.) and J2(An|n., n.) as a function of n. when n. = 1.0 uM,
An = —0.99 uM,n. =1.0,vF = v =15 (M) s~ vy =vf =500s71, vy =

vy =500s7 Y uf =2 u] = 2,uf =2,u; =2.0,uj =2,u; =2

5.3 Discussion of the Average Occupation Number of the
Internal Potential Wells and the Average Particle Flux
Through a Nano-Channel With One and Two Internal
Potential Wells

The average particle flux through a nano-channel as a function of An, for the
specified values of the other parameters, is a rapidly increasing function of An
for small and intermediate values. When An = 0, the average flux has a mini-
mum value and as An increases to large values, the average particle flux through
a nano-channel with both one and two internal potential wells increases slowly
and finally enters into the saturation region in which it no longer increase as the
concentration gradient increases. For most cases, the range of the concentra-

tion gradient in which the average particle flux becomes saturated lies between
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1.0 M and 10 M for the specified values of the other parameters. Moreover, the
average particle flux approaches more rapidly to its saturation value when the
external potential well V, is occupied and the external potential well V. is empty.
The average particle flux as a function of An, through a nano-channel with a
single internal potential well is greater than the average particle flux through a

nano-channel with two internal potential wells, thatis J; (An|ne, n.) > Ja(An|ne, 1.).

The average particle flux through a nano-channel with one and two inter-
nal potential wells as a function of 7., for the given values of the other parame-
ters, has a minimum value when 7. = 0, which implies that the nano-channel
is in the inactivated state and hence the gate of the nano-channel is closed to
conduct particles in the positive direction. For all the three possible ranges of
concentration gradients and number of internal sites, the average particle flux
through a nano-channel is a rapidly increasing function of 7.. Therefore, the
rate of translocation of particles through the nano-channel increases as 7. in-
creases, for the given values of the other parameters. Moreover, as . — 1, the
flux attains a maximum positive value which implies that the nano-channel be-
comes fully activated and hence behaves as if its gate is fully open to conduct
particles in the positive direction. The average particle flux has a maximum
positive value when V, is occupied, that is . = 1 and the average particle flux
is minimum when V, is empty, that is n. = 0. Therefore, as the mean residence
time of particles in V, increases, which means that the occupation probability of
the site increases, the nano-channel becomes more activated and thus the rate
of translocation of particles through the nano-channel increases. In general, the
optimized particle flux as a function of 7., for s = 1 and s = 2, for the specified
values of the other parameters, could be negative, zero and positive and as a
result 7, acts as a gating variable that controls both magnitude and direction of

the average particle flux through the nano-channel.

For all possible ranges of concentration gradient, that is, An > 0, An = 0
and An < 0 and for all possible number of internal sites s = 1 and s = 2, the
average particle flux as a function of 7, for the specified values of the other pa-
rameters, has a maximum positive value when . = 0, which implies that the
nano-channel is fully activated and behaves as if its gate is fully open to con-

duct particles in the positive direction and blocks flux in the reverse direction.
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The average particle flux has a maximum positive value when V, is empty, that is
n. = 0 and as 7, increases, the average particle flux decreases and finally attains
a small negative value when V, is occupied, that is . = 1. Therefore, the rate of
translocation of particles through the nano-channel decreases as 7. increases,
for the specified values of the other parameters. Moreover, the nano-channel
becomes totally inactivated and behaves as ifits gate is totally closed and as a re-
sult the flux as a function of 7, attains a small negative value when 7. = 1, which
implies that the gate of the nano-channel is fully closed to conduct particles in
the positive direction. Therefore, as the mean residence time of particles in V.
increases, which means that the occupation probability of the site increases, the
nano-channel becomes less activated and thus the rate of translocation of par-
ticles through the nano-channel decreases. In general, the average particle flux
as a function of . (when s = 1, s = 2, for the specified values of the other param-
eters, could be negative, zero and positive and as a result 7. also acts as a gating
variable that controls both magnitude and direction of the average particle flux
through the nano-channel.

Based on our model of nano-channels, we have generated a positive parti-
cle flux through the nano-channel when An > 0, An = 0 and An < 0 for the
given values of the transition rates and number of internal sites, which has a
maximum positive saturation value. Moreover, the occupation numbers 7. and
n. act as gate variables that control and change the direction and magnitude
of the average particle flux through the nano-channel. That is, the flux through
the nano-channel could be positive, zero or negative depending on the values of
these variables. Maximum negative flux occurs as . — 0, 7. — 1 but maximum
positive flux occurs as . — 1, n. — 0.

The average values of the occupation numbers of the internal potential wells
as a function of An, for the specified values of the other parameters, are rapidly
increasing functions of An for small and intermediate values. When An — 0, the
average occupation numbers have small positive values and as An increases to
large values, the average occupation numbers of the internal potential wells of
a nano-channel with both one and two internal potential wells increase slowly
and finally approach the saturation region in which they no longer increase as

the concentration gradient increases. For most cases, the range of the con-
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centration gradient in which these average occupation numbers become sat-
urated lies between 1.0 M and 10 M for the specified values of the other pa-
rameters. Moreover, the average occupation numbers approach more rapidly
to the saturation value when the external potential wells V, and V. are occu-
pied. For a nano-channel with two internal potential wells, the average occu-
pation number as functions of An of the internal potential well V; is greater
than the average occupation number of the internal potential well 15, that is

7712(An‘7787 770) > 7722<An|7767 Tk)

The average value of the occupation number of the internal potential well
V1 increases more rapidly as 7, increases and slowly as 7. increases. Similarly,
the average value of the occupation number of the internal potential well V; in-
creases more rapidly as 7. increases and slowly as 7. increases. As the average
value of the occupation number of V; increases, the average value of the occu-
pation number of V; also increases, and vice versa. The average value of the
occupation number of V; increases as the values of the normalized potential
barriers v, v] and uj increase and as u}, u, and u_ decrease. Similarly, the
average value of the occupation number of V; increases as the values of the nor-

malized potential barriers u, , u3 and u; increase and as v, v and u; decrease.
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5.4 Conclusion of the Properties of a Nano-Channel with One
and Two Internal Potential Wells

1. The maximum average value of the internal occupation numbers are one
and occurs when 72(An|n. = 1.0,7. = 1.0) = noa(An|n. = 1.0,7. = 1.0) =
1.0.

2. The occupation probability of V] increases as the average value of 7, in-
creases and as a result the average value of 7;5(An|n., 7.) increases as 7,

increases.

3. The occupation probability of V; increases as the average value of 7. in-
creases and as a result the average value of 7y:(An|n., 7.) increases as 7,
increases.

4. For the given values of . > 0,7, < 1.0, the average values of 7;5(An|n., n.)
and 722(An|n., n.) increase rapidly in the small range of the concentration

gradient An and then saturate to different maximum saturation values.

5. For the given values of . > 0,7. < 1.0, after saturation plots of the av-
erage values of 7,5 (An|n., n.) and 1.2 (An|n., n.) as functions of An become
parallel to each other and 7,2 (An|ne, n.) > N2 (An|ne, nc).

6. When 7, = 0, . = 1.0, the average values of 15(An|n., n.) and 12 (An|ne, n.)
assume constant values that don't change as the concentration gradient

increases to large positive values.

7. For the given values of An > 0 and 7. > 0, the average values of ;5 (An|n., 7.)
and 722 (An|ne, n.) as a function of 5. increase slowly as an upward parabola
and 7;2(An|n., n.) is less sensitive to the variation of 1. but 7. (An|n., n.) is

more sensitive to the variation of n). as shown in Fig.

8. For the given values of An > 0 and 7. < 1.0, the average values of n,2(An|n., n.)
and 722(An|n., n.) as a function of 7, increase rapidly in the small range
0 < n. < 0.2 and the become saturated to different saturation values and
become parallel to each other. As the average value of . — 1.0, the two
fluxes coincide with each other as shown in Fig.
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10.

11.

12.

13.

14.

15.

16.

17.

. For the given values of An > 0 and 7. < 1.0, the average value of both

Ma2(An|ne, n.) and n(An|n., n.) are more sensitive to the variation of 7,
when 7. is small, that is . =~ 0.2, where saturation began to occur, and
after that they become less sensitive to the variation of 7, as shown in Fig.
5.6

For the given values of An = 0 and 7. = 0, the average values of the fluxes
as a function of . obey that: n;3(An = 0|n. = 0,1.) < N22(An = 0|n. = 0,7.)
and as 7. — 1.0, we have 7;5(An = 0|n. = 1.0,7.) > n22(An = 0|n. = 1.0, 7,).

For the given values of An = 0 and 7. = 0, the average values of the fluxes
as a function of 7, obey that: 7;5(An = 0|1, . = 0) > 122(An = 0|7, 1. = 0)
and as 7. — 1.0, we have 712(An = 0|n., n. = 1.0) < noa(An = 0|5, n. = 1.0).

For the given values of An = —1.0 and 7, or 7., the average values of the
fluxes as a function of 7. or n. obey that: n2(An = —1.0 uM|n.,n.) <
nao(An = —1.0 pM]|n.,n.) for all possible values of 7, and 7.

For the same given values of An, 7., . and transition rates, a nano-channel
with a single internal potential well is more permeable to particles than

that with two internal potential wells.

The rate of translocation of particles through a nano-channel with a single

internal potential well is greater than that with two internal potential wells.

When ., = 0 and . = 0, both fluxes are zero and when 7, and 7. are slightly
greater than zero, the average fluxes assume large values as shown in Fig.
As 7. and 7. increase to higher values, that is . = 0.95 and 7. = 0.95
both fluxes decrease and finally become zero when J;(An|n. = 1.0,n. =
1.0) = Jo(An|n. = 1.0,n. = 1.0) = 0.

Therefore, the nano-channel becomes totally impermeable or totally in-
activated when 7, = 0 and . = 0 and . = 1.0 and 7. = 1.0.

The average particle fluxes assume maximum saturation values when J; (An —

1 Mn. = 1.0,n. = 0) = 67.6674" " and Jo,(An — 1 M|n. = 1.0,. = 0) =

33.8338s~ !, which implies that the nano-channel is fully activated and hence
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18.

19.

20.

21.

22.

23.

24.

the rate of translocation of particles through the nano-channel is maxi-

mum.

Therefore, the gate of a nano-channel is fully open to conduct particles in
the positive direction when 7, = 1.0, 7. = 0.

Both J,(An|n., n.) and Jo(An|n., n.) increase rapidly, saturate quickly to dif-
ferent saturation values and become parallel to each other in the small
range of the concentration gradient An as shown in Fig. to Fig.
This property reflects the fact that a rapid process occurs that changes the
gate of the nano-channel from fully being closed state to fully being open

open state.

Both average particle fluxes, J,(An|n., n.) and J>(An|n.,7.), are more sen-
sitive to the variation of the value of An in the small range and as An in-
creases to higher values the quickly saturate to maximum positive values
after which the fluxes become less sensitive to the variation of An.

For all possible given values of An and 7., the average particle fluxes .J; (An|n., n.)

and J,(An|n., n.) are monotonically decreasing functions of . and as . —
0 both fluxes assume maximum positive values which implies that the
nano-channel behaves as if its gate is fully open and hence the rate of
translocation of particles through the nano-channel is maximum.

For all possible given values of An > 0 and 7., the average particle fluxes
Ji(An|ne,n.) and Jo(An|n., n.) are monotonically increasing functions of

MNe-

For the given value of An > 0, the average particle fluxes J;(An|ne,n.)
and Jy(An|n.,n.) as functions of 7. become saturated at a small value of
n. when 7. — 0 and the value of 7, at which J; (An|n., n.) and Jo(An|n., n.)
become saturated increases as 7. increases and finally when n. — 1.0, the
saturation value of 7. becomes maximum.

As the value of the concentration gradient increases, the value of 7, at
which the fluxes J;(An|n., n.) and J>(An|n., n.) as functions of 7. become
saturated decreases as shown in Fig. and Fig.
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25.

26.

27.

28.

29.

For the values of 7, less than their saturation values both .J; (An|n.,7.) and
Ja(An|ne, n.) increases rapidly and are thus more sensitive to the variation
of 7. in that small range.

When 7, increases to its saturation values both J; (An|n., n.) and Js(An|ne, n.)
become saturated to their maximum positive values which implies that
the nano-channel behaves as if its gate is fully open and hence the rate
of translocation of particles through the nano-channel is maximum and

after saturation both fluxes are less sensitive to the variation 7.

For the given possible value of An > 0, the fluxes J; (An|n., n.) and Jo(An|ne, n.)
as functions of 7. coincide with each other as . — 1.0 as shown in Fig.

5.24l

For the given possible values of An = 0 and 7., the fluxes as a function of
ne obey that: J;(An = 0|n.,n. = 0) > Jo(An = 0|n.,n. = 0) for all possible
values of 7. and as 7. — 1.0, we see that Jy(An = 0|5, n. = 1.0) > J1(An =
0|7, m. = 1.0) in the entire range 0 < 7. < 1.0 and both become negative as

shown in Fig.

For the given possible values of An = —0.99 and 7., the fluxes as a function
of 7. obey that: J;(An = —0.99|n.,m. = 0) > Jo(An = —0.99|n,,7n. = 0) for
all possible values of n, and as . — 1.0, we see that J,(An = —0.99|n., 1. =
1.0) > Ji(An = —0.99|n., n. = 1.0) in the entire range 0 < 7, < 1.0 as shown

in Fig.
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