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ABSTRACT

The main consideration of this thesisis Hardy Space over upper half-Plane.
Normed linear space, harmonic functions, sub-harmonic functions, Hardy space on
the unit disc, Blaschke product and composition operators on Hardy space of a
half-plane are also introduced in different perspectives.



INTRODUCTION

The theory of hardy-space has its origin in discoveries made fifty years ago by
such mathematicians as G.H.Hardy, J. Riesz, V. Sirnov, G. Szego and the like.
Most of this early work is concerned with the properties of individual functions of
HP class. In recent years, the development of functional analysis has stimulated

new interests in the HP classes.

This thesis report contains three chapters: its first two chapters are preliminary
parts and the last part is the main body part of the carried out work. In the
beginning part, we try to visualize the definitions and some basic properties of L"-
spaces. In the second chapter, we introduce about harmonic functions including
mean value property, the maximum principle and the poissonintegral. Lastly in the
third chapter, we introduce about sub-harmonic functions, Hardy space on the unit
disc, Blaschkeproduct ,Hardy space over upper half-plane and composition
operators on Hardy space of upper half-plane with the definitions and some basic
properties of the topics and sub-topics. There are also lemmas, theorems and

corollaries stated and proved under each topic.



CHAPTER ONE

The LP Space

Completeness of the real numbers may be formulated by asserting that if a sequence {a,, }of real
numbers for lim,, ;e |an,—a;,| =0, there is a real number a for which lim,,,,(a, —a) = 0.
There is a corresponding completeness property for the Lebesgue integral. If {f,,} is a sequence
of functions in LP (E) the collection of measurable function f, measurable set E and 1< p <co for

which limy, ;50 fElfn — fmlp = 0, there is a function f belonging to LP (E) for which
limy, e fElfn _flp =0.

A collection F of functions in LP(E) is said to be dense in L? (E) provided for each g in
LP(E)and &> 0, there is a function f belonging to F for which fElg — fI” < &. The proofs of the

Riesz-Fischer theorem and the denseness results are framed in the context of normed linear
spaces of functions.

1.1.Normed linear space

Definition 1.1.1: Let X be a real linear space. A function ||-|| : X—[0,00) is called a norm if and
only if, the following are satisfied.

i. Non negativity (||x|| = 0 and ||x|| = 0 © x = 0, Vx € X).
il Positive homogeneity(||ax|| = | a|||x|], V& ER, Vx €X)
iii. The triagular inequality ([|lx + y|| < x| + ||y]], Vx,y €X).

The pairs (X,||-]|) is called a normed linear space.
Examplea. (R, |-]) is called a normed linear space’
b. Let C[a, b] denote the linear space of continuous real valued functions on [a, b].

Define||-||: C[a, b]—- [0,00) by [|f]l = maxye[q,p)|f (x)]. This defines a norm that we call the
maximum norm.

Let E be a measurable set of real numbers. Define J to be the collection of all measurable
extended real valued functions on E that are finite almost everywhere on E. Define two functions
f and gin F to be equivalent and write f = g provided f(x) = g(x) for almost all xe E. This
is an equivalence relation. Therefore it induces a partition of f in to a disjoint collection of
equivalence classes, which we denote by F /= and F /= is a linear space.

For 1< p <o and fis a measurable function on E, we define

LP(E)={f: [EIfIPdu < o0}.



Example: Let E=(0,1] and f define by f(x) :X_Tlfor 0<x < 1.Then
o117 Slimg e [ x5 dx = lim 365] § = 3<co

Therefore f € L2(E).

For two numbersaand b, |a + b| < |a| + |b| < 2 max{|a|, |b|}.
This implies |a + b|P < 2P(|a|P+|b|P). Thus if f, g € LP(E), then
JIf + gIP < 2P(JIfIP + [ lgIP) < coand hence f + g € LP(E)
Forany f € LP(E) and o €R,

Jglaf 1P = lalP [LIfIP < wcand hence af € LP(E).

Therefore, LP(E)is a linear space.

A measurable function f is called essentially boundedif there is an M=0, called an essencially
upper bound for f, such that |f(x)| < M for almost all x € E.

We define,L*(E)= {f: E~ R: f is measurable and |||l = ess [0 |f (x)]| < o0}
Note that L*(E) is a linear space.
Example: For a function f in L*(E), define

Iflle = inffM = 0 : m{x: |f(x)| > M} = 0}. We call ||f]|.. the essential supremum of f and

IIIl. is @ norm on L*(E).

1.2. Young’s, HOlder’s and Minkowski’s Inequalities.

Definition1.2.1: The conjugate of a number p€ (1, ) is a unique number q € (1, o) such that
% + % = 1. The conjugate of 1 is defined to be oo and the conjugate of oo is 1.

i. Young’s inequality
For 1< p <o q is the conjugate of p, and any positive numbers a and b,

1 1
ab< =aP +-b4,
P q



Proof: The function g, define by g(x) :% xP + i — x for x>0 has a positive derivative on (1,0)

and negative derivative on (0, 1) and takes the value 0 at x = 1. Therefore the function g is non-
negative on

(0,00), that is, X< %xp+ i Jif x>0.
In particular, for x=ab'~9gives us

abl~1 < 1app-apg L
P q

ab'™ < 1aPp=a+ 2
p q
Multiplying both sides byb4
ab< %ap + ibq(since g=(g-1)p). =
ii. Holder’s Inequality

Let 1< p < w and q the conjugate of p.If f € LP(E) and g € LI(E), then fg €L*(E) and

[ ira1<1istliglla
E

Proof.casel: for p=1, g=o

[ 1791 [ir1tgit = liglL (171 = 17 gl
E E E

Hence [.1fgl <IIfll1l1glle(since |g(x)| < ||gl|w for almost all x € E).
Case2: For 1<p<ow
Either f=0a.e. on E or g=0 a.e. on E, then there is nothing to prove.
Assume || ]|, # oand||lg||q # O.
By Young’s inequality

fldgl _1fIP 1 gl
11l Tiglls ~ PIFIE " allgl?

! IZE - [isw + L (191t = == IR+ = g1
———— | |fy| £ — gla = : g
T7T5lTgTls ) pIFIE) allgll?) o e+ g 1lolla
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1
1711, 11g1lq

J;Ifg| < 1and hence

Je\fal < 1iflIpllgllq:

Moreover, if f # 0, the function f* = ||f||:)_p -sgn(f)|f|P~* belongs to LI(E) and
ff.f* = |Ifll,and |If"llq = 1.
E

Observe that f. f* = ||f||113_p |f|P a.e onE

Therefore, [ f.f* = ||f||;_pr|f|p =||f||119_p ' ||f||§ = |IfI|p and

1= [T 190 = Al [ =" il =1
E E

For f # 0and f € LP(E), f* is called the conjugate function of f.m

The special case of HOlder’s inequality when p = q = 2 is called the Cauchy-schwarz inequality.
iii. Minkowski’s Inequality

Ifl<p <ooandf,g € LP(E), then||f + gllp < [IflIp+]I9llp-

Proof: For cases p = 1 and g =< it holds true by triangular inequality. Assume that f+ g # 0.
Then by HOlder’s inequality

I +glly= [+ G +oy = [r.0+ gy + [0 +gr
E E

E

< fllp- NG+ 97 Mg + [lgl] 1T+ 9)7llg

=1 p T+ 1gllp 2= 11f1p + 1191l

Hence [If + gll, < 1Ifll, + llgll, =

Corollaryl1.2.1[1]: Let E be a measurable set and 1< p <oo. Suppose F is a family of functions in
LP (E) that is bounded in LP (E) in the sense that there is a constant M for which [|f]|, <M for
all f eF. Then the family F is uniformly integrable over E .



Proof: Let £> 0. Let A be a measurable subset of E of finite measure. Consider LP (4)and
L9(A), where % + % = 1. Define g(x)=1 ¥x € A. Then g € LI(A). By HOlder’s inequality

1 1 1

L1 =111 9 <1, Iflp [Sglgl%e < IS IfIPTP [m(A)]e < [m(A)]%

Choose § = (%)q.Thenifm(A) < §,thenforeachfe€F,
f £ < Mm@t < M.~ = ¢

Therefore the family F is uniformly integrable over E.m
Corollary1.2.2[3]: Let E be a measurable set of finite measure and 1< p; < p, < . Then

LP2(E)cLP1(E).
Furthermore,||f||p < c||f||p forallfelLPz(E),wherec = [m(E)]pz_pl/plpzifp2 < oand
1 2
1
= [m(E)]u if p, =o0.
Proof: Caselp,<w

Define p :Z—Z > 1 and let q be the conjugate of p. Let f € LP2(E). Then,
1
fE(lflpl)p :fE |f|P2 < o and hence|f|P1eL? (E). Note that yzeL(E’) since m(E) <.
By HOlder’s inequality
1 1 p1 1
Sl f 1P = [ Af 1P xe < (SR If 1P (Joxe D7 = ([l fIP2)Pz [m(E)]a

=12 . (B

Taking the pi power of each side to obtain
1

pP2-P1
Ifllp, < 1Ifllp,[m ®] s = £, (m(E) v = = clIfllp,-
Case2: For p,=x

Let £ € LP(E). Then || < ||If]|P* for almost all x€ E and therefore,

S |-

Ufllp, = F, 1FPPE < (G IFIE 75 = L fmCEY]E = Cllf = il



Therefore ||f|l,, < clifll,,- =

1.3. LPis Complete: The Riesz-Fischer Theorem
Definition1.3.1: Let X be a real normed space.

1. Asequence {x,} in X is said to converge to x € X that can be written asx,, — x in X or
lim,_., x, = xinXprovidedthat lim,_,||x, — x|| = 0.

2. A sequence {x,}in X is said to be Cauchy in X if for each ¢ > 0 there is an Ne N such
that ||x,,—x,,|| <e forall m,n> N.

3. Xissaid to be complete if every Cauchy sequence in X converges to a point in X. A
complete normed space is called a Banach space.

4. Let {x,} be asequence in X. We say the series )5 x,, is summable (convergent) to
X € Xif the sequence {7, x;}»—, of partial sums conveges to x. We call x the sum of the
series and write X=)»_, x,,. We say Y.»—, x,, is absolute summable(convergent) if

Yin=1|[%n||<e0.

Theorem1.3.1[3]: A normed linear space X is complete if and only if every absolutely summable
series is summable. Let € > 0. Then there exists N € Nsuchthat Y5 _y 11, |l <€

Proof: (=) Assume that X is a Banach space and let });7_, x,, be an absolutely summable series.
Let € > 0. Then there exists N € Nsuchthat Y 5—y+1llxnll<e (sinceX -1 || x, || <)

NOW for n>m2N1||21];l=1 xk - 1]?:1 xk” = ”Z‘Ir(lzm+1xk” S Z‘Ir(lzm+1”xk” S
Die=n+1llxx ]| <o0.

Therefore, {). -1 xx =1 IS @ Cauchy sequence in X. Since X is complete, there is an x € Xsuch
that

Zrizlxn = limn—mo Z%:lxk =X

(<) Assume that every absolutely summable series in X is summable. Let {x,,};-, be a Cauchy
. . 0 1
sequence in X.Then there exists a sequence {x,, } _ of {x,} such that [[x,, —xn,,, [|<z for ~ k

=1.2.... Hence T [|xn,.,, — Xn || < 257 =1<en.

Thus the series Y-, (xp,,, — X», ) is absolutely summable and hence by the assumption let
there is z € Xsuchthat



Z= Z:(1)<o=1(xnk+1 - Xnk) =lim z:c;éo=1(x7’lk+1 - xnk):limm—’w(xnmﬂ - x"1)'
Then x,,, — x as k — oo. Since{x, } is a Cauchy sequence, lim,,_,., x, =X.
Therefore X is complete. m

Theorem1.3.2(Riesz — Fischer)[3]: Let E be a measurable set and 1<p< o.ThenL?(E) is a
Banach space.

Proof:Casel:Assume that 1<p<co. Let {f,} be a sequence in LP (E) such that}.;, |l f ||, <cc.
Let M=X0, [l £l Put g, (X)= X121 fi(X). Then {g,,} is an increasing sequence.
Let g(X)= Limy,_.., gn(X). Then g is measurable and llg,ll, < X3l fill, < T lficll,
< MP<oo,

Therefore, g,€eLP(E) for n=1,2,3,.... Since g,P — g?, by the Monotone convergence theorem
J5 97 = limp o, [ gnP < MP <0,

Hence, geLP (E) and hence g is finite almost everywhere. Thus g(x) =Xm—1|f(x)| is finite
almost everywhere on E.

0,ifg(x) =
n=1Jn (x),if g(x)isfinite

For almost all X, f(X)= Yn=1 fn (x). Hencef measurable. Since |f|P < gP a.e. on E, feLP(E).

Define f (x):{

Note that for almost all € E, |f(x) — X, fi (x)|P < 2PgP(x).
Since 2P gP is integrable over E, by the Dominated convergence theorem
limy o [ |f — 211 fil? =0.(sincef-¥7-, fi = 0 a.e.). Thus
lim||f = B1, fil, =0.Therefore, f= T, fi.
Case2: Assume that p= co. Let {f;,}be a sequence in L*(E) such that Y.»_, || f, |l s <cc.
Since | £, < lfnllee @€y X1l O < Yol fnllo<oo for almost all x € E.
Put g(X)=Xr=1lfn(x)|. Then g is finite a.e. on E.

Y- fu (%), ifg(X)isfinite.

Let f(x) :{ 0,ifg(x) = .



Hence fis measurable and |f(x)| <g(x) <M for almost all x€eE.

Therefore, feL”(E). Note that |f (x) — Xz, fi ()| < XiZnalfiO)] < Xizpyallfill ace. xe E.

Given € > 0 thereexist N € Nsuchthat Y. 7_ .1l fx |l.<e. For all n> N,

Hf—ifi < i Ifull. < Z Ifell. < e.

i= w  k=n+1 k=N+1

Therefore, f =lim,_, Y., fi in L°(E).m

1.4.Denseness and Separablity of LP Space

Definition1.4.1: Let X be a normed linear space with norm ||-||. Given two subsets F and G of X
with FC G, we say that F is dense in G, provided for each function g in G and € > 0, there is a
function f in F for which ||f — g]| < €.

Definition 1.4.2: A normed linear space X is said to be separable provided there is a countable
subset that is dense in X.

Theorem1.4.1[3]:Let E be a measurable setand 1 < p < oo. Then the subspace of simple
functions in LP(E) is dense in LP (E).

Proof: Let f €LP(E).

Casel: p=co. There is a subset E,of E of measure zero for which f is bounded on E\E,,. Then
there is a sequence of simple functions {¢, };=, on E\E, that converges uniformly on E\E, to f.
Let € > 0. Choose N such that n> N and x € E\E,, implies ¢, (x) — f(x)|<e.

Therefore, forn > N||¢,, — flle < €. Thus simple functions are dense in L* (E).
Case2: 1<p< .
Since f is measurable, there is a sequence {¢,,} of simple functions on E such that

1) ¢, = fpointwise on E, and
i) [@,] < |f]on E forall n.

Since | f|P is integrable, by the Lebesgue Dominated convergence theorem

limyeo [l |P=[.IfIP. This implies thatll,, |5 = 1| f1I5 and this follows that

lim llgn = fl, =0



Therefore, ¢,, = fin LP(E), and the subspace of simple functions in LP (E) is dense in LP(E). m

Corollaryl1.4.2[3]:1f 1<p < oo, then the subspace of step functions on [a, b] is dense in
LP[a,b].

Proof: Let g= y4 for a measurable subset A of [a, b]. Let £>0. There is a finite disjoint

collection of open intervals, {I; };-,, for which, if we define U= U}_, I, then m(AAU) <§—Z Then

1
Xu = Xk=1 X1, is astep function. Moreover, |x, — xyll, =[m(4AU)] v,
Therefore, || x4 — )(U||<§. Let ¢ = Y¥-; arxg, be a measurable simple function on [a, b].

WLOG assume that a;, # 0 for k=1, 2,...,n and [a, b] = U}—, Ex. Then for k =1,...,nthere is a

. P .

step function yy;, such that ||xz, — XUk”<n3p£|—a|p ,put ¢ =Ry apxy,. Then Y is astep
k

function and

_ €&

llp — ‘IJ”p S2113=1|05k|-||)(Ek XUk||< D= 13 3

Lete > 0andf € LP[a, b]. Since the simple function is dense in LP[a, b], there is a simple
function ¢ € LP[a, b]such that || f — (p||p<§

It follows from the facts that there is a simple function S on [a, b] such that |[¢ — S||p < &/2.
Therefore, ||f —sllp<Ilf —@llp+|l¢ —sllp <e/2+&/2=c.m
Theorem1.4.2[3]: Let E be a measurable set and 1 <p< . Then LP(E) is separable.

Proof: Let S[a, b] be the collection of step function on [a ,b]. Define S'[a, b] to be sub-
collection of S[a, b] comprising step functions on [a ,b] that take rational values and for which
there is a Partition P={x,, ..., x,} of [a, b] with constant on (x;_;, xj), for 1< k< nand x;
rational for 1< k < n-1.

Since the collection of finite sequences from rational is countable, S'[a, b] is countable. Let £>0
and ¢ €S[a, b]. Then ¢ € ) Ak X (xg_qxp) TOF partition p={xy, ..., x, } of [a, b]. Choose rational
T4 T2 eeis T Q15 Q25 -y Gm—1 SUCh that for 1< k <m-1

Ve
latie — 7iel<—and |x; — ql <e.

Then §= Y1 X (q,_,-q,)» Where qo = aandgq,, = b, belongs to S'[a, b]. Then

llg — ‘~|J||p < Xitqlay — rkl)((qi_l—qi) (Igk—1 — Xp—1| + |qre—2xk|) <Xk= 19m (\/_ + \/_) =&

10



Therefore, S'[a, b] is dense in S[a ,b].

Since S[a, b] is dense in LP[a ,b], S'[a, b] is dense in LP[a, b]. For each n € N, define f,, to be
the functions on Rthat vanish outside [-n, n] and whose restrictions to [-n, n] belongs to
ST-n, n].

Define f=U;—; fn- Then f is a countable collection of functions in LP (R). By the Monotone
convergence theorem,

limy,_ e f[_n‘n]lflp = leflp forall f € LP(R) .

Let &> 0 and € LP(R). Then there exists s,, € S [-n, n] such that
€

IS0 = Fxt-nmll,, <3

There is an N €N such that

1 it = £, <5

Thus ISy = fllp < [ISw = Fxi-wmll +HIfx-wm = £l <5 +5 =€.

Therefore, f is a countable collection of function that is dense in LP(R). Finally, let E be a
generating measurable set. Then f/g :{ga/E: QE f} is a countable dense subset of LP (E) and
therefore LP (E) is separable.m

Theorem1.4.3[3]: Let E be measurable set and 1 < p < oo. Then L*(E) is not separable.

Proof: Consider the case when E =[a, b]. Suppose there is a countable set {f,,}.-, that is dense
in L*[a, b]. For each x € [a, b], select n(x) € N for which ||X[a,x]—f,7(x)||m<%.

Observe that if a < x; < x, < b, then
X011 = Xtaxs) ||°o:1-

Therefore n is one-to-one mapping of [a, b] onto a set of natural number. This is a contradiction

Because, [a, b] is uncountable and the set of natural numbers is countable. Thus it must be the
case that L [a, b] is not separable. m

11



1.5. The Riesz Representation for the dual of LP

Definition1.5.1: Let X be a linear space. A function f: X— R is said to be a linear functional if
forall x, ye X and forall o, 8 €R

flax+By) = af (x) + Bf (¥).

Example : Let E be a measurable set, 1< p < oo, q the conjugate of p, and g € L(E). Define the
functional T on L9(E) by T(f)= ng.f forall fe LP(E).

Definition1.5.2: Let X be a normed linear space.

i. A linear functional T on X is said to be bounded if there is an M> 0 for which

IT(X)|< M| x| for all x € X. The norm of T, ||T||., is defined by

T (x)|
ITIl. = sup {”(T"”)x € X,x % 0}.

ii. The collection bounded linear functional on X is a linear space on which |||, is a
norm. This normed linear space is called the dual space of X and denoted by X*.

Proposition1.5.1[3]: Let E be a measurable set, 1 < p < oo, g the conjugate of p, and g €
Li(E). Define the functional T on LP (E) by T(f) :ng.f forall f € LP(E ). Then T is a bounded

linear functional on L?(E) and ||T|.. = [lgll4.
Proof: By HOlder’s inequality

ITOI= f,9-F1 < [ 19-f1 < llgllgllfll,¥f € LP(E). Hence T is bounded linear functional on
LP(E) and [ITl. < llgll4- Note that g* = ||g||?1_1.sgn(g).|g|q‘1belongs to LP (E).

Hence IT(g")| =|[,9-9"|=llgllg - lg*1l, = llgllq
Therefore, ||IT||. = llgll; .m

Lemmal.5.1[3]: Let E be a measurable set and 1 < p < c0.Suppose the function g is integrable
over E and there is an M > 0 for which |ng. (pl < Ml|¢|l,, for every simple function ¢ in LP (E).
Then g € LP(E), where q is the conjugate of p. Moreover||gll, < M.

Proof: Assume 1<p<co and let {¢,,}be an increasing sequence of simple functions which

1
converges to |g|9. Set, = P, sgn(g). Then 1, is a simple function, and therefore, [ ¢, <

J¥ng < MllYll, = M(J, @n)P and hence [ ¢, < MY,

12



By the Monotone convergence theorem, fEIqu < M9<oo.
Therefore g € LP(E) and |[gll; < M.
Consider the case p=1 and g=oo. Let A= {x: |g(x)| > M}.
Put ¢ = My,sgn(g). By hypothesisf, g < Mlloll;.
Thus fEMIgI < MfAM = M?*m(A).
0< [ ,M(lgl—M)<0or [ M(lg| —M)=0.
Since |g| — M > 0 on A, it must be the case that m(A) =0.m

Lemmal.5.2[3]: Let 1< p < oo, q is the conjugate of p, g € L9[a,b ] and T is a bounded linear
function on LP[a, b | for which T(f) :f[a b] g.f forallfe€ LP[a,b ]. Then g is unique.

Proof: Let g, € La, b] such that T(f) :f; g1f,Vf €LP[a,b].

b
Let [x; x,] Cla, b1and @ =xjx, x,;- Then [ (g = g1) Xixyxyy =0 = [(g — 91) =0.
Therefore, g — g, = 0 almost everywhere on [a , b ].

This implies g = g, almost everywhere on [a , b]. Hence g is unique.m

13



CHAPTER TWO
Harmonic and Subharmonic Functions

Let G be domain (connected open set) in the set of complex numbersC. We shall consider
complex valued functions of z = x +iy € G € C. A complex valued function f is called
holomorphic on a domain G if it is complex differentiable in a neigbourhood of any point in G.
Every holomorphic function is completely determined on a domain by its values in a
neighbourhood of a single point. A similar property holds for harmonic functions.

2.1. Definition and examples of harmonic function

Definition2.1.1: A real valued function u on an open connected subset G ofC is said to be
harmonic if it has continuous second partial derivatives and satisfies the partial differential
equation,

which is knows as Laplace’s equation.

Example: Let f: € > R by f(x + iy) = 3xy? — x3. Then fhas continuous second partial
derivatives,

9%f | 0%*f
—— + -
7 + 37 = 6x + 6x = 0.

Therefore f is harmonic function on C.

Theorem?2.1.1[4]: Let U be an open disc with center (a, b). Suppose f and g be differentiable

of @ _

on U andW %for all z. Then there is a function h which is in €2(U) such that

o = fanda—h—
ax 6y_g'

Proof: For each z = x +iy, define h(x , y)= f(t,b)dt + [’ g(x,s)ds. Then by fundamental

theorem of calculus:

Oh(xy) _ Oh(xy) _
o - g, y) and === f(x,b) . cc . c(*)

Since ge (', differentiation under the integral sign is possible. Thus

a (Y Y 0 y
ajb g(x;s)ds—fb ag(x,s)ds—jl;

14
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0h _ 9 (x 0 ry — —
Now — = — [ f(t,b)dt + - [;" g(x,s)ds = f(x,b) + f(x,) — f(x, b)
=S A C 7)) ISR C 1D
From (*) and (**),‘;—Z = fandZ—Z = gbutf, geC' and this implies that h € C2.

Hence h is the required function. m

Corollary2.1.1[4]: Let u be harmonic on unit disc D. Then there is an analytic h on D such that
Reh = u.
ou o _ 2109 2%

ou
Proof: Letf 5 andg = — 3y = ay2 5 >

. . . . 9%y 92 . f @
Since u is harmonic functionZ+2"%= 0. for this 2L = 29,
dx2 0y? dy  Ox

Then by the theorem2.1.1 above there exist ve C? such that Z—Z = f(x,y)and z—; = g(x,y) which

is equi v _ o 40v
is equivalent to 7= 7y and 3y
equation on D. Therefore u is the real part of h which is analytic. The function v is called a

harmonic conjugate for u on D. Thus if u is a harmonic function on D we can find an analytic

function h such that u is the real part of h. m

= % andh(z)= u(z) + iv(z) satisfies the Cauchy Riemann

2.2. Mean Value Property and Maximum Principle

Definition2.2.1: A continuous functionu=G — R is said to have the mean value property (MVP)
wheneverB(a , r) € G,then

u(a) = i 7" u(a +re'®)ds .

This fact has a number of important consequences. One of these is a property of harmonic that is
analogues to the Cauchy integral formula. It allows us to ascertain the value of harmonic
function u at the center of a disc from its value on the boundary.

Theorem2.2.1[1](The mean value theorem)

Suppose that u : G - R is harmonic on G €Cand that B(a,r) < Gfor some r > 0 then,
u(a):i foznu(a + re?)do

Proof: Let f be analytic function on B(a ,r) such that Ref =u by Cauchy integral formula

15



1
27

fla) =

fy % de, whenever yis the circle with |z- a|=r.

Fore= a +re'®, then

1 c2m f(a+ire®) ., 1 (2 ;
fla) = ﬁfon%lreledﬁ = Efonf(a +re'®)do
=u(a) +iv(a)

:ifu( a+re®)do + i%fv( a+re®)deo
Therefore u(a) = ifu( a+re) do.m

Theorem?2.2.2[1](Maximum Principle)

Let G be an open connected set and suppose that u is a continuous real valued function in G with
MVP. If there is a point G such that u(a) > u(z) for all z in G, then u is a constant function.
i.e.u(z) =u(a)forall zin G

Proof: Let A={z € G:u(a) = u(2)}.
Claim A = G. From continuity of u,the set A is closed subset of G as
A= UT(-0,u(a)) U (u(@), )]

Let z, be in G. Since G is open set we can choose r>0 such that B(z, ,r) is contained in G.
Suppose there is a point b in B(z,,r) such that u(b)# u(a) then u(b) < u(a). This implies that by
continuity taking € = u(a) — u(b) we get u(z) < u(a) = u(z,) for all in neighbor hood of b.
In particular if p=|zo—b| and b=z +pe'®, 0 < B < 2m, then there is a proper interval | of [0,27]
such thatp in T and u(zy+pe'® ) < u(z,) forall 8inl.

Hence by the MVP,

u(ze) = ifoznu(zo + peie)de < u(zg) which is a contradition. So B(z,,r) € Aand A is
alsoopen. By connectedness of G, A=G.

According to MVP, if u(z) is analytic on a domain D, then |f(z)| can not have a maximum any
where in D unless f(z) is constant and if f(z) be analytic in a bounded region D and let f(z) be

continuous in the closed region D then |f(z)|assumes its maximum on the boundary of the
region.m

16



2.3.Poisson Integrals
Definition2.3.1:P(r,)=Y%__, ri"l e, 0 < r < 1and t in R is called the poisson kernel.

To give the definition of the Poisson integrals let us begin the discussion by stating and proving
the following theorem.

Theorem?2.3.1[4]: For each real number r, 0 < r < 1, the two sided infinite series
P(r,t) = 32 _ rI™ e converges uniformly for t in R. That is the sequence Sy is given by

Sn(t) =XN__y rIm et converges uniformly on R

Proof: To see this we write

Sn(t) = 142 IN_ rinl(eint 4 g=inty = 1423 N__ +™ cosnt
But |sy(t)| = 1+2XN_, 27/l as (et 4+ e~t)| < 21"

Therefore this shows that it converges uniformly. But limSy(t)= 1+2 Y, r" (ei”t + e“'”f)which
converge uniformly on R.m

nt_ ,—int

Notel. P(r,t) = ¥, rinl (eint + ety = 1 + ¥, 2rcosnt (since elte m

> = cosnt)

2. Letz=re®. ThenP(r,6-t) = X _o, 7™ e0~D),

eit+rei9] . 1-12
ei®—rei®l T 1-2rcos(8—t)+12

= Re[

ButP(r,0 — t) = 1+y0_ ™ [ein(6=0 4 g=in(6-0)]
- 1+27010=1 rh ein(@—t) + 2?:1 rn e—in(e—t)

= 143, (re @0 + Tz, (re 0Oy

rei(6-t) re—i(6-t)

1-1el®-) ' 1—re~i(6-D)

1+

= T —pra—t)=p, (0 1)

1-2rcos(8—t)+r2

it

eit: is analytic function which satisfies Cauchy Reimman equation

e

For each fixed t inR,f (z) =

Notice that P(r,t) >0 andi ) Oznp(r, t)dt =1

17



1 (2 1 (2 1 (2
Indeed zfonp(r,t)dt = Efondt +§f0"2005ntdt =14+0=1
Definition2.3.2: Let f be continuous on dD={z: |z| = 1}, then

Pf(z) = ifoznp(r, 0 — t)f(e') dt is said to be the poisson integral of f.

From the fact that P(r, 6 — t) = Ref(z)and the analyticity of f(z) = We can conclude that
Pf(z) is harmonic function.

2.4. Poisson integrals in disc and upper half plane

By the mean value theorem, if u is harmonic on B(a ,r), then u(a) is the mean value of u on the
circle |z—al =r.
Now, if a=0 and r=1 we get a unit disc D = {z:|z|=1} = B(0,1)

. . . . . . . 0%u 0%u
Hence if u is continuous on the closed disc D and is harmonic on the open disc D £+ﬁ 0

which satisfies Laplace’s equation and then,
u(0)=5- fu(e‘g)de

Theorem2.4.1[4]:suppose that u is continuous on the closed unit disc D and is harmonic on the
open unit disc D. Let z,=re® and then u(z,) = %fozn Pz, ()u(e'®)do, where B, (8)is the
poisson kernel z,,

Proof: consider the map r(z)- : D— D which is mobius transformation and t=(z) exists
which we will be given by

Z+Zo

(@) =

for z on dD we get

lt(z)| = 1. i.e. if z=re®

= 1.This implies that t(z)edD. Therefore the unit circle D

_ZO

is invariant under Tt and hance r(z) =e'?for some ¢ in R .Then

. i6_
elo=2 . eZl"e The differentiation of ©(z) gives us
—40
dr_ ol 1 p (9—0,) = p(r, 6 — 0)
40 eib_zo[F  1-2rcos(6-0g) +72 20 o) =PI, 0

which is known as poisson kernel of zyin D.

18



Now consider T and t~*which are continuous on D and harmonic on D. The composition of uand
1. i.e. uo t™1is continuous on D and harmonic on D. Then by MVP,

ue t~1(0)= U(Zo)— —J(wot (e )dg
= [u(t()) dp == [ u(e'®) Po(6)d6
_1 2T i . . . .
u(zo) = fo Pz, (e)u(e )de which is known as poisson integral formula.

From this we can conclude that if u is continuous on D and harmonic on D, for each Zyin D,
u(z,) can be represented by

U(zo) =5 u(e®)P,,(6)d0

Suppose the map z: D—H be given by z(w)- ©) .Clearly z is a conformal map between D and
H such that z(i)= 1, z(1) =0, z (-i) =-1 and z( 1) =oo. If w on D and w # —1, thenz(w) =tin

R, from the disc, we get P,(8) = P,(e!®) = Re [elg+;]

€+W

Hence, P, (e'?) = Re[ ] Let zo = z(wy), zo = x¢ + iy,. Under the inverse map of z above,

ie.z7L:H->D:z~ 1(20)=%=w0,eachtin11%mapsto aD.
0

For tin R we have, z71(t) = %zew, for some 6.

Puo(€'®) = Re [S722]=Pyo(2~ 1)

[ e0—w

i—t i—z07

v i+zg | _ yo(1+72)

It 220 (Xo-t)2 402
i+t i+zqd

=Re and

Hence normalizing the above equation yields

do 14+7r?
poo(®) 2 Yo( ) gt = Yo gt
dt T(x,_t)? + yo2 (1 + t?) T(Xo_t)? + yo?

From this we get,

. 2
Pool(€®) % = i%which is called the poisson kernel of zqin the upper half plane.
o— 02

Based on above information if u is continuous on Hu{co} and harmonic on H,then uoz™1 is
continuous on the closed unit disc and harmonic on the open disk and hence
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UOT‘l(w):i fozn(u( 7(e!®))P, (e®)dO

:ffooo u(t) —L—dt=P,(t) Which is called the poisson integral in the upper half plane.

(x—t)2+y?2

When t in R is fixed the poisson kernel for the upper half plane is harmonic function of z
because

P.(t)==1im (=) = P,(1).

Cz

From its defining formula we see that P,(t) < o

where C, is a constant depending on Z.

Consequently if 1< P < oo then P,(t) € LA(R) and the function u(z)= [ P,(t)f(t)dt is harmonic
on H Whenever f e LP(R), 1< P < oo, moreover, since P,(t) is continuos function, the above
integral will still produce a harmonic function u(z) if f(t)dt is replaced by finite measure dp(t)
or by a positive measure du(t) such that

J ﬁdu(t) < o0.So that [ P,(t)du(t) converges.

Lemma2.4.1[4]: Let € LP, 1 <p < oo and f is continuous at x, andu(x, y) = fpy ®f(x—
t)dt, then

lim(x,y)—>x0 u(xr :V) = f(xO )
Proof: We are going to show that givene > 0 there exist § > 0 such that

| x - x0| <6 = |u(x,y) — f(xy)| < €. Indeed since f is continuous atx, there exist § > 0 such
that|x — xo|< 8 = |f(x) —f(x0)| <&, ifx —te (xg — 6,x9 + 3), then |[(x —t) —xo| < 6

=|f (x-t) - f(xo)| < €, but
UG, V)=f(0)] = fiyes Py OIF G = O = FGIdt + [ o py (O1F G = ) = £ (o)
Hence for the fixed 6 from the above

f|t|28 Py (t)|f(x —t)- f(x0)|dt—> 0 asy — 0 and with 6 small and |x — x,| small

f P, (D |f (x — t) — f(x0)|dt is small. Therefore the limit converges to f(x,).m
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Lemma2.4.2[4]: If u(z) is harmonic on H and bounded and continuous on H, then
u@z) =f P, (x — t) u(t)dt.

Proof: If u is continuous to oo, then it is a consequence of the definition. But u may not be
continuous at oo. Let u(z) = v(z) — [ P,(x —t) u(t)dt,

Claim u(z)= 0. Since u is harmonic on H and continuous onH, and by the above Lemma , for x
in R, u(z)=0.

u(z), ify=0

Set v(z):{_u(z)’ ify <o

for z=x+iy
v is bounded harmonic function on the complex plane and then by Lioville theorem which says a
bounded analytic function on the complex plane is constant, v(z) = v(0) = u(0) = 0.

Hence v(z)= 0 for all z in C. This implies that

u(z)=f Py(x — t) u(t)dt.m

2.5. Subharmonic functions

There are two standard approaches to define subharmonic functions. One is to require that
Uyy + Uy, = 0in the sense of distribution theory, matching the characteristics property of
harmonic functions while the other one is by submean property, matching the mean value
property of harmonic functions.

Recall that harmonic functions are continuous. However, subharmonic are not required to be
continuous. A function f on a metric space X is known as continuous at x if for any given
positive £ we can find an open ball B(x, §) of radius § about x, B(x, §) = {y: d(x, y) <6} such
that f(X) —e < f(y) < f(x) + ¢ fory € B(X, 6). If this two-sided inequality becomes only one-
sided, then the function is said to be semi-continuous. The upper semi-continuous of such
functions is introduced below.

Definition2.5.1: A function f: G —[-o0, 00) is called upper semi-continuous(u.s.c) at x € G if for
any given & we can find a positive § such that

f) < f(x) + efory € B(x,8)< G <C.

This definition is equivalent to the conditions given x, in G and f(x,) < k there existé > 0 such
that if | x- xo| <6 and x in G then f(x) < k. Indeed if f is upper sem-continuous and f(x,) <Kk,
then the set
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A={x:x € G, f(x) < k}isopenand x, € A. Hence there is§> 0 such that the ball B(x,, §)
CA. ie.

If |x — x0]<6 and x in G then f(x) < k.

sine), x+0

—oo ,x=0.

Example:f(x) = sin G): {
Theorem 2.5.1[1]:Let f be upper semi-continuous. Then f is bounded above on compact sets
and attains its upper bound in every compact set.

Proof: Based on the Bolzano-Weierstrass theorem and is the same as continuous functions. Let

M = sup,ex f (x), where M may be co. By the definition of sup, there exists a sequence (x,) in K
such that f (x,) = M as n— oo. If K is compact then (x,) contains a subsequence converging to a
point x€ K. It follows from the definition that M < f(x), hence M is finite. Also sincef(x) <M
on K, one can conclude that f(x)=M.m

We can observe that if f is finite then f is continuous on G if and only if f and — f are u.s.c. We
have seen that harmonic functions can be defined in terms of the MVP if we replace equality by
inequality, we obtain subharmonic functions in this relation.

Definition2.5.2: Let G be a region (open and connected) and let u: G— Rbe a continuous
function. u is subharmonic function if whenever B(a,r) € G,

1 (%" .
u(a) < Ef o(a+ret?)ds.
0

Example: Every harmonic function is subharmonic function.

Theorem2.5.2[1]:If f is analytic function on G, then,

log|f @DNif f(2) # 0
o iff(2) =0

Proof: It is immediate that u is u.s.c and

is subharmonic.

u(z) :{

-0 = u(zo) < 5= [ u(zo + pr'?) ddiff(z)=0 and
u(z) =Relog f(z) = log|f (2)| is harmonic if f(z) + 0.

Thus u is sub-harmonic in G.m
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Theorem 2.5.3 (Maximum Principle)[1]: Let u be subharmonic on a domain G in C. Then

(@) If u attains a global maximum in G then u is constant.
(b) If G is bounded and lim,_,,, supu(z) < 0 forallw € dG, thenu <0on G.

Proof: Suppose that u attains a maximum value M on D. Define
A={zeG:u@) <M}, K={zeG:u(z) =M}

The set A is open because u is upper semi-continuous. The set K is open too because of the local
submean property for subharmonic functions (any sufficiently small circle about z € K must be
lie in K, for if not then there is a circle that intersects with A, and since A is open the intersection
will contain a segment of finite length hence the mean value integral will be < 2zM in violation
of the local submean property). By assumption, A and K partition G. Since G is connected, one
of the two sets must be empty. The set K is non-empty by assumption, therefore A is empty, and
part (a) is proved.

To prove part (b), let us extend u to the boundary of G by u(w) = lim,_,,, supu(z), for w € aD.
Then u is upper sem-continuous on G. Since G is compact by Theorem 3.1.1 above u attains a
maximum on G. If the maximum point is in D, then u = 0 on G by part (). If the maximum point
is at the boundary of Gthenu<0on G.m

Remarks:
(i) If uis upper semi-continuous on a set G, then there is a decreasing sequence {f,,} of
continuous function on G such that £, (x) = f(X) as n— co.
(i) If f is upper semi-continuous on a compact set G, then f attain its maximum on G.

Theorem?2.5.4[4]:Let v be a subharmonic function in G and let ¢(t) be increasing convex
function on [-o0, ) Continuous at t = -co . Then ¢ o v is subharmonic in G.

Proof: Since every convex function is continuous on R, ¢ is continuous on [-oo, o). It follows
that p cvisu.s.con G, if z, € G and if r <r(z,), then because ¢ is increasing,

9(0(20)) < 5 [ (pov)(z + re'?) db.
Therefore ¢ o v is subharmonic in G.m

Corollary2.5.1[4]: If u is subharmonic in G, then e** for 1 > 0 is subharmonic function.

Proof: Since e* is convex and increasing in (-0, ), and for A > 0, Au is subharmonic, then by
the above theorem e** is subharmonic in G.
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Corollary2.5.2[4]: If f is analytic in G, then |f|*for A > 0 is subharmonic.

Proof: Since f is analytic u = log|f| is subharmonic. Then by the above corollary |f|* = e** is
subharmonic in G. The semi-continuity of u in the definition of subharmonic guarantees that u is
measurable and bounded above on any compact subset of G.

Therefore, the integral in the above definition either converges or diverges to —co.m

Definition2.5.3: The subharmonic v(z) in G is said to have a harmonic majorant if there is a
harmonic function u(z) such that v(z) < u(z) for all z in G and the least harmonic majorantu; (z)
is a harmonic majorant such that u; (z) < u(z) for every harmonic majorant u(z) of v(z).

Theorem?2.5.5[4]: Let v be a subharmonic function in the unit disc D. Assume v(z) Z—oo for
0<r<i1.

v(2), for|z| =>r

1 .
i0
Zﬂjpz\r(ﬁ)v( ret?)do for |z| <.

Letv.(z) =

v,-(2)is subharmonic on D and it is harmonic on |z| < r, v(z) < v,(z),z € D and v, is an
increasing function of r and v,.(2) = %f v(re'?)do.

Proof: To see that v,.(z) is upper semi-continuous at a point z, € dB(0,r), we must show

lim,_,, v (z) <v(z,). This follows from the approximate identity properties of the poisson
kernel and from semi-continuity of v.

Write zy=re'%, for & > 0, thereis§ > 0 suchthatv(re'®) < v(zy) + £ if |§ — 6,|<5. Then
if|z]| < rand |z — z,| is small,

1 1 i
UT(Z) = gfw_g(ﬂ < (gpz\r(g) [17( Zy + S)] o + o [Supv(relg)] f|9_90|> 5pz\r(9)d9
< v(zp) + 2¢.

Hence v, is upper semi-continuous. If we again take continuous functions u,,(z) decreasing to
v(z) on dB(0,r), then (by the same proof of the corollary we have) v(z) < v,(2).

Because of v is subharmonic, this inequality shows the mean value inequality at each point z,
with|z,| =r. i.e.

v(zp) < if v(zo + pe'?) défor p<r.

Consequently v,.(2) is a subharmonic function on D.m
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Theorem?2.5.6[4]: Let v be a subharmonic in the unit disc D. Then v has a harmonic majorant if
and only if

Supifv( re'?) do = sup v, (0)<oo and the least harmonic majorant of v is then

u(z) = limy_, ifpz\r(e)v( re?)do = limv.(2) .
Proof: Suppose that supv, (0)<oco. Then by Haranck’s theorem the function v,.(z) increases to a
finite harmonic function u(z) on D. Then by the above theorem v(z) < v,.(z) and v,.(z) < u(z)
and hence v (z) < u(z) for all z.

Therefore u is a harmonic majorant of v.

Conversely let u be a harmonic on D and let v(z) < u(z) vz in D. This implies that v,.(z) <u(z),
Vr.

Consequently sup,v,-(0)<co, and again u(z) = linlzvr(z) is finite and harmonic.
r—

Since v,.(z) <u(z), we have u;(z) < u(z) and hence u,, is the least harmonic majorant.

From continuity u(z) = liTrll u(rz). The least harmonic majorant of v can also be written as
Y d

u,(2) = limy_1 — [ p,(O)v(re’®) do.m
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CHAPTER THREE
Hardy Space (HP) over upper half plane

The classical theory of a hardy space (H?) is a mixture of real and complex analysis. There are
two HP theories; one over the disc and the other over the half plane. These twin theories are
introduced simultaneously.

3.1. Definition and some properties of Hardy space on the unit Disc
We begin by presenting the main properties of Hardy spaces on the unit disc
D={zeC:|z| < 1}.

We shall usually denote the boundary of D by D = {z€ C : |z| = 1}and the closure of D by D
=DuD.

Definition3.1.1: Hardy Space H? (D) is a collection of all analytic functionsf: D — C such that

Sup if02n|f( rei9)|p do = ”f”ZP<°°-

0<r<12p

If p=co we say f € H*(D) if f(z) is a bounded analytic on D and we write
s -
ren f @D = lIf oo
Example: Let f(z) =z=re'®, zinD, 0 <r<1. Then |f(2)|=r, 0<p<oo
S 1 i p _ s 1
verb o [If(re®)|["do = P —[rPdo <1.
Hence f € HP(D) and also for p = o,
1flleo = 522 1 £ ()] = 521 = 1<co.

Therefore f € H*(D).

Based on theorem 2.5.4 above the analytic function f(z) € H*(D) if and only if the sub-
harmonic function |f( z)|? has a harmonic majorant and that for p<co, ||f||g,, is the value of the
leastharmonicmajorant at z=0 which is of the form:

U@) =limyo 5= [ porO)|f (re®®)[” db.

Now if z=0, p,\,(0) = 1, this implies that

u(0) = lim,_, iﬂf( re’®)|” de.
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And it can be shown that,

02?51%f|f( Tei9)|p de = limr-&iﬂf( reie)lp dg = [Ifll»= u(0).

Theorem 3.1.1[8]:HP(D) is a Banach space.

Proof: Let {f,,} be a Cauchy sequence in HP(D). By Lemma 3.1.1, for everyr< 1 {f,}isa
Cauchy sequence in C(D), with the uniform norm. By the completeness of C(D), there is
g €C(D) such that f;, - g uniformly on D.

Obviously, if , <1, < 1, g, and g, coincide on D,. . It follows that the various g, withr <1,
are all restrictions of a unique function g continuous on D. We now prove that g is holomorphic
in D. By Morera’s theorem, this is true if and only if for every closed arc y in D,

fyg(z)dz = 0.

Let y be such an arc. Since y is contained in D, for some r < 1, f,, = g uniformly on y. Therefore
fyg(z)dz =lim,,_e f(2)dz,

and each of this integrals is zero because the f,, are holomorphic.

We finally prove that f,, — g in HP(D). Given e> 0, let N be such that

lf, = finllgp<€for n, m = N. Take r < 1. Since f,,, = g uniformly on the circle

|z =r, ifn >N,

[ gl = N [ \fos = fonl? < i [1fy = fllr < e

Since this holds for every r <1, ||f,, — glly» < €. Hence HP(D) is a Banach space. m

3.2. Blaschke Product

AnH® function that has unit modulus almost everywhere on the boundary is called an inner
function. A finite Blaschke product is one example of such functions. If we have an H?
function, we can use Blaschke product to factor out its zero, i.e. we can write f(z) = B(2)g(2),
where B is an infinite Blaschke product and g # 0.

Definition 3.2.1: A finite Blaschke product is a function of the form

B(2) =" [T}os —2 .|7|< 1,j=1.2,...n.

=17 —_
J 1—z]
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The function B has the properties:

Q) B is continuous on dD.

(i)  |1B(2)|=|e* I}
=

[1-752]
Therefore |B(2)]| =

zZ— Z] zZ— Zj |Z Z]|

=le™ | TT}-s

=1vzeaDand |z|<Ll.

1zz 1zz

l_[j 1|

lzz|

But

(iii) B has finitely many zeros in D.

The number of zeros of B is equal to its degree. A Blaschke product of degree zero is a constant
function of absolute value 1. Then properties of B determine B up to a constant factor of
modulus 1. Indeed, if an analytic function f(z) has these properties, and the same zeros with B,
then by the maximum principle

|§| <land |§| <1on D, and so /B is constant. Now let us see {z,} of a non zero HP(H) function

on the disc satisfying Blaschke’s product:
2(1 - |Zn|)<oo-

Theorem 3.2.1[4]: Let f be an analytic function on the disc, f # 0 and let {z,} be the zeros of
f(2). If log| f(z)| has harmonic majorant, then

L(1 = |zy[)<co,

and if u(z) is the least harmonic majorant of log| f (z)|, then
X(1 = |zpl) <u(0) - log| f(0)I.

Proof: Suppose £(0) # 0, then **? floglf(e‘9)| df<oo. If u is the least harmonic majorant of
log| f(z)], then

u(0) = P [ log| f (e®)| dO = ' — [log| f(e'®)]| db.
Fixing r< 1 implies that |z,| # r for all nand let zy, z,, ..., z, be those zeros with |zj|< 1. Then

F(rz) has zeros = 2z . Let Bi(z) = [T*

=17 , a finite Blaschke product with the same

zeros as F(rz). And Iet g(Z) = f(rz) I B(2), g is analytlc and zero free on D, so that

log| g(0)| = - [ log| g(re'®)| d6
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1)

i0
|Br(z)| = | f(ei®)|. This gives Jensen formula

Since log| g(e'®)| =

log| £(0)] + B <1 1087 = 5 [ logl £ ()] do.
Letting r tends to 1 yields:
) Logﬁ <m 27Tflogl f(xel®)| d6-log| £(0)] = u(0) - log| £ (0)].
Butlog(1—|z|) < log| lv] and this implies that
T (1-|z) <X 1 L <u(0) - log| £(0)| and hence
j=1 (1= |z ])<e0.
If f € HP(D) then log| f| < %lflp and log| f| has a harmonic majorant. Hence if f € HP(D) or
if
F(W) =F(z(w)), F € HP(H), then  Y(1 — |z, )<co.m

Theorem 3.2.2[8](F. Riesz): Let 0 < p <oo, f € HP(D), f # 0,{z.} be the zeros of f(z) and B(z)
be the Blaschke product with zeros {z,}. Then

9@ =E2 s in H¥(D) and ligllyw = IIf llv

Proof: If f € HP, then B(z) converges. Let B, be the Blaschke product with zeros z1, z,, ...,z,and
letg,, = f/Bn, gn g asn— o and g, is increasing function of r.

Fixing r<1 implies

flgn(re®)[do/zm < fim [ LA g tim |, (i) = |5, (ret®)]= 1.

r—-1 |B (Tele)|1’ 2! 7'—>1

If 1— r is small then |B,, (re'®)|> 1—¢ so that [|g,(re®)|"d6/2m < '™ [|f (re'®)|"d6/2n

r-1
=P yo-

This implies that [lglI ,» = "™ [|gn(re®)|"do < IIfIIP,» hence llgll < Ifll............ (%)

n—-oo

Since |g,| is increasing to |g| and |g| = |f| we have ||f|lgp < lgllgp..eovevenieenann.n. ().

Therefore from () and (x*) we get ||f|lg» = llgllzr.m
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Theorem3.2.3[4]: Let f € H*(D), ||f]| < 1. Then the following are equivalent.

0) f(2) = AB(z), where A is a constant, [1] =1 and B(z) is a Blaschke product.
. i g~ 46 _

(i) 2 [llogf(re®)|5-=0

(ili)  Theleast harmonic majorant of log| f(z)] is 0.

Proof: Suppose that f(z) is a Blaschke product with zero {z,}, and let € > 0, we may divide
f(2) by afinite Blaschke product B,(z) so that |(£) (0)|> 1- . Since Bn is continuous on D and
|B.(e"9)| =1,

M [llogf (rei®)|dg = '™ [ |log;—n(rei9)| df. But since log|Bin| is sub-harmonic and

r—1 r-1
f (e, i0
-log(1-¢) </ log|-~(re*®)|d6/2n < 0.

As r—1 the limit of the integral becomes 0. Hence (ii) holds and equivalents to (iii).

Now to show (i) suppose (iii) holds. Let (z) =f(z)/B(z), where B(z) is the Blaschke product
formed from the zeros of f(z). Then because ||f|| < 1, log| f(z)] < log|g(z)] < 0. Since
log|g(z)| is the harmonic majorant of log| f(z)|, (iii) implies that log| g(z)|. Hence g(z) = A where
Alisconstantand |A|=1and so (i) holds.m

Corollary 3.2.1[8]: Letf € H(D), not identicallyzero, with 1 < s < oo, and let p, q € [1, o] be
such that % + é = % Then there exist g € HS(D)and h € H4(D) such that

f = ghandllgliiy = lIRllfq = IflI5s.

Proof.Let B be the Blaschke product of f and ¢= g Then ¢ € H*(D) and has no zeroes in D.
Let

90) = p(2)p = er'*"?

Then |g(2)| = |p(2)|?, so that
[ lg@re)| dt = [ (re™)| dt = lpll°.
Therefore g € HP(D) and ||glIP» = ll@ll5s = I II3s-

HP —

If we set h(z) = <p(z)%B(z), then g(z)h(z) = <p(z)§+§B(z) = f(2), and moreover
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IR/BII? = ll@ll*. Therefore, llAll» = IR/Bllfa = llellzs = [Iflls. m

Lemma3.2.1[8]: Let f € HP(D) and 0<p < oo. Then, for every z € D,

(1-|z)?P

Proof:for p = oo the statement holds trivially since

@I Wl = >0 @I,

Suppose p <oo. If f = 0 it holds clearly.
Assume f # 0. Then by F. Riesz’s decomposition theorem(Let 0 < p < oo, f € HP(D),{z,} be

the zeros of f(z) and B(z) the Blaschke product with zeros {z,,}. Then g(z) = % € HP(D))we

can write

f(z) = g(z)B(z), B is Blaschke factor,

g € HPand||f||ze = lIglluw.

Take r such that |z] < r < 1 and y be circle centered at origin and radius r.

Sinceg € HP(D)= gP € H(D), by Cauchy integral formula

(9@ =5 [, S  dw

2wy w-z

Setting w = re’t, dw = ire‘tdt, we get

(g(2)P = iﬁ"Mdt

0 reit—z

1 [(g(reit))Preit

p il
= |g(Z)| = 2T reit—z dt
= Jy lg(ret)| dt
Tr r

< p __ 14

—_ r— |Z| ”g”Hp r— |Z| ”f”Hp
Then, letting r— 1,

1

If 15 m

If@IP = (g@DNBADP < 1g@DIP < T B
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3.3. Definition and properties of Hardy Space over upper half-plane

We begin this section by introducing that we will use H for the upper half plane and H? (H)
Hardy spaces of a upper half plane where 0 < p <oo, H = {z€ C : Imz > 0} which denotes the
upper half plane. For each f: H — C holomophic on H, ||f]|,, is defined by

1fllp = 2 (G + i) P doo.

Definition 3.3.1: Let 0 <p<oo and f be analytic function on the upper half plane H. We say
f € HP(H) if

S [ 1F G+ ip)IP dx = |7 p<oo.

If p=co wesay f € H*(H) if f(z) is a bounded analytic on H and we write
S —
I @I =S Nl

Note that the definition of HP (H) involves all y, 0 <y<oo, instead of small values of y, like say
0<y<l1

lZ/
For example, if g(z) = >

(i +z)2/r’
NP = le¥y—ix| _ ey
|g( x+ ly)l lx+(y+1)il2  (y+1)2+x2 "’
eY _evr
This implies that [ oomdx_ g

S
y';'(; —|s not finite. Therefore g ¢ HP (H) for p <co.

Let z= t(w) :% be the conformal mapping of D onto H. fet € H*(D) if and only if
f € H*(H), indeed, if for € H*(D) then

If o tlleo = S2BIf o T(W)] =28 |f (x(w))<co.
But for each z in H,there exists w in D such that 7(w)= z, and hence

reb If @] = 02 |f (z(w))|<co. This implies that ;1% | (2)]<co.

ZEH WED
Hence f € H* (H).
Conversely suppose that € H* (H), then for all w in D, sup|(f o ) (w)|<oo, but 7(2) is in H.
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This implies 5P | £ (z)|<co and hence fotH* (H).

In order to treat H? (D) and HP () together we are going to prove the following two lemmas.

If A and B are two connected, simply connected, proper open subsets of C, there exists a
conformal mapping ¢ from A onto B. For A = D, the unit disc, and B = H, one can explicitely
write such mappings. One of them is

o(z) = ig , and it is called the Cayley transform.

Lemma 3.3.1[8]: The Cayley transform ¢ maps D onto H, it is invertible, and
“1(w) ==t

¢~ (W) Twti”

Proof.By Cayley transform we have,

1+z (142 (-2) _ .1-|z|*+2ilmz

p(z) = i Py Py , SO that
_1-|z|? .

Imep(z) = |1—Z|2> 0,ifzeD.

Hence ¢ maps D into H the upper half plane.
It is easy to verify that ¢ is injective and that ¢ ~1(w) = % gives its inverse function. If w € H,

lw — i| < |w + 1|by a simple geometric consideration, so that | ~1(w)|< 1.

This shows that ¢ is onto and hence we can use the Cayley transform to transfer harmonic
functions from D to H and viceversa.m

Lemma 3.3.2[4]: if 0<p < oo and if f € HP(H), then the subharmonic function |f(z)|? has
harmonic majorant u(z) in H and

u@i) < ZIIF 115

Proof: sincef € HP (H), then |f|? has harmonic majorant and theleast harmonic majorant is of

1
m(t2+1)

the form u(z) =f p, (x — t) |f (2)|Pdt. Hence u(i) = [ |f (2)|Pdt < %flf(t)lpdt.
This implies that u(i) < ~ [If(®)[Pdt <= [IIfIIP.

. 1
Therefore, u(i) < = IFIE,. m

33



Theorem 3.3.1[4]: if 0 <p < oo and if f isanalytic function in the upper half plane such that
the subharmonic|f (z)|? has a harmonic majorant, then

n_l/p

F(Z) :mf(Z) isin HP(H) and
If1I?» < u(i), where u is the least harmonic majorant of |f(z)IP.

Proof: let u be the least harmonic majorant of |f(z)|P.The positive harmonic function has the
form:

u(z) =cy + [ py(x — t)du(t), where c= 0 andu is a positive measure on R such that

J@ + 271 du(t)< oo

1

p-—— 1 p
Consequently, |F(2)| T ToTDY If (2)|? < )

u(z) and hence

cy 1
|F(Z)|p S 11'(1+x2) + 11'(1+x2) f py(x - t)d:u(t)

1
1+x2

Using Fubini theorem, [|F (x + iy)Pdx| <cy +— [ (f —— [ p, (x — t) dx) du(®).

= Py+a(t). This implies that,

But fffxzfpy(x—t)dx=

JIF Qe+ iy)[Pdx < cy + [ py41()d pu(t) = -C + u((1+y)i) < oo.

Taking the supermum we get ||f]|?, < co. But [|F(x + iy)|Pdx is a decreasing function of y.
Hence [IF|IY, = limy,_, [|F (x + iy)|Pdx.

From this We have:

Il < u(i).m

Lemma 3.3.3[8]: If f € HP(H), z = x + iy € H, then

e+ iyl < CEEE,
yP

Proof: We assume that p < oo, the other case being trivial. For every r <y, by the mean value
property,

f@ =" f(z+ret)dt.

Integrating in polar coordinates around z, we then have
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1

1 .
fB(z.y)f(W)dW = ,T_yzfoy f_nnf(Z + re't) dtrdr

|B(zy)I
2

== Jo f@rdr

=f(@).
Therefore, using Holder’s inequality and the inclusion B(z, y) € s,= {u + iv :0 < 2y},

] 1
lf(x+iy)| < s |f (w)ldw
Y JB@zy)

1 1
< f lfenlraw

< G L IfnPawp = (5 [, 17+ )P awyp

S

< f v (25 £ ) = ()Pl

Hence,|f (z)] < a2
ypP

Theorem 3.3.2 [8]: For 0 <a< b, letSap ={x +iy: a <y < b}. If f € HP(H), with p< oo,
then

lim f(z)=0

Z—>0,ZESq p

Proof: For z € S, 5, let B, be disc centered at z of radius a. By the concept of Lemma 3.3.3

@I < 2 L wldw < (2 lronl dwyp........)

Now observe that B, © S+, and that

o IfIPaw = [ [If G+ ip)IP dxdy < (b + a)llfllzp<co.

0,b+a,

Therefore, given € > 0, there is M > 0 such that

f0b+a f|x|>M|f(x + iy)|P dxdy<ma®eP .................. (**)

If |Rez| > M +a,B, € {x+iy: |x| >M,0 <y < b+ a}.Putting (*) and (**) together, we
obtain that |f(z)|<e. m
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Theorem 3.3.3[4]: For 0 <p< oo, HP is complete.

Proof: Assume p <oo, we give the proof in the upper half plane; the reasoning for the disc is very
similar. Due to the closed graph principle (Lemma 3.3.3 above), for each y>0, f € HP (H) and
z € H we have the inequality

If G+ il < YIS I

This shows that any HP cauchy sequences {f,,} converges point wise on H to analytic function

f@.

By Fatou’s lemma:
[1f G+ ) = e+ P < fim [ UnGe+ i) = fux + )P
< 1im [Ifin = fallge.
m-—oo
Hence [If — fullge < lim [Ifin — fullg.

Therefore,HP is a complete space. =

3.4. Composition Operators on Hardy Space

Definition 3.4.1: Composition operator induced by 1, Cy, is the linear operator on the space of
all C-valued functions on H, C™ is given by

Cyf =foipf € CM.

When for some p, 0< p <oo, HP (H) is left invariant by Cy, i.e.,
Cy HP (H)SHP (H).

Due to the closed graph principle and well-known inequality

2
wimw

)] < G2l f € HP(H), W €H;

This means that the restriction operator will be equally denoted by C,, and in such situation we
say that 1 induces a bounded composition operator onH? (H).
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Definition 3.4.2:Suppose that { is analytic on H. For each fixed y > 0 the measurable
Wy (X) = P(x +iy), x € R induces a Borel measure on H, quy_l called the pull-back measure
induced by Yy is given,

mtpy"l(E) =S{x e R:Y(x+iy) EE}H..cccevveneni.. (*) for each Borel subset E < H.

In (%) |-] denotes the Lebesgue measure on R. If 1 induces a bounded composition operator on
HP (H) for some p, O<p<co, we can write [ |f (W(x + iy))|Pdx = [ |f((fo 1py))|pdx

=falfPdmp, ™ < lcyf |7

< |ICulIP1If IB.f € HP ().

This implies that the family { mll}y_l}y>0 is a family of Carleson measures on H with common
bound, i.e., there exist ¢>0 such that

ml/)y_l({W € H:t<Rew<t+h, O<Imw<h}) <ch................... (x+)and we shall denote by Q; 5,
for h>0, t € R, and y>0.

The main advantage of this characterization of boundedness is that it proves that an analytic map
Y : H — H simultaneously induces bounded composition operators on all HP (H) spaces.

Theorem 3.4.1[2]:For any p, 0< p <co an analytic map: H — H induces a bounded composition
operator on HP (H) if and only if the pull-back measures ml/)y_l, y > 0 are Carleson measures
with common bound c, i.e., if and only if there is a ¢ > 0 such that () holds foranyh > 0,t€ R
andy > 0.

Corollary 3.4.1[2]:If ¥ is bounded, analytic self mapping of H, then vy does not induce a bound
composition operator on any of the spaces H? (H), 0 < p <co.

Proof: Choose h>0, such that y(H) €Q_j >, Which is possible because 1 is bounded. We have
that for any y>0,

Wy (Q-p2n)= R, 50 mp, ™ (Q_p2n) = o0, and therefore (xx) does not hold. m

Corollary 3.4.2[2]:The only linear fractional mapping y which leave H invariant and induce
bounded composition operators on the HP () spaces are those of the form Y (w) = aw + S with
a>0andImp =0.

Proof: We consider transformation of the form y(w) = (aw + b) / (cw + d). By the previous
corollary, we must have c=0, so i must be of the form y(w) = aw + B. Indeed, if ¢ # 0, and the
zero of the denominator has negative imaginary part, then 1 is bounded on H. If the denominator
has its zero on the real line, sat at X, observe one can choose t € R such that t < x < x + h. In that
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case, there is a neighborhood of o, i.e., a set N of the form C\D where D is a closed disc such
that 1(N) CQ, . Therefore for some y>0 we shall have ¥, " (Q.) =R, somy, " (Qpp) = 0.
We deduce 1 must be of the form y¥(w) = aw + B. a can not be 0 because in the case ¥ would
be bound. Since ¥ must leave H invariant, we must have « >0 and Im/>0. Hence each such
mapping satisfies condition (**) is immediate.m

Corollary 3.4.3[2]: The branch 1 (w)= v'w which maps H onto the first quadrant does not
induce a bound composition operator on any of the H? (H)-spaces.

Proof: Fix any y,>0 and set W=s + iy,/2s. So w? =s? — y,2/4s? + iy,. Therefore if h=y,/2t,
Vw? =w € Q,, for each s, O<t<s<t+ h. So (s? — y,%/4s?) € Wy, (Qpp) ifO<t<s<t+ h and
hence

YOZ 3’02

+ 2
|{x € R X+ 1yp € Qup}| 2 (¢ + )2 - XLy o 420 CE ), o5 i ¢ oo,

4t2(t+h)?

So, (**) cannot hold.

The self mapping ¢ of the unit disc D induce bounded composition operators on all spaces

HP (D) if and only if they are holomorphic on D, their holomophybeing necessary because f(z)=
z,z € D is an HP(D)-functionfor each p, 0<p<oo, and fo¢= ¢ must be in H?(D). The Hardy
spaces on H have worse properties, so far as composition operators are concerned. As we saw,
there exist analytic self mappings on H, even linear fractional transforms which leave H
invariant, and do not induces bounded composition operators on any of the H? (H)-spaces,
O0<p<oo.m

Theorem 3.4.2[2]:For any fixed p, 0 < p < oo, if a continuous self mapping ofH, y: H — H
induces a bounded composition operator on HP (H), then i must be holomophic on H.

Proof: It will be to show that if C,, HP () SHP (H), then v is analytic on H. Since f(w)=1/(w +
2
i)», w € H is an HP (H)-function, hencef oy € HP (H), so fo1 is analytic on H.

f'(w) # 0, vw € H, so f is locally invertible with holomophic local inverses, i.e., for each
arbitrary w, € H we can choose an open neighborhood N of f(y¥(w,)) where f has a
holomorphic inverse =1, and an open neighborhood V of wy, such that (foy)(V) €N so, for
each w € V we have

f 1 oforp(w)= 1p(w), which shows that 1y must be holomorphic on V. Since w, was arbitrary
chosen we deduce that vy is analytic on H. m
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Theorem 3.4.3[2]:1f ¢: H — H is analytic on H, and the function n(w, z)=|Rey’(w) +
ilmy'(z)| z, w € H, is bounded below, then 1 induces bounded composition operator on the
HP (H)-spaces.

Proof: Choose € >0 such that |n(w, z)| = ¢ for all z, w € H.Fory =u + iv, this means

|au(W)+ia”_(Z) > ¢ forallz, we H.
ox 0x

Take t € R, y >0, h>0 and observe that ify(x; + iy), Y(x, + iy) €Q; n, then
(s + iy) — Plx, + iy)| < V2h.

On the other hand, by the mean-value theorem, there exist s,, s, between x; and x, such that

, , ou(sy+iy) | idv(sy+iy)
0y + 1) = Py + iy)|= [P 4 T [y |

S0, |x;—x,| < V2hle, hence mzpy‘l(Qt,h) < sup{|x;—x,| : xq1,x, € lpy"l(Qt,h)} < 2h/e
which proves that C, is bounded. m
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