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Abstract

The focus of this thesis is to examine weak or variational formulations of
various elliptic boundary value problems and determine whether or not they
are well-posed. The weak version of the homogeneous Dirichlet boundary
value problem for the Poisson equation is first derived. A weak formulation
can be thought of as an operator equation in its abstract form.

Additionally, we offer some broad conclusions on the existence and unique-
ness of linear operator equations.
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Introduction

One of the most significant mathematical modeling instruments available
at the moment is the elliptic partial differential equation (Elliptic PDE). But
only a small number of partial differential equations allow for an analytical
solution in some straightforward conditions. Therefore, it should come as no
surprise that one of the main areas of computational mathematics research
has been the numerical solution, or more accurately, the approximation of
solutions to partial differential equations by numerical methods, ever since
the development of computers made such computations possible for problems
on large scales.

In this thesis, we consider variational (or weak) formulations of some ellip-
tic boundary value problems and study the well-posedness of the variational
problems. We begin with a derivation of a weak formulation of the homo-
geneous Dirichlet boundary value problem for the Poisson equation. In the
abstract form, a weak formulation can be viewed as an operator equation. In
the next section, we provide some general results on existence and uniqueness
for linear operator equations.

The other section introduces and discusses the well-known Lax-Milgram
Lemma, which is used to examine the well-posedness of variational formula-
tions for a variety of linear elliptic boundary value problems in the section
that follows.

Remember that €2 denotes an open bounded set in R", and we assume
the boundary I' = 02 is Lipschitz continuous. When necessary, we explicitly
declare the assumption that €2 is connected .

Elliptic partial differential equations are common in many sectors of sci-
ence and engineering. These include equilibrium problems and steady-state
phenomena. The most common example of such an equation is Poisson’s

equation.
Key Characteristics:

e Second-Order: Elliptic PDEs involve second-order partial derivatives,
typically in the form of Laplacian or similar operators.

e Smoothness: The coefficients of the second-order derivatives must satisfy
certain conditions.

e Steady-State Behavior: Elliptic PDEs often model steady-state or equi-
librium conditions. They describe phenomena that are not changing
with time.



Notations

PDE Partial Differential Equation.

R" The Euclidean space of n-dimension for n > 1.

S (R")  the Schwartz space of all rapidly decreasing infinitely differentiable
functions in R".

zT transpose of the vector x € R", n € N.

o) multi-index (an n-tuple): o = (a1, a9, ..., qy)

o] := order (or length) of the multi-index o € N". n € N.

Q open set in R".

02 =1 the boundary of (2.

Q Closure of €.

I'p part of the boundary on which Dirichlet conditions are prescribed.
'y part of the boundary on which Neumann conditions are prescribed.
% normal derivative.

D« partial derivative notation.

D¢ weak derivative notation.

H()) is the Sobolev space of function with square integrable first derivative.

Q)  the subspace of H'(2) which vanishes at the boundary.

H%(F) is the Sobolev space defined on the boundary I' that have a ” hal f”
derivative in the L* sence.

K = real or complex number system



Chapter 1

Preliminaries

1.1 Definitions

Definition 1.1.1. A norm on a vector spaces V' is a mapping || -|| : V — R
that satifies

1. ||ul| >0, for anyu € V , and ||ul]| = 0 if and only if u = 0.
2. | || = |A|||ull, for any uw e V', and X € R.
3. w4+ vl < Jul| + ||v||, for all u,v € V.

The space V' is called a normed space.

Definition 1.1.2. Given a linear space V, a semi-norm | - | is a function
from V' to R with the properties of a norm except that |v| = 0 does not
necessarily imply v = 0.

Definition 1.1.3. Two norms ||-||1 and || - ||2 on a normed space V' are said
to be equivalent if there are positive constants c1 and cy such that

allvfli < vl < efjvlly Yo eV

Definition 1.1.4. Let V' be a normed space. A sequence {v,} C V is called
a Cauchy sequence if for any € > 0 there exists a number N(€) such that

|vm — vn|| <€ Vm,n > N(e)

Equivalently
lim ||v,, —v,|| =0
n,M—>00
Definition 1.1.5. A normed space is said to be complete if every Cauchy
sequence from the space converges to an element in the space. A complete
normed space is called a Banach space.



Let A be a subset of a normed space V. Then,

e The set A is said to be closed in V' if and only if
{v,} C A and v,, — v imply that v € A(A contains all its limit points).

e The closure A of A is the smallest closed set in V containing A.

e The set A is dense in V' if for every v € V there exists a sequence {v,}
in A such that v,, — v.

Definition 1.1.6. Let V' be a vector space. A mapping (+,+) : V xV = K
15 said to be an inner product on V' if and only if for all vectors u,v and w
and scalra o :

u,v) = (v,u) (the bar denote complex conjugate)
u,u) >0 and (u,u) =0 u=0

An inner product space is the space V' plus the inner product (-,-). V is
an inner product space. V' is referred to as a complex inner product space if
K = C, and as a real inner product space when K = R. An inner product
(+,-) induces a norm through the formula

v = (v,v), veV

If all of the Cauchy sequences converge with respect to the induced norm,
then the inner product is complete.

Example 1.1.1.

The inner product on R™ given by (u,v) = > ; w;v; is complete. This is
because the induced norm is the Euclidean norm, which is a complete norm.

Definition 1.1.7. A Hilbert space is an inner product space that is complete.

Theorem 1.1.1. (Cauchy-Schwarz Inequality)
Let V' be an inner product space. Then

|(w, 0)] < ullflvf] - Vu,v eV

and the equality holds if and only if u and v are linearly dependent.



1.1.1  Function Spaces

For n € N we call a vector a = (a1, ag, -+, ) , o € N, multi index with
the absolute value |a| = a3 +- - - + v, and with the factorial a! = aq!. .. ).
For x € R" | we can therefore write

Qn

a_ al-o-
Tt = x,

If u is a sufficient smooth real valued function, then we can write partial
derivatives as

N (0" o\
D%(x) = (8_1’1) (8J:n) u(xy, ..., )

We denote by C(2) the space of all real-valued functions that are continuous
on 2. Since §2 is open, a function from the space C'(2) is not necessarily
bounded;

For example, consider, the continuous function u(z) =Inx on (0,1). We
denote further by C(Q) the space of functions that are bounded and uni-
formly continuous on 2. The notation C'(Q) is consistent with the fact that
a bounded and uniformly continuous function on €2 has a unique continuous
extension to Q. The space C'(€2) is a Banach space with the norm

ullc@) = supf{|u(z)| : = € Q} = max{|u(z)| : x € Q}

Let Q C R™ be some open subset and assume k € Ny, C*(Q) is the space
of functions which are bounded and k times continuously differentiable in 2.
In particular, for u € C*(£2) the norm

lullon@) = ) Sup | D u(

e |<k

is finite. Correspondingly, C'*°(£2) is the space of functions which are bounded
and infinitely often continuously differentiable.

C=(Q) = X, CHQ) = {v e C(Q) |ve CHQ) Yk ez}
C=(Q) = N2, CHQ) = {v e C(Q) |ve CHQ) VkeZt)

For a function u(x) defined for x € Q we denote

suppu = {x € Q : u(z) # 0}.

Then,



CP(Q) :i={ue C®(Q) : suppu C 2}

is the space of C*°(2) functions with compact support.
A function u defined on 2 is said to be Lipschitz continuous if for some
constant m, there holds the inequality

[u(z) —u(y)| <mlz -yl Yo,y e

In this formula, ||x—y/|| denotes the Euclidean distance between = and y. The
smallest possible constant in the above inequality is called the Lipschitz con-
stant of u, and is denoted by Lip(u). The Lipschitz constant is characterized
by the relation

Llp(u) _ Sup{ |U(CC> - u(y)|

[l =yl

More generally, a function u is said to be Holder continuous with exponent
B € (0,1] if for some constant m,

LyEQx#y}

u(z) —u(y)| <mlz —y||? for x,y€Q

The Hélder space C%#(€2) is defined to be the subspace of C(Q) functions
that are Holder continuous with the exponent 5. With the norm

ju(z) — u(y)|

lz = yl”

s = lullo +sup{ Y€ Qe A y}

the space C%?(Q) becomes a Banach space. When 8 = 1, the Holder space
C%1(Q) consists of all the Lipschitz continuous functions. For k € Z,and
B € (0,1], we similarly define the Holder space

CH(Q) = {u e C¥(Q) | D*u € C"(Q), for all @ with |a| =k}

this is a Banach space with the norm

lullcwsioy = lullsgay + 3 sup § 42 =2ty

lz =yl

%yeﬁw#y}

The boundary of an open set 2 C R" is defined as
[:=00=0n(R"\Q)

By L,(€2) we denote the space of all equivalence classes of measurable func-



tions on whose powers of order p are integrable. The associated norm

ullz, @) = {/ |u(:c)|pdsv} 1<p<oo
0

Two elements u, v € L,(2) are identified with each other if they are different
only on a set K of zero measure pu(k) = 0.

In addition, L+ () is the space of functions u which are measurable and
bounded almost everywhere with the norm

= = inf
lullz() = esssup{[u(@)[} kcssz(k):oxilél\)k'“(x)‘

The spaces L,(€2) are Banach spaces with respect to the norm || - ||z (q)-
There holds the Minkowski inequality

lu+ vl < llullr,@) + [vllr,@ forall u,v € Ly(2)

For u € L,(§2) and v € L,(€2) with conjugates parameters p and g, i.e.

1 1
__|__:1
P 49

We further have Holders inequality
/Q\U(ﬂf)v(ﬂf)\daf < lullz,@llvl, @ (1.1)

1.1.2 Linear Operators on Normed Spaces

Given two sets V and W, an operator T from V' to W is a rule which assigns

to each element in a subset of V' a unique element in W. The domain D(T")
of T' is the subset of V' where T is defined,

D(T)={v eV |T(v) is defined }.
and the range R(T') of T is the set of the elements in W generated by T,
R(T)={weW |w=T(v) for some v € D(T)}.
The null set of T (the set of the zeros of the operator) is defined as ,
N(T)={veV|T({) =0}



Definition 1.1.8. Let V and W be two normed spaces. An operator T :
V — W is continuous at v € D(T) if

{v,} CD(T) and v, > vin V. implies T (v,) — T(v)in W

as n — 00
T is said to be continuous if it is continuous over its domain D(T').

Continuous linear operators

Definition 1.1.9. Let V and W be two linear spaces. An operator
L:V — W s said to be linear if

L (a1v1 + agvy) = ag L (v1) + asL (v9)  Voui,v9 € V,Vaq, ay € K.
For a linear operator L, we usually write L(v) as Lw.

Definition 1.1.10. Let V and W be normed spaces.
A linear operator L is bounded if there exists a non-negative real number
M such that:

|L(v)||w < M||v|ly Vv e V.

Proposition 1.1.2. Let V and W be normed spaces,
L :V — W a linear operator. Then L is bounded if and only if there
exists a constant v > 0 such that

[Lvllw < Allvlly YoeV (1.2)

Proof.(«<=) by definition (1.2) implies the boundedness.
(=), suppose L is bounded, then

v = sup || Lv||w < o
vEB,

where By = {v € V| ||v|ly < 1} is the unit ball centered at 0 . Now for any
v # 0,v/||v||y € By and by the linearity of L, ||Lv|jw = HL <U“”V>‘

[vllv

[ollv |L (w/l[ollv)lly and [[L (v/|[v]lv)[ly < 7 since L is bounded

W_

[Lolw = lollv 1L (/lvllv)liw < yllvllv
i.e., (1.2) holds.

Theorem 1.1.3. Let V and W be normed spaces, L : 'V — W a linear
operator. Then L is continuous on V' if and only if it is bounded on V.



(=) Suppose L : V — W be a continuous linear operator. Thus we have
to prove that L is bounded . We will prove it by contradiction . Assume L
is not bounded , then
Ly > nln] ¥ v, € V
Lv, Lv,
= wo > 1= Ll > 1

= HL(MU H)H > 1, since L is linear
= HL ynH >1. ( ) where 1, = —2—

nflv, ||

[ynll = Hn||v HH =

= |lya|| = 0, asn—)oo

=y, —0,asn — o0

= Ly, — L(0) , as n — o0

= Ly, -0 ,asn — o0

= |[Ly,|| = 0, as n — oo...(7i).
Relation (i) and(ii) contradict each other. Hence L is bounded .So L is
continuous implies L is bounded.
(«=) Suppose L be bounded = there exist a real number M>0 such that
[Lv|lw < Mljv[ly Vv eV

(iii) To prove that L is continuous.

Let v, >vinV =v,—v—0inV ,since v,,v €V =v,—veV.
Thus

| Lv, — Lo)||lw = || L(v, — 0)||lw < M||lv, —v|ly =0 as n— o

|L(v, —v)|| = 0= Lv, —» Lvin W

so v, — vin V= Lv, — Lvin W. Thus L is a continuous linear operator.

We use the notation £(V, W) for the set of all the continuous linear op-
erators from a normed space V to another normed space WW. In the special
case W =V, we use L(V) to replace L(V, V). From the above theorem we
see that for a linear operator, boundedness is equivalent to continuity. Thus
if L € L(V,W), it is meaningful to define

L
HLHV,W: sup H UHW
ozvev [vllv

Theorem 1.1.4. The set L(V,W) is a linear space, and (1.3) defines a
norm over the space. The norm (1.3) is usually called the operator norm of
L, which enjoys the following compatibility property

[Lollw < [[Lllvwlolly YoeV (1.4)

(1.3)

Example 1.1.2. If V s a linear space. Then the identity operator I : V —
V' belongs to L(V'), and ||I]| = 1.



Theorem 1.1.5. Let V' be a normed space, and W be a Banach space. Then
L(V,W) is a Banach space.

Proof. Let {L,} be a Cauchy sequence in £(V,W). This means

€n =sup || Ln+p — Lnl] = 0 asn — oo
p>1

We must define a limit for {L,,} and show that it belongs to £(V, W). For
each v € V,

1Zusp = Lavlly < [1Znsy = Lally oy < enllvlly = 0 as n — oo, (1.5)

Thus {L,,v} is a Cauchy sequence in W. Since W is complete, the sequence
has a limit, denoted by L(v). This defines an operator L : V' — W. Let us
prove that L is linear, bounded, and ||L,, — L||,,y,, — 0 as n — oo.

For any vi,v9 € V and aq, as € K, 7

HL (Oqu + OéQUQ) — (OzlL (’Ul) + asL (UQ) HW

= || L (a1v1 + agve)— Ly, (1v1 + aova) + Ly, (aqv1 + ave)—(aq L (v1)+ao L (v9))||w

= HL (041'01 + &27}2)—L (0517}1 + 04202)+&1L (U1)+&2L ( ) 1L (Ul)—CYQL (U2))HW
= [[(L = Ly) (aqv1 + agva) + a1(Ly, — L)(v1) + aa(Ly, — L) (va)[lw
< (L= Ly) (eqvr + agva) |lw + [ea|[|(Ln — L) (v1) [w + || [|(Ln — L) (v2)[[w

Take limit as n — oo both sides and assume limy,_oo|| L — L||w = 0
= llmnﬁooHL (oqvl + 0421)2) — (ozlL (?)1) + OéQL (UQ) HW

< LMoo ([[(L = Ln) (arv1 4 agva) + eu|[[ (L = L) (0n)lw + |az[|(Ln — L) (va)[lw)
= limyoo||(L = Ly) (0101 + asva) [lw + e[ limsoo|| (L — L) (1) ||
Hag|limy ool | (Ln — L) (v2) |w
= 04 [en[(0) + |az[(0) =

Hence
| L (c1v1 + agve) — (L (v1) + aoL (v2))|lw < 0

= ||L (a1v1 + agve) — (a1 L (v1) + aoL (v9))|lw = 0
= L (0417}1 + OéQUQ) = oL (’()1) + ao L (UQ)

Thus L is linear.
Now for any v € V', we take the limit p — oo in ((1.5)) to obtain

[Lv = Lol < enllv]lv

10



Thus

L = Laollyw = sup [[Lv = Lyvlly <€, — 0  asn— oo
lvlv<1

Hence L € L(V,W) and L,, — L as n — oo.

Linear functionals

The taking on of scalar values by linear operators is a significant specific case.
Let W = K be the set of scalars associated with V', and let V' be a normed
space. We refer to L(V,K) and its elements as linear functionals. Given the
completeness of K, £(V,K) is a Banach space. This space is known as the
dual space of V' and is commonly represented as V’. For the most part, we
use lower case letters to represent linear functions, like £. We refer to only
bounded linear functionals as "linear functionals" in this thesis since we only
use bounded linear functionals.

Theorem 1.1.6. Let €2 C R" be a bounded open set. It is a well-known
result that for 1 < p < oo, the dual space of L,(S2) can be identified with
L,(Q). Here q is the conjugate exponent of p, defined by the relation

1 1
4+ =1
p q

By convention, ¢ = co when p = 1. In other words, given an ¢ € (L,(9))’,
there is a function v € L,(2), uniquely determined a.e., such that

l(v) = /Qu(a:)v(x)dx Vo € L,(Q) (1.6)

Conversely, for any u € L,(€2), the rule

un—>/ Ydz, v e Ly($)

defines a bounded linear functional on L,(€2). It is convenient to identify
(€ (Ly(R)) and u € L,(9), related as in (1.6). Then we write

(Lp()' = Ly(Q), 1<p<oo

Moreover, L. (£2) is the dual space of L;(€2), but L1(£2) is not the dual space
of Loo(€2). For p = 2 we have Ly(£2) to be the space of all square integrable
functions, and inequality (1.1) turns out to be the Cauchy Schwarz inequality

| ut@)eta)ide < Jullo vl

11



Moreover, for u,v € Ly(€2) we can define the inner product

(U, V) 1,(0) ::/Qu(x)v(m)d:z:

and with
(u, u)r,0) = HUHQLZ(Q) for all u € Ly(2)

we conculde that Lo(£2) is Hilbert space.

Definition 1.1.11. Let V' be a real or complex linear space, K C V. The
set K is said to be convex if

wveEK =M+ (1-NveK Vie(0,1).

Definition 1.1.12. Let K be a convex set in a linear space V. A function
f: K — R is said to be convex if

fOu+ (1 =XNv) < Af(u)+ (1 =N f(v) Yu,ve K,VAe|0,1]

The function f is strictly convex if the above inequality is strict for u # v
and A € (0,1).

Definition 1.1.13. Let V' be a Banach space. An operator P € L(V') with
the property P? = P is called a projection operator.

Theorem 1.1.7. (The Projection Theorem) Let M be a closed subspace of
the Hilbert space H. Then M* is also a closed subspace, and

H=Mo®M*
Where M+ :={2 € H : (y,2) =0 Vye& M}.

Further, in the decomposition = y + 2z where y € M,z € M*,y is the
element in M closest to x.

Proof. Let K ={x —m|/m &€ M,z € H}

K is non empty since 0 € M , therefore x € K . Now if kq, ks € K then
there are my,mo € M such that by =ox—my, ko =2 —moand if 0 < A < 1
then

Mer+(1=XNka=Ax—mqp)+ (1 =XN)(z—mg) = Az —dmy+x—mae +
Az —mgy) = Ax — dmy +x — mg — Az + Amy

:x—/\m1+—m2+)\m2

=z —2dm+—(1—=XA)my

=2 — [Amy + (1 — A\)my]

since Amy + (1 — A\)mg € M thus z — [Amy + (1 — A\)mg] € K .

Similarly we can define k, — k as n — oo

12



Since k, € K . 3m, € M such that k, =z —m, = k=o2—m e K |,
k € K . Thus , K is closed.
We know that in a Hilbert space if K is closed and convex in H ;| then
H contains smallest norm in K. Suppose the element is z , now if m is an
element in M of unit norm then z — (z,m)m is in K and
Hz||2 < Hz — (2, m)mH2 , z is smallest in K
( ) (Z,m)(mﬂ) — (z,m)(z,m) + (z,m)(z,m)(m, m)
= [|2[|* = (2, m)(2,m) — (2, m)(z,m) + ||(z, m)H lm|?

= [l21P = [1Cz, m)|® — [z, m)| + (=, m)) |l
= |12l = 2[l(z, m)|I* + [I(z, m)I* . - Im|* = 1
= ll=l” = ll(z, m)|*

= |l2I1> < [12]P = [I[(z,m)|I?

= [l2117 = 1121 < =ll(z,m)[|* = 0 < —||(z,m)|?

= [(z,;m)|P<0=|2,m|| <0

= (z,;m)||=0=(2,m)=0=2¢€ M+

and

cz€K,-.IyeMsuchthat z =z —y=>2=y+2 yeEM,ze M

For the uniquenes
suppose r = y; + 21 and £ = Yo + 2o

Y1+21 =Yat 20 =Y — Y= 20— 21 = Y — Y2,22 — 21 € MnM>*
=y —ys=0and, 20— 21 =0

=N =Y, =2

l.e. x =y + 2 Is unique. []

13



Definition 1.1.14. Let V' be a real normed space, and A and B non-empty
sets in V. The sets A and B are said to be separated if there is a non-zero
linear continuous functional £ on V' and a number a € R such that

lu)<a YueA
l(v) >a YveB.

If the inequalities are strict, then we say the sets A and B are strictly sepa-
rated.

Theorem 1.1.8. Let V' be a real normed space, A and B be two non-empty
disjoint convex subsets of V' such that one of them is compact, and the other
1s closed. Then the sets A and B can be strictly separated.

Definition 1.1.15. If V and W are vector spaces, a bilinear form a : 'V X
W — R s defined to be an operator with the properties,

a(au + pw,v) = aa(u,v) + Pa(w,v) v,w e V,veW
a(u, av + pw) = aa(u,v) + Ba(u,w) v e V,v,weW

where o and (8 are real numbers.

Theorem 1.1.9. (Riesz representation theorem) Let V' be a real or complex
Hilbert space, £ € V'. Then there is a unique u € V' for which

l(v) = (v,u) YveV (1.7)

In addition,

1€1] = [l (1.8)

Proof. Assuming the existence of u, we first prove its uniqueness. Suppose
u € V satisfies

l(v) = (v,u) = (v,a) YveV

Then
(vyu—u)=0 YveV

Take v = w — @. Then ||u — @] = 0, which implies u = 4.
Standard proof of existence. Denote

N=N(@)={veV () =0}

which is a subspace of V. If N =V, then ||{|| = 0, and we may take u = 0.
Now suppose N # V. Then there exists at least one vy € V such that
{ (vy) # 0. It is possible to decompose V' as the direct sum of N and N+ (By
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The Projection Theorem). From this, we have the decomposition vy = v1+wvs
with v; € N and vy € N*+. Then £ (vg) = £ (vg) # 0.
For any v € V', we have the property

‘ ( - f((;)> ) -

0(v)
l(v2)

and in particular, it is orthogonal to vy , *.- vy € N+ :

Thus

vy € N

= (v,v9) — () (v2,v9) =0
= (v,19) = Zfézg) (va, 02)
= (v,02) = 5 llal?
-
{(v2) s
=~ < Hv>zu2”2> = )

le.,

0= (02

In other words, we may take u to be (6 (v9) / HU2H2) Vs,

We complete the proof of the theorem by showing (1.8). From (1.7) and
the Schwarz inequality,

()] < lullllvll Yo eV

Hence

11} < ]

15



Let v =w in (1.7). Then

() = )
and
{(v Y(u
el = sup 1AL S [l
v#£0 HUH HUH

Therefore, (1.8) holds.
This theorem is a fundamental tool in the solvability theory for elliptic partial
differential equations, as we see later.

Example 1.1.3. Let Q C R" be open bounded. V = L*(Q) is a Hilbert space.
By the Riesz representation theorem, there is a one-to-one correspondence
between V' and V' by the relation (1.7). We can identify £ € V' with u € V

related by (1.7). In this sense, (L2(Q))/ = L*(Q).

1.1.3 Weak Derivatives

A sequence {¢,} in C§°(Q2) is said to converge to ¢ in C§°(Q2) if

(a) There exists a compact set K in §2 such that ¢, vanishes outside K
for any 7, and

(b) For each multi-index o, D%; — D%p uniformly in 2. The space
C° () endowed with this notion of convergence is called the space of test
functions and is denoted by D(f).
Definition 1.1.16. A distribution on ) is a continuous linear functional on
D(Q). That is, a linear functional £ on D(?) is a distribution if and only if

©r — p in D(Q) implies (¢, or) — (£, p).
The space of distributions is denoted by D’(£2).

16



Definition 1.1.17. Let 1 < p < co. A function v : @ C R" — R s said
to be locally p-integrable, v € LZZ_OC (Q), if for every x € Q, there is an open
neighborhood ) of x such that ¥ C Q and v € L, (7).

Lemma 1.1.10. (Generalized Variational Lemma) Let v € L, () with
a nonempty open set in R™. If

/Qv(a:)go(a:)dx =0 Vye Q)

,then v =0 a.e. on Q.

Assume we are given a function f € C*(Q),then if ¢ € C5(Q), we see
from the integration by parts formula that

(1) /Qfgomdx = —/Qfmgodx(i =1,..,n).

There are no boundary terms, since ¢ has compact support in €2 and then
vanishes near 9€2. More generally now,if k is a positive integer , f € C*(Q),
and a = (o, ..., ) is a multi index of order |a| = a3 + ... + o, = k, then

(17) /QfDO‘g:d:U: (—1)'“'/QDo‘fgpdx.

This equality holds since

N (O™ 2\
D%u(z) := (3_:Ul> (axn) u(xy, ..., xp)

and we can apply formula(i) || times

We next examine formula (ii),valid for f € C*(Q), and ask wether some
variant of it might still be true even if f is not k times continuously differen-
tiable. Now the left hand side of (ii) makes sense if f is only locally summable:
the problem is rather that if f is not C*, then the expression ” D®f” on the
right hand side of (ii) has no obvious meaning. We resolve this difficulty by
asking if there exists a locally summable function g for which formula (ii) is
valid,with g replacing D f:

Definition 1.1.18. Let f € L} () be locally integrable function on the

loc
open set 2 C R". Given a multi-indices a = (aq, o, . .., a,), if there exist

a locally integrable function g € Li, . (Q) such that

loc

| 10rgdn = 1) [ Do = (<1 [ gps

for all test functions, then we say that ¢ is the weak a-th derivatives of f,
and write g = D f.

17



Example 1.1.4. Forn=1,Q =R, |z|,, = sgnx
Proof. for all ¢ € D(Q)

/OO ||/ (x)dx = /O —xy' (x)dx + /OOO z' (x)dz

OO N : o(zr)dr — /OOO o(z)dx

— — ap(o) L + zola) 7+ |

—0oQ

= /_OOO o(x)dx — /OOO o(x)dx
= (-1) B /_Ooo o(x)dx + /OOO gp(x)dx]

= (—1) /_(; —p(z)dr + /OOO go(x)da:]

= (—1) /_OO sgn zp(x)dx (1.9)
[ el @ = 1) [ lafpla)ds (1.10)

(1.10) follows from definition of weak derivative
Hence from (1.9) and (1.10)we can see that |z|!, = sgnz

Example 1.1.5. Let n=1, Q = (0,2), and

ﬂ@_{x 0<z<l1

1 1<z <2

Define

(z) 1 O<ax <1
aj:
J 0 l<z<?2

Let us show f = g in the weak sense. To see this choose any ¢ € C°(Q)
we must demonstrate
2 2
/ fo'dr = —/ gpdx
0 0
But we easily calculate
2 1 2
/ fodr = / o' dr + / 'dx
0 0 1

18



1 1 2
:_/0 gpda:—l—gp(l)—go(l):—/o @dw:—/o gepdz

as required.

Example 1.1.6. Let n=1, Q = (0,2), and

x O0<z<1
u(z) =
2 l<z<?2

We assert u'does not exist in the weak sense .To check this,we must show

there does not exist any function v € C}, (2) satisfying

2 2
/ ug'dr = —/ vodr  for all ¢ € C°(Q). (1.11)
0 0

Suppose ,to the contrary, (1.11) were valid for some v and ¢. Then

_'/Ozv(pdx:/02u¢’dx:/olxqb'dx+2/12¢/dx:—'/01¢d$_¢(1)-

(1.12)
2 1
i—/o U(bdx:—/o ¢dx — ¢(1).
2 1
= —/0 v(,bd:z:Jr/O pdx = —¢(1).

:>/O2Ugbda:—/01gbdx:gb(1). (1.13)

Choose a sequence {¢,, }°°_; of smooth function satisfying
0<dn <1, ¢p=1, pp(x) = 0 forall x #1
Replacing ¢ by ¢, in (1.13) and sending m — oo, we discover

1 = Lm0 Gy (1) = lim o0 { [Z vz — |} ¢mdx]

= 1 = limyy o0 O (1) = [7 0limy, o0 ddz — [ limy, o0 dpd

= 1 = lim,, 00 o (1) = [ 00dz — [; Odz = 1 = limy, 400 ¢(1) = 0—0
= 1 = lim,;, y00 &n(1) =0

[1 = 1imyso0 G (1) = limp ool [2 00mdz — [ dmda] = o]

= 1 = 0 a contradiction.

Note : Functions in Sobolev space are not necessarily smooth.

Lemma 1.1.11. (Uniqueness of weak derivatives). A weak o -partial
deriwative of f, if it ewists, is uniquely defined up to a set of measure zero.

Proof. Assume that g, geL! () satisfy

loc
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Jo FD%pdz = (=1) [, gpdz = (1) [, pd
for all p € C§°(€2). Then

/Q(g—é)sodfc =0

for all o € C°(2); g— g =0 a.e.

= g =g a.e.
Hence a weak o' -partial derivative of f, if it exists, is uniquely defined
up to a set of measure zero. [l

1.1.4 Sobolev Spaces

Definition 1.1.19. Let 2 C R" be an open set, 1 < p < oo, and k > 0 be
an integer. The Sobolev spaces WHP(Q) of order k is defined by

WHEP(Q) = {f € Ly(Q) : Df € L,(Q), for all multi - indices o such that
la] < k}.

The Sobolev space sz(Q) consists of all locally summable functions f:2 —
R such that for each multi-indices « with || < k , D®f exists in the weak
sense and belongs to LP(£2).

Definition 1.1.20. For f € W5P(Q), then W*?(Q) norm is

=

1 llwsoiey = | D IDFIT ) if1<p<oo (1.14)
|o|<k
and
1 lwreey = Sup{jaj<ell D fll 2 }Hp = 00) (1.15)

Definition 1.1.21. The standard seminorm over the space W*P(£2)

’f|Wk7P(Q) = { <Z|Oz|k HDaf”ip(Q))P 1 < p < 00
Sup{jaj=k 1D fllz.. } p = o0

Remark 1.1.1. We can replace |[v||yerq) by the simpler notation ||v||z .0
or even ||v||r, when no confusion results.

Theorem 1.1.12. The space W*P(Q) is a Banach space.

Proof. Let fi, f» € W*?(Q). For |a| < k, call D®fi, D®f, their weak deriva-
tives. Then, for any A, 4 € R, the linear combination Af; 4+ ufs is locally
integrable function. Its weak derivatives are

D* (M fi + pfa) = AD" fi + pD" fo
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Therefore, DY (Af1 + uf2) € L,(Q) for every |a] < k. This proves that
WHP(Q) is a vector spaces. Next, we show that (1.7) and (1.8) are norm.
Indeed, for A € R and f € W*P(Q) one has

[Afllwer @y = [ f llwer@)
Hf”kap(Q) > HfHL(p) >0

with equality holding if and only if f = 0. Moreover, if fi, fo € WkP(Q),
then 1 < p < oo Minkowski’s inequality yields

D=

11+ Follwen) = Z 1D f1 + DanHip(Q)

lo| <k

Sl

p
< | 3 (1D il o+ 10" fll o)
|| <k

DDAl |+ | 2 1D Al )

|| <k la|<E
= [lftllwroi) + 1f2llwrr )

In the case p = oo, the above computation is repalced by

11+ follwaoiey = Maziajze (ID°fi + D fall,_o
< Mazy <k | D" fill (0 +Ma35|a|<k 1D foll 1, (0
- HleW’f,p(Q) + HfQHW’w(Q)

IA

To conclude the proof, we need to show that the spaces W*?() is complete,
hence is a Banach spaces. Let {f;};2, be cauchy sequence in Wk (R").

Then {D“f;}2, are cauchy sequence in L, (R") for |a| < k. Hence there
are f¢ € L, (R") with for |o| < k. Hence there are f* € L, (R") with

Df; — f*in f*€ L, (R"),|a] <k, and f* = f.

It follows from
/‘n Daf](x) ( )d.CL’ = ( )|a| . fJ(CE')DagO(x)d;U’ RS S (Rn)

And Hélder’s inequality applied to D*f; — f* f; — f € L,(R") and
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0, D% € S (R") that

D° f(@)p(@)dr = (1)1 [ f(2)Dop(a)dr, ¢ € S (R")

Rn Rn
Then f*= D°f, |a| <k, and f € WP (R") with f; — f in W*? (R") for
j — oo. Consequently, W*? (R") is Banach space. O

Definition 1.1.22. We denote the k-th order Sobolev spaces in Lay(2) by
H*(Q) = WH(Q).

And the Sobolev spaces W¥2(Q) equipped with the scalar product

becomes Hilbert spaces.

Definition 1.1.23. The closure of C5°(Q) in the norm of W*P(Q) is denoted
by WoP(Q). So, WiP(Q) is subspace in the spaces WHP(Q). When p = 2,
we denote HY(Q) = Wf’Q(Q) . With the spaces W(f:’p(Q), we can then define
Sobolev spaces with negative order

We interpret WP(Q) to be the space of all the functions v in W?(€)
with the property that

D% (x) =0 on 00, Va with o] < k — 1.
Definition 1.1.24. For any 1 < p < o0, the Sobolev space Wol’p(Q) is
defined as the closure of D(Q2) with respect to the norm of W1P(Q) .
We set H}(Q2) = WP(Q) . Tt is clear that H}(Q) C H(£2).So that H}(Q)
is a Hilbert space.

Definition 1.1.25. Let k > 0, either an integer or a non-integer. Let p €
[1,00) and denote its conjugate exponent p! defined by the relation %—F% =1.

Then we define W% (Q) to be the dual space of Wéf’p (Q). In particular,
H*Q) = W+2(Q).
On several occasions later, we need to use in particular the Sobolev space

H=1(Q), defined as the dual of H}(Q2). Thus, any £ € H~1(Q) is a bounded
linear functional on HJ () :

()] < Mjvll, Vv e Hy(Q)

The norm of ¢ is

l(v
veH (2 ||UHH1
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Any function f € Ly(€2) naturally induces a bounded linear functional f €
HY(Q) by the relation

(f,v) = /vadaj Vv € Hy ()

Sometimes even when f € H™'(Q)\L2(Q), we write [, fudz for the dual-
ity pairing (f,v) between H1(Q) and H}(), although integration in this
situation does not make sense.

Theorem 1.1.13. Assume €2 is a Lipschitz domain in R",1 < p < oo.
Then there exists a continuous linear operator v : WHP(Q) — L,(0) with
the following properties.

(a) yvo =0 |0Qif v € WIP(Q)NC(Q)

(b) For some constant ¢ > 0, [|[vv||z, ) < cl|lv|lwis), Vv e WHP(Q)

(¢) The mapping v : WIP(Q) — L,(99Q) is compact; i.e., for any bounded
sequence {v,} in W1P(Q), there is a subsequence {v,/} C {v,} such that
{yvn} is convergent in L,(0%).

The operator ~ is called the trace operator, and yv can be called the
generalized boundary value of v. The range ~y (Wl’p (Q)) is a space smaller

than L,(0€2), namely WP (09)), a positive order Sobolev space over the
boundary. When we discuss weak formulations of boundary value problems
later in this thesis, we need to use traces of the H(Q) functions, that form
the space H2(99); in other words,

H?(09) = (H'(Q))
Correspondingly, we can use the following as the norm for H %(89) ;

W03 o0y =, B0k, 0l
Y=g
Remark 1.1.2. 1. The norm »_, <, [|0%ullpq is equivalent to the standard
norm.
2. WS(Q) = L,(Q).
5. HO(R") = L*(R")
Proposition 1.1.14. (Poincaré inequality) There exists a constant Cq such
that
lullzy@) < CollVullL,@) Yu € Hy(®)

where the constant Cq is a constant depending on the diameter of €2.

Theorem 1.1.15. (Divergence theorem) Let Q be a bounded Lipschitz do-
main in R" and @ : Q@ — R"™ be a vector field whose components are in
HY(Q). The following equality holds
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/ V.- Qdxr = Q - vds
) o9
where v is the unit outward pointing normal to 0f2.

Proposition 1.1.16. For Q € H' (Q;R") , g € H'(Q),

/QQ-nga::/anQ-uds—/QgV'de

Using the divergence theorem, we see that

[V @ado= [ @-vgis
) o9
Alternatively,
V-(Qg)=9-VQ+Q-Vyg
By bringing together these equality, we obtain the desired formula.
For example, if ) = Vu and g = v, we have by integration by parts

formula that
/ Vu - Vodr = / vVu - vds — / vAudz
0 20 Q

where A is the Laplacian and noting that

ou
Vu sV = 5
we obtain Green’s formula
— / vAudr = — v—ds + / Vu - Vudx
Q

24



Chapter 2

Variational Formulations Of Elliptic
Boundary Value Problems

2.1 Review on Partial differential equation

Definition 2.1.1. Let u = u(xy,...,x,) be a function of n independent
variables 1, . .., x,. A Partial Differential Equation (PDE) is an equation
that contains the independent variables x+, . .., x,, the dependent variable or
the unknown function u : Q@ — R, where £ s an open susbet of R",n > 2
and its partial derivatives up to some order. It has the form

F($1,---,ﬂUn,U,le,---7Ua:n,Ua;1x1,---,Uxixj,---) =0

where F' is a given function and u,, = 0u/0x;, Uy, = O*u/0x;0x;,1,7 =
1,...,n are the partial derivatives of u. Let €2 C R"™ be an open set and
s"*™ be the set of n X n real symmetric matrices. A second order partial
differential equation on €2 in an unknown u = w (xy,...,z,) is an equation
of the form

F (x,u,Du,DQU) =0 (2.1)
where F': X R x R" x s"*" — R. A typical point w of ' = {2 x R x
R™ x s™*™ is given by w = (x, 2,&,m) where z € Q,z € R, £ € R", np € s"".

Definition 2.1.2. The second order partial differential equation (2.1) is
called linear if it is of the form

n

ZCLU Dzju—i—Zb )Diu + c(x)u 4+ d(x) =0

i.j=1
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A partial differential equation (2.1) and assume that F' is differentiable in
the . We extend F' to the whole space of n x n by say F' = (z,2,£,n) =
F(a:,z,f,% (A+AT)), where (z,2,£,A) € Q@ x R x R" x §"*" — R the

n x n matrix [F;(w)], s symmetric where Fj; := 25

nx o 5'7711]'

Definition 2.1.3. The equation (2.1) is said to be elliptic at a point w =
(x,2,&,m) € ' =QXRxR" x " if and only if the matriz [F;;(w)] s

nxn
positive definite, that is ZZj:l %QQ > 0 for all ¢ € R"\{0}.

Equivalently, the partial differential equation (2.1) is elliptic at w if and
only if all the Eigen values (they depend on w ) of [Fj;(w)] _  are positive.

nxn

Example 2.1.1. The equation

3. 92

—Au=f (whereA: g % inR3>
T*
i=1 i

is elliptic everywhere in R?. A partial differential equation subject to
certain conditions in the form of initial or boundary conditions is known
as an initial value problem(IVP) or boundary value problem (BVP ). The
Initial conditions, also known as Cauchy conditions, are the values of the
unknown function u and a suitable number of its derivatives at the initial
point, whereas the boundary conditions are the values on the boundary 0f2
of the domain €2 in consideration.

The 3 predominant sorts of boundary situations are:

(i) Dirichlet conditions or boundary conditions of the first kind are the
values of u prescribed at each point of the boundary 0f2.

(i) Neumann conditions or boundary conditions of the second kind are the
values of the normal derivative of u prescribed at each point of the boundary
0.

(iii) Robin conditions, also known as mixed boundary conditions or third-
kind boundary conditions, are the values of a linear combination of u and its
normal derivative imposed at each point of the boundary 0f).

Remark 2.1.1. Dirichlet boundary conditions are frequently referred to as
essential because they have a significant influence on the weak formulation:
they determine the function space in which the solution is found. Neumann
boundary conditions, on the other hand, have no effect on the function space
and can therefore be naturally integrated into the boundary integral. Thus,
they are known as natural.

Definition 2.1.4. (Hadamard’s well-posedness)A problem is considered well-
posed if
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1. The solution is unique ,
2. The solution depends continuously on the giwen data.

otherwise the problem is ill-posed.

2.1.1 A model boundary value problem

Let €2 be a bounded domain in R" with a Lipschitz continuous boundary I'.
The unit outward normal vector n = (nq, ... ,nd)T exists a.e. on I', and we
will
use Ju/0n to denote the normal derivative of u on T

We use the following model boundary value problem as an illustration.

—Au = in )
u=f, in (2.2)
u =0, on I'.
Here A denotes the Laplacian operator, defined by
0u
A pr—

The differential equation in (2.2) is called the Poisson equation. The Poisson
equation may be used to explain many physical processes, e.g., steady state
heat conduction, electrostatics, deformation of a thin elastic membrane. A
classical solution of the problem (2.2) is a smooth function u € C*(Q)NC(Q)
which satisfies the differential equation (2.2); and the boundary condition
(2.2), pointwise. Necessarily we have to assume f € C(€2), but this condi-
tion,or even the stronger condition f € C(£) does not guarantee the exis-
tence of a classical solution of the problem. One goal of introducing the weak
formulation is to eliminate the high smoothness criterion from the solution,
making it easier to find a (weak) solution.
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To derive the weak formulation corresponding to (2.2), we temporarily
assume it has a classical solution u € C*(Q) N C(2). We multiply the dif-
ferential equation (2.2); by an arbitrary function v € C§°(2) , and integrate

the relation on (2,
—/Auvdx:/fvdx
Q0 Q

An integration by parts for the integral on the left side yields

/Vu-Vvdx—/v—dS—/fvdx
Q

recall that v =0on I
= / Vu - Vudr = / fudz (2.3)
0 0

This relation was proved under the assumptions u € C%(Q) N C(Q) and
v € C§(2). However, for all the terms in the relation (2.3) to make sense,
we only need to require the following regularities of u and v that is u,v €
H(Q), assuming f € Ly(€2). Recalling the homogeneous Dirichlet boundary
condition (2.2),, we thus seek a solution u € H{ () satisfying the relation
(2.3)for any v € C°(Q). Since C5°(Q2) is dense in H(Q), the relation (2.3)
is then valid for any v € Hj(€2). Therefore, the weak formulation of the
boundary value problem (2.2) is

u € Hy (), / Vu - Vudr = / fvdx Vv € Hy(Q) (2.4)
0 0

Actually, we can even weaken the assumption, f € Ly(€2). It is enough for
us to assume f € H1(Q) = (H&(Q))/, as long as we interpret the integral
o fvdz as the duality pairing (f, v) between H~'(Q2) and Hj (). We adopt
the convention of using [, fvdz for (f,v) when f € H'(Q2) and v € Hj(1Q).
We have shown that if u is a classical solution of (2.2), then it is also a
solution of the weak formulation (2.4).

On the other hand, let u be a weak solution with the additional regularity
u € C*Q)NC(Q) and f € C(Q). Then for any v € C(2) C HF(Q) from
(2.4) we obtain

From integration by part

—/Auvda::/Vu-Vvdx— v%ds
Q Q on

i—/Auvd:U:/Vu-Vvdx
Q Q
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o / Auvds = / foda (by (2.4))

/Q(—Au — flvdx =0

The differential equation (2.2); is fulfilled when —Au = f in . Also, u
meets the homogeneous Dirichlet boundary condition pointwisely. Thus,
we've demonstrated that the boundary value problem (2.2) and the varia-
tional problem (2.3) are technically equivalent. If the weak solution u doesn’t
have regularity, u € C?(Q2) N C (). We will state that u formally solves the
boundary value problem (2.2).

We let V = H}(Q),a(-,-) : V x V — R the bilinear form defined by

a(u,v) = / Vu-Vovdr for w,veV
0
and £ : V — R the linear functional defined by

ﬁ(v):/fvdx for veV
0

Then the weak formulation of the problem (2.2) is to find w € V such that

a(u,v) =L(v) YveV (2.5)

We define a differential operator A associated with the boundary value
problem (2.2) by

A Hy(Q) — H(Q), (Au,v) =a(u,v) VYu,ve H(Q).

Here, (-,-) denotes the duality pairing between H}(Q2) and H~1(Q2). Then
the problem (2.5) can be viewed as a linear operator equation

Au=1( in H Q)

A formulation of the type (2.2) in the form of a partial differential equation
and a set of boundary conditions is referred to as a classical formulation of
a boundary value problem, whereas a formulation of the type(2.5) is known
as a weak formulation. One advantage of weak formulations over classical
formulations is that questions related to existence and uniqueness of solutions
can be answered more satisfactorily.
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2.1.2 Some general results on existence and uniqueness

We first present some general ideas and results on existence and uniqueness
for a linear operator equation of the form

ueV, Lu=f (2.6)

where L : D(L) C V. — W,V and W are Hilbert spaces, and f € W.
Notice that the solvability of the equation is equivalent to the condition
R(L) = W, whereas the uniqueness of a solution is equivalent to the condi-
tion N'(L) = {0}. A very basic existence result is the following theorem.

Theorem 2.1.1. Let V' and W be Hilbert spaces, L : D(L) C V. — W
linear operator. Then R(L) = W if and only if R(L) is closed and R(L)*
{0}.

Proof. If R(L) = W, then obviously R(L) is closed and R(L)* = {0}.
Now assume R(L) is closed and R(L)* = {0}, but R(L) # W. Then
R(L) is a closed subspace of W. Let w € W\R(L). By theorem(1.1.8), the
compact set {w} and the closed convex set R(L) can be strictly separated
by a closed hyperplane, i.e., there exists a w* € W’ such that (w*,w) > 0
and (w*, Lv) < 0 for all v € D(L). Since L is a linear operator, D(L)
is a subspace of V. Hence, (w*, Lv) = 0 for all v € D(L). Therefore,
0 # w* € R(L)*. This is a contradiction.

Let us see under what conditions R(L) is closed. We first introduce an
important generalization of the notion of continuity.

Definition 2.1.5. Let V' and W be Banach spaces. An operator L : D(L) C
V' — W is said to be a closed operator if for any sequence {v,} C D(L), v, —
v and L (v,) = w imply v € D(L) and w = L(v).

Theorem 2.1.2. Let V and W be Hilbert spaces, L : D(L) C V. — W

a linear closed operator. Assume for some constant ¢ > 0, the following a
priori estimate holds:

I =

[Lollw = cljvlly Vo € D(L) (2.7)

which is usually called a stability estimate. Also assume R(L)*+ = {0}.
Then for each f € W, the equation (2.6) has a unique solution.

Proof. Let us verify that R(L) is closed. Let {f,,} be a sequence in R(L),
converging to f. Then there is a sequence {v,} C D(L) with f, = Luv,.
By (2.7),

cllvn = vmlly < {lfa = Finllw
Thus {v,} is a Cauchy sequence in V. Since V is a Hilbert space, the
sequence {v,} converges : v, — v € V. Now L is assumed to be closed,
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we conclude that v € D(L) and f = Lv € R(L). Hence R(L) is closed.
So we can invoke Theorem(2.1.1) to obtain the existence of a solution. Let
v € N(L) implies Lv = 0, so that ||Lv|| = 0 by stability estimate (2.7) we
obtain ¢||v||y < ||Lv|lw = 0. Hence, v = 0. Thus N (L) = {0}. Therefore

there is a unique solution.

Example 2.1.2. Let V' be a Hilbert space, L € L (V, V') be strongly mono-
tone, i.e., for some constant ¢ > 0,

(Lv,v) > c||v||} Vv eV.
Then (2.7) holds because from the monotonicity,
(Lo, v)| = [ellvl[i | = cllv]li, Vv eV

But
[(Lv,v)| < [[Lo|lv||vlv
= || Lollyl|vllv = cllollf

which implies
[ L[y = cl[v]lv

Also R(L)* = {0}, since from v L R(L) we have
cllvlli < (Lv,v) =0

and hence v = 0. Therefore from theorem (2.1.2) , under the stated as-

sumptions, for any f € V', there is a unique solution u € V' to the equation
Lu= fin V"

Example 2.1.3. As a concrete example, we consider the weak formulation
of the model elliptic boundary value problem (2.6). Here,  C R" is an
open bounded set with a Lipschitz boundary 02,V = H}(Q) with the norm
lollv = |vlmiq), and V' = H1(Q). Given f € H(Q), consider the
problem

{Au =f in{) (2.8)

u=20 on 0f)
We define the operator L : V — V' by

(Lu,v)z/Vu-Vvdx u,v €V
0

Then L is linear, continuous, and strongly monotone; thus, we have
(Lo,0) = o}z WweV
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Proof. Vu,v and w € V and Vo, 8 € R
(L(au + pw),v) = /QV(ozu + fw) - Vudz
- /Q(onu + fVw) - Voudx
= /Q(onu - Vv + pVw - Vou)dx

=a/Vu-Vvdx+B/Vw-Vvdx
Q Q

= a(Lu,v) + B(Lw,v)
= (aLu,v) + (BLw,v)
= (aLu+ fLw,v)

Thus, L(au + pw) = aLu + fLw. Hence L is linear. Next, let us show
continuity

(Lu,v) :/Vu-Vvdx
Q
|(Lu,v)|§/\Vu-Vv\da:
Q

< / [Vull|[Volldz  ( by Cauchy Schwarz inequality for R?)
Q

< ||Vull L, @IVVll Ly  (by Cauchy Schwarz inequality for Lo(€2))

Since,

IVullt o) = [ Vu-Vu

S/(Vu-Vu—Fzﬂ)
Q

= [Jully
= [Vulll, ) < lulli = Vullg,q < lullvllully = (Lu,u) < [lullv|lullv
and similarily for v, it follows that

|(Lu,v)| < |Jully||v||y  for all u,v € V

implies,
[(Lu, v)|
< lullv
[ollv
Lu,v
Sup|< | lullv
w0 lvllv
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L
vt [llv
Thus, |[Lu|| < ||ul|y. Hence L is bounded. Therefore L is continuous. Now
let us show strong monotonocity of L. From Poincaré’s inequality we get

(Lu,u) > C2HUH%11(Q) for all u € Hy(Q)

Therefore, L is strongly monotone.
Thus from example 2.1.3 | for any f € H~1(), there is a unique u €
H{(2) such that

/Vu-Vvdsc: (f,v) YveV
0

i.e., the boundary value problem (2.8) has a unique weak solution.

2.1.3 The Lax-Milgram Lemma

The Lax-Milgram Lemma is employed frequently in the study of the weak
formulation of linear elliptic boundary value problems of the form (2.5).

For a real Banach space V', let us first explore the relation between a linear
operator A : V — V'’ and a bilinear form a : V x V' — R related by

(Au,v) = a(u,v) Yu,v eV (2.9)

The bilinear form a(-,-) is continuous if and only if there exists M > 0
such that
ja(u, )| < Mulll]} Vu,v € V.

Theorem 2.1.3. There exists a one-to-one correspondence between linear
continuous operators A : V. — V' and continuous bilinear formsa : VxV —
R, given by the formula (2.9).

Proof. If Ae L(V,V'), then a:V x V — R defined in (2.9) is bilinear and
bounded:
|a(u, v)| < [[Aull[[o]l < [|A[[l[ulll[v]]  Vu,v e V.

Conversely, let a(-,-) be given as a continuous bilinear form on V. For any
fixed w € V, the map v — a(u,v) defines a linear continuous operator on
V. Thus, there is an element Au € V' such that (2.9) holds. From the
bilinearity of a(-,-), we obtain the linearity of A. From the boundedness of
a(+,-), we obtain the boundedness of A. []

With a linear operator A and a bilinear form a related through (2.9),
many properties of the linear operator A can be defined through those of
the bilinear form a, or vice versa. Some examples are (assuming V' is a real
Hilbert space):
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e a is bounded (|a(u,v)] < Mlull||v|| Vu,v € V) if and only if A is
bounded (||Av|| < M|jv| Vv e V).

e ¢ is positive (a(v,v) >0 Vv € V) if and only if A is positive ((Av,v) >
0 YveV).

e a is strictly positive (a(v,v) > 0 V0 # v € V) if and only if A is
strictly positive ((Av,v) >0 0#v e V).

e a is strongly positive or V-elliptic (a(v,v) > al|v[|* Vv € V) if and
only if A is strongly positive ((Av,v) > a|v||?* Yo € V).

e ¢ is symmetric (a(u,v) = a(v,u) Vu,v € V) if and only if A is sym-
metric ((Au,v) = (Av,u) Yu,v € V).

Theorem 2.1.4. (Laz-Milgram Lemma) Assume V is a Hilbert space, a(-,-)
is a bounded, V -elliptic bilinear form on V,£ € V'. Then there is a unique
solution of the problem

uweV, alu,v)=~Lv) YveV (2.10)

Proof. (Existence) Let A : V' — V' be the linear operator associated with
the bilinear form a(-,-); see (2.9). Then A is bounded and strongly positive:

Yv eV,
[ Av]| < Mlvl,

(Av,v) > affv|*

Denote J : V! — V the isometric dual mapping from the Riesz representa-
tion theorem. Then

a(u,v) = (Au,v) = (JAu,v) Yu,v €V

and

| T Au|| = ||Au|| Yu e V.

And, Let L =JA:V — V. We recall that R(L) = V if and only if R(L)
is closed and R(L)* = {0}. To show R(L) is closed, we let {u,} C R(L)
be a sequence converging to u. Then u,, = Lw, = J Aw, for some w, € V.
We have

[un = | = | T Awn = T Aw || = A (wn — wm) || = a flwn = wn[ -
Hence {w,} is a Cauchy sequence and so has a limit w € V. Then
[un = T Aw] = [T Aw, = T Awl| = A (w = w)|| < M [Jwn —w]| = 0.
Hence, u = JAw € R(L) and R(L) is closed. Now suppose u € R(L)*.
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Then for any v € V,
0= (JAv,u) = a(v,u).

Taking v = u above, we have a(u,u) = 0. By the V-ellipticity of a(-,-), we
conclude u = 0.

= R(L)* = {0}. So we can invoke theorem (2.1.1) to obtain the existence
of a solution.

(Uniqueness) Suppose u1, us are two solutions of (2.10), i.e;

a (u1,v) = £(v),
a(ug,v) =4L(v) YveV
Subtraction and linearity give
a(uz,v) —a(u,v) =a(us —u,v) =0 YoeV
In particular, choose v = us — uq, then we see
a (ug — uy, us —ug) = 0.
By the V-ellipticity of a(-,-),

0> allug — i,
= 02> [Jug —wlly
= Uz = Uq

[]

Example 2.1.4. Applying the Lax-Milgram Lemma, we conclude that the
boundary value problem (2.8) has a unique weak solution u € H} ().

2.1.4 Weak formulations of linear elliptic boundary value problems

In this section, we formulate and analyze weak formulations of some linear
elliptic boundary value problems. To present the ideas clearly, we will fre-
quently use boundary value problems associated with the Poisson equation

—Au=f
and the Helmholtz equation
—Au+tu=f

as examples.
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1. Problems with homogeneous Dirichlet boundary conditions

So far, we have studied the model elliptic boundary value problem corre-
sponding to the Poisson equation with the homogeneous Dirichlet boundary
condition

—Au=f inl (2.11)
u=20 on 0f)
where f € Ly(€2). The weak formulation of the problem is
uweV, a(u,v)=Lv) YvelV. (2.12)

Here
V = Hy()

a(u,v):/Vu-Vvdx for u,v e V
Q

l(v) = / fodr forveV
0

Now, we need to verify the condition of the Lax- Milgram Lemma
1. Continuity of a(u,v)
By the Cauchy Schwarz inequality we've

|a(u, v)| < [Vull2@l[Voll ) < IVullmo Vol mie
. a(u,v) continuous with m =1

= a(u,v) is bounded.

2. Coercivity of a(u,v)
By the Poincare inequality there exists a constant C), such that

lull 2y < Coll Vull ), Vu € Hy(Q)

1 1
alu,u) = ([ Vullfag) 2 =llullz ) = = lullime
@ = gzl = Gl

1
= a(u,u) > @HUH%I(}(Q)
p

Hence a(u,v) is coercive with o =

3. Bounded-ness of ¢(v)
By the Cauchy Schwarz inequality we've

@CBJ =

)| < [[fllz@ vl z2@) < [ lez@ vl e
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. £(v)) is bounded with ¢ = || f]|12(q)
Therefore all the conditions of Lax- Mlgram Lemma are satisfied , then
problem (2.12) has a unique solution w € V' by the Lax-Milgram Lemma.

2. Problems with non-homogeneous Dirichlet boundary conditions
Suppose that instead of (2.11), the boundary condition is
u=g onl. (2.13)

To derive a weak formulation, we first assume the boundary value problem
(2.11) and (2.13) has a classical solution u € C?(2) N C(). Multiplying the
equation (2.11), by a test function v with certain smoothness which validates
the following calculations, and integrating over 2,

we have
/—Auvdmz/fvdx
0 Q

— —vds—l—/Vu Vvdx—/fvdx

Integrate by parts,

We now assume v = 0 on I' so that the boundary integral term vanishes;
the boundary integral term would otherwise be difficult to deal with under
the expected regularity condition u € H'(Q) on the weak solution. Thus we

arrive at the relation
/Vu - Voudx = / fudx
Q Q

if v is smooth and v = 0 on I'. For each term in the above relation to
make sense, we assume f € Lo(f2), and let u € H'(Q) and v € H} ().
Recall that the solution w should satisfy the boundary condition v = g on
I'. We observe that it is necessary to assume g € HY?(Q). Finally, we
obtain the weak formulation for the boundary value problem (2.11) -(2.13):
ue H(Q),u=gonT,

/ Vu - Vudr = / fvdz Vv € Hi(Q) (2.14)
Q Q

For the weak formulation (2.14), though, we cannot apply Lax-Milgram
Lemma directly since the trial function u and the test function v do not lie
in the same space. There is a standard way to get rid of this problem. Since
g € HY2(Q) and v (H(Q)) = H'/?(Q) (recall that + is the trace operator),
we have the existence of a function G € H*(Q) such that vG = g. We remark
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that finding the function G in practice may be nontrivial. Thus, setting
u=w+G
by substituting Vw 4+ VG in the place of Vu in problem (2.14) transformed
into one of seeking w such that: w € H}(Q),
/Q(Vw + VG) - Voudx = /vadx Yo € Hy(Q)
This implies
w e Hy(9Q), /va - Vodr = /Q(fv — VG -Vu)dz Yve H)(Q) (2.15)
The classical form of the boundary value problem for w is
{Aw =f+AG in Q,
w =0 onl.

Applying the Lax-Milgram Lemma, we have a unique solution w € Hg ()
of the problem (2.15). Then we set u = w 4+ G to get a solution u of the
problem (2.15). Notice that the choice of the function G is not unique, so
the uniqueness of the solution u of the problem (2.14) does not follow from
the above argument. Nevertheless we can show the uniqueness of u by a
standard approach.

Assume both u; and wug are solution of the problem (2.14). Then the
difference uw; — w9 satisfies

uy — uy € Hy(€2), /V(ul—uQ)-Vvdx:O Vv € Hy ()
Q
Taking v = w1 — u9, we obtain

/V(ul—m)-V(ul—uQ)da::O
Q

- / IV (w1 = ug)|*dz = 0
Q

= ‘V(Ul —Uz)‘Z =0= |V<U1 _UQ)‘ =0

a.e in © Thus, V (u3 —ug) = 0 a.e. in €, and hence u; — us = ¢ a.e. in
Q2. Using the boundary condition u; — us = g — g = 0 a.e. I', we see that
U1 = U9 a.e. in .
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3. Problems with Neumann boundary conditions

Consider the Neumann problem of determining « which satisfies

{Au +u=7f in €2 (2.16)

Ou/dv=gonTl

Here f and g are given functions in €2 and on I, respectively, and 9/0v de-
notes the normal derivative on I'. Again we first derive a weak formulation.
Assume u € C%(Q)NCY(Q) is a classical solution of the problem (2.16). Mul-
tiplying (2.16), by an arbitrary test function v with certain smoothness for
the following calculations to make sense, integrating over €2 and performing
an integration by parts, we obtain

/(Vu Vv + uv)dx = / fudx + / @vds
Q Q r Ov

Then, substitution of the Neumann boundary condition (2.16), in the bound-
ary term leads to the relation

/(Vu-Vv+uv)da::/fvd:c+/gvds
0 0 T

Assume f € Ly(Q2),g9 € Lo(T"). For each term in the above relation to make
sense, it is natural to choose the space H'(Q) for both the trial function u

and the test function v. Thus, the weak formulation of the boundary value
problem (2.16) is

uwe HY(Q), /(Vu-Vv+uv)dx:/fvda:—l—/gvds Yo € HY(Q)
0 0 r

(2.17)
This problem has the form (2.12), where V = H'(Q),a(-,-) and £(-) are
defined by

a(u,v) = /Q(Vu - Vo + w)dz

K(U):/vadx—l—/rg@ds,

respectively. Applying the Lax-Milgram Lemma, we can show that the weak
formulation (2.17) has a unique solution u € H'(().

Proof. Now we need to show this weak formultion satisfies all the conditions
of Lax-Milgram-Lemma,

1. Boundedness of a(u,v)
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Using the Cauchy Schwartz inequality and the fact that the Lo norm is
bounded by H() norm , we have

Gradient term
Jo(Vu - Vo)dz < ||Vl 20| Vol 2(9)
Function term
Jo uvdz < lull2@lv] 2o
Combining the inequalities. Therefore,
la(u,v)| = [(Vu - Vu)dr + [, uvdz]
< [[Vullzz@) Vol z2) + [[ull2@ vl 22
< (IIVull20) + HUH%Q(Q))%(HVUH%Q(Q) + HUH%?(Q))%
= lullz@)llvllme) = lalu, v)] < [Jullmollvllme)
= a(u,v) is bounded.
2. Coercivity of a(u, u)
a(t,0) = fo(Vu- T+ w2z = [Vl 0 + 6l
Using the definition of the H' norm:
Recall that the H' norm is defined as:
1l o) = llull20) + IVull72q)
Therefore, we have: a(u,u) = HUH%Q(Q) + HVUHQLQ(Q) > %(HUH%Q(Q) +

HVUH%Q(Q )= 2HuHH1 = a(u,u) is coercive.

3. Countinity of ¢(v)
10(v)| = | [, fvde + [; guds|
< Jolfllvldz + f{‘ lgl[vlds

= (Ju(Iflvldz)?) + (i (lgllelda)?)?
= [ Fll e ol + gl ol
Using the trace theorem we have
|v]| 22y < cf|v]| g for some constant c.
)] < 1l ol (D) + gl ol ()
< 11 Fll 2@l () + ellgll oy ol
= ((v) is continuous. = £(v) is bounded.
O
Hence the given Neumann boundary value problem for the Poisson equa-
tion satisfies all conditions of the Lax- Milgram- Lemma

Therefore the given Neumann boundary value problem for the Poisson
equation has a unique solution by Lax- Milgram- Lemma
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4. Pure Neumann problem for the Poisson equation

The study of the pure Neumann problem for the Poisson equation is more

delicate. A Fin g
—Au= fin
{ ou/0v=g onl (2.18)

where f € Ly(€2) and g € Lo(I") are given. In general, the problem (2.18)
does not have a solution, and when the problem has a solution u, any function
of the form u + ¢, c € R, is a solution. This suggests that in formulating the
weak version of this problem we should restrict ourselves to the subspace

V:{veHl(Q)\/gvdx:O}

Formally, the corresponding weak formulation is

ue HY(Q) /Vu-Vvdx:/fvdx+/gvds Yo e HY(Q) (2.19)
0 0 r

An application of equivalent norm theorem shows that over the space
V.| - |1 is a norm equivalent to the norm || - ||;.

The bilinear form a(u,v) = [, Vu - Vodz is both continuous and V-
elliptic. There is a unique solution to the problem

ueV /Vu-Vvdx:/fvdx—l—/gvds YoeV
) ) r

A necessary condition for (2.19) to have a solution is

/Qfder/ngs =0 (2.20)

which is derived from (2.20)by taking the test function v = 1. Assume
) C R" is a Lipschitz domain, i.e. €2 is open, bounded, connected, and its
boundary is Lipschitz continuous. Let us show that the condition (2.20) is
also a sufficient condition for the problem (2.19) to have a solution. Indeed,
the problem (2.19) is most conveniently studied in the quotient space V =
H'(Q)/R. The definition of a quotient space, where each element [v] € V
is an equivalence class [v] = {v+ a | @ € R}, and any v € [v] is called a
representative element of [v].
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5. Problems with mixed boundary conditions

It is also possible to provide several types of boundary conditions for different
parts of the boundary. One such example is

—Au+u=f in{,
u=0 on I'p (2.21)
ou/ov =g on 'y
where I'p and I'y form a non-overlapping decomposition of the boundary
0 : 02 = I'p UT'y,I'p is relatively closed, I'y is relatively open, and

I'pNTy = 0. Assume Q is connected. The appropriate space in which to
pose this problem in weak form is now

V=H ()={veH (Q)|v=00onTp}.

Then the weak problem is again of the form (2.16) with
a(u,v) = /(Vu - Vv + uv)dx
0

and

l(v) = /vader/FN guds

Under suitable assumptions, say f € L*(Q2) and g € L? (I'y), we can again
apply the Lax-Milgram Lemma to conclude that the weak problem has a
unique solution.

6. Problems with mixed boundary conditions
—Au=f in €2,
U= ¥y on I'p (2.22)
ou/ov =1y only
Proof.

1. Start with the Poisson Equation:
We have the Poisson equation: —Au = f in

2. Multiply by a Test Function:

Let v be a smooth test function that vanishes on the Dirichlet boundary
I'p (i.e.,v =0o0n ['p). Multiply the Poisson equation by v and integrate
over the domain €2

Jo —Awvdz = [, fvdx
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3. Apply Green’s Identity:

Use Green’s identity to rewrite the left-hand side. Green’s identity is a
generalization of integration by parts:

/ Auvdx—/Vu Voudx — —vdS /fvda:
o0 0 Q

= / Vu - Vodxr — —vdS /fvd;r:
)

a0 871

= / Vu - Vvdxr — dS /fvd:zs
Q T'n 8n

= / Vu - Vodr = / fodx + %vds
Q Q 8

Iy On

= / Vu - Voudr = / fudx + Yovds
Q Q I'n

Hence the weak formulation of the mixed boundary value problem is:
u € HY(Q) / Vu - Vudr = / fudx + Yovds Vv € HE (Q)
0 Q 'y
a(u,v) = [ Vu-Vude  and

:/fvdx—l— Yovds
Q Ty
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Chapter 3

Summary

In this thesis, we have studied the Lax-Milgram lemma and its applications
to the study of elliptic partial differential equations. We have provided a de-
tailed proof of the lemma and discussed its implications for the existence and
uniqueness of solutions to elliptic problems. We have also explored several
applications of the lemma, including the study of the Dirichlet problem, the
Neumann problem, and the mixed boundary value problem.

The Lax-Milgram lemma is a fundamental result in the theory of partial
differential equations. It provides a powerful tool for proving the existence
and uniqueness of solutions to a wide variety of elliptic problems. The lemma
has also found applications in many other areas of mathematics and science,
including fluid dynamics, elasticity, and image processing.

In the context of elliptic partial differential equations, the Lax-Milgram
lemma can be used to prove the existence and uniqueness of solutions to a
variety of boundary value problems. For example, the lemma can be used to
prove the existence and uniqueness of solutions to the Dirichlet problem, the
Neumann problem, and the mixed boundary value problem.

In conclusion, the Lax-Milgram lemma is a versatile and powerful tool
that has had a profound impact on the study of elliptic partial differential
equations. Its applications extend far beyond the realm of mathematics, and
it continues to be a valuable tool for researchers in a wide variety of fields.
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