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Preface 

Steepest Descent method is one of the method of unconstrained function 

minimization. Studying minimization of unconstrained function i useful IIlce 

some of the most powerful and convenient methods of solving constrained 

minimization problems (such as Lagrange- method) involve the transformation of 

the problem into one of unconstrained minimization. 

Since the matn objective of optimization is to mllllmize (o r maximize) 

optimization problems, one should hjave a way of tackling unconstrained function 

minimization, and so among the major methods of uncon trained function 

minimization methods of Steepest Descent is the one. 

This Seminar Report is a completion of the two Seminars I have delivered 

for qualification for M.Sc. in Mathematics. Thus in this Seminar paper T have 

attempted to present the basic definitions and properties of Descent Theory for 

Convex Minimization . 

I have divided the paper into two parts : 

1. Preliminaries - a review of definitions. 

Il . Descent Theory for Convex Minimization. 

Through out this paper the norm considered is the Euclidean norm. 
1 
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PART ONE 
PRELIMINARIS (REVIEW) 

1.1 Convex Sets and Convex Functions 

DEFINITION 1.1.1: 

DEFINITION 1.1.2: 

A set K ~ 91 n is said to be convex if and only if 
Ax + (1 - A)Y E K for each x,Y E K and A E [0, 1] . 

A function f: 91 n - > 91 u { +oo} , not identically +00, is said to 
be convex iffor each x,Y E 91'" and A E [0, 1] there holds 
j(Ax + (1 - A)Y ~ 'A:f(x) + (1 - A)f(y) 

1.2 Supporting hype"plane and suppo.·t function 

DEFINITION 1.2.1: 

DEFINITION 1.2.2: 

LetK ~ X= 91 n and H = {X E X :< u,x >= a ,u oF O bea 
hyperplane. H is said to be a supporting hyperplane of K if 

and only if 

1. < u,x > ~ a '\Ix E K . 

2. H " K oF ¢. 

Let S be a non empty set in 91 11
. Let x E 91n . The function 

0 S : 91 " ~ 91 defined by 

0 S(X) := sup{ < S, X >: S E S} 

is called the support function of S 
A support function is closed and sub linear. 

Denotation: 0 s(d) : Support function of Sat d E 91n . 

1.3 Directional derivative 

DEFINITION 1.3.1: Let x and d be fixed in 91 n and f : 91 n ~ 91 convex. 
The right side directional derivative off at x in the direction 
dis 

-tf ( d) ' - I' f(X+Id)-f(X) 
J+ x, .- lm 1 

1.1.0 
for t > 0 . 
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1.4 Subdiffe."ential 

DEFINITION 1.4.1: (SubdifferentiaII). 

The ubdifferential if(x) of j at x is non-empty compact convex set 
of 91n whose sUppOll function i '/:(x, .), i.e. 
oj(x) := (s E '~n n: <s.d > s,.f:(x.d) jar aiL d E 9t n} where 
j: 91" 91 is convex . 

. A vector is called the subgradient of j at x . 

DEFINITION 1.4.2: (Subdifferential II) 

Let j : 9P 91 be convex. The subdifferential offat x E 91n is 
a set of vectors S E 91r1 satisfy ing 

j(y) ? j(x) + <s ,Y - x > jar all y E 91 n 
. 

1.5 Kink 

DEFINITION 1.5.1: A point at which oj(x) has more than one element, i.e. 
at which j is not differentiable is called a kink (sharp 
corner off) . 

1.6 Cone 

DEFINITION 1.6.1: 

DEFINITION 1.6.2: 

A cone K is a set in 91 r1 such that the "open" halfline 
{ax : a > O} is entirely contained in K whenever x E K. 

The polar of a cone of K is 

KO:= {s E 91 n :< s,x > ::; Ojoralix E K} . 

DEFINITION 1.6.3: Normal cone 

1. The direction s E 91 n is said to be normal to C <;;;;; ,Jt n at 
x E C when < s,Y - x > ::; 0 jar aiL Y E C 

2. The set of all such directions is called normal cone to C at x , 
denoted by Ne(x) . 

The tangent cone i the polar of Normal Cone. 
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l. 7 add le Point 

Let X and Y be two non-empty et and con ider th gIven functi n 

/ :X Y 91 

uppo e we want to minimize I with re pect to X, and maximize with re pect 
to Y. 

on ider th foil wing function 

7(x) := (ji E Y : I(x,ji) = SUPye rl(x,y)} 

(y) := (i E X: I(i ,y) = infxex I(x,y)} 

Thi define two multi-functions, 7' : X Yand : Y ~ X who e graph are 
ubsets of X x Yand Y x X respectively 

DEFINIT ION 1.7.1 : A couple (x,ji) E X x Y i aid to be a addle point of / on 
X x Y when 

ji E 7(i) and i E S(ji) 

A further definition is given by 

i(i ,y) ~ i(x,ji) . 

3 



PART TWO 
DESC ENT THEORY FOR CONVEX MINIMIZATION 

L. Descent Directions and Steepest -Descent Schemes 

1.1 Basic Definitions 

Let f : 91 " 91 be convex, consider 

(P) : f (x) min, x E 91" 

Descent method is the method of so lving an unconstrained optimjzation problem. In 
thi s method, we start fi·om an intiial tri al x I and iteratively move towards an 
optimum point according to the following rule: 

1. We compute a directi on of move dk E 91" fo r X k E 91" . 

2. We compute stepsize tk > 0, tk E 91 + and then Xk + tkdk such that 
f (Xk + tk dk) < f(X k) at each iteration. 

Definition L.1.l: Letf : 91 "......, ~H convex. A vector d E 91 ", d ~ 0 is said to be a 
descent directi on off at x if it is ati sfi es: 3t > 0 such that 
f (x + td) <f (x) . 

Theorem 1.1.2: A descent direction is equi valently stated by anyone of the 
foll owing propeli ies: 

P.·oof: 

fx (x ,d) < 0 } 
(j of(xld) < 0 

<s,d > 0 for all S E W(x) 

Suppose that d ~ 0 is a descent directi on 
Assume.f~. (x) d) ~ 0 (proofby contradi cti on). 

=> I· d(X+ ld)-f(x) > 0 
1m 1 -
1,(,0 

(1.1.1) 

=> f(x+ I~)-f(X) ~ 0 (since <p et) = f(X+ I;-(f(X) is monotone increasing) 

f(x+ td) - f(x) > 0 
t - \It > 0 
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~ di n t a de c nt direction. But thi a contrad iction to ur 
uppo ition. 

Therefore j~(x, d) < O. 

upp 
j~(x d) < 0 

!+(x,d) < 0 ~ I
· f(x+ ld)-f(x) 0 
1m I < 
I 0 

~ / (x ld) - .f(x) 0 fo r some I > 0 

Hence d is a de cent directi on. 

And we have 0 oj(x)(d) 0 <=> sup{ s,d >: S E o/(x)} < 0 <=>j~(x, d) 0 
by defi nition. /I 

When the gradient V/ (x) happens to exist, the ubdiffe rential reduces to the 
singleton { .I(x)} whi ch generate half-line and the set of de cent directions expands 
to the (open) half space oppo ite to 'j(x). 

Geometri cally, a descent direction co rresponds to a hyperpl ane epareting the 
two closed convex sets aj(x) and {O} stri ctly when 0 ~ o/(x). 

Denote the sub pace olt hogonal to a given d E ~H n(d :;; 0) by 

d1- := H = {z E ~H n :< z,d > = O} 

Then thi s d defin es a descent directi on when alex) li es entirely in the open 
half space limi ted by d1- and opposite to d . (See Fig 1.] .J) The dashed line 
whi ch passes between 0 and !f(x) , is such a separating hyperpl ane. 

I 

I 

I I 
/ 

I 

I 

I " d .1 

Fig 1.1.1 Descent direction and separating hyperplane 
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Theorem 1.1.3 A vector d i de cent direction if for a E rt(x, d) 0) , th 
hyperplane 

P" oof: 

H = {z E 9\ n:< z , d > = a } 

eparate if(x) and {O tri ctly, or in otherword 
s, d > ~ a < 0 for all 'E if(x) and for a E rt(x, d) , 0] 

From the defini tion f ubdi ffi rential we have <s,d > ~j~(x, d)for all 
S E ,V(x) . 

Ther fo re < S, d > ~I+( ', d) _ a < 0 [ ince a E (f~(x, d) , 0) ] 

', d > < < s' ,d > for all s E if(x) and for all s' E {O} E 9\ n 

~ sup <s,d > < inf s,d > 

Hence !I(x) and {O} can be trictly eparated. 1/ 

Definition 1. L.4: Let II .I! be a Euclidean norm on 91 n
. A normali zed teepe t de cent 

directi on off at x, a sociated with 11 . 11 is a solution of the problem 

(P d): j~(x, d) - > min, d E S (1.1.3) 

S = {d E ~n n : Iidil = I} 

or equi valently 

max , ', d > min, d E S (1.1.4) 

S = {d E 9{ n : 1Ia11 = I} 

A vecto r d E 9{11 is said to be a non-normalized steepest descent directi on 
if 1Ia117: I and d' = II~I is a solution of (1.1.3) . 

In the fo llowing cp and v play the ro le of j~(x, .) and II I! respecti vely. 

Proposition 1.1.5: Let N ~ 9\ n be a cone. Let cp : 9t" ~ 9{ and v : 91 n ~ 91 be two 
positively homogenous functions. Let k > 0 be given and let 
D k be the set of solutions of 

6 
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P"oof: 

<P eel) min, d E ' ( l.l.S) 

= {d E N : v( d) = k} 

then Dk = kL I jar aLL k > 0 where D I the et of olu tion of 

= {d E N : v(d) = l } 

Take arbitrary A> Oand uppose that d so lves 

((P l.,) : (p(d) min, d E S 

' = {d E N : v(d) = A} 

Then d E N , v(d) = A and (p(d' ) ~ (p(d) for all d' E N with v(d' ) = A 
whi ch can be wri tten (mul tiplying by k and using homogenity) 

(p(kd' ) ~ (p(kd) jar aLL d ' E N with v(kd' ) = kA 

II . . , , d" 
Take d E N arbi trary wi th v(d' ) = kA and set d := k E N 

Then (p(d" ) ~ (p (kd) jar aLi d" E N with v(dll
) = kA . 

In other words 

kD A. c DkA. jar all k > 0 and A> 0 (1.1.6) 

Since ~ > 0 fo r k > 0, there also holds 

i D A. C D~ jar aLi k, A > 0 (1.1.7) 

If we take A = 1 in (1. 1. 6) and A = k in (1.1. 7) we obtain 

We observe that (1. 1.3) has at least one optimal solution, because it 
consists of minimizing the co ntinu ousj~(x, .) on the compact uru t ball. With 
thj s in rrund, we can specify more accurately our algorithmic scheme. 
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Algorithm 1.1.6 (Steepest-Descent Scheme) 

Step l 

Step 2 

Step 3 

step 4 

Start fro m some XI E 91 n
. Set k = 1 

(Stopping Criterion) If 0 E ?I(x) top 

(Diloection Finding) For the norm II 1\ take d k solving (1 .1.3) o r (1. 1.4) 

(Line Search) Find a stepsize l k > 0 and new iterate X k+1 = X k + l kd k such 

thatf(xk + I) < f(X k) . 

(Loop) Replace k by k + 1 and loop to step 1. 

A stop in step 1 means that X k is optimal. 

l.2 Solving the Direction Finding problem 

Consider the steepest descent problem 

(P d) : .f~(x, d.) min, d E S 

S = {d E 91 n : 111111 ~ ] } 

with its nonlinear and nonconvex constraint. This problem must be solved at each 
executi on of step 2 in Algorithm 1.1.6. Let us consider one given iteration X E 91 n. 
The question is how to find a steepest descent direction at a g iven X E 91

n
. 

As an alternative to (1.1.3) consider the nicer, "convexified," problem 

(P~) : h(x, d.) -? min, d E S' 

S' = {d E 91 n : 111111 ~ I} 

Or eq uivalently 

(P~) : maxs E of{x) < s, d > -? min, d E S' (1.2.1) 

S' = {d E 91 n : 111111 ~ I} 

The next result makes precise the difference between (1.2 .1) and (1. 1.3). 
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Theorem L.2.1 The olution et of J .1. ) and ( 1.2. I) have the following prop rti 

Proof: 

I . Either t(x d) ~ 0 which mean x minjmjze f. 

2. Or if 0 E Vex) , the olution et of (L.2.1) and ( 1.1. 3) coincide. 

I . The minimal objective value is never strictly po iti ve since it cannot be larger 
thanj : (x,d) = O. Butj: (x,d) ~ 0 => there i no de cent direction . 

I. e . f(x + Id) ~f(x) for ail d E 91 n
, I > 0 

=> fey) ~f(x) 

=> x minimizesf which means 0 E aj (x) 

2. Suppo e now 0 ~ f(x) . So there exists d with Ildll ~ t and t(x,d) O. By 
the positive homogenity of t(x,. ) we may just assume Iiall = t . Thu 
j:(x, d) 0 both in ( 1.2. I) and (1. t .3) and d = 0 cannot be optimal in any 
of these problem . Then consider and arbitrary d withj:(x, d) 0 and 

Iiall < L. Set d' = II~I 

.t(x, d' ) = j: (~~( <1' (x, d) 

In other word , d' is feasible in (1.2.1) and strictly better than d, which i 
therefore cannot be optimal. This means that ( 1. 2.1) is not changed if it 
is feasible set is restricted to Iiall = 1 which is the feasible set in (1. J .3). 
Therefore the solution set of (1.1.3) and (1.2.1) coincide. 1/ 

/\ 

Theorem 1.2.2 Let S be the solution set of 

Iisil -+ min .s E W(x) (1.2.2) 

/\ /\ 

Take arbitrary S E S . Then the solution of (1.2 .1) are the solution of 

(P d) : < - s, d > -+ max d E S' (1.2.3) 

SI = {d E 91 n : Iiall ~ I} 

that lie in the normal cone NOj(x) cS) to W(x) at s. 
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on ider the et D of addl -p in t of the bilinear fu ncti on 
( ., d) < s, d > ver the pr du t f compact convex et if(x) and 

B = {d E 91 n : I 1ct1 I ~ I } 

/\ 

S E 
/\ /\ 

C if(x) and d E c B if and only if 

< s,d > ~ 
1\ 1\ 1\ 1\ 

', d> ~ < ', d> jor aLi S E if(x) and d E B 

From the theory of addle points i exactly the olution set of 
max s e 8f{x) mll1 d e B < S d > <=> max s e 8f{x) {- max deB - s, d >} 

<=> max s 8f{x) {- IIa1I } <=> max s e 8f{x) {- lisll } 
whi ch means that 

- /\ - /\ 

X E S <=> X E S . Hence = 

We know al 0 that D i exactly the solu tion set of (1.2.3) bu t from ( 1.2.4), 

d E D if and only if, given j 'E if(x) the fo ll owing two propel1ie hid: 

/\ /\ . 
< s, d > ~ < s , d > jor all s E ?I(x) 

/\ /\ 1\ /\ 

', d > ~ < s, d > for aLi d E B [d olves ( l.2.3)] . 

Thi s result indicates how to solve the converxi fi ed teepest descent problem 
(l.2 .1). 

CO"oll:lry 1.2.3: The fo ll owing statements are equi valent 

i) 
/\ /\ 

d so lves (1 .2.1) and s so lve (1. 2.2) 

ii ) II~ I ~ 1, /\ E aj(x) and there hold s 

/\ 

[= i+(x, d )] (1.2.5) 

/\ 

Proof: By Theorem 1.2 .2 (i) holds if and only if d solves (1 .2.3) 

Hence < -5,d > = 11-511 

10 
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< ". d > = - Wand 
" " " oj(x) s i .~. < s, d > ~ < S, d > fi r al/ S E if(x) . 

Th r fo r < '\ d > = - 11511 = (J Of(x) (d ) 

H n (ii) /I 

" Th computati n of an SE . in Th rem 1.2.2 i a famili ar en ugh prob l m ~ 
th b t approximati n f th origin in the /1 .11 en e with regard to a compact 

t if(x) . 

From ro ll ary 1.. 2. th lu tion f ( 1.2. I) are then the olu tion of the y tem 

Th foil wing problem may be con idered a more handy than (1.2. ) 

.~ > = - II~ II ( 1.2.6) 

s, d > ~ < S, d > for all s E ?f(x) 

(P d) : 11a11 min, d E S (1.2.7) 

s = {d E 91" :< s, d > =- II"'I I,< s.d > 

i. d E N Oj(xlJ,-} 

" ~ < " d > for ali s E ?f(s) 

Thi pr blem i a c nvex minimization problem with one affi ne enequality con train t 
and a p ibly infini te number of linear con traints. 

P"oposition 1.2.4: Let 5' solve ( l.2.2) . The solutions of ( 1. 2.7) olve (1.2 .1). 
Conver Iy, (1. 2. 1) and ( 1. 2.7) have the ame olution set if s·:;t: 0 . 

Proof: Because (1 .2.1) has a so lu tion, (1 .2.6) does have a olution. The optimal 
value in (1.2.7) is therefore not greater than 1, and any optimal so luti on 
of( l. 2.7) so lves (1.2.1), thi s is co roll ary 1.2.3. 

If s·:;t: 0 , all olution of (1.2.1) have norm 1 (thi i Theorem l. 2.1). Hence 
all the olu tion of the eq ui valent problems (1 .2.3) and (1 .2.6) have norm J. We 
calcul ate that the minimal value in (L.2.7) is exactly J and ( 1. 2.7) i really 
equivalent to ( l .2.6) = (1.2 .1). 

Therefore ( l. 2.7) and (1.2 . 1) have the ame solution. /I 
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" If 5= 0, we b erve that 1.2.7) ha a uniqu luti n d= O. Yet, 1.2. 1 r 
( 1.2.6) may have non zero olution unle N fJf{x) (0) = {O} , i . . 0 E ii'll if(x) . Thi 
c nfirm that ( 1.2.7) i n t exactly equival nt to ( 1.2 .1). When "* 0 th 
de cent directi n ar upto n rmalizati n, the olution of 

(P d ) : 11011 min,d E ,' (1.2.8) 

S = {d E 9t n: s, d >= - I , s - S d > ::; 0 jar ail .' E if(x) } . 

In ummary, to p rfl rm tep I and 2 in the Steepe t-De cent AJgo ri thm 
1.2.6 one ha t 

~elmlJ'k L.2.5 

solve (1.2.2), a projection problem 
check that it ha a non-zero solution 3 (otherwise top) 
so lve ( 1.2.6), ( 1.2.7) or ( 1.2.8) 

Theconstraintd E N )f{x)('') (i.e. < s,d > ::; "', d V.·E .1(x» 
may really trouble if if(x) i complicated enough. 

Suppo e the problem 

(P d) : 11a11 min .d E S 

s: {d E 9t n :/'s,d > = - 1,s E if(x so lvi ng ] .2.2} 

" " ha unique olu tion d . Then this d has to li e in NfJf{x)(s) and olve 
(1.2.7) . (Otherwise (1.2 .7) and (1 .2.1) wou ld have no so lution !) in th i 
case, the last line of constraints in (1.2 .7) or ( 1.2 .8) can be neglected . 

L.3 Exmnples for some IJfIl·ticuhll· cases 

Let us see orne particu lar implication of the results of previous section: 

Example 1.3.1 

Let X = 91 2 J: 91 2 9t convex. Let 

qf(x) = conv{ (0, ~) , (3 , O)} (1.3.1) 

Find descent direction d of j at x . 
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olution: 

L l S E .ifCx) . = (S"S2) . if(X) anb r rittena 

Th reft r ( 1.2.2) can b written a 

I . 

2. 

(I) : Iisil min, S E if(x) 

Kuhn Tucke.' onditions 

O
OL = 2S2 + A = 0 
S2 

ase 1: A = 0 

(1)(2) S , = 0, S2 = 0 

But thi contrad icts condi tion 3. 

Case 2: A :f=. 0 

(2) => A = - 2S2 

... (5) 



mbinin and g t 

1\ ( 6)' S= -, - I a luti n f p . 

T find d n ider th ptimization pr blem. 

(P d) : 11011 min, d E 

s = {d E 9P : s, d = - I < ', d > ~ < 5, d '1/ S E if(x)} . 
r 

min,d E ' 

olving thi w get 

1.4 onclusion 

In section J ofthj paper it is hown that computing the direction in the 

teepe t-d cent algo rithm l . 1.6 amounts to so lving two optimization problems: 

fir t the projection (1 .1.2) and then (1.2.8). It is now necessary to a k the que tion : 

i thi a con tructive way of computing a teepest de cent direction ? 

Both problem (1.2 .2) and (1 .2.8) invo lve the tructure of norming and the 

ubdifferenti al. However, (1. 2. 7) can be considered as the easier problem, becau e its 

compl exity d pend Ie s on af(x) . For exampl e, uppose we solve (1.2.3), whj ch does 

not in volve th subdifferenti al, and obtain a unique so lution. Then thjs solution is the 

required steepe t-descent direction. 

14 



On the other hand ( l .2.2) is usually imp ible to olve, unle ther i 

orne structure in f (whi ch is not under our control i). Three in tance are mention d 

b low in whi ch uch a managable tructure ex i t. 

Case 1: The ubdifferential is a compact convex polyhedron characterized a a convex 

hull : SI , .5'2, .. . , ' 11/ are given III 91 " and, t1m being the unit simplex, 

11/ 

!I(x) = conV{5 l, .. . , SIII} = { =L aj5>: d E t1111} 
J: I 

Then ( 1.2.2) i the convex quadrati c minimization problem with 111 variables dJ . 

min, d E t1m 

Case 2: The subdifferential is a convex polyhedron (as umed compact) 

characterized by its supporting hyperplanes: m nonzero vectors 
VI , V2, ... , V III are given in mn , together with m numbers 1'1 , 1'2, .. . ,rlll 

and 

aj(x) := {5 :< S, r j > ::; rj for j = 1, 2, ... , I11} 

Then (1 .2.2) is again a convex quadratic minimization problem, but 

thi s time witn n variab les and m inequality constraints 

minal~' 1I 2 : < 5, VJ > ::; rJ for j = 1, 2, ... ,m} 

WhereR : 91 111 ~ 91" is a given linear mapping. Then (1.2 .2) can be written as 

min : Z E S 

S= {z E 91 111
: ~lIzI12 ::; ~} 

15 



The Finite Minimax Problems 

L t 

.f(x) := max{J;(x) :j = ] , 2, .. ,p} (2.0.1) 

wher each f, : 1)1 n 1)1 i convex and (continuously) differentiable and p is 
m giv n p itive natural number. 

Th ptimization problem 

(P) : .f(x) -., min, x E 1)1 " 

all d a fin ite minimax problem. 

It i assumed throughout that all the functions};· are available together 
with their grad ients. 

2.1 The Steepest-Descent Method for Finite Minimax Problem 

For each x E 91" , the set 

J(x) := (j : .fix) = J(x)} (2.1.1) 

is call ed the active index set at x . Forj E J(x) the function !; and flx) are 
call ed re pectively the active functions and active gradi ent (at x) . 

Now let u ee the fo ll owing important fact: 

I 
with the notation (2.0 .1), (2.1.1) 

OJ(x) = Conv{ uoJ(x) : .l E .l(x)} 

with thi s fact in mind the fo llowing theorem is stated . 

Theorem 2.1.1 The functionJ of (2 .0.1) is convex. For given x , its subdifferential 
is the convex hull of the active gradient at x : 

!I(x) = Conv{VJlx) :j E J(x)} 

16 



The econd a eJ1ion foil w fr m the ab ve fact. W pr v th 
fir t a erti on i.e. the c nv xit off. 
Let .11 (z) := {j :flAx CI - 'A)y ) = f(Ax ( I - 'A)y } where z = Ax (1 - 'A)y 

x E 9\ n, y E IJP, 'A E [0, I] 

f (Ax + ( I - 'A)y) = j;(Ax + (1 - 'A)y, 

~ 'A/; (x) ( I - 'A)h(Y) 

~ Vex) + (1 - 'A)I(y) 

(convexity of /; ,.J E .1 1 (x)) 

incef (x) -e j;(x) V; E J(x) 

Hencef i convex . 

Thu , the ubdifferenti al of uch anf i a compact convex polyhedron 
having at most} extrem point . An actual computation of thi polyhedron 
exactly amounts to perfo rming the fo ll owing which can be done by computer 
program: 

finding all the active indicie j at the given x . 

doing orne ordinary di ffe rential calculus to compu te the 
co rre ponding gradient . 

by Theorem 2.1. 1 the ubdiffere ntial is then the set of all 
convex combinati on of the gradient: 

!lex) = { L a/Jj; (x) : L a j = I, a; -e 0 for j E .l(x)} 
; J(x) ;EJ(X) 

(2.1.2) 

p,·opositiol1 2.1.2 A necessary and sufficient condition fo r x to minimize! defin ed by 
(2 .0. 1) is that there exist coefficients a j,.} E (x) sati sfying. 

Proof: 

a; -e 0 for j E .l(x) , L a; = 1, L a; jj(x) = 0 . 
;EJ(X) ;eJ(x) 

By definiti on of subdifferential x minimizes! if and only if 0 E aj(x) . 
By Theorem 2.1.1 . 

o E if(x) iff there exist coefficients a;, a; -e 0 for 

j E .l(x) , L aj = 1 , 0 = L a jV/;(x) . /I . 
. jEJ(X) ;EJ(x) 
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ropositioll 2.1.3 A vector d E ~n n i a de cent directi n if it ati fie the fi ni t 
et of inequaliti e 

< d, h ex) > < 0 f or ail j E J(x) (2.1.3) 

Actually, there hold 

!+(X,d) = max { < iix),d >:j E J(x} (2.1.4) 

Proof: Let I> 0 be mall enough. By the continuity of eachJj , those indice 
not in J(x) do not count at x + Id, i.e. 

f (x Id) > .iJ(x Id) f or aLI j E J(x) 

This means that l (x +d) c l ex) . So we can replace (2 .0.1) by 

j(x + Id) = max (Jj(x + Id) :j E l (x)} (2.1.5) 

valid around x , Now a fi r t order development of .iJ yield 

j(x + td) max (jj(x) + I jj(x) , d > +e;(t) :j E lex)} 

I. e, 

= j(x) I max {< f j(x) , d > el l) : j E J(x)} where 

e;(/) - > 0 fo r I .J,. 0 

I· f(x+/d)-f(x) I' [ 
lin = 1m max 
/,j,o { (,j,o 

h (x), d > e;(x)] 

=> lim f(X+l; -f(X) = max { V.iJ(x) ,d >:j E lex)} 
(,j,o 

=> j:(x,d) = max{ < V.iJ(x) ,d >:j E l ex)} 

And d is descent if and only ifj: (x, d) < 0 

!+(x,d) < 0 <=> max{ <V.iJ(x) ,d >: j E l ex)} <0 

<=> < V.iJ(x) , d > < 0 for aLL j E lex) . 1/ 
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Algorithm 2.1.4 (Steepest-Descent, Finite Minimax Problem) 

Let the initial point X I E 9\n and the tolerance 8 > 0 be given : 

tep 1: (Stopping Criter'ion) 
Solve the optimization problem 

(P) : 
II L aj 'h (x) I I 
/eJ(x) 

mll1, a E 

6 = {a E ~n I L a j = 1, aj ~ 0 for j E .f(x)} 
jeJ(x) 

(2. L.6) 

Step 2: (Direction Finding) So lve 

Step 3: 

Step 4: 

(P d) : 11a11 min, d E S 

' = {d E 9\.17 sk, d > = - l , < \Ij;{xk),d > ::; - 1 for all j E .l(x)} 

Let d k;t. 0 be the so lu ti n. 

(Line Search) Find a tep ize Lk > 0 and a new iterate Xk + I = Xx + Lkdk such that 

(Loop) Replace k by k + 1 and loop to step l . 

Consider the problem 

(P) : 111 L a VfXx) I I 

2 

2 jeJ(x) J j 
mJl1, a E 6 , X E 9\ n 

6 = {a E R : L aj= l , aj~ Ofor aLL j E .l(X)} 
jeJ(x) 

(2. 1.7) may have everal so lution , but they aLi make up the same vector 

(2.1. 7) 

L aj 'h ex) = s for any soluti on a of (2 .1. 7) whi ch i the best approximation of 
j eJ(x) 

o E 91 17 with regard to the convex hull of active gradients off at x . 

Proposition 2.1. 7 The above projection s' is a unique convex combination 

S E conv{\I!JCx) :j E .f(x) satisfying 
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< s, .fix) > ~ lI~f jor aLi j E J(x) 

Equality hold in (2 . 1. ) fi r ail j uch that th re i 
olving (2. 1.7) and having aj > o. 

(2.1.8) 

1\ 

om a 

roof: From 5'= L a \I/;(x) , s' i clearly a convex combinati n of 
jEJ(X) 

1\ 

s, 

active gradi ent of j at x where a olve (2 . 1.7) . Hence SE if(x) . 
Since aj i a olution of (2 .1.7) 

-: = L aj 'hex) i a oluti n f 
j J(x) 

(P) : t l~'11 2 -) min,.' E if(x) 

Hence s ati fy (2 .1.8) . The ubdifferential , !I(x) i c nvex, s· i unique. 
To how quality in (2 . 1.8) a ume that trict inequality hold in (2 . 1. ) fi r 

m j o withajO withajO > 0 for om a 0Iving(2 .1.7) (Proofb 
contradi ction) 

Forjo 

L 
1\ 

jj(x) > + < 
1\ 1\ 

'fio (x) > >ajO 11~' 1 1 2 + 
1\ 

L 
1\ 

j/x) > a s aio s a , , 
j'l'jO j'l'jo 

j J(x) j e J(x) 

1\ 

L 
1\ 

.f;(x) + aio / ;o (x) > > ajo ll~ 1I 2 + L 
1\ 

.fj(x) > s a j < s, , 
j'l'jo j'l'jo 
J ~ J(x) j J(x) 

< S, s· > > IIsll whjch is a contradiciton . 

Therefore strict inequality holds for no jo with a jo > o · " 

2.2 Non-convergence of Steepest Descent Method 

Counter Example 

Let u con ider a counter example which illustrate that the steepest -de cent 
meth d may not be convergent. 
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on ider the followin function f x = (E,11) E 9\ 2 

I. e. h : 9\2 9\ j = 1, 2, , 4 , 

f l(x) := - 100 

h ex) := 2E + 311 
(2 .2.1) 

j (x) := - 2E 311 

f 4(X) := 5E + 211 

.f (x) := - E + 211 

et 

f (x) := max (!;(x) : j = 1, 2, 3, 4, } 

Let u concentrate on the region 11 ~ 0, in which ./ inn-negative and f l 
doe not count. Then 1 fail to xi t on the half line 

L I := {x : 0 ~ 11 = 3E} where f 2 =./4 

L := {x : 0 ~ 11 = - } where f =/ 

L3:= {x : E = O} whereh = j 

Thi i il lustrated by Fig 2.2 . I, which how , a level et of f , then the three 
ritical line and four po ib le value fo r 1 . The minimal value of f is cl early 

- 100, attained for uffic iently negative values of 11 . 

L 'i. 

(-5,2) 

I 

I 

f=f, 

\ 

"-'il'" (5,2) 

Fig. 2.2.1 A coun te,·-exa mple for steepest-descent 
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Let th urr nt pint x f AJg rithm 2. 1.4 b in th fir t quadrant 
uch that/. i act iv ; L1PpO e for exampl that x E L, . The t pe t d nt 

direction i - ',h(x) , i.e. (-2,- ) and n a ily b rv that it i till (-2,­
even x ~ L , . 

II1ce 

16 = < ./2 (x) , /4 (x) > > II / a(x)11
2 

= I j 

by the above propo ition ./2(X) i the be t approximation of 0 E 91 2 with 
r gard to [ .h (x) , J'4(X)] . 

Fig. 2.2.2 how de c nt dir cti n d . It i impl t 
traight line x + 91d pa e above the origin ; the rea on i 

of ./2 (x) , i mail er than the lop f L , . 

\ I 
\ I 

.L 
\ .".'" I ......... I 

\ I 
\ ~ 

I 

~~ t< ,( 
I \ 

" I 
\ 

I \ , 
~ I \ 

~ ,' I 

1 I 
I \ , , I \ 

I '( , I \ 
\ , 

\ I \ 

\ 
, 

I \ 
I \ 

, 
I \ 

I "I 
, 

* 

I've that th 
2' , the lop 

Fig. 2.2.2 Non-convergence of the steepest descent 

The one dimensional function I I(x + td) is piecewise affi ne with two kinks 
(= sharp corners) A and B. If we take a "reasonable" step ize along this directi on, 
for example the optimal stepsize. Fig. 2.2.3 shows that Ii decrea ing along the 
segment AB, and that the optimal tep ize leads x to B , i.e. on L2. By symmetry, 
the same AJgorithm starting form thi s new x E L2 end up with the next iterate 
on L, . Clearly enough, the resulting sequence wi ll oscellate forever between 
L , and L2 and converging to non-optimal point (0, 0) . The algorithm is 
subject to zigzages. 
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f(x +td -f(x 

Fig. 2.2.3 Objective value ~lIong steepest-descent 

em ark 2.2.1 Th wh I id a f thi n tructi n i that, ~ r ea h iterat , th dir ti n 
earch pa ' abov the rigin , th n xt it rate giv n by th lin ar h, will 

then hay 'I > O. F r th dir cti n i u d fr m x = (e, 'I) t pa ab e th 
origin, it uffice to have 'I n t to mall , nam ly 

'1 > 2 Ie l > 0 (2.2.2) 

up t n w, w hay r quir d that.fz r f be activ at each it rat , i. 

'I ~ lIell (> 0) (2.2.3) 

which implie (2 .2.2) . 1f(2 .2. ) d e n t hid , the dir cti n b come 
(5 ,-2) or (-5,-2) . Redrawing Fig. 2.2.2 w ee th optimal tep ize 
would lead the next iterate to A . The next directi n would be vel1ical, 
pointing directly down to the optimal et; the counter-example wou ld 
di appear. 

3. The practical value of descent schemes 

Section 2 ofthi paper was mainly devoted to the zigzagging phenomenon, 
common to all steepe t descent meth d . Another problem i that the practical 
implementation of such method could be diffi cult. The full ubdifferenti al had 
to be computed . The aim of present ection i to how that, in many ituations, 
uch a computation i not conveni ent. 
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Lagre Minimax Problems 

L t 

f(x): = max(f;(x) : j = 1, 2, ... ,fJ} 

but p i a large integer, ay in 10 range. Then c mputin 
difficul t, not even mentioning to fi nd th el m nt f minimal n rm 

Let u consider such large minimax problem with th exact p nalty 
techniquesAPP

: on ider an ordinary n n-linear programming pr bl m: 

(P) : F(x) min, x E (3.1.1 ) 

= {x E 91": c/x) ::; ° for j = 1, 2, ... ,p} 

where both F : I)\n 9, and c;: ~n n -:H, c nvex mooth functi n , and 
p is an extremely large number. K n wn m th d fI r nstrained ptimizati n 
become impractical in thi situation. The penalty id a i t tran fi rm th 
problem by aggregating the con traint into the objective functi n. 

Let u choo e the penalty efficient 7l: large n u h 

Then 

(P) : F(x) + 7l: max ( O, c I (x) , C2 (x) , ... , c p(x)} min, x e 1)\/1 (3.l.2) 

From t hi one ob erve that the max peration involv s p I t nn . 

Rem:uk 3.1.1 Consider the function 

1)\.'"' X Fn(x) := F(r.) + 7l: f max{O, c/x)} 
;= 1 

(3.l.3) 

Thjs function can be put in the minimax framework of section 2. 

So Fn is max of 2P function . To characteri ze F rt(x) from thi la t 

expression, denote by 

APP: ec A ppendix 
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l(x) := {j : clx) = o} the set of active indices a given x , and by 

so(x) := VF(x) + 7t L Vclx) 
{f:c;(x» O} 

the "smooth part" of the differentiation. The sub differential of F n at 
x is therefore the convex hull of 2 IJ(x) I points: 

8F n(x) = So (x) +7tConv{ L CIVclx) : Cj E {O, I}} 
j eJ(x) 

computing a steepest descent direction is now a convex minimization 
problem with Il(x) I variable Uj : 

(P) : 
II
SO(x) + 7t . L Uj Vclx) I I ~ mm, Uj E S 

} eJ(x) 

S = {u E \)\ ° ::;; Uj::;; 1 for j E lex)} 

3.2 Infinite Minimax Problems 

Consider 

f(x) := max{h(x,y): y E Y} (3.2.1) 

where h is convex in x and smooth on the compact set Y . Among such problem , 
are the frequently encountered semi-infinite programs (= optimization problems 
with finite variable and with infinitly many constraints.) Consider 

F(x) ~ min, XES 

S = {x E \)\ n : g(x, t) ::;; ° '1/ t E 71 

Where T is compact interval in \)\ , and 

n T 
g(x, t) := L Ci<j) i(t) - <j)o(t) = [<pet)] x - <poet) 

i = i 

and <j) i : T ~ IJ\ i = 0, 1, ... , n continuous. 
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learly to compute the whole subdifferential if(x) i very di ffic ul t in .2. I 
which amounts to computing the whole potenti ally infini te, et f max imal 
y' at x. On the other hand, computing some ubgradient of/ in (3 .2.1 
i al 0 hard : the underlying maxi mizati on ha no reason to be ea y . 

. 3 mooth but Stiff Functions 

Section 3.1 and Section 3.2 of thi paper dealt with problem in which 
computing the subdiffe rential was difficult, or even impo ible. Tn ther 
fi eld of applicati ons, compu ting it is simply meaningle s. Thi c ncern 
objective functions whose gradient varies rapidly, alth ugh continuou I . 

There is no clear-cut between fun cti ons that are smooth and functi n 
that are not. Between these two classes, there i a rather fu zzy boundary f 
tiff functions, for which it is not clear that whether smooth optimizati n r 

no n mooth optimization is better suited. 

A non-smooth function J can be regarded as the limiting ca e of twice 
differenti able fun ction say g , whose second derivatives grow unboundedly 
at some points (the kink off ). 

The question is: 

When is a smooth fun cti on so stiff that an 
algo rithm tail ored fo r smooth functions will 
become ineffici ent ? 

The following experiment illustrates how vague the class of stiff 
fu nction is. 

The objecti ve functi on in (2.0.1) can be written 

p 

J(x) = max L aIlx) . 
a E6p J= l 

(3.3.3) 

Where I1P is the unit simplex. APP 

APP: See Appendjx 

26 



Now let us take n > 0 and set 

p P 
(P 1t (x, a):= L a!J(x) + nL log 

J=I J= 1 

For small n > 0, <p1t approximates the maximand in (3,3,3) and the function 

P 
/'Il(x) : = max{ <p1t (x, d) :L a j = I} 

j J= 1 
(3.3.4) 

ap proximates f 

For aj E I'1p, log a j ::::; o. Hence we have 

p 

F(x) = max{<p1t(x, a) : L a j = I} 
1=1 

p p 
::::; L a!J(x) ::::; max L aJ"ix) = f(x) 

0. = I a E b.p j = 1 
a E b.p 

and lim .r(x) = f(x) 
1t~O 

In contrast with (3 .3.3), the a-problem (3 .3.4) making up.r has a 
unique maximal solution, so the resulting.r is now differentiable. Now we 
have to minimize with respect x a smooth .r(x), instead of the nonsmooth f(x) . 

Test Problem 3.3.3 (MAXQUAD) 

Let h : 9i n ~ 9i be given by 

hex) := ~XT Aj x + bI (x) + c for J = 1, .. . ,p 

where each ; ; is symmetric positive definite n x n matrix and bj an n-vector; 
c real number. 

Let x = (e I , .. . , en) E 9P. Aj = (a ,k) I, k = I , 2, .. ,n 

fix ) 
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7t 

8!j (X) ') 
n 

+r J, 

( L ajiEi b i 

J; (x) ~ l '" j i=I 

= 
Ojj (X) 

n bn L a n iE i 
BSII 1= I ) 

= A/x) + bj 

Let .I(x) := max{/;{x) :j = 1,2, 3, 4, 5} (*) 

. I II d MAXQU AD n - lOp = 5 c = 0.84 14 I n the specific examp e ,a e ' . - .'. _' . 
h .. I alue isfirx) = 0 At the uruque lTIlrumal x , the understandll1g and t e mlnJma v I; / . 

funct ions have chara t""fsti s listed in Table 3.3.1 . 

Table 3 3 1 
2 ') 4 5 J .J 

/;(x) A 0 0 0 -298 u 

/IV!; (x)/I 6 14 40 500 10-4 

ow, the objective functionJof(*) can be approximated by the smooth functi on 
C.3 .4) which inturn can be minimized by and" ordinary" method . 

Table 3.3.2 displays the behaviour of various algorithm for different values 
fTC . Each entry of Table 2.3.2 contains number of iterations to reach to 

three exact digits, and between parentheses, the corresponding number of 
f' - and VI' -evaluations. The last two rows indicate the value ofF at its 
minimum x1t and the corresponding values off. All methods were started from 
the same initial iterate an . u ed the same line search. 

--- . 

100 10 1 10- 1 10-2 10-3 

ISte pest descent 2( ) 21(35) 30(57) 59(97) 358(457) oo( ) 
Ie njugate gradient 5( 5) 10(23) 13(33) 20(50) 77(222) 69(1 94) 
INon mooth 

0 

fai led 

fa il ed 
3(16) 6(10) 12(20) 15(22) 24(46) 24(54) 17( 44) p (xn) 

~\,n) 
-1,1 17 -121 -14 -1.68 -0.21 -0 .02 

184 8. 7 1.6 0.17 0.01 0 

Table 3.3.2 W hat is a smooth fun ction ? 

:his table ~akes clear enough the danger of believing that a "smooth method" 
automatically appropriate for a smooth function 
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Appendix 

l. Exact Penalty 

Let f ~n n 9t be convex function . Consider 

(P) : f(x) ~ min, x E C 

C ~ 9t n , C Convex 

Let P satisfY 

() =!o ifxEC 
P x l P( ) > 0 if x ~ C 

(*) 

Consider 

x) + rcP(x) ~ mIn, x E 9t n 

Defi nition: Let p has a nonempty solution set. A penalty function P 
satisfYing (*) is said have the exact penalty property if 
there is 7t > 0 such that (P 1t ) has a solution belonging 
to C . 

2. Unit Simplex 

Any collection of numbers {a!, ... , ad satisfYing 

a i ~ 0 for i = 1, ... , k and 

is called he unit implex of 9t k . 

k 
L a i = 1 

i = I 
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