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Abstract

Applying the solutions of the quantum Langevin equations, we calculate the
variances of the quadrature operators for the cavity mode, the squeezing spectrum,
spectrum of intensity fluctuations and the power spectrum of the output mode
produced by tyo-level atoms intferacting with a single cavity mode, driven by a
coherent light and coupled to a squeezed vacuum reservoir. Employing the same
solutions, we obtain the antinormally ordered characteristic function defined in the
Heisenberg picture. With the aid of the resulting characteristic function, we
deterniine the Q function which is then used fo calculate the mean and variance of

the photon number as well as the photon number distribution of the oufput mode.
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1. Introduction

The quantum noise and photon statistics of the light mode produced by two-level
atoms interacting with a single cavity mode coupled to an ordinary vacuum have been
extensively studied [1-6]. Recently, with the advent of squeezed light sources, much at-
tention has been directed at modifying the properties of the cavity mode by replacing the
ordinary vacuum surrounding the port mirror by a squeezed light.

Applying the Glauber-Sudarshan P-function, several researchers have studied the ra-
diation generated by two-level atoms interacting with a cavity mode and coupled to a
squeezed vacuwin [7-11]. The P function is usually obtained by solving the Fokker-Planck
equation which is derived from the equation of evolution of the reduced density operator
for the system. However, the task of deriving the master equation [1, 5] and solving the
Fokker-Planck equation [12] involves a great deal of mathematical manipulations. On the
other hand, the derivation of the quantumn Langevin equations [13] appears to involve a
relatively less mathematical task. In addition, this approach is better suited for the cal-
culation of two-time correlation functions. Applying ¢ number Langevin equations, the
quantum noise and photon statistics of a laser coupled to a squeezed vacuum have been
studied in Ref. [14].

In this thesis, we wish to study applying quantum Langevin equations, the quantum
fluctuations and photon statistics of the light mode produced by two-level atoms inter-
acting with a cavity mode, driven by a coherent light and coupled to a squeezed vacuum
reservoir.

The thesis is organized as follows, We first derive the quantum Langevin equations

for the cavity mode. Then using the solutions of the resulting equations, we calculate




the variance of the quadrature operators for the cavity mode, the squeezing speclrum,
spectrum of intensity fluctuations and the power spectrum of the output mode. Move-
over, applying the same solutions we determine the antinormally ordered characteristic
function defined in Lhe Heisenberg picture. With the aid of the resulting characteristic
function, we obtain the €} function for the output mode which is used to calculate the
mean and variance of the photon number as well as the photon number distribution of
the output mode.

We also discuss the effects of the driving coherent light and the squeezed light which
has phase dependent properties and nonvanishing mean photon number on certain quan-

tities of interest.




2. Quantum Langevin Equations

In this chapter we seek o investigate the interaction of two-level atoms with a cavity
mode driven by a coherent light and coupled to a squeezed vacuum reservoir through the
lossy outpul mirror of the cavity. We here cousider the case for which two-level atoms,
initially prepared in the upper level, are injected into the cavity at a certain rate r,. We
also consider the atoms to be noninteracting and at resonance with the cavity mode. This

system is describable in the interaction picture by the quantum Hamiltonian (h = 1):
H = Hy + Haar + g, (2.1)

where Hyr, Hup and Hyrp represent the interactions of the driving mode, the two level
atoms and the squeezed vacuum reservoir with the cavily mode, respectively.
With the driving mode treated classically, the Hamiltonian that describes the interaction

between the cavity mode and the driving mode at exact resonance is expressible as

HA'I = iE((LT — (I), (22)

where € is proportional to the amplitude of the driving mode and « represents the anni-
hilation operator for the cavity mode. The interaction Hamiltonian Hyyp is given by

Hygr =iy Ay [al beleomt able- o] (2.3)
k

in which Ax is the coupling constant and b, represents the annihilation operator for the
reservoir mode. Furthermore, the Hamiltonian f 45; that describes the interaction of a

system of lwo-level atoms with a single cavity mode at exact resonance is expressible by

Hapr = -igz‘f(t,tj) ((LTJ{ — aoi) , (2.4)




where f({,4;) is a function that determines the interaction between the j* alom which is

injected at time ¢; and the radiation field. It can be defined as

Ft,45) = Ot - 1;) exp [——’*ﬁct - m}, (2.5)

where O(t) is the usual step function which accounts for the fact that the ;% atom starts
the interaction with the cavity mode at the injection time tj, 7y the atomic decay rate,
and o7 and ori are atomic operators in which o” takes an atom from the upper state into
the lower state whereas ai takes an atom from the lower state to the upper state.

‘The annihilation operator for the cavity mode evolves in time according to the Heisen-
berg equation of motion:

da

” = —t[a, H]. (2.6)

Applying the Hamiltonian (2.1), we have

da

a— = —i[(t,HM] — tla, HAM] - i[“: Harr]. (2'7)

Since the cavity mode a(t) commutes with the atomic and reservoir operators , we sec

that
[a, Hy] = i, (2.8)
@, Han] =i Y £t 8;)02 (1), (2.9)
-
(o, Hagr] =3 Aby(t)eiloolt (2.10)
3

Employing these results in (2.7), we get

da

o i(wo—wy,)t RV

- =t ;Akbk(t)e o=@kl 4 g Zf(t,tj)a_(t). (2.11)
¢ K

-In addition, applying the Hamiltonian (2.3) and the commutation relations

[fb‘a bﬂ = b, (2.12a)
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[bj,be] = [bj-,bl] =0, (2.120)

one readily obtains the time evolution of the annihilation operator for the reservoir modes

to be

dbk

S = (e (2.13)

A formal solution of this equation can be pul in the form
t ; I
be(t) = bu(0) — M / a(t)e ot gy (2.14)
0

Upon substituting (2.14) into (2.11), there follows

da ! {(wo—uwg (-1 ]
i /; a(t) Zk:/\f_,e (Woen ) {t=t') gyt 1 Fe(t)+g ;f(t,tj)aj_(t), (2.15)
where
Fio(t) =) Apbg(0)eiln—wnt, (2.16)
k

is the noise operator associated with the squeezed vacuum reservoir.

It proves to be convenient to set
D= Meilwomwe)i=t), (2.17)
k

Assuming that the reservoir modes are closely spaced in frequency, one can go from a
discrete representation to a continuous representalion hy replacing the summation over k

by an intcgral:

Z — /:O D{w)dw, (2.18)

k

where D(w) is the density of states for the reservoir modes. We thus write

T = / dw D(w) A\ (w)e o=@t} (2.19)
[}




Upon setting w’ = w — wy, we see that

I'= f dw' D{w' + wo) A2 (w' + wp)e -, (2.20)

wo
Since the exponential factor is a rapidly oscillating function of w’ except near w’' = (), one
can replace D{wo + ') and A (wg + o' ) by D{wo) and A*(wp) and extend the lower limit

of integration to —co. In view of this, we have

[ = D(wo) A?(wp) / du'e™ (-t} (2.21)

—C0

so that on carrying out the integration, there follows
I' = ké(t — 1), (2.22)

where

K= 2TFD(UJ0)/\2(WQ), (2.23)

is defined to be the cavity damping constant.

Furthermore substituting (2.22) into (2.15) and carrying out the integration, we find

da 1

=T RO RISt )l ) (2.24)

We next consider the time evolution of the atomic operators for the two-level atoms
which are in resonant with the cavity mode. For a two-level atom with lower level 1) and

upper level |2), we define the atomic operators at the injection time t; by
a3 (t;) = 12);;(11, (2.25q)

ol (t;) = |1);,(2), (2.25b)

and satisfy the commutation relation

[o%.(t),02(8)] = o3(2,), (2.26)




in which ¢4 (#;) is the population difference operator defined by
oi(t;) = [2);5(2) = )51, (2.27)

Assuming the individual atoms to be completely independent of each other, the commu-

tator of the atomic operators at any time has the form
[Ui(t)aaﬁ(t)] = ol(1)6jx, (2.28a)

[o3(0),05(0)] = [o” (1), % (0)] = 0. (2285)
Employing these commutation relations and the Hamiltonian (2.1), the Heisenberg equa-

tion of motion for the atomic operator o’ (t) turns out to be

do_3(t)

- = af(t,1;)al(t)a(t). (2.29)

Formally integrating Eq. (2.29), we obtain

o ) =0 (t;)+ ¢ ft At (6 (tNa(t)dt, (2.30)

so that substitution of (2.30) into (2.24) yields

1 1
g:a—h‘,ﬁz(t)—l-gﬁ/
¢

i

WY AU L R RO, (23]

where

Fo(t) =9 Flt,t5)00 (1), (2.32)
3
is the noise operator associated with the interaction of the cavity mode with the two level
atoins,
In order to simplify Eq. (2.31) we adopt some approximations. We assume that (he
annihilation operator for the cavity mode a(t) changes slowly during the atomic life time
-1

4~ That is, the time evolution of the atomnic operators is much faster than the time

7




evolution of the cavity mode operators. One can then replace a(t’) in the integral of Eq.
(2.31) by a(t). We also restrict our analysis to linear terms in the cavity mode operator.
To this end, we replace the population difference operator o?(1') by its expectation value
at the initial time. Since the two-level atoms are initially prepared in the upper state 12},

the initial density operator for the individual atom has the form

pi(0) = 12);5(2]. (2.33)

With the aid of (2.27) and (2.33), one readily obtains

{ol(t)) = 1. (2.34).

Thus upon replacing o?(#') by its expectation value (2.34) and a(t’) by a(t), the quantun

Langevin equation (2.31) for the cavity mode operator takes the form

da 1 )
=6 5(&: — A)a(t) + F(t) + F.(¢), (2.35)

in which
¢
A=agt [ at Y f i) (2.36)
—o0 F
is the linear gain coefficient, The quantum Langevin equation (2.35) has a solution of the

form
1 1 ¢ 1 I
a(t) = a(0)e (x4 4 6*5("_*{“/ [e + Fo(t') + Fo(th] exs=N g¢!, (2.37)
0

where finite solutions are obtained for & > A.
Assuming a constant atomic injection rate, the sum over j in (2.36) can be replaced

by an integral over the injection times t; as

z — Ty ft dfj.
j (e




It then follows that
¢ !
A = 2¢%r, / dt’/ dt; f(L, 1) F(E,85). (2.38)

Applying (2.5) in (2.38), we have

¢ t
A =2¢%p, /oo dt;6(t —t;) exp [—%(t — 2t;)] lm dt'O(t" — ;) exp [—\i/ﬁt,]' (2.39)

On account of the definition of the step function

I for t' > ¢
o 1) = , (2.40)
0 fort' <
we see that
t 5 t ~
dt'O(t" — t;) exp [~ —=t'] = im0 / exp [——=t'|dt’, (2.41
/oo ’ \/_2— tite \/i )

so that carrying out the integration and taking the limil as ¢ — 0, one readily obtains

t } ;
/ dt'O(t' —1;) exp [g%t'] = —? [e__x/%t — ef_\/'ﬁ:tj] . (2.42)

Upon substituting (2.42) iuto (2.39), one gets

220y _,
= —= ¢ V2

¢ Ay 7 t 27 4.
A . vz U dtj@(tgtj)eﬁ‘l—e‘ﬁ*/ dtj@(t—tj)eﬁ‘“‘JJ. (2.43)

Applying (2.40) along with integration by parts, the first integral in (2.43) can be put in

the form

t t—c¢ e .
/ 0t — 4;)e Y = lim, o { {@@(t — tj)e%'*’} _V2 / di;8( — t,-)eﬁ‘f} .
- g —oo

o 0 _
(2.44)
From the property of the delta function, we note that
t—¢ v
/ db;6(t —t;)evEY = Q. (2.45)




Hence

! )
dt;0(t — t;)evil = ﬁe%t. 2.46
j i 7
Similarly, one finds
¢
2y 2 2
f dt;0(t - tj)e\z/ft’ = %——e%t. (2.47)

In view of these results, the linear gain coefficient Fq. (2.43) takes the form [5]

29%r,

A= ")

. (2.48)

We now proceed to study the various correlation functions of the noise operators F.(t)
and F(¢). For a squeezed vacuum reservojr (5]

by = (b1} =0, (2.494)
(blb) = N, (2.49)
(bibli) = (W 4 1), (2.49¢)
(bbie) = M6y 34, s, (2.494)
(T ) = 2830 a0 s, (2.49¢)
where
N = sinh*(r), (2.50)
M = —cosh{r)sinh(r)e™, (2.51)

in which ¢ is the reference phase of the squeezed light relative to the cavity mode and »
is the squeeze parameter assumed to be real and positive. On account of (2.49a}, we see
that

(1) = (Fl (1)) =0, (2:52)
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In addition, with the aid of (2.16), we have

(FJ[ NZ,\LX E (0)) exp [—i(wo — wi)t + i(wo — w2

k&

Hence upon substituting (2.49b) into (2.53), there follows

(EHOF) = N Y M exp[—i(wo — wi)(t - £)].
k
On account of (2.17) and the result (2.22), we see that

(FY®)F(t)) = kN&(t — ).

K

Following a similar procedure, one can easily verify thai
(Fu(t)EL()) = &(N + 1)8(t — 11,

(Fe(@)Fa(t)) = kMS(t — 1),

L 1

(FIOFI()) = M 8(L — '),

K L2

Moreover, applying (2.32), we see that

) =93 I(e,t5)(o

On account of (2.33), we find

so that

(Fo(t)) =

(2.54)

(2.55)

(2.60)

(2.61)

Employing (2.32), the normally ordered two-time correlation function of the noise opera-

tors F,(¢) and Fj (t) can be put in the form
(FI@)F()) = g Zf” (¢, )k (1)t (1),

11

(2.62)




In view of (2.33), (2.60) and the fact that the atoms are completely independent of each

other, we see that
(o4 (1)ok (1)) = 85 (2.63)

It then follows that

—I—

(Pl =g Ef t,;) (2.64)

On integrating both sides with respect to 1/ , we find

/t di’(Fj(t)Fa( Y=g /t dt’zft t;) . (2.65)

[e e}

Hence on account of (2.36), we have

¢
/ di(F) () Fy(t')) = %A, (2.66)
from which follows
(B FL(t) = AS(t - 1), (2.67)
With the aid of (2.32), one can write
(I (¢ Y=g th E)F(E (ol (8)ak (). (2.68)
Since
(o7 ()0 (1)) = 0, (2.69)
we have
(F)F)) = 0. (2.70)
It can be also established in a similar fashion that
(Fa(t)Fa(t’)) =0, (2.71(1.)
(el ety = o (2.710)




We note that the vanishing of these correlation functions is due to the preparation of
the atoms initially in the upper level and the restriction to lncar analysis. Moreover,

applying (2.32) once more and the commubtation relation (2.28a), we obtain

IO, B0 = 6 3 1) 10, 1)030), (272)

Replacing the population difference operator o(t;) by its expectation value (2.34), we
have

FHO, 1)) = * 3 0,118 1), (273)

YFollowing a similar procedure as the one leading to (2.67), one can establish that

[F71(2), Fult')] = AS(t — ), (2.74)

13




3. Quantum fluctuations

Applying the solutions of the quantum Langevin equations, we wish here to calculate
the quadralure fluctuations of the cavity mode, Lhe squeezing spectrum and spectrum of
intensity fluctuations of the output mode generated by two-level atoms interacting with
a resonant cavily mode, driven by a coherent light and coupled to a squeezed vacuum
reservoir. We also calculate the power spectrum of the output mode from which the line

width of the radiation 1s determined.

3.1 Quadrature fluctuations

In this section we want to study the squeezing properties of the cavity mode. The
squeezing properties of a single mode light are described by two Hermitian operalors
defined as

ay = ¢+ a,i, (3.1)

az = i(a! — a). (3.2}

The variance of a quadrature operator a;(t} is expressible as

Aai*(1) = {a;*(1)) — (a;(t))% (3.3)

Employing (3.1) along with (2.37), one readily obtains

1

! 4 1 '
a(t) = a (0)e A 4 o= pli-ay / [25 + F(t) + Fo(U') + FI) + FI ()| ext—A gy,
0
(3.4)

Since the cavity mode is initially in the vacuum state, we have

(a1(0)) = 0. (3.5)

14




In view of (2.52) and (2.61), one easily gets

{ar(t)) = " iEA [1 - e%l("'ﬁ’m} : (3.6)

This reduces at steady state to

(("'l(t)>ss = . (3.7)

On account of the fact that a noise operator at later times does not affect system operators

al carlier times, and atomic and field operators are uncorrelated at, all times, we have

(@(O)F(t) = (@ (0)F,(t') = 0 Y
and
(F,;(t)Fa(t')) = . (3.9)

With the aid of (3.4), {3.8) and (3.9), one can write

(@) = {(a(0))e~(rAN 4 o= (At /O,t /Dt dt'dt” [452 + (F () Fo (1) + (Fﬂ(t")Fj(t”))

]

HENO @) + EHOF @) + (@) men) e (g 1)

K

We note that

(a}(0)) = 1. (3.11)

In view of (2.55-58), (3.11) and (2.67), Eq. (3.10) takes the form

(ai(e)) = o0ty

1652 [1 3 e—%(h‘—A)tJ 2+ 5(21\{ — 2‘]"[[C05(¢) + 1) + A [1 o e—(r:ﬁA)t]

[k — AJ? k- A
(3.12)
and at steady state
5 R £{2N — 2|M|cos(¢) + 1) + A
(a5())ss = o AF " " . (3.13)

15
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On account of (3.7) and (3.13)

, the fluctuations in the first quadrature operator takes the
form

- r_ 7
Ad? = £(2N 2|11[|coi¢) +1)+ A4
K —

(3.14)

Following a similar line of reasoning,

one obtains for the fluctuations in the second quad

ra-
ture operator at steady state to be

2 _ K(2N + 2)M|cos(¢) + 1) + A
Aag; = —
"‘b —

(3.15)
When the rel

ative phase between the squeezed vacuum and the cavity mode is 7/2, we
obtain

2 _ K T g
Aa.l = A -+ —r - A(Q}\ -+ l), (3.16)
AVEES

K
_ r
AT TN+, (3.17)

which shows that the cavity mode does not exhibit any

squeezing. However for ¢ = 0,
that is, when the squeezed vacuum is in phase with the cavity

mode, the quadrature
fluctuations turn out to be

A £
2 _
Aal_mﬁfl—l_h:—/l )

(3.18)

Aal = A r

k—A k- A

e .

(3.19)

It can be easily shown that the cavity

mode will be in a squeezed state for the squeeze
parameter satisfying the inequality

r > %In [n _RQA} . (3.20)
V

Ve therefore see that the squeezing property

of the cavity mode depends on the phase
of the input squeezed light relative to the cavity mod

e as well as the squeeze parameter.
(Hereafter we confine our analysis to the case for which ¢ = 0 so that M = M ).
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3.2 The squeezing spectrum

The squeezing spectrum for the output mode is defined as the Fourier transform of

the two-time correlation function {a7"(¢ + 7), a2"4(t)):

ST w) = /_00 dre™ (a SR 7Y, Al ()} sy (3.21)

(o]

in which the two-time correlation function is defined by
(@ (t+ )y 0 (1)) = (ag™“(t + T)ag™ (2)) — (a3“(¢ + 7)) (" (£)), (3.22)

where «2*(t) is the output quadrature operator.

The input-output relation for the quadrature operators is expressible as

ai"'(t) = Vka;(t) — a(t), (3.23)

where ai*(2) is the input quadrature operator with the input operator defined as
a(t) = —=F(1). (3.2

On account of (3.1) and (3.23), the two-time correlation function for the first outpuy

quadrature operator takes the form
(1 (¢ + ), 0™ (1)) = r{aa(t + m)ar(t)) — Vil (t + 7)a (1)) — Vilal (¢ + T)ar (1))

Hay (2 + 7)af" (1)) — sl (t + 7)) (2)). (3.25)
Next we need to obtain the explicit forms of the two-time correlation functions involved
in (3.25).
We note that

(a ”‘(t + 7)ai(t)) = 0, (3.26)

17




(" (t47)a" (1) = (ain(7)etn () + {ain(t+r )l () H(ad, (7)) Hal ()l (1),
(3.27)

Applying the two-time correlation functions (2.55-58) along with (3.24), we obtain
(@i (t + T)al(t)) = (2N | 2M + 1)é(r). (3.28)
It then follows from (2.50-51) that
(@t + 7)ai™(1) = e *5(r). (3.29)
Employing (3.4) and (3.5), we find
) J 5 t+r t . .
(a1(+7)a(t)) = (al(0)a1(0))6—(th)(t+fﬂr)_|_e—(n4}(t+gr)f ] At dt" [452 + w{a (e
0 0

1

_I_<FﬂT(tf)Fﬂ(tH))J e%(xg.ﬁi)(t'-}-t-’;)' (330)

With the aid of (2.67) and (3.29), Eq. (3.30) becomes

- 1 1 2 1., .
(a1(t + 7)ar(t)) = (a1(0)ay (0))e~ = Alt+z7) 4 f:EET]z [l - e—f("”A)(t+T)} [1 — ==
+- flA +- fAe—”] [1 — e (=] gmzlsd)r, (3.31)

We see that expression (3.31) at steady state reduces to

16e? A K

(ar(t + 7)ag(2))ss = - A + L gt Ae“” ezl A)r (3.32)
From (3.4), one can easily verify that
(@ (t+7))ss = (a2(t))ss, (3.33)
so that application of (3.7) yields
(@ 7Dl = 2 331

18
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, one readily obtains

Applying (3.4), (3-9) and (3.24)

t+r
{a1(1 + )y (1)) = \/Ee’li("'““)(“”) / (ail"(t')a;”(t))e%(“”‘)t’(H,'. (3.35)
0

On account of (3.29), one gets
{as(t + 7)al(£))ss = \/Ee#{wr%(”'“”’l. (3.36)

(3.29), (3.32), (3.34) and (3.36) into expression

On substituting the results described by

(3.25), the two-time correlation function for the first output quadrature operator at steady

state turns ouf to be

e~ 30 AT 4 (7). (3.37)

out

(@3 (1 7), af (s = [ H 7] (r — A)

(3.21) for the first output quadra-

Thus on account of this result, the squeezing spectrum

ture operator takes the form

5o (w) = e / e“T§(7)dr + e +1] (RhflA) / Jio=3 (Al g (3.38)
It then follows that
out —2r —2r rA * [iw—l-{xﬁ}i)]'r
Sout(w) = e " e+ 1] (= A) el 2 dr. (3.39)

Now applying the stationarity property

] " b Al g / * oA gy 4 /
o ; ]

d carrying out the integration, one finds

L=z Ay, (3.40)

dal
/ ot gy = AL (3.41)
o0 (52w

[n view of this result, we obtain the squeezing spectrum for the first output quadrature

operator to be

.-A )
St (w) = " - 2 1], 3.42
P = sy (342)
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In addition, following a similar line of argument, it can be established that the squeezing

spectrum for the second output quadrature operator has the form

ou r HA
32 t(w) = 62 + n—A

=y ot (3.43)

We note that these spectra are defined in the frame rotating at the atomic transition tre-
quency wo, so that w = 0 represents the resonance frequency. In both cases the squeezing
spectra are Lorentzians with half width of (x — A). We see that the squeezed vacuum
reservoir enhances the peak of the spectrum for a; and decreases that of ¢;. However, it
does not have any effect on the width of the spectrum. We also observe that the driving

coherent light has no effect on the squeezing spectrum.

3.3 The spectrum of intensity fluctuations

In this section we would like to study the intensity fluctuations of the output radiation
which is directly observable by photoelectron detectors placed at the output of the cavity.

The spectrum of intensity fluctuations is defined as

&mwy_f¢mw<awu+fygdﬂ>, (3.44)
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where

<Ia.ut(t + 1), Iout(t)>ss = <Iout(t + T)L,ut(t)>ss — <Io.ut(t + T)>33<L,ut(i)>”, (3.45)

Loue(2) = @l on(®). (3.46)

Applying (3.46) along with the commutation relation

[coutlt + 7), @l ()] = 8(7), (3.47)

one can put (3.45) in the form

<fm(a+».r),fm,t(t)> _ <al,d(t)aiut(m)am(m)aout(t)}:<c¢iut<t+T>aoufu>>ssa‘m

55
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-

(ahati # et + 1) (faoutt)) (3.45)

Employing the input-output relation

tout(t) = VEa(t) — ain(t), (3.49)

one finds

(ehebute - et + 7)o@ = (el el @4 7ot 4 )())

55

—K? [<at(t)a:rn(t + 7)a(t + 'r)a,(t)>ss + < Al + 1)amlt + T)alt

+{abwalte s ot + )+ (ol @ale o 1 e 0))

|
T T O R G R H

85

),
]
b (a4 ryante + ) <J()am(t+<r (+7a(0)
),
0),)

WE [( Lel o Dente+na0) + (al@abe 1 Pnte+ en(®))

§8

+<af(t)af(t + m)am(t + T)(L,-,l(t)> + <am( Yol (¢ + T)a(t + 7)am(t

58

55

+<“iz( )afn(t+'r)a(t+'r)afn(f)> +(ah@a @i )“""(HT)(L""(?E)>J

85

+<aff()a]n(t+»r)am(¢+ Pain(t )> . (3.50)

53

We now proceed to calculate the various correlation functions involved in (3.50). Applying
(2.37) and assuming the cavity mode to be initially in the vacuun state, the second-order

correlation function can be put in the form

<a’t(t)af (t+7)a(t + 'r)a(t)> = ¢~ =AM fﬂt fw /OHT fot < [e + Fi(n) + Fj(tl)]

e Bt + FI @) e+ Pult) + Bt e 1 Fulla) + Fa(t)] >
X exp B—(h —~ Attt + s+ tq)} dtydtodizdty. (3.51)
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of (2.711a-h), (3.8) and (3.9), we have

el = [[] [ )

Fits) + e (P ) Falta)

On account

<a.T (el (7

L2 (B () Fulta)) e F1 (1)

Ll () Falte) +€ (Pl ) Falta)) + € (F (81 Fe(8))

v (FI ()P () L P ) Falta)) & (Fl (1) Falts))

Lt ) F ) Pl L) (8 (03 F (1) Fls) Falt))

L () Pl ) Fula) Eb) (Y () P () Fulta) Folta))

L () ) Fult) Bt} () () Ful) B
(3.52)

1
X exp b(re Attt tq)x diy dtadiadts.

the noise operators

In view of (2.52) and (2.61), the fourth order corrclation function of

nethod described by (15). Hence

can be calcu! ated employing the 1
() Flia) (T () Pt

(1 () B (1) Pult) Ex(t)) = () B () () Pl

L () Pt ) Fis))

_ M6ty — ta)o(ts 14) + N8t — £3)8(t2 — t4)

L6(ty — t)0(t — 1)) (3.530)
Following @ similar procedure, One can establish that
(Fl () F () Fulta) Fa(ta)) = CANS(b — t2)b(t2 = t1); (3.53b)
(Fi ) F (b Falt) Fie(ta)) = C ANG(ty — 14)8(t2 = ta)y (3.53¢)
G ANS(t — La)8(tz — T2, (3.53d)

(1 () F () Puta) Fal84))
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(1) (1) i) Pilta)) = AN 12)6(ta — L),

(Fj (tl)FJ (h)Fa(ts)Fn(tq)} = A2[S(ty — ta)(t2 — £g) + 8ty — 1)t = ). (3.531)

Applying these results and the two-time correlation functions of the noise operators (2.55-
58) and (2.67) 0 (3.52) and carrying oub the integrations, the second-order correlation
function at steady state takes the form
4 2 . i A .J\[)2
e (4 1 (t = JEH M L_L
<a (t)a (t+ 7)al + 7alt) ) = A + h AP = AP
8¢ " (A RNY+ KM
N 1 &M+ A ~h A —(s= AT, 3.54
+[KE P[h + &M + Ale + oo AP e (3.54)

3.24), the second term in (3.50) can he wrilten as

the aid of (2.37) and (

L= A)RT) [j L o [) t <[5+Fj (1) + ()b (64 7]

In addition, with

{(LJ‘L (t)a;rn (t+7)alt+ )a(t)) = ¢

(tg) + Fﬂ (tg)][& + F,;(tg) -+ Fﬂ (tg)]> exp Fi(h - .A) (t1 + tg + tg)] dtldtgdtg,

e+ Fi
(b — (L +T)) T M8ty — @+ )]

t pt+r ot
_ e#%(HHA)(atH) ] ] / {ﬁgz[f\fﬁ(tg, —(t+ ) + Nb
o Jo 0

prPMPS(t (bt 7))6(te —ts) + ki N2(S(t — t2)6(ts — (b4 7)) + 8t~ £)6(t2 — (¢ + 7))
A RAN[S(t — ta)8(ta — (B )+ 8t — 12)(ts — (EF )}
(3.55)

1
> exp {5(:‘{ — .A) (t1 415+ t3)] dtldtgdl',g.

We note that
(3.56)

/t de' NS — @+ 7y =0,

3.55) taking into account (3.96
b

for a non zero T. Ou carrying out the integrations o

one obtains
3
wiN? rAN
r[_f. (3.57)

2 /ke* N N
2k — Al

aj (T T TG - r"
( (t) Lm(t+ ) (t+ ) (t»“’ [RJ.A]Q ‘Z[R——.A]
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Following a simitar procedure, one can establish that

z\/‘ re N kTN VEAN

1
[

a or,i T)ay )¢ 5
(l (el + Palt + 7)alt))se = (ol (el + )l + 7Yt (1))ss
 2VkeEN  kEN? VEAN - 4yRe: 1
e oA oA oA e Y
—|—i[m\’2 + kM? 4 AN]e~ AT, (3.59)

A
We next calculate those correlation functions having two input operators a;,(t) in Eq.

(3.50). With the aid of {2.37}, we have

e

{a'(t)a j-n(t—FT)am(t—l-T) g~ lr A)tf / < E(Lm (t+7 +Fi(t1)a:rn(t+ T)

—I—Fi(tl)a:rn(t + 1')] [eam(t + 7) 4+ @it + 7)F(t2) + am(t + 7) 0 (1)) >

1
X eXp ['{2‘( t; + 14 ](li](ltg,

1

““Aﬁftf [e2adu(t 4 Pt + ) 1 (EL ()l (04 a1 7 E())
HEH )+ el ] ex0 | 50— A+ ),
— ¢ (AN /0 t /ﬂ t [2N + &(N? + M2ty — (¢ + 7)8(ts — (¢ + 7))
AN + kN2Y8(t — )] exp B(H. — At + tz)} dtrdts. (3.60)

After integrating Eq. (3.60), the obtained result at steady state has the form

(“T(t)“:rn(i + )t + T)a(t))ss = [fe_zﬁ]z + (A[:_hﬁ])N (3.61)

Similarly, one can find

(ad (Oal (¢ + Tat + 1@ = (T @l + Tt +7)ein(t))

e M eM? e M)y 1
= [N—A]z-l_[ﬁ—/l]e 2 (=) 6(7‘)—|—;NN2, (3.62)

24




(ail(t)a.T(t + T)ain(t + T)a(t))ss = ((LT( )(Ljn(t + 7)a(t + T)aim{t))ss

4N A+ NN 10 1
= ' A7 + ( e /—l]) =3l A) ] 8(7) + 1&;1\’2, (3.63)

4e*N  (A+&N)N

AR , _
{a) ()al(t +7)a(t + 7)ain(t))ss = o= AT + [ = A

+ (N2 4+ M2)e =7 (3.64)

Applying (2.37) once more, we have
I t 1
(el e (47)a(0)e = H N [t fal b)) )
0

1
= (s AN f dty [VE(M? + N)§(r)6(ts — (t+ 7)) + VEN?8(ty — t)] x est=t
1]

(3.65a)
from which follows

(e Ot e+ )o@ = | VN (3.650)

One can also verify in a similar manner that
(@l @bt it + 7aan(t)ss = VAN, (3.66),

(al,(D)al .t + r)a(t + Pasn())ss = (o, (0l (¢ + Tan(t + 7)atin(t))ss
i, 1

- [\/E(Mf* n Nz)e"f(“"”"f] 6(7) + S VN7, (3.67),
(al (Dal (¢ + Pt + T)in(t))ss = (M? + N?)8(r) -+ N2, (3.68)

Upon substituting the results described by (3.54), (3.57-59), (3.61-64) and (3.65b-68) into
expression (3.50), there follows

<G'Iut(t)aclnut(t+7-)a’0“t(i’+7-)am‘f(t)> :PIJF[FZJFPSG_%(FA)T]‘S( T)+ e 2 ~AT Py AY
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3

(3.69)
where

16e*s?  Be?w (A +kN) KA+ &N)2 822N 243N?

DA T T P T AR AP s A




26* AN 8e®xN  2eN(A+ &N)

- AN+ N1 2% 3.70
TRV AT R rey | R S (370)
2.
T, = —mw[:;f ;]Q(M + N) + (N + M?), (3.71)
[y = [ 2"3}}4](1\12 + M? + N), (3.72)
R —
2.2
T, = [i‘i"’j:i(f\f M), (3.73)
242
fe = [:AA]Z[(N +1)7 4+ M7 (3.74)

Applying the input-output relation (3.49), we obtain

((Ljui(t—l—r)aaut(t)) = 5((L]L(t+7)a(t))— \/E((Ljf(t—I—T)a,'n(t))u ﬁ(ajn(t+7)(L(t))+ (ajn(t—l—T)a;n (1)).

(3.75)

We note that
(al (t + 7)a(t)) = 0, (3.76)
(al (1 1 Tam(®)) = N§(r). (3.77)

From (2.37), we see that

(@l na) = -0t [ [ [ (mh e + e m)

1
X exp |:§(h, - A)(il + tg)} (ltldtg. (378)
It then follows that
2 . AT
-‘- t _ 46 A —l_ fu.l‘\ —%(H—A)T

{a'(t+7)a(t))ss [ — Af + o A] e . (3.79)

Ifurthermore, one easity finds
(a,Jr (t+ T)aim(t))ss = \/ENG_%("_A)T, (3.80)

so that application of the results (3.76-77) and (3.79-80) in (3.75) yields

1 dpe? y oV .
RE h(‘/'l Tk )eﬁ%(h—A)T

' = e N —'%(H—A)T T .
{oue(t 4 T)tous (L)) ss e + o= Al klNe + Né&(r). (3.81)
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In addition, using (3.49) once more, we have
(aiut(t + 7)ot + T)):fﬁ<(LT(t + 7)a(t 4+ 7)) — \/E((I.T(t + 7)ai(t + 7))

—\/E((L:rn(t + 7)a(t + 7)) + (a.,-Tn(t + T)ap(t + 7). (3.82)
Employing (2.37), one can verify that

((L]L(t + 7)ai(t + 7))ss = ((Ll-]ln (t+7)a(t+ 7))ss = %\/EN, (3.83)

(ad (64 T)a(t + 7)) = N. (3.84)

in

Following similar procedures used in arriving at (3.79), we find

2 - AT
i _ de A+ &N
(et + )a(t 4+ 7))ss o AT + A (3.85)
Thus upon substituting these results into (3.82), there follows
o dre? k(A + &N}
(et T ot + 7))ss = o AP + ([n — A + N(1—&). (3.86)
Finally, one can establish the relation
(et 1 7Yeomlt +7)es = ah(Daone(t))en (387)
and verify employing Eq. (3.86) that
Iy = (“jut(f' + 7)etou(t + T))ss(“Iut(t)“out(t))ss- (3.88)

Hence, with the aid of (3.69), (3.81) and (3.88) the two-time correlation function (3.48)

reduces to

<fout(t +7), fouc(t)> = [ + The ™50 ATg(r) f TyealmA7 o plemtmdr - (3.89)

55
where
' 8%k

1 2 2
I, = = AP(M TN ) (N4 M4 N, (3.90a)
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M= A P (2N ) 4 1), (3.900)

[ — Al
2.2
Iy = [86 . A’;a(l\ur M+ 1), (3.90¢)
.
-2 A2
rs = [fch—AA]z[(N + 1) + M?). (3.904)

Upon substituting {3.89) into (3.44), and carrying out the integrations, the spectrum of

intensity fluctuations takes the form

54 k= A

Sout(w) = Ty + T + 2114% + zrsm. (3.91)

For € = 0, we sce that
I, = (N? + M? | W), (3.92a)
I, = [R’ffl a [2M% (2N + 1)(N +1)], (3.925)
T, =0, (3.92¢)
I = %[(Aw 1)? + M7, (3.92d)

50 that

Sout(w) = T + T + 21*;[?[%4%, (3.93)

which is in complete agreement with the result obtained by Tesfaye [14].
It is also worth to consider the power spectrum of the output mode which is expressible

as

oG

St (w) = [ d'r(a:r_uf(t + 7 ) tout(t) Y sse ™7 (3.94)

[es]

Application of (3.81) in (3.94) yields

o L (N H1) 0
S;“t(w) =N /;Do dre™Té(1) + i j ;]2 /_00 dre™™ 4+ —AE:‘S_ :;] ) /; ch‘[’“’Jf%(“*A)]T,

oG

(3.95)
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from which follows

8wels 5 Ax(N + 1)

R L e

(3.96)

The power spectrum consists of a Lorentzian with half-width 5 (k—A)and a delta function.
Both spectra are centered at w = 0 and are independent of the squeeze parameter. We
observe that the delta function is a direct consequence of the interaction of the two-
level atoms with the single resonant driving mode corresponding to the elastic Rayleigh

scattering. Upon setting £ = 0, we have

Ar(N 4+ 1)

Sgw(w) =N+ w2 L [ﬁ;i]Z’

(3.97)

which is consistent with the result obtained in Ref. [14j.
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4. Photon Statistics

In this chapter we wish o determine the Q function employing the antinormally or-
dered characteristic function defined in the Heisenberg picture. With the aid of the Q
function, we calculate the mean and variance of the photon number as well as the pho-
ton number distribution of the output radiation generated by two-level atoms interacting
with a single resonant cavity mode, driven by a coherent light and coupled to a squeezed

vaclllun reservoir,

4.1 The Q function

In this section we wish to calculate the Q function for the output mode which can be
used to calculate various quantities of interest. The Q function in terms of the antinor-

mally ordered characteristic function is expressible as [16].

. 1 = 3 E3
Q( oty Ay t) = v / 4z Dout(2, 27, 1) exp [2" 0w — Q%] s (4.1}
where
oa(er",) = Tr (3(0)e~ el (1)

where x(0) is the combined density operator of the system and reservoir. Applying the

Baker-Hausdorfl identity

¢t ef = AP e%[A’B}, (4.3)

Lq. (4.2) can be put in the form
* —Lzgt zaT (£)—~z*aour(t)
Pout(z,27,1) = €727 Tr { x(0)e* eut , (4.4)

Employing (2.37) and (3.49), one can write

Gonc(t) = £(t)acut(0) + h(1) + g(t), (4.5)
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where

(1) = Viem st (4.6a)
g(t) = (Ei‘ﬁ) [1 — bl (4.6b)

¢
h(t) = f(t) {f [F.(t") + Fo(t)] e%(""“wdt’} — tin(1). (4.6¢)
0
Since the density operators of the system and the reservoir are mitially uncorrelated [4],

we have
X(0) = 4(0) & (&.7)

With the aid of (4.5) and (4.7), the characteristic function (4.4) can be put in the form
(I)out(z; Z:Ec, t) — e*%zz*T’I’ {p(O)Re{g(t)(z—z*)-}-f(t)(zazut(())—z*aoug(O))+(th(t)—z*h(t))}J . (48)

Since @,y (0) and the noise operators F () and F, () are not correlated, one can write

By = ¢ 577 30—, (P(U)6f(f)(zalut(°)—z*"wt(ﬂ))) <e”}j(*)"z*h(t)> : (4.9)
R

Applying (4.3) in (4.9) once more, we obtain
E l E 2 =
Boue(7,7,8) = exp [ 222" (L+ F0) + g(0)e — )

Ty ( P(o)cf(t)zﬂzut(ﬂ)ef(t)Z*ﬂour(U)) < eth(t)—z*h(tJ> _ (4.10)
R

Assuming the cavity mode to be initially in the vacuwm state, one can easily see thal
f(t)zaT (@), — fF(t)z*aoue(0)
Tr { |0)(0]e H*2ou®e out =1, (4.11)
so that

Sz, 2%, 1) = exp [—%zz*(l + () + g(t)(2 z"‘)} < ot! (*)—z"l“)> : (4.12)

R
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On account of (4.6¢), we nole that
(h(1)) = 0, (1.13)
We thus note that h(t) is a random gaussian variable. Hence, we can write [17]

<exp (kT () — z*h(t)]> = exp (é[th(t) — 2RO, (4.14)

R

1t then follows that

N : + 1, . 1,
<ezht(i)*z "(t)> = exp [ézQ(h‘ 2(1)) + %(z"‘)z(hZ(t)) - Ezz"‘[(ht(t)h(t)) + (h(t)hT(t))] .
R
(4.15)
We now proceed to calculate the various expectation values jnvolved in (4.15). Em-

ploying (4.6¢), we sec that
a) = o (| ) 1 B 3 ) - )]

s ([ 1+ nen) A1) (0] ), (1.16)

from which follows
t t 1 Fy gt
(R2(t)) = f*(t) f f (F (1) Fo(t)) 3 0= A+ gyt g
o Jo

i
—2f(t) f ez =AY B (Y am (1)) dt | (@in(t)ain(t)). (4.17)
0
On account of (2.57) and (3.24}, we get

(R2(1)) = “Zﬂi [l —e ¢ 4 M(1 - &) (4.18)

R —

I can also be established in a similar manner that

(R2()) = ((A1?()))- (4.19)




In addition, with the aid of (4.6c), one can write

I t

(hT(R(2)) = < K.f(t) / f EUGEING) e%“—f”*’dt') - a.L(t)]

[(m) / (R + B ﬁ“"”‘"‘“") ~aa)] )

0
= *(t) /0 /0 [(Fj(t’)FH(t”))+(Fj(t')Fﬂ(t”))] e HE A+ gy gy

t 1
—2/(t) / e =AY (R (1 am (D) + (0], (B (D)), (4.200)
¢
from which follows
1 2N+
(BT (£)R(0)) = _@L%»ﬂ [1—e =) £ N(1 - &). (4.20b)
-

Similarly, one obtains

(I ()) = m;—l) [1— e =AY (N 4+ 1)(1 — &) (4.21)

’,i‘_._

Upon substituting (4.18-19), (4.20b) and (4.21) into (4.15), one gets

. 1 2 M .
<e”"lJr (t)—= h(f)> = exp {—(z2 + 27 { oM (1= e &= M1 - “)]
A 2 £—A

1, [&22N + 1)+ xA
— 2z
2 k—A

(1 —e =AY 4 (2N + 1)(1 - n)] } . (4.22)

On account of this result, the characteristic function (4.12) takes the form

Doz, 27,1) = exp [~D(t)zz* +g(t)(z—2") + %C(t)(zz + (z")z)] , (4.23a)
where
, KN +1) &*N4+sA
— (N — _ (r—A)t p
D) =(N+1)(1 — &)+ p— — ¢ , (4.23b)
2,
C{t) =M1 —«)+ ':j‘i[l — e~ A, (4.23¢)

Applying (4.1), the Q function for the output mode can be expressed as

, 1 : ‘ .
Qaour ) = 5 [ P2 xp[=D(B)22" + (e = 9()2" ~ (050 = (02
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1 .
71-—2—()‘(1‘5)(22 + z*z)] ) (4.24)
Thus on performing the integration employing the relation

? . . )
alld exp [Aazz"‘ + bz Fezt + Azt + Bz"‘z)]
T

_ 1 7 abe + Ac® + Bv?
T |a? —4AB °XP a? —44AB '

one readily obtains

—a2(t
ex [ i)

Q) = 7t s oxplF @y G0+
+ Hz(t) (0t + a'*iuf)] , (4.25)
in which
Ft) = 52—(*6%)02—(75)’ (4.26a)
Glt) — bﬁ%, (4.260)
H(t) 40 (4.260)

T DRt — CR(t)
4.2 Mean and Variance of the photon number

In this section we proceed to calculate the mean and variance of the output photon

number employing the @ function (4.25).

4.2.1 The mean photon number
The mean photon number of the output mode is expressible as
(A oue = Tr{p()a]uttout). (4.27a)
Applying the commutation relation

[aa-ui) alut] - 13 (427())
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along wilh the fact that
Trip(t)} =1,

Eq. (4.27a) can be put in the forn

Rt oue = Tr{p(t)toual} — 1. (4.28)

Introducing the identity operator

d* o
I:/ ﬂ-o'—‘t ia'out)<0'out|)

into (4.28), there follows

. 1 -
(7 (t))out - /dQQ’out}(“outlp(t)laaut)aoutaguf - 1;\ (4:29)
from which we wrife
(ﬁ(t))out = /Q(aouta azut:t)a'zuta'outdgaout — 1. (430)

Applying the Q function (4.25), we have

2

eXp [D(t)%(f)

(%( out — W

([20. u ® 4 *
/ out outaout ‘3‘{1)[ F(t)aoutac.mt + G(t)(am-‘t + abut)

H{t)
+ 9 (out+ out):|'71‘ (4.31)

This can be rewritten as

exp [—J—Daf_l_é,)(t)] Kl
D2(t) — C*t) OF
H()

0, o] -1, (1.32)

. l2 ou 5 *
(1) ous = — [ ot exp - (Ot + GO (ou + )

so that on carrying out the integration, one finds

e (o) o
/D) — C2(1) OF
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(hl( out —

exXp [FGQH]
\/__+ﬁ} — 1. (4.33)




Hence on performing the differentiation along wilth (4.26a-c), we get
() o = D(E) + g7 () = L. (4.34)

Upon substituting the explicit expressions for D(t) and ¢*(t), we find

dre?

nA
+[n‘ — Al [1

e A L N(1 - ) (4.350)
At steady state, the mean photon number has the form

. Ny 4e* kN A . ;
(n)out = K [[N — A]‘.Z' + _[!6)_(— .A] -+ [h‘, _ A]} + N’(l ) (43 b)

We note that the term N (1 — &) represents the mean photon number of the reflected part

of the squeezed vacuum while the remaining term represents the transmitted radiation
through the output mirror which is & times the intracavity mean photon number. In
addition, if one sets N =& = 0, then the remaining term in (4.35b) represents the output

mean photon number of a laser operating below threshold.

4.2.2 The variance of the photon number

The variance of the output photon number is expressible as

A (1) = (@t Ded (D)) = (@bt ) (4.36)

Applying the commutation relation (4.27b), one cau write (4.36) as
Angy(t) = (“outz(t)fbjuf(f)) — (b (Do) = 3a b (Dtona(1)) — 2- (4.37)
With the aid of the Q function (4.25), the first term in (4.37) can be expressed as

e’*l’ R OO c Faou -

VD) - 02(1: o, 2 exp [~ F (1) outyy + G(0)(Qour + OGue)
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H(t
+)?('__)"( out + « fmt)] )

_—a(t)
exp 2 12 gy : '
[D(t)JrC(i)] J / 220 oxp [— F()coutOgu T G(t)out + i)

\/D2 —C(t an T
H(t)
+T( out + out)] . (438)

Upon carrying oub the integration, we find

_—et(1)
@ (D ' exp [D(S%—C(*)] 92 _cf_p_[it’i]_ (4.39)
2 (Dagy \/I)_Q(T)_’Oz— E)FZ JIE -2’ .

tiations and taking into account (4.33), one obtains

so that on performing the differen

mnmﬁﬁmrﬂmmmwmﬂgﬁ%ﬁ+gzﬁm]

. —g*(1)
exXp [D(t)ngG(t)] exp [FfH]

T - () F -

In view of (4.26a-c), Eq. (4.40) reduces to

287 1 27
[ TH2E T PR T H)?] S

(@, (Dl 2(0)) = (Ao + 1) (D) + (O] + [D2(1) + CP(0) + 24* (D)D) +C ()]
(4.41)

In addition, applying the result described by (4.34) in (4.41), we find

(A out + 117 + 497 (8) [ () )out 1 1] + gt(t) + 20°()C () + CP (L),
(4.42)

(D2 (D) =

so Lhat the variance of the output photon number (4.37) turns out to be

(1) = () Yot [ (D))out + 1]+ 4g* (B [} owe + 1+ g4 () + 26°(B)C () + C*(1)-
(4.43)

An?

oul

We note that

An (1) > (Douts (.44)
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which shows that the photon statistics of the outpul mode is super-Poissonian.

For € = 0, we have
g=10,
so that at steady state

An‘iut = (ﬁ-)out[(ﬁ')out + 1] + 02’

in which

RIN kA
i

(A)oug = m—}- m+l\r(14K)

If we further set N = M = 0 in (4.46), we then obtain

and hence
An?y, = (@)out[(F)out + 11,

where

(B =5[22

(4.46)

(447)

(4.48)

(4.49)

(4.50)

We observe that the output radiation generated by two-level atoms interacting with a

cavity mode and coupled Lo an ordinary vacuum is in a chaotic state.

4.3 The photon number distribution

The photon number distribution for the output mode is expressible as {16]

n

T a * o »

J . , . outC t]

.nl 80,11 t@a'* tn [Q(aout:aouht)c o aﬂut:a:}uQZO
M au ou

Po.uf(n., t) =

Then employing the Q function (4.25), we have

— g2t
exp [—DT%] a2n

Pou 7t = ]
t(n ) ?1-‘.'\/ DZ(-L) — C?(t) aa?ogutaa?ﬂttn
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‘ H(i ‘
ﬂI“CT’(t)(O"Ollil + a;ut) + _él(a§11i. + a;uf?t)} ) (4:51)
Ctout — O =0

and expanding the exponentials in power series, one obtains

— (t
exp [5@%—0)(5] 821)

\Waaoutaaouf
{ ik H "
s [M ] o
out aout_u

out(n t

i i1k m! ot Tout
i

Applying the relations

" p!

P = T = O%ul 4.53
aagutaout (P . n)|aout ( J (L)
and

[aﬂutn] crone=0 = 6p,n- (453b)
One gets
—g*(t) -
Pout(n, 1) = nl—mme—s o [D(tHC(t)] Z M@ ratnbinkia
outllt, = . itit2lnVigkt2mne
D2(t) — C?(t) iSrim AR ! +a AR
(4.54)

From the Kronecker delta symbols in (4.54), we find

/= i’_(;'_J“—L), (4.55)
m = Eﬁii"l (4.56)
2
In view of these results, we obtain
- _uiﬂ_)— k—n—1 ©o ©0 ; S Lr H(E TSN I S
exp t Gt R H{t}in—i-z{j+k)
) o] 3 S g FOMEOPHERT 0 g

D2(1) — Ct) = i1k n;_(*_ﬂl] [1—%&1]1 '

i=0 =0

This represents the photon number distribution of the output mode generated by two-level

atoms in an optical cavity driven by a coherent light and coupled to a squeezed vacuum
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reservoir. We note that the steady state photon number distribution of the output mode

can be obtained {rom (4.57) employiug

g*(o0) = -[5—4_%]—2, (4.58a)
D(oo) = (N +1)(1 %H%, (4.58b)
Cloo) = M(1 — &)+ :Q_ﬂi. (4.58¢)

Moreover, it is possible to obtain the intracavity photon number distribution from that of
the output photon number distribution by neglecting terms associated with (1 — x) and
taking  of the remaining terms in expressions (4.58a), (4.58h) and (4.58c). Consequently,

the intracavity photon number distribution at steady state turns out to be

exp [bﬁ'f’;—a{)'l k=n—i oo oo 1-F G!]JH[H_] i~ 5+

P(n) = nl—=t_"" 3 27 4.59
(rn) = n! /D =" 2% ;; i1k "—(;ﬂ ]! _(;i“)]l (4.59)
where
! 4 :
g% (c0) = r jA]z’ (4.60a)
, k(N +1)
D'{c0) A (4.608)
, oM
C (00) = [ﬁh_ A]} (4606)

and F, ', H' are similarly defined as in (4.26¢ — ¢) employing the above expressions .
Next we would like to consider some special cases of interest for the results described

by (4.57) and (4.59).

A. For e = 0, we have

G =0, (4.61)

and hence

G’j+k = 5j+k’0, (462)
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from which follows

j=k=0.

In view of this result, expression (4.59) reduces to [14]

]n—i
P(n) = O:z Z 1[[?1 t]1 )

If one sets N = M = 0 in (4.64), there follows [5]

o-(1-2) ()

(1.63)

(4.64)

(4.65)

which is the steady state photon number distribution for a laser operating below threshold

and coupled to ordinary vacuum reservoir.

B. For A= M =0, we sce from (4.58a — ¢} that

(oo =22,
K
D(co)=N+1
C(o0) =0
Employing (4.66¢), we have
H =19,

from which follows

H() n—i—§(i+k)
[T} = 52:1—-25,j+k-
Moreover, from (4.57) we see that
n—{i+7) >0,
2
n—{t+k) > 0.
2

(4.66¢)

(4.66b)

(4.66¢)

(4.67)




On account of these expressions and (4.67), we find

j=k=n—1 (4.68)

Consequently, the output photon number distribution for a coherently driven cavity mode

coupled to a thermal reservoir at steady state takes the form

Pou(n) = =577 Z[NH] L(Nﬂ)z] ACENIE (4.69)

=0 )

Now if we set n — ¢ = p, we then obtain

N™ 4g? § 4?7
Po(n) = o —oxp | | SO e
t(ﬂ) (j\f + 1)n+1 exp [ h?(Nr + 1)] pzo( ) [ RI\I(N'+ 1)]
VL (4.70)
p2(n —p)! '
In terms of the Laguerre polynomial defined by
N n (—ml)”:r;” 1
Lnl2) = ; (P2(n — p)!n"
expression (4.70) can be put in the form
N 4¢? 4
Pou = exp |~ ———— | L | | - 4.71
) = Gy e O [ a(N + 1)] £ [ KN(N + 1)] (4.11)

This represents the output photon number distribution for a coherently driven cavity
mode coupled to a thermal reservoir.

Moreover, employing

, 4
¢ (00) = "2 (4.72a)
D'{o0) = N+ 1, (4.72b)
C'(o0) = 0, (4.72¢)

42




in (1.59) and following a similar line of reasoning as the one leading to (4.71), the intra-

cavity photon number distribution for the case described above takes the form

N 4e* e
Pn)= ——— | Ly | - | - 4.73
(n) (N + 1)+ CXp [ K2(N + 1)] [ K2N(N + 1)} (4.73)
This represents the photon number distribution for tlie superposition of coherent and
thermal light [18, 19].

C. For N=M=0, we see that cxpressions (4.58a — ¢) reduce to

dre?
g'Z(OO) = [E _ A]z, (474(1)
D{oo) =1+ W[;'_A A (4.740)
C'(o0) = 0. (4.74¢)
On account of these results expression (4.57) takes at steady state the form
K —A 4ex
Pou )= | T 1 -
() L—AJr n‘/l] expl [k — Al[k — A+ & A]
k=n—i oo o0 i itk
kA 25\/E ! nléan_2i itk
— . 4,75
. AZ:; ;; L-;.—A—I— H.A] L-:..A] .i!j!kg[rizm)]g[ﬂ;(;i’fl][ (4.75)

Following a similar procedure used to arrive at (4.71), we find

p (n)_(n~¢4) rA "Hex)[_ 4e?k
T\ RA ) k= AT A PIlT = A e — A1 cA]

X [—A (e — e M]] ' (4.76)

D. Finally, we want to obtain the intracavily photon number distribution for the case

N=M=0. We then nole that

(4.77a)

D'(o0) = (4.770)




and

C'(00) = 0. (4.77¢)

On account of these results, expression (4.59) takes the form

- (o)l S EE L B

k=0 =0 3=0

6211. 24,7 +k
’ 4.78
g =G o

so that application of the result (4.68) in (4.78) yields

o () T wlisle (5] e

This is the intracavity photon number distribution of the light mode produced by two-level

atoms interacting with a cavity mode which is driven by a coherent light of amplitude &.




5. Conclusion

With the aid of the solutions of the linearized Langevin equations, we have calculated
the quadrature fluctuations of the cavity mode, the squeezing spectrum, spectrum of in-
tensity fluctuations and power spectrum of the output radiation generated by two-level
atoms interacting with a single resonant cavity mode, driven by a coherent light and cou-
pled to a squeezed vacuum reservoir.

We have found that the cavity mode will be in a squeezed state for values of the
squeeze parameter given by (3.20) and when it is in phase with the squeezed vacuum. We
have seen that the squeezed vacuwin increases the peak of one of the squeezing spectra
and decreases thal of the other. We have also seen that the squeezed vacuum increases
the peak of the spectrum of intensity fluctuations. In addition, it has been found thal the
squeezed vacuum does not have any effect on the linewidth of the spectra of squeezing
and intensity fluctuations.

Although the driving coherent light has no effect on the squeezing properties of the
cavity mode, it increases the peak of the spectrum of intensity fluctuations.

Moreover, applying the solutions of the quantum Langevin equations, we have deter-
mined the antinormally ordered characteristic function defined in the Heisenberg picture.
Employing the resulting characteristic function, the Q function for the output mode has
been calculated. With the aid of this @ function, we have calculated the mean and vari-
ance of the photon number as well as the photon number distribution of the output mode.
We have seen that the photon statistics of the output mode to be super-Poissonian. In
addition, we have found that the driving coherent light and the squeezed vacuum reservoir

enhance the mean and variance of the outpul photon number.




Finally, the intracavity photon nwmnber distribution has been obtained [rom the pho-
ton number distribution of the output mode, and thereby the photon statistics of the
cavity mode has been studied for some special cases of interest,

We strongly believe that the method introduced in this work to determine the antinor-

mally ordered characteristic function provides a significant mathematical simplification.
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