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the magnetlc monopole is
o

'Vﬁf.‘ L MOnopoles 1n t?e rece

‘:.lS deflned ff}_"

L Dfter geomety

"noﬁmtrividj fiber bundles

ic

. DHSTRACT

, a precise presentation of

~and intuitive introduction to

lenc1pdl flbcr bundles &lth Lie group structure is given, -

‘.aThe methods of dlffelontl

al geometry are set up.

It is

o

shown how a gauqe potentral can be regarded as a conntctlon

in some fiber bundleg an

as the associated curvature.

‘ase which leads to the ¢

L

3

lectrodynamlcs w1th monopoles

U(l) bundles are studled'

- The Yang Mllls

'of the fleld (curvature)
N . g

the cotrespondlng gauge field

1ntroduoed in its Dirac form

vlth some notlons of duathy symmetry

‘The

field

" The

‘As an example of a physical

|
|

onsideration of non-trivial bundlesg,
together

(Self dual fleldq) '

nt Wu=Yang formulatlon, and
1dent1£1ed with non~trivial

Yang-Mills action functlonal

equatlon are derlved in terms

dual symmetric counterparts

of the fleld equatlons are establlshed as a consequence

of the Blanchl 1dent1ty of dlfferentlal geometry

It is

the actlon ‘and . the boundary conditions on the gauge

potentlals)-are encoded

o asymptot1cally vanlshlng_

are cla551f1ed u51ng the-

'
Q. L

homotopy TR O

in the structure of a bundle.

gauge potentials

' shown how the global aspects of the theory (flnlteness of -

The

(or pure gauges)

notions of iﬁstantoe number and
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j L SHEY : e P ‘ :
S i INTRODUCTION | S S SRR
/ﬂ;; .fl_gﬂafg‘r_ = Thé:moSt satiSfaatory unifying thene fdriwrdmdﬁﬁary :
g? ’ 'partlclc 1nteractlona dlscovored during the Yast decado
; 3
5 Sor two is that of gauge theory Weak and electromagnetic =
e ;1nteract10ns have already ‘been unified in a gauge theoretic.
v .framework."The_quark—gluon'picture of strong interactions
g and the mechanism of quark confinement are also expected
- tofbe hltimatelyrundarstood in the same framework.
i Theorists are attempting to understand the
L Einstein3thedry-offgraviﬂy as a gauge theory.
T .ﬂ:} o _' The chqracterlstically»geometric nature of the :
5= general theory oi relat1v1ty is Fnough to make one pay
ﬁ; : attentlon to the potenthl use of geometric methods in'
L . [ ,‘
-iormulating thSlcal laws. : | 1
o | '  ¥ R {31} _ ! o ‘ o E
S R Herman Weyl : 1nvented the basic idea of "gauge
"7-_. : ! 7.'» . ‘ . E k E ‘
: e tsanoformatlon and exteAded it to a theory of the
;“yﬂj electromagnetlc fleld 1nteract1ng with particle fields,
ST , : -
0 “j?.‘;AFg London amenced Weyl's work and deduced a more
T reallstlc notlon of gauge tranéformation" in its modern =
ij- S mlnlmal coupllng form,a_‘;' l;
: . S : {
f; Thehfull quantum mechanical implication of a
g:',«17~ju- gahge'trahsformation (th? transformation of a field under
{;? R an Jnterna] symmetry group with space-time dependent :
{7;*fg f . parameters) was not revegled until Schw1nger{ 2} treated
T i ! : ;
5??.'=‘ _ the electromagnetic fleld as arising as a conseqgquence of a ' |
{ o local U(1) gauge symmotry for the guantized Dirac field,
oo R T W T . ‘
L. L L . : :..'
8 . :
i . - ¥
i “1 ‘ ! %










L monopole ploblem
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FOL oLher gzoups, similar relations exists but with a

dlfferont normalizatlon, the 1ntegcr K being replaced by
{10} o 5

Can bultable multiple

These 1doas wert used by Polyakov and coworkera{z

o |
"L Hooft{3 }, Jacklw & Rebbl{3é} to discuss the properties

S of - the gauge theory ”vacu%ms ang to classify these vacua
acc0161ng to. characterlst%c clas?es of the appropriate
. bgﬁdles,f‘7”;f‘ﬁf o ;; | ;

v o S |
| .Asgumiﬁg‘that tﬁe noti?hs.of differentiable
maﬁifold'are uﬁdérétood,;thé fir%t six chapters discusé in

'detall the dlfferentlal geoﬁetry of fiber bundles and the

gGOmetrlc 1nterpretatlons of non-abelial gauge fields. The

l
Wu Yang formallsm is then dlscu%sed and the relevance of

flber bundlt language clearly shown in the framework of Uy

4

magnetlt monopoles ' Injfpct the Wu-Yang treatment of the

| 114y 4L |

A;tfout the uve of the dlffegentlal geometry of fiber bundles
R to tho bulk of 1ho physlhs communlty. The last chapter
d;scusses the 1nt1mate rdalationship between the asymptotic

-?taﬂditién on.thé gauge pctentials and the non-trivial

_topoloqy of the dSSOClath.bundleS. Three appendices are

ASu(?), tne invariants are integers K given

is onehof the first works that pointed

9}’

.added at the end to make |[the thesis self contained, Appendix

' "A'ls a COHClse 1ntroductloh to the problem of the Dirac

monopole Appendlces B znd C are just rudimentary descriptiong

of Lhe mlnlmum mathematlcal prerequ1q1te to undorstandlng the

' ;
! !

. cla551flcatlon of purc gduqes.
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[ S S,

:1};; A “THE[GEOMETRY OF FIBER BUNDLES (1} {?L (4}

1.1, INTRODUCTIQN

RV ; The concopt of B fiber-ﬁundle is a generalizatibn

of a dlLéCt pLOQULt - Some examples from physics and gcometry

o . : | o . .
willlmotlvate‘the need for such a generalization.
BRI . . : -.'4 . . ' - ) . ! )

TN )
e i

”(i) ‘ In fhe'dynamics of antiquity both space and time
H ’ . ‘ | !
are abeoluth ' Every_phyéical eVent is characterized by an

instant of lee'and a logation in space; i.e,; the space—time

of dnquUltj is a dlLect product E= TxR3 T being the axis of

i I
!

tame and R3_the three dlmen51onal Fuclidean space.

_ In Galilean dynamloe,'t1We remalns absolute but space |

\'*‘

becomes relative; ln the:sense that for a given event at a

.fixed instaht of tlme,'dxfferent spa01al coordinates,

' i
lated to each other by'Galllean transformation equations

can be ascrlbed Lo lt ﬁhls can be described by saying

thaL E] an onto mapplng n P+T which associates to any ng
i

jthe correepondlng tlme cOordlnate t=11(p)eT. The time

o -1
ax1s T is. called the base space and the set § (t) of all

events SLmvltaneous w1th p is called the fiber over t. R?
~1
lS called ihe typlcal flber since each fiber 1 (t) is

lsomorphlc to 1t.' The tdtal space E of this fiber bundle

is representablé as the direct product TxR? and E is said

to be trlvzallsable. Formally, if E is trivialisable then

there 1s a_(tr1v1allsing map H:E+TxR3 such that H{p) =

[H(p), r(p)], where r(p) |is the position vector of the event

'p relalee LO an 1nert1a_ observer.

,N.Bu:!5Th010 lS nO "natural“ 1som0rphlem botween E & TxR.

e g RS



‘the nature of bundle opaces

: prlnclpal flber bundleo.

g
|
|

Cor

‘The:follOwing exaMple'is given in order to illustrate

i
Ulth structure group, i.e.,

Tﬁe exact definition lel be

pleqented soon 1n such a way that its 1nt1macy wlth gauge

.-field?theory is easily dlscernlblep

Take"an clthonormal dyad ( 2118,) Of vectors

tangeﬁt at some pOlnt to a - dwo dimensional sphere S

'preferred orientation. ' One

5% of

can regard the set P of all

:”lolthonormal dvads Wth orlentlatlon compatible to that of s*

“as the total space of a bundle Vlth a natural projection

E H:P-+Sz 9“ If (__-'I f“__2) i

‘Vpair(g1{e ') related to (e1;e2) by:an orthogonal transformation:
N e‘: = cos¢ 'Sin¢ e

i =1 L. | =1

i : : C

2 eyl = |-sing  cOs¢jie

e ‘

b

Then glven a frame (e1,e2) at xe82

a dyad at chz, then, so is the

SR

|

all the other
l

'ﬁframes at the same 901nL can be generated in the same way.

N Then 80{2) is the typlcal f

lber of the bundle P, and the

"‘dbOVG matrlx equatlon deflnes the structure group (50(2)}

PO
]

: actlon on P, P isan examp

N B.s Thle bundle cannot be

' wete d dlfteomorphlsm H:S %

One could det rmlne a smoot

P
[

a mdp S ST+P by S(x) = H(x,

'"‘-in 00(2).T Thls would contr
¥ i,e. to any set P of dyads

angency on S .

S This is .Brouwer' s theorem

Ve defired on an' even dlm
. " ! . ! A .

le of a principal fiber bundle.

tfivialized. Indeed if there

Fo (2)»P such that Jloli(x,a)=x, then

h vector field on S? by defining

ao), ao being a constant clementd

adict the "no COmblng of szn"

.there corresponds 'the point of

: “a continuous vector flcld cannot
cn51onal 5phere. ‘ :

t ) ! 1

A A W o

e P




1.2 . PRINCIDPAL FIBER punpLig 11 31 {6)

Sl
PR ER

with (Lie) gxoup structuLe will be given. In gauge - theory

"lauquago,'the QLIULtUlO glou[ corresponds to the gauge

-;'}symmGt}y group, and the non—trivial[global topology of the

bundle space is a manifestation of the asymptotic conditions

: i
‘ lmposod on the uuclldean qauqo potentlals, in the sense

|

' that Lhcse boundary CondlthI‘ at infinity are encoded in
”thc dctual constructlon of Lu principal fiber bundle over

.~ an apploprlatc cowpactlflcatlon of four dlmcn81onal ruclidean

spacel |

{1} {6}. Let P and M be manifolds and let
R

.“DLflnltlon (1. ?

'-:bG be a Lle group A smoothjﬁrincipal fiber bundle over M

'w;th structule qroup G lS a quadruple = (P,M,I,G)
. l
'satlsfylnq the follow1ng condltlonu.

. : | :

Lfay ThELG EXlSLS a free rlght actlon T:PxG+P denoted by

'_(u a)EPxG+ua€P

by G 1nduces an equlvalence relation'witth = P/G:

‘fVui,uzsp, ui~u9:1f and only 1f§3aeG such that u,=usa.

.7%) The canonlcal prO]eCthH mapping I is onto, Smooth énd
aLT:fJC& H(ua) = ﬂ( ).

_;d) -admltg a local trlv1allzati0n {Va,wa}, i.e. VxeM,

= Cit such.that xev and the| dif feomorphism

ﬁ‘¢a:W (V )+V xG dcflned by ¢icu) = [H(u),q)(u)],i
B n | ] ) R S
makesln ;(Vuh:P isomorphic tp a direct product.

| :" S S o L b :
¢ I (v 0[)+G satisfies ¢(ua) = ¢(u)a, VueP, VacG. We write !
" ' 1 : .J ‘ . 1
N G.X for Lhc flb v H (A) at X A ' ? |

In this scction, an exact definition of fiber bundlec

B R I SR

e b



EDefinitidn'(1 2, b):- A global cross-scction of a principal:
fiﬁér bundlr 15 d map 0: M-t P;isuch'that llog = IdM ﬂidcntity
‘on M)

[:a local sectlon VéﬁN is a map ua:VG+P such that .

: S | .
For a prihcipal fiber bundle, the existence of a

! ivialitell)

" 'global section is eguivalent to lts triviality
| S SRR
o B

. : : |
1.3 EXAMPLES OF PRINCTPAL FIBER BUNDLES

ExampleVQT.E.a):f K’=‘(R"%G,II, ?f, Gy, is just a trivial

G?buhdle OVE;.?]; R"' : F I : }
anmp]e (1.3, b){1}: Takeithe one dimensional manifold gl

: and-z - 1, +1} as a Structure group w1th action on S! as
\

follows. +1=Id juj“ antlpodal map The quotient space

e M = S /G is the Qpace of dJameLers.

X : -’l
Upés‘  H(p = Lhe'dlameter through p. Locally, for

a flxed xeM i. e.,a dlameter, 3 an open cone V containing

thg"dlameter w1th (V) = szz, i.e.; (8, gt /a?,n, ZZ)

. is’locally trival. .

4 i I

N

N i:-L ‘

ColpoT o (Fig. 1.2.a)

Sl ' o ' :

; }
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 ;‘.¢;§ﬁ) =-[n(u);¢
Coxevy e vuel (xy.
'_éedéionﬁ
LAt
N O N L U,

";{ua)[¢é(ua)}- _% uaaql(¢1(u)l

g V. +P are .subsets of g!
at o oEE & ‘

separated directions in Vg

L S
- ~ (rig,

10

that are "bounded" by two remotely

T
I
1

|
b
|

1.2.b)

XIf a finite union gv&‘covbrs.the;complete set of directions,

'afound the cénter,‘the images of the cross-sections

S . ‘ ! | ‘ .
N.B.: For a,giyen Va’ bo?h Ua‘1 and Ua.(-1) are local

o
|

1.4 | TRANSITION FUNCTIO

. ".;.i
The tr1v1a1181?

o

’\,‘. x

Rxpiiciﬁly,'let?us_check

BEad
S0 -
0.

'fcértqinly,-ﬂ[u

T ! .
VujiVEH& (x); 9 aeG such

-1

i
i

1

(u)], “?T (V)

oﬁflocal croSs—sectioné:éa given by o _(x) = u¢

$8{1} (3).46)

g diffeomorphism b 17

'séétiOns. ‘oa.fgis depic%ed in fig. (1.2.b},.

1

(V) V%G,

defines a natural set

that Ua

th_at v

-1

' ...,1
')

1 I
= u{¢a(u)] is well defined as

i

H

is indeed a locl crosgw

= H{u

ua and v.[¢a(v)]

N
g (W)

S

fu)

} = % since

u) —lﬁ

¢a(gi}“!

.
{

I

e,y
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S —

1; we have v

S _ o “}fz
1 OB(X) = u[¢8(u)] ’ L'l<['
: L [ :
The group valued functions ¢a(u)[¢8(u)]

-.fdlfferentiable.,-The g]

L admlt an open coverlng

'T,'brincipﬂl'fiber bundle

i relatlve to: {V } are U

5 (%)

ai.

L

_Thus unde: Lhe dlffeomo

Jiéross-section 0, corres

This is certa

_SLCtlonu, and we invevt

‘fIf {Va}aeA'is an open c

1

{c&(X)¢a(u)[¢B(U)]

(b

u,f%)),¢ (o‘(X))] = (X,é).

1phlsm w : (v )+VaxC, the local

%onds to v xf{e}.

inly a prjvilcdged sct of local

lgate thelr transformation pLOpG]LlO‘l

ovollng of M, let xeV hVB. Then
1 1

f¢a(U)]{ ¢a(u)[¢8(u}]h =

'denoted'by wa& are called Lrangatlon functions for the bundle,

The'transformation ru]e UB(X) =g (X)¢a8 is consistant

I i 64

w1th Lhe fact that xeMllabels ‘the equlvalence classes in
.
P/G and any pOlnL uell 1 (x) can be derived from another

21

5@;“3 (x) by an appropr;ate group action.

r

‘Eo;ﬂxevdhvgny,, waB(x) = ¢a(u)[¢8(u)]

1 . v B(')“=f¢.f v 'ii

tran51tlon functlons
R i

.de$erm1n d by the topo]
s/

;jtran 1tLon function%

'In fact we hi

Theorom (1. 4 1){1} £33

1

| Yoy Vyp
This ié the cocycle condition for
The transition functions are
obal topology of a bundle épace is

ogies of M & G and the type of

we the following theorem:

r

7 ﬁunct;On Sat;sfylng the

(Reconstruction theorem): Let M

V }oehA and let VWV 4G be
{la}oc waB J\ B» a

> cocycle condition. = Then a unigue
(P,M,1,G) whose transition fundtions
1ez¢a8's, is determinéd.

i

l
i
|
!
i
J
P
I

VLT T Y WS A

1




Carstltuteb a’ pllnblpal coordinate bundle.

‘We Say;that the

12

quadruple (M,G,(V Fob oyt e,

It's existonce

jfollows from the lOcal trﬂviality requirement:éfﬂéVTfofﬁiiw”'

prinC1pal fiber pundle.

uuuuu
111111111
[

‘:Howévéf, the group structure G extends beyond just

one varlety ¢

Lhdt can go thh the open

g (x)€G
(€ S )

',be Qxamlnedh

P o P
the possible typé of transition functions

Loverlng {v, }. Indeed another

‘seL Qa'(h) Of local sectléns glven by Ga (x)':'oa(x)ga(g),

Cd.eis by

Do, 6, v o,

k principal fiberfbundle'ir

S ' 1
o (X)'=U[¢d(u)], o

 _By définition v

Q G

"~ Since xeM is fixed, one can identify

RN P
! .‘.‘1

{(@a(u))f-galx)]il[¢Bfu)}

Il

S R e
94 JKX)¢GB(3)9§(X)'
1

B?{Q)Jz g (x)@

%%éﬁsfoﬁmation:rule for t

).d‘ M G {V

of
c;gxdlnate bundles.

' ASSOCIATED FIBER BU

; ‘can be constructed.‘ [

_?B(ﬁ)_:¢a(u)[¢8(u)]
Y(x) = o (g, (0 = “{¢a(“)] g

L ense gy 0 = 6, fagt @] =

T

1 21
; vuell (%)
1

and

{(»).

1
[¢a'(u)l ga(x) with

i
L1 - 1 : 1

9 () 1= 9g (x) 6, () (g (0))  gg(x)

aB(#)gB(x) and this is the

ransition functions.

},@as')‘are saild to be equivalent

NDLE{1} {6}

SR In_ﬁhis sectior
direct brodudt is achieve
1n whlch Lhe typlcal fibe
Thls.bundle

direct brbduct-MxF. If ©

the relationship between a i

which a generalization of the

d for groups, and a bundle space "E ¢
i

r 15 a generalised space "F", will ;
E ]
space is a gonerallzatxon of the %

, '.’
he structure group G Of the pr1nc1palf

\

Foo




] '3‘

'iflel bundle ha¢.a £1xcd (left) action on F, I can‘Bd'

'charded as a leplebonLatlon”spacé for G.

U%ing E’” (P M, ﬂ,G), onc can orect at p01n1 oE M
| !

"""""""

i

‘-topology of H’

P i . o
A mapplng Q PxﬁvaF-sﬁch that Qa(U,g) =

__} §

{uwa,a &), ueP &VEeF,-establishes an equivalence relatlion
[ .

1% defined by (U, &) ~(ug,8,) 16 and only 3£ (up.&;)
_ I . . : | . .
(u1a,a 51) for some fixed acG.

 We define{1} thé fiber bundle associated to Jp
w:Lh btandald flber ¥, as| Lhe space E(M,G, F,p) = pxF/G

equlpped Wth che follow1?g dlfferentlable structurgs

a) Deflne a smooth onto Tapplng H :E>M by M (equivalence

class Of (u,g)) = (u). Then VxeM, -] open V. Me(xeV. ), such
U T ‘ o i

~ cthat [, (V) is an opengéubmanlfold of E.

" b)fiﬂ (Vx).is'isomorphic tb VXxF.

T)-'v' -, A local section T of E(M,G,F,P) is a mapping

' ouryququch #hat_nEoca = Idva; {Vu} being an open covering

of M.l | |
f. Physically, if F is.a linecanr representation space

,'fofiG f01 xhe de criptioh.of matter fields (i.e. voctor
flelds, sp3nor flelds etcl), then a field in the trivial
,_case 1quu5t a vcctor valhed (F~valued) function on space-
'191me, or 1n other words a global section of MxF. 2 g
;In'the non~triv1a1 case the field is des cribed' ?

5
' A

as a:lodal section of some bundle E(M,G,F,P) the non~ Lr1v1a11tj
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Fig. (1.5.a)
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get a mobius strip P (Fig. 1.5b). We can define
L ] :

ofvﬁhe _ﬁx
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zggf‘ ‘Qne éan glué'(1)'& {2} ﬁogether‘with a twist such that ay

. S | . .
cOingides WithiaZé b1-w%th bz,:c1 with d2 and d1 with Cos and

an action
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This constit

'tes:a,principal fiber bundleJP = (P,C,N,G).

The associated bundle E(bVG,R,P)‘is obtained by glueing a

e . S : ' .
.real line tc'all_pairs of| group related points (Fig. 1.5c).
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20 METHODS OF DIFFERENTIAL croprrry (11 {31141(8)

‘ '2\1 L TANGENT & COTANGENT 'SPACES ;

. . . . H w
R Assuming the standard notion of a smooth i.o. C
o - . |

' ’ |
manifold M as a Hausdorff topologﬁcal space, with local
i :

COOldlnatCQ, (1 e ‘an open covering {v,} of M anq

'homeomorphlqms ¢ V U where Ua is an open subset of
Rn),-we ;ntroduce.the concept of tangent & cotangent spaces.
S S : 1 ‘ i
‘Let M be a ¢’ mahifold Let peM and let c ")

3

:a‘uba the set of all real valued functions on M that are smooth

at p. To.any_smooth curve;through P, we can associate an
?vjloperator Xp'célléd fhe tanéent vector at p such that pr is
| tho dlrectlonal derlvatlve of £ at p, fsC (M) More

o expllc1tly, if l a,§]+R 1% the curve in M passing through

P aSSOClated to Xp’ we have

X £ = lim E{f{k(t+d)] - f[k(t)]} | (2.1)
b P s 'u+o : S
‘ fﬁﬁf The tangent vectoré'xp at a given point p form an

' n d1men519na1 roal vector space, denoted by Tp(M), and
satlgfy the;zollow1ng.properties:
a) X (af+ = 4% _f4B¥
) bl ‘Bg)l R B p9
by X (fg) = £(pIX (a)+ X _f
‘ | } p(‘3) ) (p p(g) g(p) D
L VE,ge CO(M) Vo BeR.
B e

'Leth§,‘,..; be local ccordlnate basis in a n01ghborhood
e 3
U of P Th¢n {’%x } form 4 baSlS of Tp(M), and M and TP(M)

':. have Lhe same dimension.
:Afv¢Ctd: field X lon'a C° manifold M is an

assignment éf a_vebtor Xpeip(ﬁ) to eéch pEM, In fa given
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o ‘ S R i

- _.coordinate neighbourhood;
C n n/ o P : :
X = W) gjg'axj ' &J‘boinqlreal valued functions

VGefihed in-that_neighbéurhood.f.Theﬁ vie C:(M)g

. ; ' i
I . i
XE = ) ] Sf 1 i
o 3EY ax?

1
’ . |
leen any two vecth fleld X, Y on M, we define,

-a new vector flCld ‘Lhe Lie bracket [? %]

|
[% Y}f = X. Y(£) - Y.X(f) = (XY-YX)S (2.2)
. ‘g ,
_ ‘ n, d n 0
Locally, if X = §la* fxt ; v = Vgt fx’
' o b
then using| ‘ox ixd| = o0, ve get
e _ N :
L n A P |
E(,y]": E aj E’f’_i - Bj _3_(1_3 _E)._I J (2.3)
S o T %% I G2 G ax’) ox | .
we have Lhe rules f ff_ S
@, [t = -]
f%i{j fX,gY fg X, Y] + £(Xg)¥-g(YE)X
o L .] L.’W
Qi;§ (c) [%,[?,%I}-+ [: [? {i} {: [? %IJ =0
5 (Jacobl s 1dentltyj (2.4) |

The dual space to thé tangent space, Té{M) is
called Lhe cotangent space Tp*(M). Tp*(M) is a space of

llnear functlonals wp on Tp(M)E'

_ _ | . ‘ 5. |
{dxl}'is-a basis‘for Tp*(M)'dual'to {f%xl}, where by definition.

[

Lo,
d.«cl( _/axl)

-]

= 83 B 0 (2.5)




dﬁféach‘point p of M. .

as

2.2,

- explicitiaSVfoflows:

:ié a mappiné Q;T (Mp)+¥

“where V¢

R
A 1-form w on b

)= Y eead
R

1

18

is

Locally,

an

- chovariant and s~contravariant tensors

f

Tg?IMp)f L§cal%y, any Be

o
|

_ . ) Lo r+1"-t‘

B.< 12 BT VPP 1
‘ 1t T r+s ;

In pafticular,

e N O
' .-;l 1 I
¥

Thé action of the produg

é Tf . 1,...,\751

r

’
QIV ,...V7) =

TP‘M)fﬂ

t space T ©
r

1.

W1(V1).-.V%(VF)

'are (r+b)~1lnear real valued functions on

‘assignment of a covector

a 1-form can be written

L\TLRIOR ALGEBRA OP FORMS{1} (7} {8}

at peM

)

(Mp) can be represcnted as

Any'arbitrary agTrO

i
adx

*kM)

a

P then o =

(2.

i
g dx

!

(Mp) is made more

w1 G;“' A Vi

given.by

(2.6)

o )

!
The vector space of these tensors is denoted by
i

1)

(Mp) has the form

' (2.8)

(2.9)

A T W b S R WL

B S
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Gonerally, if teeT_ T}, neT, o (M} then
. : . 1 b p

RSN I S S L i
}er nLPa+b }Mp)fls_dgflnfd‘by
G i 1 3

'(ﬁ o h)(vi,..ﬂbaf = (v

'(2.10)

i L ,ath ‘f"' -
,:sqp(M)..

From-Tp*(M) we can construct a useful subspace
l‘\* - S .
i Qp { M) Or.ir {

Mp). 'ThhSlCOnSiStS of alternalting tensors

:Qf:the form .

Lo 1 1 i
w o= E O . [dx PN 4 r] (2.11)
‘ ii<"'<i ; o

the coefficients oy ,;f being totally anti-symmetric.
S, I.lcco‘ r :
"The vector épace her (M) is of dimension [?].
R | ] . . | .
”o ) o
(M), owe define
r p .
- : P .
Yo 1 . .
o . = —_— . .
At = ) €4t . | . (2.12)
b R : i UESI .

‘”théré:ér‘iszthe'permuta{ion'group of r objects, e the parity

HE VAP OB R CAA LR AL | ~ (2.13)

Any form w is said ‘to beg alternating if W, = 6w YOoeS

] e DT e

- rAmE

Let wehan*(M) and nchb$p*(m), then the wedge product

whq ?‘3{%7 Alt(w?@ ny. . - (2.14)

1The-wedg¢ product is associative and - P R

ab

P ‘ :
%'Wﬂﬂ_% (=1} Ty Aw %‘ | | {(2.15)
i ! :




e i

o bR A T

i T T SR TR R S T R

vty vPer on then

' a linear opexator "a"

L) For an r*form o, d

- i, meaning that the su

1 Do 3 e

_"(\_\:_1;\' A Wi

2.3 THE_d- OPT‘RATIO\!{‘

opeldtlon on dlfferent;al forms.

properties.

" a) Tt maps r- forms in

.'b) _It maps - functlon5

d(ahB) & gk

‘Then?tﬁe components oOf

! (dw) .
i ‘ : . l,] s lr+
| ,

Eal

Genefallyg if{w]ETp*1M), 3=1,2,...,0,y and
S T :
|
|
\
E

20

(2.16)

1} {7}

1

'3The‘"éXterior derivative" is another useful

It is defined in terms of

acting on forms with the following

Lo {(r+1)-forms,

into their total derivatives.

has the Leibnitz property

b+ (1) anag (2.17)

g d)i‘dde)‘= d?w;: 0 !VWEAer*(M)

o :The.above folr properties define the "d" operator

L n a coordlnate free manner{ } Locally, for an r-form
RN Y 1 i ,
S I o .odx 1A...Adx r' we have é
) 1 l,i--.lr b
o : 1 e ;
1 ;
i < + T 1 . e L 1 l 1‘ ‘?
! dwf% D MR E 1i —E dx OAdx!1A...Adx ig2.18):
i<, i o) ! : o §
1 ri 39X '

dw in. the basis dx OA..V§dx L, lare
{ : :
: T .
= L T ey
1. s=1 ax - 3 ’

(2.19ﬁ

1
I

ffix;is i5 omitted.

1We have adopted the “Onventlon:that the new form is alwaysf
: 1nserted before any wedge product previously existing.

D
i
i
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{1} {7}

Let M & N be s

1espe¢ti&ely, and let ¢:

¢ {P)

- the linear differcntial
f N*h is: meOth.
Given an r-fot

deflned by

¢k\'€'(}\1 P .Xn)

2.4 LINEAR DIFFERENTIN

(N)'dcfinc

.V.x ,.;.gnsTp(M), is sai

LS AND PULIL BACKS
mooth manifolds of dimension m & b
M+N!bo smooth. The linear mapping
d by (¢, X)L = X(fo})} is said to be

of ¢ at peM, where Xch(M) and

m W on N, the r~form ¢*W on b,

:.W(¢*X1""¢*Xn)’

d tb be the pull back:'of w by ¢.

S

les

The pull back ls compatlble wlth "a" & "A":

(a) d(@*w) = ¢*(dw
(b) d,)* \2 f\w‘)-

2.5  HODGE OPERATORS &

o= ¢*(w’)n¢*(w?ii

t

: L
rorM puanrry (13 (43 (9}

.i

f

Let M be an oglonted|n dimensional Riemannian

"hanifold WLth_metr;c g:i

fRieﬁannian-volﬁme of M by

j'i Def%ne an n-form 1 called the

}
i

(2.20)

(2.21)



St i

L T e e e e DA

- whefe ig|'= |De€(qij)++g

_ B L E
by the following propert?es; i

(5} For i'<..,ki . j1<.

from which can be dérdid the rules

T

22

i
- — . - .. .

s v, dxi1A...Adx h

=

VIET axhaax o (2.22)

: B 1...n S B |
. Then T, 1T 5y i N n = ci‘ RAER
) ,1 LI 11 LI I I'\ B L I ] . ,Il LI I ] I n

+ S

j

S : ' , eea] ‘
thHe generalized” Kronecker symbol 811 ip 1<p<n being defined

10--p

Jq- o
{a) 611 ip‘is totally: anti-symmetric in its upper and
RERE S

1ower indices.

<3

P

|
.1
1 i
|

j1...] 1 for lk jk"k=1""p

= 1

0 for i, # Iy

The -"raising" and "loﬁering” properties of the

:H‘éhtimsymmetric.indices of the coefficient functions of an

n-form on M follbw the nule

. i i
T,..n 3 n

et ag g Ty (2.23)

{9}

1...n _ 1 ‘ | ,
fa; B 7 lgl %1 .0 ? (2.24)
Ui in !
7'1 .'n——T-‘-&

1.
O
*’1_\1 ﬂ

ﬁ
I” ;(2.25)
I

|
L
Tgij is an‘nxh:matrlx w%ose entrles could be functions,
1
i

" ‘defined on M.
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- The llodge (*) {duality) -gperator is an isomorphism

7{. .f; Aer*(M) n r'I‘p*(M), B>, 3 defined locally as follows:

Let{ugAer*(M) be given in terms of local

coordinates: as

f S > o =y a3 0y a9 1A...Adx r;
? R S i1<..‘.<ir 1 r
é _The form adjoinf (xq) of g is an (n-r)-form defined,by
l e , Y ‘=. y . 'k(_\')j v dejif\...ﬂdxjn"r
P ey AT
such .that |
SR 3 ] - . e
i T *g)jf"}jn—r'  i% ees 1 Ei1"'irj1°"'jn~r Igla
i i r .
. m ds an invertible operator with inverse (x) '=(=1)% (" TE/x
% d;f,',and satlsfles{1} {9} |
gi '; I ahxf = BhAxa for any two forms o & B. -
? N The global scalar produc% of two 1-forms a & B, dcnoted
g by <alB> is deflned by _
'%_ } <a[8>‘ _LiaA*B * . ? (2.27)
E o .The bcalar product satisfies thé usual rules:
E ar o <alss <B|a> .
% c - (b - f<a|a$33 0 and \a|a> “10 <=> a=0
_ (c) o <*a|.*'g> = ;<a[;3i>
T I
v L
.i |
i" : "*fhe,integral iéfeVéluated in terms of the integral over
i ~ an open subset of R? of] the pull back of the inteyrand o},
i
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3. . GAUGE SYMMETRY GROUP AND ITS LIE ALGEBRA

3.1 LIE GROUP MANIFOLDS

We will use the differential gecometric concepts

dlscussod SO far for ‘the lnportant case in which the

manifold is a Lie group manlfold G of gauge transformations:
' 1

_e.g.:u(1) or a "global" ph%se transformation in guantum

electrodynamics, or Su(?) as an example of a non—abelian

' gauge field rheory of the Yang"MlllS type.
‘ !
The,group manlfolds‘for u(1) and Su(2) arc circle

and 3-dimensional sphere respectively.

The G manlfold is smooth and finite dimensional.

Two natural groupactlonswhlch are mappings from G to 1Lsuli

are deflned by

bl

:it. LS:G")'G’ ‘ R(‘:G_)G; 't’SEG
lt-*S"rc‘ ' t+ts ;

I

the left and right translations, respectively.

The Lié{algebra‘r is thé tangent space Te(G) at

the identity e of G, Qheto the gqnefators'aieTe(G) satisfy

the structure eqoation and the Lie bracket operation is

defined for any pair of vectors in r.
' ‘ ‘ L |
~The space dual . to T 1s|denoted by T *(G)— r#

and

-1<wj,sk$':-6i s {wl) & {ak} being the bases of

T'* and I respectively.

4 . Under the aotio? of the linear differential of
LgﬁzxesTe(G) generates a %eftuinvariant* vector field
* A is:a left-invariant véotor fiéld if L jox=AoL_, seG,



fa

ETHREE

; R =f%5*(%e)

‘defined on the group manfifold.

Rémquably, thi set of left~invarian£ vector fields

(4

“is closed under’ the braC'eﬁ'operatiOn Similarly, any
_ R | ‘ .
1-form WecTe*(G) induces:a left invariant 1—form* v by mcans
of the pull back.: |
t ST :

Léw = w_  <=> w = L* v
s's e S -17e

Thus, “the 1- forms {w } which are a basis of T*(G),
F 1
give rise to llnearly 1ndependent 1-forms {w "} defined at

sc¢G via the pull back aqtlons.
. ; :

;Ndw;,thé set {ﬁ Awk} is a basis for 2-forms.
,‘ R N ) . .‘ | L .
So, in particular, we have:

dwl'; I £ v]Awk

50k Jk
S S _!i
ghgrg fjk _jafk@.

LT | !

Evaluating thg above 2-form on (am,an);

oo S . i
a ,ah§Te(Gj, w?.hgve

m F
' AU P N A
dw (am,gn) '-Xk fjk;W/xw (a_ra,)
. Ji :
. |
: ' JOR | .
I NS R . SP FO K
'ly fjk{w ;?m)w (dq) wo(a, )w (am)}
JeRom i
R R G B S S S|
= 31 [M~M]—2f.
j,k jk mTn Qim‘ mn
b

i
o g {3] {4}
Cawtx,y = -—w([?mf )
"avx,ﬁ;r: [T (3.1)

*A dlfferentldl form w on G is:left invariant if L#*w =nI ,
g hCG o \'\ . o g Lgh h
b
i
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=D Awe CyL= a = -y a
oy dV;(am'an%f R T ) Zcmn P
: . ! P |
e bt SRR PSS (I £
f= -] mn”_pa_) ) “mn p
P o P :
A i . ?
mn - :
A IR L i i L
. , ) = = e <= 00 = -k .
i.e. dw (am;ﬁn) menf 'lCmn fmn ’Cmn

Hence the coefficient functions in the expansion

- .0f the 2~form dw’ are lin fact the structure constants of

‘the Lie group, i.e.,

SN Wk (

i i
dw = =%C., w
: T3k

2

. 2)

This is the Maurer-Caritan structure equation.

An inner automorphism of G which is indispenseble
for the geomefric interpretation of gauge transformations

is the adjoint map Ihta:G+G defined by

;..'_i{_nta(g) .:":...:aga’:;-l g

: Itéilinéar differenﬁial Int =« = Ada is an
isomorphism of the invariant vector fields on the G-manifold;
. in the sense that.it maps a tangent space of tlhie G-manifold

. . P n ! . . . P
(which is isomorphic to ¥, n being the dimension of G) to

another tangent space of the same manifold. Then the map

 Ad:GoAut UETa(G) bonstitutes what is known as
s . Lo
the linear adjoint representation of G.
|

3.2 LIE ALGEBRA vaLugp rorms 1} {4} {10}

- For our dis%ussion of non-abelian gauge field
*ﬁhéoriés‘and_the theoﬁy of connections on principal fiber

T3Abupdles;'wé ﬁeed to éktend the concept of real-valued r—forms

Y Lot
|.! !
e
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i

;{' défined banFTp(“) to vector valued, and in particular,

" Lié algebra valued r-folms.

Let Aer*(M) gehote the space of R!'- valued

r~forms at pcM; Let V pé”a p-dimensional vector space.
; o : | : _
A V-valued differentiall r~form at p is an element of the

product spaCé

. V’e'Aer*(M) i.e., an r-linear

|

i

. anti-symmetric mapping from ArTﬁ(M) into V.
: i

-If {aj}, j=1,!~~~ ¥ is a basis for VvV, and
o ‘ | ‘

vﬂ eAer*(MX, ﬁhen a VJvalued r—form Qr is uniguely represented

és' _—
fﬂt sz ay 8 wl, i.e. for Xy, ... X_eT (M),
APS S B N
._Q (X1,_.,. X0 - g g {Xi, e Xr)aj.

1

In terms of the naturall coframe basis {dx " A...a dx F}

of A%Tp*(M)’-71

S N i i
'i‘fﬂ : . -Q?'=?§# .2 : . wi i i aj O dx 1A¢..AdX ? 5
K . . i - . * . L3 ‘ LI N
S ST i1<%ﬁ<. < | 172 V

wg o aj beiﬂg‘v~valqed‘antf~symmetric tensors.

‘ 1 L 3 ; .

A

We can extend the exterior derivative d to V-valued

| ‘r=forms by setting d(ﬂg) = Z ajd(wj). Since vector
: ‘ : ' T 1
-

'fmultiplication is not @efined, we have no exterior (wedge)

e _ g '
product of V=zvalued forms.
However consider a vector space ' with a Lie

~ algebra structure given by




(b). x] [_\] >,Ygr_: | ;

' ' .- | ;X,YJ;ZEI‘

PN

by .“

28

g -+ Lk 1 e -
A.(i}: [?i,gjw = % Cij a, ﬁ[ai} being a basis for |

(structure,equation)

o frfed) e

1
i
\
i
|
|
;
E

}

(3.3)

We can define what is: known as the graded-Lie bracket

“operation fqr a., . F valued r- form, v & g-form, ¢

3 g . ‘ |
y : : I

[N B k.
1!) = lrajtpj ’ (D:: E akE; ; j'k:‘]’._.r/?/
oo i k L

1,,_

b
L

'Using}the antitsymmetry property C;k = -

Eq(2 15), we have

N 3 Using the Jacobi identity (3.3.c) for clements

ﬂoff:ﬂ,_#e obtain, the grhded Jacobi identity .

[

S PRy, e, A s (ﬂ)qu},rc,ﬁf
&lézgﬁ_.".!‘ E. : ; h;:r@'§jl
: § |

m W - L

+ (=1 *

(3.6)

o AT L e



where W, 0,7 ave

e\pteablon IOI th exte LlOH

bracket is also dn lmmedlat

“d" .fol_ -z

of . ., _i: the,

wedge product of R'-valued

.‘ dED’VT] : (%nrﬁ"}d

'
it

;F*valucd T

lued forms

Forms

ya;s forms, vespectively., Tho

dcr1vat1Vu ol the graded Lic
e consequence of the definition

W oon r=
(¥

and the for the

dnd is given by
|

(3.7)

T:! + Emm]

1
| .
' '
1
I
)

S
/
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4, CONNECTIONS ON A PRINCIPAL FIBER BUNDLE

'-4‘.‘.1 VECTOR FIELDS ANDE FORMS ON A FIBER BUNDLIL

. : !
~of tangent spaces on P.

such that

. f being a smeoth functjon defined on P,

- 30

{(11{4) {6}

For ucP, the map LU:G+P, arua, is a smooth map.

A smooth right translatiion mapping by a group action can

 be definéd on the bundle Qpacefpz

!
Ra{P?P, ﬁ+ualwhen aeG.
‘ \

. . . N | .
The linear differentiali L *:Te(G)+Tu(P) at the group identity
. o ‘ :

u

. J- . | f .
..e 1s an isomorphism between the Lie algebra of G and the set

a
Let ael, qu fundamental vector field on P

. associated to A and deﬁoted by Z(A), is the vector field

on P which is'generateﬁ by the global one-parameter group

of transformations o

. la, = exp(th), ter',

Exp(fA)(u)]l o i (4.1)

‘ f _ d‘
-jE(A;uqf N mf_f[R
‘ t=0

N.E%:?Slnce_u(t) = REXi(tA)(u) = pexp({tA) is a curve in P

u

ithrbuﬁh]u, E(A)i is a vector tangent to the fiber through u.

The fibgr.being a sub=fanifold of P, E(A)u is also tangent

to P.o ‘ _ E
' "' The set of fundamental vector fields on P is E
Aenoted by X(P). The map o:T +%(P), AsJ(A),, ueP is a %
- Lie aigebra.homomorphiamé ‘ % _ i ; é,
1'A.Z[[?,§] g = Z(h)u, Z(B)é]- o (4.2)
B R
IR i ‘ : ‘ b ' : : a




. For kEﬁ(P), achVXa is- a unique vector field on P

such that'r-

) XA E R0
B - ) P oooa ‘
and ‘ii)[}Aﬂa=€[%p¥ﬂi,:h¥@ﬂp) (4.3)

If a vector field X on P is such that
‘ . S ‘ |

R ,{(X) = Xa =%, VYacG, [then X Fs said to be an invariant

a’ : o ; P

vector field, and the set of .such vectors is denoted by

<tp).

. , ;
Let Vu be thé subspace of Tu(P) of vectors tangent

L o N . . .
‘to the fiber through ueP.: A connectionll 1in P 1is a

" direct sum decompositidn : L
. . EE 1 T
. ; , ra
; T (P) = V. 4+ o
[ U u - u

i |

~.i.e. a choice of a linear spacé H, such that:

c - l)%_Hua,=.3ﬁ*Hu
. - : =3 .
i . . ' '
Lo il B depends differentiably on U,

-~ Natirally enqugh H_ is called the horizontal
| i
|

»Sﬁbépace at u and dimHLl = dimM{6}, VucP,

?; l;'w,‘Similarly, Vi is called the vertical subspace

at‘ﬁ {the Spa@efof vectors tangent to the fiber).

g:B.:§'ch(P) is vertical if Xuevu\fuep. If X is vertical, ;
M, (%) = 0, The set of.vgrtical fields KV(P) is a subalgebra}

3

vttt Fe

N P e L al6)

i
1

A, e L Tt T by

od
7

! | iGiveQ a conhacéion]r iﬁ P; the uﬁqiue directzsum %
ldecompo%ition‘of XcTu(P)éintQ horizontal and:vertical parts E

,éan bé%réélitéd by introducing what is known as the connCctign
R R : | i

t
|




LT

7‘1—£orm W“

T iﬁ'fﬁ The pull back (

;‘the coverlnq {V '} of M.

:T'F r each o dcflne a Lie-g

[N
' i

W is a Lle alg

372

“bra valued 1-form defined by:

izf?f ?{ [E(A)h} VHEP & VAED

't

horizontél if and only if

v Ker (W)=

A |
<ol .

1 U -
s uekb

| v .

I Conversely, a

i) and ii) determines a u
connection 1-form is W.

The connection

1n torms of local 1-forms

‘ 1
o .

B !Let va.H (Vu)>
family of ‘trivialising is

jq),OtB :V.aan+G be

8 T be the prefer
C

Letto

by 0 (x )': JRNCYO RS

' -

g * '
”a+°a_(wi

-1 ,
R_*) (W) = Ad,_ W, vacG, and X 18
a a u

(Q(Xu) = 0, i{e.,

i
i
'

r-valued 1~form W on P satisfying
i ! : :
nique connection I in P whose

H

i

1~form W on P .can be_expressed

defined on each open subset Of -

1

| |

v xG Y, (u) = (), ¢, (0)) be a
omorphlsms and let |
defined by

.

red set of local sections defined
re - xeV
o

lgebra valued 1-form W@ on V, by

(4.4)

ot

(u )aa!

(ua);?4¢
E I

wae(“( ) é-was(“‘V)J and

L

P
b
i
i

_+Ifn( y-: H(v), ‘then :pgg such that v= ua. Then Vg (M)
SN 3 Ty
ay <ua)¢B

l .
¢B= (u) = ¢a(u)¢8 {u}, 1l.e.

i is well defined.
Yop -

and e is the identity of G.

1113146}
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o ’ L o

;{1L¢{3}Th0‘¥

'n,TheOLQm k4i1. ocal 1-forms Wa satiéify the

1 1
'compatablllty COhdlLthS WG :'Adwug (wu) + waﬁ ;d¢&8:ln
‘\rhv Conveisely, glven alset of local 1~forms_{wa}_on

M %at131fy1ng the abova comﬁ tability conditions,fa‘a
'_Connectlon;1—formrw-OnAP such that - -

. '.1 C i
;aw ¢=‘qa*@y), Vo P ‘ ~

: N o
Suppose the total fiber space is a trivial MxG

L e R e, St i A Y

bundle. NéICén tﬁén take the COmptablllLy relations to boi

‘'such that the local open sets Va and Vg c01n01de with i
M, and the cprresponding sectibns are global sections oa(xy; ‘ ﬁ
"GB(x)‘réSPécﬁively. ! i

| |
i -
i ! Rl

he section trana_otmation ?ule UB(X) Z;GQ(X)¢QB(X)’

.¢§BEG can be 51mply wrltten aéioé(x) = 01(x)g(x),f Then, the
cOrrespondlng global 1-formp ﬁz and W, are relateé on M, by
. ?TV “_£W2fT Aqg_l(w1)f g dq. : j -i ; {(4.5)

This yelation can|be written in local coordinate
i

forms;.

ict M be'é four dimenolonal maﬁifold with local\éOordinates

X (u 1,2,3, 4) dnd an open covering {Va}' A o
Then S TP 11 S

SRR
W, = By (x)ax
Co | o

where Az(x) iS'a'smooth, LiF—algebra-valued funct}on on Va.

T
L

.

CIf we. transform the local section o by a group action
g(X}, g, ‘(x)‘~ 0 (x)q(x), then there w111 be a corresponding
X tranéformatlon,of,the local_1‘form.

Sy




e g g s T e

. we have

2'group G.

is equivalent to & choice

“N.B.f Though w

!i !'e r*=7
RN
Lg”

By the.linear'iﬁdependenc
. N ., ‘ ., : L.

v ':';1.: oy
AQH(X)" g (=)

] o .
This is exactly

" that can be derived by va

i
[
[
1

[

SRR
Doy (Fyaxt = Adg

Q:A"NX)G(X) + g

34

__..—: ‘lll
}]‘0: . (X)dxu

b u" R
i[nau(x)dx ) +:g. dy |

a

—

B ) . u
(X)Aau‘x)g(x):+‘g(x): dug(x))dx

¢ of the basis {dx“} of 1~f0rms,§

! t__ 1 . i
(%) 3 q(X) (4-5)_

the gauge Lransformatlon rule

rlatlonal methods. {4}

4.2  GEOMETRY & GAUGE TR

. ) ‘ s : v
The transformat

 geometrizatioﬁ of gauge p

The coordlnates

N

ANSFORMATICN

1on rule in eq (4.6) suggeets the

3tent1als|

of a conneetlon form in a principal

flber bundle P(M G) ean be ldentlfled with the potentlals

of‘a nonmabellan-gauge'fi

Furthermore, th

s o0

P coordlnatlaes the flber
one-to-one’ correspondencel

'the'local'T{forme’Auuaxu,

Transformation

ofithe'group induces a ga

Conversely, if
glven, then:q a unlque co
A (X )dxu =
oMo Yo

object, glven once and fo

eld‘theory with 1nte1nel symmetry
e cﬁoice of a local section oy on
spaces locally and establlsheq a
between the connectlon form W and

i.e., the choice of a ‘1ocal section

‘Of gauge,

of a local section under tle action

- 1

vge field transformation:

theflocal‘gauge fields A (x) are
oy

nnectlon 1-form W on P satisfying

Uﬂ

(x)Lare'defined locally, W is a global

lr all for a fixed flber space.

O P e B i el B LT T
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© [ Moreover its projectipn by T,, viz:
B S i { _;.‘)‘;'7 Parrsoy i . : ' -

5, COVARIANT DERIVATIVE IN A PRINCIPAL PIDBFR punpre

SHEE N - '
TS50 D, AS THE HORIZQNTAL LIFT OF 9 j

oy

S EIET , - | _
~{ -~ In -a neighbgurhood V . with local coordinates Xu;
[ : ‘ ! : i

the local sectiont&€%l4P;defines a local connection 1:form

R e e it e m e T i e DT

(W) = E Aaudxl.,%The‘ I —valued Wa-aéts on thé set df

=
i

a
i

W.=0
._0. ‘;

.‘tangent vectors on M. In pafticular, the image of the - ?

. % 1
vectorlfield 3 = axL

under W ' is
W : o

-W(Pu) = cha*)(au)'T-ﬂ

=
2
fes
=
1
<

tv(?}qx (aU) R
! i

1 -
. >

v
al )
? ;' oy SN S .

;< ?-W(qa*?u)' W(B, ) wgoa*au E(Aau‘
'?}i}e, the vector field oéi?u - E(Aa“) is in ﬁhe kernel of the

‘connection form W. ' Hence Ouxd, E(Aau)'isihoriZOntal.

5

]

. ‘:_ﬁ*gda*?ﬁuw,Z‘ﬁgul}-zH*(Uu*ap) - D*(Z(Aau))

n*(oa*au) = Bu, g%nce

t This follows from the'definition of linear differentials
and- pull backs. RN

TT‘This is'a?consequebce:of the definitions of X(Aap) and

the cOphebtion 1-form W,
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; ;

CUSA ). is vertical andlny = 0; i.e. - (A
:;ﬁixndm)?}” vertical an H*Z(Aau) S oy L an

?ﬂ?ig*the.hdfizbnﬁalflif; + of the Ordiﬁary.' derivative

R S
) a ‘ o‘ ' i : i \

. ; u L ' ‘ .- oL - !

‘\ - L A i

A % © e denote the horizontal 1ift by

A Tt

~

= - | (5.1 4

o7

i :

! ‘ i
C . : 1 : i
.where u.= Gd(x)."The local sectioncﬂfva+P is a trivialising
. 1 : H 1 . 3

3
N L -1 i ' . i
©  map of P, since 1 (VxhﬂP and locally Il (Va)zvaxG. _

i i

_Thus,-ad(vu} Peing 3u§t {(x,e)|xeva}, oa*au can b%
identified with 3, itsplf.
. i

é ;T-Similarly, %oiidéntify {(Aau) with something nore’.
baéié[}ﬁe cohsider the éction of Z(Aau} on:a differentiableg

7 function'f in P:

i
i

'X(Aau) is al vector field at uo = ga(xo) = (xo,e)

. (Fig. (5.1)). u, = ujexp(tAau):is a path in P starting from
f Qo énq,generated by tqe'right action of a one-parameter

‘]fsﬁbérohp:of'the'sﬁructuﬁe group. G. By definition,

'R;;P4Pf Ra(KEGf = {x,ga) ((x,g)aP; aeG], hence

. |
s ot eple A g -1
- ;1E(Aap);u00f :,lt f(ut)|t=0' As u ,u el (%)

-and u_. = (xo,e}, Uy

|

o (xo,sxp(tAau)), one just has
‘ . H ' R . . _1 .
{1 to consider the restyiction of f to I (x,).
o o { T .

S H‘ (xd? :

S

N o 7 | ;
) I )%eTu(lP:).,._.is-.-said to be a horizontal 1ift of XeT .. (M) if

. ,I-. ~

kA = K
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i

Comhen - s | o= Tyl of

A

3
£
i
L E

i

o

s
n‘-.r {

i { B

}

|

]

FUPPPRENPRIPAR PP AR L

1 R 0 | ﬁlim'F(xO'EXp(tA““)] - F(xo,eh

' 1‘ ;01')0 t. ;
{ ST L P e | ; )
Q'T -:‘i;e.;1the.di;ectional dgrlvatlve )(Aap)l of of £ alqng- i

|

b 2 : ) i . : : . .
v, for a fixed x el ils & differentiation on the group - i
S L ; ; ; o . v
-manifold. ? : . .
By deﬁ;nition of a Lile élgebraigenerator,'

L S S N S |
; . R uo . .| 1 !

e e 1 L T
-

7 i.e. Tqa_ vl is lodally identifiable with A

T g gz 2

. and D ¥ the horizontal lift of 3 .

.g f " Fig. (5.1) ldepicts the relationship between the
| ' vector operators D ,{J(A) and :
b /‘.-'p . H'KZ('Ux Qa*au , !

. . ©
Fig. (5.1)

P =f ?§ince the_expressiOn;is a local expression, "o" is suppressed.

Sy .

P S
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 is a section dependent

" on the same flber"

npartlcular since

- [% ,ai}a L',[)] is a Vertical field.

e 2=t e TNty T et S ST it P

can show that '

NIRRT

"ﬁi11 1atér be identifie

fénd eq

';ﬁFOr'any vector field A

38

f:i‘fly’ Like;the‘connection 1-forms W, tﬁe operator D

)

[

oa(x)éﬂf (x), thenuat_anothgr point o '(x)

|

{1}

© 1 By'a lemma

) Using the loc

e -

'ThérLie algeb

'if"iOcal sect

.éOordinate”PatéhLV&'§1V3”'

3

IfD =23 - A at
TR TR |

opject.
ou(X_)g(X)

-
| G . |
Alg + ] : 5.3
wd T 90T - (>3
L _

{6)

"y if X & Y are twO‘commuting,

vector fields On‘the-base spacc, [},:] is vertlcalf In

-J £ 0, the commutator

al iexpression D = .9 - A
l:Lp; | EEE T n

Vi
¢
i

| | N
aup_,v«-a\)Au): + Exp,A\]}

i

(5.4)

d with the gauge field}
ions o, and og are given on each

8 réspectively, we have

éé(k). = 0, (%)

o

. Yule:for the ééuge'fief

- transformation rule for

S (5.4)

- On each overl

- . :
de(X)’ and the local trancformation
d can be derived from the local

thé gauge potentials eg. (4.5)

@P'we have{1}

R . (5.5)

on M, A denotes its horizontal 1ift,

(134},

ra element P =23 A - 3 A + Ex ,A?
T uv TRRV Vo TR

L e A A i it e T ATy e T

LRI
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S
2 : ]
: S
|

. ) . . s
L - B

T i - _
'od thé transformation properties of the functions on which
_1t acts. R v L o :

: %:i ” CEx: let w P+G be a function defined on a principal fider

o Sl
‘bundle_%(h,Su(n)) setlsfylng w ua) =-a w(u)a, vaﬁG vuel.

¢ . A
%. _ ‘ NiB.“ The actuallaetlon of the D‘J operator depends fundamentally

i S A g

e

:Rebfesentihg G and its Lle algebra by nxn - matrlces,

A U AT e SRS

jf R : e"FAu¢(ud)e M= (uy) i
D W] = 9 - Lim — . (5.6)

u : i s
B o >0 g a

I

g ' L - Expanding e"tAuw(uo)e W oin a neighborhood of?t:O and :

evaluating the limit we get an explicit way of writing the

: s . . 1
Lo ~M"covariant derivative" operator action

R D""’"';;:"‘-é"*’ E‘ TR

i e SR A g

) D= '+ E\j:{]' o o (5.7)

- If such & $ 15 a sectlon of an a55001ated bundle E, then
_ \

'ethe action ong“ is referred as the covarlant differentiation

i L T it

"‘iﬁ an associated bundle and egq. (5.7) is wrltten ““{ }

g | A':.: _ : 1 ?#-% 8u.;'[?ﬁ,%]i
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" have

Y

| eoq\the_bnndleespace,defl

6.1

From the .gauge field fra

N.B.

Sy §
A o b (Tegtu) o,

‘the 1ocal gauge flelds (

‘valued 2jform,QG

Ythe constant value "e" ©

oo 47 : T '
~y.we have

Tt ME AT

- v
| : i i i
! !
" e
: i
1,

4
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PRINL[PAL FIBER BUNDII{1} {3)

T, ! I,'.. . : .
11 CURVATURE ON ‘A
| L
|

THE CURVATURE FORM

i

1 ; f In terms of th

~acting

tanéent ﬁo;the‘ base sp
Q'Qa 31%(Fuv%1dx

1

= } —-1
U Adwcﬁga

" since the coor

”ﬁﬂy S Vel

; . fThe curvature

nsformation rule

i
N ) .AI

e

ace_given,by,

‘I I o . J L

“ﬂdxv

(eq.. 5.5), we

‘ o : : (6-2)
| i ' h
N f 1
dinatizing map ¢a i (Va)+G takes

: !

n tﬁe image of the local section

zlaa(n(u)).¢a(u)‘

|
ned by ‘

¢a (II*Q

The transformatlon

2R

there is no dlscrepancy

Q on any overlap

Ad. (1%
B

i

g

R -  (6.3)

o

rule (eq. 6.2) guarantees that

between 90851ble definitions of

5 (1%g) by

"ﬁ
¢B (H*Aé¢aéga)¢8

21 1

1
(W) 24, () g dg)

e ﬁatural 2—-form basis {dx“hdxv} and

on jan ordered pair pf vector fields:

form Q is a Lie algebra valued 2-form

Fué) ,:we'can construct a Lie alygebra i



et em bty

|

"E'“* PEE T - i
R Y .
RIE A e o % (u) i Qa¢a(u) |
; : . .
%d¢abn 2,

e L e T L e S il

i.e.if Y and 2 are two vectors tangent to the bundle “in i

R _'HQ:(V&\VB),.the consisjtency we demonstrated reads as
3 o . o : ; _ .

| : ¢ 0%

D L UL Let (P,G) ba aéprincibal fiber pundle with a
-'11 ' o ! : ; :
: ‘ connection 1-form W. .|The curvature form & is globally

% | ‘related Wlth the connegtiQﬁ form W by the structure
g équatlon{1}{3} . \
| ¢'Yif X YET (Pf, uaP‘}. | 31; 5 o b

:igf,:-i'f' Q(X y) = aw %,%) '+ 5 [0 Y{]{1}{3} ' (6.6)

(6 5) reauces to' o

|
CUiponyy = awiyy ' | (6.7)
. ﬁtﬁhen Xﬁ§_Y'ére_horizo?téi*avectorg. | 1
_ L , >
AT JDecomposiﬁgyx'ghd-Y iﬁ eq. (6}6) ;nto their horizontal
B énd'veftiCéiib&ffé“ “L'f}' h‘ L
T r“.:(hﬁ'hYﬁf;GL)}
'   and u81ng the blllneathy property of &, we have
| -zf;Q(4,Y) = dW(vA vY) + dw(v¥,hY) + dw(hX,hY)

+_jW(hx,vY) + %[?(VX),W VY{]

Since the kernel of W is the horizontal subspace

‘J‘of T (P), this feduces to

"*This is because the Leﬁnel_of W is the horizontal subspace

’
L of TP
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o,

ot

Tﬁis is known as the Blapchi‘ident;ty. It is ngnlflcantly

" equations

P ¢ i
: ; , 45 | A g
| i } i i ’ }
D . 3 | 5 i ’
. \ e . 1 g ) : 4
X B A = i H ] 1
bUt E\aAAo.’Ao : 0 L o
i | : ;

b i :

E X ?.

| 1 g |
: _Héhcé {f - : ‘ :
i . 1 "
i 1 ‘ R . I; . . | 'L:
gdr E? F:] 20 | (6.14) ¢

" less cumbérsome‘tO‘estabiish it from eq. (6. 12) than eq. (6. 13)

N.B.: eq. (6.14) is not a cbnditional statement but an

{10}{26}

identity of differential geometr

Eg., (6.14) 'is equivalent LO the second set of Maxwell

_V[%'Fv%] E,Vutvk-f[?vFAu + VAFpu = o;++ (6.15)

‘where VU is the.covariant derivative associated with the

édjoint represeﬁtation of _F;(refer to sectioné(S.T)).
- . o i
Ifcr‘ V +P isg another section and o' = c¢..g(x%);,

t Ulth q: V +G a gauge tran:ﬁormatlon, then after;a lengthy but

:stralghtforward substltu_lon,and manipulation of wedge products

it follows from eq. xs.af).ahd eq. (4.5) that

G 6 !.“'! S

A o ' : .

¥ | =g Pa? : ; (6.16)

The Yang~MlllsJ{1eld intensities F are not the same
klndo of objects as the ?orrespondlnq potentials, in that theay
do not have the 1nhomoge$eous term g dg in their transformatlon

|
rule. For thl$ reason the fields are described as tensor types

‘and the potentiais as affine types.

I o : . . .

+ The local -index "a“-i§ suppreqsed for convenlcnoe
_ . oLy L

i
r

|
!
i
|



7. .| THE_WU-YANG }

" the use of 'the fiber..bund
monopoleé éfoblemyv

arthlce 1ntroduced by Di

.Maxwellfs:equations'

2 symmotry botween cloctrlc

: ‘ § i
46 o : ; ‘ :

h ’ . l :

!

o i
l

ONOPOLT FORMALISM

Y

(Appen

‘ .
'Hlstorlcally,

posseSS'a aymmetry known

The eQuations,c

C e ;
;One of the many

{13} (14} (15}°

i , - ;
physical isituations which suggest
le{language is the magnectic

diﬁc “I) .

T i i A

RSO

he magnetlc monopole is a thooretlcal

rat in order to make Maxwell's oquatlons

as:duaiity symmetry. ~{Appendix A)
f classical electrodyamics, i.e.,

read as

in free spaee where ‘the current den51ty 3

the electrodynamlcal equa

"duality” transformationi

1nterchangus electrlclty with magnetism.

b
i !
! H
i
1

tl
laﬁ ! .
. . s : ‘ 3B
ca) ¥-E=op by BB =gy 7
- 2B
a) EfE = 0 b) EX; + gg = 0 | (7.1)
: 1méyebe'Written compactly |inirelativistic notation as
e SRR . S
-;A :a){alFUv f-jv_ -{, .i
o POTRE L | |
i b) 2 *va =0 | (7.2)
wﬁefe F = lb = - 'lik and *FPV = yeMVPOp
Iy |1jk ) ! po’
r
|

vanishes,

tions exhibit a symmetry under the

] §
I 3 A ok 9L Rt
e L B ' ' : : e
. o |
eguivalently
g-3 ,. B*E. The “duality” transformation then

To sustain this

ity and magnetlsm even in the

-pnesonee of matterg(cha:gesf; Dlrac introduced a hypothetical

¥
i
i
|

|
|

i
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A A e et VeCape 2T B

antie T g

t
;
X

5
i
[}
‘]
A
i
2

g_failS'to be analytic.

'ﬂ}and even derlve an 1mp

'f;of Dlrac s paper, many

'"magnetlc current“ four

: ‘ ‘ i i
. . : H

: : : ;
4T i ‘ : :
i o . ; 3
L ! :
! ' i

= {a,K) on the right;hand_i

vector g ¥

-Q1de of{eq (7 2b) (whcre g.is the “magnetic‘charge" or ;
ST . : ? o
_monopole den31ty) glVlrg_phe mod;fled field equations: . - %
SRR T e :

o a)a I‘U\)*—' ]\) : . ! 5

i ’ 1 : . i

i b) gU*F e g p (7.3) -

: SOV O ‘ ‘ 3

o "“The'priCGfth_'Diréc}monopole formalism has to pay'i

“is that it is now imposs

potential A = (A, ,A) a

=3 A -
uv_ THRS

I‘\

in order  to preserve du

ality symmetry in electrodynamics
ible to introduce an analytic vector

s a canonical field variable via

avhu' ‘ {(Appendix B}

However Dlrac characterizéd*the physics of the situation using

a 51ngular potentlal aLd a strlng1 along. whlch the potential

phy51cal experlmentSTT

{1 3}

“meaning "
'-waever; one
"cond;tlon - £me the f
In Lhe four

:Of extendlnq classicaL

A
“The string is. just
.to be regular.

.....!‘ -

{13}

It can be shown that gauge

'“itransformatién‘of the lsingular potential yields a "new"
'_fpotehtial with a étfiﬂg position shifted from the previous one,

i. e}}:the étring'is something that cannot be detected by

and is devoid of actual physical
O
RN

céh accommodate the string mathematically,,
ortant result - the Dirac gquantisgtion

{13}

act that the string is unphysicall

and a half decades since the publication
theorlsts have studled the problem

and quantum electrodynamics to include

Lo

a subéet of R® in which A=(A_,n) faills

1+ See the) "Bohm~Ahronov experlmcnt” in {13} & {14}
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" consider' space about. a i

. into twozovérlapplng re

' region'without'the'oriq

\\a regular vector potent

’Qith an overlap extendil
Yras sume 0<5<W§

."\
f %qggests Lhat we choose

ﬂ -§¥ being a unlt vector

'a potential sugh that{l

Elimipation
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' 'In order tbﬁaYOLd qlngularltles, Wuand Yang
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offtheVDirac string has been one of

1onopole R \ {0}y to be divided’

iohsi ' ;

(143 (15)

Tne reglon UlThOUt the orlqln, above the lower cone

in riqg.

3

..t‘. B l

the same Curl.‘ The red

':. Ry

L,
Rb.:JQ 8<8§H

. The sp

‘,5(;__)_ = (D) &

.¢

‘? 1

ﬂ7.1) ‘is denoted by R,

e ‘ . o
_ge_have BaURb

iaf'(A )

R‘:,Oie<xé+&f',

Slmllally, we denote the

in, 'under the upper cone by Ry.

igs (7.1)
= R3\,{O} and in each region R_(R,)
& (A )

21 Hoa My

is chosen such that

‘ .1n the reglon of overlap, the two vector potentlals have

ions can be parametrlzed as

B Y o BN 0§¢<2H

A
x>0 o Ol
ng:throughout EE*6<0<@§46r (we

herical symmetry around a monopole

a potential

in. the |¢ direction.
5% '

In R ~we choose

|
|
|
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,,for UxA ln spherlcal coqQ

.Athat
fihfeaéhjrégibnﬁ

.: §5“réspeétivéI9.

there exists a scalar po

.Tyéhsfdrmingjeq, (7:6) i

" wand solving for. q; one g

‘fsihce-we‘ére_considerir

{5}

49 o ! R

o (1-cos0)

rsiné (7.4) 4

S N B =g, (1+cos8) . o U
! (A )'JV-_ (A );". =70 I (A ) - / . (!-..))
E r'b' 0 5 ‘¢ b 51n0 f
Ii e {17} :
Indeed using thg ekprGSSlOﬁS _
A ' d{sinbA,) dA {
_ 1 ) o 0
(YxA), = rsine[ L 39 ]
o ‘ K aAr
(Exg)e = rsin@[?ﬁf oy (IA@)] |

(V%A)

I

"'C?

ZX

p—{"\
lo>

. E
s )

Both (A.) and
s ¢ a

Since-

.Exéa o— .V..X_A..b =

I (A A

e(A) - e(n )

a = 2ge¢
SV

!

il

ar . a0

rdinates, one can easﬁly demonstrate

s

(ﬁ y are singularity free in Ra &

e

by?cOnstruction

0

tential ¢ such that
=3 at - (7.6)

nto a Qpherical coordinate system

etsr.

{
% - (7.7)

g a statlc (time independent)
1 { ' '
SRR
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iSihce'wa and yb‘are both
‘whlch lleb in RJﬁRb, the

_valued and so :

]

_a tran51twon functhn ex

the group of unlmodular

_qroup of clectromagnetls

functions.

'_‘conoeptually_identioal‘t

it This is in a system wi

v

;__A-_ N v ‘ 2 .
i “T ehp) "oy,

By.the,weil—known gauge prlnglplo

vector potontio}s differ
¢ and Vy, are related by
Ya ARG Vp 91E EE .
Sabwb !

iéxp(jieq¢

H
o
<=

]
il

'Wﬁich is the{Dirac.quanﬁ

In‘thé overlap

group on a unlt 01rcle. u

wave ‘section,”’ Hence, ar

electron wave functions

“The Wu-Yang fo

bt

! :
o I50
! ".
] [} 5
R L P o - T - ; | : 3
"¢ .being the azimuthal angle: S 3
S S A :
;Thé‘Sohrodingct”egudtionéfor an electron in a :
1o ! ; :
monopole fleld rcadsi f | | - §
et ‘{ '.‘ . oo . ,‘ ‘ 1 . T ‘ . v
- —1V el » |= By ! in R ) '
S } d .H . Ry
i
-l

Z‘E?b in Rb

(18) (27}

since the two
by a gradient, the wave functions

a phase factor transformation.
PN f exp(2ieg¢)
by R (7.8)

single valued on the equator,

phése factor must be single

. - (7.9)
isoﬁion condition.‘

;eg;oo, ¢a'& )y, are ooonected by .
p(21ge¢) which is an eloment of U(1);
VOWPlex‘numbers, or the diéplacemeht
h1) is the basic gauge transformation

m.i‘Any two such y's, are called a

ound a magnetic monopole, the

are wave sections and not ordinary

rmallsm makes the monopole theory

0 a flber bundle theory.
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A U(W)rbundle over

i
- _ , SR
j_; - The space M o= R {O]: the group G

Il

;‘U (1), the

local covollng {R ,R } and Lhe tlanbltlon functlons

Saﬁ’z e?g?Q} =:eln¢, nez| constitute a non-trivial
_oo0rdidato-bund}e L gh‘

RN L0) U1y (R, ,R Jeinty

R "_ . S ' B " -
1h§ wave soctlopszwa & db atlsfylng ub(x) wa(x)oab,

éfg:looal sections correépondlng to Ra & Ry respectively,

The triviality of a bundle space is equivalent to

béihg able to choose a global section. TFor the Wu-Yang

" monopole bundle, we have non-triviality because the existence

3of:the monopolé'(g%o) im leS that there will a}waysibe
'a "tw1st or phase bf? ‘ahd_so the bundle cannot admit

a global sectlon ThJS is" the reason why electromagnetism

wlthout monopoles is a tr1v1al U(1) bundle while with a
. \

,monopole it 15 a non- tr1v1al U(1) bundle.

I

fThis-relapionship between the Dirac magnetic monopole

énd'non"trivial U(1) bundles can be made more concrete and-

_mgnlfest by 1dent1fy1ng or construotlng the "actual"

pr1n01pal flber bundle to whlch the Dirac monopole problem.

_correspondf:? It turns oyt that this bundle is a classifying T

gy {1}{56}

The topology of the séaco R®N {0} is equivalont

to . that of 1Ls deformatlrn retract; a two dimensional solid
. . . II

o+ Given Rj\ {0} and U(1L as a base manifold and fiber

respectively, the varioup coordinate bundles one can construct
are distinguished by thefir trangition functions, which involve
integer parameters. In turn, ach P(S2,U0(1)) has integers

“associated with it; called Chern numbers.

e L . e :

e v T N . L K 1
K H f B .
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©y0<8<Il, 0<p<2I.

‘as ‘4 base manifold tha

'Dirdc nonopole as’ foll

s
|

N )

sphere .of radius r

Ce

A fiber F =
v

Base M = §%;

52 - o

LI ;'
Lo

Lo, g |
Let! $* be the spherical surface of

. thié’sdliéisphefe. We will construct a U(1)ibundle with 82 '

t'édrresponds naturally with the
b | B
QwS?(Fig.i(7.2)): b

U(ijfé 81; the fiber being parametrized

¢
1

parametrized by éoordinates (0,9);

i
;

'3f€gQ”(7;2)

:'Two.Closed;hémiéﬁhérical patches Ré & RH cover the base

" "manifold where their common boundary "C" is parametrized

[4

' [by*the equatbrial-angleQ -Like any bundle, locally, the bundle

is a-trivial product:

t

: ; Co
‘Rg XU(1);'paramQtrized as ((a,,c'b;»:al‘pa )

y
|
|

b

R XU(1); pa

(Ortbieil‘bb' )

rametrized as
- J

| "

Z_Tﬁerfiber'qoordinates on RJ and Rg can be related

tfl;aldng Rgf\Rﬁf‘bg regarding the transition functions as U(1)

[‘valued fUnctibns;éf‘ﬁ..

This will yield a principal U(1)
: ! I

i
' . H . .
: N ‘ " P ;

i . .. B ,

o " j o Lo . : ;
) t [ : i ! ; |
| . : , I L
: ' C ! : :
[ : '
i i !
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" factor (i);‘

1

|

i .
[ LR,
[

:

Euhale'P(ga,d(1jI-

ing

.e and we have

co e U T

! o ‘Tt is
toefit together
.@Jardundjﬁgf\Rgﬁ.T R
We'can now def

partlcular, 1f the gauqe

Corresponds to the Dlrae
1., We have the us
+ e
For U 1), by C

Thls corres

ialgebra elements are represented by antlhermltlan matrices®

ﬂ;Hence the second term in

T

‘tlfiqpc s :1"ln¢d ln¢ = i

" Hence we have.

o By

‘A 1 ;mAI
a

Fo;lowing the

“_the eurvatﬁre fGrm Of P(

‘hehce is given by ! . -

~t Or else the flber spac
‘a manifold. = ' . .

elnlf&elIla i I

necessary

"1n¢dein¢

+ nd¢

P ,

We choose{ 6} tran51tlon funetlons

IR S
(7.10)

that n be integral if the fibers are

exactly during every complete rotation in

sy

ine & connection on P(S8?,U(1)). In

potentials satisfy Maxwell's

'eouatlons, we have a prLHCLPal fiber bundle P(S?%?,0(1})) which

magnetlc monocpole.

ual gauge transformation eq. (4.5)

{(7.11)

I
N

?nventlon we factor out the conplex

?onds to the convention in which Lie

{26}

(7.11) becomes,

eq.

nd@%nd¢, f

(7.12)

3

above chvention for a U(1)
I

,U(m,

group,

is pure imaginary and

(7.13)

o
|
|

% w1ll ? ot have the structure of
: .

. - i.
N i
1 H . +
N T A
1
'
RS AT T S T T ey e et e et e e — S
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'Thus;the'tQtal{Chern class (Appcndlw C) o[ P S U(1))

' ' T ¢ s SRR ;
o C becomes L. g Yo SRS L !
¥ P S ' T b
¥ SR S ; ‘ o) ! : 12}
T RN e )= . b 1
A SRR - C&?}H ﬁDeL[l + H] l Dot[l ZH]

5 o S ‘ \ -éﬂ

é: ?--¢\= So the f1r¢t Cheln class C1(P):is given by

é' S - C1JP),: éil . o (7.14)
? ‘all other characteristic ¢lasses C{(P) (122) being zero.

L - One_caﬁ integréte'¢1{P) on $% to get ﬁhe first
: - Chern number . ‘ . :
T ' . !
LT B : yoo ' . ‘ . o
C, 8201 ...‘ o (7,15)

: We w1ll soon see that C, is the negative of the
f L monopole quantum number “n" and 15 somethlng given once

f& 'f;.‘ and for all for & glven P(SZJU(1)), i.e. it depends only

. on the tranaltlon funct1018 or the gauge transformation that

relates A, ' to Ag p and not specifically to the actual 5

potentlals choosen Two_poﬁentials Ag and Aﬁ “that need

- not satlsfy the Maxwell s eﬁda?ion but which are related by

'eq, (7.2) yleld the same Chern number. To see this, let

I T " ) 2 L

.(. ) . : ) = -4 T '._ 1 .‘ - _ ']‘ : u . )
K :.:A : "_‘L C1‘ -]Szc]‘ ; ZHISZI F 21l ISZFuvdX hdx

PR o el [ e axher)
AN i b
. | . I

| Méking-use_qf.eq. fo?Zﬂ for an ! Abelian gauge ‘group U(1),

. we have .

o
|

1 Note that the matrlx representatlon of the Lie alqebra of
- o U(t) is in terms of 1xﬂ matrices; this is because U(1)
R  .18 a one dlmen51onal Lle group

- . R - . | I
e L N . Y : !
v . L !
I . o ’ . i :
H R . i . . ' H
i
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classes of ‘maps
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g s N

* |

o 21 ' a - Jon, b o

; - R ' SR |

1 . a | b- t

USing Stoke

C:_--..—l..

thOOlOm this becomes

1T 20 Js*[AR.'"T PR )

oo a

wheré the ncgaLLVe 51gn ogcurs because the bOunéary of Rg ;

BR; =g’ has the opposite orlentatlon of 9R,! =8

Using eqs (7. 12)

L C. é

l;e., 3Ci‘%_PF

! i
b )
1

S
[

__‘._.:f l_ PR I _: '-. .‘_.1.. C
i 7 5T Jslnd¢ = 2nn(2]¥) n

(7.16)

Tl

Since the monopole bundles are characterized by

the tran51t10n functlons,

(glven the base space S and the

structure group U(?))T, the integral of the first Chern class

or the mOnopole number n
'fare actually cla551fy1ng

This. is further ramified

'

in the Dirac quantlzatlon condition
arameters for the monopole bundles

y-ihe technique of homotopic

. éiéssificationgof bundiesf(Appen@ix-B):

It turns out that the number of inequivalent

{1}{4}{17}

_cooxdlnate bundles P(%2,0(1)) iséspécified by the homotopy

I.
H

S Q ; : 1 |

hiS**U(1)§? ! ;
iié,_tﬁe_set"nj(p1y,fwhen~e i (031)) = %. (hppendix B)
: v | -

i i

; ; l

o | o

" ¥ Refer to the last foot note.
{ |




“'ﬂ¢_fwhich after 1ntrodu01ng the éoyariant derivative operator

' D [? ,{] f,,.
. : p H
- reads as -

ot

PR R

‘8. THE EQUATIONS OF MOTION|s THE BOUNDARY CONDITIONS

8.1 THE YANG—MILLS'FIELD EQUATIONS o

The equaLlons of mdtiOn for the Yang-Mills potentials
B are|derivable as Eulcx Lagr ange part1a1 dlfferentlal egquations

- from’ an associated.action'Eunctlonal S(n), deflned by

e 1 -
S(A):_%J Tr[% F“f]dx ! (8.1)
. R v : o

S(A) can be shown to be a gauge-invarlant quantlty, i.e., for
any two gauge potentlals A agd A' related by eq. (4.5),
we have T H
S () é',é(A')‘. _
: Vaf?énq A;, weiobﬁain‘the Yang -Mills field equatlonc{ 0}

ég(Aj RS A " ’ : N
—_— = F + , F = 0 . 8.2
aAV ‘7,(8, uy [? UQ} . ),

<1

(8.3)

InfadditiOn?td;aq{‘8.3ﬁ any smooth potential

satiéfieéfthe Biaﬁchi idértitiesg1}{10% or equivalently the

‘self-dual equations of motion

“wher X
whgge ?Puv

i

Eqs.i(S 3}

1 propertles.,

‘I ’
‘

[

1

l

| i
- b L

|

: UVQU

and (8 4) have

r s

b

explic%t;invariance and covariance

i |
] :
| i
I i
H
]
3 h
) | ‘
i !
!
r :
[




| ! 5710
i - SRS '
3 !
. Lo EEEE 3 . 1 ‘ ‘ "‘ .
“*E?Iﬁiﬁqfticﬁlar};i[ thL flcld F SatlaflG° one of Lho “equations
K . a) *F = F (s olf- duallty) _3 | ;?_‘@'
SR by kE e-hr (anti-dclf-duality) 1 (8.5)

:

j"then the fleld equatlons (ezf (8&3)) are automatieiconsequences
(8 4)). - |

' Qf the Bianchi identities- (

N.B.: ~Since "*" 'is only detlned on an oriented manlfold,

‘Le(SQSa);and'(S.Sb) eorreépond to two opposite orientations,
“rand there is essentially“nb difference btween then,

% 8.2 ' ASYMPTOTIC CONDITIONS 'AND.GLOBAL PROPERTIES OF POTENTIALS

The'actidn functional S(A) and the gauge potentials

. are defined on R | Any.prirciéal fiber bundle with a

.fﬁncontractlble base manlfold éuch as R is nccessarily erivia1 {76)
‘;*EWhat then is the relevance of non tr1v1al bundles to Yang-
‘eMlllS gauge theor1es°. _ ._  SR . -

J"'r' .

_”The,nonmﬁfiviél_and élobal'character of gauge field

_e,preeleﬁs'ariéeé'f?om the asymptotic{conditions imposed on
L;f;théugaugé bé{entiaig ané fielde.‘;Ih fact we shall see how out
'{i:efﬂaeymﬁtetic détaiﬁe eéﬁ qenstrdcé.aPOSsibly non=~trivial
A;ﬁrfibér:bundle'ﬁhese”eonnecéioﬁ and'chr§ature satiefk the

B o R ‘ |

7j;a5ymppotie;¢onditi§h implied by the%data.

ﬁ}57“ : The-physically relevant p?tentials are restricted
to that set of potentlals for which S(A) is Ffinite and | § !
o -ffﬁimlnlmal _— ?-j‘ ; ’ f o o f
Co L by . : ' i by ' ) I .
T P U N ] : P : : 2 : |
Co T e ?‘5". EJinl}uAvi thu ¥ [?U'Aéi}l < :

© Otherwise, the space | of connection forms on P=R"xG is

o

T Y S U S I S A - . . :
“1aa;cenvexEspaceaw1tb_tr1y1alet0pology{1} viz: if Wy and Wy
PR S T J_ S . ‘




Ty l R
2 h 1
-
: P 58 :
; : f
;. ;
)
¥ i

- ~avre connection forms on|P; then the linear combination

. | She wit) (ﬁ tlwo cwﬂi ]
‘i‘ie also a connection forn ohfP. The finiteness of the

Ll oy iy (17010)

:uﬂ actlon makes the topolo;y,Of the connections non-trivial

L To ensuxe that S(A) be finite we assume that the field Fuv

v falls Off at lnflnlty ip R sufficiently fast as [4| »=.

‘.'Because of qauge freedom, ‘the corresponding assymptotic

o ! :
- condltlon for the potentlals reads ‘as follows:

:Aénlk|+m;jﬁe'5éa‘find é gaoge transformation
éi \ _'";g(x) éUCh:tbatlthefPOtential in the new gauge should decay,
S ce _‘_,_'J ; 4 ,
LA T age T e

L as [,
- N.B.: ConVentionall&Ione:describes the above condition a%
'.,{fﬁhe.aeympcoﬁicifiatness‘of‘the connection, since a choice like
'“f_i_?r] f;.:ﬁsfk) #lgglijéuggg).reducesthe equation I

'U : H i
ao s g A - 4 ;
- Fuv -,a'u%- Pt .LBU-’AQ
. | . : ; !

[ " to an ldentlty _ :

-Ef_ ,v.f.gfwlwﬁ¢, ::%,-, . } E!“1 : '

?”,'lf ,“;ﬁ ou}f” Moreover, g(x) need be defined only outside a

flnlte dphere S (po) of radluslpo i.e. in a subregion of'R” 

_Es R that is topologlcally llke 's? %R
_ j !
o o | : "

._;cﬁegti;_ L Let g (x) (bny bel the restriction of g(x) to-

- a sphere of radluc'dp>po)‘ Sihee g(x) and hence gp(x) are
. b : i
.p amounts to a continuous "deformation”
' |

AR p ;"of gp (Appendlx B) HePce gp(x) determines an element of a

o contlnuous, any change

thrd homoLOpy group]]ﬂG) {Appendix B) that is independent

?- : , S : ,
R U S S SR ; ‘
: f;:;{jfy“ V" ‘denotes - asymptotic behaviour including first derivatives.

I
1
1
r




fé*ﬁ_b 'é Vdfjp}fi;ef;ﬁhe:homotopy ¢lass of gp is attributable to A{x)
. and g(x). R ;
The~effect-of,€auge transformation oﬁ h{x} on

i SRR _théfhomotopyWCIass it determines can be simply ‘established:

Lo 70 Por arbitrarily large but fixed radius p,
oo SR Sy - |

S Co A (w) = X} 3 x) + xy o+ T 8.7
S R ORIk IO B I E ST

Where‘B;(X)'vaﬁlShes{at Iarge distances. Another section

R o' (x) of p given by o' (x) = 6{x) .y (X) 11, y(x)eG determines

©.a 'new" gauge field component given by(')
SR A "'j:'l A | :
R VoA = e o tan) fyT e Gy (8.8)

S :{ S ' Since'y_le (x){ also vanishes asymptotlcally

~

'i(as B (x) vanlshes at laﬁge-dlstances) and gy 1s-cont1nuous,

e e

we conclude Lhat an asymptotically flat gauge potential and

T e e e

'all other potentlalq related to;it by a gauge transformation

*Eél‘  ‘l'Zideterm1ne Lhe same element of HﬁG).

z§ ST jff S Now, for'a compact ani-semi—simple Lie group‘G,
fl S _Hs(F) " Z (Appendlx B) 'in.whichfcase we have succeeded in

2 f - ; - sllClng Lho set of asymptotically flat gauge potentials into

W . o - \
y c sectors each labelled,by an inteper._
. S A ) "~ Ll . .
R In dlscu851ng the behavmour of the potenLJals
o )
L ' Vanlshlng dL 1n£1n1ty, 1t is natUral to describe them on the
o I e ; ‘ ‘ !
} . oset o : L ] !
i ' Soh S e |

v, = (x| [x]>21(e).

. '
e .
4 ; I !
t N ’ T t
i ) a
& o ; . i ‘ "\ : |
T . IR | . . Y e :

R Tﬁ;QThls is'a large distance approximation, otherwise
i S o.?_thexe is . not:any canonlcal way of accomplishiing this split.
no Tt ente =

S
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h We understand uaas{e‘"point” such that = ¢ R",

f:uhlch howover has open nethborhoods of the form {X’ IX]3 %}

Vo D e > {1}

'c:Rf{'n belng an arbltrdry positive infinitesimal .

’i Imposing a diffTrentiable structure, ﬁ“U{éj
‘l{‘i }

becomes a compact space whlch is equlvalent to 5

Alternatlvely,.we carn say_that sh o is the conformal
coﬁoaotification:of R wh?ch;;s~obtained by adding a point

at:infinity} Moreoeyer, one'can construct a principal fiber

bunéle p = (SQ,G) oﬁer S“L using g(x)eG as a transition
functton on. the ovetlap V’hR“ = {x] Xy o> %}. _P:is
'freconstructed frOm the coordlnate hundle a o
(8 G, {RY,V },g(x)). | ; .

ittturns out that the above coordinate bundle, whose
constructlon is based on the asymptotic data, yields

representatlves for every one of Lhe equlvalence classes

of G bundles over S“ {1} o ‘t'f

On closed manlf)lds llke s", there are wellknown

1

theorems of global dlfferentlal Qeometry which establish

relatlonsths between the characterlstlc topological
| E L .
: | |
1nvariants of each bundle P(S",G) and integral expressions
P
derlved from the correspondlng cnrvaturo. In particular, the

bundles P( SU(n}) are characterlzed by the integral of

e _ l
the”second Chernﬁclass, c%, i. e.}the second Chern number Cos

'(Appendlx C)% q1ven by{1} 10]

?__;?tCi%O‘for 1>2 and also c eO-(APpéndix C)

L
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af

{1}{26}{27}

\15 1ntegral valued
o

and is usually referred qo 1n the phy51cs llterature as the

:

topologlcal quantum nummer, or instanton number

It is remarkable that the instanton numbers

cdincide with the

“winding numbers" (.14

ngZ

(SU(n)} associated

Ulth the equ1valencc classes'of gauge inequivalent potentials

whlch make the Euclldean

Yang~Mills action converge by

vlrtue of thelr asymptotlc flatness prOperty.{1}{4}{11}{29}
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Tt writing S(A) in

Lo

and u51ng eq

IS

each equlvalcnce class of

when the self

e .=-.‘.f;

condition

T T A
is'satisfied.
Finding all the

A L R &
eq. (8.10) (i.e.

grOup G, has been one of

Yang-Mllls theory at the

scheme for non- abellan ga

,1nfancy. wlthout any dou

Lclassical=levei w1ll be i

62 ) e

1 RN ! . ;‘;.

Lh¢ form{30] H 5

S(é)=?%-{,}d“wﬂ
. i ] =l ]_\,['

!
(8 9)f we sée that S(A)

instanto]

[:(I‘+*P) 242F  *F ]
TRV IR VAV

is bounded below in

gaugo relatcd asymptotlc potentlals

It v

-dugilty or antl—self~duallty

(8.10)

gauge potentials whiéh satisfy
1s)jfor a given Czez and gauge
the most important probiems in
jlaSsicél level. The quantization
ige theories is still in its

bf-é detper understanding at the

: l _
nvdluable when one tries to

‘quanthe such a theory @
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" The equations (A.1)

APPENDIX A

'"TTHEVDIRAC

STRING SINGULARITY

PR T R e N
A F S SR : Lo L1

On emplrlcal gr

depend solely upon the dy

1

: o
i

Dunds,

1am1cs of electrlc charge

‘

{13]{26}{2{3

elcctromagnetic phenomena

and

so Iar'no magnetlc counterpart to electric charge has been
|

eloctrlc and magnetlc quaptltles shown by Maxwell's

' "magnetic charge currents

Lo gHp s
TR ) va - ij
A L }‘l* T e

s FuvU _'gv,

where

and 

interchange‘of_electpic

(A.2)

'fundamental equatlons in the plesence of electric and

1

iu and 9, respectlvely

~
!
3
o kQ e —mprm——
N

1.

o os]
A -
w5

L S S~
i

and magnetic guantities

;-.3 i - . ; i
E <->'B } o L= . ' i
BB, g ]

1 .

,However, adobtlng a theoretical viewpoint,

'this does not'accounﬁ for:the remarkable symmetry between

(A1)

(n.2)

(A.3)

(A.4)

are symmetric under the



Wb

‘tQ be a contlnuous llne (s,rlng) from the nonopole to

”-‘1nf1n;ty e elmple example of such a potential is

‘p051tive %= ax1s._a D

j64 1

without the aftifice of magnetic chargev(monopole) curient,

Makwéll's equations do not exhibit such a symmetry?,

It i€ because eq. (R.1) & (A.2) are aesthetically

P

appealing_that MOﬁopoles beﬁaﬁé worthy of study (Dirac 1931){21%
: Introducing a veﬁtor'potcntia; via
o FU\J'" .”~,a_l_J}.:\\) ,.‘B_\?Z‘\U.‘ ‘ , (ALD)
we see that - _
._ U* = = U’; a B e B o == -
_af:Fuvtﬁ -gv~<w?,acf;uva6(a A SR T 7Y,
B S gudanB
<=3 gv anBa 3 A;
:Thus, for g, # 0, - : :
R " ‘ .
a Q A # aaau 8 o E (A.G)

and hence ‘the vector poten 1al AB ‘cannot be reguiar?T. In

I

partlcular let us c0n31der an. outward succession of elmply

connected surfaces surroundlng the monopole, with AB 51ngular
. 1 . 5

o at one p01nt on each of these surfaces,

S E
- |
I

) OnefCan7then imaqlne the locus of singular p01nts

Lo

l
i

Ty —

o -fi‘ L ‘ﬂ:: w@ g 91n8 : .
By =0 ! 257 Iy ‘ 441—0050) (A7)

{A. 7) debcrlbLS & Jtatumkny monopole at the origin, since

‘-Azxﬁ = QHY ﬂ7 The correspondihg:gtring lies along the

1

+ This. symmetry is ﬁsually called duality symmetry,

R If A ‘regular, then the pertial derivatives 3 & 2

'commﬁte {9}._ o 5 E : | S f3

1

H - : ; 1

o : o [ v . |
o -3 ' Y I
+
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The Dirac string can be visualized as an infinitely

loug, thin SolenOid LlnDS of magnetic flux diverge in all
dlrectlons (except through the singularity) from the monopole

v

_and return back from lnflnlty through the string. (Fig. A. 1),

. H ¥
. . i >
. . - 3
. <~ . N .
v g ..*\ C N 5 '
\Y
f , -~
: |

r

i Flg,:(A.f)

The strlng 81ngularlty hozever_hés no physical meaning, and

1n fact, one can shlft the strin§ to any position by an

: ,approprlate gaugo transfoFmatlon of the singular potential.

Therefore any paxtlcle'ohould not manifest UHHbUdl behaviour

near the 51ngular1ty, and when the particle lb faraway from

. i : ‘; ; _
the moncpo ?_ 1ts nove function ¢ should satisfy the wave

s

equatlon for a free partlfle. Furthermore {'s phase should

e change by an 1ntegral multiple of 2H when a small closed

l l
loop 1s des crlbed about the strlng

,i‘

: = gexplig) | I (A.8)

6 bElnd a functlon of def-nite phase at everypoint., Assuming

that" the partlcle is a froe partiole, it can easily be shown

sithat {20} ¢ satlsfles the wave_eqdationrfor.a particle in a

o den=w - ()
i RETRVE 3 R B
. b Do
A A
SR *
o !
T P ‘f :
IR E :
R {
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R AR #de

Thus

‘condition - . b

PRI

r

(2 0}{14]

the_strlng (see Flg. (_.1)

C

By Stoke s theoxem,

A. dc 'EJ-'d
_3 T Cls %

S is an arbltraly surface

§ag = of ad.9xn
. g

66 7 o

= §v6.dc = ééﬁ:dc.

P
i

For a non EriVial situation,g3 will bo non-intecgrable .

"near a strlng, : ound a small locop "C" cnclovlng

)1 tho change in B is

VxA, where
bounded by the closed contour C,.

ﬁ'eJ ds.B = et
.75 ’ ‘

3

where "¢ is-the magneﬁic flux,thrbugh S.

|
ot

- Slnce the strlng carrlcs all the inward flux

(whlch balances the outwaLd flux) we have, ¢ = dﬂg , i.e,;

B S
Ty

R
i

Cozeg =

e

i et = 4Heg1= 217,

. Thus we ha?e the qeleb?ated Dirac quantisation

~ne&

g | - (B.10)

: i
i r
:\,‘ s )
o
| 1 1 ' !
b il .
' LRI N
A v ;
e N '
1 ! ‘
! " { .
| f ' ‘
- t l
vt . i
St , i
- ;
: )

+”:Thé'31?o of the. 1oop C

in Fig.‘(A;i) is exaggerated, and

:“ffthe flux,"trapped" by € is only that through the string.

TT-The fact that the outward flux ¢ =

1nverse square law for
SR A R A
-I‘i'
L
I

4Nlg follows from the
the monopole field. :
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CAPPENDIX B+ ', .

Blif‘"HOMOToPY CLAS ,ng{q}

Here7we briefly

cla551f1cat30n of maps.

" as’ it turns out ‘that’ ‘gaug

This index is.known to be

67
P !
B : !

(233'017)

discuss the notion of homotopic

jes belonging to the same homotopy

class_are characterlzed by the same integer valued index.

‘the integral of the highest

characteristic class of F, on S"

,TwO continuOUS
topological. vector spaces

_0
i.e 3 a contxnuous map

F(x 0) x),

.o(

uv o T

meps fd;x+Y, f1:X+Y, ¥ and Y being

{

are said to be homotopic (written

£ Nf J) if they are contlnuodsly ﬁeformable into each other,

|

1

'3:x§1+¥,_ L?,ﬁ]) such that

P(x,1) = f1(x); YieX.,

The mapping F(x,f)'whfch defines a continuous

1nterpolatxon between fO

aﬁd'f is called a homotopy.

Thls deflnes an equlvaleqce relation between homotpic maps.

Such a claes is called a

homotopy classes of maps

;homotopy class, and the set of all

from X to Y is denoted by [& %J

The reflex1v1ty and symmetry of homotcpy

I

equivalence arenqulte oby;ous; transitivity is established

as follows

Let f & g YvY‘be hOmotoplc with F as a homotopy,

l i_ then £ & hiX5Y

i i

' hemptopb H é'F.G,;where'

b

fSlmllar}y Let g & h X»Y be ‘homotopic with G as a homotopy,

are homotplc w1th the composite

This is important in gauge theory ;




‘“i.

o Two topological
- the, same homotopy. type if
f:X}X and giYsX such that
defines an equivalence rel

i A space is said
homotopic to a point. Equ
if IQ:X»X. is homotopic to
cdncbe shown that Euclidea

s™ 'is not for any n@‘

.spaces X'& Y are

la constant map K

jg”

Oi partxcular 1rterest

[ A

<

Y

St

said to be of
there are two.continuous maps
gof~Idx,‘fog~IdY

This also

ation.

to be oontraCtible if it is

ivalently, a space is contractible

1 X% X gx.' It

0 0" 7o

n space R" is contractible, but

l
I
I

of curves llke £: [? 1J+Y Tn a topologlcal space Y. Here,

‘the number of ‘homotopy c ques

.‘topoloéical propertiee :

.homotopy class means that'

means doubly connected etc.

——-—H —

|

1n Y describes one of its
. ,
iconneoted,

f f is a single

Y lS 51mp]y connected, two classes

anmple‘ Let D be a reglon w1th a hole in lt Flg (B.1.a)

e{

D is not 51mply connected

Closed loops £ sl+p with a

B
flxeﬂ base p01nt N fall 1nt0 homotopy classes [él,o], each

. Class belng de51gnated by
the hole. '(or by the

number corrcspondlng to wJ

'and zoro to a path whlch does not w1nd around the hole )

f

windlng number“, negative

the number of times it winds around
"winding
nding in the opp051te direction,

The

homotopy classes conetltute an obv1ous group structure

correspondlng to loop c0mp051tlon.

"1st homotopy group"'n (D)

(D)

They define the

of the region,‘ Clenrly we have

is the homotopic classification
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Flg. B. 1{20} _'a c Represznt mapplngs belonglng to the

‘; elements of H (D) w1th w1hd1ng number 0,1,2 respectlvely

R B T 3 ."'11"

a-f Instancos of group multlpllcatlon The shaded reglon
R 13 the hole 1n the doma%n D.

|
1
. S :
o BL20 HIGHIQ HOMOTOPY GRost{q}{?O]

| .? Though 1t is not easy to understand intuitively
| ! ) : .

the homotopy groups for n>1}_their definition is quite

'is;mi;arhtoluhat of;H1{X).
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‘The n-th homdtdpy:ngup Hn(X) of a topological
o R R o
space X is just-{?n,i],‘the-homotopy classes of maps

- N, 5y R LT _ c .o 123)
- £:8 2X, VﬂiZ):Hn(X)flS Known to be-abelian .

It is generally a very non-trivial excrcise to
‘calculate the higheruhomctopy;groups. We guote the
following hOmotpr groups of relevant manifolds and

classical groups;{zo}{23} i

_ by Lo Tl
H1(u1) —ﬁnj(s;% = g ’ uq~ S

o Byt = I

o)

Iy (su,) = yqté‘)_f

*?;  ; : Hq(uzl

|

\

|

Y N B
=-H1(S;3><S') = ][
. |

_For general higher homoﬁ¢py:groﬁps
L _:_'nh(

AxB) = I (A) x T_(B)

S

i
&3
S
B -~
=
i
o
-
=
v
—

T(sT) = 2

|
o
o]
S
B

Lo n,
i-,--.‘ ;7 H2(S )

I

2y _ 1 5 _
Mys7) = My(sY) =2

o ;é ‘? Ih YahgeMills theories the topological spaces

iiofjiﬁterest are'n?nLabglian-group manifolds G. The base
poipt "N in G is alwayé chosen to be the identity element

of. the gaugé group.  We have the following useful results: (20)
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APPENDIX C.

) .
T

" THE

"CHEE

W-WEIL THEORY{1}{1O}'

¢i1 INTRODUCTION

Let us denOte
Y ‘

M hav1ng vanlshing ehter

'forms are sard Lo be clo

denote the real vector s

cexpressed as exterlor derlvatlves of (p-1)

These forms are: known as

i l
1

o

P

the‘reai vector
|

Lqr derivative, by Cp(M,R).
: |

,ed on M,

1 space of p-forms on
Such
CSimilarly, let BP(M,R)

pace of!p~forms on M which can be

forms on M.

exact forms Using the fact that

dz-?'O; 1t is easy to see that BP(M R) is a subspace of
‘CP(M R) Moreoever, we fan form the guotient space
. ; | . i .
L P | ; i
- M (M R) ’% M'R)

i

],HP(M R) is - Lhus the roab Vector space of equivalence classes

':iof closed p forms;

flf they dﬁffer by an exact form

l

two p forms being equivalent if and only

The elements of Hp(M,R)

are called the p th cohomolOgy classes of M,

) If we set

(M R)

.'(

o
v

H (q

[“Ln* N

0wl o ’

Lhen, the real cohomoloqy classes, i.e. elements in H¥%(M,R)

: Can be reoresented by closed forms on M,

'connectlons deflned on.
I

: one can construct {us ing
'set of‘closed forms who
' of the chorce of Lhe co?

.

.of p itself '

I
b
l

In terms of the
given pr1n01pal flber bundle p(M,G),
1 the Chern-Weil homomorphlsm) a

;¢ cohomology classes are independent

1nect10n on p but are Charactcrlstlc

y o

]

T Y 4 o A N e e ST T L T




¢.2  INVARIANT “POLYNOMIALS -~ - = =~ .. = " SR
Let the structure’ group G of the_principal fiber=

'hﬁhdlerﬁ(mlcf'bé a dloééd subgroup of GL(n,c)T. Similarly

th the llc algebra,_ o} G; be rcpresenttd by a space of

an complcx hermltlan maLrlcev
L )

A function of pki I' *R is a polynomial of degree

A _ ‘ ,

khif,'with'respectjto any basis of 1 ., pk is a polynomial

function of dégfeezk_in the basls elements.
_ , |

p% is said tnge-an'Aﬁg invariant polynomial, or
. _ |

characteristic polyhomiJl,fif

- |
k. X ) L
P (A) p (gAg ) VgeG‘and YAeT
‘ HﬁTf 1,1¢,..Jl.} ore;th eigenvalues of Ac ' ,
:1hen lt turns out that p (A) can be expressed as a symmetrlc
,; ‘.functlon of the elgen values{ZG} It Sj(k) is the }—th
} R

'isymmetrlc_funct;on given by | !

_ w ‘ 'S.(A):= v ,“'A.‘A.....A. - K 5(0.1)
A i P P A T B BN ;
?]y_;, o l1§12'f<%j' ji 2 7]

fthen_pk(A).is é poiynoﬁ;a;-in thelsj(k):

. | i
kT . i ' : N
Pr(A) ='a + b8y (A) *+ CSy( + a5, ()]

| [ . : T o (c.2)
’ HEEXamPlé i - : |
LT o b ke
‘ :\;E';! ' pK(A).E‘Det(InA).= I{1+A, )
R R =1
Y S o :
Gy i
P w A | ' %
J | : i

ft.gSQigsG ?S—ﬁ%me&ﬂﬁed py ja unique nxn complex matrix, .

A T DA A S g P VT T
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Let p(M,G) be

connection A and curvatur
{and hence matrix valued)

pkf we haveftheﬁfolléwing twoermarkable results

1
R ,
A

1)“

on p projects to afﬁhique

e o
PU(R) = N*(p)
iy
cohomology. class in HZR(D

‘' choice of the connection

€l

Rl beingjt
The closed: 2k-fi

74

’priﬁcipai fiber bundle with
E‘Qf' If the Lie algebra valued
2-form £ is taken as argument for

(1310}

For éhy iﬁyériwnt pOlynomiaI pk, the 2k-form pk(Q)

clo ed 2k-form pk on M such that
he prolectlon defined in p(M,G).
§ |

Ormfﬁkfdetermines a unique de Rahm
,R}_which is independent of the

on-p. This gives a unique map

W 105 )+H*(M R)T ‘calﬂed the Chern-Weil |
homomorphlcm f |
‘CY3 " THE CHERN CLASSES OF p(M,G)'
1 f The total chern clasF ¢ of the pr1nc1pal fiber
=,bundle p(M G) 13'def1ned {1}{26}
i cwé-p%t‘(l.— 5Ty = E» £ (X), Xer (C.4)
f -1 ; - ": . k”‘O
_ ;. ‘
It lS easy to see that+1' the f, (X) are invariant

B polynomlals of degree k efined on the Lie- algebfa

|
_Furthermorc, for any k, there exists a unique closed 2k=form
- k on M called the k-th. Chern_class of‘p such, that
'W'ﬁiir:n*ck = £y (o). { b

‘N;BL:_If n: dlm(M), ck:0 For-2k>n, i.e. we have a finite g
* u ﬂ
number of Chern classes of P.. . 1
R ;;’ D _ | 5 :
S p( r ) denotes the ring of invariant polynomials. ' %
C i ST : i
Tf_ Compare (C. 3) and (C 4y E | ! g
ST 1N | ; i J
ir' E : ks




E Choxn cladseg dxroctly

Theorem (C-1) ;

.25formlﬂlj as

- k eiements in {T;.

_2L forms ck are gauge i

':‘Héhcé}“iffféllows from

'fp;In partlcular,

1he follow1ng

l
1s
|

{i}

¥ (c,) =om
' h (211)

" the summation being over

.".n}.,‘

N.B.: Il * (e k) | kxg).

AR S_., L U)‘-"

S re V'

S A : R
v . i

where;(ﬂ.)%:: %Fa
R o8 j.‘ U

| .
e e
D N E S0

I T
e i

R
- éni

L
t
1
|
s
o
L
t

S SRR

omxfe Y = e (el
- [‘k Va}' -k[_n IIV )}

)k. Jq-

su(n) .

;ngglz %;8 5 Tf(ﬂdnﬂd)

7o

LhOOfLm enables us to wfltc the

ey My

RS P

)k 531.
Koo "4
’ |

and ali permatations lj
| ;
L

1nce fk(g Qg) = fk(ﬂ):

varlant quantities.

'18 a nelgthrhood in M,

'qﬁphdkv(Tae r o)

(C.4) that

s dy i,

oo Ve (R )L A

k i

k! (R S

Tro T - |
Yo o

1n terms of the curvaturo°

Q. Ao AQ,

all tﬁe ordered subsets 1

10
e

iR

the

Ly

Iy

AR

if the ?asé manifold M = Sﬁ,lwe have

- (c.

1-0&1]{

.jk}‘
l.k

4)

of

o om 12,

;. We cdn exprqss ¢, in terms of matrix-valued
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