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PREFACE

This seminar report is the combined report that I presented in Jan. and June 2000.
The report contains three chapters.

The first chapter contains most of the basic definitions, theorems and concepts, which
will be useful in the next chapters.

In chapter two, we will generally consider the applications of Hahn-Banach,Reisz-
Representation, Krein-Milman and Banach-Alaoglu Theorems. In this chapter we stick
on the applications and we will not give the proofs of these theorems. Inparticular we will
apply these theorems to prove approximation theorems such as Bishop s (Generalization
of the Stone —~Weirestrass Theorem) and an Interpolation Theorems and moreover we will
apply the Krem-Milman Theorem intensively to prove a Fixed-Point Theorem.

Finally in the last chapter, we will consider some basic fixed-point theorems and their
applications such as the Theorem of Peano-Picard that gives a sufficient condition for a
certain differential equation to be solvable At the end of this chapter we will consider
non-linear integral equation called Hammerstein Equation and give a condition for the
existence of a solution.



Contents

Pages
| Basic concepts
1.1: Topological vector spaces 1
| 2: Hahn-Banach extension and separation Theorems 3
2 Applications of the Krein-Milman and Banach-Alaoglu Theorems
2.1: Weak* topology and Banach-Alaoglu Theorem 5
2.2 The Krein-Milman Theorem 6
2.3: Range of vector valued measure
2.4 A fixed point theorem 10
2.5 Approximation Theorems
2 5.1 Interpolation Theorem 14
2.5.2:Bishop's Theorem (Generalized stone-weirestrassTheorem) 18
3 Fixed Point Theory
3.1 Banach —Fixed Point Theorem and some applications 23
3 2 Kakutani's Fixed Point Theorem
3.3 Brouwer's and Schauder —Tychonoff Fixed Point Theorems 30
3 3 1. Hammerstein ~Integral equations 37

4 References: 40



1. Basic Concepts

This chapter contains most of the basic concepts, definitions and theorems which will be
useful in proving many of the theorems in chapter two.

1.1: Topological vector spaces

Definition 1:
Let X be a vector space and 3 is a topology defined on X. Then the pair (X,3) is Called
a topological vector space if and only if

(a) For each xe X, {x} is closed set
(b) the vector space operations are continuous ( i. e the addition and the scalar
multiplication are continuous)

Here, 3 is called a Vector topology on X

When we say that addition is continuous, it means that
the function . X xX —X defined by
o (x.y):= x +y is continuous.
i.e. for any neighbourhood V of x +yin X, there exists neighbourhoods S and T of
x and y respectively suchthat S+ TcC V.

Moreover, when we say that the scalar multiplication is continuous , it means that the
function ' K xX —» X defined by
B(r, x):= rx is continuos .
i e for any neighbourhood W of rx in X , there existsa & > 0 and a neighbourhood M
of x in X such that
a €(r =0, r+0) implies that cM < W.

Now we will characterize the open sets in X.

Property 1 :

Let X be a topological vector space and a € X, 4 €K, A#0. Then
(a) T- X— X defined by T (x) := a + x is a homeomorphism.

(b) M, X — X definedby M, (x)=Ax is a homeomorohism

Proof :

We will prove (a) and the proof of (b)can be done in a similar way

Letx.y €X suchthat T, (x)=T.(y) Thena+x=a+y. i e Tisonetoone
To show that T, is onto, let zeX , thenz-acX and T i(z-a) = z

Then, T , is bijective./

Moreover since addition is continuous, T , is continuous.
Now observe that 7', ' exists and for xe X, 7, '(x) = Ta(x) = x-a



Hence, by the continuity of addition,
we get that 7, is continuous which implies that T , is homeomorphism.//

Property 2:
Let X be a topological spaceand EC X .
Then E is open if and only if a + E is open for ae X.

Proof:
(=>) Suppose E is open. By Property 1, we have T, :X—X is continuous, we have that

(7,") "(E) =T.(E) =a+EisopeninX

(¢=) Suppose for each a € X, a + E is open
Then 7, : X —» X is continuous and (T,™") '(a + E) = E is open. //

Property 3:

Let X be a topological vector space. Then

(a) If Vis a neighbourhood of 0, then x + V is a neighbourhood of x for each xe X

(b) B= {x + V|xeX, Visa neighbourhood of 0} is a basis of the vector topology on X

(c) z.= {U(cr + V)|V is a neighbourhood of 0}

av X
_The proof can be done using property 1,2 and definition of a basis of a topology on X.
Now, we will give definition of some types of topological spaces.

Definition 2:
Let X be a topological vector space.
(b) a metric d: XxX-—R is called invariant if and only if
d(x+y,y+z) =d(x,y)forall x .y, zeX
Here, d is called complete metric on X if and only if every cauchy sequence converges

(b) X 1s called an F-space if and only if the vector topology on X is induced by a
complete invariant metric on X.

(¢)X 1s said to be locally convex if and only if every neighbourhood of 0 contains a
convex neighbourhood
(d) a topological space is called locally compact if and only if 0 has a neighbourhood U

such that 1/ is compact.



Remark:
Every normed space is locally convex.

proof :
Let X be a normed space. Then a metric @ : X x X' — R defined by

d(x.y)=|x~y| induces the topology on X
Let now V be a neighbourhood of 0 in X.
Then there exists £ > 0 such that
B(0,e)c V.
We claim that B(0, £) isconvex.
Letx.y e B(o,g),a e (0]) . Then d(0,x) <& ,d(0,y)<e& . Hence, we get

d(0,ax + (1 a)y) = |laxx + (1 - a)y|
< fleed] + (1 - @)y
=af+ (1 - a)

<cac+(l-a)e =¢
Hence, axx+(1-a)y e B(0,¢g) ie B(0,£)1s a convex neighbourhood of 0
Therefore, X is locally convex. //

Theorem [:
Let V be a neighbourhood of 0 in a topological vector space

If0<r,<r,, forneN ,r,——">x, Then X-= U"J"
Proof :

Clearly, since r , V< X, we have that Ur,_l'g X. Now we show that Xc Ur;‘ V
nel

nel
Let xeX. Since a linear mapping defined on a finite dimensional space is continuous, we
can see that the mapping o« —» %X is continuous.
Let V be a neighbourhood of 0. Then we put H: = {reK |rx € V). Then we can see

. ; : A I
that H is an open set in K. Moreover, 0cH. Sinc r, —“5 0w we have — "0
|7

L]

: I | ;
Hence, for sufficiently greatn, —e H and and —xel
r r

L] L

Thus, x € r )" for sufficiently great neN i e X = UrﬂV "

n=1

1.2 Hahn- Banach Extension and Separation Theorems

We will state without proof the Hahn- banach Extension Theorem for any real vector
space, Continuous Extension Theorem for normed spaces and Hahn - Banach Separation
Theorems. The later will be used to prove Approximation Theorems



Theorem1:(Hahn-Banach Extension Theorem)

Suppose
(a) M is a subspace of a real vector space X

(b) P: X R such that (1) P(x+y) < P(x) + P(y)
(i1) P (ox) = a P(x) ,V x, ye X and a=0.
(¢) f:M—> Ris linear and f{x) < P(x) on M.
Then, there exists a linear functional A: X-—R such that
Mx) =f(x) VxeM
and
-P (—x) € Mx) £ P(x), vxeX

The proof can be foundin [ 1] and [6 ]

Theorem 2: (Separation Theorem)
Suppose A and B are disjoint, non empty convex sets in a topological vector space X.
(a) If A is open , then there exists AeX' and yeR such that
Re A(x) <y < Rei(y), VxeA and VyeB
(b) If A 1s compact and B is closed and X is locally convex, then
there exists A X', y1. Y2 €R such that ReA(x) < y1 <2< ReMy), Vx €A VyeB

The proof can be found in [ 1 ] and [6 ]

Theorem 3:
Suppose M is a subspace of a locally convex space X and x , € X.

If x , & M . then there exists Ae X such that A(x)=0onM.

Proof:

Let A={x ,} and B=M . Then A is compact and B is closed. By part (b) of /heorem 2
there exists Ae X~ such that {A(x ,)} and A(M) are disjoint.

Hence, A(M) ¢ K and since A(x )& A(M) . we have A(M) is a proper subspaceof K
Therefore.it is easy to show that A(M) ={0} and A(x ;) # 0.

Now. define 4 (x) = /li((f)_) Then

0

MmeX, Aixo) =1 and Ay =0onM. //

Remark:
Let M be a subspace of a locally convex space X and x € X. We can use Theorem 3 to

show that xe M by showing that A(x) = 0 forall ,eX" and A =0on M

We will use this concept to prove the Stone-Weierestrass theorem.
Now. we will give the theorem of Hahn-Banach for normed spaces.



Theorem 4: (Continuous Extension of Hahn-Banach Theorem)

Let X be a normed space and U < X be a subspace of X and f: U— K be continuous
linear functional . Then there exists a continuous linear functional g: XK such that
(a) g(x)=1f(x), VxeU
(b) llgll = Iifll

Proof:
Define P: X—>R by P (x):= ||f]| ||x||. Then it is easy to show that
(i) P(x +y)=P(x)+P(y), and (ii) P(ax) = aP(x) ,Vx, y € X, 020
Then P satisfies the hypothesis of Theorem 1.
Thus there exists a linear functional
g: X — R suchthat g=fonU.

Moreover, |g(x)| < P(x) = |f]] |Ix]l, ¥xeX

and
lgll =< Il
Then g is continuous. (1)
On the other hand for all xe U, we have [f (x) | = |g(x)| = llglf [Ix/|
Therefore. we have that |[f]| < ||g|| (2)

Hence, by (1) and (2), we have that |Ifll = |lg||. /

Note :
This Theorem is important to prove an Approximation Theorem namely an Interpolation
Theorem.

Corollaryl:
If X is locally convex , then X' separates points of X.

Proof:
Let x.ye X such that x #y . Then by part (b) of Theorem 2 we have
Ax) < Aly) for some A €X' //

Now. we will consider many applications of Hahn-Banach, Banach alaoglu and Kremn-
Milman Theorems



2. Applications of Banach-Alaoglu and Krein-Milman theorems.

2.1:Weak' topology and the Banach Alaoglu Theorem.

Definition I:

Let X be a topologocal vector space and X' be the dual space. Then the weak topology of
X" is a topology on X' such that it is generated by X' i. e the weak topology 3" on X' is
given by

3 =(UINA ' r.m))| 4,€X",r,eR,1 <i<n}one canverify that 3" isa
msl =]
topology on X" and is called the weak" topology .
Propertyl :
(a) 3" is the weakest topology on X' such that Ae X' is continuous.
(b) B = {reX' | M) 1., 1i<n, MeX™) is a basis for 3
The proof can be done by applying the definition of continuity and basis of a topology.
Now, we shall state the Banach-Alaoglu Theorem without proof.
Theorem 1: (Banach-AlaogluTheorem)
Let X be a topological vector space and V be a neighbourhood of 0.
Let K= {AeX ||Ax) < 1.¥xeV}.Then K is weak* -compact.
The proof is found inf1 ]
2.2 The Krein Milman Theorem
2.2.1: Extreme Sets and Ixtreme Points:
Definition 1:
Let K be a subset of a vector spaces X and S cK, S #0
Then S is said to be an extreme set if and only if for x,y €K and a.€(0,1) we have
ax H1-a)yeS implies xS and yeS.

If |S]=1.the point a€S is called an extreme point of K

Denotation:
Ext (K) denotes the set of all extreme points of K.

Remark:
a € Ext(K) if and only if whenever , x, yeS and a = ax +(1-a)y for some ate(0,1).
wehavex =y =a



Examplel :
Let K be a triangle in R ? with vertices a, b and ¢. Then,

(a) Ext (K)={a,b,c}

(b) [a, b],[b, ¢], [a, c] and [a, b] [b, c] are extreme sets of K.

Theorem 2:(Krein-MilmanTheorem)

Suppose X is a locally convex topological vector spaces on which X" separate points ofX
If K is compact and convex set in X, then K = Conmv(Ext(K)) .

The proofis found in [1 ].

Theorem 3:(Milman's Theorem)
If K is a compact convex set in a locally convex space and if Conv(K) is also compact ,

then every extreme point of (Tv(!{) lies in K.

The proof is found in [ 1]

2.3: Range of vector valued measure

We now give an application of the Krein-Milman and Banach ~Alaoglu Theorems.

Definition 1:

Let X be any non- empy set and R be a o- algebra of subsets of X.

Let p be a finite signed measure (real valued) defined on R. Then p is said to be non-
atomic if and only if for any set E€9R such that |1t (E) >0, there exists a set AR such
that 0< | 1| (A) Ju |(E).

Theorem 3:
Let py, M2, .., Hq be real valued non-atomic signed measures on a - algebra ‘R

Define p: W—>R" by WE) - = ( (E), poAE), ., po(E)) .
Then p(R) is a compact convex subset of R".

Proof:
Let B be the set of all bounded measurable real functions on X.

DefineA: B> R" by A(g) = (Jgdw  Jgdus. . Jgdus).
Then A is a linear mapping.
We put o= 1}11 |+Iu:|+..‘+|uﬂ|-
Then we can show that
B c L “(o).
Now. for f, ge L “(0), if g = f o-almost every where, then A(f) = A(g)
Thus. A can be considered as a linear mapping from L “() in to R"

Moreover, for ge L “(o) we have ||A(g) || = “Z(Igdp, ¥*

But we know that g(x) < |g(x) | < llg || o-almost every where and we can see that



M@ <Migle  where M= Ji(ﬂ.(xn’

Thus, since we know that L “(c) = (L '(0))’,
A L %(o)-R" is weak*- continuous.

Now, Put K: = {ge L"(o)[ 0<g=<1} ThenK is convex.

We will show that K is weak* - compact.

Now froma: = | Hy |+ | 2 | sk ¢ | Ha l , we observe that for each ie{1,2....n}, i is
absolutly continuous with regard to o.(see [8])

Hence, by Radon-Nikodym theorem(see [8]) for eachie{1,2,3, .. n} there exists a
measurable function f; = 0 such that

wu, (E)= [ fdo (3)

From (3), we observe that f; € L ' (o) forallie{1,2, n}.
Moreover, since o(X)< @, we get (L “(c))" =L ' (o).
Now for each fe L ' (o) such that f = 0 we define a function F by
F L'(6)> Rby F(g) = Ifgda ' (4)
Then, it can be easily shown that F is continuous linear functional.
(by using the Holder s inequality)
Now, we put H: = [0, |f dv)
Then H is a closed subset of R and hence K = F '(H) is weak*- closed
Moreover, KcB, where B = {ge L “(0) | lgll<1}

LetV:={ fe L '(0) |||f [ =1} Then by Banach-Alaoglu Theorem we get
B is weak* - compact and K is weak*- compact.

Therefore A(K) is compact and convex subset of R"
We will show that A(K) = u(*R) which will complete the proof of the theorem

Let EEM. Then yp € Kand Aye) = wE). e p(R) < MK). (5)
Now, we will show the opposite inclusion indirectly.
Suppose A(K)q u(R). Then there exists a p # 0 such that
peA(K) and peu(R).
We put K, : = { geK| AMg) = p}.Then
K; 1s convex and since A is weak*- continuous, K, is weak*- compact.

By the Krein- Milman Theorem the set K, has an extreme point.

Since p&u(R), we can observe that K, doesnot contain A characterstics function
This implies that every extreme point of K, is not a characterstics function

Let ge Ext(K,) such that g # ¢¢ for all EER in L “(0) . i.e.



(a) ge L (o)
(b) g#yeforall EeN .
Then (a) implies that there exists M >0 such that

lg(x)|<M ae. on X
Choose E such that o (£)=0 and |g(x)|>M forall M>0 on E.

Now, we put A =X\E.
Then for all xe A, we have that |g(x)|<M.

Casel: o(X) = 0. Then trivially we have p(R) = { 0 } ¢ R" is compact convex set.
Case2: o(X) > 0.Then
o(X) = o(A) + o(X\A) = o(A) > 0.
and by (b) we can show that there exists r > 0 such that r < g(x) < 1-r xcA (6)
Now we put Y= 3L “(¢). Then we know that
L) = (L (o))’
and
anel (o) for all BeR .
Hence, L (o) contains non-zero element. Moreover, by Corollary 1 of Chapterl 1. \(c)
is locally convex and hence (L l(cr))' separates points of L '(o).Then both
(L ](0))' and L "(c) contain non-zero elements . (see [7]) (7)
Therefore by (6) and (7) we get Y # {0} .
Let now g; €Y such that g, # 0 Then
0 ifxed

for some g; € L"(o
g,(x) ifxeA & (o)

2i(x) =
Now since g2 € L™ (0), g22# 0.
Let BeN suchthat g2 #0onB and o(B) =0
We put C:=B A" Then
o(C)=0 BgcCand A*cC.

Now we put f=g;~gs Then f=0 on C'and f#0 onC. (8)
Hence it follows that f =0 o~ almost everywhere and hence
Af) = 0.

From this it follows that A(g +f) =pand A (g -f)=p ie g+f, g -fe K,
Moreover, g = %(g+f )+—;~(g—f)e KP
Hence since g is an extreme point of K ,, we get that
g=g+f =g~ fwhichimplies f =0
But this is a contradiction to (8)
Therefore, K, contains a characterstics function i.e  A(K)< u(R) (9)

Hence, by (5) and (@) we get A(K) = u(R) .
Therefore, u(R) is compact and convex subset of R" //



Therefore, (R) is compact and convex subset of R" //
2.4: A fixed point theorem
This fixed point theorem is an application of the Krein-MilmanTheorem.

Now we define some terms.

Definition 1:

Let F: S S be a function where S is non-empty.

Then a point x€S is said to be a fixed point of F if and only if F(x) = x.

Definition 2:
Let Y be a vector space and K be a convex set. Then
A function {2 K->Y is called affine function if and only if

x.yeK and o €(0,1) implies f(ox + (1-a)y) = af (x) +(1-a)fly).

Definition 3:

Let G be a collection of mappings from K in to K. Then g is said to be equicontinuous
family if and only if for any neighbourhood W of 0 in X, there exists a neighbourhood V
of 0in X such that if x, ye K and x-yeV, then T(x)-T(y) €W for all TeG

Here. observe that each T<G is continuous.

Moreover.G is said to be equicontinuous group of affine maps if and only if G is a group
under compositions of maps in G

Definition 4:

Let X be a topological space and K ©X. Let G be a collection of continuous maps from X
m to X Then K is said to be /mvariant under G if and only if T(K) < K for all TeG
Sometimes we use the term (- imvariant.

Now we prove the following

Lemma 1:
Let X be compact Hausdorff topological space and g be a group of equicontinuous maps
from X into X. Let A < X be invariant under G. Then

(a) Ais G- invariant

(b) « 'nm'(;} i1s G- invariant

Proof:
We will prove only (a) the proof of (b) can be done in a similar way

Let TeG and x € A Then there exists a sequence (x ,) in A such that
oG, 78 TN

Moreover since T is continuous 7(x,)—"*57(x) (8)
We will show that T(x)e A



Observe that G separate points of X and since X is compact HausdorfI' space, one can
show that X is metrizable( For details see[1] ).

Therefore, since T(x , ) €A for each neN, and 7'(x, ) —"">7(x).

Thus we get T(x)e A .//

Lemma 2:
Suppose X and Y are topological spaces such that Y is compact and E € XxY
Let m: XxY—X be the projection onto X.

If pe X m 7(E), then there exists qe Y such that (p, q)& I3

Proof
We will prove by contrapositive.
Suppose there exists qe Y such that (p, q )¢ L
Then there exists a neighbourhood W  of g€ Y such that for some neighbourhood V  of
p in X such that (V (xW ) nE =@
Observe that ¥ ¢ [ W,
qur

Then since Y is compact there exists ;. ,q € Ysuch that )Y < UW“

Now .we put V = nl{ﬁ . (9)
=)

Then V is a neighbourhood of p such that 'V~ =(E) = @,
Hence, p¢ £ which is a contradiction.
Therefore, there exists qe Y such that  (p, q)e £/

Lemma 3:
Let X be a topological space and x, ye X such that x = y.
Then there exists a neighbourhood W of 0 such that x-y ¢W.
The proof is trivial.

Theorem 1:

Suppose that

(a) K is a non-empty compact and convex set in a locally convex space X.
(b) G is an equicontinuous group of affine maps from K in to K

Then there exists peK such that T(p) =p. ¥V TeG

Proof:

Let Q= {HcK | H=@, Hiscompact convex . T(H) ¢ H, TeG}
Observe that since KeQ, Q=&

Now. We partially order by inclusion.



Then by Hausdorff -Maximality Principle ) contains a maximal totally ordered
subcollection €.
Now, we put } = nQ.
Qatly
We will show that:
(1) Y is a minimal member of
Gy lyl=1
The proof for (i) is trivial except YO .

Now, we show (ii) and that Y#O .
Let Q, and Q; bein €4 such that Q;~ Q= .
Then g is not totally ordered which is a contradiction.
So, by induction we can see that the intersection of finitely many elements of €2y is non-
empty (10)

Thus since K is compact and € is a collection of closed subsets of K satisfying the
finite intersection property,Y # @ (For details see[5] finite intersection property )
Therefore (i) holds. (11)

Now, we prove (ii).
Suppose there are x, ye Y such that x # y. Then by Lemma 3 there exists a neighbourhood

W of 0 such that x-y ¢W. (12)
Moreover, we will prove that
There exists a neighbourhood V of 0 such that T(x)~1(y) &V for all TG (13)

To prove (13) we assume that there exists T G such that T(x)-T(y) €V.
By equicontinuity we get

I'(rx)- 'i""('['(y)) =x-y eW whichisa contradiction to (12).
Hence (13) holds true.

Now. define, S = {T(Z)ITEG}, where z = -;—x+ —12~y XEY

Then observe that S#& . zeY and S is invariant under G

Moreover, by Lemma 1, we have that §  and i ’onv(§ ) are G- invariant.

Then since 7'(z) = %T(r)+ %T(_y)e Y, we get

ScY. Conv(S) < Y and ( ‘onv(S) is compact convex subset of Y

By the minimality of Y , we have that } = Conv(S))

Moreover, by the Krein-MilmanTheorem, we get Y = Conv(Exit(Y'))

Let now peY be an extreme point

Define E: = { (1(z),T(x). 1(v)) [TeG} c Yx¥xY, x, yeY,x#y, z=

1 l
_x+_‘r"\-1 V
2 - .

Then, n(E) = S (where  is projection to the 1" component)



Moreover, we have p e z(E) and is an extreme point of Y.
Then, by Theorem 3, we seethat pe S .

Now, by Lemma 2, there exists (x"y')e YxY such that (p, x’,y)e E.
Therefore, There exists a sequence (7(z,),7(x,),7(y,)) in E such that

(T(z,).T(x,).T(r,) —=p.x",y")

(Here, 2,= 2%, + =¥, %, # ¥y %3, €. T@,)-T(0,) )

2 LJ
Observe that x — yveV. (14)
Moreover, since T is affine ,we get 2p=x +y"
and

Since p is an extreme point of Y, we have p=x" =" je. x" -~y " =0eV whichisa
contradiction to (14).

Therefore, Y contains exactly one point say p.

Since T(Y)cY forall TeG,wegetT (p)=p forall TeG//

13



2.5: Approximation theorems
2.5.1: Interpolation theorem:

The proof of this theorem involves the Hahn-Banach ,Reisz- Representation Theorem on
bounded linear functional on C(X) where X is compact Hausdorff space. Moreover, it
uses the adjoint of an operator and concepts from the duality theory in banach spaces.

Thus we give some definitions and important theorems.

Denotations:
Let X and Y be normed spaces. Then
(a) X denotes the set of all continuous linear mappings from X in to K.

(b) Y(X.Y) denotes the set of continuous linear mappings from X into Y.

Definition 2:
Let A: X — X be a continuous linear mapping. Then a continuous linear mapping
A" X" X' is said to be adjoint of A if and only if

<AX, X >=< r A'x’> VxeX, Vx eX

Definition 3:

Let X be a normed space and X' beit's dual space, McX

Then the orthogonal space of M denoted by M* is defined by
M =x"eX | <x x'>=0 VxeM).

Theorem 1:
Let X and Y be normed spaces and Ae Z(XY).

Then there exists a unique A"e #(Y',X") such that
(a) <Ax, y'> =< X, A°y°>. vxeX, Vy'eY'
(b) (1Al =]IAT|

Ihe proof is found in [1] and [7 ].

Theorem 2:
Let X be a normed space and B ={ xeX | | x|l <1}, B'= { leX'I [A]| € 1}.Then
(a) ForxeX, |[x|= Sup(x, 1)

wh

(b) B" is weak "~ compact

Proof:
To prove (a), let xe X such that x = 0.
Then by Hahn-Banach Theorem, there exists A= X such that

(v2)=| and 2] =1



This implies that Sup(x,2) = |x]. (1)
aeB”

On the other hand for all Le B” (i.e. A is continuous)we get

)< =1

Therefore, we get  Sup(x, )< [ . (2)
isB’

Thus, from (1) and (2) ,we have x| = Sup(x, 2) /

ich’
To prove (b), let U be an open unit ball in X.
Then 2B’ if and only if |<xA>| <1, forall xin U
Hence, B* = { re X' | [€x,A> €1, VxeU }
Therefore, by Banach- Alaoglu theorem | we have | B" is weak - compact./

Theorem 3 :

Let U and V be open unit balls in the banach space X and Y respectively. If A /(X)
and 5>0 | then the following implications holds

(a)=>(b)=>(c)=>(d) where,

@ |Ay =8|yl
(b) 8V AU

(¢) oVc AU)

d AX)=Y

The proof is found in [ 1]

Theorem 4:( Reisz- Representation Theorem )

Let X be a compact hausdorff space and C(X) be the set of all complex continuous
functions on X. Then for AeC(X)" , there exists a unique complex borel measure p such
that

(a) A(h)
(b) Al

[ fdu . fecex),
[ (X) = [Inll-

The proof is found in [4] and[8]

Definition 4:
Let X and Y be normed spaces . Then X and Y are said to isometrically isomorphic iff
there is a bijective linear mapping A from X to Y such that

[A(x)]| = |Ix|| for each x&X
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Corollary 1:
Let B be the set of all borel signed measures on a compact hausdorff space X
Then B and C(X) are isometrically isomorphic

Proof:

Define F: C(X)" = Bby F(A) =, where j; is the measure guaranted by the Reisz-
representation theorem.

Clearly, F is bijective. We will Show that F is linear.

Let ;. A2 €C(X)" . then, there exists measures i, and i satisfying

M= [ fdu, and 2,(f) = [ fdu, = I for all feC(X).
Then,
(M ) (D) = J'fdp, +jfd,u: = Ifd(y, + ) = jfd,u‘ where j13 is the measure
coressponding to Aj +Az.
Moreover, F(Ay +X3) = u,.
Thus by uniquness of the measures we have g, = i+ pz = F(Ai +22)

Therfore. F(A +A2) = F(Ay) + F(A) (i.e F is additive)
Similarly we can show that F is homogeneous

Therefore, F is linear and bijective mapping from C(X)" onto B such that
[ = [IF))| = || pall , for all Ae C(X)
Hence ,we get that B and C(X) ™ are isometrically isomorphic.//

So from the above isometry, we can conclude many topological concepts like closedness,
compactness etc. For instance {peB| || plf <1} is Weak*- compact. Moreover , we can
identify the spaces C( X)" and B as identical spaces (i.e C(X) and B are indistingushable).
Hence for the proof of the following theorem the complex borel measures play the role
of bounded linear functionals on C(X).

Theorem 5:(Interpolation Theorem)

Let Y be a closed subspace of C(X), X is a compact hausdorff space. Let KX be
compact and | p| (K) = 0 for every pe Y*. If geC(K) and |g| <1, then there exists feY
such that f=gonKand [ff<1onX

Proof:

Define p:Y— C(K) by p(f) := fx. (1

we put By ={feY/| [fll.<1}  and Bk ={feC(K)| |ifile < 1}. Then, wewill show that
p( By) = Bg. From the definition of p it is easy to show that p is linear mapping.

Now. [[p(ll= =Maxp(f(x)| < Maxdp(f ()] =|/]. )

Thus, p €S (Y.C(K)). -
Now, we put M(K): = C(K)



Then by Theorem 1 of this section there exists a unique p’ € S (M(K),Y") such that
(@) <pf,A>=<fpA> forallfeY, LeM(K)
®) lipll = lip*|l (3)

Moreover by the Corollary I of this section, we observe that C(K)* is the banch space
of all borel measures on K with total variation norm  ||u)| = | p/ (K).

Let now, peM(K). Then p*u € Y* Then by the Continuous Extension Theorem of Hahn
~Banach Theorem, there exists o €C( X)* such that ¢ = p*ponY and |jo] = |[p* |

Now. by Reisz- Representation Theorem and by (a) we have for all fe Y,

Ifdc =<f, p*u> =<pf,pn> =Ifdj.l (4)
Moreover, observe that C(X) ¢ ((K) KcX and ( '(K)'_r; )’
Now. since e C(K)', we have pe C(X)' and we know that i 1s a borel measure
defined on a o - algebra of subsets of K
Hence we can consider e C(X)" with support in K

Now. let fe Y. Then from (4) we have
_[fda —jfdy:() ie o-peY* .
K

Thus by assumption, we have |-y (K) = 0 and for each set E CK. we get o(E) = u(E)
Hence

Il 1l < lo]|
Or

Il ll < flp"pl. (5)

Since Y is a closed subspace of C(X), Y is a banach space and so does C(K).
By Theorem 3 of this section, where Y playing the role of X and C(K) playing the role of
Y and & =1,we get
[l il = Lljp"w for all pe C(K)'

and

Part (a) of Theorem 3 implies that By < p(By). (6)
Now, if geC(K) such that |g/< 1 (ie g eC(K)" ) then by (6) there exists feY such that
fl<lonX and g=p(f)="fx ./

Remark:
By (d) of Theorem 3, we have p(Y) = C(K). This implies that every continuous function
g on K extends to a member of Y //

Now. we will give the proof of Bishop s Theorem which is a generalization of the Srone-
Werrestrass Theorem.
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2.5.2: Bishop s theorem :

Definition 1:
Let X be a compact hausdorff space and A be a subspace of C(X). Then A is called an
algebra if and only if f.g € A for all f; g € A where (fg)(1) : = f{t) .g(t). for all te$

Definition 2:
Let A be an algebra of C (X) and E < X. Then E is said to be A-antisymmetric if and only
if for all fe A, fix is real => f{x) = C = constant, for all xeE.

Denotation:

A ={fg | Eisan A-antisymmetric subset of X}

Now, we define a relation ~ on X as follows.

For x.,y €X x~y ifand only if

there exists an  A- antisymmetric set E such that {x.y}c E

Then,
(a) ~ define an equivalence relation on X.
(b) for each xeX . x is maximal A -antisymmetric set.

Proof:

We prove only (b).

Let fe A such that f(h) €R for each h € x  Then there exists an A- antisymmetric set E,
such that {hx}c E,.

Since, he Eq and f(h)eR , we have f(h) = k ( constant). Hence, x is A- antisymmetric
subset of X . It can be easily shown that it is also maximal //

Lemma 1:
Let (X.9,1) be a measure space and f: X-—[0,00] be a measurable function.
(a) Define a:R—->R by
o(E):= Ifdp Then
E
(b) o is a measure defined on ‘R.
(¢) For each measurable function such that g > 0, we have, Jgdo = [fgdu

Proof:
To prove(a) apply the monotone convergence theorem and to prove (b) use the fact that

for each measurable function f = 0, there exists an increasing sequence of simple
functions (py,) such that ©,(x) < fix) for all xe X Hence the proof will be complete
(l-or more details refer [ 8] )
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Theoreml:(Bishop's Theorem)

Let A be a closed subalgebra of C(X). Suppose geC(X) and g € Ag for every A-
antisymmetric set E  Then ge A

Proof:
We recall that A* = {LeC(X)'| <f,A>=0, VfeA}. Then A* consists of all borel
measures |t on X suchthat  [fdu =0 VYfeA

Now, weputK: = { e A"| ||| <1} and || p)l = |ul(X)
Then clearly K is convex and weak - compact. Moreover, by the Krein-Milman
[heorem we have

K= Comv(lxt(K)).

Case 1: K = {0}
We will prove that K ={0} =5 A*={0} = A= C(X)
Suppose A*#{0} . Then there exists AeC(X)" such that
A(g) #0 for some ge C(X)
and
Mf) = 0 for all fe A
Then, by Hahn-Banach SeparationTheorem  ge A and hence ge A
So. A(g) = 0 which is a contradiction. i.e A* ={0}

Now .we show that A* ={0} => A= C(X).
Suppose there exists ge C(X)\ A Then again by Hahn-Banach SeparationTheorem
there exists A C(X)" such that
AMg)=1
and
ME) =0 for all fe A

Hence, Ae A* but Az0 ie A*#{0}
Therefore, A= C(X).

Case 2: K #{0}
Since, K = Conv(Ext(K)), we can choose i € Ext(K) such that p =0,
Then since K is convex u is a boundary point of K 1e || pf| =1

Now, Let E bethe supportofp.ie E={BeR|u(B)=z0} c X.
Then E is closed subset of a compact set X and hence compact.

Now.we will show that
(@) || 1l = n I(E)=1.
and
(b) E is an A-antisymmetric set.
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Now, let . €C(X" such that A(f) = | fdu . for all feC(X).
Then by Reisz-Representation Theorem we get ||Al| = ||l .
Moreover since j1(B) = 0 for all B¢E, we have

M = il =] plE) =1
Therefore, (a) holds.

Now, to show (b) let fe A such that f¢ is real
Assume W.olgthat [ff<lonE.
Define measures o and t by

|
o(B)= 5!(1 + f)du
and

1
7(B) = 5!(1-;’)@

Then by Lemma | ¢ and © are measures on X
Since A is a subspace of C(X), we have

f:f'l'zlfl and f :l.flz_f

arein A forall fe A

We will show that ¢ and t are in A*
To do this, let fe A and £ > 0. Then by Lemma 1 we have

[fdo = %J'f(l-t-f)d,u =%Ifdp‘ +%J_["dp =0

| — S —
=0 =)

Hence, | fdo = 0 forall fe A and > 0.
Moreover, for arbitrary fe A | we have f=f - f
and

[fdo = Ij"da —ff‘da =0forall feA .

Therefore, by (3) and (4) we get oe A" Similarly, we can show that te At

Moreover, it is easy to see that
(i)||of| >0 and |tf| > 0.

i) ol + el =3 [+ a3 [0 Pl =|u£) =1

T

) n=o <ol ki

and t,= — are in K and since p is an extreme point ,

I

H=0, =1,

Moreover, o, = r”

ol

we have
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Therefore, || of| W(E) = o(E) and so we get
1
10+ 1 = ol fdu.
E E
Thus. it follows that f{x) =2||c|| -1 onE. ie E isA- antisymmetric (8)

Now, Let g satisfies the assumption of the theorem.
Then for the above extreme point p in K, we have

Iga'p = Ifdy =Ifd,u =0. (9)
E
Moreover since K = Conv(Ext(K))
j‘ gdu =0 forall ueConv(Ext(K)).
Now. for pt € K there exists () in Conv(Ext(K)) such that g, -

b —wu

U

Observe that F: K— R defined by F(u): = jgu’y is weak*- continuous function

This implies that [gdu = F(u)=lim F(u,) =lim [ gdu, =0. (10)
kpon ks -
Therefore for all forp € K| Igdy =0 (11)

Moreover, by the assumption on g . we have g = y¢ ¢ for some fe A
Then for pe A" we get that

[gdu =[x, fdu = [ fdu = [ fiu =0 (12)
E

So we get Igdp =0 forall pe A* (13)

Therfore by (13) we conclude that for all AeC(X) such that A(f) = 0 for all fe A
This implies that A(g) = 0 .
Since C(X) is locally convex, by Hahn-Banach Separation Theorem  we get

ge A and hence geA/l

Now we state and prove a special case of the Bishop s Theorem called the Stone-
Wemrestrass Theorem
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Theorem 2: ( Stone- Weirestrass Theorem)
Let A be a closed subalgebra of C (X) such that
(a) Ais self adjoint (i.e feA = feA)
(b) A separates points of X

(c) atany peX there exists fe A such that f{(p) # 0.
Then, A =C(X).

Proof:

Let Ag ={Re(f)| feA}. Thenby(a) Aoc A

Now, for x, y € X such that x # y, there exists fe A such that fix) # f(v).
Then, Re f(x)) = Ref(y).i. e Ay separates points of X

Now we will show that the only A- antisymmetric sets are singltons
We use indirect proof’
Suppose there exists an A- antisymmetric set E such |E| >1.
Let x,y €E suchthat x # y. Hence there exists fe A such that
Ref (x) # Ref (y) (14)
Now we put h (x) = Re f{x).
Then h is real valued on X and hence real on E.
By (14) observe that h is not constant on E which is a contradiction to the fact that E is
an A- antisymmetric set in X.
Thus the only A-antisymmetric sets in X are singlton. (15)

Let now geC (X) and F = {a} is a maximal A- antisymmetric set in X.
Then gy = g (a) is constant.
Moreover, by © there exists fe A such that /(@) # 0
Thus the constant function a(x): = 1 = Lfl(x), fi=fr isin A
/(a)
Therefore A contains all constant functions.
This implies that g € Ap i. e g satisfies the assumption of the Bishop's Theorem .
Therefore, geA. i.e A =C(X)/
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3. Fixed point theorems
3.1:The Banach-Fixed Point Theorem

Definition 1 :
Let ( X,d)bea metric space and 4:X — X bea mapping. Then A is said to satisfy
the Lipschitz condition if and only if there exists @ >0 such that

d(A(x),A(y))< ad(x,y), Vx,ye X (1)
If @ <1in(1),then Aiscalled acontraction mapping.

Example:
Let f: R->Rbe differentiable and |f/'(x)|<a <1 forall xeR.

Then fis a contraction.
The proof can be done easily by The Mean value Theorem.

Remark:
Every contraction is uniformly continuous

We shall now state and prove the most important property of contractions called the
Banach Fixed Point Theorem.

Theorem 1:
Let (X, d)be a complete metric space and A:X-—>X be a contraction.
Then A has unique fixed point.

Proof:
Since A is a contraction there exists o<1 such that
d(A(x), A(y)) <ad(x,y),Vx.ye X

Let x be an arbitrary point of X.
Weput x, i=A(x), x, = A(x), x,, =A4(x,)ne N

Then we have
x,=A"(x),neN.
Let n. m, reN such that mzn.
Then, one can show by induction that
d(x,,x, ) sa"'d(x,x),VreN (2)
Now we will show that (x,) is a cauchy sequence in X.

For n, meN such that m > n, we have
d(xm,x")ﬁd(xn.xm_,)+d(xm X (3)
By repeated application of the triangle inequlity we get
axx) Sd(x. Xt )+ d(Xp 0 %,)

gd(-“.l")[am—l +a'_2 +-..+a"

::';z”ri(at',a")[]+f;r+.g2 $oet ™ m:]
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<a"d(x,x, )Za” = _a_d(.r_.ﬁl @)
=0 l-a
Now, if n—w , then m—w.

Hence, from (4) we get
ALY " - :
l-a (3)

Then (5) implies that
d(xu,xm)__'m)o_ (6)

So,(x,) is a cauchy sequence in X.
Moreover since X is complete, there exists xe X such that

x, ——x€X.

Since A is continuous, we get

A(x,) =" A(x) (7)
But by definition, we have x, = A(x,). Therefore, we have
x=limx, = |imlrm, =lim A(x,) = A(x). (8)

Hence by (8) we conclude that A has a fixed point.

Now we show that A has unique fixed point in X
Let x and y be two different fixed points of A in X. Then,
d(x,y) = d(A(x), A(y))< ad(x, y)
or (9)
(1-a)d(x,y)<0
So from (9) since o < 1, we see that d(x,y)=0/e x = y.
Hence A has a unique fixed point in X.//

Corollary 1:
Let (X, d) be complete metric space and A:X—-Y
If A" is a contraction for some neN | then the equation
A(x) = x
has a unique solution.

Proof:
Weput B=A4".
Then since B is a contraction, by the Banach-Fixed Point Theorem there exists veX
such that
B(y)=y.
Now, observe that
(AoB)(y)= A(y) and A™' =AB=BeoA . (10)

By assumption there exists a ¢<1 such that
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d(B(x),B(y)) < cd(x,y),Vx,y e X.

Inparticular for x = A(y) we have that

d(B(y),(Be A)y)) < cd(y,A(y)).
Now from (10) we see that

d(y, A(y)) =d(B(y),(B > A)(y))<cd(y, A(y)). (1
So since c<l, from (11) we conclude that A(y) = y.
One can easily show that y is uniqe.
Therefore, A(x) = x has exactly one solution.//

Definition 2:
Let & [ab] x[a,b] =K be continuous . Then
T ('[a,b] — C[a,b] defined by

(Tx)(s) = jk(.s‘. 1)x(1)dt

is called the Volterra Integral Operator.

Corollary 2:
The volterra integral operator has a unique fixed point.

Proof:
1t suffice to show that 7" is a contraction for some neN.
Let u= Ma_xJk(.s'.!)[ and x,y e ([a,b).

and let  d(x,y)=|x-y|, forallx, yeC[ab].Then

“n gn 9 b_
”'l x-1 }1 < g——('—m~|‘x—y||. (See [6] ) (12)
n

Then since L (b; a) _ nr >0 . there exists m €N such that

1!

J”_U’__i.( I (13)
m!
Now we put  a:= M< 1. Then we get
m!
d(T"x,T"y) <ad(x,y) forall x, y €C[a, b] (14)

Therefore, from (14) we see that 7™ is a contraction.//
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311 &dome applications

We now apply the Banach Fixed Point Theorem to infinite linear equation system

Corollary 3:
Let & - Y @&, =n,, x=E1€...),y=(m2,...)el . (1)
=1

Ifa =sup)_|a, | <1, then (1) has unique solution inl *.

J=l

Proof:
Let x =(¢1.£2,...), (M2, ,...)€l “. Then

d (x, y) = Suplé, - |
can be shown to be a metricon 1 * and that 1 “ is a complete metric space
Now, define  T:1%—> 1% by T(x) = Ax where A=(at;j) , x =(§,E2,..)e 1 © .

Then we have
d(T(x),T(y)) = d(Ax, Ay)
<SupY|a |IE ~n, |
i j=1

< aSup|& -1, |= ad(x,y)

So. d (T(x).T(y)) < ad(x,y) forall x,y €l * and since . < 1, T is a contraction
Therefore.by the Banach Fixed Point Theorem T has unique fixed pointinl™ .

Hence, > a,& =&, i€ N hasaunique solutioninl™.
1=l
So, for any given y = (N1,M2,,...)€l “. (1) has unique solution in1*.//

Now we give another application of the Banach Fixed Point Theorem to non linear
integral equation.

Corollary 3:
et yeCla, b]land K be continuous on [a, b] x[a, b] xR.
IfK satisfies on [a, b] x[a, b] a Lipschitz Condition of the form
| K(s.t,x1)-K(s.t.x2)| < Clx;=x2], then
b

x(s) - ,qu(s, 1, x(1))dt = y(s)

is unique solvable for any p such that |uf < =B
The proof is found in [9]

We shall now state and prove the famous 7heorem of Peano-Picard.
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We shall now state and prove the famous Theorem of Peano-Picard

Theorem 1(Theorem of Peano-Picard)
Lk B hoek % exists and. be continuous in a closed  rectangle E = [a, b] x[c, ] and

let (xo ,Yo) be an interior point of E.
Then the differential equation

dy _
Z_ f(x,p) )
has unique solution y = g(x) such that yo = g(x).

Proof:

o iOF 12 18 :
Since f and —— are continuous in E, there exists constants K and M such that

oy

fix,y) <K and |®f(;’y) <M forall (x,y)eE (3)

Let now(x, y;) and (x,y2) be in E.
Then by Mean value Theorem there exist pe(y),yz)such that

of (x, p
| fx,y1)-fx,y2)| =|y1-yal| Cf{',y" )| (4)
Thus (3) and (4) implies
| fix,y0)-f(x,y2)| <M]y:1 -y (5)
Now. we will replace the differential equation by an integral equation
dy
Let y =g(x) be such that E: F(x,y) . yo=g(x0)
Then we have I-d_y = jf(u,g(u))du (6)
-
Or
g(x) = glxo) + [ f (. g (u)du (7
Xg

and conversly if y = g(x) is a solution of (7) . then it is also a solution of (2)

Hence it suffice to solve (7).
Now choose a number ¢ such that M ¢ <I.
Let F:={ (x, y)| [x~xo| < ¢, | y-Yo [ Ke}c E
and
G: ={g BoR| |g(x)-g(x0 )}< Ke | where B ={x€R] [x-Xol< €]
Then G  C[xo—c¢ ,xo+ ¢] and hence since G is complete metric space where the metric
on G is the metric induced by the norm in C[x¢—¢ Xy * €] -
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Now, define T : G—->G by T(g) =h where h(x) =g(xo) + I S (u, g(u))du
%y
Then
| h(x)-g(xo)l = | [, g(u))du|
< [1 /(g (w)du|

< K(x—x0) <Kc
So, we have |h(x) - g(x,)|< KC forall x in B.

Then heG. (8)
Let now g1, g2 in G. Then T(g; ) = h; ,T(g2) = h, for some hy, h,.
Hence since ‘Q%‘V—) <M , we get

oy

[ hy(x)-ha(x)| = | [ (., @)~ /0, g, @)

<Mig, (v)-g, (u)l(x =Xy)
<Mec Suplg, (x)— g,(x)] =Mecd(g1,g) .

Or
d(T(gi) . T(g2)) < Mcd(g1.)
Then T is a contraction.
Hence by the Banach Fixed Point Theorem there exists geG such that

T(g)=g.

e, g(x)=g(xo)t If(u, g(u))du has unique solution.

Therefore, the theorem holds.//

3.2:  Kakutani’s Fixed Point Theorem.
Let X be a topological vector space and K cX and F be a family of maps from K in to
K It is sometimes of interest to know when the members of Fhave a common fixed

poit in K. We shall now give sufficient conditions which guarantee a common fixed point
in K The theorem is called the Kakutani s Fixed Point Theorem proved in 1938

Theorem 1:(Kakutani's Fixed Point Theorem)
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Theorem 1:(Kakutani's F ixed Point Theorem)

Let X be a topological vector space and K be a non-empty compact and convex subset of
X Let F be a commutating family of continuous affine maps from K into K.

Then there exists peK such that T(p)=pforall T eF .

Proof:
Let TeF and Vbea neighbourhood of 0 in X.
Weput T':=T and for each neN, T = To T"
Let T,:= Lt T 4304 4T
n
Then we observe that (a) T , is affine for each n €N

(b) TwoTa= TpoTn forn, meN

Now, define F* :={TioTyo..oT o|neN }. Then it can be easily shown that F °
is a semigroup Then for f,g € F * , we get

h=fog=gofe F".

Moreover, since g(K) c K and flK) c K, we get
(fo g)(K)cf(K) and (g )(K) K. (9)
Now(9) implies that h(K) =f(K) m g(K) (10)
Moreover . from (10) we observe that f{K) m g(K) #0.
Thus by induction we can see that
ﬂf(K)::@ where F is a finite collection of members of I .

JeF
Or
(fIK)| fe F *}} satisfies the finite intersection] property Moreover, since K 1s
compact and f(K) < K for all feF and f(K) is compact (i.e. closed), we have
(f(K)| fe F *}} is a collection of closed subsets of K satisfying the finite intersection
property.

Thus, () /(K) #0 (1)
ferF*

Let pe RK) for all fe F *. Since Ty e F * for each neN, we have peTn (K) 1e
I,(x,)=p forsomex, K.
Or

p= l(x” +T(x,)+-+T""(x,)
n
Then since T is affine, we get

I'(p)= %(T(r,,)+---+ T (x,))-

Now p-T(p)= l(x'1 = THx.)) cK-K for all neN (12)
n

Moreover.we observe that K-K is compact and hence bounded ie for sufficiently
greatmeN  K-Kc mV.
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o, P-T(P)E l(m V)=V for any neighbourhood V of 0.
b m
Therefore, W€ conclude that ~ T(p)=pforall TeF //

Remark: 5 .
Any collection of continuous functions on a set K need not have a common fixed point inK

Example:

+1 |
Let F ={f‘.g}-f(x):x—2—, g(x):-xT and K =[-1,1].

Observe that 1 and —1 are the unique fixed points of f and g respectively.
Thus, f and g donot have a common fixed points on K./

3.3: Browwer’s and Schauder —Tychonoff Fixed Point Theorems.

Brouwer’s Fixed Point Theorem is one of the most important result in the fixed point
theory. Here we will not proof the theorem, besides we will see the applications in

proving the infinite version of the theorem called the Schauder-Tychonoff Fixed Point
Theorem and it's applications to non-linear integral equations.

Now ,we give some definitions.

Definition 1:
(@Let X=R" and 1< k<n, X, X ,..X€ R" .Then H:= Conv{ x;, X2 ,.. Xk} 1§
called a k-simplex and H is called a closed k-simplex.

(h) A subset H of a vector space is called an n-cell if and only if it is homeomorphic to
a closed n-simplex.

Theorem 1:(Brouwer’s Fixed Point Theorem)
Let H be a closed n-cell and f:H—H be continuous.
Then there exists xeH such that f{x) =x.

The proof can be foundin [ 2 |.

Lemma I:

Let K be a non-empy compact convex subset of a finite dimensional space X.
Then K is an n-cell for some neN.

The proof can be found in[2 |.
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Corollary 1:
Let K be a non- empy compact convex subset of a finite dimensional normed space X
If f K—K is continuous, then fhas a fixed point in K.

The proof follows from Theorem I and Lemma 1.

Remark:
Let D={xeR" | [|x]|<1}. Then every continuous map from D in D has a fixed point

Lemma 2:
Let §={x,x,,~-,X,}< X and Xbe a normed space.

k
Fore>0,,let N(S,e):= | JS(x,8).

k
Let ¢: N(S, €) »Conv S be defined by ¢(x) = z i‘((x))x,,
=] X

k
where Ai(x):= Max{0,e—|x—xil| } and MX)FZ"% (x).

1=
Then (a) ¢ is continuous
(b) llp(x)—x|l <& , VxeN(S, €)

Proof:

Let xe N(S, €). Then ||x—x i|<& for some i. Hence Ai(x) >0 and A(x) >0.
Moreover since A and A; are continuous , we get ¢ is continuous

This proves (a).

Now, to prove (b) it follows that

P(x) —x :=Z i(( ))
Z ( )(x—-xI) (Smcezl( )
Then we get loG)—xI| < _Z—(qlx
ut . if A(x) >0, then ,|jx—x if|<€ and hence [lp(x)-x|| < Z (( Ix- x| <
So, llp(x)—xl| <€ , YxeN(S, €).//

(The above function o is called the schauder- projection.)
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Definition 22

Let X be a topological space and F ¢ X. Then F is said to be relatively compact if and
only if every sequence of points of F has a convergent subsequence where the limit
may not be in F.

Lemma 3:

Let E be a non —empty convex closed subset of a normed space X and F be relatively
compact subset of E.

Then every continuous function fromE in to F has a fixed point.

Proof:
Since F is relatively compact, it is easy to see that /* is compact.

Moreover for each neN | the inclusion F ¢ US(x, ~1—) holds.
=l

So, since / is compact, there exists x,,x,,---,x, € F such that

tl
st L)
i=1 n

Now we put K, = Conv{xy, Xa,..., x,  =Conv S, where S,:={x),X2,., X,_|

| -
Let ¢, N(S,,—)— K, be the schauder projection.
n
Then by Lemma 2 ¢, is continuous.
]
Moreover, we observe that K ,< N(S,,—).K,c E.
n

So, ppeof K ,— K , is continuous.
Then by (‘orollary I there exists X ,€ K , such that

(@nof)( X n) =X, for each neN. (1)
Moreover, by Lemma 2 we get
I
(@neH(x ) = fxa)ll =[x w—flx u)ll < = (2)

Since f(x,)e F for each neN and Fis compact, there exists a subsequence (x, )of

(x4) such that
16, )—t=22 s xeF.

Now from (2) we get

Is 0 for sufficiently great keN

&) -x,

Or
fix,)=x, for sufficiently great keN. (3)



Moreover since f is continuous and ~ x, e oy we get
J(x)=lim f(x, )= lim x, =x
ie flx)=x. ;
Hence f has a fixed point .//

Now, we construct an example where the Brouwer s Fixed Point Theorem doesnot holds
true in infinite dimensional space.

Example:
Let X :{("'-é’ A0 A 3l <w} where for
1=1

x=(6 |-'§nv‘§1"")e X, "x”:"‘Zl‘:r : :

Let now S={xeX||[|x||<1}. Then S is the closed unit ball in X.
Now define U :X—X by U(x):=y, where

Y = (-M-1,M0, N1,M2 ,-..) €X Such that n, =¢
Observe that ||[U(x) || = [Ix]|.

Now define T: X—-X by T(x):=U(X)+H(1-{|x|[)z, where z=(z,), zo=1and z, =0
for all n=0.
It is easy to show that T is continuous.

Now if xe X such that |x| <1, then we have that
[7Col=rco+a -l |
<) +a-[d=1
So, T(S)< S. Then T: S—S is continuous.

Suppose now there exists xe S such that T(x) = x.
Let (T(x)), denote the n" co-ordinate of T(x). Then

(T(x))l‘l = ‘:n 2
But by the definition of T we have
£ - e :f nz0 (4)
£ +(-) 7 n=0

Now since Z|£| <o, we have that E 2250 (5)

j=—m

Therefore, from (3), (4)and (5) we conclude that x = 0 i.e.[[x|=0.which is a

contradiction to the definition of T as we get 0 =1
Hence, T doesnot fix any point of S.//

, k| . o ), Thaonre
Now, we shall state and prove an infinite version of the Brouwer s Fixed Point Theorem

called the Schauder —Tychonoff Fixed Point Theorem.
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Theorem 2(Schauder-Tychonoff Fixed Point Theorem)
Let X be a locally convex top_ologxcal vector space. IfK is a non-empty compact convex
subset of X and f: K — K is continuous ,then f(p)= p for some peK_

Proof:
We use indirect proof.

suppose f fixes no point of K.
Let G: = {(x, X)) xeK} c X xX,
and
A:r={(xy)ly=x}
Then we observe that  F: K — K defined by
F(x):= (x, f(x)) is continuous and F(K) = G.
Since K is compact and F is continuous , we have G is also compact.

Now we will show that

(a) GnA =0

(b) there exists a convex neighbourhood V of 0 such that [G HVxV)] ~ A= @
To show (a), suppose there exists xeK such that (x, f{x)) € Gn A.
Then f(x) = x which is a contradiction to our assumption.
Hence,(a) holds.
To show (b), suppose for any neighbourhood V of 0 there exists xeK, (¢, d) € VxV such
that (x. f(x)) + (c, d) €A. i.e.

x+c=d+ f(x).

Since (¢, d) e V=V for any neighbourhood V of 0, we conclude that ¢ = d = 0 which
implies that f{(x) = x which is also impossible.
Hence (b) holds .
Moreover, we can see from (b) that for any xeK , there exists a neighbourhood V of 0
such that f(x) & x + V. (6)

Let now p be the Minkowski Functional of V. Then
1 is continuous and p(x) < 1 if and only if xeV
Define a:X—>Xby a(x): =Max{0,1-u(x)}. Then

a(x) >0, YxeXand a(x)>0,VxeV. (7)
Now observe that K c U(x+V) n
xek
Since K is compact, we choose x ;€K such that
K gU(xl +1) (%)
i=l
Now, we define o; :X =X by aix) s =ox—xi),i€{1,23..n}
and
a,(x)

B; : K=K by Bi(x): =

>,
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Observe that if X€ K, Jf—x,-eV for some je{1,2,3,...,n} and hence we have
p( X—X;) < 1 1Le aj(x) = 1-p( x=%j) >0

and
ZaJ (x) >0 , Zﬂ,.(x) =1,B,(x)>0 foralli=123.n
1=l Jj=1

Thus Piis well- defined function.

Now, we put S = {x,,xl,-—-,x“} and H =ConvS .
Then we see that dim H <o and H is convex.

Now we define g : K — K by g(x):= Zﬁi (x)x, .Then
i=l
g is continuous , g(K) =H and since K is compact, H is compact.

Moreover, ge° f:H — H is continuous.
Then by applying the Brouwer s Fixed Point Theorem, there exists x €H such that

(g f)x")=x". (10)
Since f,(x)=0, Vx¢ x +V, we get that

x-g() =38, ()x-x) (xek)

is a convex combination ofx—x, eV .

Then since V is convex , we have
x—g(x)eV, Vxek. (11)

Inparticular since f(x")e K, we get f(x')-g(f(x")eV.
Or

F()eg(fG)+V =x" +V ie. f(x)ex' +V
which is a contradiction to the assertion proved in (b).

Therefore, there exists p in K such that f{p) = p.//

Now we give an application of the Brouwer s Fixed Point Theorem.

Theorem 3( Theorem of perron)
Let A= (a,) be an nxn matrix such that @, >0 foralliandj.

Then, A has a positive eigenvalue.

Proof:
Let 7 R-—>R" be linear mapping corresponding to the matrix
standard basis  (e,) of R".

A with respect to the
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pefeclOl=1} and F=Come, e, e,

We put

Then we S€€ that E is compact and also F is compact.

Now, define a F->F a(x)= T(x) _ A(x) o
T e

Since & is linear and dim F < o we get

oc 1s continuous.

Now, for x € F(x:i&-e,-)a A(x)=zn:(2a.;{);ﬁ.
i=1 L (%

i=l " =1

Thus. there exists X€F such that
a(x)=x
or
A(x) = [ A(0)] x.
Then [Ax| is a positive eigenvalue of A.//
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32.3.1: Hammerstein Integral Equation:

ition 1:

f:{qn;r:[a,blx[a- b]_’ R and [: [a, b]XR — R be continuous .
b

Then the equation

x(s)= [k(s,0).f (tx(0))dt (1)

is called Hammerstein equation.

he following theorem will give a sufficient condition for the existence of a

Now, :
lution for the above equation.

continuous so

Theorem 4:(Existence theorem)
o

Let k be continuous on [a,b]x [a, b] and f ,-— be continuous and bounded
onfa.b]x R Then the equation ¥
x(s)= ]k(s, 1) f(2.x(2))dr
has a continuous solutil;)n,
Proof:
Define 7-Cla,b] = Cla.b] by (Ix)(s):= jk(s,r) /(1. x(1))dt.

Since fis bounded, |[f(s, t)] <M for some MeR..
Moreover, since k is continuous on a compact set [a,b] x [a.b], we have

|k(s,t)| <L for some LeR.

and
k is uniformly continuous. Then we have
b
[(Tx)(s) |= J’k(s,r) F(t,x(1))dt
b
< [eCs.t]| £ (1, x(0y) ai
<IM(b-a) =p
Therefore, |(Tx)(s)|g p Vse [a, b] (2)

N o ~
T:: :re st E=wxeC [a,b]mx“ < p} and F = {Tr|x€ E}-
nby (2) we seethat F is uniformly bounded.

We wi i
Il show that F is equicontinuous family.

37



Lete>0 begiven.
Since k is uniformly continuous , there exists O >0 and
I

l-t|<8 = [k®.9)- k(tz,s)l

for all sefa, b ]. &)

Now, |1, ~1,|<d implies that

(Tt~ (1) = ([, )~ k(e )L f @ x@)a

< [[k(t,.5) ke, )|/ (@, x(@))| e

= —(b—cr)M e VIxeF.
M(b-a)

Hence F is an equicontinuous family.
Thus by Arzela-Ascoli Theorem for any sequence (7x,) < F, there exists a subsequence

(x,) of (Ix,) such that (7x, )is convergent.
Therefore, F is relatively compact subset of E.

Finally , we show that 7 :E — F IS continuous.
Now. since f'is continuous and differentiable with respect to the secod component, by the
Mean value Theorem there exists ¢ €(z;,z;) such that

é?f (s,¢)
$:2, )~ (5.2 z
7€ i
- S,,p‘@%s )’
= N|z, - z,
Choose & :=——g——, Then
LN(b - a)
5=z 2 ) — f(s,z,|< 3 4
| =|f(s.2,) = £(s,2,] s (4)
Thus we get
17, = T, = Ma(Tie, ) = T, )|

- “’f‘j [k(s, )£ (2.x, (1)) = k(s,0) £ (1., () Jat

< Max [[k(s, 0] |1 (t.x, (0) = £(t.x. ()l

< Max[LN|x, (1) - x, (1)(b - @)
<[x, -x, |LN (b - a)
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niformly continuous (i.e T is continuous)

Hence T isu
Lemma 3 there exists X,
-9 QC[G b] such
0 =X, On [a,b]_

Therefore, by

Or x, (5) = [ (s.0)/ (€, x, (0
J )

Then (5) shows that

x(s) = j k(s.0) £ (1, x(0))dl

has a continuous solution.//
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