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PREFA CE 

This seminar report is the combined report that I presented in Jail. and .hml! ) 000. 
The report contains three chaplers. 

The first chapler contains 1ll0S1 of the basic definitio ns, theorems and concept s, which 
wi ll be useful in the nex t chapters. 

In chapter twO, we will generall y consider Ihe app lications of 1-lalll/ -Bollach,Nelsz­
/?cpreSClllaf;Oll, KrclII -Mtimoll alld Bonach-A/oog/II 77leorems. In thi s chaplcr we stick 
all the appl ica ti ons and we will not give the proofs of these theorems Inpanicular we wi ll 
apply these theorems 10 prove approximation theorems such as Bishop 's (Generallzaflon 
oJ flle SIOIII! Welrc~SI,.ass 771corem) and an III/c/7lO/alion 17wor ems and moreover we wi ll 
apply the Krelll-Milmoll 71,eorem intensively to prove a Fixed-Point Theorem 

Finally in the la st chapter, we wi ll consider some basic fi xed-point theorems and their 
app li cations such as the 77,eorelll of Pellllo-Plcard that gives a suffi cient condition for a 
cena in dilTerential equation to be solva ble At the end o f this chapter we wi ll consider 
no n- linear integral equation ca ll ed Hal11l11erSlel1i Equalioll and give a condition for the 
ex istence of a so luti on 
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I. Basic COilcepts 

This c hapter contai ns IllOSt of the basic concepts, definit ions and theorems which wi ll be 
usefu l in proving many of the theorems in chapter two. 

1. 1' Topological vector spaces 

Definitioll J: 
Let X be a vector space and :3 is a topology defined on X. Then the pair (X ,::J) is Ca lled 
a topological vector l7XJce if and onl y if 

(a) Fo r each xe X, {x ) is closed set 
(b) the vector space operations are continu ous (i e the addi ti on and the scalar 

mult iplicat ion are cont inuous) 

Here, 'J is called a Vector ropololO' on X 

When we say that addition is cont inuous, it means that 
the function a. X xX X defi ned by 

a. (x ,y):= x +y 15 continuous 
i.e for any neighbourhood V of x + y in X , there exists neighbourhoods S and T of 

x and y respecti ve ly such that S + T ~ V 

Moreover. when we say that the sca lar multip lication is conti nuous . it means that the 

fu nctio n p K xX - ) X defined by 
per, x) - rx is continuos 

i e for any neig hbourhood 'IN of rx in X , there exists a l) > 0 and a neighbourhood M 
of x in X SllCh that 

a. e (r - 0, r + 0) impl ies that aM ~ W 

Now we will characterize the open sets in X 

Property J : 
Let X be a topological vector space and a e X. }, e K, A.+.O Then 

(a) T X-+ X defin ed by T (x) := a + x is a homeomorphislll. 
( b) A4 ). X X defi ned by M ). (x) := A. X is ahomeolllorohi sm 

J>mo/ : 
We wi ll prove (a) and the proof of(b)ca n be done in a similar way 
Lei x. y e X such that T a (x) - l' aCyl Then a + x : a + y. i. e T is one to one 
To show that T a is onto. let ze X . then z- ae X and T ,(z- a) = z 
Then. T , is bijecti ve /I 

Moreover since add it ion is cont inuous, T a is continuous 

Now observe that 7~ · 1 ex ists and fo r xe X, 7~ 1 (x) = l' .... (x) = x- a 



l 
Hence, by the continuity of addition, 

we gCI that Til - I is continuous which implies that T • is ho meomorphism.1I 

Property 2: 
Let X be a topological space and E s;;; X . 
Then E is open ifand only ira + E is opcn fo r aeX. 

Proot-
(=-) Suppose E is open. By Property I , we have T" -I :X X is continuous, we have that 

(7; ' ) '(E) = T • (E) - a + E is open in X 

(e:) Suppose for each a e X, a + E is open. 

Then 1~ I : X X is continuous and cr.-I) - I(a + E) - E is open. /I 

Property 3: 
Let X be a lopologica l vector space Then 
(a) If V is a neighbou rhood ofO, lhcn x + V is a neighbourhood ofx for each xe X 
(b) B= (x + V I x e X . V is a neighbourhood orO ) is a basis of the vector topology on X 

(e) T ={~(a + V) 1 V is a lIeighbOllrhoodO/O} 

.The proof can be done lLSilig property 1.2 Gild dejilllflOlI of 0 basIs of {/ topology 011 X. 

Now, we will give defini tion of some types of lopologica l spaces 

/)efi"ifio" 2: 
Let X be a topologica l vector space. 
(b) II metric d: XxX-tR is called IIIVlmalil ifand only jf 

d (x + Y, Y +z) = d(x. y) fora ll x .y, zeX. 
Here. d is ca lled complete metric on X if and onl y if every cauchy sequence converges 

(b) X is cal led an F-J,7xfCe jf and only if the vector topo logy on X is induced by a 
complete 1I/1I0riOllf metric 011 X. 

(c)X is said to be locally cOIJI'ex if and only if every neighbourhood of 0 contains a 
convex neig hbourhood 

(d) a topological space is call ed locally compact if and on ly irO has a neig hbourhood U 

such that U is compact 
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Remark: 
Evcry normcd space is loca ll y convex. 

proof: 
Let X bc a normcd space. Then a mctric d X x X -+ n. dcfined by 

d(x.y ) := ~x - yJ induces the topology on X 

Lct now V be a ncighbourhood ofO in X. 

Then there exists IJ > ° such that 
8(0,&) r;;. II 

We claim that8(0,c) isconvex. 

Let x.y e 13(0, c),a e (0,1) . Then d(O, x) < 1,: ,d(O, y) < c . I·tenee, we get 

d (O, ax + (1- a )y) = Ilmx + (I - a »)'11 

S IlarlHI< I - a) )'11 

=all + (i - a)M 
< ac + ( I - a)c = c 

Hence, (Z\'X + (I - a)y E /3(0, /...' ) i c /3(O ,c ) is a convex neig hbourhood ofO 
Thercforc, X is locally convex. II 

Th corcm I ,' 
Let V be a neighbourhood of ° in a topological vector space 

• 
IfO< I'" < 1'" ,1 jor 1/ e N , I'" " -. ... ) 00, Then X=UrY , , 

Proof: 
• . 

Clearl y. sinec r n V !: X . we have that Ur~ /' ~ X Now we show lhal Xr;;. U", II 
, , , , 

Let xe X. Sincc a linear mapping defined on a finit e di mensio nal space is continuous, we 
can sec that the mapping <X: <x:x is conti nuous. 
Let V be a ncig hbourhood of 0 Then we put 1-1 : = {re K I r x e V) Then we can see 

that H is an open sel in K Moreover. Oe 1-1 Sinc r~ " _ on ) 00, II'I! have 

I·tenee. for suffi ciently great n. ~ e l/ and 
r , 

Thus. x E ,)1 for sufficientl y great l1 e 1 e 

I 
and - x e V 

r , -
X = U r,lI /I ,., 

1 2: flallll - Banach Extel1l'lOl1 alld Separation 77/Corem~ 

-",,':." --> 0 ,. , 

We will state wit hout proof th e Hahn- banach Exlells;oll Theorem for any real vector 
space. C OIIIIIIIIO/U ExteliSIOl1 771corem for normed spaces and Holm Banach SelXll'ClflU1I 
77teorem.\. The later wi ll be used to prove ApprOXlIl1GIIOn 77/eorem~ 
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Theorem J :(Hahn-Banach Extension 771eorem) 
Suppose 
(a) M is a subspace of a rea l vecto r space X 
(b) I" X Il such that (i) P(x + y) S I'(x) + I'(y) 

(ii) I' (ax) - C1 Pix) ,'0' X, ye X and cuO. 
(c) f .M .... Il is linear and f(x) S Pix) on M. 

Then, there exists a linea r functional h.. X R such that 
A(X) = fix) 'o'xe M 

and 
- I' (- x) S ).(x) S P(x), '>'XEX. 

77u! proof call be/ol/lld ill/ 1/ alld /6 J 

ThCIJrCIII 2: (Separalioll 77,eorem) 
Suppose A and 8 arc disjo int , non empty convex sets in a topologica l vector space X 
(a) If A is open , then there ex ists h.EX· and ye ll such thai 

Rc A(X) S y S RCA(Y) , 'o'xEA and 'o'y Jl 
(b) If A is compact and 8 is closed and X is loca ll y convex , then 

there exists AEX' , YI, Y2 e R such that ReA(x) < YI < Y2 < ReA(y) , 'ifx e A . "rIye B 

7711! Pl"Oo/ call be/ol/lld III/ I J alld /6/ 

Theorem J: 
Suppose M is a subspace of a loca ll y convex space X and x (I e X 

If x "Iii!: /vi , then there ex ists A.. EX' such that h.(x) = 0 on M 

Proof" 

Let A= l x " f and 8 =M . T hen A is compact and 13 is closed. By part (b) of 77teorelll 2 
there exists h. EX' such that {A..(x (I)) and h.(M) are disjoint. 
Hence, A( M) I: K and since h.(x o)e: A(M) , we have A(M) is a pro per subspaceof K 

There fore,it is easy to show that )"(M) - {OJ and A(X 0) ~ 0 

Now, define AI(X) := .l(x) T hen 
' , (x) 
Al EX' , AI(XO) = 1 and AI = 0 on M.II 

Remllrk: 
Let '1 be a subspace of a loca ll y convex space X and x e X. We can use 77,eorem 310 

show thai xe M by showing that ;>..(x) = 0 for all AEX' and A = 0 on M 

We will use thi s concept to prove the Stone-Weieresfrass theorem. 
Now. we will give the theorem of liallll-Banach for normed spaces. 
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71,eorem 4: (Continuous Extcllsioll of Hahn-Banach 771corem) 
Let X be a normed space and U !:; X be a subspace of X and f: U-+ K be continuous 

linear functio nal . Then there ex ists a continuous li near functional g: X K such that 
(a) g(x) = f(x) , IIX E U 

(b) IIsll = IInl 

Proof" 
Define P: X- >R by P (x):= IInlllxU. Then it is easy to show that 
(i) 1'( x + y) = P(x) +I'(y), and (ii) P(ax) = apex) ,lIx, y EX, a~ 
Then P satisfies the hypot hesis of 77,corcm 1. 
Thus there exists a lin ear functional 

g: X n sll ch that g = f on U. 

Moreover. Is(x)1 $ P(x) := IInlllxll, IIXEX 
and 

IIsll $lInl 
Then g is continuous. 

On the other hand for all XE U, we have I[(x) I = Is(x)1 $ IIgllllxll 
Therefore. we have that IInl $11&11 

1·lence. by (I) and (2) . we have that IInl = IIsli. II 

Note : 

(I) 

(2) 

This Theorem is imponall( to prove an Approximation Theorem namely ollllltc'1)o/aflOlI 

77ICol"cm . 

Corollary1: 
If X is loca ll y convex , then X· sepa ra tes point s of X 

Proof" 
Let x.ye X such that x ry . Then by pan (b) of 771corcm 2 we have 

A(x) < A(Y) for some A EX' , II 

Now, we wi ll consider many appl ications of Hahn-Bolloch, Banach a/aog/II 011£1 Krell/­
Milmoll 77/corems 
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2. App/iclltiolls of Bfmach-A laog/u and Krein-Mi/mall theorems. 

2. }: Weak ' topo logy and Ihe Banach Alaog/II n'eorem. 

})e{i"it;'111 I : 
Let X be a topologocal vector space and X' be the dual space. Then the weak topology of 
X" is a topology on X' such that it is generated by X" i e the weak topology 3 ' on X' is 
given by 

. " 
3 ' "" ( U[n AJ-'(- r" I; ) ]1 A, e X " , r, e l< , I S i S n} one can veriry that :( Is a 

topology on X' and is called the weak' topology . 

Property } : 
(:I) :J ' is the weakcsl l0pO[ogy on X· such that Ae X" is continuous 
(1)) B' - p,e X' 111.,(1.)15 r "1 5 i 5 n , 1., eX " ) isa basis for:J' , 

n,e proof call be dOlle byapplyillg Ihe defillilioll 0/ COlllllllllly alld baSIS 0/ a lopology. 

Now, wc shall stat c thc Banach'A /aoglll 771eorelll without proof 

Theorem}: (lJanach-Alaop,l1l771eorlJm) 
LeI X be a t opo l<?~ica l vector spacc and V bc. a neighbourhood of 0 
Let K:- {"-e X IIA(X)I S I,Vxe V} .Thcn K IS weak" -compact. 

n'l! proof Is/ol/Ild ill/I j 

2.! : Th e Krein Milman Theorem 

2.1.1: Ex/reme Sets (Illd Ex/reme Pofms: 

t)eji"itioll I .. 
Lei K be a subset ofa vector spaces X and S !:K, S ~0 

Then S is said 10 be an extreme sel ifand only if for X.y e K and a e (O, I) we havc 
ax +(I -a)ye S im plies xe S and yeS. 
If Is l= l . the point ae S is ca ll ed an extremepofll/ofK 

DenotfltiOIl : 
Ex t (K) denoles the sel of all extreme po ints ofK. 

Remark: 
a e EX I(K) if and o nl y if whenever , x, ye S and a = ax +( l-a)y fo r some a e (O, I). 
we have x = y = a 
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Example! : 
LeI K be a triang le in R lwith vertices a, band c. Then, 
(a) Ext (K) =(a, b , c} 
(b) [a. bJ ,[b, c J, [a, cJ and [a, bJ v [b, cJ are extreme selS o fK . 
Theorem 2:(Kreill·Milmall17leorel1l) 
Suppose X is a loca ll y convex topological vector spaces on which X· separate poi nts ofX 

If K is compact and convex set in X, then K '" COIIV(ExI(K» . 
77w proo/is/olilld i1l/1 j. 

71.corem 3:(Milmall 's 17leorem) 

If K is a compaci convex scI in a locall y convex space and i f COllv(K) is also compact. 

then every extreme poi nt of COI/II(K) li es in K. 

77/1t prool is/oulld ill I I J 

1.3: J(a,,~e of l'I.!l.'/or I'allled measure 

We now give an application of tile Krein-Milman and /3O/lCIch - A fooglll 77,eorems. 

Defi"itio ll J: 

Lei X be any nOIl- empy set and 91 be a 0- algebra of subsets of X. 
LeI ~ be a fi nite signed measure (real valued) de fi ned on 91. Then ~ is said 10 be 110 11-

alOll/"': if and onlr if fo r any set Ee 9l such th ai I II I (E) >0, there ex ists a set Ae 91 such 

' ha' 0< I ~I I (A) < pi (E) . 

Th eorem 3.-
Let ~Il . P2. . ~l n be rea l valued non·atomic signed measures on a 0· algebra 91 
Define p : 91 R" by peE) : = ( ~II(E) , p,(E). , ~I"(E)) 

Then p (9'l} is a compact convex subset of Rn . 

Proof' 
Let B be the set of a ll bounded measurable real functions o n X. 
Define)" B ..... R" by ),(g) : = (Ig dpi ,Jg dp,.. Jg d~I" ) 
Then A is a linear mapping. 
We put a := 1 ~I I 1 + 1 ~I , 1 + ... + 1 p" I . 
Then we can show that 

B c;: L " (a) 
Now, for f. ge L "'(0), if g = f o·a lmost every where, then A(f) = A(g) 
Thus, A can be considered as a linear mapp ing from L "'(0) in to Rn 

• 
Moreover. for g e L " (a) we have 1I ),(g) II = L(J Rdll, )' 

.r 

But we know that g(x) $ I g(x) I s IIg II o·almost every where and we can see that 
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l11..(g) II ~ Mllg 11-0 where M;- L: (I',(X» ' ,., 

Thus. since we know that L «>(0) = (L '(a»)". 
A L .. (a) Rn is weak·. continuous 

Now, PUI K: - {gE L - (a) I 0 ~ g ~ I }. Then K ;, convex . 
We wi ll show that K is weak· - compact. 
Now fro m 0 ' ::; I ~1 I + I ~121 + ,+ I ~n I , we observe that for each ie { 1,2 ... , I1}, ~I, is 
ab.'iolut'y continuolls with regard to o .(see (8]) 
I-Iencc, by Radoll-Nikot!ym lheorem ('<iee f8j) for each ie {' ,2.3 . ... ,n} there exi sts a 
measurable fU llction r, ~ 0 such Ihal 

1', (E) = f !.du (J) , 
From (3), we observe that f , E LI (a) for all ie { 1,2, .. nl 
Moreover, since cr(X)< • we get (L "'(0»" ::;L 1 (a) 
Now for each fe L 1 (a) such that r ~ 0 we define a fun ction F by 

F: L '{a ) R by I'(g) = f fgdu (4) 

Then , it can be easily shown thai F is continuous linear functional 
(by using the Holder' s inequal ity) 
Now. we put 1-1 : - [0, /fda ] 
Then H is a closed subset of R and he nce K =- rl(I-I) is wea k "'- closed 
Moreover, K!;Il , where 0 = {g E L - (a) Ilig II ~ I) 

Let V = I f L 1(0) IIICII s I ~ Then by Balloch-A/oop/II 771eorcm we get 
B is weak· - compact and K is weak""- compact 

Therefore A.(K) is compact and convex subset of nil 
We wi ll show Ihal A.(K) = ~(91) which will com plete the proofof thc theorem 

Lei E E9l . Then XE E K and A(X,) = M(E) ; e. M(9l) !; A(K) 
Now, we wi ll s how the opposite incl usion indi rectly 

Suppose .t(K)!l: p(91) . Then there exi sts a p ~ 0 such that 

P A(K) and P~ M (9l) 
Wepul K,: = {gEK I A(g) = p}.Then 

Kp is convex and since A. is weak· - conti nuous, Kp is weak "- · compact 

By the KrclII- A,filmall 77lCoremthe set Kp has an extremc,poi lll 
Since p E ~(91), we can observe that Kp doesnot colllai n A"Characterstics function 
This implies Ihal every extreme po im of Kp is not a characterstics functio n 

Lei g e Ext(K p) slich thai g ~ XE fo r all Ee 91 in L OC(o) . i.e . 
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(a) gE L "(a) 
(b) g" X. for all EE91. 

Then (a) implies that there exists M >0 such that 

Ig(x~ SM a.e. on X. 

Choose E such that ,,(E:)= 0 and Ig(x)I>M for all M > 0 on E. 

Now, we put A = X \ E. 
Then for all xe A, wc have Ihal Ig(x~ :SM. 

Casel : cr(X) = O. Then trivia ll y we have ~(9i) "" ,0 } ~ Rn is compact convex SCI 

Case2: cr(X) > O. Then 
a(X) = o(A) + a(X\A) = a(A) > O. 

Cl nd by (b) we can show Ihal there ex ists r > 0 such that r :S g(x) s: I- r ,xe A. (6) 
Now we put Y := Xi\L "'l(a). T hen we know that 

L "(0) = (L '(a» · 
and 

Xn e L I(U) for all B e 91 
Hence, L I(a) contains nOll-zero clement. Moreover, by Coro/lcllY I o/Chapter} L 1(0) 

is loca ll y convex and hence (L 1(0»)" separates points ofL l(a).Then both 
(L 1(0'»' and L " (0) contain nOll-zero elements . (sec [7]) (7) 

Therefore by (6) and (7) we get Y ,, (O) 

Lei now £1 e Y such thaI gl ~ 0 Then 

S,(x) = { 
0 ifx ~ A 

)1 , (x) ifX E A 

Now si nce g2 e L «>(0), 82 ~ 0 
LeI B E ~H such Ihal g2;t; 0 on 8 and 0-(8) = 0 
We PUI C: :ocB u A C • Then 

a(C) = 0 ,6 s:C and A's: C . 

for some 82 e L " (0) 

Now we put f;= gJ - g2 .Then f = 0 on C( and f ;t: 0 on C. 
I-fence il fo llows Ihal f = 0 0 - almosl everywhere and hence 

A(f) = O. 
From thi s il follows Ihal A(g +f) = p and A (g - f) = I' .i.e. g +f , g - f E Kp 

I I 
Moreover. ,, = - (X + f ) + - (X - f) E K 

('0 2 2 ' 
Hence since g is an extreme po int of K Pt we get that 

g = g + f = g - f which impl ies f = 0 

But this is a cont radi ction to (8) 
Therefore. Kp contains a charactcrstics function i e l(K) s: IJ (9t) 

1·lence. by (5) and (if) we get A(K) = ~(9t) 

Therefore. ~1(9t) is compact and convex subset of R",/! 

9 

(8) 

(9) 



Therefore. ~l(91) is compact and convex subset of Rn.!1 

1 . .J: A fit:ed 1'0;11' t" eorem 

This fixed po int theorem is an appl ication of the Krefll~Milm(lIIn1(:orem 

Now we define some terms. 
Definitioll I: 

Lei F S--+ S be a function where S is non-empt y. 
Then a poi nt xe S is said to be aflxedpoilll of F ifand on ly if F(x) = x 

Dejill irilJII 1: 
Let Y be a vector space and K be a convex set. Then 
A func ti on f: K Y is ca ll ed affillcfiw clioll ifand only if 

x. yE K and a (0,1) ;",pl;cs f (ax + ( I -a)y) = af (x) +( I - a)f(y) 

Defi nition J: 
Let G be a collecti on of mapp ings fro m K in to K Then g is said to be equicol/tllllloliS 
fami ly ifaild o nl y iffor aily neighbourhood \V o f 0 in X. there exisls a neighbourhood V 
of 0 in X such Ihal if x. ye K and x- ye V. then T(x)- T(y) e W for a ll T e G 
Here. observe Ihal each T e G is continuous 
Moreover.G is said to be eqlllcolllfllllOWi f!.roup of affine maps if and onl y if is a group 
under composit io ns of maps in G 

Definilioll 4: 

Lei X be a topOlog ica l space and K ~X Let G be a coll eclion of conlinuous maps from X 
in to X Then K is sa id to be 1IJ1'Cll'talif under G if and o nl y ifT(K ) r,; K for all T G 
Sometimes we use the term (i~ WI'ClnClIfI. 

Now we prove the fo llo \Vi ng 

Lefl/llw I : 

Lei X be compact Hausdorfflopological space and g be a group of eqlffcolllllflfOIlS map.' 
from X in 10 X. Let A !; X be in variant under G . Then 

(a ) A is G~ invariant 

(b) CtJl/v(A) is G~ inva ri ant 

Proof' 
We \~i ll prove o nl y (a) the proof of (b) can be done In a similar \Vay 

Lei Te G and x e A Then there exists a sequence (x n) in A such thai 

x ... x • 
Moreover since T is cont inuous T(x~) .. . ,.. ) T(x) 

We wi ll show that T(x) e A 

10 
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Observe that G separate points of X and since X is compact Hausdorff space, one can 
show that X is metrizable( For de'ail~j see! J J ). 
Therefore, since T(x n) e A for each ne N, and T(x~ ) --- T(x) . 

Thus we get T(x)e A ./1 

L emma 2: 

Suppose X and V are topological spaces such that V is compact and E ~ XxV 
Let n ' XxV X be the projection onto X. 

Ifp e X " 1(£) , then there exists qe V such that (p, q)e £ 

Proof. 
We will prove by contral>ositi vc . 

Suppose there exisls qe Y such that (1', q)e £ 
Thenlhcre exists a neighbourhood W q of qe Y such Ihal for some neighbourhood V II of 
p in X sllch that (V 'l xW 'I) """ E -=0 . 

Obscrve that Y !;; UJ.i'" ., 
• 

Then s ince V is compact there exists q l. .q ne Vsuch that y <;; Uw •• 
• 

Now .we put 11 := nfl" 
" Then V is a neighbourhood of p such that V ,...., neE) ,. 0 . 

Hence, pe £ which is a contradict ion. 

Therefore, there ex ists qe Y such that (p. q)e £ /1 

Lellllllff 3: 
LeI X be a topolog ical space and x. ye X such that x ~ y. 

Thcllthere cxists a neighbourhood W o r o such that x- ye W. 
n,l! 1)I'Oli IS ,r;v;al. 

Th e()rem I: 
Suppose that 

. , 

(a) K is a non·elllpty compact and convex set in a locall y convex space X. 
(b) G is an equicol1tinuous group ofanine maps from K in to K 
Then there ex ists pe K such that T(p) = p . V Te G 

Pro()f: 
Let n = 1 H ~ K I H ;t 0, H is compact convex . T(H) ~ H. T e G} 
Observe that .since Ke n, n .,. 0 
Now. We partially order n by inclusio n 

I I 
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Then by Hallsdorff - Maximality Principle n contains a maxi mal totall y ordered 
subco ll ection no. 
Now. we put Y :=: nQ. 

0<0. 
We will show that: 
(i) Y is a minimal member of 

(ii) I y I - I 
The proof for (i) is tri via l except Y~ . 

Now, we show (ii) and that Y:;t0 . 
Let QI and Q2 be in no sllch that QI ("'\ Q2 = 0. 

Theil no is not totally ord ered which is a cont radiction. 
So. by inducti on we can sec that the int ersection o f fin itc ly ma ny c lement s o f no is 110n-
empt y. ( IO) 

Thus since K is compact and .011 is a collection o f closed subsets of K satisfying the 
finit e int ersection propen y, Y ~ 0 (For details .\·ee(5],finite intersection propen y ) 
T herefore (i) holds. (II ) 

Now. we prove (ii) . 
Suppose there are x, yE Y such that x ~ y 
\V o f O such that x- y e W 

Then by Lemma 3 there exists a ne ighbourhood 
( 12) 

Mo reover, we wi ll prove that 
There casts a lIeJf.:llbollrllood V of 0 sllcll 11101 T(x)-T(y) f! 1' for all T EG ( 13) 

To prove ( 13) we assume that there exists T eG such that T(x)- T(y) e V 
By equ icollti nuit y we get 

r' ( I ix)) - T-'rr(y)) = x-y ~ 1fI which is a contradiction to ( 12) 
Hence (1 3) ho lds tru e. 

Now, defi ne, s: = {T(z) ITEG}, 
I I 

wherc z =- x +-) ' x ~ y 
2 2 ' 

Then observe that S:;t.:0. ze Y and S is invaria nt under G . 

Mo reover, by Lemllla I . we have that S alld 

T hen since T(;} = ~ T(x }+ ~ T(Y )E y . we get 
2 2 

-~ 

COIIV(S) are G- invari ant. 

S ~Y , r om{5' ) c;;; Y and ('OIlIl(S) is compact convex subset o f Y 

By the l11 inimality o fY . we have that Y = COI/ I/(S» 

Morcover, by the Krem -M ilman77l1w rem. we get Y = Con v(£\""/(Y» 

Let now pE Y be an extreme poi nt 

Define E: ((I{;) . T(x). I {y)) f TEG} s;; YxYxY, x, YEY, X" Y, 

Then. n(E) ::: S (where TC is projection to the 1st component) 
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Moreover, we have p e rr(E) and is an ex:treme point ory . 

. Then, by 77,eorem 3, we see that p e S . 

Now, by Lemma}, there ex: ists (X:"y')e YxY such that (p, x', y') e If . 
Therefore, There exiSls a sequence (T(z.) , T(x.) , T(y.» in E such that 

(T(z.),T(x.) ,T(y.» .- ' (p,x',y") 

(Here, z. = ~ x.+ ~Y. ,x. "' Y. ,X. ,Y. E Y, T(x. ) - T(y. ) .V ) 

Observ e that x' - y' e V . (14) 
Moreover, since T is affin e ,we get 2p "" x' + y' 
and 
Since p is an ex treme poi lH or y , we ha ve p= x' = y' i .e. x' - y' = 0 e V which is a 
contradiction to (14) . 
Therefore, Y contains exactly one point say p. 
Since T(Y) s:;Y for all T EG , we get T (p) = p for all TEG II 

tJ 



2.5: ApproximatiQII theorems 

2.5. !.- !merpolation theorem: 

The proof o f this theorem involves the lialm-Btmach ,Reisz- Representation 17,eorem on 
bou nded linear functional on C(X) where X is compact Hausdorff space. Moreover, it 
uses the adjoi nt of an operator and concepts from the dualit y theory in banach spaces. 

Thus we g ive some definitions and important theorems. 

DeI/OUffio" s: 
Let X and Y be normed spaces. Then 
(a) X' denotes the set of all continuous linear mappings from X in t.o K 

(b) .c/ (X,y) denotes the set of cont inuous linear mappings from X in to Y. 

Defill itioll 2.­
Let A. X 
A' X· 

X be a continuous linear mapping. Then a cont inuous linear mapping 
X' is said to be adjoiw of A if and on ly if 

< Ax, x'> = < x, A' x '> V'XEX, \ix' E X' 

Defill itiou 3: 
Lei X be a normed space and X' be it' s dual space, M;;;X 

Then The orthoKol/a! slxice of M denoted by Mol is defined by 
M' ~ {x EX' 1 < x, x > ~ 0 ,ltxEM} 

Th eorem I.-

Let X and Y be nonned spaces and Ae .P(X,Y) . 

Then there ex ists a unique A' e V'(Y' ,X ') such that 

(a ) <Ax, y"> =< x, A 'y '>, 'v' xe X, 'v'y' e Y' 
(b) II All ~ IIA' II 

n i l! pro()f;s found in / I} (/lid / 7 f. 

Th eorem 2: 

Let X be a normed space and B ~ { XEX I II xII ~ II , B'~ { AEX'I Ii AIl ~ II Then 

(al For XEX, IlxI = .I'lIp(X, ).) 
ft . ' 

(b) S' is weak '- compact 

Proof" 
To prove (a), let xe X such that x x 0 
Then by lia!lII-})allach 71leorem, there exists I.. E X' such that 

(x,A) = ~ alld 1"1 = I. 
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This implies thai SlIp(X,.<) ~ 1xI. 
Ad" 

On lhe other hand for all AEB' (i.e. A is continuous)we gCI 

l(x,A)1 S ~~· ~xJ = 11x! · -, 
Therefore, we get SlIp(X,A)S Ixi . 

1.~ 1I· 

Thus, from (I) and (2) ,we have Ix! = SlIp(X,J. ).1/ 
A(B" 

To prove (b), let U be an open unit ball in X. 
Then AEB' ifand only if 1< x,A >1 $ I . for all x in U 

Hence, B' = { I.E X' II< x,A >I S I , lIxEU } . 

( I) 

(2) 

Therefore, by Banach· Alaogllliheorem . we have , 0 ' is weak '. campac!.11 

Theorem 3 : 
Let U and V be open unit ba ll s in the banach space X and Y respectively If Ae fleX) 

and 0>0 . then the following implications holds 
(a)=>(b)=>(c)=>(d) where, 

(a) I A' y' II ~ 0 lid 
(b) OV ~ A(lI) 

(c) oV !: ACU) 
Cd) A (X) = Y 

771e pmoj Isfoulld 11111 j 

Theorem 4:( Reis: - Representation 771eorem ) 
Lei X be a compact hausdorff space and C(X) be the SCI of all complex cOIH inuous 

functions on X. Then for AEC(X)' . there exists a unique complex borelmcasure ~( such 
lhal 

(a) ),(1) = f fd~ , fEC(X). 

(b) 11 )'11 = 1 ~ 1(x) = 111111 

The proofisfolilld 111 {-II Glldl8} 

Defiuitioll 4: 
Let X and Y be normed spaces . Then X and Yare said to isollletrically isolllorphic itT 

there is a bijecti ve linear mapping A from X to Y slIch that 
11)'(x)1I = IIxll for each ' EX 
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(.iJrfJllflry J: 

Let B be (he set o~ all borel signed measures on a compact hausdorff space X 
Then Band C(X) are isometrically isomorphic 

Pm(}j: 
Define F : C(X)' - ) B by F(A) = ~ll.. where ~l). is the measu re guaranled by the Relsz­
represeutat;oll them·em. 
Clea rl y, F is bijecti ve. We will Show that F is linear. 
Let AI . A2 e C(X)" . then, there exists measures ~II and ~2 satisfying 

1.,(1) = f .filll ' alld '<'(f)= f ld/I, = Jfd~" for all fEC(X). 

Then. 

(AI +A2) (f) = J flip i + J.fi:11I2 = J fii(P I + Il l ) = f JUIl ) where~) is the measure 

co resspond ing to AI H.2 . 

Moreover, F(AI +A'2) = II ) . 

Thus by uniquness of the measures we have II I = ~l + ~I l = F(AI +A2) 

Therfore, F(AI +1..1) = F(AI) + F(Al) (i.e F is add iti ve) 
Similarl y we can show that F is homogeneous. 

Therefore. F is linea r and bijective mapp ing from C(X)" 0111 0 B slich that 
111.11 = IIF(A)II = II ~' ,II, for all I.E C(X)' 

1·lence ,we gCI that Band C(X)' are isometrically isomorphic.1I 

So from the above isometry, we can conclude many topologica l concepts like closed ness. 
compactness ctc. For instance { ~l e BIIi J.l1I::; 1} is Weak·- compact. Moreover . we can 
identify the spaces C(X)' and B as identical spaces (i .e C(X), and B arc indiSlingushable). 
Hence for the proof of the foll owing theorem the complex borel measures play the role 
or bounded linear func tionals on C(X). 

Theorem 5:(llIterpolation 'l7Jeorem) 
Let V be a closed subspace of C(X). X is a compact hausdorff space. Let K~X be 
compact and I ~I (K) = 0 for every ~l e VJ.. If g e C(K) and lsi < I, then there exists fe V 

suc h that f = gon K and In < 1 on X. 

Proof' 
Define p.y C(K) by p(I) := f" . (I) 
we pII' By =( fE Y I II~ I~ < I) and BK =( fEC(K) I II~I~ < 1 }. Then, wewi ll show ,hal 

p( By) = B". From the definition of p it is easy 10 show thai p is linear mapping. 

(2) 

Thlls, P ES (Y,C(K» . 
Now, we pII' M(K): : C(K)' . 
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Then by 77,eorem I of thi s section Ihere exisls a unique p' e S (M(K), V') such Ihal 
(a) < pf, A> ~< f. p'l. > for all fe Y, 1.e M(K) 
(b) IIpll - lIp ' lI . (3) 

Moreover ,by Ihe Corollary I of lhis sect ion, we observe that C(Kr is the banch space 
of all borel measures on K with lotal variation norm II ~'" - I ~t l (K). 

Lei now. ~l e M(K) . Then p.1l e V· Then by the COlllil/1I0llS Ex/ellSlOtt 77teorcm of 1101111 

- Hallocll 77,corcm. there ex ists a e C( Xj· such that a - p.Jl on Y and lIall - lIp·~t ll 

Now, by Rcisz- ReprcselllCliioli 71teorem and by (a) we have for all f V, 

Ifda = d , p'~ >=< pf , ~ > - Ifd~ (4) 
Moreover. observe that C(X) ~C(K) K and (K/~ C(X/ 
Now. since Il e C(K)" , we have Il e C(Xl' and we know that ~I is a borelmeaslJ re 
defined on a cr - algebra o f subsets ofK 
Hence we can consider ~t e C(X)" with suppon in K 

Now. let fe Y. Theil from (4) we have 

f fda - f fdll =O i e a- rl eYJ. , 
Thus by assumption, we ha ve la-pi (K) "" 0 and for each set E ~K. we gct cr(E) - peE) 
I·tence 

II ~ lIsliall 
Or 

II ~ II s IIp'rlli . (5) 

Since Y is a closed subspace of C(X) . Y is a ba nach space and so does C(K) . 
By 7heOl'clII 3 of thi s section. where Y playing Ihe role o f X and C(K) playing the role of 
Y and B = I,we get 

II rtll S I. lIp'rt ll forall rlE C(K)" 
and 

l)a t1 (a) of 771eorem 3 implies that BK ~ p(By} (6) 
Now. if g e C(K} such that lsi < I (i c g e C(K)') then by (6) there ex ists f V such tha t 
In < I on X and g = p(f) = C • . 11 

Remark: 
By (d) o f Theorem 3, we have p(Y) = C(K). This imp lies that every co nt inuous func tion 
g o n K extends to a member of Y II 

Now. we will g ive the proof of Blshop 's n ,corem whi ch is a generalizati on of the Slolle­
Welr(!.\"lras.\· 77,eorem. 
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2.5.2: !1ishop ',f theorem : 

Definilion I: 
Let X be a compact hausdorff space and A be a subspace of e(X). Then A is called an 

oli'ebro ifand only if(g E A for all f, g E A where «(g)(,) = f(' ) .g('). for all'E 

Defillitioll 2: 

Let A be an algebra of C (X) and E c;: X. Then E is sa id to be A..aIl/iJYJIII1lClrtC if and onl y 
if fo r all fe A, fIE is real => f(x) = C = constant, for all x E 

J)ell o/alio" : 
AI =lfiF. J Eis an A-allli symmetricsubset of X} 
Now, we define a relation - on X as follows. 
For x,y e X ,x- y irand only i f 
there cx ists an A- anti sYlllmctric sct E such that {x,y )c;: E, 

Then, 

(a) - define an equ iv!lence relation on X 
(b) for each xe X , x is maximal A -arllisymmet ric set 

Proof' 
We prove o nl y (b) 

Lei fe A such that ((h) e R for each h E X Then there exists an A- antisymmctric SCt Eo 
such that {h,x}!;; Eo. 
Since, he Eo and ((h) e R , we ha ve ((h) = k ( constant ) I-Ience, x is A- antisy rn111 etflc 
subset o f X . [\ can be easi ly shown that it is also rnax imal ll 

Lemllla J: 

l et (X , \.H , ~I) be a measure space and f : X~[O,oo] be a measu rablc functi on 
(a) Define 0 :91 R by 

a(E) := J fdl' .Then ,. 
(b) cr is a measure defined on 91 
(e) Fo r each mcasurable function such that g ~ 0, we have, Igdcr - Ifgd~ 

Proof' 
To prove(a) apply the mOl/OlOm! cOIIl'I!rgcllce theorem and to prove (b) use the f., ct Ihal 
for each measurab le function f ~ 0, there ex ists an increasi ng sequence o f si mple 
funct ions «(I)n) such that qln(x) S f{x) for all xe X Hence (he proof wi ll be complete 
(hJr 1110re dewil.\· refer [ 8] ) 
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TlteoremJ : (Bishop 's 71,corcm) 

Let A be a closed subalgebra of C(X). Suppose geC(X) and BIE E Ae for every A· 
anti symmetri c set E . Then ge A. 

Proof' 

We reca ll Ihal AJ. = ( Ae C(X)" I < f, ),> = 0, lffe A} Then AJ. consislS of all borel 
measures ~I o n X such that lfd~ = 0 Vfe A. 

Now, we pUI K: - ( ~ e AJ.III ~II ~ I ) and II ~II = 1I'I(x) 
Then clea rl y K is convex and weak'· compact. Moreover, by the Kreill·MillIIlII l 
771eo/'elll we have 

K = (OIl ,,(EXI(K )) . 

Ci,..-e I: K = {O } 
We wi ll prove that K = (0) =:> A..I.={O} =:> A= C(X) 
Suppose A ..I.;t:{ 0 J Then there exists AEC(X), such tha t 

A(g) ~O for some ge C(X) 
and 

A(f) = 0 for all fe A 
Then, by Hallll·J3anach SqxIf'alloll 77leorem ge A and hence g E A 

So, A(g) = 0 which is a contradiction i.e A..I. ""{O) 

Now ,we show thaI A..I."" IO} =:> A= C(X). 
Suppose there exisls gEC(X) \ A Then again by Hahn-Banach SqxlI'ollon77leorem 
there ex isls AEC(Xj' sllch that 

A(g) = I 
and 

A(0 =0 for all fe A. 
I-fence. AE A.l. but ;.,.eO i e. A..I. ;t. IO) 
Therefore, A= C(X). 

Ci,..-e 2 : K ~ ( O I 

Since, K = r"'o'-,-',,,"'"(E>"'" -',-;-(Rc;,,,,» . we can choose Jl E EX"I(K) such Ihal Jl ;t:O. 

Then since K is convex ~I is a boundary po inl of K i e II I-lil = 1 

Now, LeI E be lhe suppol1 of~ . ie E = {B e 911 J1(I3)~0} \: X 

Then E is closed subset of a compact sct X and hence compact 

Now,wc will show Ihat 
(a) II ~II = II, I(E) =1 

and 
(b) E is an A·antisymmctric sel 
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Now, let A EC(X" such that A(f) - f fd~ , for all fEC(X), 
Then by Reisz-Representatioll 77,eorem we get II A-II - II~ II . 
Moreover since ~l(B) lIZ 0 for all BeE, we have 

111.11 -II~II =1 ~I(E) - I 
Therefore, (a) holds. 

Now. to show (b) lei re A such that fiE is real 
Assume W o.l.g that IQ < I on E. 
Define measures a and t by 

u (/3) _ .'-J (I + f)dl' 
2, 

and 

(I) 

r (/3) =.'-J (1 - f)dl' (2) 
2 , 

Then by Lemma I cr and "( arc measures on X 
Since A is a subspace of C(X) , we have 

/' = f + 1 f 1 "lid f = 1 f I- fare III A for all f A 
2 2 

We wi ll show that cr and t are in AJ.. 

To do thi s. let re A and f :2 O. Then by Lemma' we have 

j fdcr - ~ J f(l + f)dl' =; J:d/1 + ~ J~ 'dl~ =0 

~O ~u 

Hence. J fda " 0 for all re A and f O!:: 0 
M oreover, for arbitrary reA. we have r", r - f 

and 

(3) 

jfda - Jrdu - J/' du = OforalifEA (4) 

Therefore. by (3 ) and (4) we get o e A.l. Similarly, we can show that te Ai 

Moreover, it is easy to sec that 
(i) II all > 0 and IItll > O. (5) 

(ii) II all + IIt ll =.'-J {I + f)djl' l+.'-J (1 - f)djpl =11/1(1::) = I (6) 
2 1i 2 ,. 

(iii) ~ = a +t =10'1 ; 1 +lrll~1 (7) 

M oreover. 0"1 = ;~ and TI = II ~ I are in K and since ~ is an extreme point . 

we have 
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Therefore, II all ~(E) = aCE) and so we gel 

~ f (i + l)dp = IaUdp , 
E E 

Thus, it follows that ((x) "" 211 all - I on E i.e E is A- al1lijymmelnc (8) 

Now, LeI g sali sfies the assumpt ion of the theorem. 
Then for the above extreme point ~ in K, we have 

fgdp = f ldp = f ldp =0. 

" 
Moreover since K = COf/l/(Ex/(K » , 

I gdp = 0 for all II E COl/V(EXf(K)) . 

Now. for p E K there exists (p,,) in Conv(Ext(K» slIch \hal III j ... I' 

(9) 

Observe that F ' K~ n. defined by F(p) : = I gcll' is weak·· continuolls fu nction 

This impl ies that Jgdp = F(p) = lirnF(tlt } =timIgd,u, = 0 ( 10) 
, _ .. , t _--.....-,.. 

• 
Therefore forallforp e K , Jgdp = O (I I ) 

M oreover, by the assumption on g , we have g = XE r for some re A 
Then for ~I E AJ. we gCI that 

f gdp = f X.tdp = f Idp = J Idp = 0 (12) 
E 

Sowcgcl Jgdp = 0 forall llEAJ. (13) 

Therfore by (13) we conclude Ihal for all Ae C(X) ' such that J..( l) = 0 for all f A 

This implies that A.(g) = 0 
Si nce C(X) is locally convex, by Hallll-Ballach SeparaTlO1I nfeorem wc get 

ge A and hence ge A /I 

Now we state and prove a specia l case of the Bishop '.\' 77leorem ca lled the Srolle­
Wem!srm,\'.\ 71worem 
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n ,eore", 2: ( Stolle- Weireslrass 71leorem) 
Let A be a closed subalgebra of C (X) such that 

(a) A isself adjoin. (i. e fe A => 7 e A) 

(b) A separates point s of X 
(c) at any pe X there ex ists fe A such that f(p) "" O. 
Then. A = C(X). 

Proof: 
Le. AQ = {Re(1)I fe A }. Thenby(a)A o\; A. 
Now, for x, y e X such that x ~ y, there exists fe A such that I(x) ;e fry). 
Then. Ue.f(.'() J ;r ReI6). i. e ~ separatcs points of X 

Now we wi ll show that thc only A· (II1'i~yl1lme/"ic sets are singltons 
We use indirect proof. 
Suppose there exists an A- Gllfl.\JII1I11/cmc set E sllch lEI > 1 
Let x,y e E such that x ~ y . Hence there exists fe A such that 

lief M ~ lief (y) 
ow we put h (x) := Re f{x) 

Theil h is real valued on X and hence rea l on E. 

( 14) 

By ( 14) observe that h is not constant on E which is a cOl1lradiction to the faci that E is 
an A- al1t isymmetric set in X. 
Thus the o nl y A·a ntisymmetric set s in X are singlton (1 5) 

Let now ge C (X) and F {a} is a maximal A- anti symmctric sel in X 

Then g F = g (a) is constant 
Moreover, by 0 there ex ists fe A such that/(aJ ~O 

Thus the constant function Ct.(x) : = 1 = - I - I I (x) , fl = fl~ is in A 
f(o) 

Therefore A contai ns all constant fun ctions. 
This implies that SlF E AF .i. e g satisfies the asslimption of tile 13i ... " op 's 77/corem . 
Therefore, gEA. i. e A = C(X).I1 
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3. Fixel/ point theorem.s 
3. J: n,c Banach-Fixed Point 77,corem 

Definition I : 
Let (X,d) be a metric space and A : X ~ X be a mapping. Then A is said to satisfy 

the Upschitz condition if and only if there exists a > 0 such that 

d(A(x), A(y))~ ad(x,Y) , 'Ix,Y e X (I) 

If a < 1 in (I) , then A is called a cOlltraclion mapping. 

Ex(lmple: 
Let J : Il--> R be differentiable and IJ'(x)l ~ a ~ I forall xe R. 

Then f is a contracti on. 
The proof can be do ne easily by n,e Meall vallie 'l1,eorelll . 

Rewark: 
Every contraction is uniformly continuous 

We shall now state and prove the most important property of COil tractions ca lled the 
/Jullach Fixed Poi11l 77,eorelll. 

The.orem I: 
Let (X, d) be a complete metric space and A:X X be a contraction 
Then A has unique fixed point. 

Pr()(~r 
Si nce A is a contraction there ex ists a <1 such that 

d(A(x), A(y» ~ ad(x, y) . 'Ix.y e X 

Let x be an arbitrary point ofX . 
We put XI := A(x) , x, := A(xl ), X,,'I:= A(x~ ) , 11 e N 

Then we ha ve 

x. = A· (x) .n e N . 

Let n. m. re N such that m~n 

Then. one can show by induction that 

d(X" x,_I):s a' ld(Xl> x), Vr E N 

Now we will show that (xJ is a cauchy sequence in X 

For n. m E N such that m 2: n, we have 
d(x •. x.) <d(x • . x •• ,)+ d(x. " x. ). 

By repeated appl icat ion of the triangle inequ lity we gCI 

d(x., x. ) <d(x •• x • . , ) + d(x • • " x.) 
:S d(x,xl )!a",-1 +a "'-l+ ... +a~ ) 
= a ~d(x.xI )[I+a + a 2 + ... + a '" "'1 ] 

2J 
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$ a"d(x,x,)'I,a " = a"d(x,x,) 
.. .0 I - a 

Now, if n-iooo, then nl-+«>. 

Hence, fro m (4) we get 
a "d(xx, ) 

I - a "- 0 

Then (5) impl ies that 

d(x~ , x ... ) ..... - )0. 

So,(x,, ) is a cauchy sequence in X. 

Moreover since X is complete, there ex ists xe X such thaI 

x 
" 

H E X. 

Since A is continuous, we gCI 

A (x" ) ---""-"'--> A (x) . 

But by defi nit io n, we have X ... t := A(x,,). Therefore. we have 

x = lim x" = lim x ... 1 = lim A(x,,) = A(x). ,,--.'" ,,_ "--0'" 

Hence by (8) we conclude that A has a fixed point 

Now we show that A has unique fixed point in X 
Lei x and y be two different fi xed points of A in X. Then, 

d(x,y) = d (A(x),A(y)) $ ad(x,Y) 

or 

(l - a)d(x,y)5 0 

So from (9) si nce a < I, we see that d (x,y) = 0 J e x = y . 
I-Ienee A has a unique fixed po int in X.l1 

Coroll(lry J: 

Lei (X, d) be comp lete metric space and A:X-4Y 
If A" is a contracti on for some ne N , then the equation 

A(x) = x 
has a un ique solution. 

Proo!, 
We put B = A" , 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 

Then since B is a contract ion, by the Banach-Fixed Point 77,eorem there eX1sts ye X 

such that 
B(y) = y. 

Now, observe thai 
(A ol3)(y) = A(y) alld A"" = Ao8 = 8 oA 

By assumption there ex ists a c<! such that 
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d(8(x),8(y» ~ cd(x,y), \tx,y E X . 
Inparticular for x = A(y) we have that 

d(8(y), (8 . A)(y)) ~ cd(y, A(y» . 
Now from ( 10) we see that 

d(y, A(y» = d(8(y), (8 . A)(y» ~cd(y, A(y» . 

So since c<I, from ( I I) we conclude that A(y) = y . 

One can easily show that y is uniqe. 
Therefore. A(x) = x has exactly one solution.l/ 

Definitioll 1: 
Lei k :[a.b] x[a,b] 4 K be continuous . Then 
T (,[a,b] -> C[a,b] defin ed by 

, 
(/x)(,.) := J k(\', l)x(/)dl 

is called the Volterra Integra! Opera/or. 

Coroll(lry 2: 
The volterra integral operator has a unique fi xed point. 

Proof" 
It suffice 10 show that T" is a contraction for some neN. 

Let 1"= Max lk(".I)1 alld x,ye qo,b] . 
"~ ,, .. ~,.. 

and let d(x,y) := ~x - yll. for all x, y e C[a,b] . Then 

(See 16] ) 

Then since 
!I"(b - 0) 
",--,,---,· -"=~,,·-) O , there exists III e N such thai 

II! 

Now we put a := 

!lm(b _ a)m < I 

111 ! 

m(b a)' 
p - < I .Then we gel 

m! 

d(Tm x,Tm y) ~ a d(x,y) for all x, y e C[ a, b] 

Therefore. from (14) we see that T" is a contraction.!1 
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3.1.1: l ome applications 

We now apply the Banach Fixed Point Theorem to infi nite linear equation system 

OJro/lary J: 
• 

Let ~, - 2:a,f, = '1;0 x =(~"~", ,, ) , Y = (~ .. ~, " ,,)e1 ", (1) ,., 
• 

If a := sup I I a ll I < I, then (I) has unique so lution in I .... 
, ) - 1 

Proo!, 
Let x =(~"~", ,,), (~"'1', , .. ,)e1 " , Theil 

d (x, y) = Suplf , - 'IA 
, 

can be shown to be a metric on I ... and that 1 '" is a complete metric space. 

Now. deline T : 1 "-. 1" by T(x) = Ax where A=(a;J) , x =(~"~,, .. ,) E 1 " , 
Then we have 

d(T(x),T(y» = d(Ax, Ay) 

" 
sSup 2:1 a ,,1 If , - 'I, I 

, 1'e1 

s a Sup If, - II, I= ad(x,y) 

So. d (T(x),T(y») s a. d(x, y) for all x, y e l ... and since a. < 1 , T is a contraction 
Therefore. by the BanDch Fixed Poinl 77,eorem T has unique li xed poi nt in 1 .. . 

" 
I-ience. I a,);) = ~, ' i e N has a un ique solution in I .... 

) ;1 

So, for any given y = (111 ,112. , ... )El "" . ( 1) has unique solution in 1 ... . / / 

Now we give another appli cation of the BOllach Fixed Poinl 'l7/eorem to non linear 
integral equat ion. 

Corol/ary J: 
Let ye qa. b) and K be continuous on [a. b) x{a, b] xR. 
IrK sati sfies on [a. b] x[a, b] a Lipschitz Conditioll of the fonn 

I K(s, t,x,)- K(s,t,x,)1 s qx,-x,l, then 

• 
x(s) - I'f K(s,l ,x(t)'P1 = y(s) 

• 

is un ique so lvable for any ~ such that I ~ I < 

n'l! PI'Of..!fl sfollmJ ill/9/ 

c(a - b) 

We shall now state and prove the famous 'l7leorem of Peano-Picard 
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We sha ll now state and prove the famous Theorem oj Peal1o-Picard . . 

Theorem I (rheorem of Peano-Picard) 

Let f(x , y) and ~ exists and be continuous in a closed rectangle E = [a, b] x(c, d] and 

leI (xo ,yo) be an interior point of E. 
Then the differentia l equation 

dy 
dx = /(x,y) (2) 

has unique solution y = g(x) such that yo = g(Xo) . 

Proof-

fd d/ "E . Since an - are contmuous In ,there eXIsts constants K and M slIch Iha\ 
<3y 

Il\x. y)1 ~ K and d/(X'Y)I~M for all (x. Y) EE (J) 
0' 

Let now(x, Yl) and (X,Y2) be in E. 
Then by Meall vallie 771eorem there exist pe(YI ,Y2)such that 

d/(x, p) 
I l\x,y,)-l\x,y,)1 = 1 y, -y,11 0 ' 1 (4) 

Thus (3) and (4) implies 
1 I\x,y,)-l\x,y,)1 ~ MI y, - y,1 (5) 

Now. we will replace the differential equation by an integral equation 

Let y =g(x) be such that 
dy 
dx = /(x,Y) , yo = g(x,) 

Then we have 
'd ' f ; = f /(u.g(u))du 
... "0 

(6) 

Or 
, 

g(x) = g(x,) + f /(u.g(u»)du (7) 

~ 

and conversly if y = g(x) is a solution of(7) . then it is also a solution of (2) 

Hence it suffice to solve (7) . 
Now choose a number c such that M c < I. 
Let F:= ( (x, y)llx-x,1 ~ e, 1 y-yo I~ Kef,;; E 
and 

G: = (g: B--. Rl lg(x)-g(x, )I~ K< f where B =IX ERllx- x,ls c ) . 
Then G c Clx - c x + c] and hence since G is complete metric space where the m etriC _ 0 ,0 

On G is the metric induced by the norm in C[xo- c ,xo+ c] . 
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• 
Now, define T : G->G by T(g) ~ h where h(x) ~g(Xo) + I f(u ,g(u»)du 

Then 
• 

I h(x)- g(Xo)1 ~ II f(lI ,g(u»)d1l1 .. 
s I I /(II ,g(u»dll l .. 
s K(x- xo) s Ke 

So, we have I" (x) - g(xo)ls KC for all x in 8 . 

Then heG. 
Let now £1, g2 in G.Then r(gl ) = hi ,T(g2) = h2 for some h, hl. 

Hence since a/~Y) ISM ' we get . 

O r 

• 
I h,(x)- h,(x)1 ~ I flr(u,g, (II» - /(u,g , (I1)))1u I 

" 
sM lg, (11) - g, (II~(r - xo ) 

s M c Supjg, (x) - g,«)1 ~ Me d(g"g,) 

d(T(g,) ,T(g, » s Me d(g"g,) 
Then T is a contract ion. 
Hence by the Ballach Fixed Poinl Theorem there ex ists ge G such that 

T(g) = g . 
, 

I ,e g(x) ;;: g(xo) + f j CII,g(u»dll has unique so lution. 

Therefore, the theorem holds.!1 

J.]: Kakutanj'l" Fixed Point TheoreltL 

(8) 

Let X be a topological vector space and K ~X and F be a famil y of maps from K in to 
K It is sometimes of interest to know when the members of F ha ve a common fixed 
poil in K We shall now give sufficient condit ions which guarantee a common fi xed point 
in K The theorem is called the Kakutall; 's Fixed Poilll 77Jeorl.!m proved in 1938 

Theorem J :(Ka/nJ/(lfli 's Fixed Painl Theorem) 
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Theorem / :(Kakuta"i 's Fixed Point Theorem) 
Let X be a topological vector space and K be a non·empty compact and convex subset of 
X. Let F be a com mutating family of continuous affine maps from K into K. 

Then there exists pe K such that T(P) = P for all T EF . 

Proof: 
Let T EF and V be a neighbourhood 0[0 in X. 
We put Tl : = T and for each neN, T"+I: = To ~. 

, 1(/ / ' r ' 7'·" ) Let 7n :~- + + +, .. + . 
/I 

Then we observe that (a) T n is affine for each n e N 
(b) Tm oT n= T n oTm forn, meN 

Now. defin e F ' : = { T. <) T 2 0 .. ,0 Tn I ne N }. Then it can be easil y shown that F . 

is a scmigroup.Then for f,g E F ' ,we get 
h = f og= gof e F'. 

Moreover, si nce g(K) ~ K and ftK) ~ K , we get 
(fo g)(K~f(K) and (gof)(K) 0<, (9) 

Now(9) implieSlhat h(K) ~f(K) n g(K) (10) 
Moreover, from ( 10) we observe that f(K) n g(K) t;0 . 
Thus by induct ion we can see that 

n f(K)x.0 where F is a finite col lection of members of F . 
)0· 

Or 
(f(K)1 fe F . }} satisfies the finite intersectionJ property. Moreover, si nce K IS 

compact and f(K) ~ K for all fe F' and f(K) is compact (i .c. closed), wc have 
{f(K)1 fe F . }} is a collection of closed subsets of K satisfying the tinite inierscCllon 

propert y, 

Thu s, n f(K) ~ 0, 
(II) 

I' f ' · 

Let pe f( K) for all fe F Since Tn e F· for each ne N, wc have pe Tn (K) L C 

7~ (x .. )= p for some Xn e K. 

Or 

I' = ~(x . + T(x.> +'" + r o,,(x.)) 
11 

Then si nce T is affine, we get 

1'(1')= ~(T(x.) +"'+ T·(x.» , 
II 

Now p _ 1'(p) = ~(x._T"(x. )) E K-KforaJln E N (12) 
II 

Moreover,we observe that K- K is compact and hcnce boundcd i c for sufficielltly 

greatm e N K- K ~ mY. 
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I - T(p) E _ (mV) = V for any neighbourhood V ofO. 
So, P m 

'ore we conclude that T(p) = P for all T E F .11 
Therel' , 

Relllark: . . 
Any collection of conunuous functions on a set K need not have a common fi xed point inK 

Example: 
x+ 1 

Let F = If, g I, f(x) = 2 ' 
x - I 

g(x) = -2- alld K = [- I, IJ . 

Observe that 1 and - I are the unique fixed points offand g respectively. 
Thus, f and g donot have a common fixed points on K if 

.1.3: Brouwer 's (Iliff Schaufler - TychOllOff Fixed Point Theorcm.f . 

Brouwer 's Fixed Point Theorem is one of the most important result in the fixed point 
theory. Here we will not proof the theorem, besides we will see the applications in 
proving the infinite vers ion of the theorem called the Schallder-7)'chollof! Fixed POIIII 
77worem and it' s app lications to non-linear integral equations. 

Now ,we give some definitions. 

Definition) : 
(0) Let X= Rn and I:s k :S n , X). X2 •... ,X!.: e Rn .Then H:= Conv{ Xl, X2 , .. ,xd is 

called a k-simplex and H is called a closed k-simplex. 
(b) A subset H of a vector space is called an n-cell if and only if it is homeomorphic to 

a dosed II-simplex. 

Th eorem I :(Brouwer 's Fixed Point Theorem) 
Let H be a closed n-ce\l and f :H---joH be continuous. 
Then there exists xe H such that ftx) = x. 

771f! proof COli befoulld in {2}. 

Lemma I : 
Let K be a non-empy compact convex subset of a finite dimensional space X. 

Then K is an n-cell fo r some neN. 

nil! proqf COli befolll1d ill{2 }. 
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Corollary I: 
LeI K be a 11011- empy compact convex subset of a finite dimensional narmed space X 
If f: K-tK is cont inuous, then f has a fixed point in K. 

17u!prooffoJlows!rom Theorem 1 and Lemma I. 

Rem(lrk: 
Let 0 =1 xE R" I Ilxll:5 1 }. Then every continuous map from 0 in 0 has a fixed point 

L CI1 I1IUI 2: 
Let 5; = (XI, X2,. ·· , Xk} ~ X and Xbeanormedspace. , 
For & > 0" let N(S, e) : = US(X"E). 

,=1 

, A (x) 
'1' : N(S , e) --.Conv S be defined by 'I'(x) := I -'-x" 

,., ,lex) 
Let 

• 
where A,(x) := Max{O,e-lIx- x;1I ) and l.(x):= I i .. (x) . .. , 
Then (a) cp is continuous 

(b) 1I 'I'(x)-xll < e , \lxEN(S. e) 

Proo/" 
LeI XE N(S, E). Then IIx- x 111< E for some i. Hence )..;(x) > 0 and A{X) >0. 
Moreover since A and Ai are continuous . we get q:l is continuous 
This proves (a). 
Now, to prove (b) it fo llows that 

Then we gCI 

<p(x) - x '= i: ,l,(x)x - x 
. , ~ I A(x) ; 

• A .(x) 
= I -'-(x-x,) 

ro' ,lex) 

1I <p(x)- xll ~ i:,l, (x) llx _ x.! . 
.. , ,lex) 

ie, (x) 
(Since I -- = I) 

2(x) 

A (x) I 
But . if A;(x) > 0, then .lIx- x ;11< <and hence 1I<p(x)- xll $ t ;(x) Ix - x, <C 

So. 1I<p(x)- xll < e , \lxEN(S. e)./1 
(The above function lp is called the schallder- projection.) 
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J)ejillil iOIl 2: 
LeI X be a topologica l space ~nd F ~ X. Then F is said to be relatively compact if and 
only if every sequence of pomts of F has a convergent subsequence where the limit 
may not be in F. 

Lemma J: 
Lei E be a non - empty convex closed subset ofa normed space X and F be relatively 
compact subset of E. 
Then every conti nuous fu nction from E in to F has a fixed point. 

Pro~f' 

Since F is relatively compact, it is easy to see that F is compact. 

Moreover for each ne N, the inclusio n F ~ US(X, ~) holds. 
KF 1/ 

So, since F is compact. there exists x" X, . .. · ,Xt E F . . such that 

'. 1 
U S(x,,-) . 
, ~1 II 

Now \Ve PUI K n := Conv{xl. X2 , .... x t , 1 = Cony 5 n ,where 5 n := (XI , Xl, ., Xt. ~ 

Lei (I)" N(S n . ~) ~ K" be the schauder projection. 
/I 

Then by Lemma 2 (l)n is continuous. 
1 

Moreover, we obselve that K n ~ N(S n, - ). K n ~ E. 
/I 

SO, <PII 0 f K n~ K II is continuous. 
Then by Corollary I there exists x nE K n such that 

«(I)n 0f) ( x n) = x n for each neN . 
Moreover, by Lemma 2 we get 

1 
1I(<jl"I)(",) - f(",)1I ~lI x,-f(" ,)II<- · 

/I 

( 1) 

(2) 

Since ((x n)e F for each neN and F is compact, there exists a subsequence (x, )of 

(xll ) such that 

f(x •• ) 
,~. 

)x e F . 

ow from (2) we get 

Ilf(x", ) -x", I:s 0 for sufficient ly great ke N. 

Or 
(J) 

f(x )= x for suffi ciently great ke N. 
". n. 
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Moreover si nce f is continuous and x~. .-- ~ x .we gel 

f(x) = lim f(x )= urn x = x 
........ " , t ....... If, 

i.e. f(x) = x. 
Hence f has a fi xed po int .II 

Now, we co.nstn.lct an .example where the Brouwer's Fixed POinl n ,eorem doesnot holds 
tnle in infimte dllllenslOnal space. 

£nlmple: 

LeI X = {("~_"~" ~" "')I~; E R. t. 1~ I' <ro} where for 

x = (".~ ,.~,.~" .. ) EX. Ilxll =J.i:I4;I'. 
Let now S = j x e Xlllxll $ I ~ . Then S is the closed unit ball in X. 
Now define U :X-)oX by U(x):= y, where 

y := ( .... '11- 1.'10, '1 ], '12 , ... ) eX Such that '1n :=;"_1 

Observe Ihal IIU(x) II = IIxll· 

Now define T ' X-.X by T(x) : = U(x) +( I-lIxIDz. wherez = (z .).1<t = I and z. = O 
for all 11+:0 . 
It is easy to show that T is continuous. 

Now ifx e X such that IIX~$ I , then we have that 

117(x)1141(x) + (l -II~I= II 
< W(x)ll+ (l -llxil) = I 

So, T(S) ~ S. Then T : S-)oS is continuou s. 
Suppose now there ex ists xe S such that T(x) = x. 
Let (T(x))" denote the nIh co-ordinate ofT(x) . Then 

(T(x». = ~. 

But by the definiti on of T we have 

~ ={ ~._, if II ~O 
• ~._, +(I -llxI) if 11 = 0 

Now si nce 
. , 
II~J <ro. we have Ihat ): ......... )0 . ,. 

Therefore, from (3), (4)and (5) we conclude that x = 0 i.e. ~xI= O. wh ich is a 

contrad ictio n to the definit io n of T as we get 0 = 1 
Hence. T doesnot fi x any po int of S./I 

Now, we shall state and prove an infinite version of the Brouwer 's Fixed 1'0 1111 

ca lled the Schauder - Tychonvff fixed Poilll n,evrem. 
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Theorem 2(Schauder- Tychonoff F'.ixed Point Theorem) 
Let X be a locall y convex topological vector space. IfK is a non-empty comp t 

K 
. . ac COnvex 

subset of X and f : K ~ IS contmuous ,then f{p} = p for some pe K. 

Prool 
We use ind irect proof. 
Suppose f fi xes no point afK. 
Let G: ; {(x, f(x))1 xE K} <; X xx. 

and 
t:. : ; ( x, y)1 y ; x }. 

Then we obscJVc that F : K -+ K defined by 
F(x) :; (x, f(x)) is continuous and F(K) ; G. 

Since K is compact and F is cont inuous , we have G is al so compact. 

Now we will show that 
(a) G n t:. ; 0 
(b) there exists a convex neighbourhood V 0[0 such that [G +(YxV)] n - 0 

To show (a). suppose there exists xeK such that (x, ftx)) E G (j fl . 
Then ('(x) = x which is a contradiction to our assumption. 
Hence.(a) holds. 
To show (b) , suppose for any neighbourhood VarD there exists xe K, (c, d) e VxV such 
that (x . f(x)) + (c. d) Et:. . i.e. 

x +c ; d + f(x). 
Since (c, d) e YxY for nny neighbourhood V of 0, we conclude that c - d - 0 which 
impl ies that ((x) = x which is also impossible. 
Hence (b) holds . 
Moreover, we can see from (b) that for any xe K , there exists a neighbourhood v oro 
such thai f{x) e x + V , (6) 

LeI now ~ be the Minkowski Functional of V Then 
IJ is continuous and ~(x) < I if and only ifx e V 

Define a :X-->X by ex(x):; Max {O,I-~(x)} . Then 
ex(x) ~ 0, 'v'XE X and a(x) > 0 ,'v'XEV. 

Now observe that K ~ U (x + V) . 
~, 

Since K is compacl, we choose x ieK such that 
" 

K <; U (x, +V) 
; : 1 

Now. we defi ne no :X -+X by 
and 

a;(x) : ; a(x- x;) , iE( 1.2,L.n} 

P; : K-->K by 

,., 
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Observe that ifxe K, x- xje V for some jE {J ,2,3, ... ,n} and hence we have 
~( X- Xj) < I i .e. Uj(x) ~ I -~( X-Xj) > 0 

and 
• • 

L af (x) > 0 , LPf (x) ~ I ,Pf (x» 0 for all i =1,2,3...,n 
Jml 1'.1 

Thus ~ i is well- defined funct ion. 
Now, we put S :== {XI' X2' ··· . X~ } and H :==ConvS. 
Then we see that dim H <CO and H is convex . 

• 
Now we defineg : K ~ K by g(x):~ L P,(x) x, .Then 

;,,1 

g is continuous, g(K) == H and since K is compact, H is compact. 

Moreover. go f : H ~ H is continuous. 
Then by applying the Brouwer's Fixed Point Theorem, there ex ists x' eH such that 

(g 0 f)(x) ~ x . 

Since P,(x) == 0, Vx ~ x, + V, we get that 
• 

x - g(x) ~ L P, (x)(x - x,) (x E K) 
;=1 

is a convex combination of x - x; e V . 

Then since V is convex, we have 
x -g(x) e V , 'r/x e K. 

InpaniclIiar since f(x) e K , we get f(x) - g(j(X» EV . 

Or 
f(X') E g(j(X» +V ~ x +V i.e. f(X) EX +V 

which is a contradiction to the assertion proved in (b), 

Therefore. there exists pin K such that tt:p) = p.ll 

Now we give an application of the Brouwer 's Fixed Point Theorem. 

Th eorem 3( Theorem of perron) 
Lei A ::: (av ) be an nxn matrix such that a~ >0 for all i and j. 

Then, A has a positi ve eigenvalue. 

(10) 

( I I) 

Proof' 
Let T R'(I ~ R" be linear mapping corresponding to the matrix A wi th respect to the 

standard basis (e, ) of RI! . 
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W<P" E :~ ~ E / ' (II) III-'iI ~ I} alld F :~ Conv~"e, .. ··,e" 

Then we see that E is compact and also F is compact. 
. . ._ T(x) _ A(x) 

Now. define a . F -+ F a(x) .- ~T(x~1 - ~A(xf Then, 

Since a is linear and dim F < co we get 
ex:: is continuous. 

" 
NoW, ror x E F ( x:: L: A;eJ, 

;=1 

Thus. there exists xe F such that 
a(x) ~ x 

or 

A(x) ~ IIA(x)1ix 

A(x)~ i (i:a,,l.,):&· 
;",1 i,,1 "" 

Then II Axl1 is a positive eigenvalue of AJI 
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H nenleill Ill tegral Equation: 
3.3. J: aliI! 

Definition 1: ] 
leI k : [a,b]x [a,b->R 

and f: [a,h]x R ~ R be conti nuous . 

• 
xes) ~ f k(s, I)j(/X(t»)dl 

Then the equation 
• 

is called Hammersteill equation. 

(I) 

N 
the following theorem wi ll give a sufficient condition for the existence ofa 

ow, . 
continuous solution for the above equation. 

TI,corem 4:(Exislence theorem) 

Let kbecontinuouson [a,b]x[a,h] and f 

on [a,b]xR. Then the equation 

• 
x(s)~ f k(s,l)j(/x(I»)d1 

, 
has a continuous solution. 

I'rool 

be continuous and bounded 

• 
Define T : CIa, b J -> CIa, b J by (Tx)(.5 ) : ~ f k(s, l)f(l , x(I»dl . 

• 
Since fis bounded. If(s, t)l:5 M for some M ER_. 
Moreover, since k is continuous on a compact set [a,b]x [o.b]' we have 

I k(s, 1)1 $ L for some LER. 
and 

k is uniformly continuous. Then we have 

• 
I(Tx)(s) I~ f k(s,l)j(l , x(I»)d1 

• 
• 

$ f lk(s, IIIJ(I ,x(t))ldl 

$ LM(b - a) ~ p 
Therefore, I(Tx)(s)lsp ,<Is E [a,b ] (2) 

ow weset E :~ ~ E r [a, b llllxll " p 1 and F :~ tr* E E) 
Then by (2) h. J we see t at F IS uniformly bounded. 

We wi ll sho th F · . . w at IS equlcontmuous fam ily. 
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leI &:> 0 be given. 

S
. ce k is uniformly continuous. there exists li >0 and 
In E 

1
,,_ ' ,.1<1; => Ik('"s)- k(l , .s)I< forallsE[a,bj. (3) 

fll(b - a) 

N I' _11<0 implies that ow, 1 1 

1(7x)(I , ) - (Tx)(I , ) I = [ [.< (1" s) - k(l" S)lJ(l. X(I))d1 

, 
5 I Ik(!" s) - k(I ,. s)llf(l. X(I))ldl 

" 
5 E (b - a)M =c .'i 7X E F , 

M(b-a) 

Hence F is an equicont inuous family. 
Thus by AI'::ela-Ascoli Theorem for any sequence (Tx,, ) ~ F , there exists a subsequence 

(x.) of (7)," ~ ) such that (Tx,,) is convergent. 

Therefore. F is relatively compact subset of E. 

Finally. we show that T : E ~ F is continuous. 
Now, since fis continuous and differentiable with respect to the sccod component, by the 
Meall I'D/lie 7heorem there exists c e (zl ,z2) such that 

BJ(s,C)1 If(s, z ,)- f(s, z , )1 =Iz, - z , ay 

51z, - z,ISlIp BJ(s.c) 
ay 
~ 

=N 

= Niz, - z ,1 

Choose 8 := -:-:-:-::-E_.,. 
LN(b - a) , 

Then 

~If(s, z , ) - f(5,z .l< E 
. L(b - a) 

Thus we get 

IITx , - Tx ,11 = Maxj(Tx, )(t) - T(x , )(I)1 
<>o./:..b 

= ~~[ [k (S' I)f(l , x, (I)) - k(5,1)f(l , x, (1))Jdl 

, 
5 ~~ I lk(s,I)1 IJ(I,X, (1)) - f(I , X, (t)~dl 

" 
5 Max[LNlx, (I) - x , (I)(b - a~1 

" ,- reb 

511X, - x ,IILN(b - a) 
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So we get 
E implies that IITx, - Tx,ll< E . 

Hence T is uniformly continuous (i .e T is continuous) 
Therefore, by Lemma 3 there exists Xo E E ~C[a, b ] such thaI Txo = Xo on [a,b ]' 

, 
Or 

x, es) = f k(s ,l)f(I,x, (t))dl (5) 
, 

Then (5) shows that , 
xes) = f k(s,t)f(1 ,X(I))dl 

" 
has a continuous solution.!! 
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