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Abstract

Chanrasekharan and Narasimhan in [2] have shown that the functional equa-
tion I'(s)p(s) = T'(0—s)1p(6—s) is equivalent to two arithmetical identities. In
[5] Hawkins and Knopp proved a Hecke correspondence theorem for modular
integrals with rational period function on I'y, a sub group of the full modular
group I'(1).

Sister Ann M. Heath in [1] considered the functional equation in the Hawkins
and Knopp context. Analogous to Chandrasekharan and Narasimhan she
showed its equivalence to two arithmetical identities associated with entire
modular cusp integrals involving rational period functions for the full modular

group.

In this dissertation we extend the results of Sister Ann M. Heath to entire
automorphic integrals involving rational period functions on discrete Hecke
group G(A), A > 0. Moreover, we establish equivalence of two arithmetical
identities with a functional equation associated with automorphic integrals
involving log-polynomial-period functions on the Hecke groups.
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Chapter 1

Introduction

1.1 Preliminaries

Let {\,} and {u,} be two strictly increasing sequences of positive real numbers
diverging to oo, as n — oo and let {a, } and {b,} be two sequences of complex
numbers not identically zero. Consider the Dirichlet series ¢ and ¢ defined by

0 ar () b,
w(s) = Y] and MS):;M_%

n=1

with finite abscissas of absolute convergence o, and oy, respectively. Suppose
that ¢ and 1 satisfy the functional equation

L(s)p(s) =T(6 —s)v(0 —s), (1.1.1)

where 6 > 0. Chandrasekharan and Narasimhan in [2] have shown that the
functional equation (/1 is equivalent to the following arithmetical identities:

S+p

1 / 1\ & x\ %

m Z an(x—MA,)" = <%> an (E) J5+p{47r\/ ,unx}-f—Qp(x),
An<z n=1
(1.1.2)
and
14 ' 1io:ane s = 230FP( 5+p+ o~ %i +R,(s).
sds § e ot 82+167T2 5+P+% P

(1.1.3)
In (1.1.2), we are assuming z > 0, p > 26 — 0 — 3, Q,(z) is given by

1 j{ap(s)(zw)sfgw .

I

S | ba | py,P < 00, and J,(z) denotes the usual Bessel function of the first
kind of order v.
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In (1.1.3)), we have are assuming Re s > 0, p is a nonnegative integer satisfying
p>_6—%7p2/8_5_%7and

R,(s) = 1 ?{(I)(Z)(ZW)ZF(ZZ +2p41)277°

—_ 72zf2p71d )
270 I'(z4+p+1) -

Note that if 5 > 0, then identity 1} holds for p satisfying p > 5 — 0 —
p € ZZO'

1
29

In [5] Hawkins and Knopp proved a Hecke correspondence theorem for modular
integrals with rational period functions on I'y, (generated by Sz = z + 2 and
Tz = _71), a subgroup of the full modular group I'(1). In their work, the
functional equation takes the form

d(2k — 5) — i**D(s) = Ry(s), (1.1.4)

where

B(s) = (%Z)Slxs)gizann—s

associated with a modular relation involving rational period functions of the
form

F(z+ ) = F(2)

% <__1) = F(z) +q(2),

z

where \, = 2cos (Z), with 3 <n € N{J{co} and 2k € Z.

Analogous to Chandrasekharan and Narasimhan, Sister Ann M. Heath in [I]
showed that the functional equation in the Hawkins and Knopp context ,
and two type of arithmetical identities are equivalent. Sister Ann M. Heath
considered the functional equation ((1.1.4])) and proved its equivalence to two
arithmetical identities associated with entire modular cusp integrals forms in-
volving rational period function for the full modular group I'(1). (See the
next section for the definition.) In this dissertation, we shall use techniques of
Chandrasekharan and Narasimhan to extend the results of Sister Ann M.Heath
to entire automorphic integrals involving rational period function on discrete
Hecke groups G(A), A > 0. We shall discuss the Hecke group in the next sec-
tion.



Chapter 1 : Introduction

1.2 Hecke groups

In this section, we shall give the definition of the Hecke group and state some
of its properties.

Definition: For A € R*, the Hecke group G(\) is defined as the subgroup of

SLy(R) given by
o-((3 (% D)

Equivalently G()) is generated by the linear fractional transformations S(z) =
z+Xand T'(z) = —1.
Elements of this group act on the Riemann sphere as linear fractional trans-

a b) € G()), and = € CJ{oo},

formations, that is Mz = %£2 for M =

cz+ d

thus M and —M can be identified with the same matrices.

Remark: E. Hecke [17] showed the groups G(\) is discrete (operate dis-
continuously) as linear fractional transformations on the upper half plane
H ={z=z+1iy:y >0} if and only if either A > 2 or A = A, := 2cos(7),
with 3 < p € N{J{oo}.

For A > 2, the Hecke group has one relation:
T? = -1,
while for A = A, there is a second relation:
T? = (S)\,T) = —1I.

Special cases: G(A3) = G(1) is called the full modular group and is denoted
by I'(1). Also G(Ax) denoted by I'y, is called the theta group. Note that I'y is
subgroup of I'(1).

1.3 List of basic functions and known functional equa-
tions

In this section, we list some important infinite series and integral representa-
tion of some basic functions. We also list some known functional equations
which are important for our discussion later in this thesis.

We recall that the Gamma function I'(s) may be defined by the integral:

['(s) —/ e 't571dt,  Re(s) > 0.
0
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We note that the Gamma functions satisfies the equation

o r
/ e P ldt = (Z), for Rep > 0, and Rez > 0, (1.3.1)
0 D*
1 Yy+ioco
o D(=s)T(B + s)t*ds =T(B)(1 4+ t)7, (1.3.2)
Q y—100

where 0 > v > Re(1 — ) and |argt| < 7.

1 o+1i00 1
— e't ?dt = ——, where Rez > 0,0 > 0. (1.3.3)
2mi 0—100 F(Z)

Also note the Legendere duplication formula

1
Val(2z) = 2271 ()0 (2 + 5), (1.3.4)
and the formula o) )
a —a
INa—n)=(-1)"—4—"———=. 1.3.5
(@) = (D' F =) (135)
Fora e Ria ¢ Z and n € Z,n > 0.
The Gauss hypergeometric function is represented by the series
o F1 (o, B5 s 2 Z 77 ¢ L<o.
o F1 has the following property we shall use:
> S d =
/ y _y:uﬁl {1,7‘;14—7"—3; ° |, (1.3.6)
1 (e+y)ry r—s c+1

where ¢ € C\ (—o0, —1], and o < r for s = o + it.

The Bessel function of the first kind J,(s) of arbitrary order v has the series
representation
(_1)m(2)u+2m

J(
—~ I'(m+1DI'(m +v+1)’

where |s| < 0o, |arg s| < m, and v can be real or complex.
We shall make use of the following identity and relations

1 C+ico 25—1/—11"(%) i Jl,(x)
-— —1$ ds =
270 Jo—iso (v — 3554+ 1) xv

, (1.3.7)
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provided that 0 < C' < v+ 1,v > 0. Also,

2a” —a?

e (1.3.8)

/ e~ ], (a/x)r 2 dr =
0

provided that y > 0,Re (v) > —1,a > 0.

1 w—+100 bs b v 9-v
L e = Jy(ab) <_) VY (1.3.9)
2mi w—1i00 ((12 + 82)V+5 a F(V + 5)

Wherew>0,l/>—%,a>0,b>0.

The confluent hypergeometric series of the first kind ¢(«, 7; z) represented by
the series

L) - (O‘)n 2"
QS(O{,’}/, S) - nZ:O (’7)71 n!’
where |z| < o0, v #0,—1,... and (a), = _F(I‘OEZ;)'

The confluent hypergeometric function of the second kind is defined by

I —1) Fy-1)
U(,v;2) = ————P(a,v;2) + ————2 7 7®(1+a —7v,2 —v; 2),
(a,7;2) F(1+a—7)<7) (o) ( V2 =7 2)
(1.3.10)
where | argz |< m,v#0,+1,£2, ..,
Integral representation of W (a,~; 2) is given by
1 AT [(=s)I'(1—7—
U(a,v;2) = _/ (@t =)0 =7 =9) oy (1.3.11)
2w Jye  T(@T@—y 1)
where —Re(a) < A <min (0,1 — Rery).
The integral representation of beta function is given gy
1
B(a, ) = / t (1 — )P, (1.3.12)
0



Chapter 2

Automorphic Integrals with Ra-
tional period Functions

In this chapter, we discus the definitions of automorphic integrals involving
rational period functions on the Hecke groups.

Suppose F'(z) is a meromorphic function in the upper half plane H that satisfies
F(z+ X)) = F(z) (2.0.1)

and

22 (_—1> = F(2) +q(2), (2.0.2)

z
where ¢ is a rational function and £ is in R. Further assume that F' has Fourier
series expansion of the form

oo

F(2) = e, (2.0.3)

m=v

where Imz =y >y, > 0 and v € Z . The function F' is called an automorphic
integral of weight 2k for the Hecke group G(\), with rational period function
(RPF) q(z). If ¢ =0 then F'is an automorphic form of weight 2k on G(\) .

If F' is an automorphic integral and holomorphic in H (that is, » > 0) and
satisfies the growth condition

| F(z) IKC(| 2 |*+y 7)), Im(2) =y >0,

for some constants C, a, 5 > 0, and z € H , one can show that the coefficients

ap, in (2.0.3) satisfy

am = O(m?), n— .

In this case, F'is called an entire automorphic integral of weight 2k on G(\)
with RPF q.

* %k

For M = (c d) € G(A) we define the stroke operator by

FIM = FM = (cz+d) * F(Mz).

6
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The automorphic relation can be expressed as F|T = F +q. In general,
for a period function q,;, we have F|M = F + qy. A straightforward calcula-
tion shows that F|M; My = (F|M;)|Ms for My, My € G()\), so that

qmy My = qh, |‘]\42 + qnM,, Mla M2 € G()\) (204)

Recall that if A > 2, the Hecke group G(A) has only one relation 7% = —1I. In
this case, (2.0.4)) imposes a relation on the RPF ¢:

T +q=0. (2.0.5)

For the case A = A\, = 2cos (%) ,p € Z,p > 3, the second relation (SAPT)p =

—1I imposes another condition on ¢, namely
g (ST)" " Hal (ST 7+ +q] (S,T) +¢=0. (2.0.6)

Marvin Knopp [13] proved that the finite poles of a rational period function
on I'(1) are only at 0 or real quadratic irrationals. He also showed that if ¢ is
an RPF of weight 2k > 0 with poles in Q, then

B ao(l Zik) if k>1,
q<2)_{a0(1 %) + 2 it k=1,

z

for some constants «ag, aq € C.

Observe that if F(z) = —ap, then (F|T)(z) = F(2) + ¢q(z) implies that

27F (Z1) — F(2) = q(z) and hence ¢(z) = ao (1 —27%). Thus we con-
sider ¢(z) = ag (1 —27%) a trivial period function of weight 2k € R. The
following lemma is stated in the work of J. Hawkins and M. Knopp in [5],
where their underlying group is the theta group I'y. In this is group we only
have the relation . For the current context we state the lemma by ex-
tending to the Hecke groups G(\) which has both relations (2.0.5)) and (2.0.6)
and we present the detailed proof of the lemma.

Lemma 2.1. Nontrivial rational period functions on the Hecke groups satis-

fying 2-0.5) and (2.0.6) exist only if the weight 2k is an integer.
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Proof. Let g be a nontrivial RPF on G(\) satisfying (2.0.5) and (2.0.6). For
A > 2, we have the relation 72 = —I and for A\ = 2cos (%) P € Z,p >

3, we have (S\T')" = —1. Applying ([2.0.4]) there exists a holomorphic function
F on the upper half plane H such that F|(—1) = F + q + ¢|T, for A > 2.

And F|(=I) = F+q+ q|(S\T) + -+ + q | (S\T)P7L, for A = 2cos <%> .p E

Z,p > 3. But by and we have z72%¢ (=) + ¢(z) = 0 and
ql(S\T)P~(2) + - - + q(2) = 0 respectively, then (=1)"%*F(z) = F(z). Now
since ¢(z) is a nontrivial RPF, F(z) is nonconstant and holomorphic in #.
Then (—1)"?F(z) = F(z). Since F(z) # 0 we have (—1)72* = 1 which im-
plies e2™ = 1. Therefore. k € Z. O

Wendell-Culp-Ressler in [[I5], Lemma 3] showed that the poles of any rational
periodic function ¢ of weight 2k, k € Z* on G()\) are real numbers. He also
proved that the order of a nonzero pole of an RPF of weight 2k on G()) is
[k]. With appropriate modifications to fit for the current context of functions
on G(\), the work of John. Hawkins and Marvin I. Knopp [5] can be used to
state a special form RPF for the solution of . This form is given by the

following lemma.

Lemma 2.2. Letr € Z,a; € R\ {0},C,,C,; € C for j=1,2--- ,p. Define
fr(Z,O) =T _ (_1)rz—2k-i-r7

and
1 T
fr(z,05) = (2 — ;)" — (—l)ra;Tz_2k+T (z + —) )
Q;
Then
p M,
q(z) - Z Crfr(za()) +Zzorjfr(z,aj) (207)
k<r<L j=1 r=1
satisfies
q|T+q=0.
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Theorem 2.3. Suppose F is an entire automorphic integral function of weight
2k, k € Z* for G(X\) with RPF q(z), where q has the form described by Lemma
[2.3. Suppose further that F has a Fourier series expansion of the form

F(2) = ame®™™ 2 with @y =0(m’) >0, m— oo (208)
m=0
For s = o +it, define

o(s) = Z amm=° and P(s) = (QTW)S L(s)p(s). (2.0.9)

Then ®(s) has a meromorphic continuation to the whole complex plane and
can be expressed in the form

®(s) = D(s) + D°(s) + E°(s) + E¥ (s) + EB(s),

where
D(s) :/ (F(iy) — ao) {y —I—z'%y%_s}d?y, (2.0.10)
1
0 1 ,L'Qk
D(s) ——ao{g— 3—2143}’ (2.0.11)
0 . 1 ,L'Zk:
E°= )" C(-i) i s sl (2.0.12)
k<r<L
p Mj .
—1)" 1 1
FEf(s)=— Ci —o {1,T;1+8;.—]
() ;; Tl + 1) s (toj + 1)
i I 1
+m2F1 |:1,7’,1+(2 —S>,m:| (2013)
and
p k _1 r
EB(s) =% ; ; Crj (a_]> B (2k — s;7 — (2k — 5)) (i0;)**7* .
(2.0.14)
Moreover, ®(s) satisfies the functional equation
d (2k — 5) —i%*® (s) = R(s), (2.0.15)

where

R(s) = EB(2k — 5) —i**EB(s).
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Here 5 F [a, b, ¢; z] is the hypergeometric function and B(a, b) is the Beta func-
tion.

Remark. The growth condition on a,, guarantees that F'(z) is holomorphic
in ‘H. Furthermore ¢(s) converges absolutely for ¢ > 1 + g and ®(s) =
I (F(iy) — ao) ys%, for o > 3, where 3 is given by a,, = O(m”).

The proof we present below is given by Hawkins and Knopp in [5]. However,
their underlying group is the theta group

Ly = (T, Ss).

In [y, we only have the relation 7?2 = —I. We shall give a modified proof that
extends their proof to the Hecke group

G(Ap):(T,SAp):<G —01)7<(1) 2c081<§)>>’ eZ pss

Proof. Suppose F is as given in the theorem and ¢ is as in Lemma 2.2 an RPF
of F. Then, we apply the inverse Mellin transform to get

B(s) = / N <F<z’y>—ao>ys%
- / (i) — ao) yd—yy n / (F(iy) — a0) ysd—j.

Using (2.0.2) and change of variable y — . in the second integral, we get

o dy > . dy o [ . dy
/ {F(iy) — ao}y*— =/ {**y** F(iy) — ao}y S—HQ’“/ Yo qiy)—
0 ) 1 ) 1 )

and hence
[~ - sy % ok ok s T RN
O(s) = [ {F(y) —aoty’—+ [ {7y Fliy) —aoky"— +i Y qliy)—.
1 Y 1 ) 1 Y
We now evaluate and simplify each integral to obtain

®(s) = D°(s) + D(s) + E°(s) + E¥(s) + EB(s),

i 1
DO(s) = - -
(5) ao(s_% )

D(s) = / " (Fliy) — ao) {y" + ) %

where

10
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EY(s) + EY(5) + E%(5) = [T sq(in) Y,

Moreover,
O (2k — 5) — i**®(s) = R(s),

where

J

r=1

a Zlicﬂ (—> (i0)* B(s,r — 8) = i *af**B(2k — 5,7 — (2k — 5))}

[]

Corollary 2.4. Suppose ®(s), D°(s), D(s), E°(s), E*(s) and EP(s) are given
as in Theorem[2.3. Then

(a) ®(s) is bounded uniformly in o in lacunary vertical strips of the form
S={s=o0+it:2k—0 <0 <9;|t| >1t,>0}.
(b) § in (a) can be chosen so that the poles of ®(s) lying with in the lines
s = (2k —6) 4+ it and s = 0 + it are listed below in the sets:
So =10, 2k},
Sg, ={2k—L,2k—L+1,...k—1,kk+1,..,2k,..., L},
Sy ={[2k - 4], ...,0},
Sg ={[2k —=9],....2k — L, ..., 2k — 1}.

The poles of ®(s) in each set arise from D°(s), E°(s), E®(s) and E®B(s) re-
spectively.

(¢) The residues of ®(s) are given by the formulas:

D%(s)] = ag (i%F — 1 2.0.1
Res[D°(s)] = ao (i ~ 1), (2.0.16)
L
Res[E°(s)] =Y Cp{—(—i)™ + %™, 2.0.17
Bes [E°(5) mz {=(=iym 4 m) (2017)
P k [6]—2k
Cir+m)(=1)"
H m r—m
sfggfl [E Z Ch; Z o) e . (2.0.18)
j=1 r=1 m=0
R EB . zk: C WX:T F(T + m) (_1)T+m ~m+7‘—2/€ m (2 O 19)
figsl T T om0

11



Chapter 3

Equivalence of a Functional Equa-
tion with Arithmetical Identities

Four equivalences

In the following chapters we begin to prove our main results. Sister Ann M.
Heath in [I] considered the functional equation developed by Hawkins and
Knopp in [5]. She has shown that the functional equation of Hawkins and
Knopp [5], ®(2k — s) —i?*®(s) = R(s), is equivalent to two types of arithmeti-
cal identities associated with entire modular cusp integrals involving rational
period function for the full modular group I'(1).

In this chapter we use techniques of Chandrasekharan and Narasimhan in [2] and
we extend the results of Sister Ann M. Heath to entire automorphic integrals
involving an RPF on discrete Hecke groups G(\), A > 0.

In Chapter Four we consider entire automorphic integral functions F, with
log-polynomial-period function on the discrete Hecke groups. For fixed real
number k the set {v(M): M € G(\)} multiplier system for G(\) weight 2k.
We note in [3] the Riemann-Hecke-Bochner correspondence applying to auto-
morphic integrals on the discrete Hecke groups. There is a relationship between
the Fourier expansion of F’ which satisfies the automorphic transformation law
and Dirichlet series with a functional equation for the Mellin transform of an
automorphic integrals.

Our main goal in this chapter is to establish the equivalence of two arithmetical
identities with a functional equation associated with entire automorphic inte-
grals involving log-polynomial-period functions on the discrete Hecke groups.
With v a multiplier system for G(\) and weight 2k.

12



Chapter 3 : Equivalence of a Functional Equation with Arithmetical Identities

3.1 First equivalence

In this section we begin by stating and proving the first equivalence of the
four equivalence theorems we shall prove. This will be our main result in this
section.

Theorem 3.1. Let ®(s) and R(s) be as in Theorem|[2.3, Then the functional

equation

d(2k — 5) — i*Fd(s) = R(s) (3.1.1)
15 equivalent to the identity
1
_— Z /am(aj —m)? = Ai(s) + Aa(s) + As(s) + Au(s) + As(s) (3.1.2)
Plp+1) 5=,
where
o (2T T & x\ 4m/mx
Ai(s) = i (7) Z A, (E> Jot2k ( h )

21 2k a
A _ 2k (20 0 2k+p
2(5) ! (A) T2k +pt1)"

p J r . 27\7T .
B -1 (iay)" (B)" e - —ia2me
Ag(S) = —ZZCW (U]) F(T’—l—p—l—l) 1F1 T,’r’—l—p—i—l,.T

=1 r=1
p M ron—2k (27\2K oK+
-1 () (_) x=re ( —271':13)
A = C.|— A Fi(r2k+p+1; —=
) =1 ; ’ ( o j) rk+pr1) "\ g 1o A
M) = 3 [ )
S = - - )
i | T(m+p+1) F(2k—m+p+1)

x>0,p226—2k—%, andﬂisanumberforwhéch2%<oo
m*lm

Before we give the proof of Theorem , we shall state Perron’s Formula. (See
[2] for details.) We also remark that in this work, we shall use the convection

b+ico
that / denotes / )
(b) b—i00

Lemma 3.2. Let o be the abscissa of absolute convergence for p(s) = Z amA,,’
m=1

and {\n} be a sequence of positive real numbers tending to oo as m — oo.

13



Chapter 3 : Equivalence of a Functional Equation with Arithmetical Identities

Then for k> 0,0 >0 and o > oy,

! ] Z g (2 — A)F = L/ Mds, (3.1.3)
(o)

L(k+1) 7~ 2mi iy T(s+k+1)

where the prime’ on the summation sign indicates that if k =0 and x = A\,
for some positive integer m, then we count only %am.

Here we have the following lemmas which are used in the proof of the present

theorem.
Lemma 3.3. The function A(s) defined by

Ai(s) = L/(% | (%)Sq)(S)xwds (3.1.4)

o T(s+p+1)

satisfies
_ 27\ 77— T\ 5L Amy/mzx
Aq(s) =i 2k <7) mz_lam (—) Jok+p ( \ )

omia;
" [6 Qk] —1)m F(m +7) (TJ> z’

—1
s <—)
]21; 7\ —~ ml I'(r)y T(=m+p+1)
p M r 277332
—1 =2
- Crj (—) 1F1 (r,p+r+1; 2 )
;; J o Fr—i—p—i— A
>3 c (‘1)”5 i ) ()
g 7\ —~ m! () F2k—m—r+p+1)

+Zi:0 I R O

st \a;) T@k+p+1)" 7 Lidey )
(3.1.5)

Lemma 3.4. The function Ay(s) defined by

) P(s) o te
— ZR@S{ <F*()S+pll) } (3.1.6)

satisfies
2k .2k+p ( 27\ 2k p
Ao(s) = agi ™z P ()T agr
F(2k+p+ 1) I'(p+1)

. Z c — (=)™ (2;)7” m+p N (,L‘)Qk*m(QTﬂ')Qkfm'TQkfrnri»p
[(m+p+1) T2k —m+p+1)

14



Chapter 3 : Equivalence of a Functional Equation with Arithmetical Identities

St [N D) (L (BT
_ZZC’“J{ > ) ml Y F(—m+p+1)}

j=1 r=1 m=0
9] r 2m\2k—m—r ,.2k—m—r+
Cm+r) (=)™ ok (<5) T P
C’r m+r m_\ A ]
3 X M e
(3.1.7)

Lemma 3.5. The function As(s) defined by

1 <2W§aj>83(8ﬂ‘ — s)z°P
As(s) = / ds
2mi (2k—0) [(s+p+1)

satisfies

=2k (1) () e+ )
Agls) = = mZ:O m!l(—=m + p+ 1)I'(r)

m 27”“] e m+r+
i (—1) x PT(m+r)

m!T( m+7‘—|—p+1)F( )

m=0
[o]-2k (—1)m (—2”;%' > - TP (m +r)
T mzzo m!T(—=m + p+ 1)[(r)
2mia; T "
( ) ) z? 2mi;x
-~ 7 _Frp+r+1;— ).
T(p+r+1)" 1( P A )

Proof. To prove Lemma we consider a rectangular contour with vertices
[(2k — o) —iT,N + 1 —iT),[N+ 5 —iT, N+ 1 +iT),[N+ L1 +iT,(2k —0) +
iT],[(2k — o) + T, (2k — o) — iT], where N and T s chosen so the line of
integration is positively oriented. For fixed large integer N we have

[ )
— S
271 (2k—0) F(S + 1% + 1)

N+Ll-iT N414iT 2%k —o+iT (2Wiaj)s B(s,r —s)z***
N Th—{go { /2k—o—iT " /N+;—z‘T * /N+§+1T } [(s+p+1) *
(%)S B(s,r — s)z5t°
> Res SeEpy : (3.1.8)

sepole set

15



Chapter 3 : Equivalence of a Functional Equation with Arithmetical Identities

We label the integrals in (3.1.8]) my, mo, m3 respectively. Then

] (27riocj> B(S, r— S)strpd
— S
271, (2k—0) F(S + 14 + ]_)

(52) Bls.r — )=t
:%g;o{ml—i-mgang}—ZRes Tstp+1) .

First we calculate the sum of the residues involved in evaluating Ajs(s). That

1s
omia; \ °
(TJ> B(s,r — s)x5tr
Z Res{ I'(s+p+1) }

s€PoleSet
27ria]- SISJFP
Since ey is entire the pole set of the integrand arise from the beta
function F(s)T )
s)I'(r—s

B —8)=—"—=.
Thus the integrand has simple poles at s = —m for ['(s) and at s = m +r for
[(r —s) with
m=20,1,2,--- . The residue at s = —m is

(—1)m () e
m!I'(—m+ p+ 1)

and the residue at s = r 4+ m is equal to

_1\m+r [ 2mia; rhm r4+m+p
(=1) X @
m!l(m+7r+p+1)

Hence
Y Res <@>SB(S,T o = [U]ik S (%%ym z=" Pl (m 4 1)
sePoleSet F(S + p + 1) m=0 m'F(_m + p + 1)F(T)

2mia m+r
( 1) ( J) mm+r+pr(m+r)
m!l'(m +1r+p+ 1)I'(r)

N—r

t2

It remains to show that m;, ms and ms converges to 0 as N, T — oo. We first
my and mg is treated in the same way using Stirling’s formula and standard

O
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Chapter 3 : Equivalence of a Functional Equation with Arithmetical Identities

branch conventions.

B(s,r—s)(2mwiojx)°zP
L(14p+s)

— o (rt) =

Remarks: By Stirling’s formula we show

o(1) as

t — oo, for p > —o — 3. Thus |ms| — 0 as [T| — oco. Similarly |my| — 0
as |[T| — oo. It remains to show the integral on the right converges to 0 as
N — 00. To show this put

omice: \
N+3+iT <%) B(s,r — s)x*tP

ds

A)=1i
m(e ) 750 N+l I'(s+p+1)

dt

N N+Ltat |
/oo (27T;Oéj> 2 F(N + % + z't)F(r — N — % _ it)$N+%+P+”
o D(N+§+p+1+it)

B /°° 2rax N dt
T\ ) e

= o(1),

as N — oo provided that At > 2mwo;z. By rewriting the infinite series repre-
sentation for the confluent hypergeometric function as

(2m’ajz>7‘xp )

Py 20T
———F |rp+r+1;— J ,
T(p+r+1) 1( P A >

proof of the lemma would be complete. O

Lemma 3.6. The function A4(s) defined by

1 / (22)° B(2k — s,r — (2k — 5))a*tr
(2k—0) L(s+p+1)

A4<S) =

— d
271 iy

satisfies

2= (F) " rre et

2k—m—r+p+1) m! L(r)

e} k+m —m m
B Z <27r)2 * Q; (=)™ T(m+ T>x2k+m+p
I'( '

2k+m+p+1) m! I'(r)

m=0

Proof. To show Lemma |3.6] we proceeds in a similar manner of Lemma 3.5/ on
the rectangular contour positively oriented of the form:

2k =6 —iT, N+ 5 —iT], [N+ 5 —iT, N+ 5 +iT], [N + § +iT, 2k — 6 +T, [2k —

17



Chapter 3 : Equivalence of a Functional Equation with Arithmetical Identities

§ +1iT,2k — § — iT|, where T and N chosen large. For fixed N, the integrals
along the horizontal paths approach to zero as T' — oo. Thus we have

Au(s) = L/ 21\ ° a%_SB(Qk — s, — (2k — 8))a5tP
BT o Jvey \ N ) D(s+p+1)

N Z Res 2—7T S ozzk_sB(Qk — 51— 2k —s))2 .
i J I(s+p+1)
To evaluate the sum of the residues involved in A4(s), the pole set of the
integrand arise from the beta function

I'(2k — s)I'(r — 2k + s)
L(r) ’

B2k —s,7r— (2k —s)) =

T'(s+p+1)
k 4+ m for I'(2k — s) and at s = 2k — m — r for I'(r — 2k + s) with

,1,2--- . As a result we obtain
[6—7]

w0=-Z (8) " rree e

i 2k—m—r+p+1) m! L(r)

as (2—77)S % * _ is entire function. Thus the integrand has simple poles at

O N s

m=0

N—-2k m —-m m
s (2_7r> o (D" T 41) s
— i\ F'k+m+p+1) m! I(r)
1 2m\° a%_sB(Qk — 5,1 — (2k — 8))a*t*
i) I I'(s+p+1) '

21 (N+%)
To show the integral on the right of the equation goes to zero as N — oo we
partition the interval (—oo, 00) as (—oo, T]U [T, T|U [T, 00), and by choosing
some large value of T" and using Stirling’s formula we may estimate the infinite

. B(2k—s,r—(2k—s))z5tP _ T'(2k—s)I(r—2k+s)xstP
strips. For s € [=T,T] we have FtorD) = Tt - BY

Stirling’s formula and the estimation I'(—s) = e~ (s72)(og s=i)+st5 log 2 <1 +0O (ﬁ))
(see[7],pagel2) we obtain

T2k — $)T(r — 2k + s)z°°| NN B
F(r)I(s+p+1) =0 ((N — Qk;)N+1—2k) = o(1),

as N — oo. Therefore Lemma [3.6] follows. O

We now proceed the prove of our main result.
Proof. By Lemma [3.2] we have

L L[ Tl
oD Z A (2 — M) =i ), F(S+p+1)d' (3.1.9)

0<m<x

18



Chapter 3 : Equivalence of a Functional Equation with Arithmetical Identities

To evaluate the integral in consider the positively oriented rectangular
contour formed by [(2k — 0) - @T, o—iT),[oc —iT,0+iT), [0 +iT, (2k — o) +
iT), [(2k — o) + 4T, (2k — o) — iT], where T is chosen to be a large positive so
that all of s (to enclose all poles of the function in the integral) is contained
with in the rectangle. Now applying the Cauchy Residue Theorem we have

1 L(s)p(s)z*”
2mi ) (s + p—|— 1)

1 / /U+2T /Zk o+iT / —iT F(S)QO(S)J?SJFPCZ
- as
27” 2k—o—iT o+iT 2Uh—o+iT P(S +p+ 1)

— Z ReS{M} (3.1.10)

s€ Pole Set F(S+p+ 1)

where we have used ®(s) = (25) "I'(s)¢(s) in the last equality.

We now show that as 7' — oo, the integrals along the horizontal segments
[(2k — o) —iT,0 —iT] and [0 +iT, (2k — o) + T tends to zero. To show this,
we note that for s = o + it with o > 3, ¢(s) = O(1) and by Stirling’s formula

I'(s s)p(s)xPts
we have F(er(pzrl) = QO (t "1 for p > —1. Thus % =0t ") =0(1)

and hence the integrals along the horizontal lines converge to 0 as T — oo.

Hence (3.1.10) can now be written as

% /( ) (1?729 f)/()sj_x;pds = Ai(s) + Az(s), (3.1.11)
where
Ai(s) = L (QTW)S(I)(S)'ISerdS (3.1.12)

271 (2k—0) F(S + p+ 1)

Ay(s) = ZReS{(§>S®(S)xS+p}. (3.1.13)

(s+p+1)

We now compute A;(s). For this we recall that & satisfies the functional
equation
2k — s) — i*Fd(s) = R(s).

Thus A;(s) can be written as

Ai(s) = I(s) — H(s), (3.1.14)
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Chapter 3 : Equivalence of a Functional Equation with Arithmetical Identities

where ] (_ﬂ) —2k©<2k §)aste
I@y:—f/ A ds (3.1.15)
270 J (90 L(s+p+1)
and 1 (2—”)8 ik R(s)xs TP
H@y:—f/‘ 2 ds. (3.1.16)
2mi Jor-oy  LT(s+p+1)
Next, we use ®(s) = (Z) " T'(s)p(s) in (3.1.15) to get
T\ 25— Qk’ s
I(s) = - (B) 7Tk = s)e(2k — s)a
271 (2k—0) F(S +p+ ].)

By changing of variable s to 2k — s, in the integral we see that

o\ —25+2k ._ _s
foy o L[ BT
271 (o) P(Qkf — s+ P + ].)
Z'—Qk: <4;r > 2k+p (471' m) 5)
pr— d
omi / P@k—s+p+1)3
) 2k <4;r ) L2kt ( > Dl amm—sd
B 2mi F(2k—s—|—,0+ 1) °

47r xm I
2w >
_ 2k 2k+p d
! (A) 2mz / 2k—s—|—p+1)s

Letting § = s,v = 2k + p, and by simplifying we obtain

_ 00 w 4w/ mx -
I( ) -—2k 2m Y p21/ v 1 / F(2> < A ) 2w71171d
S)=1 - X E Qo — w.
A — 271 (20) F(V — % + ].)

Applying (1.3.9)), we next replace v by 2k + p. After simplifying we have

_ 21\ 7 T\ 252 4m\/mx
I(s) =i <7) Z Qm (E) Jok1p (T) , (3.1.17)
m=1

provided that p > o — 2k and o > 2k, k € Z.

To evaluate

2m\$ '—QkR s+p
H(s) = L/ (%) (s)z ds,
(2k—0)

2mi L(s+p+1)
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where

R(s) = i ZP: % C,; <;_]1) { (ia;)° B<s,r—s)—¢Sa§k83(2k—s,r—(2k—s))}.

j=1 r=1

Then

_ 2mia; \ ° s+p
v (g <T> B(s,r — s)x
H(s)=2_ 2 Cn (a_j> {Tm/(zk—cﬂ Grprt)

o [ G
— v~ N S /.
Ol] 271 (2k—0) F(S +p+ 1)

Let us rewrite H(s) in terms of Az(s) and A4(s) as

H(s) = ZZJCM (;—D {Ag(s) - Og’f—m(s)}. (3.1.18)

j=1 r=1
Using the series representation for the confluent hypergeometric functions we
write the infinite series in A4(s) as

Z——2kx2k+p(2_ﬂ')2k

—2rx
A F 2%k 1. —2).
TRkt pt+1) "\ TP TR

With simplification of the expressions in Asz(s) and A4(s) we get

p Mj 7“[6—2]6] M —m )
= (=)™ L(m + 1) ( pes ) v
H(s) = — (1
: ZEC(O‘) g:; ml T(r) T(=m+p+1)
P T —2mxi\T
: i\ =) too B (e +r+ L J )
7j=1 r=1 rJ Of‘] m=0 m' F(T) F(Qk—m_r+p+1)
P r o\ 2k
_ C.l—) —2L ~ _m(r o1 |
S5 (20) G (k1 S22

Now since A;(s) = I(s)
is complete.

H(s). So that (3.1.5) holds and proof of Lemma[3.3]

We now compute the sum of residues

] ()" w(s)a
Ay(s) = Z (S)Res{ Tt prd) }

s€polsetof®
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Chapter 3 : Equivalence of a Functional Equation with Arithmetical Identities

Recall that the meromorphic continuation of ®(s) has been expressed in terms
of D%(s), E%(s), E®(s), and EP(s) as in Theorem and hence

() e
I(s+p+1)

Using the formulas (2.0.16)), (2.0.17)), (2.0.18]), and (2.0.19) we find

a ZQkx2k+p(27r>2k

P
A _ by _ aogx
2(5) T2k+p+1) T(p+1)

L \Nm (2T \m ,.m . —m (2T —-m —m
ot {—(—z> (pymarte | (@ ()t }
m=k

Ay(s) = {Res[DO(s)] + Res[EY(s)] + Res[E" (s)] + Res[EB(s)]}

Fm+p+1) I'2k—m+p+1)

p M; m 2T \—m .—m+
m+7“ s C o L
ZZC”{ Z ml Y T(em+p+1)

j=1 r=1
p M (9] T\ 2k—m—r 2k m—r-+
Fm+r )err (_) 4
Cr‘ ‘m+r—2k A
+;; J{mzo ml R VDT ———

(3.1.19)

Thus Lemma(3.4) holds. Hence we have expressed the integral in the right-
hand side of (3.1.9) as

1 L(s)p(s)z* B
s /@) R s = Ay(s) + Aals) = (1(s) = H(5) + Asfs),
and determine the expressions for A;(s) and Ay(s). [See (3.1.5) and (3.1.19)

respectively]. By comparison and cancellation of the corresponding sums of
expressions in A;(s) and Ay(s) we obtain

1 L(s)p(s)astr o (2n\” pg% 4\/mix
271 /(5) I'(s+p+1) ds =1 By Z im <_> T A

2k
A L2k +p+1) I'(p+1)

—1\" (ioy)" (3F)" &t —iay
_ZZCT](?]) F(T—I—p—i—l) 1F1 <T,T+,0+1,.—

7j=1 r=1
p M ro(\—2k (2x\2k okt
—1 (Z) (7) x P
+3 ) oy (Ej) e 2%+ p+1; —
j=1 r=1
i (_Z>m (QTTI')m e ,l'Qk—m (QTﬂ')yg_m x?k—m-{-p
| TD(m+p+1) 2k —m+p+1) '

(3.1.20)
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Chapter 3 : Equivalence of a Functional Equation with Arithmetical Identities

Therefore, for p > 0, @ > 9 we get the identity in (3.1.2)). O

Proof of converse

Let F' be an entire automorphic integral and let F'(z) have a Fourier series
expansion of the form

F(Z) _ Z ame%rimz/)\,
m=0
for z € H and F satisfies the relation
-1
R <—) = F(2) +q(2), (3.1.21)
z

where ¢(z) is the rational periodic function given by Lemma (2.2). Then by
(3.1.21]) and the Fourier expansion of F' we have

oo 0o
Z—2k E :ame—szm/)\z _ § am€2ﬂ'zmz/)\ + Q(Z)

Letting z = ’y’\ ,y > 0, then we get

2k o0 00 .
7471' m /Ly)\
E yAZ E . .1.22
(@yk> e (27) (31.22)

To prove the converse it suffices to show that (3.1.20) implies (3.1.22). To
this end we consider six integrals defining Lq(y) - - - ,L6(y), corresponding to

the six expressions occurring in (3.1.20) . To evaluate L;(y) for p > 0, the
interchange of integration and summation is justified. Then we have

Ll(y):/o { T+ 1) Z am(x —m }ypﬂewyda:,

0<m<z

+1
yﬂ

T(p+1) /0 2 anle—m)e vz,

0<m<x

aoyp—H /oo ey yp—i-l /
= —" e’”xdm+ A, x —m)Pe Yz,
L(p+1) Jo Z

1<m<w
(o.)
=ag+ 5 ame” "™,
m=1

[e.o]

= E Am€

m=0

23



Chapter 3 : Equivalence of a Functional Equation with Arithmetical Identities

Similarly on the right side of Ly(y) the interchange of integration and summa-
tion is justified for @ < 8 and applying formula l} we have

(2 P& x\ Ar/mzx B
LQ(y) = / 2 2k <7) Z Am (E) ’ J2k:+p ( \ ) yp+le xydl',
0

m=0

_p o0 o0
— 2k (%T) yp+1 Z amm_(2§+p) / oty <47n/\/mx> x@e”ydw,
m=0 0

=%k (2_7r> N as i o, m a2 { 2(4m/m /NP (dwy/m)? }

by : (zy)2k+p+1 € 49)\2

m=0

Thus with simple algebraic computations we obtain

9 2k o0 un?m
Ly(y) =i~ <>\_7T) Z ame”
Y

m=0

Next we evaluate L3(y), where

> o\ 2 a apx?
L — —xy, p+1) 2k [ 27 0 2k+p __ 0 dr.
3(y) /0 © {Z ) T@k+p+1) To+1) [

Using integration by substitution and the standard integral representation of
['(s) after some steps we get

‘ 9\ 2
Ls(y) = agi®* ()\_y) — ayp.

We begin evaluation of Ly(y) by using integral representation for I'(s) where,

_ [ - o1 —ay ) (Z)™ 2m /)" amre (i) (2 JX) 2T g2t
L4(y)_/0 %Cmy e { L(m+p+1) T(2k—m+p+1) }d:c.

Interchanging of the integration and the finite sum is justified. Thus by sim-
plification of the above that yields

To evaluate the expression in Lj(y) where,

> —2mia;x\ aPtryrtle v
L = F 1; J dzx.
(y) /0 ! 1<T’p+r+ DY )F(r+p+1) ‘
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Chapter 3 : Equivalence of a Functional Equation with Arithmetical Identities

We begin by substituting the series representation

N (r,p+r L1 —2m'ozjm> _ i F'm+r) T(p+r+1) (—i2rz/N)™

A I'(r) I'(m+r+p+1) m!

into the integrand.The interchange of integration and summation is justified
for Ay > 2ma;. Hence, we obtained

o0

Cm+r) (=)™ (ia;2e\™ _,
b = 3 P () o

m=0

Which converges absolutely for Ay > 2mq;. Similar to evaluation of L; we
compute

o0 —91T :L.p+2k p+l€fxy
0

d
T2k+p+1)

iOéj)\
We obtain
= Dm ) ()" (2 \"
Le(1) —
5(y) mzo F(r) m)! iIAyQ; y o

which converges absolutely for y > - o . Combining the results of the integrals
in Ly(y), La(y), -, Le(y) respectlvely we have

Li(y) = La(y) + Ls(y Z Z Cr; (-) ()" (Zg)r Ls(y)

7j=1 r=1

+ZZJ:CT] <—) (i) <2§) La(y).

7j=1 r=1

Thus applying simple algebraic calculation, we conclude that the identity in

(3.1.20)) implies

e 2 2k o0 747r2m 2
S () o oo ()
m=0

el @)

EE0 G SRS )

-GS ER T e
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2ray 2w

provided that p+ 2k + 3 > 26 and y > max \ Ty A

Recall that the rational periodic function in Lemma [2.1]

= Z Crfr(z,())—i-zzcrjfr(z’aj)’

k<r<L j=1 r=1

T
1)rag "z 2kt (z - L) .
@

where f,.(2,0) = 27"—(=1)"2"%**" and f.(z, ;) = (z—ay) ™" ;

—(=
Letting z = % and applying the binomial expansion to fr(zy— a;) after sim-

plifying some steps we obtain

(2) - () - ()

p M T r ; m
-1 2mi I'(m + r) (=1)™ [ 2mic
e () (o) £ ()
j=1 r=1 =0
2\ S T(m+7) (=)™ [ 2r \™
— | — . 3.1.24
(iy)\> mZ::O (r) m! (iozj/\y> ( )
Since F'(z) has a Fourier expansion of the form Z €™ ™/ and q(%) is
m=0

represented (3.1.24), (3.1.23)) may be written as

m A 2 1 A\
pEA Z (AT R (L) (1
2 2m % on
Hence by the identity theorem the automorphic transformation
—2k -1
27NF (7) = F(2) +q(2),

follows for z € H. This concludes the proof of the equivalence of the functional
equation to the identity (3.1.20)).
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3.2 Second equivalence

Theorem 3.7. Let ®(s) and R(s) as in Theorem[2.3| then the functional equa-
tion
®(2k — 5) — i*Fd(s) = R(s) (3.2.1)

15 equivalent to the identity

( v dy) ( Zame yf) \/_sz’“ i <p+%>

2k oo
¢ Ak+2p+1 1 2 am
+72 ’ F(2k+p+§) (T) E

0 <y2 14 (Q_W)Qm>2k+p+§
A

1 1 My?
§j§ “\r N (r—p+ =
\/_y2p+1 Crj ( ) (r Tt 2) (r, bt 87Tiaj>

j=1 r=1
S () (52) "o ()
x U (r,r—%‘—p—l— %; iozgj;gf)
g S G) - () (o)}

(3.2.2)

Provided that Re(y) > 0,p € Z,p >0 cmdp+2k:>6—|— 5, where Y~ <

Q.

To prove Theorem we note that since the identity in (3.1.2)) is equivalent
to the functional equation (3.2.1)) (by Theorem [3.1)), it suffices to show that

the functional equation (3.2.1)) implies the identity in (3.2.2)) and that (3.2.2))
in turn implies the identity (3.1.2)). We begin by proving the first implication.

mB

Proof. To show (3.2.1)) implies (3.2.2)), let ¢(s) = Z—s with Z | "|

n=1

Then for p > 0,6 >0, > 8 by Lemma [3.2] we have

1 1 d+io00 F s+p
— Z /am(w —m)f = — Mds. (3.2.3)
I'(p+ 1>0§m§x 270 Js_ine L(s+p+1)

If x = m and p = 0, then the integral is defined by its primary formula. The
dash on the summation is used to indicate that the term with = m must be
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multiplied by 3 in this case. As in Chandrasekharan and Narasimhan [[2] page

9], we multiply by e ¥Ver=3 and integrating relative to x from z = 0
to 0o; how ever, we further require o > 2k, where Res = 0 is the vertical path
of integration. Now choose 6 = § + P, where P € Z, and P is large enough to
guarantee 6 > 2k and ¢ ¢ Z. Thus

ooe_yﬁx_% 1 am(r —m)? pdx = Ooe_y\fx_% L —SO(S)F(S)'%SM 5
[T gt 5 onte-mifas= [Tt [ R )

0<m<x
(3.2.4)

d+ico
with p+2k >0 + ,and y € RT. We used the notation / for / . Chan-

drasckharan and Narasimhanin [2] for p 4+ 2k + 3 > 3 and A, sequence of
positive real numbers; A\, — 0o, showed the identity

Z / —yfx—adx—z( 2)° (;dc?l) [Qia”‘f—ym"

n=1

(3.2.5)
Then by the identity in (3.2.5) with A, = m we have
Vi 14 N Vi
Z ey x?dx—Z( 2)P Zaey
I'(p+1) ydy) |y~

Now assuming that ®(s) = I'(s)¢(s) ()", where Res > 3 and > o lom]

)\ mlmB

oo, write the right-hand side of (3.2.3)) as

o - 1 2r\° @ stp
Us, \) = / eWIpT ) / (l) Lds dz,
0 211 (8) A F(S +p+ 1)

for 6 > . The order of integration may be interchange for p > 0. Then

U(s,\) = ! / (2—W> &ds/ e VISP e g,
27T’l (5) A F(8+p+1) 0

2 [0Fi fom\* F2s+2p+1) 1
- <_ ®(s) 25+2 +1d$
A [(s+p+1) y2st2

2mi d—ioco

Applying the formula (1.3.4]) for I'(2s +2p 4+ 1) we have

254+2p+1
Us.A) = 5 ( )@ S+p+ 3)2 ds.
T

y2s+20+1
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Chapter 3 : Equivalence of a Functional Equation with Arithmetical Identities

To evaluate U(s, \) consider a rectangular region [2k — ¢ —iT,0 — iT], [0 —
iT, 8 +4T], [0 +iT, 2k — § +iT), [2k — 0 + T, 2k — 6 — iT] oriented positively.
Re(s) =2k — 6. If p+ 2k > § + 1 the poles of ' (s + p + 1) lie out side of the
interval [2k — 9, d], then the poles of the integrand between Re(s) = 2k — 6 and
Re(s) = ¢ arise from ®(s). The integral along the horizontal segments tends
to zero as T'— oco. Thus U(s, \) may be written as

1 ) s T 1 225+2p+1
U(s,)\):—_/ (_W) D(s) (s+p+3) s
(2k—5) \ A VT y2otert

2r\ " D(s+p+3)2%t2+
+ Z Res <—) D(s) 2 2o (3.2.6)
s€polsetd(s) A \/E Y g

Write U(s, A) as U(s, A) = Ti(s, \) + Tx(s, A), where

1 21\ ° [(s+ p+ 3)22st20+1
Ti(s,\) = — il I 2 d
=5 [ (%) o s

27i NZ3
and
2\ D(s+p+3) 22t
Ty(s,\) = Z Res <7) P(s) NG 2 =t (3.2.7)
s€polsetd(s)

From the functional equation ([3.2.2)) we have ®(s) = i_zk{q)(%‘ —5)— R(s)},

and substituting in to the integrand of T3(s, \), we rewrite
T1<57 >\) = ‘/I<Sv >\) - ‘/2(87 )‘)7

where

1 2m\ " _ [(s+ p+ 5) 22720+
Vi(s,\) = — / =) i 2k — ) 2 252,71 45
21 ok—s) VT

and

‘/2(8 )\) = L / 2_7r $ Z’—ZkR(S)F(S +p+ %) 92s+2p+1 e
; 21t J(op—s) \ A NG EcTa]

To evaluate Vi(s,\) take ¥ = 2k — s and @) = (27”)719 ['(9)e(D), where

() = >, 1 &5, replace ¥ by —9J. Then using the integral formula in (1.3.2))
and employing simple algebraic manipulation we obtain

=2k 1\ /2r\* & a
‘/1(8, )\) _ 724k—0—2p—&-lr (2]{3 +p+ 5) <7) Z m

m=1 <y2+ (4_7r)2m>2k+P+%.
A
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The series converges for y > 0, provided 2k + p — % > (. Since > [ the series
converges absolutely for p > 0 — 2k + %

The evaluation of V,(s, A) proceeds by substituting for R(s) and rewriting the
Beta function in terms of I' function . Thus V5(s, A) may be written as

M.
1 922p+1 p J

Vals, N) = =" 2 ; Cyj (;—j) {Ql(s, A) — Qs /\)}, (3.2.8)

where

1 8mic; \° T'(s)L(r — s) 1
Qi1(s,A) = 2—7”/(%_5) ( )\y2]> () r <8 +p+ 5) ds
and

1 8t \°'T'(2k — s)I'(r + s — 2k) 1
Q2(s,A) = o /(2]“5) <i/\y2aj) () I'(s+p+ B ds.

To evaluate Q1(s, \) replace s by —s and applying the Cauchy’s Residue The-
orem on the rectangular region [2k — 6 — T, N + 1 —iT|,[N+ 1 —iT, N+ 1 +
iT), [N+ § +iT, 2k — 0 44T, [2k — 0 +4T, 2k — § — iT] with positive orientation
for large integer NV and positive number 7. The poles of the integrand arising
from the gamma functions of I'(p + 1 — s) and I'(—s). The integral along the
horizontal paths tends to 0 as T" — oo. Then we obtained

L. (8%@2@-) L(—=s)I'(r + S)F (p N 1 s) s

270 J(op—sy \ Y ['(r) 2

_ L (87mjj) ['(=s)I'(r+ S)F (p N 1 s> s
218 Jovp 1y \ AY I'(r) 2

- 3 () R () |

s€poleset

Claim:

1 (8;;24],)—8 F(—s%lzg +3) (p 1 % _ 5> ds — 0,

as N — oo. To proof the claim split (—oo, 00) in to the intervals (—oo, =T, [T, T}, [T, 00),
for some large value of T Let

M5 ) 1 /N+i+i°° <8m'ozj>_s L(=s)0(r +5) . (p L1 S) ds

271 (N_;'_i)
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the integral on [T, 00). Then by Stirling’s formula we have

N
|M(s,>\)|§<8 ) 27”%/ (8 ) N ot gy
7TOZJ 7TOZJ

< 12w/ 27 |T|—N+p+r—% /oo 6_%mdt
87raj L(r) 87r0zj T

l N
_ (AN ATVRT g e (VAT
8ma; 3F(7“) 8may; T

By choosing for appropriate large T, we see that the last expression tends to
zero, as N — oo. A similar approach can be applied along the path Res =
N+ }L, for Im s € (—oo, —T. Therefore by computing the residue of the poles
we have

o 5 (55) SR o)
E () T g ()

Applying formula ([1.3.5)) and by simplifying, we obtain

N~ (Bmiag\ T ()" Dmar) LT (ot 3) T (=t 5)
Ql(s,A)—;}(Ay?) Y T 7 )
02 r8miay\ ™ (<1)™ D+ 1) 1
_;<Ay2) T o (SURS)
= (Smiog\ R (=)L D (cp = )T (o4 3) Dt ptr )
+mz::0( Ay? ) T I'(m+p+32) I'(r) ‘

By rewriting the series representation for the confluent hypergeometric func-
tion of the form 1 F(a, b; z). We may rewrite Q1(s, \) as

1 1 My
Ql(S,A) =T (p—i— 5) 1F1 <T, —p+ 5, 87Ti04j>

C(p+r+ T (=p—1) [ A? "' L3
F _ .
* T(r) <8maj) 1 (p+r+ 3Pty &m’aj)

[6—2K]

B () )

31



Chapter 3 : Equivalence of a Functional Equation with Arithmetical Identities

Using the definition of the confluent hypergeometric function of second kind
given in ([1.3.10) we have

Qi(y,A) =T <P+r—|— %) v <r, —p+ l; )\92 )
012k mio;\ (=) T(m+r
-y (ZZAJ) (wlu) (r(j) )F<p—m+%). (3.2.9)
m=0 ’

To evaluate Q2(s, \) applying the same analysis as Q1(y, A) to the integral

QZ(Sy)\):L/@k—&)( 8 )Sr(gk—s)ll:((:)+s—2k)r(S+p+%) ds

2mi Iy

and we deduced

°°< 8 )‘Wﬂ‘i (—1)" T2k +m+p+ DT (r =2k —m —p—1)

Qa(s, ) =)

= \iAy*a; m! I'(r)
N i ( 87 >2’f—m—f (=)™ T2k —m — 7+ p+ 1T (m,)
it iNy? m! I'(r)
_i 8t \ "I (1) TRk +m4p+ D (r—2%k—m—p—1)
B = \iAy*a; m! I'(r)
N = sr \ T (=) TRk —m—7r+p+ DD (m+7)
= iy’ m! I'(r)
B L/ 8 \ T (1) T(@k—m —r+p+ DT (m 4 )
= \iAyPay m! I'(r) '

Then applying the formula in (|1.3.4) and simplifying, we obtain

Or(s )= (3T ) T2 ) D2kt pt))
2 N iOéj/\yQ F(’I“)
1 o 2
1By (24 pt B2k pt o gy 1N
2 2 8T

8w\ 1 1 ia;\y?
T2k - F —p—2%+ - L
+<iaj)\y2> ( +p+2 r) X 1 1<r,r P +2, oy )

= \iAy*q; |

m! I'(r)
Again by the definition of confluent hypergeometric function of second kind in
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(1.3.10)) we have

1 c oy, 2\ T2k 1 i 2
Q2(s,\) =T <2k’+p+§) (za])\y ) v (r,r—p—2k+§;z%>\y >

8 8
[6]—r 2k—m—r
8 (=)™ T'(m+r) 1
- r'(—-—m-— —.
mzzo (My%q) m! I(r) mortet 2
(3.2.10)

Thus for p > 0 p € Z,p+2k >6+3,6>2kand y € R the functional
equation in 1) implies

22p+1

1
- _ pHL [ _ = E —yvym
\/77@/2'°“aar(p+2%L2 ( ydy) [ "

=Ti(s,A) + To(s, \)
=Vi(s, A) — Va(s, \) + Ta(s, )

ik 1\ [2m\* & .
— 72 +2p+17 (2k+p+§> <—) pos — Va(s,A) + Ta(s, A).

=U(\s)

(e

Hence

1d >
2p+1< ) am e—yf
ydy Y Z

m=1
-—2k 2) 2k oo "
%24k+2p+1r (2]{3—}-p—{— ) ( ﬂ_) Z a
22p+1
Waof(p—l- 2),

where V5(s,\) and Ts(s, A) given by (3.2.8) and ({3.2.7) respectively. From
(3.2.9) and (3.2.10), we obtain an explicit formula for Va(s, A).
For explicit formula of T(s, \), we start by recalling that

o s 225+2p+11‘\ (S + p+ %)
Tr(s, A) = Z Res{ (T) Tyt D(s) o
)

s€pole set of P(s

— Va(s,A) + Ta(s, \) — (3.2.11)

. . 922s+2p+11 1 . . .
Since p 4+ 2k > 0 + % the function (2{)8 ﬁy2s£zjﬁ+2) is analytic in the re-

gion bounded by the vertical lines Res = 2k — § and Res = 4. Recall that
in Theorem (2.3) ®(s) = D(s) + D°s) + E°(s) + E¥(s) + E®(s), where
D(s), D°(s), E°(s), E¥(s), and E®(s) are functions in (2.0.10)), (2.0.11)), (2.0.12)), (2.0.13))
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and (2.0.14)) respectively. We use the residues of ®(s) are the formulas in Corol-
lary ([2.4)[see (22.0.16)), (2.0.17)), (2.0.18)] and (2.0.19)). Therefore, after simpli-

fying we obtain

92p+1 8\ > 1 1

To(s,\) = \/_y2p+1{( 2) F(2k+p+§>—aol“<p+§>
+ZC 87” 2k_ml“ oh—mtpr2) = (2N (g
Py A2 PT3

m+r nm [ 8x \ T mr—2k m
+22%[z o () e

=1 r=1

1
F(Qk—m—r+p+—>

2
LIRS ) (e ])

(3.2.12)

Now substitute (3.2.12) in to (3.2.11)) for T5(s, A) and by substituting the re-
spective expressions in ([3.2.9)), (3.2.10]) for V5(s, \), cancellation of terms take
place. Therefore. by rearranging and combining expressions after some sim-
plification, we obtain the identity .

Proof of the converse

To prove the converse, we need to show that (3.2.2)) implies the functional

equation (3.2.1). However, in Theorem (3.1)) we prove that the identity (3.1.2))
3.2.1

is equivalent to the functional equation (3.2.1) provided that p > 25 — 2k —
1. Thus it suffices to show that the identity (3.2.2) implies (3.1.2). Indeed

multiply (3.1.2) by e¥V®, with Rey > 0 and z > 0 and integrate the expression

along vertical path Res = 9, where ¥ > 0. The left hand side (3.2.2]) can be
evaluated using the formula stated by Chandrasekharan and Narasimhan in

[[2],page 9]

1
YVE _ey\/m} dy = ==Y an(x —m)’277,
"2 /19) ( ydy) L/ F(p+1 mZ; ™)
(3.2.13)
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while the right hand side of (3.2.2]) we calculate the integral of each terms one
by one. So put

i_Qk it 2’/T 2k oo
_ p E

(%)
By applying ((1.3.9) after simplification we obtained

PO\ y) =i (4%) _pniam (%) o Totosp (@) . (3.2.14)

To evaluate the next term consider the integral I1(\, x), where

1 eyve Iy \y?
I (A U(r— d
Ay) = 2mi /(19) y2ett ( ) 2’ 8 za]) Y

Using the integral in ((1.3.11)) we have

1 ewvT (1 Tr+7)D(-1)T(p+3—7) ( M? \™
Li(\y) = — T - dr pdy
2mi Jgy 2 2w J ) L(rC(r+p+3) 8micy

:L/ r(r+r)r(—r)r<p+%—r)( A )L/ e =201 L g
2mi J ) C(r)T(r+p+3) 8mia; ) 2mi J )

1 L(r+7)I(-1)T(p+ 1 —7) ( A )T P T "
2w J g L(r)C(r+p+3) 8mia; ) T'(2p—27+1)
Applying the formula in (1.3.4) to I'(2p — 27 + 1) we have
P 1 r I'— i
LiMy) = ﬁx _/ (r+7)I'(—7) )\ gl
22T(r+ 5+ p)L(r) | 270 Jip) T(p+1—7) \2micy

Let

o - [ T EOTn (Y,
2mi Jioy T(p+1—7) \2micyx

The integral M;(\,y) can be evaluated using Cauchy’s Residue theorem on a
rectangular region;

[-N—2—iT,0—iT),[0—iT,0+iT), [0 +iT,—N — 3 +iT],[-N — 2 +iT, —N —
1 iT)] positively oriented for N large integer. The integrals on the horizontal

1
paths tends to zero as T" — oo. Thus

=2 _Res { Tp++T1F—( T? (QWQJ‘”)T}
! WO (ALY

- :
2mi Joon-1y Tlp+1—=71) \2mioy
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as N — oo, the integral along the path of Rer = —N — }L can be shown to

tend to 0 by estimating the growth of the integrand. Hence by computing the
residue we have

Ml(y,A):gH')m T(m + ) <2mo¢jx>m+r.

« ml T(p+m+r+1) A
Hence
VTP (=)™  T(m+r omioz\" T
]1<y7 >‘) = 2 1 Z | ) ’ .
220 (r 4 5 + p)I'(r) m! T(p+m+r+1) A

Therefore, we conclude that

2

M .
1 eV g —1\" 1 1 My
S o, (—) T N (r,—pt =2 d
2mi gy /Ty 2.2 <%) (ptr+3) (r p+28ma)

j=1 r=1 J

s Zp:ic (_1>Tr< LL [ ey L
= = ri | — P+7”+——/ (Ta_P+—§ : )
M.
1 o -1 2miay " xPtr 2mic;x
= — r bl 17 2
2/);; j( ) ( A ) T(p+r+1) 1(rr+p—|— A )

Next we analyze the integral I5(y, \), where

1 Ve o\ 1 o\
I A) = — J \\J — 2k — —. dy.
2<y7 ) Ii /(19) y2p+1 < . ) (7'7 r p+ 2" &’ ) Yy

2

(17D

For fixed r, —r < 0 < —7‘—1—% and —5 < arg ( e ) , applying the integral rep-

resentation of confluent hypergeometric function of the second kind in (|1.3.11])
we have

Ly, \) = 1 / e [ aidy? ] / C(r+n)'(—7)T (2k +p—T—1r-+ %)
2N = on ) YT 87 2mi J o) D(r)L(2k + 1+ p)

a2\ T
X (aﬂ)\y ) dT}dy.
8

By interchanging the order of integration we obtain the equation

1
Ly, \) = 3 /(0)

P(r+7)0(=1)T (2k+p—7—71+3) (i) T2k
L(r)L(2k + 5 + p) 8
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1

“ori Juo eIy k2 gy |
Put 1
Gi(y) = 5 /(19) eyﬁy2T+2r—4k_2p_1dy’
and applying formula 7 we have
p2ktp—r—
Gi(y) = T(4k+2p+1—2r —27)°

Thus

Ly, A) = L / C(r+7)0(=7)T (2k ‘*’10 —T—r+1) (Oéjz')\)7+r2k
i L2k +3+0) 87

x2k+p—r—7‘
X dr,
L4k +2p+1—2r — 27)]

and applying formula (|1.3.4) to i

1
e o o) SO Iy(y, A) can be expressed

s\ 2 2etp—r
as I(y,\) = VT (Z%) (f) "

D(r)l (2k+p+3) \ 87 4
1 L(r+7)I(—7) (iaj)\)Td
— T.
2mi Joy PRk +p+1—r—7) \ 272
Set r r \
1 — i\
Coly) = o O (52 o
21i Joy T2k +p+1—7—7) \ 272
Now G5(y) can be evaluated using Cauchy’s Residue theorem moving the line
of integration to Rer = —N —}1 for large integer N. As in evaluation of I;(y, \),
applying Stirlig’s formula to estimate growth of I' the integral along the path
Rer = —N — % can be shown to tend to 0 as N — oo, then we obtain
= (=)™ m-+r i N\
Ga(y) = ( ,) ( ’ ) :
“~ ml T'2k+p+1+m+1)\ 2mz
Hence
Ly \) = N3 i N\ T a2 (=)™ I'(m+r) 2z \ "
2 A= L(r)L (2k+p+3) \ 87 24k+2p=2r £ ) D2k + p+m+ 1) \ia;A

Therefore. using this result for I5(y, A) we find that

M r . r—2k
1 WV Iy —~1 1. [ ojidy?
— —E:E:CM — 2k (2K S Y A A
2mi Joy VT S <aj) TRy ( 87
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1 ia;A\?
x W r,r—2k—p+—;m] dy
2 8r

M; . r—2k
20 I —-1\" 1\ 1 eV [ aidy?
2 (2 (e ) [ (e
ﬁzz (0@-) “ < +p+2) 210 J () Y2 87

1 A2
><‘I/<7“,r—2k p+—Za] >dy

2" 8
1 p MjC _1 r o 2k 2k+p 00 . m
_532:;; <04_J) (5) L2k +p+1) 7;0 2k+p+1) (z‘ajA>
M.
[ —— ~1\" /2n p2k+e —onx
2”;; (aj) (M) L2k +p+1)" 1<7° o mjx)

(3.2.16)

To analyze the remaining terms define

L .\ 2k—m
evv® 8 1
R (i r(2k - -
z:ka {27.‘_2 /(19) y2p+l [()\y2) ( m+,0+2)
—8mi\" 1
— r — ) |dy ;.
(5) (meog) o}

Then evaluating each integral in I3(y, \), applying formula ((1.3.3)) and sim-
plifying, we get

k+m

8\ 2™ x
=92 C,
Z { ( ) 24k+20=2m 2k + p —m + 1)
—87i x2ktp—m
A 2%+2mT(p+m + 1)

B 1 L C ' 2k—m iZkfmekerfm B T m (_Z')ml.erm
_ZPm:k " A IF'2k+p—m+1) A F(p+m+1) [

(3.2.17)

Finally to evaluate the last term in (3.2.2)) define
2p+1

1 1 eyveT aopx’
Ii(y,\) = ——=aol - — ——dy=——>"—7>—~. (3.2.18

Thus the expression on left of (3.2.13)) is equal to the sum of each expressions
evaluated separately as above. Thus combining the results in (3.2.14), (3.2.15)),
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(3.2.16)), (3.2.17), and (3.2.18]) respectively we have

1

! 2\ ° > z\ 25E 4m\/mx
e (B) e () g (15
r(p+1);“ (z—m) ! (A) mzzla m 20 \ TN

8 () () oo )
- i | — r,T e
20 g T\ o A Tlp+r+1)"" P A
M.
1 —1\" [2r\**  akte —2ma
P Cri | — — | = 1F 12k 1; =
+2p;; (aj> (m) T2k +p+1)° 1(7" To zaj)\)
+1 ic o 2k—m i2k7mm2k+pfm oI m (_i)mprrm
20 £ 7T A I'2k+p—m+1) AN) T(p+m+1)
+1i2k 21\ 2 p2kte aox”
20 A F2k+p+1) 207 T(p+1)

There for we conclude

o 3 e () S (2) s, ()

m A
0<m<zx
L (2 e a
A L2k+p+1)
N XL: o 2_7'(' 2k—m i2k—mx2k+p—m B 2_7'(' m (_Z'>mxp+m
e A I'2k+p—m+1) AN) T(p+m+1)

r M SN [ 2mia\T aptr _oriaa
_ZZO”(_> ( )\J) I 1 Fy <T,T’+,O—|—1;—J>
Qi

m=1

j=1 r=1 prr+1) A
p M; r 2k 2k+
—1 2w xhTP —2nx
Cri | — — — F; , 2k 1; — )
+;; (aj) (M) T(2k+p+1)" 1<r o zaj)\)

Hence we showed that the identity in (3.2.2)) implies (3.1.2). Since (3.1.2))

equivalent to the functional equation (3.2.1)). This completes the proof of the
converse and we conclude proof of the theorem . O]

39



Chapter 4

Dirichlet Series, Automorphic In-
tegrals with Log-Polynomial Pe-
riod Functions and Arithmetical
Identities

Our main goal in this chapter is to establish the equivalence of two arithmetical
identities with a functional equation associated with entire automorhpic inte-
grals involving log-polynomial-period functions on the discrete Hecke groups.

4.1 Review of Preliminary concepts

a b

d
G(X), v(M) independent of z and |v(M)| = 1. If v satisfies the consistency
condition

Let v be a complex function defined by v : G(\) — C for all M = €

V(M3) (c3z + d3)* = v(M)v(Ms) (e1 Moz + dy)** (caz + do)*

b

for all MI,MQ c G(/\),MlMg = Mg, Mj = . d]> ,j = 1,2,3 S H,
J

J
where k € R then v is called a Multiplier system for G(X\). 2k is the weight
of v on G(M).

Suppose F'is a holomorphic function in the upper half plane H and k € R.
Let v be a multiplier system on G(\) of real weight 2k. Suppose that F
satisfies the automorphic relations

a;

P(S\F(z+)\) = F(2), v(S)) =™, 0< Kk < 1 (4.1.1)
and

o(T)z2*F <_71) = F(2)+q(2) V2 € H, (4.1.2)

N M;
where ¢(z) = Zzo‘j Zﬁjt (log )", a;, Bji € C. Furthermore, assume that
j=1 t=0
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I has Fourier series expansion of the form

o0

F(z) = ame™m/, (4.1.3)

m=0

where Imz =y > 0 and a,, = O(m?), for some &§ € R*. A function F sat-

isfying (4.1.1), (4.1.2) and (4.1.3)) is called an entire automorphic integral of
weight 2k with multiplier system v for G(\). The function ¢(z) in (4.1.2)) is

called the log-polynomial period function of the entire automorphic integral
function F.
Remark. Abdulkadir Hassen [3] has characterized completely the log-polynomial
period functions for entire automorphic integrals weight 2k, & € R on G(A),
the discrete Hecke group, in the cases:

(1) k>1, v(S)) =1

(2) k>07 V(SA)#l

(3) k>0, 2k e Z, v(S)\) =1 and

(4) k<0, v(S)) # 1.
For the purpose of this work we consider only the multiplier system which
satisfy v(S)) = 1. That is (x = 0). In [4] Paul C. Pasles stated a Riemann-
Hecke-Bochner correspondence for entire automorphic integrals on the Hecke

groups. We modified and restate the theorem here for our context with multi-
plier system v, and we give the main steps of the proof. (see [4], Theorem 3.1).

Theorem 4.1. Let k € RT U {0}, X > 2 or A = 2cos (%), pE€Z, p>

3. Suppose that F' is an entire automorphic integral of weight 2k, multiplier
system v and v(Sy) = 1. Let q(z) be the log-polynomial period function of F
on G(\) and let F' have Fourier expansion of the form

o0

F(Z) _ Z ame%rimz/)\,

m=0
for z € H, where

am = O(mP) for some B> 0,m — oco.
Let o(s) = Z apm™°, s =0 +it. And put

m=1

vr(s) = (5) T for o> 51
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(A) ®p(s) has a meromorphic continuation to the whole complex plane with
at most a finite number of poles given by:

Dp(s) = Di(s) + Mi(s) + Li(s),

where
Do) = [ { i) an pyrtas s 20ty [T L) - a0
(4.1.4)
M(s) = O{ik_”g];) - i} (4.1.5)
and
Li(s) = _éi%wgbﬁg @ (%)H (2k(+_2[+_12>l+1, (4.1.6)

for Res > 2k + max | Req|.
j

(B) ®p(s) is bounded uniformly and absolutely in each o in a lacunary vertical
strips of the form

S(O’l,O'Q,tQ> = {S .01 S o S O'Q,’IIHS‘ =t Z to},
where 01,09 € R and ty > max | Im «;|.
j

Moreover,
(C) ®r(s) satisfies the functional equation
dr (2k — 8) = ™ U (T)Dp(s). (4.1.7)
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Proof. Suppose F'is an entire automorphic integral of weight 2k, k € R, mul-
tiplier system v and associated Lppf ¢(z). For Res > 2k + max; |Req;]|.
Applying Mellin transform of F, we have

p(s) = / " (Fliy) - ao) ysdy—y

- [T (ra —a 4y 1 1) — a <4y
- / (F(iy) o>yy+/0<F<y> 0y

Taking y +— % in the latter integral and applying the transformation law in

(4.1.2),we get

1 ) d ) = : —85— . o —g—
/ (F(iy) — ao) ys??/ = V(T)l%/ (F(iy) — ag) y***'dy + I/(T)z%ao/ Y25y
0 . !

Thus

where

v(T)i%* 1
M = a0 { 3(—>2k a g] ’

and
Luls) = o) [ alin)y™ -+ dy,
1

Dy(s) is entire and converges uniformly (absolutely) on compact subset of
C, for large Re(s), and Dy(s) satisfies the functional equation Dy (2k — s) =
e™ u(T)Dy(s). Similarly My (s) is meromorphic with simple poles at (s =
2k,0), and satisfies the functional equation My(2k — s) = e™*u(T)My(s). In
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order to show the meromerphic continuation of ®x(s) we need the meromor-
phic continuation of Lg(s) to C. Now by definition

Li(s) = n(T)i% / " iyt

o N M;
= y(T)iQk/ Z(iy)o‘j Zﬁjt(log iy) oy dy.
=1 t=0

The integral and the finite double sums may be interchanged, since each terms
is absolutely integrable. Observe that logiy = logy-+iarg(iy) = logy+7, y >
0. Then applying the binomial theorem we get

(5om) - £ ) (5) wor

To show the meromorphic continuation of Ly(s) we require the following result.

Lemma 4.2. Letn € C, Ren < —1 forl € Z=0. We have

S _p)
(] l — ( ]
/1 "(logy) (n+ 1)+

Proof. 1t is not hard to prove the lemma using induction and integration by
parts. [

Applying the binomial representation for log iy we have

et t\ (m i —s—
Li(s) = v(T) ) i > "3 Y (l) (5) /1 e log y)'dy.
=1 =0 =0

So that by Lemma [.2] we have

i =om 35S () (5) o e

1=

for Res > 2k 4 max; Rea;. We assume always that (ju, # 0. Then Li(s) is
meromorphic in C with poles of order, M; + 1 at s = 2k + «;. Thus

®p(s) = Di(s) + Mi(s) + Li(s)

is meromorphic on C with finite simple poles at s = 2k,0 of order one
and s = 2k + «; of order M; + 1. This completes the prove of (A). To
prove ®p(2k — s) = ™ y(T)®(s) it is enough to show that Li(2k — s) =
e™ y(T) Li(s).

First we require the following lemma.
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Lemma 4.3. If F' and q are as in Theorem[{.1], then

q (_—1) = —(=2)*0(T)q(2),¥z € H. (4.1.8)

z
Remark: (v(T)i**)? = 1.

Proof. By taking z — =% in (4.1.2)), we have
—1

F(2) = (T)(—2)"2 {V(T)Z%F@) + u(T)2%q(2) + q <—) ] .

z

Which implies
F(2) = v*(T)(=2) 2% F(2) = v¥(=2)72%q(2) + v(T)(—2)"*q (
_1)

= 2(T)g(2) + (T (—2) (—

)

Therefore.
-1
Fle) = T PFE) = a0+ D)2 % ()
z
Then by the above remark we have
.
q(z) + v(T)(—2)"*"q (7> =0, VzeH
and the proof of the lemma is completed. n

Now from Lyg(s) :i%y(T)/ y?* = 1q(iy)dy implies
1

L(2k — s) = **v(T) /loo v q(iy)dy.

Applying Lemma |4.3| and replace y by 1 in the integral we obtain
pplying J

1
i 5 (T Ly (2k — s) = —i**u(T) / v q(iy)dy.
0
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Then by definition of ¢ we have

1 N M;
i 0(T) L (2k — s) = / Z a; Z Bje(log iy)ty™=dy.
0 =0

J=1

From the relation logiy = % + logy and applying the binomial theorem we
get
T ! L\ (i
(logiy) = <? + log y) = Z (l) (E) (logy)".
1=0

1
By taking y — — we see that
Y

N Mj t . t—1 00
i (T) Ly (2h—s (1) 300 3 B ( ) e o) (1)
j=1 t=0 =0 1
Applying lemma4.2] and by simplifying we have
N : t—1 Il
-—2k - ozj+2k o :
LR = 2 EJ%EZ()(z) f— @t o)l
where
al i i\ [!
a3 ()(3) e
JZI ; a* Z 2 [s — (2k + o ))i*!

Therefore, Ly (2k—s) = €™ v(T) Ly (s). This complete the prove of (C'). Finally
to show the boundedness condition (B). The rational functions Mj, and Ly, are
bounded in lacunary vertical strips which do not contain poles of M) and
Ly. Thus to prove (B) it suffices to show the boundedness of Dy. In fact, by
am = O(mP) for o > 1+ 3,

\[mwww—mw*wyzoxw—@ww»

Hence (B). And complete the prove of the theorem. ]
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4.2 Third equivalence

In this section we prove our third and the fourth results. Sister Ann M. Heath
in [I] considers the functional equation of J. Hawkins and M. Knopp in [5]
O(2k — 5) — i**®(s) = R(s).

She has shown that the functional equation is equivalent to two types of arith-
metical identities associated with entire modular integrals involving rational
period functions on the full modular group I'(1). Here we establish two arith-
metical identities associated with entire automorphic integrals involving log-
polynomial period functions on the discrete Hecke group G(\), analogous to
Sister Ann M. Heath and we show them to be equivalent to the functional

equation (4.1.7)), .
Op(2k — s) = ™ Fu(T)Pp(s).

Theorem 4.4. Let ®r(s),q(z) and F(z) be as in Theoreni].1 Then the func-
tional equation '

Op(2k — 5) = ™ * (TP p(s) (4.2.1)
18 equivalent to the arithmetical identity

5,3, () e ) e (55)

0<m<:1: m=1
mka x2k+p GQ(Ep
( ) 2k~|—p+1) CE
2k+aoy 2k+p+a; N M; . t
€T J . (i
v(T)e™* 1Y =
( > T2k +a; +p+1) (T) ; ;Bﬁ(z)

(4.2.2)

forx >0, p € Zxo, 5,850 € C, Bju; # 0 and N, M; € Z, provided p >
28 — 2k, where a,, = O(m?).

Proof of 1) implies (4.2.2)
Here we first show the functional equation (4.2.1)) implies the identity (4.2.2] -

Proof. Applying the formula in , for p > > B and a,, = O(m”) we
have

1 ' )= 1 T(s)p(s)zrr .
> am(z—m) /(b — 7 ds. (4.2.3)

I'(p+ 1)0<m<x 2mi Jpy D(s+p+1)
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)

Here the prime indicates that if m = x,a,, is to be multiplied by % and

Z O yith Z Lo
To evaluate the mtegral on the right side of -, for 2k — b < o < b,
where s = o + it. Consider rectangular region with vertices 2k — b + T and
b+ T, having positive orientation. Let T be positive large number so that
Stirling’s formula can be used in approximating I'(s) as |s| — oo. Using Stir-
ling’s formula and the Phragmen-Lindelof theorem we may show the integrals

along the horizontal paths tend to 0 as 7" — oco. Hence with the substitution,
(Z2)° @5 (s) = I'(s)¢(s), the right hand side of (4.2.3) may be written as

1 / I'(s)p(s) J 1 / (27‘(‘)8 Pp(s)zste p
— | ———ds=— — | =—F——ds
210 Jipy D(s +p+1) 2mi Jyy \ A ) T(s+p+1)
_ 1 (2_”)8 Cr(s)zr
216 Sy \ A ) T(s+p+1)

T ) )

s€Pole set of ®p(s)

s s+p
wi(s, \) = L/ <2_7T) Pr(s)e”
271 (2k—b) A P(S + 14 + 1)

s€Pole set of (s

and

To evaluate wy (s, A) we begin by using the functional equation
Op(2k — 5) = ™ Fu(T)D(s).

wi (s, A) can be written as

1 21\ e TR (TYD 1 (2k — s+p
wi(s,\) = / ( W) AT)®r( 5)z ds
(2k—b) \ A

omi I(s+p+1)

By substituting

21\ ° = an
m=1

and replace s by 2k — s. Now applying (1.3.7)) with simple algebraic manipu-
lation we obtain

wils, ) = (27”) e~k iam( )Qk;p Togos (@) (4.2.4)

=1
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provided that p > 28 — 2k.

To complete the evaluation of the integral in (4.2.3)) we calculate the residues
in wy(s, A). The meromorphic continuation @ expressed in terms of M (has
simple poles at s = 0,2k ) and L; which has a pole at s = 2k + «; of order
M; + 1. Thus a straight forward calculation of the residues of the functions we
obtain

2k 2k+p o
(s, A) = 2m i L av(T)  aox
A T2k+p+1) T(p+1)

o\ 2K+ 2k+pta; N M; ir\ !
=" T mik o ) o
+()\) r(2k+p+1+aj)”( Je ;Z ;ﬂ”(2> !

(4.2.5)

for [ Z>0, Ot],ﬁ]t € C and /BJM 7é 0.
The 1ntegral in the rlght of - ) is equal to the combination of the expressions

in and (4.2.5)) respectively, thus it follows the identity (4.2.2] -

Proof of converse of the theorem

Suppose F' is an entire automorphic integral function. F'(z) has Fourier series

expansion of the form
oo

F(z) = ame”™m/, (4.2.6)
m=0

For z € H, where a,, = O(m") as m — oo, for some v > 0. Put

2m\ ° = e
Op(s) = (7> F(s);amm :
For z € ‘H F satisfies the relation
-1
o(T)z " F <7> = F(2) +q(2)Vz € H, (4.2.7)

where

Zz JZﬂjt log 2)', «a;, B € C.

Now using ) and ( - we have
o0

Z_2k17(T) Z ame—szm/)\z _ Z am627rimz/)\ + C](Z)

m=0 m=0
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Letting z = %, y > ¢,c € RT. Then we have that

o~ cirlm A
(Zy)\) Za e 332 - Zame my—i—q(zy ) (4.2.8)

In proving the Converse it is enough to show that the identity in 2)) implies
- Since ¢(z) is entire in H and the series expansion for F in (4.2.6])
is uniformly convergent on compact subsets of H, the automorphic relation
in (4.2.7) will follow by analytic for Vz € H. Following the method used
in Chandraseharan and Narasimhan [2], we multiply the identity in (4.2.2))
through out by y**le~®¥ with y > 0, integrate relative to x from 0 to oo. To
this end consider four integrals (separate) corresponding to the terms occurring

in as
& 1
wi(z,\) = _— am(z —m)? pyP e dzx.

0<m<zx

0 : 2\ " x5 4y/ma
2\ = —mik — T =" g p+1 ~TY .
wa(z, ) /0 {e v(T) < 3 ) mZﬂa (m) Joktp ( 5 ) }y e “Ydx

) ' 2 2k T x2k+p p
W3(I7 A) — / 671'114: (_ﬂ—> CLOV( )x o apx }yp+1€_$yd$.
0 A IF'2k+p+1) T(p+1)

00 o\ 2ktai p2ktota; Al M; P
\) = - T ik o ) o p+1 —2y
EAERY /{(A) e LW Zﬁ<2) yrie s

The evaluation of w; and w, follows as Chandrasekharan and Narasimhan
found in [2]. Inter change of summation and integration being permitted for
,0225—216—%. Then

Pyl oo P4
wy (1, \) = L/ xpe_xyda:+ y + Z am/ x — p)ledu.
Plp+1) Jo 1<m<33

Integration by substitution and using the standard integral representation for
[(s) we get

=) e ™. (4.2.9)
=0

To compute w, we applying the formula in ([1.3.8)), and with the substitution
47r3\/m =a,v = p+ 2k after simplifying, we obtain

2 —4nZm
wy(x, \) = ()\—Z) e kD Za e o, (4.2.10)

m=
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The integral in ws3(z, A) is evaluated using the integral representation for I'(s).
Therefore. after simplifying, we see that

2 2k '
w3(x, \) = (A_D ape™ v (T) — ay. (4.2.11)

To evaluate wy(x, A) since each term is integrable the inter change of the inte-
gration and the finite double sum is valid . Then integration by substitution
and using the integral representation of I'(z) we obtain

wa(z, \) = (%)zk (1) i (2m) JZBN (Z_ﬁ>

j=1

(My/%) Z (Ayz/%)% ;@t (%)t (4.2.12)

For y > 0, we see that log ( > +logy = & Then for I € N{J{0} and applying
the binomial theorem we have

() o) -5 ) () "o

t
If | = 0 we have <10g (;—Z})) <log ( ) + log y) . Now replacing — by My/% and

substituting for (%T)t in (4.2.12) we have

o) = <M;/127r)2k V<T)i (Aw/%)w ;Mgﬁ”t< <iy;/12ﬁ)>t'

(4.2.13)
2k

Observe that wy(x,\) = (ﬁ v(T)q (ﬁ), where ¢(z) is the log-
Lél 2.7)

polynomial period function in Then applying lemm we have

wy(z,\) = T (T)q VL —q (%) . Combining the results in
(4.2.9), (4.2.10), (4.2.11) and (4.2.12) we showed that the identity in (4.2.2)
implies
e8] 92 2k ' o0 42 9 2k '
mZ::Oamemy = ()\—Z> e’”kD(T)mz_:lame g (/\—7;> ape™* v(T)
1 2k N 1 a; Mj 1 t
T | ] .
i (’My/%) 4 )]Zl (Ayi/%) ;ﬁﬁ (Og (iyk/%))
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Observe that

() 0% (i) e (o () =0 (),

[e.9]

Since F'(z) is holomorphic and has a Fourier series expansion F'(z) = Z A 22/

m=0

in H. Then with z = ’y’\ 1) we may be ertten as . By the iden-
tity theorem ,then the automorphlc relation follows Vz € H, and this
completes proof of the theorem. n

4.3 Fourth equivalence

Theorem 4.5. Let Pr(s), F(z) and q(z) be as in Theorem . Then the
functional equation '
Op(2k — 5) = ™ * (T p(s) (4.3.1)

18 equivalent to the arithmetical identity

( yl CZJ) (yi;a e yf) j;r (2k+p+%) (87”)% o(T)e "k

o0
am

m=0 (y2 + 4 (2_77)2 m)
2P F(Qk +p+a;+ ) 8T ik
+ — ﬁ T Ve V(T)e

() $ ()

X

2k+p+i

Jj=1
2041 g 1
_ 7Wr <,0 + 5) : (4.3.2)

provided that Re y € R*, o, Bjr € C, p € Z>g, and p > § — 2k + %,
where 3% loml < o0

m—l mB

Since by Theorem [4.4] the functional equation ([£.3.1)) is equivalent to (4.2.2)),
it would be enough to show that the functional equation (4.3.1]) implies (4.3.2)

and that (| in turn implies the identity (4.2.2 -
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Proof of implication

Proof. First we begin by showing that (4.3.1]) implies (4.3.2] m Let p be an
integer, p > 0 and (s Z a,mm~® with a,, = O(m?). Then for v > 0,y > 3

and applying the version of Perron’s Lemma in [3.2] we have

LS ooy — QL/ p(s)l(s)z? (4.3.3)

I'(p+ 1)0§m§m 7 Jiy (s +p+1)

As in Chandrasekharan and Narasimhan in [2], we multiply by e WVigs
and integrating relative to x on [ 0,00). For v > 2k, Re s = ~ is the vertical
path of integration. Thus, we need to prove the identity follows from
the equation

Tt L " (z — m)? Sdz
/Oe Ve, {I‘(p+1)z m( )}d

0<m<zx

> ] 1 [(s)xstr
:/ e VIS 2—/ Mds dr, (4.3.4)
0 T J () (8+p—|— )

where p € Z>g,p > 7—2/<:+%, and y € R*. Chandrasekharan and Narasimhan
[2] for A\, € RT A\, — oo as n — oo showed the identity

(x —n)P 1d\ |1
e Ve =3y = 2(—2 <——> - ane’ym .
Z / (=2 y dy [y;

(4.3.5)
Then by the identity in (4.3.5) with A, = m, we have

Z / p+1 "=y — 2(2)" (y dy) [ Za e—yf]

Now on the left side of (4.3.4) the interchange of integration and summation
is justified for p > 0. Then

< _1 1 ! agp < _1
e Wipmzd am(x —m)’ dx:—/ e VTP 3y
/0 {F(p+1) 2, ol )} Llp+1) Jo

0<m<zx
1 X
I'(p+1)

Zam/ eyfx2x— m)Pdzx.

1<m<z

+
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Thus applying (4.3.5) we have

) 2p+1 I‘( + l)
-z, — 5 1_ ' —m)P — 2 P73
/0 e IV 2{F(p—|—1) E am (7 —m) }da: y2p+1a0 NG

0<m<z
—1d\"[1
y dp Y Z

Now assuming ®5(s) = (2) "I['(s)p(s), where Res > 3 the right-hand side

of (4.3.4) may be written as

> 1] 1 21\° @ stp
0 2mi Joy \ A ) T(s+p+1)

for v > . We may interchange the order of integration for p > 0. Then we

have
1 27\ ° ) >
Wi(s,\) = —/ il ﬁ/ e WVELP 3 dy Vs,
21 J s A) T(s+p+1) /)

Using integration by substitution and applying the formula in (1.3.4)) for T'(s),

we obtain
1 2\ 2202 (s 4 p + 5
W(s,)\):T/ <77r) N (stpt3)
i Jo) y VT

To evaluate this integral we shall consider a rectangular region with vertices
2k —~v +4T and v £ ¢T, s = o + it on its interior. Using Cauchy’s residue
theorem, the line of integration oriented with positively to Res = 2k — ~. If
p> 7—21{:—1—% the poles of I" (s +p+ %) lie to the left of the vertical path. Then
the poles of the integrand in the interval [2k — ~,v] arise from the function
®r(s). Applying Stirling’s formula and the Phragmen-Lindelof theorem the
integrals along both horizontal paths tend to 0 as T" — oo, and thus W (s, \)
may be written as

W(s,\) = wq(s, \) + wa(s, A),

1 2\ * [(s+p+ 5) 2212011
) = — =) o 2 d
vl A) 2mi /(%—v) ( A ) r(s) VT y2st2etl >

o s F<S+p+ l) 225+2p+1
wa(s,\) = Z Res{ <7) O(s) NG : y2st2otl [

sEpolsetd(s)

where

and
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To evaluate wy (s, A) recall the functional equation
Op(2k — 5) = e™*y(T)Dp(s)

and substitute in to the integral of w;(s, A). Then we have

S22t [ om\° 2BT (s + p+ 1)
) =p(T)e ™ — =) ®p(2k— 22ds p.

Now replace 6 by 2k—s and then setting ®x(6) = (28) -’ L)Y amm™’. By

organizing the expressions wi(s, \) may be written as

a2 & 1 1. (16mn2\ "’
w1(8, )\) = I/(T)e kW Z am{—. /(’y) F(Q)F(Qk;—0+p+§) ()\Q—yz) d@}.
1

271
m=

The interchange of the integration with the summation is justified for p >
B—2k+ 1.
Replace 6 by —6 and using formula (|1.3.2)) after simplifying, we obtain

_ o(T)e ™" Ak+2p+1 ( 1) (27T)2k - (m

wy (s, A) 7 2 F(2k+p+5) (5 > T
(4.3.7)
The series on converges absolutely for Rey € R, provided p > 8 —

2k + 3.

To préceed with evaluation of wq(s, A) recall that in Theorem 4.1/ we have that
s k(s) + Mg(s) + Li(s), where Dy(s), Mi(s) and Lg(s) are functions
h 4.1.5)), and - 4.1.6)) respectively. For p > v — 2k + 5 1 the function

(2)* P(s+ p+ )inz’; " is analytic in the region bounded by Res = 2k — ~ and

Res =7, thus the poles of the integrand in the interval [2k — ~y, | arise from
®p(s). We also note that Dy(s) is entire, Mg(s) has simple poles at (s = 2k, 0)
and Ly (s) has a pole at s = 2k + «a; of order M; + 1, where o; € C, M; € Z>y .
Therefore by computing the residues of M;. and L, after simplifying, we obtain

22p+1 ik 87 2k 1 22p+1 1
o) = e ()1 (20 ) - v r(o+3)

22p+1 (T) ik ( 8 >2kF (2]{; 1) Z ZB <i7T>t
LT o VL el tota+- )N 8, ()
VPt Ay? 7 periiier 7\ 2
(4.3.8)

Therefore by rewriting W (s, A\) as combination of (4.3.7) and (4.3.8) and

substituting the respective expressions in to the right-hand side of (4.3.4),
with simple rearrangement, we obtain the identity (4.3.2), provided that p €
Lo, p>f— 2/@—1—% and y € R, where > > loml .

mlmﬁ
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Proof of converse of the theorem

To prove the converse it suffices to show that implies . Following
the technique of Chandrasekharan and Narasimhan in [2 multlply - ) by
e¥V? with Re y > 0, and = > 0 and integrate the expressmn along a vertical
path Re s = 0, where 8 > 0. The left hand side of the transformed equation
can be evaluated using the formula

Z momi / e (7@) Be‘wﬂ dy = ﬁ;j(as —m)’277,
(4.3.9)

while the right hand side of (4.3.2]) we calculate the integral of each terms one
by one . So put

1 90 1\ /27\* & a
hy(y,\) = — W2 (T~ 2R ( 2k —) (= -
1(y> ) 27i /(9) e ﬁy( )Z + P + 2 A Z (y + (TW) )2k+p+% dy’

1 20 agT'(2k +p+ 1) 8T\
- e 2 2 mik [ 97
h2 (y’ )\> - 27TZ /(9) € ﬁ y4k+2p+1 V(T)e )\ dy7

1 22000 T(p+3)
h’3(y7 )\) = %/ eyf ﬁao y2p+1 dy’

and

20 F2k+p+0z +3) [ 87 8mi im
f J 7r'Lk o
e () e 025 (5)

The evaluation of hy(y,\) follows as in [2]. The interchange of integration
and summation being justified for p > g — 2k + % in the right-hand side of
hi(y,A\). Applying the formula in and simplifying each expressions, we
obtain

- A\’ > T\ 5 4m\/max
_ = —mik —
hi(y,\) = v(T)e (—27T> 2 meZICLm <_m> Joktp ( ;) > . (4.3.10)

To evaluate ho(y, A) we rewrite as

20 e 8T\ 1\ 1 eIV

Put v
1 eyve

= — —dy.

91(y) o /(0) yh+20+1 Yy
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To compute g;(y) we use the formula in ([1.3.3) and apply the formula in (1.3.4))

for m. After simplification we obtain
L (2m\? p2hte
ho(y, \) = 2 Paou(T)e™ | == ) ——————. 4.3.11
S R G e (43.11)

We evaluate hs(y, \) applying the techniques analogous to those used in eval-
uating hs(y, A). Thus, we conclude that

2a9 P

hs(y,A) = T 1)

(4.3.12)

Next we consider hy(y, \) > The interchange of the integration and the finite
double sums is justified and we write as:

ha(y, A) = %V(T)e”’“ (%T)% r (21: +p+ay+ %) ﬁ: (87”) ’ Z@t (Z_”)

7=1

1 eyﬁ p
X — —_———— .
271 /(9) y4k+2p+aj+1 Yy

Now put
1 eyvE
92(y) = 2mi o Wdy.
Applying (1.3.3]) in go(y) and using formula (1.3.4) for m. By
J

substituting the expression derived for g»(y) and simplifying, we obtained

_ i p?kte o\ * XL [ 2rix i
o =2t () R (5) e (5)

7=1
(4.3.13)
Therefore. we have
1 /
—_ (Tt —m)P27" =h h h hy. 4.3.14
F(p+1)2a(x m) 1+ ho+hs+ hy (4.3.14)

m<x

By substituting the expressions (4.3.10)), (4.3.11)), (4.3.12), and (4.3.13) in to
(4.3.14)

hi1, ha, hs, and hy4 respectively and multiply both sides of the equation

by 27 the identity in (4.2.2)) holds for p > 23 —2k+ 1. This completes the proof
of the converse, since (4.2.2]) is equivalent to we showed in Theorem
4.4, and this concludes the proof of the theorem. n
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