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Abstract

Chanrasekharan and Narasimhan in [2] have shown that the functional equa-
tion Γ(s)ϕ(s) = Γ(δ−s)ψ(δ−s) is equivalent to two arithmetical identities. In
[5] Hawkins and Knopp proved a Hecke correspondence theorem for modular
integrals with rational period function on Γθ, a sub group of the full modular
group Γ(1).

Sister Ann M. Heath in [1] considered the functional equation in the Hawkins
and Knopp context. Analogous to Chandrasekharan and Narasimhan she
showed its equivalence to two arithmetical identities associated with entire
modular cusp integrals involving rational period functions for the full modular
group.

In this dissertation we extend the results of Sister Ann M. Heath to entire
automorphic integrals involving rational period functions on discrete Hecke
group G(λ), λ > 0. Moreover, we establish equivalence of two arithmetical
identities with a functional equation associated with automorphic integrals
involving log-polynomial-period functions on the Hecke groups.
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Chapter 1

Introduction

1.1 Preliminaries

Let {λn} and {µn} be two strictly increasing sequences of positive real numbers
diverging to∞, as n→∞ and let {an} and {bn} be two sequences of complex
numbers not identically zero. Consider the Dirichlet series ϕ and ψ defined by

ϕ(s) =
∞∑
n=1

an
λsn

and ψ(s) =
∞∑
n=1

bn
µsn

with finite abscissas of absolute convergence σa and σb, respectively. Suppose
that ϕ and ψ satisfy the functional equation

Γ(s)ϕ(s) = Γ(δ − s)ψ(δ − s), (1.1.1)

where δ > 0. Chandrasekharan and Narasimhan in [2] have shown that the
functional equation (1.1.1) is equivalent to the following arithmetical identities:

1

Γ(ρ+ 1)

∑
λn≤x

′
an(x−λn)ρ =

(
1

2π

)ρ ∞∑
n=1

bn

(
x

µn

) δ+ρ
2

Jδ+ρ{4π
√
µnx}+Qρ(x) ,

(1.1.2)

and(
−1

s

d

ds

)ρ [
1

s

∞∑
n=1

ane
−s
√
λn

]
= 23δ+ρΓ(δ+ρ+

1

2
)πδ−

1
2

∞∑
n=1

bn

(s2 + 16π2µn)δ+ρ+ 1
2

+Rρ(s).

(1.1.3)

In (1.1.2), we are assuming x > 0, ρ ≥ 2β − δ − 1
2
, Qρ(x) is given by

Qρ(x) =
1

2πi

∮
c

Φ(s)(2π)sxs+ρ

Γ(s+ ρ+ 1)
ds ,

∑∞
n=1 | bn | µ−βn <∞, and Jν(z) denotes the usual Bessel function of the first

kind of order ν.
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Chapter 1 : Introduction

In (1.1.3), we have are assuming Re s > 0, ρ is a nonnegative integer satisfying
ρ > −δ − 1

2
, ρ ≥ β − δ − 1

2
, and

Rρ(s) =
1

2πi

∮
c

Φ(z)(2π)zΓ(2z + 2ρ+ 1)2−ρ

Γ(z + ρ+ 1)
s−2z−2ρ−1dz.

Note that if β > 0, then identity (1.1.3) holds for ρ satisfying ρ ≥ β − δ − 1
2
,

ρ ∈ Z≥0.

In [5] Hawkins and Knopp proved a Hecke correspondence theorem for modular
integrals with rational period functions on Γθ, (generated by Sz = z + 2 and
Tz = −1

z
), a subgroup of the full modular group Γ(1). In their work, the

functional equation takes the form

Φ(2k − s)− i2kΦ(s) = Rk(s), (1.1.4)

where

Φ(s) =

(
2π

λn

)−s
Γ(s)

∞∑
n=1

ann
−s

associated with a modular relation involving rational period functions of the
form

F (z + λn) = F (z)

,

z−2kF

(
−1

z

)
= F (z) + q(z),

where λn = 2 cos
(
π
n

)
, with 3 ≤ n ∈ N

⋃
{∞} and 2k ∈ Z.

Analogous to Chandrasekharan and Narasimhan, Sister Ann M. Heath in [1]
showed that the functional equation in the Hawkins and Knopp context (1.1.4),
and two type of arithmetical identities are equivalent. Sister Ann M. Heath
considered the functional equation (1.1.4) and proved its equivalence to two
arithmetical identities associated with entire modular cusp integrals forms in-
volving rational period function for the full modular group Γ(1). (See the
next section for the definition.) In this dissertation, we shall use techniques of
Chandrasekharan and Narasimhan to extend the results of Sister Ann M.Heath
to entire automorphic integrals involving rational period function on discrete
Hecke groups G(λ), λ > 0. We shall discuss the Hecke group in the next sec-
tion.
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Chapter 1 : Introduction

1.2 Hecke groups

In this section, we shall give the definition of the Hecke group and state some
of its properties.

Definition: For λ ∈ R+, the Hecke group G(λ) is defined as the subgroup of
SL2(R) given by

G(λ) =

〈(
1 λ
0 1

)(
0 1
−1 0

)〉
.

Equivalently G(λ) is generated by the linear fractional transformations S(z) =
z + λ and T (z) = −1

z
.

Elements of this group act on the Riemann sphere as linear fractional trans-

formations, that is Mz = az+b
cz+d

for M =

(
a b
c d

)
∈ G(λ), and z ∈ C

⋃
{∞},

thus M and −M can be identified with the same matrices.
Remark: E. Hecke [17] showed the groups G(λ) is discrete (operate dis-
continuously) as linear fractional transformations on the upper half plane
H = {z = x + iy : y > 0} if and only if either λ > 2 or λ = λp := 2cos(π

p
),

with 3 ≤ p ∈ N
⋃
{∞}.

For λ > 2, the Hecke group has one relation:

T 2 = −I,

while for λ = λp, there is a second relation:

T 2 = (SλpT )p = −I.

Special cases: G(λ3) = G(1) is called the full modular group and is denoted
by Γ(1). Also G(λ∞) denoted by Γθ, is called the theta group. Note that Γθ is
subgroup of Γ(1).

1.3 List of basic functions and known functional equa-
tions

In this section, we list some important infinite series and integral representa-
tion of some basic functions. We also list some known functional equations
which are important for our discussion later in this thesis.

We recall that the Gamma function Γ(s) may be defined by the integral:

Γ(s) =

∫ ∞
0

e−tts−1dt, Re(s) > 0.

3



Chapter 1 : Introduction

We note that the Gamma functions satisfies the equation∫ ∞
0

e−pttz−1dt =
Γ(z)

pz
, for Rep > 0, and Rez > 0, (1.3.1)

1

2πi

∫ γ+i∞

γ−i∞
Γ(−s)Γ(β + s)tsds = Γ(β)(1 + t)−β, (1.3.2)

where 0 > γ > Re(1− β) and |argt| < π.

1

2πi

∫ σ+i∞

σ−i∞
ett−zdt =

1

Γ(z)
, where Rez > 0, σ > 0. (1.3.3)

Also note the Legendere duplication formula

√
πΓ(2z) = 22z−1Γ(z)Γ(z +

1

2
), (1.3.4)

and the formula

Γ(a− n) = (−1)n
Γ(a)Γ(1− a)

Γ(n− a+ 1)
. (1.3.5)

For a ∈ R, a /∈ Z and n ∈ Z, n > 0.

The Gauss hypergeometric function is represented by the series

2F1 (α, β; γ; z) =
∞∑
n=0

(α)n(β)nz
n

(γ)nn!
; γ /∈ Z≤0.

2F1 has the following property we shall use:∫ ∞
1

ys

(c+ y)r
dy

y
=

(c+ 1)−r

r − s 2F1

[
1, r; 1 + r − s; c

c+ 1

]
, (1.3.6)

where c ∈ C�(−∞,−1], and σ < r for s = σ + it.

The Bessel function of the first kind Jν(s) of arbitrary order ν has the series
representation

Jν(s) =
∞∑
m=0

(−1)m( s
2
)ν+2m

Γ(m+ 1)Γ(m+ ν + 1)
,

where |s| <∞, |arg s| < π, and ν can be real or complex.
We shall make use of the following identity and relations

1

2πi

∫ C+i∞

C−i∞

2s−ν−1Γ( s
2

)

Γ(ν − 1
2
s+ 1)

x−sds =
Jν(x)

xν
, (1.3.7)

4



Chapter 1 : Introduction

provided that 0 < C ≤ ν + 1, ν > 0. Also,∫ ∞
0

e−xyJν(a
√
x)x

ν
2 dx =

2aν

(2y)ν+1
e
−a2
4y (1.3.8)

provided that y > 0,Re (ν) > −1, a > 0.

1

2πi

∫ w+i∞

w−i∞

ebs

(a2 + s2)ν+ 1
2

ds = Jν(ab)

(
b

a

)ν √
π2−ν

Γ(ν + 1
2
)
, (1.3.9)

where w > 0, ν > −1
2
, a > 0, b > 0.

The confluent hypergeometric series of the first kind φ(α, γ; z) represented by
the series

φ(α, γ; s) =
∞∑
n=0

(α)n
(γ)n

zn

n!
,

where |z| <∞, γ 6= 0,−1, ... and (α)n = Γ(α+n)
Γ(α)

.

The confluent hypergeometric function of the second kind is defined by

Ψ(α, γ; z) =
Γ(1− γ)

Γ(1 + α− γ)
Φ(α, γ; z) +

Γ(γ − 1)

Γ(α)
z1−γΦ(1 + α− γ, 2− γ; z),

(1.3.10)
where | argz |< π, γ 6= 0,±1,±2, ...,

Integral representation of Ψ(α, γ; z) is given by

Ψ(α, γ; z) =
1

2πi

∫ λ+i∞

λ−i∞

Γ(α + s)Γ(−s)Γ(1− γ − s)
Γ(α)Γ(α− γ + 1)

zsdz, (1.3.11)

where −Re(α) < λ <min (0, 1−Reγ).

The integral representation of beta function is given gy

B(α, β) =

∫ 1

0

tα−1(1− t)β−1dt, (1.3.12)

for Re(α) > 0, Re(β) > 0.

5



Chapter 2

Automorphic Integrals with Ra-
tional period Functions

In this chapter, we discus the definitions of automorphic integrals involving
rational period functions on the Hecke groups.

Suppose F (z) is a meromorphic function in the upper half planeH that satisfies

F (z + λ) = F (z) (2.0.1)

and

z−2kF

(
−1

z

)
= F (z) + q(z), (2.0.2)

where q is a rational function and k is in R. Further assume that F has Fourier
series expansion of the form

F (z) =
∞∑
m=ν

ame
2πimz/λ, (2.0.3)

where Im z = y > yo ≥ 0 and ν ∈ Z . The function F is called an automorphic
integral of weight 2k for the Hecke group G(λ), with rational period function
(RPF ) q(z). If q ≡ 0 then F is an automorphic form of weight 2k on G(λ) .

If F is an automorphic integral and holomorphic in H (that is, ν ≥ 0) and
satisfies the growth condition

| F (z) |6 C
(
| z |α +y−β

)
, Im(z) = y > 0,

for some constants C, α, β > 0, and z ∈ H , one can show that the coefficients
am in (2.0.3) satisfy

am = O(mβ), n→∞.
In this case, F is called an entire automorphic integral of weight 2k on G(λ)
with RPF q.

For M =

(
∗ ∗
c d

)
∈ G(λ) we define the stroke operator by

F |M := F |M2k = (cz + d)−2k F (Mz).

6



Chapter 2 : Automorphic Integrals with Rational period Functions

The automorphic relation (2.0.2) can be expressed as F |T = F +q. In general,
for a period function qM , we have F |M = F + qM . A straightforward calcula-
tion shows that F |M1M2 = (F |M1)|M2 for M1,M2 ∈ G(λ), so that

qM1M2 = qM1|M2 + qM2 ,M1,M2 ∈ G(λ). (2.0.4)

Recall that if λ ≥ 2, the Hecke group G(λ) has only one relation T 2 = −I. In
this case, (2.0.4) imposes a relation on the RPF q:

q|T + q = 0. (2.0.5)

For the case λ = λp = 2 cos
(
π
p

)
, p ∈ Z, p ≥ 3, the second relation

(
SλpT

)p
=

−I imposes another condition on q, namely

q |
(
SλpT

)p−1
+ q |

(
SλpT

)p−2
+ · · ·+ q |

(
SλpT

)
+ q = 0. (2.0.6)

Marvin Knopp [13] proved that the finite poles of a rational period function
on Γ(1) are only at 0 or real quadratic irrationals. He also showed that if q is
an RPF of weight 2k > 0 with poles in Q, then

q(z) =

{
α0

(
1− 1

z2k

)
if k > 1,

α0

(
1− 1

z2

)
+ α1

z
if k = 1,

for some constants α0, α1 ∈ C.

Observe that if F (z) ≡ −α0, then (F |T ) (z) = F (z) + q(z) implies that
z−2kF

(−1
z

)
− F (z) = q(z) and hence q(z) = α0

(
1− z−2k

)
. Thus we con-

sider q(z) = α0

(
1− z−2k

)
a trivial period function of weight 2k ∈ R. The

following lemma is stated in the work of J. Hawkins and M. Knopp in [5],
where their underlying group is the theta group Γθ. In this is group we only
have the relation (2.0.5). For the current context we state the lemma by ex-
tending to the Hecke groups G(λ) which has both relations (2.0.5) and (2.0.6)
and we present the detailed proof of the lemma.

Lemma 2.1. Nontrivial rational period functions on the Hecke groups satis-
fying (2.0.5) and (2.0.6) exist only if the weight 2k is an integer.

7



Chapter 2 : Automorphic Integrals with Rational period Functions

Proof. Let q be a nontrivial RPF on G(λ) satisfying (2.0.5) and (2.0.6). For

λ ≥ 2, we have the relation T 2 = −I and for λ = 2 cos
(
π
p

)
, p ∈ Z, p ≥

3, we have (SλT )p = −I. Applying (2.0.4) there exists a holomorphic function
F on the upper half plane H such that F |(−I) = F + q + q|T, for λ ≥ 2.

And F |(−I) = F + q + q|(SλT ) + · · · + q | (SλT )p−1, for λ = 2cos
(
π
p

)
, p ∈

Z, p ≥ 3. But by (2.0.5) and (2.0.6) we have z−2kq
(−1
z

)
+ q(z) = 0 and

q|(SλT )p−1(z) + · · · + q(z) = 0 respectively, then (−1)−2kF (z) = F (z). Now
since q(z) is a nontrivial RPF, F (z) is nonconstant and holomorphic in H.
Then (−1)−2kF (z) = F (z). Since F (z) 6= 0 we have (−1)−2k = 1 which im-
plies e2πik = 1. Therefore. k ∈ Z.

Wendell-Culp-Ressler in [[15], Lemma 3] showed that the poles of any rational
periodic function q of weight 2k, k ∈ Z+ on G(λ) are real numbers. He also
proved that the order of a nonzero pole of an RPF of weight 2k on G(λ) is
[k]. With appropriate modifications to fit for the current context of functions
on G(λ), the work of John. Hawkins and Marvin I. Knopp [5] can be used to
state a special form RPF for the solution of (2.0.5). This form is given by the
following lemma.

Lemma 2.2. Let r ∈ Z, αj ∈ R \ {0}, Cr, Crj ∈ C for j = 1, 2 · · · , p. Define

fr(z, 0) = z−r − (−1)rz−2k+r,

and

fr(z, αj) = (z − αj)−r − (−1)rα−rj z−2k+r

(
z +

1

αj

)−r
.

Then

q(z) =
∑
k≤r≤L

Crfr(z, 0) +

p∑
j=1

Mj∑
r=1

Crjfr(z, αj) (2.0.7)

satisfies
q | T + q = 0.

8



Chapter 2 : Automorphic Integrals with Rational period Functions

Theorem 2.3. Suppose F is an entire automorphic integral function of weight
2k, k ∈ Z+ for G(λ) with RPF q(z), where q has the form described by Lemma
2.2. Suppose further that F has a Fourier series expansion of the form

F (z) =
∞∑
m=0

ame
2πimz/λ, with am = O(mβ) β > 0, m→∞. (2.0.8)

For s = σ + it, define

ϕ(s) =
∞∑
m=1

amm
−s and Φ(s) =

(
2π

λ

)−s
Γ(s)ϕ(s). (2.0.9)

Then Φ(s) has a meromorphic continuation to the whole complex plane and
can be expressed in the form

Φ(s) = D(s) +D0(s) + E0(s) + EH(s) + EB(s),

where

D(s) =

∫ ∞
1

(F (iy)− a0)

{
ys + i2ky2k−s

}
dy

y
, (2.0.10)

D0(s) = −a0

{
1

s
− i2k

s− 2k

}
, (2.0.11)

E0 =
∑
k≤r≤L

Cr(−i)r
[

1

r − s
+

i2k

r − (2k − s)

]
, (2.0.12)

EH(s) = −
p∑
j=1

Mj∑
r=1

Crj
(−i)r

(iαj + 1)r

{
1

s
2F1

[
1, r; 1 + s;

1

(iαj + 1)

]

+
i2k

(2k − s)2F1

[
1, r; 1 + (2k − s); 1

(iαj + 1)

]}
(2.0.13)

and

EB(s) = i2k
p∑
j=1

k∑
r=1

Crj

(
−1

αj

)r
B (2k − s; r − (2k − s)) (iαj)

2k−s .

(2.0.14)

Moreover, Φ(s) satisfies the functional equation

Φ (2k − s)− i2kΦ (s) = R (s) , (2.0.15)

where

R(s) = EB(2k − s)− i2kEB(s).

9



Chapter 2 : Automorphic Integrals with Rational period Functions

Here 2F1 [a, b, c; z] is the hypergeometric function and B(a, b) is the Beta func-
tion.

Remark. The growth condition on am guarantees that F (z) is holomorphic
in H. Furthermore ϕ(s) converges absolutely for σ > 1 + β and Φ(s) =∫∞

0
(F (iy)− a0) ys dy

y
, for σ > β, where β is given by am = O(mβ).

The proof we present below is given by Hawkins and Knopp in [5]. However,
their underlying group is the theta group

Γθ = 〈T, S2〉.

In Γθ, we only have the relation T 2 = −I. We shall give a modified proof that
extends their proof to the Hecke group

G(λp) = 〈T, Sλp〉 =

〈(
1 −1
1 0

)
,

(
1 2 cos

(
π
p

)
0 1

)〉
, p ∈ Z, p ≥ 3.

.

Proof. Suppose F is as given in the theorem and q is as in Lemma 2.2 an RPF
of F . Then, we apply the inverse Mellin transform to get

Φ(s) =

∫ ∞
0

(F (iy)− a0) ys
dy

y

=

∫ ∞
1

(F (iy)− a0) ys
dy

y
+

∫ 1

0

(F (iy)− a0) ys
dy

y
.

Using (2.0.2) and change of variable y → 1
y

in the second integral, we get∫ 1

0

{F (iy)− a0}ys
dy

y
=

∫ ∞
1

{i2ky2kF (iy)− a0}y−s
dy

y
+ i2k

∫ ∞
1

y2k−sq(iy)
dy

y

and hence

Φ(s) =

∫ ∞
1

{F (iy)− a0}ys
dy

y
+

∫ ∞
1

{i2ky2kF (iy)− a0}y−s
dy

y
+ i2k

∫ ∞
1

y2k−sq(iy)
dy

y
.

We now evaluate and simplify each integral to obtain

Φ(s) = D0(s) +D(s) + E0(s) + EH(s) + EB(s),

where

D0(s) = a0

(
i2k

s− 2k
− 1

s

)
,

D(s) =

∫ ∞
1

(F (iy)− a0)
{
ys + i2ky2k−s} dy

y
,

10



Chapter 2 : Automorphic Integrals with Rational period Functions

E0(s) + EH(s) + EB(s) = i2k
∫ ∞

1

y2k−sq(iy)
dy

y
.

Moreover,
Φ(2k − s)− i2kΦ(s) = R(s),

where

R(s) = i2k
P∑
j=1

Mj∑
r=1

Crj

(
−1

αj

)r {
(iαj)

sB(s, r − s)− i−sα2k−s
j B(2k − s, r − (2k − s))

}
.

Corollary 2.4. Suppose Φ(s), D0(s), D(s), E0(s), EH(s) and EB(s) are given
as in Theorem 2.3. Then

(a) Φ(s) is bounded uniformly in σ in lacunary vertical strips of the form

S = {s = σ + it : 2k − δ ≤ σ ≤ δ; |t| ≥ to > 0}.

(b) δ in (a) can be chosen so that the poles of Φ(s) lying with in the lines
s = (2k − δ) + it and s = δ + it are listed below in the sets:

S0 = {0, 2k},
SE0 = {2k − L, 2k − L+ 1, ..., k − 1, k, k + 1, ..., 2k, ..., L},

SH = {[2k − δ], ..., 0},
SB = {[2k − δ], ..., 2k − L, ..., 2k − 1}.

The poles of Φ(s) in each set arise from D0(s), E0(s), EH(s) and EB(s) re-
spectively.

(c) The residues of Φ(s) are given by the formulas:

Res
s∈S0

[D0(s)] = a0

(
i2k − 1

)
, (2.0.16)

Res
s∈SE0

[E0(s)] =
L∑

m=k

Cm
{
−(−i)m + i2k−m

}
, (2.0.17)

Res
s∈SH

[EH(s)] = −
p∑
j=1

k∑
r=1

Crj


[δ]−2k∑
m=0

Γ(r +m)

Γ(r)

(−1)r

m!
imα−r−mj

 , (2.0.18)

Res
s∈SB

[EB(s)] =

p∑
j=1

k∑
r=1

Crj


[δ]−r∑
m=0

Γ(r +m)

Γ(r)

(−1)r+m

m!
im+r−2kαmj

 . (2.0.19)
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Chapter 3

Equivalence of a Functional Equa-
tion with Arithmetical Identities

Four equivalences

In the following chapters we begin to prove our main results. Sister Ann M.
Heath in [1] considered the functional equation developed by Hawkins and
Knopp in [5]. She has shown that the functional equation of Hawkins and
Knopp [5], Φ(2k−s)− i2kΦ(s) = R(s), is equivalent to two types of arithmeti-
cal identities associated with entire modular cusp integrals involving rational
period function for the full modular group Γ(1).

In this chapter we use techniques of Chandrasekharan and Narasimhan in [2] and
we extend the results of Sister Ann M. Heath to entire automorphic integrals
involving an RPF on discrete Hecke groups G(λ), λ > 0.

In Chapter Four we consider entire automorphic integral functions F, with
log-polynomial-period function on the discrete Hecke groups. For fixed real
number k the set {ν(M) : M ∈ G(λ)} multiplier system for G(λ) weight 2k.
We note in [3] the Riemann-Hecke-Bochner correspondence applying to auto-
morphic integrals on the discrete Hecke groups. There is a relationship between
the Fourier expansion of F which satisfies the automorphic transformation law
and Dirichlet series with a functional equation for the Mellin transform of an
automorphic integrals.

Our main goal in this chapter is to establish the equivalence of two arithmetical
identities with a functional equation associated with entire automorphic inte-
grals involving log-polynomial-period functions on the discrete Hecke groups.
With ν a multiplier system for G(λ) and weight 2k.

12



Chapter 3 : Equivalence of a Functional Equation with Arithmetical Identities

3.1 First equivalence

In this section we begin by stating and proving the first equivalence of the
four equivalence theorems we shall prove. This will be our main result in this
section.

Theorem 3.1. Let Φ(s) and R(s) be as in Theorem 2.3. Then the functional
equation

Φ(2k − s)− i2kΦ(s) = R(s) (3.1.1)

is equivalent to the identity

1

Γ(ρ+ 1)

∑
0≤m≤x

′
am(x−m)ρ = Λ1(s) + Λ2(s) + Λ3(s) + Λ4(s) + Λ5(s) (3.1.2)

where

Λ1(s) = i−2k

(
2π

λ

)−ρ ∞∑
m=1

am

( x
m

) ρ+2k
2
Jρ+2k

(
4π
√
mx

λ

)
Λ2(s) = i2k

(
2π

λ

)2k
a0

Γ(2k + ρ+ 1)
x2k+ρ

Λ3(s) = −
p∑
j=1

Mj∑
r=1

Crj

(
−1

α j

)r (iαj)
r
(

2π
λ

)r
xr+ρ

Γ(r + ρ+ 1)
1F1

(
r, r + ρ+ 1; .

−iαj2πx
λ

)

Λ4(s) =

p∑
j=1

Mj∑
r=1

Crj

(
−1

α j

)r (i)−2k
(

2π
λ

)2k
x2k+ρ

Γ(2k + ρ+ 1)
1F1

(
r, 2k + ρ+ 1;

−2πx

iαjλ

)

Λ5(s) = −
L∑

m=k

{
(−i)m

(
2π
λ

)m
xm+ρ

Γ(m+ ρ+ 1)
−
i2k−m

(
2π
λ

)2k−m
x2k−m+ρ

Γ(2k −m+ ρ+ 1)

}
,

x > 0, ρ ≥ 2β − 2k − 1
2
, and β is a number for which

∞∑
m=1

|am|
mβ

<∞.

Before we give the proof of Theorem 3.1, we shall state Perron’s Formula. (See
[2] for details.) We also remark that in this work, we shall use the convection

that

∫
(b)

denotes

∫ b+i∞

b−i∞
.

Lemma 3.2. Let σ0 be the abscissa of absolute convergence for ϕ(s) =
∞∑
m=1

amλ
−s
m

and {λm} be a sequence of positive real numbers tending to ∞ as m → ∞.

13



Chapter 3 : Equivalence of a Functional Equation with Arithmetical Identities

Then for k ≥ 0, σ > 0 and σ > σ0,

1

Γ(k + 1)

∑
λm≤x

′
am (x− λm)k =

1

2πi

∫
(σ)

Γ(s)ϕ(s)xs+k

Γ(s+ k + 1)
ds, (3.1.3)

where the prime ′ on the summation sign indicates that if k = 0 and x = λm
for some positive integer m, then we count only 1

2
am.

Here we have the following lemmas which are used in the proof of the present
theorem.
Lemma 3.3. The function A1(s) defined by

A1(s) =
1

2πi

∫
(2k−σ)

(
2π
λ

)s
Φ(s)xs+ρ

Γ(s+ ρ+ 1)
ds (3.1.4)

satisfies

A1(s) = i−2k

(
2π

λ

)−ρ ∞∑
m=1

am

( x
m

) 2k+ρ
2
J2k+ρ

(
4π
√
mx

λ

)

+

p∑
j=1

Mj∑
r=1

Crj

(
−1

αj

)r [δ−2k]∑
m=0

(−1)m

m!

Γ(m+ r)

Γ(r)

(
2πiαj
λx

)−m
xρ

Γ(−m+ ρ+ 1)

−
p∑
j=1

Mj∑
r=1

Crj

(
−1

αj

)r (−2πxi
λ

)r
xρ

Γ(r + ρ+ 1)
1F1

(
r, ρ+ r + 1;

−2παjx

λ

)

−
p∑
j=1

Mj∑
r=1

Crj

(
−1

αj

)r [δ−r]∑
m=0

(−1)m

m!

Γ(m+ r)

Γ(r)

im+r−2kαm+r
j

(
2πx
λ

)2k−m−r
xρ

Γ(2k −m− r + ρ+ 1)

+

p∑
j=1

Mj∑
r=1

Crj

(
−1

αj

)r (
2πx
λi

)2k
xρ

Γ(2k + ρ+ 1)
1F1

(
r, ρ+ 2k + 1;

−2πx

iλαj

)
.

(3.1.5)

Lemma 3.4. The function A2(s) defined by

A2(s) =
∑

Res

{(
2π
λ

)s
Φ(s)xs+ρ

Γ(s+ ρ+ 1)

}
(3.1.6)

satisfies

A2(s) =
a0i

2kx2k+ρ(2π
λ

)2k

Γ(2k + ρ+ 1)
− a0x

ρ

Γ(ρ+ 1)

+
L∑

m=k

Cm

{
−(−i)m(2π

λ
)mxm+ρ

Γ(m+ ρ+ 1)
+

(i)2k−m(2π
λ

)2k−mx2k−m+ρ

Γ(2k −m+ ρ+ 1)

}
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−
p∑
j=1

Mj∑
r=1

Crj

{
[δ]−2k∑
m=0

Γ(m+ r)

Γ(r)

(−1)m

m!
imα−r−mj

(2π
λ

)−mx−m+ρ

Γ(−m+ ρ+ 1)

}

+

p∑
j=1

Mj∑
r=1

Crj

{
[δ]−r∑
m=0

Γ(m+ r)

Γ(r)

(−1)m+r

m!
im+r−2kαmj

(2π
λ

)2k−m−rx2k−m−r+ρ

Γ(2k −m− r + ρ+ 1)

}
.

(3.1.7)

Lemma 3.5. The function A3(s) defined by

A3(s) =
1

2πi

∫
(2k−σ)

(
2πiαj
λ

)s
B(s, r − s)xs+ρ

Γ(s+ ρ+ 1)
ds

satisfies

A3(s) = −
[σ]−2k∑
m=0

(−1)m
(

2πiαj
λ

)−m
x−m+ρΓ(m+ r)

m!Γ(−m+ ρ+ 1)Γ(r)

−
∞∑
m=0

(−1)m
(

2πiαj
λ

)m+r

xm+r+ρΓ(m+ r)

m!Γ(m+ r + ρ+ 1)Γ(r)

= −
[σ]−2k∑
m=0

(−1)m
(

2πiαj
λ

)−m
x−m+ρΓ(m+ r)

m!Γ(−m+ ρ+ 1)Γ(r)

−

(
2πiαjx

λ

)r
xρ

Γ(ρ+ r + 1)
1F1

(
r, ρ+ r + 1;−2πiαjx

λ

)
.

Proof. To prove Lemma 3.5 we consider a rectangular contour with vertices
[(2k − σ)− iT,N + 1

2
− iT ], [N + 1

2
− iT,N + 1

2
+ iT ], [N + 1

2
+ iT, (2k − σ) +

iT ], [(2k − σ) + iT, (2k − σ) − iT ], where N and T s chosen so the line of
integration is positively oriented. For fixed large integer N we have

1

2πi

∫
(2k−σ)

(
2πiαj
λ

)s
B(s, r − s)xs+ρ

Γ(s+ ρ+ 1)
ds

= lim
T→∞

{∫ N+ 1
2
−iT

2k−σ−iT
+

∫ N+ 1
2

+iT

N+ 1
2
−iT

+

∫ 2k−σ+iT

N+ 1
2

+iT

}(2πiαj
λ

)s
B(s, r − s)xs+ρ

Γ(s+ ρ+ 1)
ds

−
∑

s∈pole set

Res

(
2πiαj
λ

)s
B(s, r − s)xs+ρ

Γ(s+ ρ+ 1)
. (3.1.8)
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We label the integrals in (3.1.8) m1,m2,m3 respectively. Then

1

2πi

∫
(2k−σ)

(
2πiαj
λ

)s
B(s, r − s)xs+ρ

Γ(s+ ρ+ 1)
ds

= lim
T→∞

{
m1 +m2 +m3

}
−
∑

Res

{(2πiαj
λ

)s
B(s, r − s)xs+ρ

Γ(s+ ρ+ 1)

}
.

First we calculate the sum of the residues involved in evaluating A3(s). That
is ∑

s∈PoleSet

Res

{(2πiαj
λ

)s
B(s, r − s)xs+ρ

Γ(s+ ρ+ 1)

}
.

Since

(
2πiαj
λ

)s
xs+ρ

Γ(s+ρ+1)
is entire the pole set of the integrand arise from the beta

function

B(s, r − s) =
Γ(s)Γ(r − s)

Γ(r)
.

Thus the integrand has simple poles at s = −m for Γ(s) and at s = m+ r for
Γ(r − s) with
m = 0, 1, 2, · · · . The residue at s = −m is

(−1)m
(

2πiαj
λ

)−m
x−m+ρ

m!Γ(−m+ ρ+ 1)

and the residue at s = r +m is equal to

(−1)m+r
(

2πiαj
λ

)r+m
xr+m+ρ

m!Γ(m+ r + ρ+ 1)
.

Hence

∑
s∈PoleSet

Res

{(2πiαj
λ

)s
B(s, r − s)xs+ρ

Γ(s+ ρ+ 1)

}
=

[σ]−2k∑
m=0

(−1)m
(

2πiαj
λ

)−m
x−m+ρΓ(m+ r)

m!Γ(−m+ ρ+ 1)Γ(r)

+
N−r∑
m=0

(−1)m
(

2πiαj
λ

)m+r

xm+r+ρΓ(m+ r)

m!Γ(m+ r + ρ+ 1)Γ(r)
.

It remains to show that m1,m2 and m3 converges to 0 as N, T →∞. We first
m1 and m3 is treated in the same way using Stirling’s formula and standard
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Chapter 3 : Equivalence of a Functional Equation with Arithmetical Identities

branch conventions.

Remarks: By Stirling’s formula we show

∣∣∣∣∣B(s,r−s)(2πiαjx)sxρ

Γ(1+ρ+s)

∣∣∣∣∣ = O
(
|t|−ρ−σ− 3

2

)
=

o(1) as
t → ∞, for ρ > −σ − 3

2
. Thus |m3| → 0 as |T | → ∞. Similarly |m1| → 0

as |T | → ∞. It remains to show the integral on the right converges to 0 as
N →∞. To show this put

m2(x, λ) = lim
T→∞

∫ N+ 1
2

+iT

N+ 1
2
−iT

(
2πiαj
λ

)s
B(s, r − s)xs+ρ

Γ(s+ ρ+ 1)
ds

=

∫ ∞
−∞

(
2πiαj
λ

)N+ 1
2

+it

Γ(N + 1
2

+ it)Γ(r −N − 1
2
− it)xN+ 1

2
+ρ+it

Γ(N + 1
2

+ ρ+ 1 + it)
dt

= O

(∫ ∞
−∞

(
2παjx

λt

)N
dt

e
1
2
π|t||t|2+ρ−r

)
= o(1),

as N → ∞ provided that λt > 2παjx. By rewriting the infinite series repre-
sentation for the confluent hypergeometric function as

−

(
2πiαjx

λ

)r
xρ

Γ(ρ+ r + 1)
1F1

(
r, ρ+ r + 1;−2πiαjx

λ

)
,

proof of the lemma would be complete.

Lemma 3.6. The function A4(s) defined by

A4(s) =
1

2πi

∫
(2k−σ)

(
2π
λi

)s
B(2k − s, r − (2k − s))xs+ρ

Γ(s+ ρ+ 1)
ds

satisfies

A4(s) = −
[δ−r]∑
m=0

(
2π

iλ

)2k−m−r αm+r
j

Γ(2k −m− r + ρ+ 1)

(−1)m

m!

Γ(m+ r)

Γ(r)
x2k−m−r+ρ

−
∞∑
m=0

(
2π

iλ

)2k+m α−mj
Γ(2k +m+ ρ+ 1)

(−1)m

m!

Γ(m+ r)

Γ(r)
x2k+m+ρ.

Proof. To show Lemma 3.6 we proceeds in a similar manner of Lemma 3.5 on
the rectangular contour positively oriented of the form:
[2k−δ− iT,N+ 1

2
− iT ], [N+ 1

2
− iT,N+ 1

2
+ iT ], [N+ 1

2
+ iT, 2k−δ+ iT ], [2k−
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δ + iT, 2k − δ − iT ], where T and N chosen large. For fixed N, the integrals
along the horizontal paths approach to zero as T →∞. Thus we have

A4(s) =
1

2πi

∫
(N+ 1

2
)

(
2π

λi

)s
α2k−s
j

B(2k − s, r − (2k − s))xs+ρ

Γ(s+ ρ+ 1)

−
∑

Res

{(
2π

λi

)s
α2k−s
j

B(2k − s, r − (2k − s))xs+ρ

Γ(s+ ρ+ 1)

}
.

To evaluate the sum of the residues involved in A4(s), the pole set of the
integrand arise from the beta function

B(2k − s, r − (2k − s)) =
Γ(2k − s)Γ(r − 2k + s)

Γ(r)
,

as
(

2π
λi

)s α2k−s
j xs+ρ

Γ(s+ρ+1)
is entire function. Thus the integrand has simple poles at

s = 2k + m for Γ(2k − s) and at s = 2k − m − r for Γ(r − 2k + s) with
m = 0, 1, 2 · · · . As a result we obtain

A4(s) = −
[δ−r]∑
m=0

(
2π

iλ

)2k−m−r αm+r
j

Γ(2k −m− r + ρ+ 1)

(−1)m

m!

Γ(m+ r)

Γ(r)
x2k−m−r+ρ

−
N−2k∑
m=0

(
2π

iλ

)2k+m α−mj
Γ(2k +m+ ρ+ 1)

(−1)m

m!

Γ(m+ r)

Γ(r)
x2k+m+ρ

+
1

2πi

∫
(N+ 1

2
)

(
2π

λi

)s
α2k−s
j

B(2k − s, r − (2k − s))xs+ρ

Γ(s+ ρ+ 1)
.

To show the integral on the right of the equation goes to zero as N → ∞ we
partition the interval (−∞,∞) as (−∞, T ]∪ [−T, T ]∪ [T,∞), and by choosing
some large value of T and using Stirling’s formula we may estimate the infinite

strips. For s ∈ [−T, T ] we have B(2k−s,r−(2k−s))xs+ρ
Γ(s+ρ+1)

= Γ(2k−s)Γ(r−2k+s)xs+ρ

Γ(r)Γ(s+ρ+1)
. By

Stirling’s formula and the estimation Γ(−s) = e−(s+ 1
2

)(log s−πi)+s+ 1
2

log 2π
(

1 +O
(

1
|s|

))
(see[7],page12) we obtain∣∣∣∣∣Γ(2k − s)Γ(r − 2k + s)xs+ρ

Γ(r)Γ(s+ ρ+ 1)

∣∣∣∣∣ = O
(

eNxN

(N − 2k)N+1−2k

)
= o(1),

as N →∞. Therefore Lemma 3.6 follows.

We now proceed the prove of our main result.

Proof. By Lemma 3.2 we have

1

Γ(ρ+ 1)

∑
0≤m≤x

′
am (x−m)ρ =

1

2πi

∫
(σ)

Γ(s)ϕ(s)xs+ρ

Γ(s+ ρ+ 1)
ds. (3.1.9)
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To evaluate the integral in (3.1.9) consider the positively oriented rectangular
contour formed by [(2k − σ)− iT, σ − iT ], [σ − iT, σ + iT ], [σ + iT, (2k − σ) +
iT ], [(2k − σ) + iT, (2k − σ)− iT ], where T is chosen to be a large positive so
that all of s (to enclose all poles of the function in the integral) is contained
with in the rectangle. Now applying the Cauchy Residue Theorem we have

1

2πi

∫
(σ)

Γ(s)ϕ(s)xs+ρ

Γ(s+ ρ+ 1)
ds

=
1

2πi

{∫ σ−iT

2k−σ−iT
+

∫ σ+iT

σ−iT
+

∫ 2k−σ+iT

σ+iT

+

∫ σ−iT

2k−σ+iT

}
Γ(s)ϕ(s)xs+ρ

Γ(s+ ρ+ 1)
ds

=
∑

s∈ Pole Set

Res

{
Γ(s)ϕ(s)xs+ρ

Γ(s+ ρ+ 1)

}
, (3.1.10)

where we have used Φ(s) =
(

2π
λ

)−s
Γ(s)ϕ(s) in the last equality.

We now show that as T → ∞, the integrals along the horizontal segments
[(2k− σ)− iT, σ− iT ] and [σ+ iT, (2k− σ) + iT ] tends to zero. To show this,
we note that for s = σ+ it with σ > β, ϕ(s) = O(1) and by Stirling’s formula

we have Γ(s)
Γ(s+ρ+1)

= O (t−ρ−1) for ρ > −1. Thus Γ(s)ϕ(s)xρ+s

Γ(s+ρ+1)
= O (t−ρ−1) = o(1)

and hence the integrals along the horizontal lines converge to 0 as T → ∞.
Hence (3.1.10) can now be written as

1

2πi

∫
(σ)

(
2π
λ

)s
Φ(s)xs+ρ

Γ(s+ ρ+ 1)
ds = A1(s) + A2(s), (3.1.11)

where

A1(s) =
1

2πi

∫
(2k−σ)

(
2π
λ

)s
Φ(s)xs+ρ

Γ(s+ ρ+ 1)
ds (3.1.12)

A2(s) =
∑

Res

{(
2π
λ

)s
Φ(s)xs+ρ

Γ(s+ ρ+ 1)

}
. (3.1.13)

We now compute A1(s). For this we recall that Φ satisfies the functional
equation

Φ(2k − s)− i2kΦ(s) = R(s).

Thus A1(s) can be written as

A1(s) = I(s)−H(s), (3.1.14)
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where

I(s) =
1

2πi

∫
(2k−σ)

(
2π
λ

)s
i−2kΦ(2k − s)xs+ρ

Γ(s+ ρ+ 1)
ds (3.1.15)

and

H(s) =
1

2πi

∫
(2k−σ)

(
2π
λ

)s
i−2kR(s)xs+ρ

Γ(s+ ρ+ 1)
ds. (3.1.16)

Next, we use Φ(s) =
(

2π
λ

)−s
Γ(s)ϕ(s) in (3.1.15) to get

I(s) =
1

2πi

∫
(2k−σ)

(
2π
λ

)2s−2k
i−2kΓ(2k − s)ϕ(2k − s)xs+ρ

Γ(s+ ρ+ 1)
ds.

By changing of variable s to 2k − s, in the integral we see that

I(s) =
1

2πi

∫
(σ)

(
2π
λ

)−2s+2k
i−2kΓ(s)ϕ(s)x−s+ρ+2k

Γ(2k − s+ ρ+ 1)
ds

=
i−2k

(
4π2

λ2

)k
x2k+ρ

2πi

∫
(σ)

(
4π2x
λ2

)−s
Γ(s)ϕ(s)

Γ(2k − s+ ρ+ 1)
ds

=
i−2k

(
4π2

λ2

)k
x2k+ρ

2πi

∫
(σ)

(
4π2x
λ2

)−s
Γ(s)

∑∞
m=1 amm

−s

Γ(2k − s+ ρ+ 1)
ds

= i−2k

(
2π

λ

)2k

x2k+ρ 1

2πi

∞∑
m=1

am

∫
(σ)

Γ(s)
(

4π2xm
λ2

)−s
Γ(2k − s+ ρ+ 1)

ds.

Letting w
2

= s, ν = 2k + ρ, and by simplifying we obtain

I(s) = i−2k

(
2π

λ

)ν−ρ
2νxν

∞∑
m=1

am
1

2πi

∫
(2σ)

Γ(w
2
)
(

4π
√
mx
λ

)−w
Γ(ν − w

2
+ 1)

2w−ν−1dw.

Applying (1.3.9), we next replace ν by 2k + ρ. After simplifying we have

I(s) = i−2k

(
2π

λ

)−ρ ∞∑
m=1

am

( x
m

) 2k+ρ
2
J2k+ρ

(
4π
√
mx

λ

)
, (3.1.17)

provided that ρ > σ − 2k and σ > 2k, k ∈ Z.

To evaluate

H(s) =
1

2πi

∫
(2k−σ)

(
2π
λ

)s
i−2kR(s)xs+ρ

Γ(s+ ρ+ 1)
ds,
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where

R(s) = i2k
P∑
j=1

Mj∑
r=1

Cri

(
−1

αj

)r {
(iαj)

sB(s, r−s)−i−sα2k−s
j B(2k−s, r−(2k−s))

}
.

Then

H(s) =
P∑
j=1

Mj∑
r=1

Cri

(
−1

αj

)r{
1

2πi

∫
(2k−σ)

(
2πiαj
λ

)s
B(s, r − s)xs+ρ

Γ(s+ ρ+ 1)
ds

−α2k−s
j

1

2πi

∫
(2k−σ)

(
2π
λi

)s
B(2k − s, r − (2k − s))xs+ρ

Γ(s+ ρ+ 1)
ds

}
.

Let us rewrite H(s) in terms of A3(s) and A4(s) as

H(s) =
P∑
j=1

Mj∑
r=1

Cri

(
−1

αj

)r{
A3(s)− α2k−s

j A4(s)

}
. (3.1.18)

Using the series representation for the confluent hypergeometric functions we
write the infinite series in A4(s) as

i−2kx2k+ρ(2π
λ

)2k

Γ(2k + ρ+ 1)
1F1

(
r, 2k + ρ+ 1;

−2πx

iλαj

)
.

With simplification of the expressions in A3(s) and A4(s) we get

H(s) =−
p∑
j=1

Mj∑
r=1

Crj

(
−1

αj

)r [δ−2k]∑
m=0

(−1)m

m!

Γ(m+ r)

Γ(r)

(
2πiαj
λx

)−m
xρ

Γ(−m+ ρ+ 1)

+

p∑
j=1

Mj∑
r=1

Crj

(
−1

αj

)r (−2πxi
λ

)r
xρ

Γ(r + ρ+ 1)
1F1

(
r, ρ+ r + 1;

−2παjx

λ

)

+

p∑
j=1

Mj∑
r=1

Crj

(
−1

αj

)r [δ−r]∑
m=0

(−1)m

m!

Γ(m+ r)

Γ(r)

im+r−2kαm+r
j

(
2πx
λ

)2k−m−r
xρ

Γ(2k −m− r + ρ+ 1)

−
p∑
j=1

Mj∑
r=1

Crj

(
−1

αj

)r (
2πx
λi

)2k
xρ

Γ(2k + ρ+ 1)
1F1

(
r, ρ+ 2k + 1;

−2πx

iλαj

)
.

Now since A1(s) = I(s)−H(s). So that (3.1.5) holds and proof of Lemma3.3
is complete.

We now compute the sum of residues

A2(s) =
∑

s∈polsetofΦ(s)

Res

{(
2π
λ

)s
Φ(s)xs+ρ

Γ(s+ ρ+ 1)

}
.
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Recall that the meromorphic continuation of Φ(s) has been expressed in terms
of D0(s), E0(s), EH(s), and EB(s) as in Theorem 2.3 and hence

A2(s) =

{
Res[D0(s)] +Res[E0(s)] +Res[EH(s)] +Res[EB(s)]

} (
2π
λ

)s
xs+ρ

Γ(s+ ρ+ 1)
.

Using the formulas (2.0.16), (2.0.17), (2.0.18), and (2.0.19) we find

A2(s) =
a0i

2kx2k+ρ(2π
λ

)2k

Γ(2k + ρ+ 1)
− a0x

ρ

Γ(ρ+ 1)

+
L∑

m=k

Cm

{
−(−i)m(2π

λ
)mxm+ρ

Γ(m+ ρ+ 1)
+

(i)2k−m(2π
λ

)2k−mx2k−m+ρ

Γ(2k −m+ ρ+ 1)

}

−
p∑
j=1

Mj∑
r=1

Crj

{
[δ]−2k∑
m=0

Γ(m+ r)

Γ(r)

(−1)m

m!
imα−r−mj

(2π
λ

)−mx−m+ρ

Γ(−m+ ρ+ 1)

}

+

p∑
j=1

Mj∑
r=1

Crj

{
[δ]−r∑
m=0

Γ(m+ r)

Γ(r)

(−1)m+r

m!
im+r−2kαmj

(2π
λ

)2k−m−rx2k−m−r+ρ

Γ(2k −m− r + ρ+ 1)

}
.

(3.1.19)

Thus Lemma(3.4) holds. Hence we have expressed the integral in the right-
hand side of (3.1.9) as

1

2πi

∫
(δ)

Γ(s)ϕ(s)xs+ρ

Γ(s+ ρ+ 1)
ds = A1(s) + A2(s) = (I(s)−H(s)) + A2(s),

and determine the expressions for A1(s) and A2(s). [See (3.1.5) and (3.1.19)
respectively]. By comparison and cancellation of the corresponding sums of
expressions in A1(s) and A2(s) we obtain

1

2πi

∫
(δ)

Γ(s)ϕ(s)xs+ρ

Γ(s+ ρ+ 1)
ds = i−2k

(
2π

λ

)−ρ ∞∑
m=1

am

( x
m

) ρ+2k
2
Jρ+2k

(
4π
√
mx

λ

)
+ i2k

(
2π

λ

)2k
a0

Γ(2k + ρ+ 1)
x2k+ρ − a0x

ρ

Γ(ρ+ 1)

−
p∑
j=1

Mj∑
r=1

Crj

(
−1

α j

)r (iαj)
r
(

2π
λ

)r
xr+ρ

Γ(r + ρ+ 1)
1F1

(
r, r + ρ+ 1; .

−iαj2πx
λ

)

+

p∑
j=1

Mj∑
r=1

Crj

(
−1

α j

)r (i)−2k
(

2π
λ

)2k
x2k+ρ

Γ(2k + ρ+ 1)
1F1

(
r, 2k + ρ+ 1;

−2πx

iαjλ

)

−
L∑

m=k

{
(−i)m

(
2π
λ

)m
xm+ρ

Γ(m+ ρ+ 1)
−
i2k−m

(
2π
λ

)2k−m
x2k−m+ρ

Γ(2k −m+ ρ+ 1)

}
.

(3.1.20)
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Therefore, for ρ ≥ 0, ρ+2k
2

> δ we get the identity in (3.1.2).

Proof of converse

Let F be an entire automorphic integral and let F (z) have a Fourier series
expansion of the form

F (z) =
∞∑
m=0

ame
2πimz/λ,

for z ∈ H and F satisfies the relation

z−2kF

(
−1

z

)
= F (z) + q(z), (3.1.21)

where q(z) is the rational periodic function given by Lemma (2.2). Then by
(3.1.21) and the Fourier expansion of F we have

z−2k

∞∑
m=0

ame
−2πim/λz =

∞∑
m=0

ame
2πimz/λ + q(z).

Letting z = iyλ
2π
, y > 0, then we get(

2π

iyλ

)2k ∞∑
m=0

ame
−4π2m

yλ2 =
∞∑
m=0

ame
−my + q

(
iyλ

2π

)
. (3.1.22)

To prove the converse it suffices to show that (3.1.20) implies (3.1.22). To
this end we consider six integrals defining L1(y) · · · , L6(y), corresponding to
the six expressions occurring in (3.1.20) . To evaluate L1(y) for ρ ≥ 0, the
interchange of integration and summation is justified. Then we have

L1(y) =

∫ ∞
0

{
1

Γ(ρ+ 1)

∑
0≤m≤x

am(x−m)ρ

}
yρ+1e−xydx,

=
yρ+1

Γ(ρ+ 1)

∫ ∞
0

∑
0≤m≤x

am(x−m)ρe−xydx,

=
a0y

ρ+1

Γ(ρ+ 1)

∫ ∞
0

e−xyxρdx+
yρ+1

Γ(ρ+ 1)

∑
1≤m≤x

am

∫ ∞
0

(x−m)ρe−xydx,

= a0 +
∞∑
m=1

ame
−my,

=
∞∑
m=0

ame
−my.
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Similarly on the right side of L2(y) the interchange of integration and summa-
tion is justified for ρ+2k

2
≤ β and applying formula (1.3.8) we have

L2(y) =

∫ ∞
0

i−2k

(
2π

λ

)−ρ ∞∑
m=0

am

( x
m

) 2k+ρ
2
J2k+ρ

(
4π
√
mx

λ

)
yρ+1e−xydx,

= i−2k

(
2π

λ

)−ρ
yρ+1

∞∑
m=0

amm
−(2k+ρ)

2

∫ ∞
0

J2k+ρ

(
4π
√
mx

λ

)
x

2k+ρ
2 e−xydx,

= i−2k

(
2π

λ

)−ρ
yρ+1

∞∑
m=0

amm
−(2k+ρ)

2

{
2(4π
√
m/λ)2k+ρ

(2y)2k+ρ+1
e−

(4π
√
m)2

4yλ2

}
.

Thus with simple algebraic computations we obtain

L2(y) = i−2k

(
2π

λy

)2k ∞∑
m=0

ame
− 4π2m

yλ2 .

Next we evaluate L3(y), where

L3(y) =

∫ ∞
0

e−xyyρ+1

{
i2k
(

2π

λy

)2k
a0

Γ(2k + ρ+ 1)
x2k+ρ − a0x

ρ

Γ(ρ+ 1)

}
dx.

Using integration by substitution and the standard integral representation of
Γ(s) after some steps we get

L3(y) = a0i
2k

(
2π

λy

)2k

− a0.

We begin evaluation of L4(y) by using integral representation for Γ(s) where,

L4(y) =

∫ ∞
0

L∑
m=k

Cmy
ρ+1e−xy

{
(−i)m (2π/λ)m xm+ρ

Γ(m+ ρ+ 1)
− (i)2k−m (2π/λ)2k−m x2k−m+ρ

Γ(2k −m+ ρ+ 1)

}
dx.

Interchanging of the integration and the finite sum is justified. Thus by sim-
plification of the above that yields

L4(y) =
L∑

m=k

Cm

{(
2π

iλy

)m
− (−1)m

(
2π

iλy

)2k−m
}
.

To evaluate the expression in L5(y) where,

L5(y) =

∫ ∞
0

1F1

(
r, ρ+ r + 1;

−2πiαjx

λ

)
xρ+ryρ+1e−xy

Γ(r + ρ+ 1)
dx.
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We begin by substituting the series representation

1F1

(
r, ρ+ r + 1;

−2πiαjx

λ

)
=

∞∑
m=0

Γ(m+ r)

Γ(r)

Γ(ρ+ r + 1)

Γ(m+ r + ρ+ 1)

(−i2πx/λ)m

m!

into the integrand.The interchange of integration and summation is justified
for λy > 2παj. Hence, we obtained

L5(y) =
∞∑
m=0

Γ(m+ r)

Γ(r)

(−1)m

m!

(
iαj2π

λy

)m
y−r.

Which converges absolutely for λy > 2παj. Similar to evaluation of L5 we
compute

L6(y) =

∫ ∞
0

1F1

(
r, ρ+ 2k + 1;

−2πx

iαjλ

)
xρ+2kyρ+1e−xy

Γ(2k + ρ+ 1)
dx.

We obtain

L6(y) =
∞∑
m=0

Γ(m+ r)

Γ(r)

(−1)m

m!

(
2π

iλyαj

)m
y−2k,

which converges absolutely for y > 2π
λαj

. Combining the results of the integrals

in L1(y), L2(y), · · · , L6(y) respectively we have

L1(y) = L2(y) + L3(y)− L4(y)−
p∑
j=1

Mj∑
r=1

Crj

(
−1

αj

)r
(iαj)

r

(
2π

λ

)r
L5(y)

+

p∑
j=1

Mj∑
r=1

Crj

(
−1

αj

)r
(i)−2k

(
2π

λ

)2k

L6(y).

Thus applying simple algebraic calculation, we conclude that the identity in
(3.1.20) implies

∞∑
m=0

ame
−my =

(
2π

iyλ

)2k ∞∑
m=0

ame
−4π2m

yλ2 + a0i
2k

(
2π

λy

)2k

− a0,

−
L∑

m=k

Cm

{(
2π

iλy

)m
− (−1)m

(
2π

iλy

)2k−m
}
,

−
p∑
j=1

Mj∑
r=1

Crj

(
−1

αj

)r{
αrj

(
2πi

yλ

)r ∞∑
m=0

Γ(m+ r)

Γ(r)

(−1)m

m!

(
2πiαj
λy

)m
−
(

2π

iyλ

)2k ∞∑
m=0

Γ(m+ r)

Γ(r)

(−1)m

m!

(
2π

iαjλy

)m}
, (3.1.23)
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provided that ρ+ 2k + 1
2
≥ 2β and y > max

1≤j≤p

{
2παj
λ

,
2π

αjλ

}
.

Recall that the rational periodic function in Lemma 2.1.

q(z) =
∑
k≤r≤L

Crfr(z, 0) +

p∑
j=1

Mj∑
r=1

Crjfr(z, αj),

where fr(z, 0) = z−r−(−1)rz−2k+r and fr(z, αj) = (z−αj)−r−(−1)rα−rj z−2k+r
(
z + 1

αj

)−r
.

Letting z = iyλ
2π

and applying the binomial expansion to fr(
iyλ
2π
, αj) after sim-

plifying some steps we obtain

q

(
iyλ

2π

)
=

L∑
r=1

Cr

{(
2π

iyλ

)r
− (−1)r

(
2π

iyλ

)2k−r
}

+

p∑
j=1

Mj∑
r=1

Crj

(
−1

αj

)r{
αrj

(
2πi

yλ

)r ∞∑
m=0

Γ(m+ r)

Γ(r)

(−1)m

m!

(
2πiαj
λy

)m
−
(

2π

iyλ

)2k ∞∑
m=0

Γ(m+ r)

Γ(r)

(−1)m

m!

(
2π

iαjλy

)m}
. (3.1.24)

Since F (z) has a Fourier expansion of the form
∞∑
m=0

ame
2πimz/λ and q( iyλ

2π
) is

represented (3.1.24), (3.1.23) may be written as

F

(
iyλ

2π

)
=

(
iyλ

2π

)−2k

F

(
−1
iyλ
2π

)
− q

(
iyλ

2π

)
.

Hence by the identity theorem the automorphic transformation

z−2kF

(
−1

z

)
= F (z) + q(z),

follows for z ∈ H. This concludes the proof of the equivalence of the functional
equation to the identity (3.1.20).
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3.2 Second equivalence

Theorem 3.7. Let Φ(s) and R(s) as in Theorem 2.3 then the functional equa-
tion

Φ(2k − s)− i2kΦ(s) = R(s) (3.2.1)

is equivalent to the identity(
−1

y

d

dy

)ρ(
1

y

∞∑
m=1

ame
−y
√
m

)
= − 2ρ√

πy2ρ+1
a0Γ

(
ρ+

1

2

)
+
i−2k

√
π

24k+2ρ+1Γ

(
2k + ρ+

1

2

)(
2π

λ

)2k ∞∑
m=0

am(
y2 + 4

(
2π
λ

)2
m
)2k+ρ+ 1

2

− 2ρ√
πy2ρ+1

p∑
j=1

Mj∑
r=1

Crj

(
−1

αj

)r
Γ

(
r + ρ+

1

2

)
Ψ

(
r,−ρ+

1

2
;
λy2

8πiαj

)

+
2ρ√
πy2ρ+1

p∑
j=1

Mj∑
r=1

Crj

(
−1

αj

)r (
iαjλy

2

8π

)r−2k

α2k
j Γ

(
2k + ρ+

1

2

)
×Ψ

(
r, r − 2k − ρ+

1

2
;
iαjλy

2

8π

)
− 2ρ√

πy2ρ+1

L∑
m=k

{(
8πi

λy2

)2k−m

Γ (2k −m+ ρ+ 1)−
(
−8πi

λy2

)m
Γ

(
m+ ρ+

1

2

)}
.

(3.2.2)

Provided that Re(y) > 0, ρ ∈ Z, ρ ≥ 0 and ρ+ 2k ≥ β + 1
2
, where

∑∞
m=1

|am|
mβ

<
∞.
To prove Theorem 3.7 we note that since the identity in (3.1.2) is equivalent
to the functional equation (3.2.1) (by Theorem 3.1), it suffices to show that
the functional equation (3.2.1) implies the identity in (3.2.2) and that (3.2.2)
in turn implies the identity (3.1.2). We begin by proving the first implication.

Proof. To show (3.2.1) implies (3.2.2), let ϕ(s) =
∞∑
n=1

an
ns

with
∞∑
n=1

|an|
nβ

< ∞.

Then for ρ ≥ 0, δ > 0, δ ≥ β by Lemma 3.2 we have

1

Γ(ρ+ 1)

∑
0≤m≤x

′
am(x−m)ρ =

1

2πi

∫ δ+i∞

δ−i∞

Γ(s)ϕ(s)xs+ρ

Γ(s+ ρ+ 1)
ds. (3.2.3)

If x = m and ρ = 0, then the integral is defined by its primary formula. The
dash on the summation is used to indicate that the term with x = m must be
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multiplied by 1
2

in this case. As in Chandrasekharan and Narasimhan [[2] page

9], we multiply (3.2.3) by e−y
√
xx−

1
2 and integrating relative to x from x = 0

to ∞; how ever, we further require δ > 2k, where Res = δ is the vertical path
of integration. Now choose δ = β + P, where P ∈ Z, and P is large enough to
guarantee δ > 2k and δ /∈ Z. Thus∫ ∞

0

e−y
√
xx−

1
2

{
1

Γ(ρ+ 1)

∑
0≤m≤x

am(x−m)ρ

}
dx =

∫ ∞
0

e−y
√
xx−

1
2

{
1

2πi

∫
(δ)

ϕ(s)Γ(s)xs+ρ

Γ(s+ ρ+ 1)
ds

}
dx,

(3.2.4)

with ρ+ 2k ≥ δ + 1
2
, and y ∈ R+. We used the notation

∫
δ

for

∫ δ+i∞

δ−i∞
. Chan-

drasekharan and Narasimhanin [2] for ρ + 2k + 1
2
≥ β and λn sequence of

positive real numbers; λn →∞, showed the identity

∞∑
n=1

an

∫ ∞
λn

(x− λn)ρ

Γ(ρ+ 1)
e−y
√
xx−

1
2dx = 2(−2)ρ

(
1

y

d

dy

)ρ [
1

y

∞∑
n=1

ane
−y
√
λn

]
.

(3.2.5)

Then by the identity in (3.2.5) with λn = m we have

∞∑
m=1

am

∫ ∞
m

(x−m)ρ

Γ(ρ+ 1)
e−y
√
xx−

1
2dx = 2(−2)ρ

(
1

y

d

dy

)ρ [
1

y

∞∑
m=1

ame
−y
√
m

]
.

Now assuming that Φ(s) = Γ(s)ϕ(s)
(

2π
λ

)−s
, where Res > β and

∑∞
m=1

|am|
mβ

<
∞, write the right-hand side of (3.2.3) as

U(s, λ) =

∫ ∞
0

e−y
√
xx
−1
2

{
1

2πi

∫
(δ)

(
2π

λ

)s
Φ(s)xs+ρ

Γ(s+ ρ+ 1)
ds

}
dx,

for δ ≥ β. The order of integration may be interchange for ρ ≥ 0. Then

U(s, λ) =
1

2πi

∫
(δ)

(
2π

λ

)s
Φ(s)

Γ(s+ ρ+ 1)
ds

∫ ∞
0

e−y
√
xxs+ρ−

1
2dx,

=
2

2πi

∫ δ+i∞

δ−i∞

(
2π

λ

)s
Φ(s)

Γ(2s+ 2ρ+ 1)

Γ(s+ ρ+ 1)

1

y2s+2ρ+1
ds.

Applying the formula (1.3.4) for Γ(2s+ 2ρ+ 1) we have

U(s, λ) =
1

2πi

∫
(δ)

(
2π

λ

)s
Φ(s)

Γ(s+ ρ+ 1
2
)

√
π

22s+2ρ+1

y2s+2ρ+1
ds.
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To evaluate U(s, λ) consider a rectangular region [2k − δ − iT, δ − iT ], [δ −
iT, δ + iT ], [δ + iT, 2k − δ + iT ], [2k − δ + iT, 2k − δ − iT ] oriented positively.
Re(s) = 2k − δ. If ρ+ 2k ≥ δ + 1

2
the poles of Γ

(
s+ ρ+ 1

2

)
lie out side of the

interval [2k−δ, δ], then the poles of the integrand between Re(s) = 2k−δ and
Re(s) = δ arise from Φ(s). The integral along the horizontal segments tends
to zero as T →∞. Thus U(s, λ) may be written as

U(s, λ) =
1

2πi

∫
(2k−δ)

(
2π

λ

)s
Φ(s)

Γ(s+ ρ+ 1
2
)

√
π

22s+2ρ+1

y2s+2ρ+1
ds

+
∑

s∈polsetΦ(s)

Res

(
2π

λ

)s
Φ(s)

Γ(s+ ρ+ 1
2
)

√
π

22s+2ρ+1

y2s+2ρ+1
. (3.2.6)

Write U(s, λ) as U(s, λ) = T1(s, λ) + T2(s, λ), where

T1(s, λ) =
1

2πi

∫
(2k−δ)

(
2π

λ

)s
Φ(s)

Γ(s+ ρ+ 1
2
)

√
π

22s+2ρ+1

y2s+2ρ+1
ds,

and

T2(s, λ) =
∑

s∈polsetΦ(s)

Res

(
2π

λ

)s
Φ(s)

Γ(s+ ρ+ 1
2
)

√
π

22s+2ρ+1

y2s+2ρ+1
. (3.2.7)

From the functional equation (3.2.2) we have Φ(s) = i−2k

{
Φ(2k− s)−R(s)

}
,

and substituting in to the integrand of T1(s, λ), we rewrite

T1(s, λ) = V1(s, λ)− V2(s, λ),

where

V1(s, λ) =
1

2πi

∫
(2k−δ)

(
2π

λ

)s
i−2kΦ(2k − s)

Γ(s+ ρ+ 1
2
)

√
π

22s+2ρ+1

y2s+2ρ+1
ds,

and

V2(s, λ) =
1

2πi

∫
(2k−δ)

(
2π

λ

)s
i−2kR(s)

Γ(s+ ρ+ 1
2
)

√
π

22s+2ρ+1

y2s+2ρ+1
ds.

To evaluate V1(s, λ) take ϑ = 2k − s and Φ(ϑ) =
(

2π
λ

)−ϑ
Γ(ϑ)ϕ(ϑ), where

ϕ(ϑ) =
∑∞

m=1
am
mϑ
, replace ϑ by −ϑ. Then using the integral formula in (1.3.2)

and employing simple algebraic manipulation we obtain

V1(s, λ) =
i−2k

√
π

24k+2ρ+1Γ

(
2k + ρ+

1

2

)(
2π

λ

)2k ∞∑
m=1

am(
y2 +

(
4π
λ

)2
m
)2k+ρ+ 1

2

.
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The series converges for y > 0, provided 2k+ρ− 1
2
> β. Since δ ≥ β the series

converges absolutely for ρ ≥ δ − 2k + 1
2
.

The evaluation of V2(s, λ) proceeds by substituting for R(s) and rewriting the
Beta function in terms of Γ function . Thus V2(s, λ) may be written as

V2(s, λ) =
1√
2π

22ρ+1

y2ρ+1

p∑
j=1

Mj∑
r=1

Crj

(
−1

αj

)r {
Q1(s, λ)− α2k

j Q2(s, λ)

}
, (3.2.8)

where

Q1(s, λ) =
1

2πi

∫
(2k−δ)

(
8πiαj
λy2

)s
Γ(s)Γ(r − s)

Γ(r)
Γ

(
s+ ρ+

1

2

)
ds

and

Q2(s, λ) =
1

2πi

∫
(2k−δ)

(
8π

iλy2αj

)s
Γ(2k − s)Γ(r + s− 2k)

Γ(r)
Γ

(
s+ ρ+

1

2

)
ds.

To evaluate Q1(s, λ) replace s by −s and applying the Cauchy’s Residue The-
orem on the rectangular region [2k− δ− iT,N + 1

4
− iT ], [N + 1

4
− iT,N + 1

4
+

iT ], [N + 1
4

+ iT, 2k− δ+ iT ], [2k− δ+ iT, 2k− δ− iT ] with positive orientation
for large integer N and positive number T. The poles of the integrand arising
from the gamma functions of Γ(ρ+ 1

2
− s) and Γ(−s). The integral along the

horizontal paths tends to 0 as T →∞. Then we obtained

1

2πi

∫
(2k−δ)

(
8πiαj
λy2

)−s
Γ(−s)Γ(r + s)

Γ(r)
Γ

(
ρ+

1

2
− s
)
ds

=
1

2πi

∫
(N+ 1

4
)

(
8πiαj
λy2

)−s
Γ(−s)Γ(r + s)

Γ(r)
Γ

(
ρ+

1

2
− s
)
ds

+
∑

s∈poleset

Res

{(
8πiαj
λy2

)−s
Γ(−s)Γ(r + s)

Γ(r)
Γ

(
ρ+

1

2
− s
)}

.

Claim:

1

2πi

∫
(N+ 1

4
)

(
8πiαj
λy2

)−s
Γ(−s)Γ(r + s)

Γ(r)
Γ

(
ρ+

1

2
− s
)
ds→ 0,

asN →∞. To proof the claim split (−∞,∞) in to the intervals (−∞,−T ], [−T, T ], [T,∞),
for some large value of T. Let

M(s, λ) =
1

2πi

∫ N+ 1
4

+i∞

N+ 1
4

+iT

(
8πiαj
λy2

)−s
Γ(−s)Γ(r + s)

Γ(r)
Γ

(
ρ+

1

2
− s
)
ds
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the integral on [T,∞). Then by Stirling’s formula we have

|M(s, λ)| ≤
(
y2λ

8παj

) 1
4 2π
√

2π

Γ(r)

∫ ∞
T

(
y2λ

8παj

)N
|t|−N+ρ+r− 3

4 e−
3
2
πtdt

≤
(
y2λ

8παj

) 1
4 2π
√

2π

Γ(r)

(
y2λ

8παj

)N
|T |−N+ρ+r− 3

4

∫ ∞
T

e−
3
2
πtdt

=

(
y2λ

8παj

) 1
4 4π
√

2π

3Γ(r)
|T |ρ+r− 3

4 e−
3
2
π|T |
(

y2λ

8παjT

)N
.

By choosing for appropriate large T, we see that the last expression tends to
zero, as N → ∞. A similar approach can be applied along the path Res =
N + 1

4
, for Im s ∈ (−∞,−T ]. Therefore by computing the residue of the poles

we have

Q1(s, λ) =
∞∑

[δ]−2k+1

(
8πiαj
λy2

)−m
(−1)m

m!

Γ(m+ r)

Γ(r)
Γ

(
ρ−m+

1

2

)

+
∞∑
m=0

(
8πiαj
λy2

)−m−ρ− 1
2 (−1)m

m!

Γ(m+ ρ+ r + 1
2
)

Γ(r)
Γ

(
−ρ−m− 1

2

)
.

Applying formula (1.3.5) and by simplifying, we obtain

Q1(s, λ) =
∞∑
m=0

(
8πiαj
λy2

)−m
(−1)m

m!

Γ(m+ r)

Γ(r)
(−1)m

Γ
(
ρ+ 1

2

)
Γ
(
−ρ+ 1

2

)
Γ
(
m− ρ+ 1

2

)
−

[δ−2k]∑
m=0

(
8πiαj
λy2

)−m
(−1)m

m!

Γ(m+ r)

Γ(r)
Γ

(
ρ−m+

1

2

)

+
∞∑
m=0

(
8πiαj
λy2

)−m−ρ− 1
2 (−1)m

m!
(−1)m

Γ
(
−ρ− 1

2

)
Γ
(
ρ+ 3

2

)
Γ
(
m+ ρ+ 3

2

) Γ(m+ ρ+ r + 1
2
)

Γ(r)
.

By rewriting the series representation for the confluent hypergeometric func-
tion of the form 1F1(a, b; z). We may rewrite Q1(s, λ) as

Q1(s, λ) = Γ

(
ρ+

1

2

)
1F1

(
r,−ρ+

1

2
;
λy2

8πiαj

)
+

Γ
(
ρ+ r + 1

2

)
Γ
(
−ρ− 1

2

)
Γ(r)

(
λy2

8πiαj

)ρ+ 1
2

1F1

(
ρ+ r +

1

2
, ρ+

3

2
;
λy2

8πiαj

)
−

[δ−2k]∑
m=0

(
8πiαj
y2λ

)−m
(−1)m

m!

Γ(m+ r)

Γ(r)
Γ

(
ρ−m+

1

2

)
.
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Using the definition of the confluent hypergeometric function of second kind
given in (1.3.10) we have

Q1(y, λ) =Γ

(
ρ+ r +

1

2

)
Ψ

(
r,−ρ+

1

2
;
λy2

8πiαj

)
−

[δ]−2k∑
m=0

(
8πiαj
y2λ

)−m
(−1)m

m!

Γ(m+ r)

Γ(r)
Γ

(
ρ−m+

1

2

)
. (3.2.9)

To evaluate Q2(s, λ) applying the same analysis as Q1(y, λ) to the integral

Q2(s, λ) =
1

2πi

∫
(2k−δ)

(
8π

iλy2αj

)s
Γ(2k − s)Γ(r + s− 2k)

Γ(r)
Γ

(
s+ ρ+

1

2

)
ds

and we deduced

Q2(s, λ) =
∞∑
m=0

(
8π

iλy2αj

)−m−ρ− 1
2 (−1)m

m!

Γ(2k +m+ ρ+ 1
2
)Γ
(
r − 2k −m− ρ− 1

2

)
Γ(r)

+
∞∑

m=[δ]−r+1

(
8π

iλy2αj

)2k−m−r
(−1)m

m!

Γ(2k −m− r + ρ+ 1
2
)Γ (mr)

Γ(r)

=
∞∑
m=0

(
8π

iλy2αj

)−m−ρ− 1
2 (−1)m

m!

Γ(2k +m+ ρ+ 1
2
)Γ
(
r − 2k −m− ρ− 1

2

)
Γ(r)

+
∞∑
m=0

(
8π

iλy2αj

)2k−m−r
(−1)m

m!

Γ(2k −m− r + ρ+ 1
2
)Γ (m+ r)

Γ(r)

−
[δ]−r∑
m=0

(
8π

iλy2αj

)2k−m−r
(−1)m

m!

Γ(2k −m− r + ρ+ 1
2
)Γ (m+ r)

Γ(r)
.

Then applying the formula in (1.3.4) and simplifying, we obtain

Q2(s, λ) =

(
8π

iαjλy2

)−ρ− 1
2 Γ
(
r − 2k − ρ− 1

2

)
Γ
(
2k + ρ+ 1

2

)
Γ(r)

× 1F1

(
2k + ρ+

1

2
, 2k + ρ+

3

2
− r; iαjλy

2

8π

)
+

(
8π

iαjλy2

)2k−r

Γ

(
2k + ρ+

1

2
− r
)
× 1F1

(
r, r − ρ− 2k +

1

2
;
iαjλy

2

8π

)
−

[δ]−r∑
m=0

(
8π

iλy2αj

)2k−m−r
(−1)m

m!

Γ(2k −m− r + ρ+ 1
2
)Γ (m+ r)

Γ(r)
.

Again by the definition of confluent hypergeometric function of second kind in
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(1.3.10) we have

Q2(s, λ) = Γ

(
2k + ρ+

1

2

)(
iαjλy

2

8π

)r−2k

Ψ

(
r, r − ρ− 2k +

1

2
;
iαjλy

2

8π

)
−

[δ]−r∑
m=0

(
8π

iλy2αj

)2k−m−r
(−1)m

m!

Γ (m+ r)

Γ(r)
Γ

(
−m− r + ρ+

1

2

)
.

(3.2.10)

Thus for ρ ≥ 0, ρ ∈ Z, ρ + 2k ≥ δ + 1
2
, δ > 2k and y ∈ R+ the functional

equation in (3.2.1) implies

22ρ+1

√
πy2ρ+1

aoΓ(ρ+
1

2
) + 2ρ+1

(
−1

y

d

dy

)ρ [
1

y

∞∑
m=1

ame
−y
√
m

]
= U(λ, s)

= T1(s, λ) + T2(s, λ)

= V1(s, λ)− V2(s, λ) + T2(s, λ)

=
i−2k

√
π

24k+2ρ+1Γ

(
2k + ρ+

1

2

)(
2π

λ

)2k ∞∑
m=1

am(
y2 +

(
4π
λ

)2
m
)2k+ρ+ 1

2

− V2(s, λ) + T2(s, λ).

Hence

2ρ+1

(
−1

y

d

dy

)ρ [
1

y

∞∑
m=1

ame
−y
√
m

]
=

i−2k

√
π

24k+2ρ+1Γ

(
2k + ρ+

1

2

)(
2π

λ

)2k ∞∑
m=1

am(
y2 +

(
4π
λ

)2
m
)2k+ρ+ 1

2

− V2(s, λ) + T2(s, λ)− 22ρ+1

√
πy2ρ+1

aoΓ(ρ+
1

2
), (3.2.11)

where V2(s, λ) and T2(s, λ) given by (3.2.8) and (3.2.7) respectively. From
(3.2.9) and (3.2.10), we obtain an explicit formula for V2(s, λ).
For explicit formula of T2(s, λ), we start by recalling that

T2(s, λ) =
∑

s∈pole set of Φ(s)

Res

{(
2π

λ

)s 22s+2ρ+1Γ
(
s+ ρ+ 1

2

)
√
πy2s+2ρ+1

Φ(s)

}
.

Since ρ + 2k ≥ δ + 1
2

the function
(

2π
λ

)s 22s+2ρ+1Γ(s+ρ+ 1
2)√

πy2s+2ρ+1 is analytic in the re-

gion bounded by the vertical lines Res = 2k − δ and Res = δ. Recall that
in Theorem (2.3) Φ(s) = D(s) + D0(s) + E0(s) + EH(s) + EB(s), where
D(s), D0(s), E0(s), EH(s), and EB(s) are functions in (2.0.10), (2.0.11), (2.0.12), (2.0.13)
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and (2.0.14) respectively. We use the residues of Φ(s) are the formulas in Corol-
lary (2.4)[see (2.0.16), (2.0.17), (2.0.18)] and (2.0.19). Therefore, after simpli-
fying we obtain

T2(s, λ) =
22ρ+1

√
πy2ρ+1

{(
8πi

λy2

)2k

Γ

(
2k + ρ+

1

2

)
− a0Γ

(
ρ+

1

2

)

+
L∑

m=k

Cm

{(
8πi

λy2

)2k−m

Γ

(
2k −m+ ρ+

1

2

)
−
(
−8πi

λy2

)m
Γ

(
m+ ρ+

1

2

)}

+

p∑
j=1

Mj∑
r=1

Crj

[
[δ−r]∑
m=0

Γ(m+ r)

Γ(r)

(−1)m

m!

(
8π

λy2

)2k−m−r

im+r−2kαmj ×

Γ

(
2k −m− r + ρ+

1

2

)
−

[δ−2k]∑
m=0

Γ(m+ r)

Γ(r)

(−1)m

m!

(
λy2

8π

)m
imΓ

(
−m+ ρ+

1

2

)
α−m−rj

]}
.

(3.2.12)

Now substitute (3.2.12) in to (3.2.11) for T2(s, λ) and by substituting the re-
spective expressions in (3.2.9), (3.2.10) for V2(s, λ), cancellation of terms take
place. Therefore. by rearranging and combining expressions after some sim-
plification, we obtain the identity (3.2.2).

Proof of the converse

To prove the converse, we need to show that (3.2.2) implies the functional
equation (3.2.1). However, in Theorem (3.1) we prove that the identity (3.1.2)
is equivalent to the functional equation (3.2.1) provided that ρ ≥ 2β − 2k −
1
2
. Thus it suffices to show that the identity (3.2.2) implies (3.1.2). Indeed

multiply (3.1.2) by ey
√
x, with Rey > 0 and x > 0 and integrate the expression

along vertical path Res = ϑ, where ϑ > 0. The left hand side (3.2.2) can be
evaluated using the formula stated by Chandrasekharan and Narasimhan in
[[2],page 9]

∞∑
m=1

am
1

2πi

∫
(ϑ)

ey
√
x

(
−1

y

d

dy

)ρ [
1

y
e−y
√
m

]
dy =

1

Γ(ρ+ 1)

∑
m≤x

′
am(x−m)ρ2−ρ,

(3.2.13)
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while the right hand side of (3.2.2) we calculate the integral of each terms one
by one. So put

P (λ, y) =
i−2k

√
π

24k+ρΓ

(
2k + ρ+

1

2

)(
2π

λ

)2k ∞∑
m=1

am
1

2πi

∫
(ϑ)

ey
√
x

[y2 +
(

4π
λ

)2
m]2k+ρ+ 1

2

dy.

By applying (1.3.9) after simplification we obtained

P (λ, y) = i−2k

(
4π

λ

)−ρ ∞∑
m=1

am

( x
m

) 2k+ρ
2
J2k+ρ

(
4π
√
mx

λ

)
. (3.2.14)

To evaluate the next term consider the integral I1(λ, x), where

I1(λ, y) =
1

2πi

∫
(ϑ)

ey
√
x

y2ρ+1
Ψ

(
r,−ρ+

1

2
;
λy2

8πiαj

)
dy.

Using the integral in (1.3.11) we have

I1(λ, y) =
1

2πi

∫
(ϑ)

ey
√
x

y2ρ+1

{
1

2πi

∫
(θ)

Γ(r + τ)Γ(−τ)Γ(ρ+ 1
2
− τ)

Γ(r)Γ(r + ρ+ 1
2
)

(
λy2

8πiαj

)τ
dτ

}
dy

=
1

2πi

∫
(θ)

{
Γ(r + τ)Γ(−τ)Γ(ρ+ 1

2
− τ)

Γ(r)Γ(r + ρ+ 1
2
)

(
λ

8πiαj

)τ
1

2πi

∫
(ϑ)

ey
√
xy2τ−2ρ−1dy

}
dτ

=
1

2πi

∫
(θ)

Γ(r + τ)Γ(−τ)Γ(ρ+ 1
2
− τ)

Γ(r)Γ(r + ρ+ 1
2
)

(
λ

8πiαj

)τ
xρ−τ

Γ(2ρ− 2τ + 1)
dτ.

Applying the formula in (1.3.4) to Γ(2ρ− 2τ + 1) we have

I1(λ, y) =

√
πxρ

22ρΓ(r + 1
2

+ ρ)Γ(r)

[
1

2πi

∫
(θ)

Γ(r + τ)Γ(−τ)

Γ(ρ+ 1− τ)

(
λ

2πiαj

)τ
dτ

]
.

Let

M1(λ, y) =
1

2πi

∫
(θ)

Γ(r + τ)Γ(−τ)

Γ(ρ+ 1− τ)

(
λ

2πiαjx

)τ
dτ.

The integral M1(λ, y) can be evaluated using Cauchy’s Residue theorem on a
rectangular region;
[−N− 1

4
− iT, θ− iT ], [θ− iT, θ+ iT ], [θ+ iT,−N− 1

4
+ iT ], [−N− 1

4
+ iT,−N−

1
4
− iT ] positively oriented for N large integer. The integrals on the horizontal

paths tends to zero as T →∞. Thus

M1(y, λ) =
∑

Res

{
Γ(r + τ)Γ(−τ)

Γ(ρ+ 1− τ)

(
λ

2πiαjx

)τ }

+
1

2πi

∫
(−N− 1

4
)

Γ(r + τ)Γ(−τ)

Γ(ρ+ 1− τ)

(
λ

2πiαjx

)τ
dτ,
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as N → ∞, the integral along the path of Reτ = −N − 1
4

can be shown to
tend to 0 by estimating the growth of the integrand. Hence by computing the
residue we have

M1(y, λ) =
∞∑
m=0

(−1)m

m!

Γ(m+ r)

Γ(ρ+m+ r + 1)

(
2πiαjx

λ

)m+r

.

Hence

I1(y, λ) =

√
πxρ

22ρΓ(r + 1
2

+ ρ)Γ(r)

∞∑
m=0

(−1)m

m!

Γ(m+ r)

Γ(ρ+m+ r + 1)

(
2πiαjx

λ

)m+r

.

Therefore, we conclude that

1

2πi

∫
(ϑ)

ey
√
x

√
πy2ρ+1

2ρ
p∑
j=1

Mj∑
r=1

Cri

(
−1

αj

)r
Γ(ρ+ r +

1

2
)Ψ

(
r,−ρ+

1

2
;
λy2

8πiαj

)
dy

=
2ρ√
π

p∑
j=1

Mj∑
r=1

Cri

(
−1

αj

)r
Γ(ρ+ r +

1

2
)

1

2πi

∫
(ϑ)

ey
√
x

y2ρ+1
Ψ

(
r,−ρ+

1

2
;
λy2

8πiαj

)
dy

=
1

2ρ

p∑
j=1

Mj∑
r=1

Crj

(
−1

αj

)r (
2πiαj
λ

)r
xρ+r

Γ(ρ+ r + 1)
1F1

(
r, r + ρ+ 1;

−2πiαjx

λ

)
.

(3.2.15)

Next we analyze the integral I2(y, λ), where

I2(y, λ) =
1

2πi

∫
(ϑ)

ey
√
x

y2ρ+1

(
αjiλy

2

8π

)r−2k

Ψ

(
r, r − 2k − ρ+

1

2
;
iαjλ

2

8π

)
dy.

For fixed r,−r < θ < −r+ 1
2

and −π
2
≤ arg

(
iαjλ

2

8π

)
, applying the integral rep-

resentation of confluent hypergeometric function of the second kind in (1.3.11)
we have

I2(y, λ) =
1

2πi

∫
(ϑ)

ey
√
x

y2ρ+1

(
αjiλy

2

8π

)r−2k
{

1

2πi

∫
(θ)

Γ(r + τ)Γ(−τ)Γ
(
2k + ρ− τ − r + 1

2

)
Γ(r)Γ(2k + 1

2
+ ρ)

×
(
αjiλy

2

8π

)τ
dτ

}
dy.

By interchanging the order of integration we obtain the equation

I2(y, λ) =
1

2πi

∫
(θ)

[
Γ(r + τ)Γ(−τ)Γ

(
2k + ρ− τ − r + 1

2

)
Γ(r)Γ(2k + 1

2
+ ρ)

(
αjiλ

8π

)τ+r−2k
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× 1

2πi

∫
(ϑ)

ey
√
xy2τ+2r−4k−2ρ−1dy

]
dτ.

Put

G1(y) =
1

2πi

∫
(ϑ)

ey
√
xy2τ+2r−4k−2ρ−1dy,

and applying formula (1.3.3), we have

G1(y) =
x2k+ρ−r−τ

Γ(4k + 2ρ+ 1− 2r − 2τ)
.

Thus

I2(y, λ) =
1

2πi

∫
(θ)

[
Γ(r + τ)Γ(−τ)Γ

(
2k + ρ− τ − r + 1

2

)
Γ(r)Γ(2k + 1

2
+ ρ)

(
αjiλ

8π

)τ+r−2k

× x2k+ρ−r−τ

Γ(4k + 2ρ+ 1− 2r − 2τ)

]
dτ,

and applying formula (1.3.4) to 1
Γ(4k+2ρ−2r−2τ+1)

, so I2(y, λ) can be expressed

as I2(y, λ) =

√
π

Γ(r)Γ
(
2k + ρ+ 1

2

) (iαjλ
8π

)r−2k (x
4

)2k+ρ−r
×

1

2πi

∫
(θ)

Γ(r + τ)Γ(−τ)

Γ(2k + ρ+ 1− r − τ)

(
iαjλ

2πx

)τ
dτ.

Set

G2(y) =
1

2πi

∫
(θ)

Γ(r + τ)Γ(−τ)

Γ(2k + ρ+ 1− r − τ)

(
iαjλ

2πx

)τ
dτ.

Now G2(y) can be evaluated using Cauchy’s Residue theorem moving the line
of integration to Reτ = −N− 1

4
for large integer N. As in evaluation of I1(y, λ),

applying Stirlig’s formula to estimate growth of Γ the integral along the path
Reτ = −N − 1

4
can be shown to tend to 0 as N →∞, then we obtain

G2(y) =
∞∑
m=0

(−1)m

m!

m+ r

Γ(2k + ρ+ 1 +m+ 1)

(
iαjλ

2πx

)−m−r
.

Hence

I2(y, λ) =

√
π

Γ(r)Γ
(
2k + ρ+ 1

2

) (iαjλ
8π

)−2k
x2k+ρ

24k+2ρ−2r

∞∑
m=0

(−1)m

m!

Γ(m+ r)

Γ(2k + ρ+m+ 1)

(
2πx

iαjλ

)m
.

Therefore. using this result for I2(y, λ) we find that

1

2πi

∫
(ϑ)

2ρey
√
x

√
πy2ρ+1

p∑
j=1

Mj∑
r=1

Cri

(
−1

αj

)r
α2k
j Γ(2k + ρ+

1

2
)

(
αjiλy

2

8π

)r−2k
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×Ψ

(
r, r − 2k − ρ+

1

2
;
iαjλ

2

8π

)
dy

=
2ρ√
π

p∑
j=1

Mj∑
r=1

Cri

(
−1

αj

)r
α2k
j Γ

(
2k + ρ+

1

2

)
1

2πi

∫
(ϑ)

ey
√
x

y2ρ+1

(
αjiλy

2

8π

)r−2k

×Ψ

(
r, r − 2k − ρ+

1

2
;
iαjλ

2

8π

)
dy

=
1

2ρ

p∑
j=1

Mj∑
r=1

Cri

(
−1

αj

)r (
2π

iλ

)2k
x2k+ρ

Γ(2k + ρ+ 1)

∞∑
m=0

(r)m
(2k + ρ+ 1)m

(
−2πx

iαjλ

)m

=
1

2ρ

p∑
j=1

Mj∑
r=1

Cri

(
−1

αj

)r (
2π

iλ

)2k
x2k+ρ

Γ(2k + ρ+ 1)
1F1

(
r, 2k + ρ+ 1;

−2πx

iαjλ

)
.

(3.2.16)

To analyze the remaining terms define

I3(y, λ) =
L∑

m=k

Cm
2ρ√
π

{
1

2πi

∫
(ϑ)

ey
√
x

y2ρ+1

[(
8πi

λy2

)2k−m

Γ

(
2k −m+ ρ+

1

2

)

−
(
−8πi

λy2

)m
Γ

(
m+ ρ+

1

2

)]
dy

}
.

Then evaluating each integral in I3(y, λ), applying formula (1.3.3) and sim-
plifying, we get

I3(y, λ) = 2ρ
L∑

m=k

Cm

{(
8πi

λ

)2k−m
xk+m

24k+2ρ−2mΓ(2k + ρ−m+ 1)

−
(
−8πi

λ

)m
x2k+ρ−m

22k+2mΓ(ρ+m+ 1)

}

=
1

2ρ

L∑
m=k

Cm

{(
2π

λ

)2k−m
i2k−mx2k+ρ−m

Γ(2k + ρ−m+ 1)
−
(

2π

λ

)m
(−i)mxρ+m

Γ(ρ+m+ 1)

}
.

(3.2.17)

Finally to evaluate the last term in (3.2.2) define

I4(y, λ) = −2ρ+1

√
π
a0Γ

(
ρ+

1

2

)
1

2πi

∫
(ϑ)

ey
√
x

y2ρ+1
dy = − a0x

ρ

2ρ−1Γ(ρ+ 1)
. (3.2.18)

Thus the expression on left of (3.2.13) is equal to the sum of each expressions
evaluated separately as above. Thus combining the results in (3.2.14), (3.2.15),
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(3.2.16), (3.2.17), and (3.2.18) respectively we have

1

Γ(ρ+ 1)

∑
m≤x

′
am(x−m)ρ2−ρ = i−2k

(
2π

λ

)−ρ
2−ρ

∞∑
m=1

am

( x
m

) 2k+ρ
2
J2k+ρ

(
4π
√
mx

λ

)

− 1

2ρ

p∑
j=1

Mj∑
r=1

Crj

(
−1

αj

)r (
2πiαj
λ

)r
xρ+r

Γ(ρ+ r + 1)
1F1

(
r, r + ρ+ 1;

−2πiαjx

λ

)

+
1

2ρ

p∑
j=1

Mj∑
r=1

Cri

(
−1

αj

)r (
2π

iλ

)2k
x2k+ρ

Γ(2k + ρ+ 1)
1F1

(
r, 2k + ρ+ 1;

−2πx

iαjλ

)

+
1

2ρ

L∑
m=k

Cm

{(
2π

λ

)2k−m
i2k−mx2k+ρ−m

Γ(2k + ρ−m+ 1)
−
(

2π

λ

)m
(−i)mxρ+m

Γ(ρ+m+ 1)

}

+
1

2ρ
i2k
(

2π

λ

)2k
x2k+ρ

Γ(2k + ρ+ 1)
− a0x

ρ

2ρ−1Γ(ρ+ 1)
.

There for we conclude

1

Γ(ρ+ 1)

∑
0≤m≤x

′
am(x−m)ρ = i−2k

(
2π

λ

)−ρ ∞∑
m=1

am

( x
m

) 2k+ρ
2
J2k+ρ

(
4π
√
mx

λ

)

+ i2k
(

2π

λ

)2k
x2k+ρa0

Γ(2k + ρ+ 1)

+
L∑

m=k

Cm

{(
2π

λ

)2k−m
i2k−mx2k+ρ−m

Γ(2k + ρ−m+ 1)
−
(

2π

λ

)m
(−i)mxρ+m

Γ(ρ+m+ 1)

}

−
p∑
j=1

Mj∑
r=1

Crj

(
−1

αj

)r (
2πiαj
λ

)r
xρ+r

Γ(ρ+ r + 1)
1F1

(
r, r + ρ+ 1;

−2πiαjx

λ

)

+

p∑
j=1

Mj∑
r=1

Cri

(
−1

αj

)r (
2π

iλ

)2k
x2k+ρ

Γ(2k + ρ+ 1)
1F1

(
r, 2k + ρ+ 1;

−2πx

iαjλ

)
.

Hence we showed that the identity in (3.2.2) implies (3.1.2). Since (3.1.2)
equivalent to the functional equation (3.2.1). This completes the proof of the
converse and we conclude proof of the theorem .
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Chapter 4

Dirichlet Series, Automorphic In-
tegrals with Log-Polynomial Pe-
riod Functions and Arithmetical
Identities

Our main goal in this chapter is to establish the equivalence of two arithmetical
identities with a functional equation associated with entire automorhpic inte-
grals involving log-polynomial-period functions on the discrete Hecke groups.

4.1 Review of Preliminary concepts

Let ν be a complex function defined by ν : G(λ) −→ C for all M =

(
a b
c d

)
∈

G(λ), ν(M) independent of z and |ν(M)| = 1. If ν satisfies the consistency
condition

ν(M3) (c3z + d3)2k = ν(M1)ν(M2) (c1M2z + d1)2k (c2z + d2)2k

for all M1,M2 ∈ G(λ),M1M2 = M3, Mj =

(
aj bj
cj dj

)
, j = 1, 2, 3 z ∈ H,

where k ∈ R then ν is called a Multiplier system for G(λ). 2k is the weight
of ν on G(λ).
Suppose F is a holomorphic function in the upper half plane H and k ∈ R.
Let ν be a multiplier system on G(λ) of real weight 2k. Suppose that F
satisfies the automorphic relations

ν̄(Sλ)F (z + λ) = F (z), ν(Sλ) = e2πiκ, 0 ≤ κ < 1 (4.1.1)

and

ν̄(T )z−2kF

(
−1

z

)
= F (z) + q(z) ∀z ∈ H, (4.1.2)

where q(z) =
N∑
j=1

zαj
Mj∑
t=0

βjt (log z)t , αj, βjt ∈ C. Furthermore, assume that
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F has Fourier series expansion of the form

F (z) =
∞∑
m=0

ame
2πimz/λ, (4.1.3)

where Im z = y > 0 and am = O(mδ), for some δ ∈ R+. A function F sat-
isfying (4.1.1), (4.1.2) and (4.1.3) is called an entire automorphic integral of
weight 2k with multiplier system ν for G(λ). The function q(z) in (4.1.2) is
called the log-polynomial period function of the entire automorphic integral
function F.
Remark. Abdulkadir Hassen [3] has characterized completely the log-polynomial
period functions for entire automorphic integrals weight 2k, k ∈ R on G(λ),
the discrete Hecke group, in the cases:

(1) k ≥ 1, ν(Sλ) = 1

(2) k > 0, ν(Sλ) 6= 1

(3) k ≥ 0, 2k ∈ Z, ν(Sλ) = 1 and

(4) k ≤ 0, ν(Sλ) 6= 1.

For the purpose of this work we consider only the multiplier system which
satisfy ν(Sλ) = 1. That is (κ = 0). In [4] Paul C. Pasles stated a Riemann-
Hecke-Bochner correspondence for entire automorphic integrals on the Hecke
groups. We modified and restate the theorem here for our context with multi-
plier system ν, and we give the main steps of the proof. (see [4], Theorem 3.1).

Theorem 4.1. Let k ∈ R+ ∪ {0}, λ ≥ 2 or λ = 2 cos
(
π
p

)
, p ∈ Z, p ≥

3. Suppose that F is an entire automorphic integral of weight 2k, multiplier
system ν and ν(Sλ) = 1. Let q(z) be the log-polynomial period function of F
on G(λ) and let F have Fourier expansion of the form

F (z) =
∞∑
m=0

ame
2πimz/λ,

for z ∈ H, where

am = O(mβ) for some β > 0,m→∞.

Let ϕ(s) =
∞∑
m=1

amm
−s, s = σ + it. And put

ΦF (s) =

(
2π

λ

)−s
Γ(s)ϕ(s), for σ > β + 1.

Then
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(A) ΦF (s) has a meromorphic continuation to the whole complex plane with
at most a finite number of poles given by:

ΦF (s) = Dk(s) +Mk(s) + Lk(s),

where

Dk(s) =

∫ ∞
1

{
F (iy)− a0

}
ys−1ds+ i2kν(T )

∫ ∞
1

{
F (iy)− a0

}
y2k−s−1ds,

(4.1.4)

Mk(s) = a0

{
i2kν(T )

s− 2k
− 1

s

}
, (4.1.5)

and

Lk(s) = −
N∑
j=1

i2k+αj

Mj∑
t=0

bjt

t∑
l=0

(
t

l

)(
iπ

2

)t−l
(−1)l+1l!

(2k + αj − s)l+1
, (4.1.6)

for Res > 2k + max
j
|Reαj|.

(B) ΦF (s) is bounded uniformly and absolutely in each σ in a lacunary vertical
strips of the form

S(σ1, σ2, t0) = {s : σ1 ≤ σ ≤ σ2, | Im s| = t ≥ t0},

where σ1, σ2 ∈ R and t0 > max
j
| Imαj|.

Moreover,

(C) ΦF (s) satisfies the functional equation

ΦF (2k − s) = eπikν(T )ΦF (s). (4.1.7)
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Proof. Suppose F is an entire automorphic integral of weight 2k, k ∈ R, mul-
tiplier system ν and associated Lppf q(z). For Res > 2k + maxj |Reαj|.
Applying Mellin transform of F, we have

ΦF (s) =

∫ ∞
0

(F (iy)− a0) ys
dy

y

=

∫ ∞
1

(F (iy)− a0) ys
dy

y
+

∫ 1

0

(F (iy)− a0) ys
dy

y
.

Taking y 7→ 1
y

in the latter integral and applying the transformation law in

(4.1.2),we get

∫ 1

0

(F (iy)− a0) ys
dy

y
= ν(T )i2k

∫ ∞
1

(F (iy)− a0) y2k−s−1dy + ν(T )i2ka0

∫ ∞
1

y2k−s−1dy

+ ν(T )i2k
∫ ∞

1

q(iy)y2k−s−1dy − a0

s

= ν(T )i2k
∫ ∞

1

(F (iy)− a0) y2k−s−1dy + a0

[
ν(T )i2k

s− 2k
− 1

s

]
+ ν(T )i2k

∫ ∞
1

q(iy)y2k−s−1dy.

Thus

ΦF (s) = Dk(s) +Mk(s) + Lk(s),

where

Dk(s) =

∫ ∞
1

(F (iy)− a0) ys−1dy + ν(T )i2k
∫ ∞

1

(F (iy)− a0) y2k−s−1dy,

Mk = a0

[
ν(T )i2k

s− 2k
− 1

s

]
,

and

Lk(s) = ν(T )i2k
∫ ∞

1

q(iy)y2k−s−1dy.

Dk(s) is entire and converges uniformly (absolutely) on compact subset of
C, for large Re(s), and Dk(s) satisfies the functional equation Dk(2k − s) =
eπikν(T )Dk(s). Similarly Mk(s) is meromorphic with simple poles at (s =
2k, 0), and satisfies the functional equation Mk(2k − s) = eπikν(T )Mk(s). In
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order to show the meromerphic continuation of ΦF (s) we need the meromor-
phic continuation of Lk(s) to C. Now by definition

Lk(s) = ν(T )i2k
∫ ∞

1

q(iy)y2k−s−1dy

= ν(T )i2k
∫ ∞

1

N∑
j=1

(iy)αj
Mj∑
t=0

βjt(log iy)ty2k−s−1dy.

The integral and the finite double sums may be interchanged, since each terms
is absolutely integrable. Observe that log iy = log y+i arg(iy) = log y+ iπ

2
, y >

0. Then applying the binomial theorem we get(
iπ

2
+ log y

)t
=

t∑
l=0

(
t

l

)(
iπ

2

)t−l
(log y)l.

To show the meromorphic continuation of Lk(s) we require the following result.

Lemma 4.2. Let η ∈ C, Reη < −1 for l ∈ Z≥0. We have∫ ∞
1

yη(log y)l =
(−1)l+1l!

(η + 1)l+1
.

Proof. It is not hard to prove the lemma using induction and integration by
parts.

Applying the binomial representation for log iy we have

Lk(s) = ν(T )
N∑
j=1

i2k+αj

Mj∑
t=0

βjt

t∑
l=0

(
t

l

)(
iπ

2

)t−l ∫ ∞
1

y2k+αj−s−1(log y)tdy.

So that by Lemma 4.2 we have

Lk(s) = ν(T )
N∑
j=1

i2k+αj

Mj∑
t=0

βjt

t∑
l=0

(
t

l

)(
iπ

2

)t−l
l!

(s− (αj + 2k))l+1
,

for Res > 2k + maxj Reαj. We assume always that βjMj
6= 0. Then Lk(s) is

meromorphic in C with poles of order, Mj + 1 at s = 2k + αj. Thus

ΦF (s) = Dk(s) +Mk(s) + Lk(s)

is meromorphic on C with finite simple poles at s = 2k, 0 of order one
and s = 2k + αj of order Mj + 1. This completes the prove of (A). To
prove ΦF (2k − s) = eπikν(T )Φ(s) it is enough to show that Lk(2k − s) =
eπikν(T )Lk(s).

First we require the following lemma.
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Lemma 4.3. If F and q are as in Theorem 4.1, then

q

(
−1

z

)
= −(−z)2kν̄(T )q(z),∀z ∈ H. (4.1.8)

Remark: (ν(T )i2k)2 = 1.

Proof. By taking z → −1
z

in (4.1.2), we have

F (z) = ν(T )(−z)−2k

[
ν(T )z2kF (z) + ν(T )z2kq(z) + q

(
−1

z

)]
.

Which implies

F (z)− ν2(T )(−z)−2kz2kF (z) = ν2(−z)−2kz2kq(z) + ν(T )(−z)−2kq

(
−1

z

)
= i4kν2(T )q(z) + ν(T )(−z)−2kq

(
−1

z

)
= (i2ν(T ))2q(z) + ν(T )(−z)−2kq

(
−1

z

)
= q(z) + ν(T )(−z)−2kq

(
−1

z

)
.

Therefore.

F (z)− ν2(T )(i2k)2F (z) = q(z) + ν(T )(−z)−2kq

(
−1

z

)
.

Then by the above remark we have

q(z) + ν(T )(−z)−2kq

(
−1

z

)
= 0, ∀z ∈ H

and the proof of the lemma is completed.

Now from Lk(s) = i2kν(T )

∫ ∞
1

y2k−s−1q(iy)dy implies

Lk(2k − s) = i2kν(T )

∫ ∞
1

ys−1q(iy)dy.

Applying Lemma 4.3 and replace y by 1
y

in the integral we obtain

i−2kν̄(T )Lk(2k − s) = −i2kν(T )

∫ 1

0

y2k−s−1q(iy)dy.
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Then by definition of q we have

i−2kν̄(T )Lk(2k − s) = −i2kν(T )

∫ 1

0

N∑
j=1

(iy)αj
Mj∑
t=0

βjt(log iy)ty2k−s−1dy.

From the relation log iy = iπ
2

+ log y and applying the binomial theorem we
get

(log iy)t =

(
iπ

2
+ log y

)t
=

t∑
l=0

(
t

l

)(
iπ

2

)t−l
(log y)l.

By taking y 7→ 1

y
we see that

i−2kν̄(T )Lk(2k−s) = −i2kν(T )
N∑
j=1

(i)αj
Mj∑
t=0

βjt

t∑
l=0

(
iπ

2

)t−l ∫ ∞
1

ys−2k−αj−1(log y)l(−1)ldy.

Applying lemma4.2 and by simplifying we have

i−2kν̄(T )Lk(2k−s) = ν(T )
N∑
j=1

(i)αj+2k

Mj∑
t=0

βjt

t∑
l=0

(
t

l

)(
iπ

2

)t−l
l!

[s− (2k + αj)]l+1
,

where

Lk(s) = ν(T )
N∑
j=1

(i)αj+2k

Mj∑
t=0

βjt

t∑
l=0

(
t

l

)(
iπ

2

)t−l
l!

[s− (2k + αj)]l+1
.

Therefore, Lk(2k−s) = eπikν(T )Lk(s). This complete the prove of (C). Finally
to show the boundedness condition (B). The rational functions Mk and Lk are
bounded in lacunary vertical strips which do not contain poles of Mk and
Lk. Thus to prove (B) it suffices to show the boundedness of Dk. In fact, by
am = O(mβ) for σ > 1 + β,∣∣∣∣ ∫ ∞

1

[F (iy)− a0]ys−1dy

∣∣∣∣ = O(ζ(σ − β)Γ(σ)).

Hence (B). And complete the prove of the theorem.
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4.2 Third equivalence

In this section we prove our third and the fourth results. Sister Ann M. Heath
in [1] considers the functional equation of J. Hawkins and M. Knopp in [5]

Φ(2k − s)− i2kΦ(s) = R(s).

She has shown that the functional equation is equivalent to two types of arith-
metical identities associated with entire modular integrals involving rational
period functions on the full modular group Γ(1). Here we establish two arith-
metical identities associated with entire automorphic integrals involving log-
polynomial period functions on the discrete Hecke group G(λ), analogous to
Sister Ann M. Heath and we show them to be equivalent to the functional
equation (4.1.7),

ΦF (2k − s) = eπikν(T )ΦF (s).

Theorem 4.4. Let ΦF (s),q(z) and F (z) be as in Theorem4.1. Then the func-
tional equation

ΦF (2k − s) = eπikν(T )ΦF (s) (4.2.1)

is equivalent to the arithmetical identity

1

Γ(ρ+ 1)

∑
06m6x

am(x−m)ρ = e−πikν̄(T )

(
2π

λ

)−ρ ∞∑
m=1

am

( x
m

) 2k+ρ
2
J2k+ρ

(
4π
√
mx

λ

)

+

(
2π

λ

)2k
ν(T )eπika0x

2k+ρ

Γ(2k + ρ+ 1)
− a0x

ρ

Γ(ρ+ 1)

+

(
2π

λ

)2k+αj x2k+ρ+αj

Γ(2k + αj + ρ+ 1)
ν(T )eπik

N∑
j=1

iαj
Mj∑
t=0

βjt

(
iπ

2

)t
,

(4.2.2)

for x > 0, ρ ∈ Z≥0, αj, βjt ∈ C, βjMj
6= 0 and N,Mj ∈ Z, provided ρ ≥

2β − 2k, where am = O(mβ).

Proof of (4.2.1) implies (4.2.2)

Here we first show the functional equation (4.2.1) implies the identity (4.2.2).

Proof. Applying the formula in (3.2), for ρ > 0, b > β and am = O(mβ) we
have

1

Γ(ρ+ 1)

∑
06m6x

′
am(x−m)ρ =

1

2πi

∫
(b)

Γ(s)ϕ(s)xs+ρ

Γ(s+ ρ+ 1)
ds. (4.2.3)
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Here the prime ’ indicates that if m = x, am is to be multiplied by 1
2

and

ϕ(s) =
∞∑
m=1

am
ms

with
∞∑
m=1

|am|
mβ

<∞.

To evaluate the integral on the right side of (4.2.3), for 2k − b < σ < b,
where s = σ + it. Consider rectangular region with vertices 2k − b ± T and
b ± T, having positive orientation. Let T be positive large number so that
Stirling’s formula can be used in approximating Γ(s) as |s| → ∞. Using Stir-
ling’s formula and the Phragmen-Lindelof theorem we may show the integrals
along the horizontal paths tend to 0 as T →∞. Hence with the substitution,(

2π
λ

)s
ΦF (s) = Γ(s)ϕ(s), the right hand side of (4.2.3) may be written as

1

2πi

∫
(b)

Γ(s)ϕ(s)

Γ(s+ ρ+ 1)
ds =

1

2πi

∫
(b)

(
2π

λ

)s
ΦF (s)xs+ρ

Γ(s+ ρ+ 1)
ds

=
1

2πi

∫
(2k−b)

(
2π

λ

)s
ΦF (s)xs+ρ

Γ(s+ ρ+ 1)
ds

+
∑

s∈Pole set of ΦF (s)

Res

{(
2π

λ

)s
ΦF (s)xs+ρ

Γ(s+ ρ+ 1)

}
.

Put

ω1(s, λ) =
1

2πi

∫
(2k−b)

(
2π

λ

)s
ΦF (s)xs+ρ

Γ(s+ ρ+ 1)
ds

and

ω2(s, λ) =
∑

s∈Pole set of ΦF (s)

Res

{(
2π

λ

)s
ΦF (s)xs+ρ

Γ(s+ ρ+ 1)

}
.

To evaluate ω1(s, λ) we begin by using the functional equation

ΦF (2k − s) = eπikν(T )Φ(s).

ω1(s, λ) can be written as

ω1(s, λ) =
1

2πi

∫
(2k−b)

(
2π

λ

)s
e−πikν̄(T )ΦF (2k − s)xs+ρ

Γ(s+ ρ+ 1)
ds.

By substituting

ΦF (2k − s) =

(
2π

λ

)s
Γ(2k − s)

∞∑
m=1

am
m2k−s

and replace s by 2k − s. Now applying (1.3.7) with simple algebraic manipu-
lation we obtain

ω1(s, λ) =

(
2π

λ

)−ρ
e−πikν̄(T )

∞∑
m=1

am

( x
m

) 2k+ρ
2
J2k+ρ

(
4π
√
mx

λ

)
, (4.2.4)
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provided that ρ ≥ 2β − 2k.
To complete the evaluation of the integral in (4.2.3) we calculate the residues
in ω2(s, λ). The meromorphic continuation ΦF expressed in terms of Mk (has
simple poles at s = 0, 2k ) and Lk which has a pole at s = 2k + αj of order
Mj + 1. Thus a straight forward calculation of the residues of the functions we
obtain

ω2(s, λ) =

(
2π

λ

)2k

eπik
x2k+ρa0ν(T )

Γ(2k + ρ+ 1)
− a0x

ρ

Γ(ρ+ 1)

+

(
2π

λ

)2k+αj x2k+ρ+αj

Γ(2k + ρ+ 1 + αj)
ν(T )eπik

N∑
j=1

iαj
Mj∑
t=0

βjt

(
iπ

2

)t
,

(4.2.5)

for ρ ∈ Z≥0, αj, βjt ∈ C and βjMj
6= 0.

The integral in the right of (4.2.3) is equal to the combination of the expressions
in (4.2.4) and (4.2.5) respectively, thus it follows the identity (4.2.2).

Proof of converse of the theorem

Suppose F is an entire automorphic integral function. F (z) has Fourier series
expansion of the form

F (z) =
∞∑
m=0

ame
2πim/λ. (4.2.6)

For z ∈ H, where am = O(mγ) as m→∞, for some γ > 0. Put

ΦF (s) =

(
2π

λ

)−s
Γ(s)

∞∑
m=1

amm
−s.

For z ∈ H F satisfies the relation

ν̄(T )z−2kF

(
−1

z

)
= F (z) + q(z)∀z ∈ H, (4.2.7)

where

q(z) =
N∑
j=1

zαj
Mj∑
t=0

βjt(log z)t, αj, βjt ∈ C.

Now using (4.2.6) and (4.2.7) we have

z−2kν̄(T )
∞∑
m=0

ame
−2πim/λz =

∞∑
m=0

ame
2πimz/λ + q(z).

49



Chapter 4 : Dirichlet Series, Automorphic Integrals with Log-Polynomial
Period Functions and Arithmetical Identities

Letting z = iyλ
2π
, y > c, c ∈ R+. Then we have that(

2π

iyλ

)2k

ν̄(T )
∞∑
m=0

ame
−4π2m

yλ2 =
∞∑
m=0

ame
−my + q

(
iyλ

2π

)
. (4.2.8)

In proving the converse, it is enough to show that the identity in (4.2.2) implies
(4.2.8). Since q(z) is entire in H and the series expansion for F in (4.2.6)
is uniformly convergent on compact subsets of H, the automorphic relation
in (4.2.7) will follow by analytic for ∀z ∈ H. Following the method used
in Chandraseharan and Narasimhan [2], we multiply the identity in (4.2.2)
through out by yρ+1e−xy with y > 0, integrate relative to x from 0 to ∞. To
this end consider four integrals (separate) corresponding to the terms occurring
in (4.2.2) as

$1(x, λ) =

∫ ∞
0

{
1

Γ(ρ+ 1)

∑
0≤m≤x

am(x−m)ρ

}
yρ+1e−xydx.

$2(x, λ) =

∫ ∞
0

{
e−πikν̄(T )

(
2π

λ

)−ρ ∞∑
m=1

am

( x
m

) 2k+ρ
2
J2k+ρ

(
4π
√
mx

λ

)}
yρ+1e−xydx.

$3(x, λ) =

∫ ∞
0

{
eπik

(
2π

λ

)2k
a0ν(T )x2k+ρ

Γ(2k + ρ+ 1)
− a0x

ρ

Γ(ρ+ 1)

}
yρ+1e−xydx.

$4(x, λ) =

∫ ∞
0

{(
2π

λ

)2k+αj x2k+ρ+αj

Γ(2k + ρ+ αj + 1)
ν(T )eπik

N∑
j=1

iαj
Mj∑
t=0

βjt

(
iπ

2

)t}
yρ+1e−xydx.

The evaluation of $1 and $2 follows as Chandrasekharan and Narasimhan
found in [2]. Inter change of summation and integration being permitted for
ρ ≥ 2β − 2k − 1

2
. Then

$1(x, λ) =
yρ + 1

Γ(ρ+ 1)

∫ ∞
0

xρe−xydx+
yρ + 1

Γ(ρ+ 1)

∑
1≤m≤x

am

∫ ∞
m

(x− ρ)ρe−xydx.

Integration by substitution and using the standard integral representation for
Γ(s) we get

$1(x, λ) =
∞∑
m=0

ame
−my. (4.2.9)

To compute $2 we applying the formula in ( 1.3.8), and with the substitution
4π
√
m

λ
= a, ν = ρ+ 2k after simplifying, we obtain

$2(x, λ) =

(
2π

λy

)2k

e−πikν̄(T )
∞∑
m=1

ame
−4π2m

yλ2 . (4.2.10)
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The integral in $3(x, λ) is evaluated using the integral representation for Γ(s).
Therefore. after simplifying, we see that

$3(x, λ) =

(
2π

λy

)2k

a0e
πikν(T )− a0. (4.2.11)

To evaluate $4(x, λ) since each term is integrable the inter change of the inte-
gration and the finite double sum is valid . Then integration by substitution
and using the integral representation of Γ(z) we obtain

$4(x, λ) =

(
2πi

λy

)2k

ν(T )
N∑
j=1

(
2πi

λy

)αj Mj∑
t=0

βjt

(
iπ

2

)t

=

(
−1

iλy/2π

)2k

ν(T )
N∑
j=1

(
−1

λyi/2π

)αj Mj∑
t=0

βjt

(
iπ

2

)t
. (4.2.12)

For y > 0, we see that log
(
−1
iy

)
+log y = iπ

2
. Then for l ∈ N

⋃
{0} and applying

the binomial theorem we have(
log

(
−1

iy

)
+ log y

)t
=

t∑
l=0

(
t

l

)(
log

(
−1

iy

))t−l
(log y)l.

If l = 0 we have
(

log
(
−1
iy

))t
=
(

log
(
−1
iy

)
+ log y

)t
.Now replacing −1

iy
by −1

iλy/2π
and

substituting for
(
iπ
2

)t
in (4.2.12) we have

$4(x, λ) =

(
−1

iλy/2π

)2k

ν(T )
N∑
j=1

(
−1

λyi/2π

)αj Mj∑
t=0

βjt

(
log

(
−1

iyλ/2π

))t
.

(4.2.13)

Observe that $4(x, λ) =
(
−1

iλy/2π

)2k

ν(T )q
(
−1

iyλ/2π

)
, where q(z) is the log-

polynomial period function in (4.2.7). Then applying lemma4.3 we have

$4(x, λ) =
(
−1

iλy/2π

)2k

ν(T )q
(
−1

iyλ/2π

)
= −q

(
iyλ
2π

)
. Combining the results in

(4.2.9), (4.2.10), (4.2.11) and (4.2.12) we showed that the identity in (4.2.2)
implies

∞∑
m=0

ame
−my =

(
2π

λy

)2k

e−πikν̄(T )
∞∑
m=1

ame
−4π2m

yλ2 +

(
2π

λy

)2k

a0e
πikν(T )

+

(
−1

iλy/2π

)2k

ν(T )
N∑
j=1

(
−1

λyi/2π

)αj Mj∑
t=0

βjt

(
log

(
−1

iyλ/2π

))t
.

(4.2.14)
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Observe that(
−1

iλy/2π

)2k

ν(T )
N∑
j=1

(
−1

λyi/2π

)αj Mj∑
t=0

βjt

(
log

(
−1

iyλ/2π

))t
= −q

(
iyλ

2π

)
.

Since F (z) is holomorphic and has a Fourier series expansion F (z) =
∞∑
m=0

ame
2πimz/λ

in H. Then with z = iyλ
2π

(4.2.14) we may be written as (4.2.8). By the iden-
tity theorem ,then the automorphic relation (4.1.2) follows ∀z ∈ H, and this
completes proof of the theorem.

4.3 Fourth equivalence

Theorem 4.5. Let ΦF (s), F (z) and q(z) be as in Theorem 4.1 . Then the
functional equation

ΦF (2k − s) = eπikν(T )ΦF (s) (4.3.1)

is equivalent to the arithmetical identity(
−1

y

d

dy

)ρ(
1

y

∞∑
m=1

ame
−y
√
m

)
=

2ρ√
π

Γ

(
2k + ρ+

1

2

)(
8π

λ

)2k

ν̄(T )e−πik

×
∞∑
m=0

am(
y2 + 4

(
2π
λ

)2
m
)2k+ρ+ 1

2

+
2ρ√
π

Γ(2k + ρ+ αj + 1
2
)

y2ρ+1

(
8π

λy2

)2k

ν(T )eπik

×
N∑
j=1

(
8πi

λy2

)αj Mj∑
t=0

βjt

(
iπ

2

)t
− 2ρ+1

√
π

a0

y2ρ+1
Γ

(
ρ+

1

2

)
, (4.3.2)

provided that Re y ∈ R+, αj, βjt ∈ C, ρ ∈ Z≥0, and ρ > β − 2k + 1
2
,

where
∑∞

m=1
|am|
mβ

<∞.

Since by Theorem 4.4 the functional equation (4.3.1) is equivalent to (4.2.2),
it would be enough to show that the functional equation (4.3.1) implies (4.3.2)
and that (4.3.2) in turn implies the identity (4.2.2).
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Proof of implication

Proof. First we begin by showing that (4.3.1) implies (4.3.2). Let ρ be an

integer, ρ ≥ 0 and ϕ(s) =
∞∑
m=1

amm
−s with am = O(mβ). Then for γ > 0, γ ≥ β

and applying the version of Perron’s Lemma in 3.2, we have

1

Γ(ρ+ 1)

∑
0≤m≤x

′
am(x−m)ρ =

1

2πi

∫
(γ)

ϕ(s)Γ(s)xs+ρ

Γ(s+ ρ+ 1)
ds. (4.3.3)

As in Chandrasekharan and Narasimhan in [2], we multiply (4.3.3) by e−y
√
xx

1
2

and integrating relative to x on [ 0,∞). For γ > 2k, Re s = γ is the vertical
path of integration. Thus, we need to prove the identity (4.3.2) follows from
the equation∫ ∞

0

e−y
√
xx−

1
2

{
1

Γ(ρ+ 1)

∑
0≤m≤x

′
am(x−m)ρ

}
dx

=

∫ ∞
0

e−y
√
xx−

1
2

{
1

2πi

∫
(γ)

ϕ(s)Γ(s)xs+ρ

Γ(s+ ρ+ 1)
ds

}
dx, (4.3.4)

where ρ ∈ Z≥0, ρ ≥ γ−2k+ 1
2
, and y ∈ R+. Chandrasekharan and Narasimhan

[2] for λn ∈ R+ λn →∞ as n→∞ showed the identity

∞∑
n=1

an

∫ ∞
λn

(x− n)ρ

Γ(ρ+ 1)
e−y
√
xx−

1
2dx = 2(−2)ρ

(
1

y

d

dy

)ρ [
1

y

∞∑
n=1

ane
−y
√
λn

]
.

(4.3.5)
Then by the identity in (4.3.5) with λn = m, we have

∞∑
m=1

am

∫ ∞
m

(x−m)ρ

Γ(ρ+ 1)
e−y
√
xx−

1
2dx = 2(2)ρ

(
−1

y

d

dy

)ρ [
1

y

∞∑
m=1

ame
−y
√
m

]
.

Now on the left side of (4.3.4) the interchange of integration and summation
is justified for ρ ≥ 0. Then∫ ∞

0

e−y
√
xx−

1
2

{
1

Γ(ρ+ 1)

∑
0≤m≤x

′
am(x−m)ρ

}
dx =

a0

Γ(ρ+ 1)

∫ ∞
0

e−y
√
xxρ−

1
2dx

+
1

Γ(ρ+ 1)
×∑

1≤m≤x

am

∫ ∞
m

e−y
√
xx−

1
2 (x−m)ρdx.
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Thus applying (4.3.5) we have

∫ ∞
0

e−y
√
xx−

1
2

{
1

Γ(ρ+ 1)

∑
0≤m≤x

′
am(x−m)ρ

}
dx =

22ρ+1

y2ρ+1
a0

Γ(ρ+ 1
2
)

√
π

+ 2ρ+1

(
−1

y

d

dp

)ρ [
1

y

∞∑
m=1

ame
y
√
m

]
.

(4.3.6)

Now assuming ΦF (s) =
(

2π
λ

)−s
Γ(s)ϕ(s), where Res > β the right-hand side

of (4.3.4) may be written as

W (s, λ) =

∫ ∞
0

e−y
√
xx−

1
2

{
1

2πi

∫
(γ)

(
2π

λ

)s
ΦF (s)xs+ρ

Γ(s+ ρ+ 1)
ds

}
dx,

for γ ≥ β. We may interchange the order of integration for ρ ≥ 0. Then we
have

W (s, λ) =
1

2πi

∫
(γ)

{(
2π

λ

)s
ΦF (s)

Γ(s+ ρ+ 1)

∫ ∞
0

e−y
√
xxs+ρ−

1
2dx

}
ds.

Using integration by substitution and applying the formula in (1.3.4) for Γ(s),
we obtain

W (s, λ) =
1

2πi

∫
(γ)

(
2π

λ

)s
ΦF (s)

22ρ+2s+1

y2ρ+2s+1

Γ(s+ ρ+ 1
2
)

√
π

.

To evaluate this integral we shall consider a rectangular region with vertices
2k − γ ± iT and γ ± iT, s = σ + it on its interior. Using Cauchy’s residue
theorem, the line of integration oriented with positively to Res = 2k − γ. If
ρ ≥ γ−2k+ 1

2
the poles of Γ

(
s+ ρ+ 1

2

)
lie to the left of the vertical path. Then

the poles of the integrand in the interval [2k − γ, γ] arise from the function
ΦF (s). Applying Stirling’s formula and the Phragmen-Lindelof theorem the
integrals along both horizontal paths tend to 0 as T → ∞, and thus W (s, λ)
may be written as

W (s, λ) = w1(s, λ) + w2(s, λ),

where

w1(s, λ) =
1

2πi

∫
(2k−γ)

(
2π

λ

)s
ΦF (s)

Γ(s+ ρ+ 1
2
)

√
π

22s+2ρ+1

y2s+2ρ+1
ds,

and

w2(s, λ) =
∑

s∈polsetΦ(s)

Res

{(
2π

λ

)s
Φ(s)

Γ(s+ ρ+ 1
2
)

√
π

22s+2ρ+1

y2s+2ρ+1

}
.
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To evaluate w1(s, λ) recall the functional equation

ΦF (2k − s) = eπikν(T )ΦF (s)

and substitute in to the integral of w1(s, λ). Then we have

w1(s, λ) = ν̄(T )e−πik
22ρ+1

y2ρ+1

{
1

2πi

∫
(2k−γ)

(
2π

λ

)s
ΦF (2k−s)

22sΓ(s+ ρ+ 1
2
)

y2s
√
π

ds

}
.

Now replace θ by 2k−s and then setting ΦF (θ) =
(

2π
λ

)−θ
Γ(θ)

∑∞
m=1 amm

−θ. By
organizing the expressions w1(s, λ) may be written as

w1(s, λ) = ν̄(T )e−πik
22ρ+1

y2ρ+1

∞∑
m=1

am

{
1

2πi

∫
(γ)

Γ(θ)Γ(2k−θ+ρ+
1

2
)

(
16mπ2

λ2y2

)−θ
dθ

}
.

The interchange of the integration with the summation is justified for ρ >
β − 2k + 1

2
.

Replace θ by −θ and using formula (1.3.2) after simplifying, we obtain

w1(s, λ) =
ν̄(T )e−πik√

π
24k+2ρ+1Γ

(
2k + ρ+

1

2

)(
2π

λ

)2k ∞∑
m=1

am(
y2 + (4π

λ
)2m

)2k+ρ+ 1
2

.

(4.3.7)
The series on (4.3.7) converges absolutely for Rey ∈ R+, provided ρ > β −
2k + 1

2
.

To proceed with evaluation of w2(s, λ) recall that in Theorem 4.1 we have that
ΦF (s) = Dk(s) + Mk(s) + Lk(s), where Dk(s),Mk(s) and Lk(s) are functions
in (4.1.4), (4.1.5), and (4.1.6) respectively. For ρ ≥ γ − 2k + 1

2
the function(

2π
λ

)s Γ(s+ρ+ 1
2

)√
π

22s+2ρ+1

y2s+2ρ+1 is analytic in the region bounded by Res = 2k − γ and

Res = γ, thus the poles of the integrand in the interval [2k − γ, γ] arise from
ΦF (s). We also note that Dk(s) is entire, Mk(s) has simple poles at (s = 2k, 0)
and Lk(s) has a pole at s = 2k+αj of order Mj + 1, where αj ∈ C,Mj ∈ Z≥0 .
Therefore by computing the residues of Mk and Lk after simplifying, we obtain

w2(s, λ) =
22ρ+1

√
πyρ+1

a0ν(T )eπik
(

8π

λy2

)2k

Γ

(
2k + ρ+

1

2

)
− 22ρ+1

√
πyρ+1

a0Γ

(
ρ+

1

2

)
+

22ρ+1

√
πyρ+1

ν(T )eπik
(

8π

λy2

)2k

Γ

(
2k + ρ+ αj +

1

2

) N∑
j=1

iαj
Mj∑
t=0

βjt

(
iπ

2

)t
.

(4.3.8)

Therefore by rewriting W (s, λ) as combination of (4.3.7) and (4.3.8) and
substituting the respective expressions in to the right-hand side of (4.3.4),
with simple rearrangement, we obtain the identity (4.3.2), provided that ρ ∈
Z≥0, ρ ≥ β − 2k + 1

2
and y ∈ R+, where

∑∞
m=1

|am|
mβ

<∞.

55



Chapter 4 : Dirichlet Series, Automorphic Integrals with Log-Polynomial
Period Functions and Arithmetical Identities

Proof of converse of the theorem

To prove the converse it suffices to show that (4.3.2) implies (4.2.2). Following
the technique of Chandrasekharan and Narasimhan in [2], multiply (4.3.2) by
ey
√
x, with Re y > 0, and x > 0 and integrate the expression along a vertical

path Re s = θ, where θ > 0. The left hand side of the transformed equation
can be evaluated using the formula

∞∑
m=1

am
1

2πi

∫
(θ)

ey
√
x

(
−1

y

d

dy

)ρ [
1

y
e−y
√
m

]
dy =

1

Γ(ρ+ 1)

∑
m≤x

′
(x−m)ρ2−ρ,

(4.3.9)

while the right hand side of (4.3.2) we calculate the integral of each terms one
by one . So put

h1(y, λ) =
1

2πi

∫
(θ)

ey
√
x 2ρ√

π
ν̄(T )i−2k24kΓ

(
2k + ρ+

1

2

)(
2π

λ

)2k ∞∑
m=1

am

(y2 + (4π
λ

)2m)2k+ρ+ 1
2

dy,

h2(y, λ) =
1

2πi

∫
(θ)

ey
√
x 2ρ√

π

a0Γ(2k + ρ+ 1
2
)

y4k+2ρ+1
ν(T )eπik

(
8π

λ

)2k

dy,

h3(y, λ) =
1

2πi

∫
(θ)

ey
√
x2ρ+1

√
π
a0

Γ(ρ+ 1
2
)

y2ρ+1
dy,

and

h4(y, λ) =
1

2πi

∫
(θ)

ey
√
x 2ρ√

π

Γ(2k + ρ+ αj + 1
2
)

y2ρ+1

(
8π

λy2

)2k

ν(T )eπik
N∑
j=1

(
8πi

λy2

)αj Mj∑
t=0

βjt

(
iπ

2

)t
dy.

The evaluation of h1(y, λ) follows as in [2]. The interchange of integration
and summation being justified for ρ > β − 2k + 1

2
in the right-hand side of

h1(y, λ). Applying the formula in 1.3.9 and simplifying each expressions, we
obtain

h1(y, λ) = ν̄(T )e−πik
(
λ

2π

)ρ
2−ρ

∞∑
m=1

am

( x
m

) 2k+ρ
2
J2k+ρ

(
4π
√
mx

λ

)
. (4.3.10)

To evaluate h2(y, λ) we rewrite as

h2(y, λ) =
2ρ√
π
a0ν(T )eπik

(
8π

λ

)2k

Γ

(
2k + ρ+

1

2

)
1

2πi

∫
(θ)

ey
√
x

y4k+2ρ+1
dy.

Put

g1(y) =
1

2πi

∫
(θ)

ey
√
x

y4k+2ρ+1
dy.
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To compute g1(y) we use the formula in (1.3.3) and apply the formula in (1.3.4)
for 1

Γ(4k+2ρ+1)
. After simplification we obtain

h2(y, λ) = 2−ρa0ν(T )eπik
(

2π

λ

)2k
x2k+ρ

Γ(2k + ρ+ 1)
. (4.3.11)

We evaluate h3(y, λ) applying the techniques analogous to those used in eval-
uating h2(y, λ). Thus, we conclude that

h3(y, λ) =
2a0

2ρ
xρ

Γ(ρ+ 1)
. (4.3.12)

Next we consider h4(y, λ) > The interchange of the integration and the finite
double sums is justified and we write as:

h4(y, λ) =
2ρ√
π
ν(T )eπik

(
8π

λ

)2k

Γ

(
2k + ρ+ αj +

1

2

) N∑
j=1

(
8πi

λ

)αj Mj∑
t=0

βjt

(
iπ

2

)t
× 1

2πi

∫
(θ)

ey
√
x

y4k+2ρ+αj+1
dy.

Now put

g2(y) =
1

2πi

∫
(θ)

ey
√
x

y4k+2ρ+αj+1
dy.

Applying (1.3.3) in g2(y) and using formula (1.3.4) for 1
Γ(4k+2ρ+1αj+1)

. By

substituting the expression derived for g2(y) and simplifying, we obtained

h4(y, λ) = 2−ρν(T )eπik
x2k+ρ

Γ(2k + ρ+ αj + 1)

(
2π

λ

)2k N∑
j=1

(
2πix

λ

)αj Mj∑
t=0

βjt

(
iπ

2

)t
.

(4.3.13)
Therefore. we have

1

Γ(ρ+ 1)

∑
m≤x

′
am(x−m)ρ2−ρ = h1 + h2 + h3 + h4. (4.3.14)

By substituting the expressions (4.3.10), (4.3.11), (4.3.12), and (4.3.13) in to
h1, h2, h3, and h4 respectively and multiply both sides of the equation (4.3.14)
by 2ρ the identity in (4.2.2) holds for ρ ≥ 2β−2k+ 1

2
. This completes the proof

of the converse, since (4.2.2) is equivalent to (4.3.1) we showed in Theorem
4.4, and this concludes the proof of the theorem.
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