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Preface 

It is understood that modernization and civilization of OUf world, we live, arc highly rely 

on sc ientific findings. These scientific findings are also either directly or indirectly 

interacted with the disc ipline of mathematics. Under the diITerent streams of 

mathematics, higher order ordinary differential equations are applicable in many fields of 

area; example in rad iative energy transfer, osci llation of string membrane or axle, 

engineering discipline,etc. Therefore. it is vital for one to study the concepts of higher 

order ord inary different ial equations in depth. Among the basic concepts of higher order 

ordinary differential equations, the primary one is to determine whether a given equat ion 

possesses solution or nOL lfit has a so lution. we need to detennine whether it has a 

un ique or infinite so lution as much as possible. So as to know, the existence and 

uniq ueness or infin ite so lutions of a higher order ordinary differential equation, the 

concept of Fredholm Alternat ive Theorem plays great role. 

In this seminar paper, the concept of Fredholm Alternative theorem and its application 

on higher ordinary differential equations are dealt in depth. 
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1.1 Introduction 

Before coming to the main contem, let us discuss on integral equation in which the unknown 

function appears under the integral sign. Here so lving an integral equation means finding the 

unknown function satisfying the given integral equation. 

Integral equations arc classified according to three different dichotomies, crcaling six different 

ki nds 

• Based on limit of integration 

Both fixed : Fredholm equat ion 

One variable: Voltera equation 

• Placement of unknown function 

Only inside integra l: first kind 

Both inside and outside integral : second kind 

• Na ture of known function 

Identically zero: homogeneous 

Not identica lly zero: inhomogeneous (non homogeneous) 

Voltera integral equation 

II is an integral equation in whic h the upper limit of integration is variable . 

Fredholm integral equation 

An integral equation with a fixed domain of intcgration i.c. the limits of integrals are constant s. 

We classi fy fredholm integral equations as fo llow: 

i) Fredholm integral equations of first kind 

It is the most frequent ly appearing integral equation having the fonn, 

• 
¢(x) ~ ). fk(x, /)!(/ )dl ... .. .. .. ..... .. .. ( 1.1.1) 

, 

Here f is an unknown funct ion, ¢ is known function and k is an other known function of two 

variab les, often called the kernel function. The parameter A is constant. An equation of the fonn 

( 1. 1. 1) whe re the unknown function appears only under the integral sign is call ed Fredholm 

Integra l equation of the fi st kind . 

A.II.U Deparlmem o/Mathematics JUlie 1010 
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ii) Fr edholm Integ ral equation of the second kind 

An equat ion of the Conn, 

" 
¢(x) = J(x) + ,! f k (x , t) f(t) dt .... .. ..... .... . . .............. (I. 1.2) 

• 
Where the unknown function appears under the integral sign and outside of it is called Fredholm 

integral equation of second kind . 

In the equations ( 1.1.1 ) and (1. 1.2) of the above, ¢ and k arc two given funct ions and fi s the 

unknown funclion, the fu nction k is called the kerne l or nucleus of the equation. 

If the kernel k(x, t) is bounded and continuous then ( 1. 1.1) and ( l . l .2)are said to be 

non-singular. 

However, if the range of integrat ion is inlinitc. or if the kernel violates the above condi tions 

(being bounded and continues), then ( 1.1.1 ) and ( 1.1.2) are said to be singular. If ¢ (.T) = 0, then 

the equations are called homogeneous, other wise inhomogeneous (nonhomogeneous). 

1.2 The Fredholm Alternative 

The Fredholm Alternative analyses the so lutions of the non.homogeneous fredho lm equati on 

b 

y(x) = f (x) +.< Jk (x, I)Y(I)dl x,1 E [a, b] 
, 

Where!' [a,b} -+ 9~ and k: [a,b/-+ 91 are continuous and A. is a constant. We shall establ ish it 

in the special and useful case when k ::::: k (.t, t) is degenerate 

(some authors say, of finite rank), that is when 

• 
K(.T,I) = L: g,(x) h , (t) x, t e[a, b) ,., 

and gj : [a,b] -+~ , h
J

: [a,b] -+ 91 are continues 0 = 1 .... , n) 

Note that the summation is a finite one. 

A.A .U lIme 2010 
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Fredholm 

1.2. 1 The simple case 

To mot ivate both the statement and proof to the Fredholm Alternative Theorem, we now discuss 

an equation with perhaps the simplest degenerate kernel K(x. t) of any interest; 

namely. 

K(" I) = g (x) h (I), x, I Era,b} 

Where g and II arc continuous on {a, b] and neither of which is identically zero on (a, bI 

The equation is 

• 
y (x) = f(x) + A j g(x) h(t) y(t) dt ............. .. (1.2. 1) 

" 

• 
=IM + A Mg(') Where M = jh (t)y(t)dt 

" 

We note immediately that the constant M depends on y. We discuss the equation in tcnns of its 

(non-homogeneous) transpose . 

• 
y(x) = f(x) + A j k(t,x) y(t)dt ( 1.2 .2) 

" 

• 
= f(x) + A jg(l )h(x)y(r )dr 

" 

• 
= f(x) + AN h(x) Where N = j y(t )g(t) dt 

" 
The corresponding homogeneous equation is 

, 
y(,) = A j g(x) h(t) y(t) dt = ..l M g(x) ............................... (1.2.3) 

" 
And the corresponding (homogeneous) transpose is 

• 
y(x) = ..l j g(t) h(x) y(t) dt = A Nh(x) ...................... .. .. .......... (1.2.4) 

" 
Multip lying (1.2. 1) by h (x) and integrating with respect to x gives 

y(,) h(x) = 1M h(,) + A M g(x) hM 

=> y(x) h(x) . A M g(x) h(,) = f(x) h(x) 

A.A.U Department o/Mathematics 3 JUlie 20/0 
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Integrating with respeCllO x, 

J: y(x) lI(x) dx - "M f : g(x) lI(x) dx ~ f :f(x) hM dr 

=> M - "M f : g(x) lI(r) dx ~ f ! JM lI (x) dx 

=> (1- " f ! g(x) lI(x) dx) M ~ f !JM lI(x) dx ... . ...... . .. .. .. .. .... ...... (1 .2.5) 

Again mult iplying (1.2.2) by g(x) and integrati ng with respect to x gives 

y(x) ~ JM + " f : k(l,x) Y(I) dl 

=> y(x) ~ 1M + "N lI(x), N ~ f : g(l) y(l) dl 

=> y(x) g(x) ~ f(x) g(x) + " N g(r) h(x) 

=> y(x) g(,r) - J. N g(,r) 11M ~ f(x) g(x) 

Integrating with respect to x, we have 

f : y(x) g(r) dr - J. N f : g(x) h(x) dx ~ f : J(x) g(x) dx 

=> (N - J. N f: g(x) h(x) dr) ~ f : J(x) g(x) dr 

=> (1- J. f : g(,r) hM dr) N ~ f : J(x) g(x) dr ....................... ... .. (/.2.6) 

Hence from ( 1.2.5) and (1.2.6) we have that 

(/ - J. f : g(x) h(x) dx) M ~ f : J(x) h(x) dr , M ~ f ! h(l) y(l) dl 

and 

(I - J. f : g (,r) lI (r) dr)N ~ f : j(,r) g(x) dr N~ f : g(l) y(l) dl 

If A. I: g(x)h(\'")m -::t I , these equations allow the determination of(uniquc) M and N as 

M ~ f ! /(x)lI(x)dx 

(1- J. f ! g(x)h(x)dx ) 

and 
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Fredholm Allf rlW!l\'e Theorem and Ihxher Order Ordmary Difjtnnlial Equatjons 

f!J(x)g(x)m 
N : ~c:..:,.c..:.::.-'-'--

(I -), f ! g(x)h(x)m) 

'·Icncc substituting these values in ( 1.2. 1) and ( 1.2.2), we have 

y(x) : J(x) + .I M g(x) 

.!g(x) f !J(x)h(x)dx 
: J(x) + X E [a,b} 

1-.1 f : g(x)h(x) cl< 

and 

y(x) : JM + .I N h(x) 

_ .!h(x) J: J(x)g(x)m 
- JM + f ' XE [a,b} 

1-.1 ! g(x) h(x)m 

However, if A. J: g(x) h(r) dx = I , then neither ( 1.2. 1) nor ( 1.2.2) permits a unique solution . 

Indeed, from ( 1.2.5), (1.2.1 ) can not then have a solution unless 

f ! J(x) h(x) dx : 0 .................................. ( 1.2.7) 

and rru m (1.2.6), the equation (1.2.2) can not have a solution unless 

f ! f(x) g(x) dx : 0 

But every solution of ( I .2.3) is o f the form 

y(x) : C g(x), X E [a,b} . .. ... ... ... .................. (1.2.8) 

where c is a constant, Because ( 1.2.3) is y(.,) = A. M g(x). Since A. and M arc constants, we can 

let C = A M and then y(x) = c g(xJ, '·Icnce we can not have a solution unless the integral o f r 

times the solution of ( 1.2.3) gives zero. 

Further, ify = cg on la,b] , for some constant c, and 1 I: g(x) hex) d'( = J, then 

.I M g(.<) : c ). g(x) f: h(/) g(l) d/ : c g(x) : y(x) for each x in [a.b}; and so ( 1.2.8) 

is lhe onl y solulion of( 1.2.3). Similarly. if ). f: g(x) h(x) dx : I , 

y(x) : d h(x), XE [a.b} 

A.II . U Department of Mathenwtics June 1010 
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where d is a constant, is the only so lu ti on of ( 1.2.4) .Thus, if there docs not exisl a unique 

solu ti on 10 (1.2.1) (Which occurs here if 1 J! g(x) h(x) dx "'" J) then there arc non-zero so lutions 

of ( I .2.3) and (1.2.4); and there can onl y be solutions of (1.2. 1) provided ' the integral of f limes 

the solution of ( I.2.4)' is zero (here I: [(x) h(x) dx = 0). 

In the case of thi s part icul arl y simple kerne l and when the 'consistency condition' 

f : f(x) h(x) dx "'" 0 is met, it is clear (by simple subst itution) that y = f(x) is a particu lar solution 

of ( 1.2. 1). Further, if y = Y is any so lution of (2. 1), then y = Y -[ is a solution of (1.2.3). Because 

y(x) = [M + AM g(x). 

If Y is any solution of (1.2. 1), then 

Y =[ + AMg 

Y- [ = A Mg 

Hence Y- f is a solution of the homogeneous equat ion (1.2.3) i.e y(y) "'" }. M g('C). 

Therefo re, i f the consistency condition is met and there is no unique solution of (1.2. 1), the 

complete so lution of (1.2.1) is given, with arbitrary constant c by 

y(x) = [ (x) + eg(x), XE [a, b} 

(a particular solution plus the complete solution of (1.2.3» 

Let us now consider the above idea using illustrative example 

Example 1.2.1 Find the complete solution to each of thc following Fredholm equations. 
, 

0) y(.<) = x + ), I e"'y(l)dt , X E [0,1} .. . ...................... ( /.2.9) 
o 

2 ' , 
b) y(x) - x- + + AI e '" y(t)dl , XE [0, I} ............ (1.2. 10) 

e - I 0 

Solulion : 

(a)The kernel e :tH = e~ e' is symmetric, and so (1.2. 1) is the same as (1.2.2) 

, 
y (x) :::: x + A. Mex where M = J e l y(t} ell 

o 

A.A. U Dl.'partmenl of M(llhem(llics 6 June 2010 
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Where gM ~ i'. " (I) ~ e' .f(x) ~ x 

Thus 
, , 
J f(x) " (x) d, ~ J xi'dt 
o 0 

And also 

, , 
J g(x) " (x) dx ~ J i' i' d, 
o 0 

, 
~ J e"dt 

o 

~ V,(e' -I) 

We always fi nd it useful to carry out such manipulation first. Multiplying (1.2.9) by 

t! = h(r::) and integrat ing gives 

? 

, , 
(I - -< J g(x) "r.,) d,) M ~ J J(x) " (x) d,. 

o 0 

(e' - I) 
(I - -< 2 ) M ~ I ... 

M ~ 2 
2--«<'- 1) 

. .. . ..... .. ... . (1.2. 11 ) 

Hence, ir A. +- ----i-- and substi tuting for M, (1.2.9) has the unique continuous solution 
e" - 1 

yr.,) ~ x+ 2,-< e' . XE (0. I] 
2 - (e - 1)-< 

(usingy(x) ~ JM + -< M g(x)) 

When ). = -i--, ( 1.2. 11 ) shows thallhcrc can be no solution to (1.2.9). 
e - I 

Now turning to (b), we have equation (1.2.1) and (1.2 .2) to be the same. 

Here in the equation, 

A.A. U Dcparlmelll of Marllemmics 

2e' 
y(x) ~ x- -­

e2 
- \ 

7 

e"'y(t) dt 
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fM a X - ;e' , g(X} = e', h(l} - e', M = f' 

e - I 

2e' 
y(r) = X - -,- + AMe~ 

e - I 

o 
e' Y(I} dl 

Hence multiplying by h(x) -= eX (I .2.1 0), and integrating with respect to x gives 

Now 

Hence 

, I 

(I - A f g(x) h(.r) dx) M - f f(.r) h(x) dr 
o 0 

I I 

f fM h(x) dr = f 
o 0 

= 0 

2 e2 _ 1 
= 1- --

e2 - I 2 

I I I 2 1 f g(x} h(x) dM = f e'e'dx = fe"dr = _e _-_ 
(I 0 0 2 

I I 

( I - A f g(x) h(x) dx) M = f r(x) h (x) dx 
o o 

e2 _ I 
(1 - A ( - 2- ))M = O ........................ ............ (1.2.12) 

and hence, if A. * ~ has the unique continuous solution y(x) = x - ~ex , xe [0, Ii since M 
e - 1 e - I 

e2 - 1 2 
= 0 .In the equation (I - A (--)) M = 0 so long as A" -,- . 

2 e - I 

When ..1. = ~ , (1.2.12) prov ides no restricti on on M and the complete solution to ( 1.2. 10) is 
e - I 

given as 

2e'" x I y y(x) = X - -- + ce "" x + C C' , 
e2 - 1 

Where c, c I arc arbitrary (though, of course, related) constants . 

X E {O, I } 
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For both (a) and (b) the homogeneous/transposed homogeneous equation is y(x) - M '(e" having 

. I ' - 0 h ' 2 2 the unique so utlOn y - w en II. '" -, - , and when ). = -- the complete solution y(x) 
e- J el _ 1 

cex where c is an arbitrary constant. So, the consistency condition 

• f rex) hex) dx = 0 in the above discussion is not met in case (a), as 

• 

Where as it is met in case (b), where 
, 

, 
J xe.l(i't: ,*0 , 

2e' 
J (x - _yeo dx ~ O 

e2 _ I , 
These correspond to the ' right hand sides' of (1.2. 11 ) and ( 1.2.12) being 1 and 0 respectivel y. 

1.2.2 Some algebraic Preliminaries 

In our proof of the Fredholm Alternative Theorem, we shall need to rely on some further 

elementary results from linear algebra. 

Suppose A is the nxn matrix A = (a y) and that AT = (aJI ) fo r i= l , .... n andj= I, ... , n is the 

transpose of A. The system of linear equations 

a 11 x 1 + a l2 x 2 + + a l~x~ ~ b, 

a 2l x \ + lI n x z + + 1I 2~Xft ~ b, 

a )t X I + a12 x2 + + a )ft x ft ~ b, 

May by conveniently expressed as 

(i - 1... 11) 

Or more compactl y as 

Where x ::: ('CJ and b::: (bJ are column vectors . 

A A U OeparlmelJl o[ Mathemalics 9 June 10/0 
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Proposition I 

(I) Rank A = Rank (A T) 

b) If Rank (A) = n, then del A '* 0 and the non-homogeneous systems 

Ax - b. ATy _ b 

have unique so lutions x :::: (.r J . y = (yJ 

c) If / E Rank (A) = n - r ~ n - J, then del A = 0 and the systems of homogeneous 

equations Ax = 0, ATy = 0 both have maximal linearly independent sets of solutions 

consisting of r clements. If / = (y ; ), k "" 1, .... r is such a set for 

ATy = 0, then Ax = b has solutions if and onl y if 

bT;I' - b, y~ + ... .. + b . y ! - 0 (k - I . "' . r) 

Proposition 2 

The number of distinct solutions J1 of lhe characteristic equation of A, 

del (}1 1- A) - 0 

is al most n. 

1.2.3 The Fredholm Allcrnal ivc Theorem 

The theorem analyses the solution of the equati on 

• 
y(x) - j(x) +A J k(x.i}y(l) dl. X. / E [a.b} .. ......................... ( 1.2.13) 

• 

in te rms of the solutions of the corresponding equations 

• 
y(x) - /(t) + ). J k(l.x)y(i}dl. l.xE[a.b} ........................ (1.2. 14) 

• 

• 
yM : .l J k(.r.l) y(l) dl" I.xe[a.b] ................... .. .......... (1.2. 15) 

• 

• 
y(.r) - ). J k(l.x) y(l) dl. t.TE{a.b} ................ . . " . .......... ( 1.2.16) 

• 

Wherclfo,bj--+ R and the kernel k: (a,b/--+ R are continuous and A is a constant. 

A,A.U Jlllle 1010 
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T hcorcm l.2.1 (T he fredho lm alternative) 

For each (fixed»), exactly one of the following statements is true . 

I . The equation ( 1.2. 13) possesses a unique continuous solution and, in particu lar, 

f == 0 on [a,b] implies that y iii 0 on {a,bl . In this case ( 1.2. 14) also possesses a 

unique cont inuous solution. 

2. The equation ( 1.2. 15) possesses a finite maximal linearly independent sct of, say, r 

cont inues solutions Y1. .. " y, 

(for r>O). In thi s case, (1.2. 16) also possesses a maximal linearly independent sct of r 

continuous solutions z, ... Zr and (1.2. 13) has solutions if and only if the ' consistency 

condi tions', 

(k = l ...... r). 

are all met. When they arc, the complete solut ion of ( 1.2. 13) is given by 

" 
y(x) = g(x) + L c,y,(x). xela.bI ,., 

Where Cl • .... , c, are arbitrary constants and g: la,b] --+ R is any continuous so lution o f ( 1.2. 13). 

The above is true for general kernel s, but when k = k(x, I) is the degenerate kernel given by 

" k(x.1) = L g,(x)h , (I). x,le{a.b} ,., 
There are at most n values of ..t a t which (2) occurs. 

Proof 

.... .......... . (1.2.17) 

We may assume that each o f the sets of func tions (gl . .... g,J, (JI/, .. .. h,J is linearl y independe nt 

on {a,b}; otherwise, we may express each of their elements intenns of li nearl y independent 

subsets to reach the required fonn (For instance, if (g., g2, ... . gn) is linearl y independent but h ~ 

is dependent on the linearl y independent subset (h I, .... hn .• ) and 

,,-, 
h,,(I) = L dj l~(I), lela,b} ,., 

Where dJ is a constant G = 1, 2, . ... , n-I ). then 

,,-, 
k(x. I) = L 

,,-, 
& (x) h, (I) + g" (.<) L 

,,-, 
= L (& (.t) +d,g" (.,))1" (I) ,., 

A.A. U DI'Pllflltll'1tI o!Malhemmics II jUlie 2010 
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for each x and each t in fa , bI The reader may casi ly verify that each o f the sets 

(g, + tI, g •... ., g,., + d,., g ,), (h" ... ., h,.,) 

is linearly independent on la ,bl. 

For k given by (1.2.17), the equations (1.2 .13), ( 1.2. 14), ( 1.2.15), ( 1.2.16) may be 

written as 

, • 
y(x) ~fM + .\ L A'~I;}M. where Mj ~ J I~ (I) Y (I) (/i.j ~ I , .... n . (1.2.18) 

/., • 

" • 
y(x) ~ j(,,) + .\ L Nj Iy (x), where ~' ::; J I;} (I) Y (I) til, j ~ I , .... II (1.2.19) ,., • 

" y(.,) ~ .\ L M; I;} (x), ......... .......... .. ................ ..... (1.2.20) 
/., 

" y(x) ~ .\ L N;h; M ...... · .............. ...... .............. ..... (1.2.21) 
/., 

For x in [a, b).So, a solution of(1.2.13) is determined once we know the values of M } 's (which 

are, of course, defined in terms of the unknown quantity y) . 

First let us note that J.. = 0 corresponds to the unique continuous solution y = / of both ( 1.2.13) 

and ( 1.2.14): ( 1) occurs. From thi s point in the proof, we assume that );. :1:- O. 

We now convert the prob lem to one of algebra, involving a system of simultaneous linear 

equations. 

Multip lying ( 1.2. 18) through by h/x) and integrating wi th respect to x gives, on slight 

re-arrangement, 

" j.1M, - Lay M J = bi (i = I , ... , 1/) 
/., 

Once we define 

1 
p =-

J. 

• 
a ,~ J I;} (x) h , M dT 

• 
hi ~ )I J: f(x) hd x) dT. 

For i = I , ... , 1/ and j = 1, ... n. These n equations in the M1's can be rewrilten in the compact 

fonn 

( )lI- A) !vi - h .... ........... ____ ................................. (1.2 .22) 

Where 1 is identity mat rix , A is the matrix 

b = (bJ arc column vectors 
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Fredholm A /lUMMI! Theorem and Ordtr 

Similarl y. wo rking in tum with ( 1.2.19). ( 1.2.20) and ( 1.2 .2 1). we have 

( 111- A)' N - ( 111- A ' ) N = C ............. ... . ................. ( 1.2.23) 

Where AT =: (a)J is the transpose of A, M =: (m ,), C "" (cJ are column vectors, and 

Ci ~ }I J: fMg . (x) dx (i - I . ... .. n). 

( 111- A) M - 0 .......... ............ .......... .•....... .. ( 1.2.24) 

and 

( }lI - A) ' N ~ 0 ... .. . ..... ........................ ........... ( 1.2.25) 

By proposition I , if Rank ( J1 J. A) :c: 11 , ( 1.2.22) and ( 1.2.23) have unique solutions 

M ::: (m ,) and N =: (NJ. Substitution of these values in ( 1.2. 18) and ( 1.2.19) gives unique 

so lutions to ( 1.2. 13) and (1.2. 14) in thi s case when ( 1) occurs. 

We are left with establi shing that when I ~ Rank (p l - A) = n - r $ n - I , (2) must occur. In 

thi s case, both (1.2.24) and ( 1.2.25) have maximal linearl y independent sels 

AI = (M/) and l'I = (N,k), K = 1, ... . r consisting of r clements. 

Put 

" ydx) ~ ). L M; g J (x) 
J" 

and 

z.!x) = X t N/ hiM 
J" 

fo r each x in [a,b] and k = / , ... , r . Each Yk is clearly a solution of ( I .2.20) and each Zk a solution 

of( 1.2.2 1) 

We claim now that the set (y k: k = J ... r) is linea rl y independent on [a, b]. Suppose that 

For some constants c], .. .• Cr. Then 

" , XL (L e . M ~ )gJ~ O 
).1 i .l 
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l3ut, the g/s arc linearly independent; so 

, 
L c. M~ - 0 for j - I , .. " n ,., 

That is 

, 
L: c, wl =o ,-, 

Since the M ·'s are al so linearl y independent, c. " 0 for each k "" I ... r and the Yt 's arc thus 

independent also. Simi larly, (l.: k :: /, .. . r) is linearly independent. These linearly independent 

sets (Y.J. (Zk) can not be en larged whilst remaining independent, for the argument above cou ld 

then be reversed for the augmented sct to contradict the maximality of the independent se fs (M · ) 

and (N t). We have thus shown that max imal linearly independent selS of so lut ions of (1.2.\5) 

and (1.2. 16) have the same fini te non-zero number of elements when (1) does not occur. 

It remains to consider (1.2.13) in thi s (2) case. Proposition I asserts in this context that (1.2.22) 

has solutions if and on ly if 

bT 11 - 0, for k - I , "., r. 

that is, employing the definitions of b and /II - (N ~ ) and noting that N" corresponds to the 

so lution Z, of(I.2.2 1), ifand only if 

.' . L: (f JM I,M d,) (f g , (I) Z, (I)dl) - 0 
,-I Q U 

For k = I ... r. This is equ ivalent to 

• • • f [ f (L: h/x) &(1)) Z, (I) dl)J J(x) d, - 0 
(I D I-I 

Fork = I ... r. 

Using again the fact that z" is a solution o f ( 1.2.16), the necessary and sufficient condition for 

• 
( 1.2. 13) to have solutions red uces to J 1 . (x)f(x)dx = 0 for k= / .... r 

• 
Suppose fi nally that g is a part icular continuous so lution of ( 1.2. 18) (ex isting because the 

consistency conditions arc met). Then, if y is any other so lution of (1.2.18), y-g is a solution o f 
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( 1.2 .20) and hence expressible as a linear combination of the clements of the maximal 

independent set of solutions (Y.): 

• 
y - g - L c,y. ,., 

For some constants el •.... , Cr . The Fredholm Ahcmativc Theorem is thus establi shed for 

degenerate kernels. 

Note:- The reader will want to rememhcr to di stinguish between the 'c igcn values' ). 

co rresponding to non-zero so lutions o f ( 1.2.20) in the case (2) and the cigen values 

11 = ..!.- which satisfy the matri x equation (1.2.24). 
A 

We now show how the method used in the proof of the Fredholm Theorem can be used in a 

practical example. 

Example 1.2.2 Solve the integral equation 

,. 
y(x) - I(x) + ). f sin (x+l) y(I) dl I ,X e [0, ltr} 

o 

In two cases 

(a)f(x) - I , xe[O, 21T} (b)IM - x, xe[O,2 1T ) 

Solution: 

(a)Thc equation may be written as follow. Since (1.2. 18) and (1.2.19) arc the same. 

y(x) - f(x) + AM, sin x+ AM, cosx 

Note that 

where, 

,. 
M, - f y(t) cosl dl, 

o 

2... 2 ... J coixdx = J sin} xd'C "" It , 

o o 

2... 2 ... 

J xcosxdx "" J cosxdt 
o o 

A.A. U Deparlmenl o/ Maliremalics 15 

,. 

,. 
M} :::: J y(t) sinl dt. 

o 

,. 
J xsin x dr: :::: -2 It 
o 

:::: J sinx cosxdx :::: O 
o 
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Multipl ying ( 1.2.18) though by cosx and intcgral ing with respect to x and carrying out the same 

operation with sin x give 

,. 
M, - ;. " !vi} - J f(xJ cos x liT , 

, . 
• J. " M, + M , - J ! (.,) sin x dx . .. . ............... . ....... ( 1.2.26) , 

When the determinant of the coeffi cients of the M , 's is non-zero. 

These equations have the unique solutions 

In case (a), we thus have the solution 

,. 
J f(x) (cos x + ).n sin x) dT , 
,. 
J f(x) (s in'( + Air cos x) d'C , 

y(x) : J , X E [0,2" 1 

and in case (b), the so lution 

y(x) : X · 

We have dealt with (1) 

The case (2) can only occur when A = I 1r - I . It is easy to check that the corresponding 

homogeneous equation 

y(x) "" J.. M/ sin x + );. M} cos x 

Since ( 1.2.20) and (1.2.21) are the same 

yr.,,) = AM) sin x + )' Mzcosx 

only has the so lutions 
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y(x) "" c(sinx + cosx} whell A - If - ', .lero, lnj 

y(,y) - d(silu: - cos x) when )' '' tr -I ,xe {O, 2 IT 1 

whe re c, d arc constants. (To check this, consider the equation ( 1.2.26) wi th the right hand side' 

zero, as is the case with the homogeneous equation), The consistency condi tions which need to 

be met to allow so lutions of (1.2. 18) to ex ist arc therefore 

and 

,. 
J (s inx + cosx) f(.'() (it: - O. when ). = rr - I , 

" J (s inx · cosx) f(.r) dx "" 0. when J. "" - IT -1 , 

In case (a), both cond itions are clearly fulfil led. As y(x) - 1M - I, 

XE [0, 2;r ] is a particular solution when either)' = n - l or ). ;; - it - 1. 

the complete solution of (1.2. 18) is when ). = -If -' . 
y (x) = 1 + c(sin x + cos x), xe lO, 2iT] 

and when 1 = _1l' - 1 

y(x) - I + d (sin x - cosx) , xelO,2iT] 

where c, d are arbitrary constants. 

In case (b), neither condition is met and ( 1.2. 18) has, therefore, no solution when ei ther A = 17 -
1 

or A = _,,-I . 

June 1010 
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1.3. Higher Order Ordinary Differential Eq uations 

1.3.1 Basic concepts and Definitions 

A differential equation of order n is of the foml F(x. y. y' . / ' ... y ("') - 0 or i f solved for y (rd of 

Ih ~ (n) - Jiy. I n (n.')) h e a nn y - ,x, y. y ,Y ... Y w erc 
(,,) _ d"y 

y - ­
d<' 

Here such an ordinary differenti al equation is called linear ifit can be written as 

a,M l') + a ,(x} l,·1) + ... + a,.,(.<} y' + a,(x} y - f(x}, a, (x} .. 0 ........... ( 1.3 .1) 

The coeffic ients a", 0 /, O} ... a II and r arc any given func tions of x and y. If I"; has coeffi cient 1, 

we call thi s the standard fonn. 

An nIh _ order ordinary differential equation that can not be written in the fonn (1.3.1) 

is call ed non -linear. 

Example 1.3.1 X l y'. ) + 3x 2 y" .) + x 2 y' + Y = sin x is linear ordinary differential 

equation 

Example 1.3.2 yy'll + xli + 3xy' = 4x + 2 is higher order non-linear ordinary 

differential equation. 

The ri ght hand member f(x) is call ed the non homogeneous tenn. If f is identicall y zero equation 

(1.3 .1) reduces 10 

a"(x)y'" + a,(x)y" -II + ... + a,_,(.<)y' + a, (x)y - 0 .............. . .. .... .. ( 1.3.2) 

and is then called homogeneous. 

1.3.2 Homogeneous Linea r Differential Equations with Constant 

Coefficients 

In this secti on we discuss the homogeneous li near nIh ordcr di ffe rential equation. 

a, (x)/" + a,(x)y" -" + ... + a •• ,(x)y' + a, (x) y - 0 ......................... ( 1.3 .3) 

where Clo(X) '* O. Oo, Clp 0 2, .... , CI ~ arc rcal constants. 
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To fi nd the general solution of equation (1.3.3) We proceed as follows 

I. We set up the characteristic equation for (J .3.3) as 

a"A." + ll ,)."· ' .... +0" = 0 .................. . ..................••. ........ (1.3.4) 

2. Find the roots A,, )"2' .... ,;.,~ of the characteristic equation (1.3 .4) 

3. Depend ing on the roots of characte ristic equation (1.3.4) • we wri te li nearly independent 

particular solutions taking in to account the fact that 

(a) To each real single root A of the characteristi c equation, a particular so lut ion e.lr is 

obtained 

(b) To each single pair of complex conjugate roots "" = a + ifJ , ).1 = a - ;p . There arc 

two li nearly independent particular solutions eln cos f1x, elt> sin p:c . 

(e) To each real root A of multiplicity m, there arc m linearl y independent parti cular 

I · .u.u ~.u .-I .u so utlons e ,xe ,x e, , ... x e 

(d) To each pair of complex conjugate roots, 21 = a + iP , 2.:z = a - iP 
of multipl icity m. There are 2m linearly independent particular solutions 

~ fl: en n.. ..- I fa fl: e cos r,xe cos~ , ... ,x e cos r, 

~ . p ~. n. . -, . P e Sin x,xe Sln fM , .... ,x Sin l". 

The number of particular solut ions of the difTeren ti al equation (1.3 .3) constructed is equal to the 

order of the equation. Let us ill ustrate the above idea with examples. 

Examplel .3.3 Find the solution of the fo llowing difTcrential equations. 

i i) y"-y= O,y(O)= I . y' (O) = y ' (O) = y " (O) = O 

Solulions: 

i) The corresponding characteristic equation is 

).' -2)'~ +2).1_ 4 )' ~ +),-2=0 

C) (l _ 2)()" + I)' = 0 
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Here, the roots arc ). =2 a single one and J. -±', • p. '" of do bl ' . , • - , U C Imagmary roots. 

Using (a) and (d) . The general solution is thus 

y = cle 2~ + (e2 + c1x)cosx + (c. + c,x)s in x. 

ii) The corresponding characteristic equation is t - \ = 0 

A' - I = 0 e> (A' - I)(A' + I) = 0 

Thus using (a) and (b). the general solution is 

Now, 

yeO) ;; I = c, + C] + Cj 

Hence solving simultaneously, we obtain C1 ==c} - .!.. , 
4 

C 3 = .!.., C
4 
= 0 and the desired solution is y(x) = .!.. (e~ + e -" + 2 cos x ) 

2 4 

1.3.3 T he Non homogeneous ordinary Diffe rentia l Eq uation 

In this section we consider the non homogeneous equation 

a
o 
(x)i· ' (x) + a, (x)y '·' 1) (x) + .... + (I •. , (x)i (x) + (I . (x)y = /(x) ............ .... (1.3.5) 

Where Qo. a" a} •.. . , a" and f arc functions of x wi th (l o (x) '" 0 and/ (x) '" O. 

Using the operator notati on, we can write (1.3.S) as 

d" d"·' d 
L = (1 (x) - +a,(x) - , + .... + O •. ' (x)-I + (I. (x) 

It " dx" d(~- (I 

i e. L. y = /(x) ......... . " ." ." ..... ' ........ ' ... ..... . ................................. ... .. (1 .3.6) 
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Theorem 1.3.1 

Let v be any solution of the non homogeneous equation and ICl u be any solution of the 

corresponding homogeneous equation. 

L"y = O ...... . ...................................... ................. ............ (1.3.7) 

Then u+ v is also solution of the non homogeneous equation (1.3.5) 

Proof 

[ ] 
d" d"-' 

L" II(X)+V(x) =a. (x) dx" [II(X) +v(x)J+ a, (x) d,"-' [1I(X)+ V(x )J+ .... 

d 
+a"_,(x) dx [II(X) + v(x)J+ a.(x)[II(x ) + v(x)] 

d" d ~- ' I 
= aD (x) dx

ft 
u(x) + a l (x) dx ,,-l u( x} + ..... + 1l,,_1 (x) ~t /l (x) + (I " (x)u(x) + 

= L" [II (X)]+ L.lv(x)J 

Now by hypothesis L.[v(x) ] = F(x) and L.[II(x)]= O. 

Thus Ln [uex) + vex)] = F(x), that is II + v is a so lution of equat ion (1.3.5) 

In part icular, if ii, Ji ... 1n is a fundamental set of the homogenous equation (1.3.5), and v is any 

particular solution of the inhomogeneous equation (1.3.5) then, 

cd , +c2/ 2 + .... +c"[ ,, +v 

is also a solution of the nonhomogeneous equation (1.3.5). 

We now state and prove the so called superposition principle for particular so lution of equation 

( 1.3.5). 

A.A. U Department 0/ Mathematics 21 
hilt! 1010 



• 

• 

• 

The Superposition Principle 

Consider the following idea that desc ri bes the concept of the superposition principle 

T heorem 1.3.2 

Let L ~ y = F,(x),i = 1,2, ... . m be III different non-homogeneous linear equation each of wh ich 

has the same left member. 

d "y d lt-Iy 
L, y = a. (x) - +lI ,(x)--+ .... +lI (x)y 

dx" ciT ,,-l " 

• 
Let/; be a particular solution of L"y = ~(x),i = 1,2, ... 111 then L kJ , is a particular solu tion of .., 

m 

the equation L"y = I k,f, (x ) where k/. k]. "', k ., arc constants. ,., 
Proof 

L, [i: k,f,(X)] = ao (x)~ [i: k,/.(X)]+ ... ... +lI , () i: k,/.(X)] 
~ • ~ 1~ 

= k [a (x)~ /.,(x) + .... +a (X)f.(X)]+ ... +K. [a. (X) d ' f (X) + .. . +lI . (X)f. (X)] 
L IJ dx"" dr" 

= K,L.[ f.(x)]+ .... + K. L,[/. (x)] 

By hypothesis,Ji sati sfies LtV' = F,(x), i=/ ,2 .... . m. 

Thus, 

L, [r, (x) j = F,(x), .... , L, [r.(x)j= F. (x) 

and 

L,[i: k,/. (X)] = K, F, (x) + .. .. + K. F. (x). ,., 

That is 
• f. k,/, isasolutionofL "y = L .. , k,F, (x). 

.. , 
Example 1.3.4 Solve the equation 

y'li -2/' + 2y' = leDS 4x - cos 2x + 3 
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Solution: 

The gene ral solution of the homogeneous equat,'on h ' . . usmg c arnctenSllC equllllon 

To find the part icular solution , let us apply the superposition principle. lOW let us find the 

part icular so lutions of the following three equations 

/ " _2y" +2/ = 2 cos ./x ..... ............... ................... ( 1.3.8) 

111 -2 " + 2 1- . y y y - -co, 2x ...................... ........................ (1.3.9) 

111 - 2 11 + 2 '::: 3 y y y ............................ ....................... {1.3 .10) 

using the trial and error method, find particular solutions y" Y2 and Y3 of equation (1.3.8) , (1.3.9) 

and ( 1.3 . 10) respectively 

1 7 . 
Yl "" -(cos 4x - - sm4x) 

65 4 

1 ( I . Y 2 :: - -sm2x - cos2x) 
10 2 

3 
Y J ::: - x. 

2 

By virtue of the superposition principle, the part icular solution of the inhomogeneous equation is 

1 7 . 1 sin 2x 3 
y = _ (cos4x __ sm4x) +_ ( __ cos 2x)+ _ x 

' 65 4 10 2 2 

The general solution of the original equation is 
1 7 1 sin 2x 3 

Y 
= c + (c cos x +c, sin x)e t +_(cos 4x- - sin 4x)+-(---cos 2x)+ - x 

, 2 65 4 10 2 2 

The Annihilator Method 

This method helps us to find the particular solution of the non·homogeneous ordinary di fferential 

equat ion to some extent. But before let us discuss about the concept of an annihilator. 
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Oefinilion 1.3.1 

A li near diffe rential operator A is said to annih ilate a function fif 

Arkx) = 0, " x""" """""""" ".,,"""",,"""" .(1.3.11 ) 

that is, A annihi lates f if f is a solution to the homage eo I' d'~ . I . ( I 3 II ) n us mear IlIcrcnt lO. equation . . 

on (' 00,00 ) 

Ex:tmple 1.3.5 A = 0 -3 annihilates [(x) = clx, Since (0 -3) (ell) ::: 3ch - Jel \ = 0 

A = 0 1 
- 4D + 20 is an annihilator of C2.~ sin 4x 

Since (D' - 4D + 20) (e" sin 4x) = 0, 

The differential operator (0- r)m, m a positive inlCgcr, ann ihilates each of the functions. 

r~ I'J 01 - 1 n e ,xe •..... , x e 

Moreover, the differenti al operator kD -al l + pl t annihil ates each of the function 

e"" cosfJx,xe <P cosfJx •..... ,x .. ·1e<U cos{Jx 

e='(3 ='(3 . - In.r' (3 Sin x,xe Sin :c, .....• x e Sin x 

Since these are the 2m linearly independent solutions to kD - a) 2 + /3 1
]"' y = 0 

Example 1.3.6: Find a di fferential operator that annihilates 

6xe-4~ + 5e~ sin 2x. 

Solut ion 

Let us consider the two functions whose sum appears as above. Observe that (D+4/ annihilates 

the functionJi(x) == 6xe-4x
. 

Further h(x) == 5ex sin 2x is annihilated by the operator (D _ 1)2 + 4. Hence the composite 

operator A :== (D + 4)2 [(D _ 1)2 + 4] which is the same as the operator 

l(D _ 1)2 + 4 JD + 4)2 , annihilates both Ji andh. But then, by linearity, A also annihi lates the sum 

Ji + fi· 

We now show how annihilators can be used to detcnnine particular solutions to certain non 

homogeneous equations. 

Example 1.3.7 Find the fonn of a particular solution to 

y '" (x) - 3y" (.<) + 4y(.') =xe " - cos x .............. "" ......... ... (1.3 , 12) 
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We first solve the corresponding homogeneous equation 

"' (;) 3 " Y x - y (x) + 4y(x) - a ............................. ................ ( 1.3.13) 

The characteri stic equation is given by 

r' - 3r' + 4 = (r+ 1 )(r-2)' = 0 .. ... ... .... . .. . .............. . ........ ( 1.3. 14) 

has a simple root at -I and a double root at 2, and hence a general solution to (1.3.13) is 

To detennine YP using the annihi lator method, we observe that the term xc h 

is annihi lated by the operator (D-2) 1 and the term -cosx is annihilated by (0 2 + 1). Hence the 

composite operator 

A: = (D'+ 1)(D -2)' ....... ........... ..•.......... .. .. ....... (1.3.16) 

is an annihilator for the non homogeneous term x/x - cos x. 

If we now apply A to both sides of (I .3 .13), we obtain 

" 
(D ' + I)(D - 2) ' (D + I)(D- 2) ' [yJ = 0 .......... ... ..••.•••.... ...... ( 1.3 .17) 

Regrouping the factors, we have 

(D ' + 1)(D -2)'(D + I)[YJ = 0 ......... ... . ...... .• .•.......... ...... ( 1.3 .18) 

The characteristic equation associated with (1.3 .18) is 

(r ' +1)(r - 2) ' (r+ I)= 0 ......... .. . ... .... .. .. .. ... ................. ......... (1.3.19) 

which has roots i, -i, 2, -1. 

Hence a general homogeneous solution is 
. (+c x+c X l + c xl )e h" + c 1 e -~ ......................... (1.3.20) 

y(x) = C , C05X +C 2 5IO X+ c 3 , , , 

I I · to(13 13)givcnin cquation ( IJ .15). 
Comparing (1.3.20) with the genera 50 ution .. 

. I" (1 3 13) is orthe rorm. we see that a particular so utlon lor .. 
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Y p (X) = C1 C05 X +C2 sin x+(c j x2 + c~ x l )e h ..................................... (1.3.21) 

substituting (1.3.21) fo r Y p in to (1.3.12) and solving the unknown constants yields, 

The Method of Undetermined Coefficients 

In this section, we give a procedure for finding a panicular solution to a nonhomogeneous 

equat ion. For the ri ght hand sides of spccial form in (1.3.5), the particul ar solution is easier to 

fi nd by the so-called trial and error method. The general fonn of the right hand side /(x) of 

equation (1.3.5) allowing the use of the error method is as follows. 

f(xJ = e~ [p,(x)cos Px + Q. (x) s i n JkJ 

P,(x) and Q", (x) being polynomials of degree l and m respectively. In this case a part icular 

solution yp of equation (1 .3.5) is sought in the form 

Yp =x' e~ [p. (x)cos Jk + Q. (x) s in Jk I 

Where k = max (m, e). p. (x) and Ot (x) are polynomials of the IIIr degree of the general fonn 

with undetenn ined coefficients and s is the multiplicity of the root ). = a + ifJ of the 

characteri stic equation (if a ± i/3 is not a root of the characteristic equation, then s '" 0) 
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A summary of the forms of particular SOlutions for various right hand sides is given below . 

Right hand side of differenlial Roots of charac teristic Form! of pUlicul:.r 
No equation equation so lu tions 

I. Number 0 is not a rOOI of p.(x) 
I p. (x) characteri stic equation 

2. Number 0 is a rOOI of 
characteristic equation of 

x' p. (x) 

multiplicity 5 

I. Number a is nOI root of p. (x) e-
II Pm (x)e <U characteristic equation 

2.Numbcr a is a root of xJ p. (x)e lD 

characteristic equation of 
mult iplicity 5 

p. (x) cos (Jx + Q. (x) sin (Jx I. Numbcrs ±iparc n01 P, (x )cos (Jx + 
II I roots of characteristic Q, (x) sin flx 

equation Ie = max(m,n) 

2.Numbers tiP arc rools of x' (P, (x)cos /1' + 

characteristic equation of Q, (x) sin (Jx) 
multiplicity s Ie = ma.x(m, II ) 

I.Numbers a ± iP are not (P, (x)cos /1'+ 

IV roots of characteristic Q, (x)sin (Jx)e W 

e W ( P. (x) cos (Jx + Q. (x) sin (Jx) equation 

Ie = mux(m, lI) 

I.Numbers a ± iP arc roOIS x' (P, (x) cos (Jx + 

of characteristic equation Q. (x) sin (Jx )eM 

of multiplici ty s k = max(m, II) 

The first three forms of right.hand Sides are particu lar case of form I V. 

h d f determinant helps us to solve some non-homogeneous Now let us observe how the met 0 0 un 

diITerential equations. 
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Example 1.3.8 Find the general sOlution of tile equation 
• 

/ 'I _y ' - l lx1 + 6x. 

Solution 

The characteristic equation Ie _ ).2 = 0 has the rOOIS ..1.\ = )'1 = 0, A) = I, and therefore the 

general solution of the corresponding homogeneous equation is 

Since the number a is a double root of the characteristic cqualion, thc particular solution must be 

sought in the form (see Table I, case 1(2)) 

Substituting the expression fo r YP in the given equation. We have, 

,12A ,x' + (24A , - 6A zi x+ (6A,- 2A JI; 12x' + 6x 

This system has solution AI ::: ·1, A] :: ·5, AJ '" ·/5 and hence 

Y" =_x4 _5x l _ 15x 2 

The general so lution of the given equation is 

, 1 I" y=cl + c]X + c l e ~ - x - 5x - )x 

Example L3.9 

Find the general solution of the equation 

y ll + 2/ + 5y ::: e-·cos lx. 
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Solution 

The characteristic equation A2 + 2A + 5 = 0 has the roOIS 

Hence, 

y" ;; (e/ cos 2x + c ] sin 2x)e-X 

Since the number a + ifJ :::: .} + 2i is a simple root of the characteri stic equation. yp must be 

sought in the fonn (see Table I, case IV. (2)) 

YI' =x(Acos2x + B sin2x)e -~, 

then 

y,' = e-' [(A - Ax+ 2Bx) cos 2x+ (B - Bx-2Ax) sin 2x) 

Yp ll = e-J: [(-2A -3Ax+4B -4Bx)cos 2x +(-2B-38x - 4A + 4Ax)sin 2x1 

Substituting the expressions for yp and its deri vatives in the ori ginal equation and cancclinge -·. 

We have, 

-4A sin 2x + 48 cos 2x - cos 2:1: 

1 
Hence A = 0, B = - and so 

4 

I - J:' 2 Y =-xe Sin x 
p 4 

The general solution of the given equation is 

. 2 ) -, 1 -,. 2 
y(x)=(c1 cos2x+c2sm xe +'4xe Sin x 

Example 1.3.10 Find the general solution of the equation 

y O + lOy' + 25y = -Ie -'· 

Solution 

l 'h . . . , l 10' +25-0 has a double root A, = )" =-5, e characten stic equation A + A -

) -" Therefore Yh = (c1 + c1x e . 

10/0 



• 
Since a - -5 is a root of the characteristic c . f '" . quauon 0 multipliCIty s'" 1. the particular solution )" 

of the mhomogeneous equation is sought in the fo ( T bl nn sec a c I , case II (2» . 

YP = Bi eJx
, 

y; = B (2x - 51) .. " 

y; = 8(2 - 20x + 25.1 ) .. ". 

Substi tuting the expressions for Yp. Y/' y/ in the ori ginal equat ion we gCI 

2Be -s~ =4e -sx Hence B=2and so Yp =2x 1e-S .. , 

Thus, the general solution of the given equat ion is 

The Method of Variation of Parameters 

In this section we see how the method of variation of parameters helps us to solve higher order 

linear equations with variable coefficients. 

Our aim is to find a particular solution to 

L[y Kx) = g(x) .. ... ... ................................................... ..... .. ............... (1.3 .22) 

Where L(y]:= y (lI) +O,y" -' + .... +o"y and the coefficient functions aI, .. .. , a" as well as g arc 

continuous on (a, b). The method to be described requires that we already know a fundamental 

so lution set {Y1 , ....... , Y n} for the corresponding homogeneous equation 

L[y Kx) = 0 .. . ............................... ....................... . . . . .. . . ........ ( 1.3 .23) 

A general solution to (1.3.23) is then 

y , (x) = c,y, (x) +c,y , (x) + ......... +c,y, (x) . .......... ......... ..... ... .................. (1 .3.24) 

where c
1 

••• , c
n 

are arbitrary constants. In the method of variation of parameters, 

we assume that there exists a particular solution to (1.3.22) of the fonn 

y p (x) ~ I, (x)y, (x) + ....... + I, (x)y, (x) .... .... ...... ........ ................. (1.3.25) 

and try to determine the functions e 1'·············, e ~ . 

A.A.U Deporlment ojMalhemalics 
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Since there arc n unknown functions, we wi ll need n condition (equations) to determine them. 

These conditions arc obtained as follows. Di fferentiating y, in (1 .3.25) gi\cs 
I _ ( f I I I 

y , - ,Y' + ....... +1. Y. )+(1, y, + ..... +1 'Y. ) ......................... (1.3 .26) 

To prevent second and higher order derivatives of the unkno\\'l1 1 I' . I •..... , " lrom cntcnng our 

later computations, we impose the condition 

/ ' , l YI+·· ..... +£"y,,= O 

In a like manner, on computing yjl, y/I ... y/ ".I), we impose (n-2) additional condi tions involving 

, / ' I e I, . .... , n name y 

/ " / ' ' 0 / ' i1l ' 2) / 1 ill · 2) 0 I Y 1 + ....... + "y" = , ...... 1 Y I + ..... + . y. = 

Finall y, the n ih condition that we impose is that YP satisfy the given equation (1.3.22). Using the 

previous conditions and the fact that YI, ..... , Y" arc solutions to the homogeneous equation, 

Then LlY p j = g reduces to 

f / YI (,,-1) + ....... + f' "y,.'~- I) = g, .......... .............. ...... (1.3.27) 

We therefore, seek n functions f 11 , ••••• , e" 1 that satisfy the system 

YI~ 
;!,~ 
Y.'~ 
;!,"~ , , 

. '~I)~ y, , 

That is 

+ 

+ 

+ 

+ 

+ 

yl, 
y/, 
;1;(, 
;It t , , 

. ,~"( y, , 

+ 

+ 

+ 
+ 

+y/. 
+;1/. 
+>f/. 
+>f't • • 

+" ~"t Y. • 

fo r k ::: O,I, .... , n.2 

f . . 'uSlthe function itself. One can note that Olh deri vati ve ofa unction IS) 
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= 0 

= 0 

= 0 

= 0 
(1.3.28) 

= g 
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This is because from the above , 

e ylll ) + e (Ill + ( ) I I 2Y2 ........... ... +t ~ y,," +(' y ("- Il + t y ' " - 1) + / 1 ( II _II 
I I " ..... ...• + . Y. ( 1.3.29) 

Now we substitute (1.3.29) in to (1.3.22) and we gel. 

e (II) e ,.) 
IY' + 2Y2 + .............. + t y (lI ) + t' y l ll.l) + t y (II- I) + / ' ' . -11 

" " I I Z 1 •.•.••••• + .Y. + 

a. (x)[I,y , +e,y, + .. .. ... +C.y.l+ 

c' ( .. - I ) I ' (II- I) I (II - I ) IY' + 2Y2 + ....... +C"y" =g 

Recall that YI, Yl .. " y" are all solutions to the homogeneous diffe renti al equation and so all the 

quantit ies in the [ ] are zero and this reduces down to, 

I I (II-I) I ' ,"- I) / ' I II - I ) 
I Y. + l Y l + ...... + .. y = g 

So this equation, together with the above gives the determinant below. 

A sufficient condition for the existence of a solution to system (1.3.28) 

for x in (a,b) is that the determinant of the matrix made up of coefficients of t~ •..... , t~ bc 

different from zero for all x in (a,b). But th is determinant is the Wronskian 

y, 
I y , 

(II-I) y , 

y, , 
y, 

(11-1) y, 

y. 
I y. 

(~ - I ) 
. y. 

= W(y, , . ... y • ): = W(x) 

Wh
O h . / b) be I. . y Y } is a fundamental solution set. Solving 
IC IS never zero on !a" cause 1)'1' 2 , ..... , " 

(1.3.28) via Crammers rule, (1.3.30) is taken as the determinant of each solution of the 
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coeffi cients. The numerators of the solution for u. will be the determinant of the matrix of 

coefficients with klh column (0. O. 0 ... O. g(x)). For example the number for the first one, 

(~ - 1) 

Y. 

Now, by a nicc property of determinant if we factor something out of one of the columns of a 

matrix then the determinant of the resulting matrix will be the factor times the dctcnninant of 

new matrix. In other words if we factor g(l) Qut of this matrix we arrive al 

0 y, 

0 
, 

y, 

0 " y, 

g(t) y~"-I) 

y, , 
y, 

" y, 

y. , 
y. , 
y. 

( ,, - 1) y. 

0 y, 
0 

, 
y, 

0 
, 

y, 

- g(l) 

y, , 
y, , 
y, 

y. 
y. 

y. 

(II - I) y. 

We did th is only for the fi rst one, but we could just as casi ly done thi s with any of the n 

solutions. So, let Wi represent the determinant we gCI by replacing the kth column of the 

Wronskian with column (0,0.0, . .. ,0, J) and the solution to the system can then be written as 

, g(x)w,(x) e = , 
, W(x) 

, g(x)w, (x) c 2 = , .,"' 
lV(x) 

c = g(x)w.(x) 
• W(x) , 

We can now integrate each of thesc terms to dctcmlincjust what the unkno\\ll functions 
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We have, 

e = f g(X)w, (x) dx 
, W(x) 

e = f g(x)w, (x) dx 
, lV(x) 

I = J g(x) .. , (x) dx .... 
J lV(x) • 

I = f g(x)w. (x ) d, 
• W (x) 

Thus, 

y ,(x) = y, (x) I , (x) + y, (x) /, (x) + ..... + y. (x)1 .(x) 

=> Y (x) = y, (x) f g(x) .. , (x) d, + y (x) fg(X)II', (x) dx + ...... + (x) Jg(X)". (x) dx 
, W(x) , lV (x) y. lV (x) 

We should also note that in the deri vation process here we assumed that the coefficient of Ihc 

ylll) tenn was a one and that has been factored in to thc formula above. If thc coefficient of the 

term is not one, then we wi ll need to make sure and divide it out before trying to usc the [arnlUla. 

Example 1.3.11 

Solve the non homogeneous equation 

Solution 

Step t: General so lution of the homogeneous differential equation. 

Substitution of y = xm and the derivatives in to the homogeneous ordi nary differential cqu(ltion 

and deleti on of the factor xm gives, 

m(m-I) (m-2) -3111 (m-I) + 6111 - 6 = O. 

Hence the roots are 1,2, 3 and give as 

YI = X.Yl ""i and y} :: x
J 

H h d· . 1 solution of the homogeneous ordinary differential equation is enee, t e correspon mg gener 

YA := c/x + c}i + cJ '.c. 

)Uflt 



Fredholm Allernalil'e 7'/wOl'em and /figlter Order OrdutlI'1 Dlfft"fIIlQ/ £qIUllWtU 

Step2: Determinants needed 

X x2 Xl 

IV :::: I 2x 3xl ::; 2x1 

o 2 6x 

0 x' x' 

w1= 0 2x )x2 :::: x~ 

2 6x 

x 0 x' 

w2 = 1 0 3x ' = _2X l 

0 6x 

X x' 0 
w

l
::; 1 2x o ::; X 2 

0 2 

Step3: Integration 

First the standard form of the given ordinary di ffe rential equation is 

Therefore, 

III 3 /I 6 I 6 C y - - y +- y - -1 y=x fiX. 
X Xl X 

IV, 
- =- 1 
IV ' 

II'l - = -
IV 2x 

J
g(X)IV,(X) dx ( ) f g(X)II', (X) d + ( ) Jg(x)w, (X) <Ix 

y , (x) = y, (x) W(x) + y , x W(x) 'y, x lV(x) 

1 l X l X l Xl 
_ X (x C _!-)-x ' (_lnx _ _ )+ _ (xCItX -x) 
- 23"' 9 2 4 2 
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Simplification gives 

() I . II 
Y, x = - x (tn'C --) 

6 6 

Thus, 

Y=Yh +YP =C1X+C2X1 +c
J
xl +.!..x4( fnx_.!...!.) 

6 6 

1.4 The Application of Fredholm Alternative Theorem on Highe r Ord inary 

Differential Equations 

Recall the theorem (Fredholm Alternative) we proved before says that 

For the equation, 

y(x) = f(x) +A r k(x.I) y(t) dl ................................................... (3.4. 1) 

where x, I E [a, b] and f is known funct ion and y is unknown function, for each (fixed) J. 

exactly one of the fo llowing statements is true 

1) If the homogeneous equation possesses trivial solutiony :::: D, then (1.4.1) has unique 

solution. 

2) Suppose the homogeneous equation possesses a fini te maximal linearly independent 

set of, say, r continuous solutions Yl> Y2 , .....• y , (r > 0). 

In this case (1.4.1) possesses a maximal linearly independent SCI of r continuous 

solutions Z pZ2 ..... 'Z, and (3.4.1) has solutions ifand only if 

[ f (X)Zk (x) dx = 0 (k = 1, ..... , r) arc all met. When they are, the complete 

, 
solut ion of (1.4.1) is given by y(x) = g(x) + L C.!,. (x) , xe la. bl · Where c, .....• c, .. , 
are constants and g : [a ,b] --+ R is any conlinuous solution of (1.4.1 ). 

Now applying the theorem to higher ordinary differential equation, we have the following 

statements. 

Consider the nth order non homogeneous problem LU'] = f(x) 011 [0 ,b) subject to /J J lvi = 0 for j 

= 1,2 ... n and the associated homogeneous problem. 



" 
L[y]=O on [a ,b] subjcclto BJ[yJ= O fo rj . I.2, .... n 

If the homogeneous problem has only the tri vial SOlution Ih th ' h en e In omogeneous problem has a 
unique solution, 

If Ihe homogeneous problem has m independent sOlutions I. J h h 
lYl . y2 '······.y. , tenl crcarc!"o 

possibil ities: 

• If f(x) is orthogonal to each of the homogeneous solutions then there are an infinite 

number of solutions orthe form 

• If f{x) is not orthogonal to each of the homogeneous solutions then there arc no 

inhomogeneous solutions. 

Now let us illustrate the above basic idea considering the following examples. 

Example 1.4, I 

Consider y" + y=cos2x, y' (O)=y(Jr)= 1 

Here there are no solutions to the homogeneous equation that satisfy thc homogeneous boundary 

conditions. 

To check this, note that all solutions of the homogeneous equation have the form 

Hence only the tri vial solution exists as a solution to the homogeneous equation. From the 

Fredholm Alternative Theorem, we see that the inhomogeneous problem has a unique solution. 

To find the solution, let us apply undetenninant coefficient idea. 

Let y = kcos2x (see table 1, 111,1) 

y=kcos2x 

y' =- 2ksin2x 



Thus, 

Thus the solution is 

" y =-4kcos2x 

yll + Y = -4k cos 2x -k cos 2x =cos 2x 

= -3k cos 2x 

= cos 2x 

I 
=> k = --

3 

- I 
Yp =)c052x+c1 cosx+c1 sinx 

/(0)= 1 => c,= 1 

I 
Y(lf)=1 => - --c,= 1 

3 

4 
=>C1=--

3 

I 4 
y = -- cos2x -- cosx +sinx 

3 3 

This assures the Fredholm Alternative Theorem. 

Exam ple l.4.2 Consider 
I l + Y = cos2x +- with y(O) =0, Y(lf) = O. 
3 

Here, from the 

characteri stic equation A? + 1 = 0 where we have J.. = ± i. We have that the homogeneous 

solution are sin x and cos x. Among the two, only sin x satisfies the boundary condition. Hence 

the homogeneous equation does not possess trivial solution. 

Now check if sin x is orthogonal to cos 2x + ! . 
3 

r I r l . I . I ·)t-O sinx(cos2x +-)dx= (_sm3x- -smx +-sm:c ( r -
3 2 2 3 

Since sin x is orthogonal to the inhomogenity. there are an infinite number of solutions to the 

problem for y by Fredholm Alternative theorem. 

JUlY 1010 
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Thus, the general solution for y is 

I 
y = -3" cos2x +c/cOS x +clsinx 

APplying the boundary conditions 

2 
y (O) =- => c, = 1 

3 

4 4 4 
Y(1I")=- - => --=-_ 

3 3 3 

Thus, we see that C2 is arbitrary. There are an infinite number of solutions of the ronn 

Example 1.4.3 Consider 

- I 
Y = - cos 2x + cos x +c sin x 

3 

1/ X 
Y + y=co,2x- --I, y(O) = O, Y(1I") = O. 

11" 

Here again sinx and cosx are two linearly independent solutions to the homogeneous equation. 

But sin x only satisfies the boundary conditions. 

BUl r sinx (cos 2x- : -l)m= r sin x cos2xdx-~ r x sin xd'r - r sin xdt 
11" 

II =. - .0 
3 

Thus, cos 2x _ ~ _/ is not orthogonal to sin x. Therefore, applying the Fredholm Alternati ve 
11" 

Theorem, there is no solution to the given inhomogeneous problem. 

)unllOlO 
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