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Preface

[tis understood that modernization and civilization of our world, we live, are highly rely
on scientific findings. These scientific findings are also either directly or indirectly
interacted with the discipline of mathematics. Under the different streams of
mathematics, higher order ordinary differential equations are applicable in many fields of
area; example in radiative energy transfer, oscillation of string membrane or axle,
engineering discipline,etc. Therefore, it is vital for one to study the concepts of higher
order ordinary differential equations in depth. Among the basic concepts of higher order
ordinary differential equations, the primary one is to determine whether a given equation
possesses solution or not. If it has a solution, we need to determine whether it has a
unique or infinite solution as much as possible. So as to know, the existence and
uniqueness or infinite solutions of a higher order ordinary differential equation, the

concept of Fredholm Alternative Theorem plays great role.

In this seminar paper, the concept of Fredholm Alternative theorem and its application

on higher ordinary differential equations are dealt in depth.
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Fredholm Alternative Theorem and Higher Order Ordinary Differential Equations
1.1 Introduction

Before coming to the main content, let us discuss on integral equation in which the unknown
function appears under the integral sign. Here solving an integral equation means finding the
unknown function satisfying the given integral equation.
Integral equations are classified according to three different dichotomies, creating six different
kinds
e Based on limit of integration
Both fixed: Fredholm equation
One variable: Voltera equation
e Placement of unknown function
Only inside integral: first kind
Both inside and outside integral: second kind
e Nature of known function
Identically zero: homogeneous
Not identically zero: inhomogeneous (non homogeneous)
Voltera integral equation
It is an integral equation in which the upper limit of integration is variable.
Fredholm integral equation
An integral equation with a fixed domain of integration i.e. the limits of integrals are constants.
We classify fredholm integral equations as follow:
i) Fredholm integral equations of first kind

It is the most frequently appearing integral equation having the form,
b
EIED M1 E T RRURMRRRR—— %

Here f is an unknown function, ¢ is known function and k is an other known function of two

variables, often called the kernel function. The parameter A is constant. An equation of the form

(1.1.1) where the unknown function appears only under the integral sign is called Fredholm

Integral equation of the fist kind.
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Fredholm Alternative Theorem and Higher Order Ordinary Differential Equations

ii) Fredholm Integral equation of the second kind

An equation of the form,

#(x)= f(x)+ A'j’k (o) T A eeoeeeeeeeeeeeeeeereiinns (1.1.2)

Where the unknown function appears under the integral sign and outside of it is called Fredholm
integral equation of second kind.

In the equations (1.1.1) and (1.1.2) of the above, ¢ and k are two given functions and f is the

unknown function, the function k is called the kernel or nucleus of the equation.

If the kernel k(x, t) is bounded and continuous then (1.1.1) and (1.1.2) are said to be
non-singular.

However, if the range of integration is infinite, or if the kernel violates the above conditions

(being bounded and continues), then (1.1.1) and (1.1.2) are said to be singular. If ¢ (x) = 0, then

the equations are called homogeneous, other wise inhomogeneous (nonhomogeneous).

1.2 The Fredholm Alternative

The Fredholm Alternative analyses the solutions of the non-homogeneous fredholm equation
b
y(x) = f()+ A [k(x0y()dt x1€[a,b]

Where f* [a,b] > R and k: [a,b]> — R are continuous and A is a constant. We shall establish it
in the special and useful case when k = k (x, 1) is degenerate

(some authors say, of finite rank), that is when

Kx,t) = Z g;(x) h () x,tefab]

and g, : [ab] >R, h, . [ab] - R are continues (j =/,..., n)

Note that the summation is a finite one.
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Fredholm Alternative Theorem and Higher Order Ordinary Differential Equations

1.2.1 The simple case
To motivate both the statement and proof to the Fredholm Alternative Theorem, we now discuss
an equation with perhaps the simplest degenerate kernel K(x, 1) of any interest;
namely,
Kix,t) =g(x)ht), x telab]
Where g and & are continuous on /a, b] and neither of which is identically zero on /g, b).

The equation is

y(x) = f(x) + Ajg(x) h() yOdt e (1.2.1)

=ft) + A Mg(x) Where M = [h(t)y(t)dt

We note immediately that the constant M depends on y. We discuss the equation in terms of its

(non-homogeneous) transpose.

y () =fx)+ A [k (t,x) y(t) dt (1.2.2)
= 1(x) + A [g(Oh(x)y()er

= f(x) + AN h(x) Where N = J’y(t )g(t) dt

The corresponding homogeneous equation is
b
Y0) = A [ (O YO At =AM g(X) oot e (1.2.3)
And the corresponding (homogeneous) transpose is

b
Y®) = A [eORE) YOt =2 NAE) o e (1.2.4)

Multiplying (1.2.1) by h (x) and integrating with respect to x gives

y(x) h(x) = f{x) h(x) + A M g(x) h(x)

= y(x) h(x) - A M g(x) h(x) = f{x) h(x)

A AU Department of Mathematics ; June 2010



Fredholm Alternative Theorem and Higher Order Ordinary Differential Equations

Integrating with respect to x,

[2 v hex) dx - AM [2 &) hex) dx = [’ 1) hex) dx
= M-IM j: g(x) h(x) dx = j; ftx) hix) dx

= (-4 [ie@h@)d)M= ["fx) hde..cornanice v (1.2.5)
Again multiplying (1.2.2) by g(x) and integrating with respect to x gives
y) =fe) + A [, ktx) y(o) dr
= ) =fi) + ANhx), N= [ gt)y@)dr

= yx)gk) =fix) g(x) + AN g(x) h(x)
= y(x) g(x)- AN g(x) h(x) = fix) g(x)
Integrating with respect to x, we have

Ii yix) g(x)dx - AN I:', g(x) h(x) dx = I:, fx) g(x) dx
= (N- AN [, g hix) dx) = [} i) g(x) dx

= (1-2 [% e hx)d) N= [} f) 86) dx ccooeoovs e (1.2.6)

Hence from (1.2.5) and (1.2.6) we have that

(1- 2[5 g6 ht) dg) M= [, fo) he) dx . M= [, ht) yt) d
and

(1- 2 [lem) h) doN = [\ fi) g dx . N= [l gy di

If A jﬂ g(x)h(x)dx # 1, these equations allow the determination of (unique) M and N as

- If:f(x)h(x)ctr
(12 3 g(x)h(x)dx)

and
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Fredholm Alternative Theorem and Higher Order Ordinary Differential Equations

_ [irog(xdx
(1- 2 [} g(x)h(x)dx)

Hence substituting these values in (1.2.1) and (1.2.2), we have

yix) = fix) + AMg(x)

2g(x) [ f (x)h(x)dx
l—ljf,g(x)h(.r)dx

= f(x)

xe [ab]

and
Yx) = fix) + AN h(x)

Ah(x) [ f(x)g(x)dx

= fix) +
1= [ g(x)h(x)dx

. xe [ab]

However, if AIﬁ g(x) h(x) dx = I, then neither (1.2.1) nor (1.2.2) permits a unique solution.

Indeed, from (1.2.5), (1.2.1) can not then have a solution unless

[ AR D ssrississessepsiaasissses (12.7)

and from (1.2.6), the equation (1.2.2) can not have a solution unless

Ji fx) g dx =0
But every solution of (1.2.3) is of the form
Yx) = ¢ 8(x); x€ [AD] ..cociiivisieivnaiinn wovniin (1.2.8)

where ¢ is a constant, Because (1.2.3)is y(x) = A M g(x). Since A and M are constants, we can
let ¢ = A M and then y(x) = ¢ g(x). Hence we can not have a solution unless the integral of

times the solution of (1.2.3) gives zero.

Further, if y = cg on [a,b], for some constant ¢, and A _[f', g(x) h(x) dx = 1, then
AMg(x)=c Ag(x) If, h(t) g(t) dt = ¢ g(x) = y(x) for each x in [a,b]; and so (1.2.8)

is the only solution of (1.2.3). Similarly, if 4 [/ g(x) h(x) dx = 1,

y(x) = dh(x), xe [a,b]

A.A.U Department of Mathematics 2 June 2010



Fredholm Alternative Theorem and Higher Order Ordinary Differential Equations
where d is a constant, is the only solution of (1.2.4) .Thus, if there does not exist a unique

solution to (1.2.1) (Which occurs here if A j: g(x) h(x) dx = I) then there are non-zero solutions

of (1.2.3) and (1.2.4); and there can only be solutions of (1.2.1) provided ‘the integral of f times

the solution of (1.2.4)" is zero (here J-:‘, f(x) h(x) dx = 0).

In the case of this particularly simple kernel and when the ‘consistency condition’
I:f(x) h(x) dx = 0 is met, it is clear (by simple substitution) that y = f{x) is a particular solution

of (1.2.1). Further, if y = Y is any solution of (2.1), then y =Y - fis a solution of (1.2.3). Because
y(x) =f(x) + A M g(x).
If'Y is any solution of (1.2.1), then

Y=f+AMg

Y-f= A Mg

Hence Y- fis a solution of the homogeneous equation (1.2.3) i.e y(x) = A M g(x).

Therefore, if the consistency condition is met and there is no unique solution of (1.2.1), the
complete solution of (1.2.1) is given, with arbitrary constant ¢ by

y(x) = fix) + cg(x), xe [a, b]
(a particular solution plus the complete solution of (1.2.3))

L.et us now consider the above idea using illustrative example

Example 1.2.1 Find the complete solution to each of the following Fredholm equations.

|
Q) y)=x+ A [e'y®)dt ,x€ [0.1] cooirviinrcerneni(1.2.9)
0
X |
b) ) =x- 5— + ;Lj e y)dt,xe [01] ........(1.2.10)
g 0

Solution:

(a)The kernel e **' = ¢ ¢' is symmetric, and so (1.2.1) is the same as (1.2.2)

1
y(x) = x+ A Me* where M = I e' y()dt
0

A.A.U Department of Mathematics June 2010




Fredholm Alternative Theorem and Higher Order Ordinary Differential Equations

Where g(x) = €', h(t) = ¢', fix) = x
Thus

i[ Jx) hix) dx = ] xe* dx
0 0

=]#0.

And also

II g(x) h(x) dx = II ¢ e" dx

0 0
1
2
=j e dx
0

=% (-1

We always find it useful to carry out such manipulation first. Multiplying (1.2.9) by

€' = h(x) and integrating gives

I
(- ij g(x) h(x) dx) M = j 1x) h(x) dx.
0

0

9

(e" =1)

= (1-2 JM= b smmansonminsssivamiiss kT3 1)
2-Ae*-1)
Hence, if A # ,2 1 and substituting for M, (1.2.9) has the unique continuous solution
e' —
22 . :
yx) =x+ ————e* ,xe [0,1] (using y(x) =f(x) + A Mg(x))
2-(e"-1A

When 2 = 32 , (1.2.11) shows that there can be no solution to (1.2.9).

e —_
Now turning to (b), we have equation (1.2.1) and (1.2.2) to be the same.

Here in the equation,
2¢’ .
yx)=x-—— + A [ ey
e -1

0

A.A.U Department of Mathematics ; June 2010



Fredholm Alternative Theorem and Higher Order Ordinary Differential Equations

X

2 |
Jix) =x - e’e—I L 8(x)=¢e", h(t) = M= _[ ey dt
0

y(x)=x- %e + AMe*
e” -1

Hence multiplying by A(x) = ¢* (1.2.10), and integrating with respect to x gives

1
(1-2 [ g hix) dv) M = [ foo) h) dx
0

0

| I

| 1 X
Now If(x)h(x) dx = I x- ?e ) dx = f xe* dx - ,2 Ie“d_’x
0 0 e -1 0 e =13
2 4=
e 2.. . e -1
e -1 2
=)
1 | | eZ_]
g(x) h(x)dx) = |e‘e*dx = |e*dx =
I pras Fe==
| I
Hence (1- 2 [ gh(x)d M= [ fx)h (x) dx
0 0
et =1
SRR ) R — (12.12)

x

- . x€[0,1] since M

. 2 : . :
and hence, if 2 # — has the unique continuous solution y(x) = x - —
2 2’

e -1
. e’ -1
= () .In the equation (/ - 4 ( 5 )) M =0solongas A #— %
e" —
When A= 22 5’ (1.2.12) provides no restriction on M and the complete solution to (1.2.10) is
2% —
given as

Yx) =x - f tee*=x+c'e, xe [01]

Where ¢, ¢’ are arbitrary (though, of course, related) constants.

A. AU Department of Mathematics § June 2010



Fredholm Alternative Thearem and Higher Order Ordinary Differential Equations

For both (a) and (b) the homogeneous/transposed homogeneous equation is y(x) = AMe" having

2

_ . & 2 2
the unique solution y = 0 when 4 # =) and when 1 = 7= the complete solution y(x)

ce* where ¢ is an arbitrary constant. So, the consistency condition

J f(x) h(x) dx = 0 in the above discussion is not met in case (a), as

1_[ xe“dx #0
0

Where as it is met in case (b), where

' 2e*
j (x - ])e’dx=0

0 ez
These correspond to the ‘right hand sides’ of (1.2.11) and (1.2.12) being 1 and 0 respectively.
1.2.2 Some algebraic Preliminaries
In our proof of the Fredholm Alternative Theorem, we shall need to rely on some further
elementary results from linear algebra.

Suppose A is the nxn matrix A = (@) and that AT= (a,) fori=l, ...n and j=1,..., n is the

transpose of A. The system of linear equations

A% Hapk, T e gk = b,
X, + Gp¥% * & oo v * WX, = b,
GuXy + gk, he T BXy = by
anlxl + anle =t L . L + am:xn = bu

May by conveniently expressed as

ia“x! =b,, (i=1..n

=1

Or more compactly as
AX=b

Where x = (x,) and b= (b, are column vectors.

A.A U Department of Mathematics 2 - J‘”ﬂ"' 2010



Fredholm Alternative Theorem and Higher Order Ordinary Differential Equations

Proposition 1
a) Rank A = Rank (A n
b) If Rank (A) = n, then det A # () and the non-homogeneous systems
Ax=b, A'y=b
have unique solutions x = (x), y = (y)
¢) If 1eRank (A) = n —r < n— I, then det A = ( and the systems of homogeneous
equations Ax = 0, A'y = 0 both have maximal linearly independent sets of solutions
consisting of r elements. If y* = (%), k = 1, ..., r is such a set for
A"y = 0, then Ax = b has solutions if and only if
BTy =b yr + .. +b, ¥yt =0 (k=1 .71
Proposition 2
The number of distinct solutions u of the characteristic equation of A,
det (ul-4) =10

1s at most n.

1.2.3 The Fredholm Alternative Theorem

The theorem analyses the solution of the equation

h

yx) =fx) + A j k(x.t) y@) dt, x,t€ [ab] .....ccevvvveinriiiiiinins (1.2.13)

a

in terms of the solutions of the corresponding equations

h
&) =f(x) + A J’ k(t,x) y(t) dt,  1XE[@D] cooveriiiiiiiiane (1.2.14)
]
yx) = A j ko t) y(O) dl,,  EXE[AB] oo s (1.2.15)
y(x) = A j k(t,x) y(1) dt, EXELOBT savssanamissvaiana (1.2.16)

Where f*/a,b] — R and the kernel k: [a, b]’ — R are continuous and A is a constant.

A.A.U Department of Mathematics I “ June 2010



Fredholm Alternative Theorem and Higher Order Ordinary Differential Equations

Theorem1.2.1 (The Fredholm alternative)
For each (fixed) A exactly one of the following statements is true.
1. The equation (1.2.13) possesses a unique continuous solution and, in particular,
f = 0 on [a,b] implies that y = 0 on [a,b]. In this case (1.2.14) also possesses a
unique continuous solution.
2. The equation (1.2.15) possesses a finite maximal linearly independent set of, say, r
continues solutions yy, ..., ¥
(for r>0). In this case, (1.2.16) also possesses a maximal linearly independent set of r
continuous solutions zj... z, and (1.2.13) has solutions if and only if the ‘consistency
conditions’,
[ 1) z4(x) dic = 0. k=1, ...r).

are all met. When they are, the complete solution of (1.2.13) is given by

yix) = g(x) + Z cyilx), xelab].
I=]
Where ¢ , ...., ¢, are arbitrary constants and g: [a,b] — R is any continuous solution of (1.2.13).
The above is true for general kernels, but when k = k(x, 1) is the degenerate kernel given by
kx.) =Y, g,0h, () xte[ab]...ccvinnnn. (1.2.17)
J=1
There are at most n values of A at which (2) occurs.
Proof
We may assume that each of the sets of functions (g, ..., &, (hy, ..., hy is linearly independent

on [a,b]; otherwise, we may express each of their elements interms of linearly independent

subsets to reach the required form (For instance, if (g1, g2, ..., &) is linearly independent but h,

is dependent on the linearly independent subset (hy, ..., hy.;) and

n=1
ho(t) =Y. dihy(), te[ab]
f=1

Where d; is a constant (j = 1, 2, ..., n-1), then

n=1

n=1
kv )=y g @) b ) +gx) Y, dih)
j=1

1=l

n-

= (g; (x) +djgr| (x) )h; (1)

J=

A.A.U Department of Mathematics I ] June 2010



Fredholm Alternative Theorem and Higher Order Ordinary Differential Equations

for each x and each t in [a, b/. The reader may easily verify that each of the sets
(8 +dign . Bt H At 8,) (hyy ..., Bnt)

is linearly independent on |a ,b].

For k given by (1.2.17), the equations (1.2.13), (1.2.14), (1.2.15), (1.2.16) may be

written as

" b
yx)=flx)+ A Z M, g (x), where M; = I h@ywmad,j=1 ..n.(1.218)

j=1

b

Y =f) + XY, Nhy(x) whereN,= [ gy @dj=1 ..n (1219

/=1

YE)= A Y. M)y wovvunisssnsrssvvscis assssssssossessivsssssssonsonns(1.2.20)
J=1
1720 R Y, /7 ) NI —— | b %

1=l

For x in [a, b].So, a solution of (1.2.13) is determined once we know the values of M , ’s (which

are, of course, defined in terms of the unknown quantity y).

First let us note that A = 0 corresponds to the unique continuous solution y = f of both (1.2.13)
and (1.2.14): (1) occurs. From this point in the proof, we assume that 4 # 0.

We now convert the problem to one of algebra, involving a system of simultaneous linear
equations.

Multiplying (1.2.18) through by A;(x) and integrating with respect to x gives, on slight

re-arrangement,

n

M- > a, M, =b (i=1..n

/=1

Once we define

1 b
U= I a, = I g (x)h, (x)dx bi= u J: fix) h; (x) dx.
Fori =1, .., nandj =1, ...n. These n equations in the M;’s can be rewritten in the compact

form
CRLE= ) M DisisiiiiiiiiisimsissionisissciassnetRt s (1.2.22)
Where 1 is identity matrix, A is the matrix

A=(a,) and M= (M), b = (b, are column vectors

A.A.U Department of Mathematics June 2010




Fredholm Alternative Theorem and Higher Order Ordinary Differential Equations

Similarly, working in turn with (1.2.19), (1.2.20) and (1.2.21), we have

Where A" = (a;) is the transpose of A, M = (m, ), C = (c,) are column vectors, and

ci= U I: fix)g,(x)dx (i=1, ..., n.

and

(LT )T N ol visiusicsnwn snss wximsssennapaanies (1.2.25)

By proposition 1, if Rank (uI-A) = n, (1.2.22) and (1.2.23) have unique solutions
M = (m,) and N = (N,). Substitution of these values in (1.2.18) and (1.2.19) gives unique

solutions to (1.2.13) and (1.2.14) in this case when (1) occurs.

We are left with establishing that when / < Rank (ul-A) =n—r < n—1,(2) must occur. In
this case, both (1.2.24) and (1.2.25) have maximal linearly independent sets

M = (M) and N* = (Nk), K = 1, ..., r consisting of r elements.

Put

yi®= 1) M g, ®
j=1

and

H

a(x)= A Y, N

=1

for each x in [a,b] and k = /, ..., r. Each y s clearly a solution of (1.2.20) and each z; a solution
of (1.2.21)

We claim now that the set (y ;- k = /... r) is linearly independent on [a, b]. Suppose that

r

Z CkYVk= 0

k=1

For some constants ¢y, ..., ¢;. Then

n

Ay (; c,M))g=0

/=1

A.A.U Department of Mathematics | i June 2010



Fredholm Alternative Theorem and Higher Order Ordinary Differential Equations

But, the g;’s are linearly independent; so

r

Z aM, =0 forj=1,..n

k=)

That is

Y e M=0

kw|
Since the M* s are also linearly independent, ¢; = 0 for each k = /... r and the y, 's are thus
independent also. Similarly, (Zi: k = I, ... r) is linearly independent. These linearly independent
sets (), (zx) can not be enlarged whilst remaining independent, for the argument above could
then be reversed for the augmented set to contradict the maximality of the independent sefs (M ")

and (NV*). We have thus shown that maximal linearly independent sets of solutions of (1.2.15)

and (1.2.16) have the same finite non-zero number of elements when (1) does not occur.

It remains to consider (1.2.13) in this (2) case. Proposition 1 asserts in this context that (1.2.22)

has solutions if and only if
b'N =0, fork=1, ..., r.
that is, employing the definitions of b and A* = (N*) and noting that N* corresponds to the

solution Z; of (1.2.21), if and only if

]

n b
Y ([ fomed(| g, 0 zmd) =0

=1 a

For k = I... r. This is equivalent to
b

b n
[ 1] (X W g®) 2z dy] feo) dc =0

a J=l

Fork=1...r.

Using again the fact that z,is a solution of (1.2.16), the necessary and sufficient condition for

b
(1.2.13) to have solutions reduces to !z, (x)f(x)dx =0 fork=1,...r

Suppose finally that g is a particular continuous solution of (1.2.18) (existing because the

consistency conditions are met). Then, if y is any other solution of (1.2.18), y-g is a solution of

A.A.U Department of Mathematics | & June 2010



Fredholm Alternative Theorem and Higher Order Ordinary Differential Equations

(1.2.20) and hence expressible as a linear combination of the elements of the maximal

independent set of solutions (y;):

r

162 Z Ci Vi

For some constants ¢, ...., ¢,. The Fredholm Alternative Theorem is thus established for
degenerate kernels.
Note:- The reader will want to remember to distinguish between the ‘eigen values’ 4

corresponding to non-zero solutions of (1.2.20) in the case (2) and the eigen values

1 ; ; ; :
u = = which satisfy the matrix equation (1.2.24).

We now show how the method used in the proof of the Fredholm Theorem can be used in a

practical example.

Example 1.2.2 Solve the integral equation

h

yx)=fix) + A | sin(x+)y@)dt 1xe[0 2x]

"
S ey

In two cases

(@ ftx) = 1,xe[0, 2] () fix) =x, xe[0, 27 ]
Solution:
(a)The equation may be written as follow.Since (1.2.1 8) and (1.2.19) are the same.

y(x) =fix) + AM, sinx+ AM,cosx

2n 2
where, M, = J y(1) cost di, M; = J y(t) sint dl.
0 0
Note that
2z iz ix
2 .
I cos’x dx = J sin“xdx=nm, J- xsinxdx =-27
0 0 0
in ix Ix
I xcosx dx = J cosxdx = J sinx cosxdx =0
1] 0 0
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Multiplying (1.2.18) though by cosx and integrating with respect to x and carrying out the same

operation with sin x give

M- AaMy= [ fix)cosxdx
0

-AaM;+ M, = I POV occccunnsevmarssrnssoasss (1.2.26)

0

When the determinant of the coefficients of the M, 's is non-zero.

] -An 124 1
= ]- #
Etw 1 g
These equations have the unique solutions
1 R
M= ——F x) (cos x + Arm sinx) dx
= e Djf() )
l ix
M= ——— {x) (sinx + Ax cos x) dx
1-A%7? ,J / :
In case (a), we thus have the solution
yix) =1 , X€ [0,2::]

and in case (b), the solution

y(x)=x- —27—{,)“—,(17r sinx + cos x) provided I - At
1-A"x°
We have dealt with (1)
The case (2) can only occur when 4= % 7 ' It is easy to check that the corresponding

homogeneous equation

y(x)= A Mysinx + AM;cos x

Since (1.2.20) and (1.2.21) are the same

yx) = AM, sinx* A M; cosx

only has the solutions
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y(x) = c(sinx + cosx) when A= n ', xe[0, 2x]
Y(x) = d(sinx - cos x) when A= n "~ ,xe[0, 2x]

where c, d are constants. (To check this, consider the equation (1.2.26) with the right hand sides’

zero, as is the case with the homogeneous equation). The consistency conditions which need to

be met to allow solutions of (1.2.18) to exist are therefore
I (sinx + cosx) f(x) dx = 0, when A=n "'
(1]

and

in

[ Gsinx - cosy) fix) dx = 0, when 2= -7

0

In case (a), both conditions are clearly fulfilled. As y(x) = fix) =1,

xe [0, 27 ] is a particular solution when either A =7 ot dA=-x"",

the complete solution of (1.2.18) is when A =-7",
y (x) =1+ c(sin X + cos X), xe[0,27]
and when A=-7"
y(x)=1+d(sinx-cosX), X€ [0,27]
where c, d are arbitrary constants.

In case (b), neither condition is met and (1.2.18) has, therefore, no solution when either A =7"

or A=-x".
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1.3. Higher Order Ordinary Differential Equations
1.3.1 Basic concepts and Definitions
A differential equation of order n is of the form Frx, y, y', y" ... ¥™) = 0 or if solved for y ™ of

d"y
dx"

Here such an ordinary differential equation is called linear if it can be written as

the form y("’ :f(x. Y.y 'y-' ym-!;) where }_rm =

(n)

aa(x) J/ 1) .

+ax)y b+ Api(0) Y Fanx)y =fx), @o(x) 20 .eenenn. (1.3:1)
The coefficients a,, a;, a;... a, and f are any given functions of x and y. If y" has coefficient 1,

we call this the standard form.

An n" - order ordinary differential equation that can not be written in the form (1.3.1)

is called non -linear.

Example 1.3.1 x*y® +3x?y +xy’ + y =sinx is linear ordinary differential

equation
Example 1.3.2 " +xy" +3xy’ =4x+2 is higher order non-linear ordinary
differential cquation.
The right hand member f(x) is called the non homogeneous term. If f is identically zero equation
(1.3.1) reduces to
a,(x)y™ +a,(x)y" " +..+ a, ()Y +a,(X)y =0 o, (1.3.2)
and is then called homogeneous.

1.3.2 Homogeneous Linear Differential Equations with Constant

Coefficients

In this section we discuss the homogeneous linear n'" order differential equation.

a,(x)y™ +a,(x)y" " +..+ a, (X)) +8,()Y =0 rororeerreresinrenns (1.3.3)

where a,(x) #0,4a,,4,.4,,.....d, are real constants.
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To find the general solution of equation (1.3.3) We proceed as follows

1. We set up the characteristic equation for (1.3.3) as

e L IR, SRR B . o S e (13.4)

2. Find theroots 4,4,.....,4, of the characteristic equation (1.3.4)

3. Depending on the roots of characteristic equation (1.3.4) , we write linearly independent

particular solutions taking in to account the fact that

(a) To each real single root A of the characteristic equation, a particular solution e is

obtained
(b) To each single pair of complex conjugate roots 4 =a +iff, A, =a—if}. There are
two linearly independent particular solutions ¢“ cos fx,e™ sin fix.

(¢) To each real root A of multiplicity m, there are m linearly independent particular

solutions e, xe™,x%*,.x""e*

(d) To each pair of complex conjugate roots, A, =a+iff, 4, =a—if

of multiplicity m. There are 2m linearly independent particular solutions
™ cos P, xe™ cos f,....x™ 'e“ cos fx,
¢® sin fix, xe™ sin fix,....,x" " sin fr.
The number of particular solutions of the differential equation (1.3.3) constructed is equal to the

order of the equation. Let us illustrate the above idea with examples.

Examplel.3.3 Find the solution of the following differential equations.
i)y —2y" 42y" —4y' +y =2y=0
i) y"—y=0,y0=1, ¥ (©=y"©0)=y"(0=0

Solutions:

i) The corresponding characteristic equation is

A =22' +220 -4 +A-2=0

o (A=A +1)'=0

-
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Here, the roots are 4 =2 a single one, and A = #i, a pair of double imaginary roots.
Using (a) and (d) . The general solution is thus
y= c,e:' +(¢, +cx)cosx + (¢, +c.x)sinx.
ii) The corresponding characteristic equation is A' =1 =0
A =1=0e (A =1)A +1)=0
Thus using (a) and (b), the general solution is
Y(x) =ce’ +c,e”" +c¢;co8x+¢,5inx

Now,

yO)=1=c +cates

y (0)=0=c;-c2+cy

y"'(0) =0 =c; + c2-c¢3

y"(0)=0=c;—cr-c¢q

Hence solving simultaneously, we obtain ¢; =¢2 = %

s =%,C4 =0 and the desired solution is y(x) = %(e‘ +e *+2cosx)

1.3.3 The Non homogeneous ordinary Differential Equation

In this section we consider the non homogeneous equation
a,(x)y" (x)+a, )"V () + et @, (XY (), ()Y = LX) s wi(1i3.5)
Where ay, a;,az, ..., a, and fare functions of x with a, (x)# 0 and f{x) # 0.

Using the operator notation, we can write (1.3.5) as

n n=i

i
L =a,(x) ;:x" +a,(x)Z“—_l- A iiaF “""(I)i; +a,(x)

8 L. 32 AR v sisssswenses s s ors e oss stz s ss vtz e o SRS )
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Theorem 1.3.1

et v ' ' i
Let v be any solution of the non homogeneous equation and let u be any solution of the
corresponding homogeneous equation.

Ly=0
Then u+v is also solution of the non homogeneous equation (1.3.5)

Proof

L [u(x)+v(x)] a“(x)———[u(x)+v(x)]+a (\-) [u(x +9(x)]+....

+a,,(x)— 4 ) + v+, () + ()]

dﬂ n=1
= a“(x)dx u(x)+a, (x)a'x u(x)+..... +a,,_,(:c)%u(.\r}+a,,(x)u{_::)«L
d" b d
a,,(x)dx V(x)+a.(x) —v(x)+...+a, l(vr)—t«(r)+ar (x)v(x)
dx

= L, [u(x)]+ L, [v(x)}

Now by hypothesis L,,[v(x)]= F(x) and L, [u(x)]= 0.
Thus L, [u(x) + v(x)]= F(x), that is u + v is a solution of equation (1.3.5)
In particular, if £}, f>... f» is a fundamental set of the homogenous equation (1.3.5), and v is any
particular solution of the inhomogeneous equation (1.3.5) then,
¢ fy +Cy fa tuntCy fy +V

is also a solution of the nonhomogeneous equation (1.3.5).
We now state and prove the so called superposition principle for particular solution of equation

(1.3.5).
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The Superposition Principle

Consider the following idea that describes the concept of the superposition principle
Theorem1.3.2

Let L,y=F(x),i= 12,.., mbe m different non-homogeneous linear equation cach of which

has the same left member.

d"y n—ly
L"y=ﬂ" 2
( )dx" a,(x) =

+..+a,(x)y

Let f; be a particular solution of L,y = F,(x),i =1.2...m then )  k, f, is a particular solution of

the equation L,y = Z k, f,(x) where k;, k, ..., k, are constants.

i=]

Proof

L.,[i k,f.(x)]=ao(x)
=1

dﬂ
dxl’!

[i k,f,(x)]+ ...... +a,,(x)|i: k,f,(.t)]

=] =l

= k,[a,, (.vc)ﬂ—fl (x)+....+a,(x)f (x)]+...+ Kn,[a,_ (x)
dx" dx

d"ﬂ f(x_}+---+a..(x)f,.(x)]

= KL (0] +...+ K, L[/, ()]

By hypothesis, f; satisfies Ly = Fi(x), i=1,2,....m.
Thus,

L[f,(0)])= B, (X L[ (0] = Fo ()

and

L [i i, f,(x)] = K F() + .t K Fo (2).

i=l

That is i k,f,is asolutionof L,y = Y kF(x).
=]

i=l

Example 1.3.4 Solve the equation

y”" 2y +2yl= 2cos 4x - cos 2x + 3

June 2010
A.A.U Department of Mathematics



Fredholm Alternative Theorem and Higher Order Ordinary Differential Equations

Solution:
The general soluti . .
g lution of the homogeneous equation using characteristic equation

a3 3 s
y —2/1 +2A=0 1S yh =C] +(c1c05x+cl Sin.t)e',

To find the particular solution, let us apply the superposition principle. Now let us find the

particular solutions of the following three equations

5 Sy, TRE T £ R T N SN (1.3.8)
IS a0 o iy 20 KRS L s s e T 0./ (1.319)
TG Ll o AR TS, SRR WSS 1 % | )

using the trial and error method, find particular solutions y;, y; and y; of equation (1.3.8) , (1.3.9)

and (1.3.10) respectively

1 7
= —(cos4x——sind
65( X r indx)

hs
!

Y= %(%sin 2x—c0s2x)

yi=2x
3 x

By virtue of the superposition principle, the particular solution of the inhomogeneous equation is

sin 2x 3
—cos2x)+—x
2 2

A 1
Y, =-t;—5(cos4x—251n4x)+ﬁ(

The general solution of the original equation is
sin 2x

3
—Ccos2x)+—x
2 v )

: 1 T 1
y=c, +(c, cosx+c; sinx)e’ +g(cos4x—zsm4x)+-l—0(

The Annihilator Method
This method helps us to find the particular solution of the non-homogeneous ordinary differential

equation to some extent. But before let us discuss about the concept of an annihilator.
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Definition 1.3.1

A linear differential operator A is said to annihilate a function f if

Alfkx =0, v x (1.3.11)

that is, A annihilates f if f is a solution to the homogeneous linear differential equation (1.3.11)
on (' @0, © )

Example 1.3.5 A = D-3 annihilates f(x) = ¢™*. Since (D-3) (¢**) = 3¢™* - 3¢™ = 0

A =D? -4D + 20 is an annihilator of ¢** sin 4x
Since (D? — 4D + 20) (e** sin 4x) = 0.

The differential operator (D- )™, m a positive integer, annihilates each of the functions.
e N
Moreover, the differential operator [( D-a)’ +f* ]" annihilates each of the function
e cos fix, xe™ cos fx,.....,x" ' e™ cos fix
e sin Ax, xe™ sin A3x,.....,.x" 'e™ sin Ax

Since these are the 2m linearly independent solutions to [(D -a)’ + p* ].,. y=0

Example 1.3.6: Find a differential operator that annihilates

6xe " + 5e* sin 2x.
Solution
Let us consider the two functions whose sum appears as above. Observe that (D+ 4)° annihilates
the function fj(x) = 6xe™.
Further f3(x) = 5¢" sin 2x is annihilated by the operator (D - 1)* +4. Hence the composite
operator A:= (D +4)*[(D-1)? +4] which is the same as the operator

(D—1)* +4)D+4)*, anniilates both f;and fs. But then, by linearity, A also annihilatcs the sum
fi+ Lo

We now show how annihilators can be used to determine particular solutions to certain non

homogeneous equations.

Example 1.3.7 Find the form of a particular solution to

" x) -3y (x) + ) = X POY X irsisssinsexsasnannarionsnens (1.3.12)
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Solution:

We first solve the corresponding homogeneous equation

FE L) =y RN F B0 =0 i e e messte oo E313)
The characteristic equation is given by
3o T (2 0 (s comnns sk sedsssnssiis (13.14)

has a simple root at -1 and a double root at 2, and hence a general solution to (1.3.13) is

yul®) =c,e™ +c,e* +c,xe™ (1.3.15)

To determine yj, using the annihilator method, we observe that the term xe **

is annihilated by the operator (D-2)? and the term -cosx is annihilated by (D + 1). Hence the

composite operator

At =D =2 civimirississnaievocrissanaesammnases (1.3.16)
is an annihilator for the non homogeneous term xe”™ - cos x.
If we now apply A to both sides of (1.3.13), we obtain
ALv"" -3y" +4y]= Alxez' —cosxl .
(D +1)(D=2) (D+1)(D=2)[y]=0 oo (1.3.17)
Regrouping the factors, we have
(D? +1)(D=2) (D+D[]=0 oo (1.3.18)
The characteristic equation associated with (1.3.18) is
AP =D D) =0 et e (1.3:19)
which has roots i, -i, 2, -1.
Hence a general homogeneous solution is
v sres 13 20)

1 2 2 ; } 2‘ > = e mEs mEs BES
y(x)=c, cosx+¢, sinx +(cy +€ X+ X +cgX )eT +Cr€ e

Comparing (1.3.20) with the general solution to (1.3.13) given in equation (1.3.15),

we see that a particular solution for (1.3.13) is of the form.
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Y, (x)=c¢, cosx+c, sinx+(cox? +¢,x)e

substituting (1.3.21) fory , into (1.3.12) and solving the unknown constants vields.

yp(x)=icosx+Lsinx+i(t-‘“tfi 2
50 50 g

The Method of Undetermined Coefficients

[n this section, we give a procedure for finding a particular solution to a nonhomogeneous
equation. For the right hand sides of special form in (1.3.5), the particular solution is easier to
find by the so-called trial and error method. The general form of the right hand side fx) of

equation (1.3.5) allowing the use of the error method is as follows.
fx) = e [p,(x)cos fix +Q, (x)sin fx]
P,(x) and Q, (x) being polynomials of degree £ and m respectively. In this case a particular
solution y, of equation (1.3.5) is sought in the form
y, =x'e|p, (x)cos e+ 0, (x)sin x|
Where k = max (m, (), }';k(x) and é,‘ (x) are polynomials of the K" degree of the general form
with undetermined coefficients and s is the multiplicity of the root A=a+iff of the

characteristic equation (if @ +if is not a root of the characteristic equation, then s = (/)
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R e ——————————

A summary of the forms of particular solutions for various right hand sides is given below.

[ Right hand side of differential Roots of characteristic Forms of plﬂicllm I
No equation equation solutions |
1. Number 0 is not a root of P (x)
I P, (x) characteristic equation ’
2. Number 0 is a root of x'P.(x)
characteristic equation of
multiplicity s
1. Number « is not root of P, (x)e™
11 P, (x)e™ characteristic equation
2.Number « is a root of x'P_(x)e™
characteristic equation of
multiplicity s _
P (x)cos fx+0Q, (x)sin fx 1.Numbers +if are not f’, (x)cos fx +
11 roots of characteristic 0, (x)sin fx
equation k = max(m,n)
2 Numbers +if are roots of x" (P, (x)cos fx +
characteristic equation of é* (x)sin fix)
multiplicity s k = max(m, n)
1.Numbers « + i/ are not (P, (x)cos fix +
v roots of characteristic 0, (x)sin fx)e”
e“ (P, (x)cos fx+0Q, (x)sin fx) | equation
k = max(m,n)
1.Numbers a +if are roots x*' (P, (x)cos fix +
of characteristic equation 0, (x)sin fix)e™
of multiplicity s k = max(m, n)

The first three forms of right-hand sides are particular case of form IV.
e method of undeterminant helps us to solve some non-homogeneous

Now let us observe how th

differential equations.
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Example 1.3.8 Find the general solution of the equation

y'=y" =12x + 6x.

Solution
~ 3w ‘ 3 2
T'he characteristic equation 4" = 4* =0 has the roots A =4, =0,4, =1, and therefore the
general solution of the corresponding homogeneous equation is
Yy =€ +c,x+c.e"

Since the number 0 is a double root of the characteristic equation, the particular solution must be

sought in the form (see Table 1, case I(2))
Y, =X (AX* + Ayx+ Ay) = Ax" + 4,x° + A,x°.
Substituting the expression for y, in the given equation. We have,

12412 + (24 Ay - 642 x+ (643 - 243) = 12¢ + 6x

=-124,=12
24A,-64;=6
6A;-2A43=10

This system has solution 4; =-1, 4;=-5, A;= -15 and hence
y,=-x'-5¢’ -15x*
The general solution of the given equation is
y=c¢ text cje‘—x"—.ix" = 15x*

Example 1.3.9
Find the general solution of the equation

y” +2y +3y=e “*cos 2x.
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Solution

The characteristic equation A’ +24+5=0 has the roots

Hence,

Vi = (¢ cos 2x + ¢; sin 2x)e”™

Since the number a +if = -1 + 2i is a simple root of the characteristic equation, y, must

sought in the form (see Table 1, case IV. (2))

Y, =x(Acos2x+ Bsin2x)e ",

then

v, =e*[(4= Ax+2Bx)cos 2x +(B - Bx—24x)sin 2x]

y," =e*[(-24-34x+4B~4Bx)cos 2x+(~2B~3Bx 44 + 4 Ax)sin 2x]

be

Substituting the expressions for y, and its derivatives in the original equation and cancelinge

We have,
-4A sin 2x + 4B cos 2x — cos 2x

Hence A =0, B = % and so

VAR
¥, = 3 xe " sin 2x
The general solution of the given equation is

: ar el rp
y(x) = (c, cos 2x +c, Sin 2x)e ™ + 1 xe " sin 2x

Example 1.3.10 Find the general solution of the equation

y! +10y' + 25y =4e

Sx

Solution

The characteristic equation 4* +104+25=0 hasa double root A, =4, =-5,

Therefore  y, = (¢, +€,x)e "
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Since a = -3 is a root of the characteristic equation of multiplicity s=2, the particular solution y,
of the inhomogeneous equation is sought in the form (see Table 1, case 11 (2))

V= Bx."‘ 851.
Y,=B(2x-5x)e*
Y, = B(2-20x + 25¢)e™*,

Substituting the expressions for y,, y,’, y," in the original equation we get

2Be™" =4e™** Hence B=2and so y, =2x’e™*".
Thus, the general solution of the given equation is
y(x)=(c, +c,x)e +2x%e™.

The Method of Variation of Parameters

In this section we see how the method of variation of parameters helps us to solve higher order
linear equations with variable coefficients.

Our aim is to find a particular solution to

L[YK0) = 8(X) cvvvveveeenruenrssserinmsssssssinsssessissssissismssnn s s (1.3.22)
Where L[y]=y" +a,y"" +...+a,y and the coefficient functions a;, ..., dn &S well as g are
continuous on (a,b). The method to be described requires that we already know a fundamental

solution set {y;rreees y, } for the corresponding homogeneous equation

A general solution to (1.3.23) is then

12
v, (x)=¢c,» (X)+ ¢y, (X) F ot € Yy (X): e eessenrennnassassunasnnsnsassnssananenaens (1.3.24)
where c,...,c, are arbitrary constants. In the method of variation of parameters,
we assume that there exists a particular solution 0 (1.3.22) of the form
- ‘)q
y,(x)= £, (x)yy (%) F oo )Y () sunvssnannarsrssnsansissasenaisbotusnss (1.3.25)
and try to determine the functions £y olu-
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Since there are n unknown functions, we will need n conditions (equations) to determine them.

These conditions are obtained as follows. Differentiating y, in (1.3.25) gives
/ = I -
Vo=l Yttt ly 3V 3y 4ot lny Yoo (1.3.26)

To prevent second and higher order derivatives of the unknown ¢ 1sen £, from entering our

later computations, we impose the condition

. . /A n-1 . ¢ s e . .
In a like manner, on computing y,", y,"... Yy, we impose (n-2) additional conditions involving

('), namely

fl"yﬁ - DA YT + En’y" =0,....., cl.-'ylln—zl G s nynm.:l -0

Finally, the n" condition that we impose is that ¥ satisfy the given equation (1.3.22). Using the
previous conditions and the fact that y;, ....., y, are solutions to the homogeneous equation,

Then L[y p]= g reduces to

f,"y,("‘” e i T O A 0 AR (1.3.27)

We therefore, seek n functions £,',.....,¢," that satisfy the system

¥ & wl + : ; ‘ +y.0 = 0

R L L 2 A S

e 4 W, + +)L, = 0

we o+ Il 5 oty = 0 1328
){n—!: CI = }jzn-l} : S o 4 . . }'f.ﬂifn = g
That is
ylihf1.-'+y2(k)£2!+ ...... +J’,(.“€;=O for k=0,1,....,n-2

One can note that 0" derivative of a function is just the function itself.
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This is because from the above,

(n) n
€y lsyiting, o L Ry + Oyl Py +0, " (1.3.29)
Now we substitute (1.3.29) in to (1 .3.22) and we get.
™+ 0,y + £ v o gl et (n-1) (w1
Y ACAEE v R oWy T RN LY e+ 2L YD §
@ [E YD+ 0y Sl

an-l(x)lf.yj'+fzy;+ ....... +f"y*J+
an(x)[flyi+fly2+ """" +{nyn]+
Ly 40V 4.ty =g

Recall that y;, ys...., y, are all solutions to the homogeneous differential equation and so all the
quantities in the [ ] are zero and this reduces down to,

¢y "N+l y N gty =g

So this equation, together with the above gives the determinant below.

A sufficient condition for the existence of a solution to system (1.3.28)

for x in (a,b) is that the determinant of the matrix made up of coefficients of },...., £, be

different from zero for all x in (a,b). But this determinant is the Wronskian

7 P Vs pisan & e
A I S T
= W(Y yeeery  ): = W(X)
e n- (n=1)
ORI SRS o AR -
Which is never zero on (a,b), because {y,, Pagessesp yﬂ} is a fundamental solution set. Solving

(1.3.28) via Crammers rule, (1.3.30) is taken as the determinant of each solution of the
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coefficients. The numerators of the solution for u, will be the determinant of the matrix of

. .1 pth
coefficients with k™ column (0, 0, 0... 0, g(x)). For example the number for the first one,

0 y} }'; . . = }'"

0 J"z Y3 TR Ya

LU S, PR
u, =

g) B0 N L L L e

Now, by a nice property of determinant if we factor something out of one of the columns of a
matrix then the determinant of the resulting matrix will be the factor times the determinant of

new matrix. In other words if we factor g(#) out of this matrix we arrive at

¢ e B E e 05 1 T S

0 iR o [ Ll ade et SR

0 y;’ y} b y,, 0 y: Vs jy I S y!
=g

g(t) PRI WAL L e

We did this only for the first one, but we could just as easily done this with any of the n
" . h .

solutions. So, let w,represent the determinant we get by replacing the k™ column of the

Wronskian with column (0,0,0, ....,0, 1) and the solution to the system can then be written as

;o g(x)w(x) , glx)wy(x) W g(x)w, (x)
f‘z—-—-—-—, fz———"—"'—, auny - —-———W
W (x) W(x) (x)

We can now integrate each of these terms to determine just what the unknown functions

el

n *°
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We have,

g () i
S VAR i i
I W (x) 2 I W) dx

y U= I g(”“-"{-} dx
Wi(x)

¢ = _[ g(x)w”(x)dx

W (x)
Thus,
Yp () =y ()L (x) + 3, ()5 (%) + oot p, (), (x)
=0 (D g B )

Wi(x)

We should also note that in the derivation process here we assumed that the coefficient of the

y'"" term was a one and that has been factored in to the formula above. If the coefficient of the
term is not one, then we will need to make sure and divide it out before trying to use the formula.
Example 1.3.11

Solve the non homogeneous equation

3 -'.f.*

=3x?y" +6xy' =6y =x"lnx (x>0)
Solution

Step1: General solution of the homogeneous differential equation.
Substitution of y = x™ and the derivatives in to the homogeneous ordinary differential equation

and deletion of the factor x™ gives,
m(m-1) (m-2) -3m (m-1) + 6m -6 = 0.

Hence the roots are 1, 2, 3 and give as

2 -
y=x,y;=x andy; =x
Hence, the corresponding general solution of the homogeneous ordinary differential equation is

2 3
Yy =CiX + X +C3XxX.
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Step2: Determinants needed

X X X
W= 2x 3t‘ - 2,\-‘
0S8 &

2 6x
o
w,=1 0 3x?=-2¢°
[T 6x
X Xz
wy=|1 2x = x*
0 2 1

Step3: Integration
First the standard form of the given ordinary differential equation is

i = y" -%-izyI —--—G_Tyzxfmc.
X X

Therefore,
g(x)w,(x) a

w, (x) g(x)W,(x) ,
1,5 =3,00) (BP0 [ESER et 00 [0

1
X 2 x |l—xinx dx
= xIE xCnxdx —x Ixfnxcir+¥ -[2.\'

i
. % (xfnx —x)

3 3 x? . !
_x_(i_gnx_.l;-)—xz (—2- fnx-—4*)

2
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Simplification gives

I 1
Yp(¥)=—x" (tnx -—
P 6t' (Cnx 6)
Thus,

Y=Yy vy, = x+c,x* +¢,x° +%x‘({m~ I—6—I)

1.4 The Application of Fredholm Alternative Theorem on Higher Ordinary
Differential Equations

Recall the theorem (Fredholm Alternative) we proved before says that

For the equation,

y(x)= f(x)+1f S R AR T (34.1)

where x.1€ [a, b] and f is known function and y is unknown function, for each (fixed) A

exactly one of the following statements is true

1) If the homogeneous equation possesses trivial solution y = 0, then (1.4.1) has unique
solution.

2)  Suppose the homogeneous equation possesses a finite maximal linearly independent
set of, say,  continuous solutions y,, ¥, ...y, (r>0).
In this case (1.4.1) possesses a maximal linearly independent set of  continuous

solutions z,,2,....,z, and (3.4.1) has solutions if and only if

f f(x)z, (x)dx=0 (k=1,...,r) areall met. When they are, the complete

=]

are constants and g : [a , b]— R is any continuous solution of (1.4.1).

Now applying the theorem to higher ordinary differential equation, we have the following

statements.

Consider the n™ order non homogeneous problem LM: f(x)on [a 3 b] subject to B.[,v] =0 for)

= 1,2 ...n and the associated homogeneous problem.
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Lly]=0 on|a, b] subject to B,[y|=0forj=1 2.

PP |

If the homogeneous problem has only the trivial solution then the inhomogeneous problem has a

unique solution,
If the homogeneous problem has m independent solutions {y, s ¥3 vy Vo |, then there are two
possibilities:

e If f{x) is orthogonal to each of the homogeneous solutions then there are an infinite
number of solutions of the form

Y=}’p+z €Yy

f=1

e If f(x) is not orthogonal to each of the homogeneous solutions then there are no

inhomogeneous solutions.

Now let us illustrate the above basic idea considering the following examples.

Example 1.4.1
Consider y" + y=cos 2x, y' (0)= y(7) =1

Here there are no solutions to the homogeneous equation that satisfy the homogeneous boundary
conditions.
To check this, note that all solutions of the homogeneous equation have the form
Y, =¢, cosx+c, sin x
y'h(0)=0=>¢,=0
»(r)=0=¢=0

Hence only the trivial solution exists as a solution to the homogeneous equation. From the
Fredholm Alternative Theorem, we see that the inhomogeneous problem has a unique solution.

To find the solution, let us apply undeterminant coefficient idea.

Lety = k cos2x (see table 1, 1IL1)
y =k cos 2x

y'l = —2]( Sin 2x
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y" = -4k cos 2x

i
Y" +y=-~4k cos 2x - k cos 2x = cos 2x

= -3k cos 2x
=cos 2x

Thus,

-1
Y, =?cos 2x +¢, cosx + ¢, sinx

' (0)=1= ¢, =1

ym)=1= -%—c]=l

Thus the solution is
1 4 A
= —— cos2x —— COS X t+sinx
3 3
This assures the Fredholm Alternative Theorem.

Examplel.4.2 Consider y" +y =cos 2x+§ with  y(0)=0, y(7)=0. Here, from the

characteristic equation A* +1=0 where we have A=1%i. We have that the homogeneous

solution are sin x and cos x. Among the two, only sin x satisfies the boundary condition. Hence

the homogeneous equation does not possess trivial solution.

1
Now check if sin x is orthogonal to cos 2x + i

1 Lo LG 1. =
_[' sinx(cos2x+§)dx=f (—2-sm}x—ismx+3s|nx)ch 0

Since sin x is orthogonal to the inhomogenity, there are an infinite number of solutions 10 the

problem for y by Fredholm Alternative theorem.

June 2010

A.A.U Department of Mathematics



F -
redholm Alternative Theorem and Higher Order Ordinary Differential Equations

Thus. the general solution for y is

1
y= —5 €os 2x +¢; cos x +casin x

Applying the boundary conditions

2
y(0)=§ =c, =1
y(fr)=“'iﬁ—ﬂ'—=_i
3 3 3

Thus, we see that c; is arbitrary. There are an infinite number of solutions of the form
y =_Tlcos 2x+cosx+csinx
Example 1.4.3 Consider
V' + y=cos 2=~ ~1, y(0)=0, y(x)=0.

Here again sinx and cosx are two linearly independent solutions to the homogeneous equation.

But sin x only satisfies the boundary conditions.

But Jr sinx(cos2x-£—l)dx=J:r sinxcoﬁxdr—l[ xsinxdx—f sin xdx
' n n
='!‘1#0
3

Thus, cos 2x -~ -1 is not orthogonal to sin x. Therefore, applying the Fredholm Alternative
n

Theorem, there is no solution to the given inhomogeneous problem.
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