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Abstract

The main objective of the present paper is to address how to solve Bessel’s
equation and describe its solution, Bessel functions. Additionally we discuss
the approximate solution of Bessel equations as x tends to infinity(for larger
interval of x).

il



Introduction

Bessel function is defined for a first time by the mathematician Daniel Bernoulli
and generalized by Friedrich Bessel. A differential equation of the form

2y’ +ay + (2> —p)y=0,2>0 and p>0

Where p is arbitrary real or complex number is called a Bessel equation
and its solution is known as Bessel function. This equation arises in prob-
lem involving vibrations or heat conduction in regions possessing circular
symmetry; therefore Bessel function have many application in physics and
engineering in connection with the propagation of waves, elasticity ,fluid mo-
tion. This seminar report consists three chapters. The first chapter remained
about the power series, second order linear differential equation, singularity
point and then gamma function which help to express factorial. In the sec-
ond chapter I will discuss the Bessel equation and its solution which is Bessel
functions. I will also discuss about properties of Bessel function and some
recurrence formula. The third chapter discuss about asymptotics for Bessel
functions.

v



Chapter 1

Preliminaries

1.1 Power series

An infinite series of the form

o

Zan(x—xo)”:a0+a1(:c—x0)+a2(x—:c0)2—|—... (1.1)

n=0

Where a's are independent of z is called a power series in x about the point
Zp. A common special case is the series about zg =0

Zanaj” = ag+ a1+ asx® + ... (1.2)
n=0

We now establish that the power series representation is unique.

If f(x)= Zanx”, —R, <x <R, and g(z) = anx", —Ry <z < Ry
n=0 n=0

(1.3)
With over lapping intervals ;| including the origin, then a,, = b, for all n ; that
is, we assume two (different) power series representations and then proceed
to show that the two are actually identical. From equation (1.3)

ianx" = ibnx”, —-R<z <R (1.4)
n=0 n=0

Where R is the smaller of R, and R,.Setting x = 0 to eliminate all but the
constant terms, we obtain ag = by now exploiting the differentiability of our
power series, we differentiate equation (1.4) with respect to x, we get



o0 n—1 __ oo n—1
Do A" =30 by

We again set z = 0 to isolate the new constant terms and find a; = b;.By
repeating this process n times we get a, = b,.Which shows that the two
series coincide.

Therefore our power series representation is unique.

1.2 Second Order Linear Equation

The general second order linear differential equation is
Alz)y" + P(z)y' + Q(z)y = R(z) (1.5)

Where P(z), A(z),Q(x) and R(z) are functions of x alone or constants. If
R(z) = 0, then equation (1.5) reduces to

A(z)y" + P(z)y +Qz)y =0 (1.6)

and it is called homogeneous linear equation. If R(z) is non zero, then equa-
tion (1.5) is called non-homogeneous.

Definition 1.2.1. The n-functions f1, fa, f3,+ -+ , fn are called linearly depen-
dent on a < x < b if and only if there exist constants ay,as,as, -+ ,a, not all
zero such that aq fi+asfa+asfs+...+anfn =0 for all x € [a,b]; and they are
linearly independent on a < x < b if and only if ai f1+as fot+asfz+- - +a, fr, =
0 implies a1 =as = ... =a, = 0.

Definition 1.2.2. Let f1, fo, f3,- -+, fu be a real functions in which each has
(n-1) derivatives on [a,b]. The determinant

i o fa

b e
i1s called the Wronskian of the n-functions fi, fa, f3,..., fn and is denoted
by W(fb f?a f3> ER fn)(m)

Now let us consider the homogeneous linear equation
ao(2)y" + ar(x)y™ 4. A a1 (2) Yyt + an(2)y =0 (1.7)

Where ag, ay,as, . .., a,_1,a, are continuous on [a,b]



Theorem 1.2.1. A necessary and sufficient condition those n-solutions fi,fs, f3,
<o fn of the n'™ order homogeneous linear equation (1.7) be linearly inde-
pendent solutions on [a,b] if the value of the Wronskian is non-zero for all

x € [a,b] .

Theorem 1.2.2. If Yi(x) and Yo(z) are linearly independent solution of the
homogeneous equation (1.6), then c1Y1(x) + coYa(x) is the general solution of
equation (1.6).

1.3 Ordinary Points and Singular points of
Differential Equations

Consider the linear differential equation

Alz)y" () + P(2)y () + Q(2)y(x) = 0 (1.8)

Where A,P and @) are polynomials containing no common factors. Suppose
we want to solve (1.8) in some interval containing the point xo. If A(zg) # 0,
then the point xg is called an ordinary point. A point that is not an ordinary
point of a differential equation is called a singular point.
Suppose xg is a singular point.Multiplying through by (x;(?)y
(1.8) as

(& = 20)%y" + (x — w0) p(x) ¥ + q(x)y =0

,We may rewrite

z—x0)P(x x—20)2Q(x
where p(z) = (z=20)P(z) A‘E;)( ), q(x) = (z=20) Q) X()w)Q( )

We say that xq is a regular singular point if the rational functions p(z) and
q(z) have no singularity at x¢.Otherwise it is an irregular singular point.
Example 1.3.1. Consider the equation
2 9 / 2
(x —2)%y 4+ (x—2)y +3z°y=0
then,since at =0 and 2, A(z) = 2*(z — 2)? = 0,
so 0 and 2 are its singular points.

r—X X X—X 2 X
And p(x) = (&=z0)Plx) A(();I;( ) and q(z) = (z=20)°Q(z) X()I)Q( )

_ (z—z0)(z—2 _ (z—m0)2.3a2
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and ¢(0) = 22 = ¢(0) = 0.

(z—2)2

Therefore 0 is an irregular singular point.
Andatw0:2,p(2):2%, :p(2):i#0
and q(2) =3, =q(2)#0

Therefore p(x) and q(z) are non zero at © = 2,

so, 21is a reqular singular point.

Remark 1.3.1. An Indicial equation is the key to solving a second-order
linear differential equation with non-constant coefficients.

Definition 1.3.1. An expression like
S am(r —a)™ =ag+ a1(z — a) + az(z — a)* + - - -
that gives each coefficient in terms of the preceding ones is called a recur-

rence relation.

1.4 Solution near Regular Singular Points

A power series method may not work for solution about regular singular
point. In this case we shall assume an expansion of the form

y(x) = ana™ (1.9)

If r happens to be an integer, then equation (1.9) is just a power series, but
often r will not be an integer.

The general series given by equation (1.9) is called a Frobenius series and
the use of such a series to find solutions about singular points is called the
method of Frobenius .To determine the coefficients in the Frobenius series
,we substitute equation (1.9) in to the differential equation and equate the
coefficients of the various power of x to zero.



1.5 Gamma Functions

In 17004 ,Euler introduced a function that yields n! when n is a positive
integer ,the function is called the gamma function and is defined by the
integral expression, I'(n) = [~ e "2" 'dxz, When n is positive.

1.5.1 Property of Gamma Functions
i,I'(n+1) =nl'(n)

i, 0(1) = 1

iii,T(n + 1) = n!

p+k 1

' T(k+p+1) — T(p—1+k+1)
v,T(n+3+1) = gomris V7

vi,T(n+3) = %ﬁ

v

proof:

Fn+1)= / e “z"dx

= —[e_xx”]go—i-n/ e """ 'dx(Integrating by part)
0

= n/ e 2" tdx = nl'(n)
0

S T(n+1)= n/oo e """ tdr = nl'(n) (1.10)

From (1.10) it is evident that if the value of I'(n) is known for n between two
successive positive integers the value I'(n) for any positive value of n can be
determined by the successive application of (1.10).

Now replacing n by (n-1) in (1.10) we get
I'(n)=(n—-1In-1)

Similarly I'(n — 1) = (n — 2)I'(n — 2) e.t.c.Hence (1.10) yields
I'n+1)=n(n—-1)(n—2)---3.2.1.T(1)

b}



Since by definition ['(1) = [ e *dz =1

Therefore Fn+1)=n(n—1)(n—2)(n—3)---3.2.1. = n! Provided that
n is a positive integer.

Note: I'(—n) = oo when n =0 or a positive integer.



Chapter 2

Bessel Equation and Bessel
Functions

2.1 Introduction
Definition 2.1.1. A differential equation of the form
22y +ay + (@ —pPy=0 (2.1)

is called Bessels equation of order p , where p is non-negative constant.
The solution of this equation is called Bessel function.

2.2 Solution of Bessels Equation

Equation (2.1) is an ordinary differential equation of the second order. Since
x = 0 is a regular singular point of the differential equation (2.1); and all
other values of x are ordinary points; so we can apply Frobenius method.
Let the series solution of (2.1) be of the form

y = Z amx"™ " ag # 0 (2.2)
m=0
Where the first term is non zero and r is some arbitrary constant .Then dif-
ferentiating it we get v/ = o (1 4+ m)aya" !
y' =5 (r+m)(r+m—1)a,z T2

m=0

Then substituting in (2.1) ,we get



o Z ap (r+m) (r+m—1)z" "4y Z A (r+m) 2" T (2% —p?) Z Az’ ™ =0

m=0 m=0 m=0

i A (T+M) (T+m—1)x’"+m+i am(r—l—m)x”m—l—i ama’ T2 — p? i ™™™ =0

m=0 m=0 m=0 m=0

> o am[(r A+ m)? = et 3 a2 =0

m=0

D Gm[(r +m)? = pam + 3 A" =0
By uniqueness of power series the coefficients of each power of x on the
left hand side of the last equation must vanish individually. Equating coeffi-
cients of the series to zero gives

ag(r* —p*) =0 (if m=0) (2.3)
a[(r+1)>=p’] =0 (if m=1) (2.4)
am[(r +m)* = p?] + aypo=0 (if m>2) (2.5)

Since ag # 0,then from (2.3) we get the indicial equation (r + p)(r —p) =
With indicial roots » = p and r = —p.
Case i. First solution of Bessel Equation
Setting r = p, in (2.5) gives the recurrence relation
am[(p +m)? = p?] + a2 = 0, m 22
am[p® + 2mp + m?* — p?| + ay_o = 0, m > 2
S i > 2 2.6
0, am—mam,g, m > (2.6)
This is two term recurrence relation .
Putting m=1 in (2.6) gives that a; = O(since a_; = 0)
Thus (2.6) also shows that a3 =a5=---=0
i.e all a’s with odd subscripts are zero.
To obtain the remaining coefficients, let us put m = 2,4,6--- in (2.6), then

_ —agp
a2 = 33p12)

a = —a2 = a0
4 7 2(2p+4) T 2.4(2p+2)(2p+4)




—a4 —ag
6(2p+6) 2.4.6.(2p+2)(2p+4) (2p+6)

ag —

Thus putting this value in

Yy = Z Az ™ andweget
m=0

= apz” + a1 + a4+ asx® T 4+ agaT 4+ -

= aox” + aox®" + agxt 4 g+ - -

= Sy T aaE @l 240 D 0
= a02’[1 = 2D 212pt Np 2 BA23p T D+ )pt3) !
O Ok (3 (5)°

= aor'[1- Ip+1) 2p T Dp+2) et D )p+3) e

1
2Pp!

z\pr 1 (£)? (£)* (£)°
y= (E)p[ﬁ - 1!(;+1)! + 2!(;+2)! - 3!(;+3)! +- ]

Now choose ag = and since r = p then (2.7)becomes

Now using properties of gamma function to generalize factorials we have

SN RN ) LU ¢
p+r1) 1T(p+2)  2M(p+3) 3T(p+4)

18

v= )l o] (28)

Which is solution of Bessel equation for all p > 0 and it is called the Bessel
function of the first kind of order p and let us denote it by J,(z). Thus

> (—1)k x
Tp(z) = ek 2.9
(@) £ 1T Gy (29)
Case ii. Second solution of Bessels equation If r = —p,p > 0

It is not necessary to repeat all the above steps. Let us replace p by —p in
(2.8), and then we have

1 (3)* (3)* (5)°

() = (5)_p[r(—p 1) 1T(—p+2) 2T(-p+3) 3T(-p+4 ;10)
T _ - (_1)k Ly _piok 211
o J-pl) ;k!f’(—p—!—k—i—l)(Q) (2.11)

9



Now if p is positive but is not an integer, the solution (2.11) is not bounded
(i.e J_,(z) will be infinite), while J,(x) is finite, this is because of J,(z)
contains a positive power of x only, on the other hand J_,(x) contains a
negative power of x .This implies that the two solutions are linearly inde-
pendent. Therefore J,(z) and J_,(x) are two independent solution of (2.1)
when p is not integer.

Note :

1. The general solution of Bessel equation when p is not integer is given by
y = c1Jp(x) + c2J_,(x) Where ¢; and ¢, are arbitrary constant.

2.3 Relation Between J,(z)and J_,(z)

Theorem 2.3.1. If p is a non-negative integer,then J_,(x) = (—1)PJ,(x)

Proof 2.3.1. By definition we have

(—1) k T\ —
J—p( )= Zk 0 kII( p+k+1)(§> Pk

Since p > 0,T'(—p + k + 1) is infinite for k = 0,1,2,3,--+ ,p — 1 .Thus
k must be taken from p to infinite because the gamma function is not defined
at 0 and negative integers. i.e

= (—1)* L\ —p+2k
(@)= KID(—p+ k+ 1) (3)

k=p
_ S (_1)m+p L\ —pt+2(mtp
_Z(m+p)vr(m+1)(§) e

o

_ (=D)"(=D" T oy
_mZ:: 'F(m+p+1)<§)

Il
—~
—

p - (=™ L\ omip
—1) Z) m!r(m+p+1)(§)

= (=1)PJp(2)

Note:
1.The second solution simply reproduced the first; we have failed second in-
dependent solution for Bessels equation by this series technique when p is an
integer.

10



— )p+2k
EIT( p—|— k: + 1) 2

(—1)Pt2k g

(=1
Zk' p+k+1) 2

k=0
( 1)3k p+2k
Zklrp+k+ )(2)
= (=1 Jp(x).
Thus, J,(—x) = (—1)?J,(z)

Mg

k=0
)

)p+2k

3. J, is even if p is even and odd if p is odd.

2.4 Properties of Bessel Function

2.4.1 Recurrence Relation (formula) for J,
L [2? Jy(2)] = 2P T, (@)

2. &a7J,(2)) = —x Py ()

3.0y(x) = Jyr(2) = () on 2 T)(x) = wdya(z) — pJy(a)
LT(@) = Lhy(x) = Sy (@) ox 2T)(x) = pl(x) — 2y (2)
5.0)(@) = A pa(2) = Ty ()] 08 215(2) = Ty () = Jpia (2)

6.Jp-1(7) + Jpy1(x) = %Jp(‘”) or 2pJy(z) = $[Jp—1(x) + Jp-i-l(x)]

11



1. By definition of J,(z) we have

k=0
Then,
d d K (=1)kar
[P . p+2k
O = 2 i 1 ) 2
- (_1)k(%)p+2k d (:L,2p+2k)
— ET(k+p+1)de
— (DR 22k 1
(2p + 2k)z*P*
—~ ET(k+p+1)
_ Z (_1)k ( ) p+2k—1
EKl(p—14+k+1)"2
= prpfl( )
2.
d,  _ I (—1)* x
_ P — P “\p+2k
azl” ) ! ggmr@+p+1ﬂ2) ]

(_1)k(2) p+2k d
KID(k +p+1)de

(—1)F(3)r+*2k a2
k(k—D)IT(k+p+1)
(=

(=1 )P
k—DIC(p+1+k)

——(2™)

I
01071

k=0

Dﬂg

i

1
* (= 1>k (§)p+2k+1 P2k

> ET(k+p+2) ar (

changing k to k + 1 to start the sum at 0)

k+1=1
- (=D*
= —p7P p+1+2k
’ E:klrp+1+k+1)()
=~ " Jpi1(7)

12



3. From recurrence formula (1),

L)) = 2 pa ()
pa? Iy (x) + 2P T (x) = 2P, (x)
Jy() = Ty () = Z Jp(a)
4. From recurrence formula (2) ,
d . _ _
%[x PIp(@)] = —27PJpia(2)

—pz P () + 1P () = —2 Py (x)
/ p
Jp(@) = =Jpa(2) + E‘]p(x)

5.From recurrence formula (3) and (4) i.e.

+{ Jp(@) = Jp1(x) — BJp(x)

2
Hence J,_1(z) + Jpui(x) = ;pJp(x)

Based on this recursion formula let us do some example:
1
2
Solution:

Recurrence relation (6) is 2pJ,(z) = x[Jp—1(z) + Jp41(x)] replacing p by p+1
in this relation we have

i sedp(x) = (p+1)Jpa(x) = (p+ 3) Jprs(@) + (04 5) Jpys (@) + -+

2(p + ) Jpa(a) = 2[Jps1-1(2) + Jps141 ()]

13



i.e. %xJp(a:) =(p+1)Jpu(zr) — %xJpH(:c) (2.12)

again replacing p by p+ 2 in (2.12) we have

1 1

S pia(w) = (0+3)Jpusl@) = S0 Tpea2) (213)

Putting the value of  fzJpio(z) from (2.13) in (2.12) we get

SE(0) = (0 Dpr (@) = (p+ ) pual@) + godpuala)  (2.14)

Replacing p by p+ 4 in (2.12) we have

1

S Tpual®) = (0 F 5)Jpes(x) — 52 Tpu(a)

Thus (2.14) becomes

S0dy(@) = (04 1) par (1) = (04 8) ) + (0 5) () — -

2.5 Bessels function of the second kind of or-
der p

When p is an integer J, and J_, are not linearly independent. To determine
the second linearly independent solution of the Bessel equation, let us define

sin(pr) if p is not an integer.

() cos(um)—J ()
sin(p)

The function Y), is called the Bessel function of the second kind of
order p. It is also known as the Neumann function.

Now when p is a non-integer Y, is clearly a solution of the Bessel equation,
because it is a linear combination of two linearly independent solutions J,(z)
and J_,(x).

For integer,u = p and p =0, 1,2,--- equation (2.15) becomes

) = lim Ju(@) cos (pm) — J_(x)
V(@) ALP sin(um)

(2.15)

{ Jp(@) cos(pm)—J_p ()

lim,, ,, if p is an integer.

14



Since cos (pr) = (—1)?,sin(pm) = 0 and J_,(z) = (—1)?J,(z), so the limit is
indeterminate form of %.
Then by L’Hospital rule

gz () cos(um) — J_ ()]

) ()
—wsin(um)Ju(x) + cos(um) 2 L Ju() — %Ju(x)]
B T COS (,LLT(') Hep
1.0 0

= ;[%Ju(x) - (_1)1)@‘]—#(‘”)]#:?

Let us now show that Y, (x) so defined is a solution of the Bessels equation.
By definition J,, and J_, respectively, satisfies the following differential:

221" (x) + 2, (z) + (2 — p?) T, (z) = 0

22 ] (x) + ad _(x) + (2 — ) J_u(z) =0

Differentiating with respect to u we have

, d* 0 d, o

0
de(auJ 2 x@<@J“) + (@ = )5S = 20, =0

o
d2 0 d 8 0
—J_, P ) —J oy —2pd_, =0

Multiplying the second equation by (—1)? and subtracting it from the first
equation, we have

2
x2dd?(%Ju_(_l)pa%J—u)+x(%JM_(_l)p%J—u)‘i‘(iﬁ_lﬁ)[%Ju_(_l)p%*]—u]_
2y~ (1)) = 0

Taking the limit — p, the last term drops out because J, — (—1)PJ_, = 0.
Clearly the Neumann function expressed in (2.15) satisfies the Bessels equa-
tion.

Problem 4: Show that J,(x) and Y,(x) are linearly independent for all p.
Proof: Let us see the Wronskian

15



|y (@) cot(pr) — J_y(@) esc(pr)
Wy, Y] J J;(x) cot(pr) — J/_p(x) csc(pm)
J J_
= cot(pm) | V| —csc(pm) | F P
Jp Jp ’]p pr
2 .
= —csc(pm) — — sin(pm)
X

Hence, the function J,(z) and Y,(z) are linearly independent.
Note: The general solution of the Bessel equation can be written as

Yp(2) = c1dp(@) + e2Yp(2)

16



Chapter 3

Asymptotics for Bessel function

Bessel functions are widely used in mathematics,engineering and physics be-
cause they are at the heart of so many important applications.To gain insight
in to the theory of Bessel functions we will represent them by formulas and
integrals involving more familiar functions,such as the cosine and sine func-
tions.

Let us start by driving an important integral representation for Bessel func-
tions and then use it to show a surprising connection with Fourier series.

3.1 Integral Representation of Bessel Func-
tions

Theorem 3.1.1. Let p=0,41,+2,--- then for all x,we have
1 71'
Jp(z) = —/ cos(pf — xsind)db
T Jo

Proof 3.1.1. case 1:-If p > 0.

. T 1
Let © and 6 be real numbers and set z = € then we can expand e2*~=) in
Laurent series.

: 1 :
65(27;) = e% e 2z

17



For fized z,the series is absolutely convergent for all 6,s0 we can multiply both
sides by z7P,

o k z
(1) ,—p _ (=" e P
2 z/, = .
e z kZ:O ok LR
_ — (ZF e
_Z k19k 7 Sk+p
k=0
then integrate term by term and get
1 (7 .. . (=D 1 [P R
2572) 7P = ’f—/ df
or Jy € : ; K2k U on f, ok

. .1 2w T
claim 1:- - fo ez

(:=2) 27Pdf = L [T cos(Op — 2 sin 0)df

. . o o (=DF k1 2w ¢%*
claim 2:- Jy(x) = " 5mr 75 Jo S df

We need the identities

z—1=¢f—

™ = 2isinf and
2P = e P (sincez = )
proof of first claim:-For any integer p,write

1

2 1y . . PN
62(z Z).Z pzezxsm@.e ipb :ez(msm9 pb)

= cos(zsin @ — ph) + isin(z sin 6 — ph)

Since,the terms on the right side are 2m-periodic functions of 6,then we have
1 2

x 1 1 4 1 T
o ], e273) 2 7Pdh = %/ cos(xsin@—p@)d@—l—i—/

r 2

sin(x sin @ — pd)do

1 0 ™
=3 [/ cos(zsinf — pf)dl + / cos(x sin 0 — pf)do|
) 0

1 s
(since 22—/ sin(zsinf — pd)do = 0)

™ —T
1 ™

= ﬁp/o cos(x sin 6 — pf)db]
1 ™
— / cos(zsinf — pd)df
T Jo

18



proof of second claim:-It is enough to show that

1 [?" e3? T 1 1 x., .
_ do = (Z)\kte — (NG SJ—k—p
o ), == ) ;j!(Z) :
o 1 .. ..
- Z f(_)JQZ(JfkaDW
|
=2
Thus
1 © p3% 1 x .1 2
_ do = —(ZV i(—k=)0 9
or J, ok+p ;Oj!(g) QW/O ‘

But By the orthogonality of the complex exponential system

1 2 ei(j—k—p)ﬂde — { Ovllf .77& k +p

27 Jo Lif j=k+p
Thus,
1 (% e2? 1z
— — Z (2
o zZk+p Z ]‘(2)
j=k+p
— 1 (E)ker
(k+p) 2
Therefore
OO(—1)kxkl/2’reg§z ~(-DF z, 1 T,
TNk df = - +p
kz; k! (2 21 Jo  2kte kX; k! (2> (k+p)'(2)
:i (_1)k (‘r)2k+p
— kl(k +p)!"2
_ i <_1)k (§)2k+p
— Kl(k+p+1) 2
= Jp(z)
Since . , )
— (=1 kl/”mz L[ s
— = — 2V de
kz:% K2k or o zZktr 27 J, ‘ :
Thus,
1 s
Jp(z) = ;/ cos(zsin @ — pf)do
0

19



case 2:-If p <0

proof:-Let I,(x) = L cos(pd — zsin0)db

™

We prove in case 1 for p > 0,1,(x) = Jy(z).

We have defined
Jop(z) = (=1)PJy(z)

Thus in order to show it holds for p < 0,it is enough to show that
I_p(x) = (=1)PLy(x).
1.€.

a.show that I_,(x) = = [ cos(pf + xsin)dd  and

b.Using the addition }rormula for the cosine to expand the integrands in I,
and 1_,, then we conclude that I_, = (—1)PI,

corollary:-J, is bounded by 1.
i.e. Show that for all z, |Jy(x)| < 1.

proof:-Since from the above theorem we have

Jp(x) = £ [ cos(pd — xsin6)db.

Thus,for p = 0,we have

| Jo(z)| = %] [5 cos(xsin@)df| < L [ |cos(x sin6)dd|
<L [7do (. |cos(xsind)| < 1)
=1

Thus,|Jo(z)| < 1

3.2 Generating Function for Bessel Function(J,(z))

A generating function is a formal power series in one indeterminate,whose
coefficients encode information about a sequence of number a,, that is indexed
by the natural numbers.

Definition 3.2.1. A generating function is a clothes line on which we hang
up a sequence of numbers for display.

20



Theorem 3.2.1. For all z, all 0 and z = € ,we have
z 1 L. .
Gf(z_;) — 6zxsm€ — } :00 Jp(l,>ezp9

p=—00
Proof.
1 r ;lr k
e e 2 = Z (32 ) Z k'> (using LaurentSeries)
r=0 k=0
-1 k( )k-‘rrzr k

k!

—1)k(z\rtk
.l > e

p=—00 r— k—p and 7,k>0

[
WE
OM8

oo 00 p+2k
D
_p;mkzo p—i- k lkl
= Z Ip(
p=—00

Thus, e@sind =5~ J (x)e??

p=—00

Note:-The function e 2)is the generating function for Bessel function of
the first kind.

Proposition 3.2.1. For all x
cosz = Jo(z) + 2307 (= 1)PJay(x) and

sing = 2375 (~1) Jopia ()

Proof. Since ¢®*sint =5~ ] (x)e??

p=—00

Now,put ¢ = 7 ,then for all x

eia:sin T — ZOO Jp(x)eipg

p=—00

o0

cosx +ising =Y 2 J,(v)[cos(pF) +isin(p])]

cosx =y~ Jy(x)cos(ps) and

p=—00
sing =37 sin(p3)Jy(v)

21



Using cos(pf) = 0 if p is odd and (—=1)™ if p = 2m (even)

and J_o,(z) = (—1)%Jyy(x) = Jop(x),we obtain

cosT = E J ) cos(p

— e i 19 (o) + f_ff—lwzpm
— Jole) + pf;(—lmp(x) v pf;(—l)%p(m)
— ) + g;(—l)w(x) T y(2)
— Jo(z) + 2 g(—1)pJ2p(:p)
- cos(x) = Jo(x) + 2 i(—1)pjzp(x)
similarly sinz = 232°°  (=1)PJops (@) : O

3.3 Methods of Stationary phase

Lemma 3.3.1. Suppose that f(t) is a real-value function with a Taylor Se-
ries centered at ty in the interval [a,b],such that f (to) =0, f (t) # 0 for all
t #to, and " (t) # 0.Let g(t) be an arbitrary smooth complez-valued function
on [a,b],then for large

b . P

, 5 i(2f(to)+T)

/ =IO g()dt ~ || = g(te) e
. r 7 (o)

where we use the plus sign if f (to) > 0 and the minus sign if f (to) < 0.The
function f(t) is called a phase function and the point tyis called a stationary
point.

Proof. Let I = f e f®) (t)dt
case 1:-Suppose that f"(ty) > 0

22



Expand the function f(t) in a Taylor series about ¢,:
F(t) = Flto) + F ()t = to) + 52t — 1)+ -

since f'(to) = 0 and f(to) > 0 then approximately

1"

ft) = flto) + L étO)(t —to)?

and g(t) = g(to)

Thus,
b f//(to) 2
]%/ etz (f(to)+ 5" (t—to) )g(to)dt

. b f”(to) 2
= g(to)e™ /™) / = (0N gy

a

b "
— glty)cif @) / R (110))2 gy

a

LU

\/5 (t0) etz f(to) B 2
= —g to —// 61 u
x VI ()] Ja

where u = 2005 (¢ — tg), du = [212]3dt, A = [219]3 (0 — )

As x — 00, A - —oo and B — oo and the integral converges to

/ e = / cos(u?)du + 2/ sin(u?)du
= /7[cos % + isin g]
= /me'i

The last displayed integrals are known as the Fresnel integrals.

Thus
2 etz f(to)

b
— iz f(t) ~ “ - i
[ atont gt

b ; L4

, 5 (e f(t0)+ )

/ eI g(t)dt ~ \/—7Tg(75(3)—e ——
a T |f" (to)]

23
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case 2:-Suppose f to < 0.

proof:-Expand the function f(t) in Taylor series about t,:
£ = £lto) + F (o)t = t0) = T4t — to)? + -+

Since f'(ty) = 0 and f"(ty) < 0,then approximately

£(0) = F(to) = G (¢ — to)?

and g(t) = g(to)

Thus,
b } . b . . f”(to) t—t0)2
) b . f”(fo) 2
= g(to)emc(t())/ e ) gy

b "
= gty ®) / =il (1)) gy

\/5 eixf(to) B I
=4/ —9(t)) ———= e " du
X VI (to)| Ja

where u = 2005 (¢ — 1)), du = [2L1)]34t, A = [ (0]

D=

(CL — to)

As x — 00, A - —oo and B — oo and the integral converges to

/ e = / cos(u?)du — z/ sin(u?)du
= \/ﬂcos% —isin %]
= \/Ee_i%

The last displayed integrals are known as the Fresnel integrals.

Thus
2 ei.’ﬂf(to)

b
I:/ eI D g(t)dt ~ \| = g(ty) ———=y/e 1
a z /" (to)]
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b i(xf(to)—7)

. 2
/ 6zacf(t)g(t)dt,\,‘/_7rg(t0)e _ !
a Zz |f (tO)‘

3.4 Asymptotics Formula

As x tends to oo,the graph oscillates like a cosine or sine wave and its am-
plitude decays like a negative power of x.
In general we have the following asymptotics formula

Theorem 3.4.1. Let p > 0 be an integer ,then for all large x , we have

Jo(a) o~ \f 5 cos(a — § ~ )+ O(y)
1

Where the big oh notation means that the approximation is of the order —x.
T2

(OR The expression “big oh of %" means that there is a constant ¢ > 0
T2

such that |J,(x) — /2 cos(x — )| < % for all x.Thus the error in the

T

approzimation tends to zero like i% )

Proof. The formula can be derived using the method of stationary phase.

Recall the integral representation that we derived in the proof of the first
claim in Theorem 3.1.1:

1 [ . .
_ 2_ elesin Gefpode
m
1 ™
— 2_ eim sin Ge—ipode
m
1 iz sin 0 —zp@ 1 " —ixsin 6 _ipl
= 2— e do + 2— e e’ df
m s

(changing the variable 6 to —6 on [—,0])
Now consider the first integral
% foﬂ eixsin9€—ip9d8

In Lemma 3.3.1, take f(6) = sin® and g(f) = e~ %%
f'() =0 only at # = Z in the interval [0, 7] and f'(5) = —sing = -1 #0.
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From Lemma 3.3.1,

o . or o
1 ez:):sme'e szd@N % /Q?We zp261($ eS|

2r Jo
— L /2rgi(e—F—p3)
2 T
Thus,
[ .. » 1 /2 . - =
611:51119.6 podeN - ez(z T-p3)

%0 2V mx

Similarly, the asymptotics formula for the second integral
% foﬂ efixsine‘eijﬁdg is

In Lemma 3.3.1,take f(f) = —sin® and g(#) = e’
f'() =0 only at # = Z in the interval [0, 7]
andf' (%) =sinZ =1+#0

From Lemma 3.3.1,

; s
1 [T _—izsind ,ipf 1 for ipT 7T
2 fO e (& de ~ Gy p et ——m——
I1]

1 [om—ite-Z-p3)
2 T

1 n . . . ]_ 2 . T s
Thus, — e wsml pid g o~ | e @ iP3)
2 Jo 2V mx

Now add the two asymptotics and simplifying it

1 1o
Jp (ZE) - e 51n9'6—zp9d0 4+ e i smé"ezpﬁd@
2w Jo 2m Jo

L2 e L2 g
2V mx 2V mx
_ %‘ | 2 [pie5-rB) | gmite=F-09)
T
1 2 T s
= —4 /29 _r_ )t
o\ 2eosle =3 = py)
2 ( T 7r)
=4/ —cos(x — — —p=
\ 7z 1Py

2 T T
L dp(x) ~ %cos(x 1 —p=)

N}
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Summary

In this work, we have discussed the first and the second solutions of Bessel
equations, which are called Bessel functions, properties of Bessel functions,some
recurrence formulas, Generating function for Bessel Function(J,(z))and fi-
nally we have discussed the approximate solution of Bessel equation as x
tends to infinity(for larger intervals of x.)
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