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Abstract

In this paper, a state-of-the-art review is carried out on numerical methods comprising
the Central Difference, Houbolt, Newmark, Wilson-8, HHT-a, WBZ-a, Generalized-a,

Bathe and Piecewise Exact Methods. Three algorithms (related to Piecewise Exact

Method and Power Series Method) are developed for linear and nonlinear systems.

To analyze the performance of the methods, the stability and accuracy of the above-
mentioned methods are studied and some solutions for illustrative examples are

presented.

The HHT-a, WBZ-a, Generalized-a and Bathe methods have controllable dissipation in
higher methods. The piecewise exact method (method based on interpolation of
excitation) and the proposed methods are effective in providing accurate results

(compared to other methods) for the truncated modal space.
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1. Introduction

1.1 Background

The study of structural dynamics is of paramount importance for the design of civil

engineering structure, especially when the structures are subjected to seismic load.

In practical problems, a need - to evaluate the behavior of a structure subjected to

dynamic loads (such as earthquake, wind, blast or machinery) - arises.

To investigate the performance of a structure, it is necessary to enhance the efficiency

of the numerical algorithm, which is an integral component of the model.

The forcing function encountered in many engineering problems is arbitrary and cannot
be expressed in terms of smooth functions (for example: cosine and sine functions).
Such problems require numerical algorithm and can be handled (if the system is linear)

by the mode superposition method.

Furthermore, in many practical problems, the system is nonlinear due to the fact that the
stiffness matrix of the structure doesn’t remain constant if it is heavily loaded. In these
situations, it is difficult to use the mode superposition method and more accurate results

can be obtained by applying direct numerical method of the equations of motion.

Several numerical techniques are used to solve the dynamic problems in many

engineering applications.

In the problems of structural dynamics, the following governing equilibrium equations

are solved:
MU+ CU+KU =R  forlinear system (1.1.1)
MU+ CU+F(U) =R for nonlinear system (1.1.2)



where M, C and K are the mass, damping and stiffness matrices; U,U and U are the
displacement, velocity and acceleration vectors of the system; R is the vector of loads
applied on the system; F(U) is the vector of the force function.

1.2 Statement of problem

Previous surveys exist where a rigorous mathematical background is provided. As new
computational techniques have been developed, a review of numerical methods has

become necessary.

The properties of the existing methods with regard to convergence, accuracy and
stability (in linear system with proportional damping) are studied in a vast body of
literature. Especially, the piece-wise exact method is considered as an accurate and

unconditionally stable algorithm for linear system with proportional damping.

On the other hand, no definitive answers - concerning their performance in linear

system (with non-classical damping) and non-linear system - are given.

This paper presents an analysis of existing numerical methods employed to simulate
structural dynamics problems and introduces new algorithms which are unconditionally
stable and accurate (for linear system (with non-classical damping) and non-linear

system).
1.3 Research questions

The research questions for the project are the following:

Which of the existing methods are efficient when evaluated with respect to stability,

accuracy and controllable dissipation of higher modes?

Can we develop a piecewise exact method for all linear systems (with classical damping

and non-classical damping)?

Is it possible to formulate a piecewise exact method for non-linear system (elastic and

inelastic)?



1.4 Objective of the Research

The general objectives of this project are to study the stability and accuracy of the
existing numerical methods of structural dynamics (in linear and nonlinear systems), to
propose efficient methods (for linear system) and to explore the possibilities of

developing an exact method for non-linear system.
The specific objectives of this project are summarized in the following manner:

» To calculate the spectral radius, period elongation and amplitude decay of the
existing methods

» To compare the numerical methods based on control parameters

» To develop unconditionally stable and accurate algorithms (for linear and
nonlinear systems)

» To compare the analytical and numerical solutions by studying specific problems
related to single degree of freedom system, multi degree of freedom system
(without damping), multi degree of freedom system (non-classical damping),

multi degree of freedom system (finite element system) and nonlinear system
1.5 Application of the study

The paper compares the stability and accuracy of the existing methods. It identifies the
advantages and disadvantages of the existing methods. The current piecewise exact
method (method based on interpolation of excitation) is a scheme which is widely used
in Modal Time History Analysis (for linear system with classical damping) due to its high
efficiency and accuracy.

Piecewise exact methods are developed for linear system (with non-classical damping)
and non-linear system. The method formulated for the non-classical system can be
easily used in structural analysis software like the existing piecewise exact method. On
the other hand, the method developed for the non-linear system might be cumbersome.
However, due to its accuracy and stability, it can be the preferred method in the

dynamic analysis of non-linear system.



1.5 Delimitations and Limitations of the study

Delimitations

a) Even though many algorithms (possibly hundreds) are developed by researchers
around the world, only nine methods are reviewed in this paper. The selected
methods are/were widely utilized in the dynamic analysis of structures and
studied in known textbooks.

b) Experimental studies are not carried out to evaluate the efficiency of the
methods. Closed form or highly precise solutions are used as a reference when
evaluating the accuracy of the algorithms.

c) The paper focuses on time stepping methods and it doesn’t review the methods
used for the determination of eigenvalues and eigenvectors (which is an integral

part of modal analysis).
Limitations

a) The effectiveness of the algorithms in complex structures is not examined. The

illustrative examples should have included the analysis of complex strutures.



2. Literature Review

The differential equation (1.1.1) can be solved in closed form if the excitation is a simple
function. Otherwise, time stepping methods are necessary for complex excitations such
as earthquake ground motion. Furthermore, uncoupling of modal equations is not
possible if the system has non-classical damping or it responds into the nonlinear
range. In this case, direct integration methods are required to obtain solution of the

differential equation.
2.1 Time stepping methods

In the time-stepping methods, the required physical quantities (Displacement, Velocity,
and Acceleration) are determined by a step-by-step procedure. Any time-stepping

method is based on the following ideas:

= The dynamic equation is satisfied only at discrete time points (At apart) instead of
at any time t.
= The variations of displacements, velocities and accelerations are assumed within

each time step.
Most time-stepping methods can be divided into two main categories:

= Explicit method: the equation of motion at time t (for which the displacements are
already calculated) is used
= Implicit method: the equation of motion at t+At (for which the quantities are

unknown) is employed

In order to check the reliability of the direct integration methods, the convergence,

stability and accuracy are studied.
The efficiency of a numerical method depends on the following requirements:

= Convergence (the solution of the numerical method should tend to the exact
value as the time step tends to zero)
= Stability (The numerical solution should not increase greatly when the algorithm

progresses)



= Accuracy (The numerical algorithm should give results that agree with the exact
solution especially in lower modes)

= Controllable dissipation in higher modes

The following time-stepping methods are (or were) often used in the analysis of the

problems of structural dynamics:

= Central difference method: The central difference method is an explicit time-
stepping method based on the finite difference expressions used to approximate
the accelerations and velocities in terms of displacements (KJ Bathe 2014) [1].

= Houbolt method: It was proposed by JC Houbolt in 1950 [9]. The accelerations
and the velocities are expressed in terms of the displacements at t — 2At, t — At,
t and t + At. The expressions of the accelerations and the velocities are derived
by using a third order interpolation of displacement.

= Newmark method: The method - developed by N. M. Newmark in 1959 [4] - is
one of the widely used integration methods in structural dynamics. The
expressions of the method are determined by truncating the Taylor series of the
displacements and the velocities. Two parameters £ and y are included to control
the functioning of the algorithm.

= Wilson-8 method: In this method, the acceleration is assumed to vary linearly in
the time interval t to t + 6At (K. J. Bathe and E. L. Wilson) [10]. The equation
of equilibrium is satisfied at t + 6At. When 8 =1, the Wilson method is

equivalent to the linear acceleration method or the Newmark method (with g =%

andy = g).

» HHT-a method: The equation of equilibrium is modified and satisfied at some
intermediate points within the time interval At. A parameter as is introduced in
order to modify the velocities, the displacements and the forces. The equations of
Newmark method for the accelerations (at +At ) and the velocities (at t + At ) are
used to solve the equation of equilibrium. The method possesses algorithmic
damping properties which can be controlled. (Hans M. Hilber, Thomas G. R.
Hughes and Robert L. Taylor, 1976)[8]



» WBZ-a method: The approach used in HHT-a method is repeated in this
method except that a parameter «a,, is introduced to change the accelerations. In
a manner similar to HHT-a method, the equations of Newmark method are
employed to solve the equation of equilibrium. (WL Wood, M Bossak, OC
Zienkiewicz 1980)[14]

» Generalized-a method: It includes elements of HHT-a and WBZ-a methods.
The two methods were combined in order to obtain an algorithm with an
improved performance. (J Chung, GM Hulbert 1993)[15]

= Bathe method: Bathe implicit method is a composite method in which various
methods are combined in each time step (G Noh, KJ Bathe 2018)[11]. In the
first sub-step which ends at t + a;At, Newmark’s method is applied. In the
second sub-step, the 3-point Euler backward method is employed.

= Piecewise Exact Method (Method based on interpolation of excitation): In
this scheme, the exact solutions of the equilibrium equation are determined
based on the assumption that the excitation function varies linearly over the time
interval [t, t + At]. (AK Chopra 2012) [5]

(Note: A detailed review of the numerical methods is found in A.1)
2.2 Mode superposition

The above-mentioned methods (except the piecewise exact method) are suitable for
carrying out of the direct integration of the equilibrium equation (for multi-degree-of-
freedom system).

Another approach to solve the equilibrium equation is to transform it into an uncoupled
set of modal equations (KJ Bathe 2014) [1].

The modal equations can be uncoupled if the damping effects are neglected or the

damping is proportional (AK Chopra 2012) [5].

(Note: A detailed review of the mode superposition method is found in A.2)



2.3 Stability and Accuracy of numerical algorithms

The stability of an integration method is the condition in which any "initial" conditions at
time t given by errors in the displacements, velocities, and accelerations do not increase
in the integration (KJ Bathe 2014) [1].

An algorithm is said to be unconditionally stable if it leads to bounded solutions

irrespective of the size of the time step. (M. Géradin and D.J. Rixen 2015)[12]

In order to analyze the stability of an algorithm, the amplification matrix should be
studied. In addition to the stability, the amplitude decay and the period elongation
depend on the spectral radii of the amplification matrix. (H. M. Hilber and T.J.R.
Hughes 1978)[7]

(Note: A detailed analysis of stability and accuracy of numerical algorithms is
found in A.3)

2.4 Non-linear system

Mode superposition method is suitable for linear systems with classical damping. It is
impossible to uncouple the modal equations if the system responds in non-linear range.
(AK Chopra 2012) [5]

The solutions of non-linear system are obtained using iterative procedures (such as
Newton-Raphson method) if an implicit method is employed. While the Newton-
Raphson method is effective for quick convergence, the modified version of the Newton-

Raphson method may be utilized due to its simplicity. (KJ Bathe 2014) [1]

As the central difference method is an explicit method, no iteration is required to
determine the solutions of the non-linear system. Thus, the central difference is
considered as the simplest scheme for analysis of non-linear MDF systems. (AK
Chopra 2012) [5] However, it requires a very small time step to provide meaningful

results.



The Newmark trapezoidal rule is unstable in some non-linear problems. For such
problems, Bathe method is found to be effective in providing stable solutions. (KJ Bathe
2014) [1]

(Note: A detailed review of the application of the numerical algorithms in non-
linear system is found in A.4)



3. Methodology

The methodology can be described as follows:

i) Three methods are developed (based on the assumption that the load varies

linearly):

The first method is based on the state-space model used for the analysis
of nonclassically damped linear system. (AK Chopra 2012) [5] It is
suitable for all linear problems unlike the original method based on
interpolation of excitation. The exact solutions of the differential equations
are determined at each time t;.

The second method uses the first method to determine the linear part of
the solution and adds another term for the nonlinear part which is
calculated by using Newton-Raphson method.

The third method is related to the power series method of differential
equations. The displacements, the velocities and the accelerations are

expanded by utilizing Taylor series.

i) The properties of the existing methods are studied:

The eigenvalues for each amplification matrix of previously discussed
(existing) algorithms are expressed as a function of At/T by using
MATLAB.

The amplification matrix A can be written in the following manner:

aa ab ac
A=|ad ae af] (3.1)
ag ah ak

The expressions for aa, ab, ac, ad, ae, af, ag, ah and ak are determined
based on the algorithms discussed in the previous section.

The spectral radius, the amplitude decay and the period elongation are

determined and plotted with respect to % using MATLAB. Accordingly, the

10



ii)

performances of the algorithms are evaluated by comparing the plotted
curves.
» The efficiencies of the algorithms having the same pinf are compared by
plotting them together.
In illustrative examples, the theoretical (closed-form) and highly precise
solutions of the differential equations are determined and plotted with the
results obtained from the numerical methods. The closed-form and highly
precise solutions are provided based on the procedure of structural dynamics.

The codes for the numerical methods are written in MATLAB platform.

11



4.Proposed Methods

4.1 Method based on interpolation of excitation 1 (linear system with non-
classical damping)

This numerical procedure is a generalized version of the method based on interpolation
of excitation.

The motivation behind the development of this method is that the original method based
on interpolation of excitation is not suitable to a system with non-classical damping.

The excitation function is determined by;

AR,
R =R +— 4.1.1
() tt Ar ©
where
ARL- = Rt+At - Rt 4.1.2

and the time variable t varies from 0 to At.
The equations of motion are written in the following manner:
MU - MU =0 4.1.3
MU+ CU+ KU =R 4.14
A state space formulation of the equations of motion can be obtained by combining the

above equations:

al + b0 = e(t) 4.1.5
in which U and e(t) are vectors defined as follows
~ (U (0
U= {U} and e(7) = {R(T)} 4.1.6
and where a and b are determined in the following manner
_[0 M _[-M 0
a_[M o= 417
The general solution of the above equation is:
U(t) = ke?® 418
in which A is an eigenvalue and « is the eigenvector.
/hp}
K= 4.1.9
U

12



Y Is a vector representing the modal displacements.

Substituting (4.1.8) into (4.1.5), we obtain the following eigenvalue problem:

Aak + bk =0 4.1.10
The vector U can be expressed by the following equation:
2N
0(r) = Z K, G, (T) = K6 (1) 4111
n=1
where k = [k Ky ... Kanl, §=1[G1G, ... Gon]* and §, are scalar multipliers which

can be determined from the initial conditions.
After substituting the above equation into (4.1.5), we get the following relation:

axq + bk§ = e(t) 41.12
By multiplying the terms of the above equation by T, we obtain:

(«Tax)g + (kTbk)§ = kTe(7) 4113
The orthogonality property of the eigenvectors leads to the following 2N uncoupled
equations:

Annd + BunG = Runey + ARpn(nyT 41.14

where

TA
App = (x"ax) Bpn = (k" bk) Runy = KTet ARuney = KA—tet Ae, =
0
{ARt} 4.1.15
The solution of 4.1.14 (with initial condition U(0) = U, ) is as follows:
a 1 Ann Ann 2 Ann —Ann
Qn(t) (‘L') = m [Rnn(t) (@) - ARnn(t) (a) + ARnn(t) (a) T] + Cnn(t)e BnnT 4.1.16
where
~ 1 Ann Ann 2 P Tal,
Chn(t) = Gn(ey(0) — = [Rnn(t) (ﬂ) — ARpn(r) (@) ] and g (0) = ';TC;; 4.1.17
Using (4.1.11) we obtain the following relation:
2N
ﬁt+At ES ﬁ(At) = Z an\n(t) (At) 4118
n=1

13



Table 4.1.1 INTERPOLATION OF EXCITATION 1-LINEAR SYSTEM FOR NON-CLASSICAL DAMPING

1 Initial calculations
1.1 Form stiffness matrix K, mass matrix M, and damping matrix C

1.2 Form matrix a and matrix b

=w ¢l 1o

1.3 Solve the eigenvalue problem:
Aak +bk=0

1.4 Up=M~Y Ry — CU, — KU,)

2 For each time step, j=0,1,2

2.1 Calculate ARy e, Ae,
AR=Rine — Ry

0
e= R,
0
Aet:[ARt]

3 For each iteration, n=1,2... 2N

3.1 Annz(KTa'c)
3.2 Bp,=(kThk)

3.3 Rnn(t)z(KTet)

T
3.4 ARnn(t)=%c
x’al
3.5 An)(0)= Krakt
1 Apn Apn) 2
3.6 Chn=qnw(0)— Ann [Rnn(t) (Bnn) —ARpn(» (Bnn) ]
2
1 A A
3.7 §pn(At) =—|R (ﬂ)—AR (ﬂ)
n(t) Ann[ nn(t) B, nn(o) B,

A _Ann
+ AR, (D (_Bnn) Atl + Cnn(t)e BnnAt

nn

2N
38 Uppne = Z KnGn (AD

n=1

14



4.2 Method based on interpolation of excitation 2 (non-linear system)
An efficient numerical method can be established for non-linear system by applying the
method based on interpolation of excitation.

In the same manner, the excitation function is determined by;

AR,
R =R;+— 421
() tt At T
where
ARt = Rt+At - Rt 4'.2.2

and the time variable 7 varies from O to 4t

The equilibrium equation to be solved is:

MU+ CU+FU)=R 4.2.3
Let
U=U,+Uy 4.2.4
where
MU, +CU, +FWU,)+K,U,-U,)=R 4.2.5

U,, Uy are the linear and non-linear components of the displacement vector. U, is to be
determined using the method outlined in the previous section. K; represents the tangent

stiffness which is determined as follows:

K, = [aF 4.2.6
t - aU Ut . .
The displacement vectors are determined from the Taylor series:
: 1. 1..
U = Ut + UtT + E UtTZ + gUtTS ......... 4.2.7
. 1., 1. .
UL=Ut+UtT+EUtT +gULtT ......... 4.2.8
L. 3 1 v 4
UNZEUNIIT +ﬁU NTT = oo een . 4.2.9
By truncating the above taylor series, we obtain:
1
UN == g Yt+AtT3 4210

15



Determination of Uy ;¢

In order to determine Uy, the following equation needs to be solved:

MU,+CU,+FU)+K,U,-U)=R 4.2.11
Aternatively, the equations of motion are expressed in the following manner:

MU,— MU, =0 42.12

MU, +CU, +FWU,) +K,U,-U,) =R 4.2.13

(Repeated for convenience) A state space formulation of the equations of motion can be

obtained by combining the above equations:

al, + b0, = e, (1) 4.2.14
in which U and e(t) are vectors defined as follows:
~ (U, _ 0 }
and where a and b are determined in the following manner
_[0 M [-M o0
a_[M c b_[o X, 4.2.16
The general solution of the above equation is:
U,(1) = ke?" 4217
in which A is an eigenvalue and « is the eigenvector.
/hp}
= 4.2.18
¢

Y is a vector representing the modal displacements.
Substituting the above equation into 4.2.14, we obtain the following eigenvalue problem:
Alak + bk =0 4.2.19

The vector U can be expressed by the following equation:
2N

0,(0) = Z K, (T) = kG () 4.2.20
n=1
where k= [K1Ky ... Kay], G=1[G14, ... G,y]7 and §, are scalar multipliers which

can be determined from the initial conditions.

After substituting the above equation 4.2.14, we get the following relation:

16



akq + bk§ = e (1)
By multiplying the terms of the above equation by x”, we obtain:

(kTax)q + (k"bk)g = k"e(7)

4.2.21

4.2.22

The orthogonality property of the eigenvectors leads to the following 2N uncoupled

equations:
Annzl\ + Bnnq = Rnn(t) + ARnn(t)T

where

K Aet
At

Apn = (kTax) By, = (k"bk) Runeey = ke, ARnneey =

lar)

The solution of 4.2.23 (with initial condition U(0) = U, ) is as follows:

Aet =

Ann
pal Ann Ann
An(t) (r) = [Rnn(t) ) ARnn(t) ( ) + ARnn(t) ( ) ] + Cnn(t)e Bun
where
. 2 A Tal
Cnn(t) = CIn(t) (O) [Rnn(t) ) ARnn(t) ( ) ] and Qn(t)(o) = ’;T(Tmt
Using (4.2.25) we obtain the following relation:
2N
Uy, eine = U(AL) = Z KnGn() (AL)
n=1

Determination of Uy sya;

The equation of equilibrium can be rewritten in the following manner:
Fp(Ut+At) = Ryine

where
Fo(Upipe) = MUppe + CUppe + F(Upipe)

1
Utint = Upeine Y Uneiar = Upepae + = Yt+AtAt

1
Uprne = Uperne + Unerar = Upppar + = Yt+AtAt

Upine = Uprar + Unerae = Uppyne + YerneAt

17

4.2.23

4.2.24

4.2.25

4.2.26

4.2.27

4.2.28

4.2.29

4.2.30

4.2.31

4.2.32



By finding the derivative of F, with respect to the unknown quantity ¥, ., we get:

0FpWernd) _\ 0Usin N LY, L FWernd)

= 4.2.33
) £9Y: ) £Y: 0Y¢ine  OYipine
Using (4.2.31) and (4.2.32), we find:
U
ALLPY: 4.2.34
Y iat
ou At?
et 4.2.35
Weine 2
Substituting the above two equations in (4.2.33) and using (A.4.2.4) results in:
OF ,,(U;inr) At? A
p\Yt+At
Kyiine = e 7 = AtM + TC + ?Kt+At 4.2.36
t+At
The Newton-Raphson equation (A.4.2.3) can be rewritten as follows:
Kpeoae PAYD = Ryyne = Fp(Upia”) = fp eane' 4.2.37

Using (4.2.30), (4.2.31), (4.2.32) and (4.2.37), it is found that:

. 1 L3 1 .
fp t+At(l) = Rt+At —F (UL t+ae T th_I_At(‘)At ) - [AtM + EAtZC] Yt+At(l)

~MUyine — CUp i 4.2.38

After Y., is determined based on (4.2.37) and (4.2.38), Utyas, Uprae and U, 5 can be
calculated using the equations (4.2.30) (4.2.31) and (4.2.32).

18



Table 4.2.1 INTERPOLATION OF EXCITATION 2-NON LINEAR SYSTEM

1 Initial calculations
1.1 Form mass matrix M, and damping matrix C

1.2U09=M~1(Ry—CUqy — F(Uy))

2 For each time step,

2.1 Form matrix a and matrix b

lw el % &)

2.2 Solve the eigenvalue problem:
Aak +bk=0

2.3 Calculate AR, €y D€pons
AR=R¢ipe — R,

o

0
€1 t_[Rt —F(U) + KtUt]

0
Aet_[ARt]
2.4 For each iteration, n=1,2... 2N
2.4.1 Ann(t)=(KTaK)

2.4.2 Bnn(t)=(KTbK)

2.4.3 Rnn(t)=(KTelt)
T
2.4.4 ARnn(t)=%t

k' al
2.4.5 qn(t)(0)= mt

A

1 A g
240y =n((0)— 7 - [Rnnm (gffj) = BRano (522) ]

Bnn

2.4.7

2
1 A A
Gneey (A =— R —% ) — AR —
qn(t)( ) A nn(t) <Bnn) nn(t) (Bnn
_Au.‘a.

+ AR Ann At| + Cpppye Brn
nn(t) B nn(t)

nn

At

19



2N

25 Upeiar= Z Knn(ry (A)

n=1
26 Opesne= a Yeq #Ae, —bUp 4, p)
2.7 Calculate Upirne UL ¢+ and UL t+At

2.8 Initial calculations

281 i=1, Y, =0

2.8.2 Rp t+At — Rt+At _(MUL t+ae T CUL t+At)

2.9 For each iteration, i=1,2...

- 1 Iy 1 -
291 fpesne®=Rpesae = FULerart Yerar ) AB) — (AM +2 A C) ¥y ”

2.9.2 Check convergence; If criteriaare notsatisfied, followsteps 2.9.3t0 2.9.7;
Else, skip these steps andgoto step4

O A @ 1, .,
2.9.3 Kp t+At z?Kt‘l'At +AtM+EAt C
2.9.4 solve K, t+At(i)AY(i)=fp onrd
2.9.5 Yy 0= ¥ 0 QaY®

2.9.6 determine: F(U, t+At+§ Yt+At(i+1)At3)and Kene &Y

2.9.7 replaceiby i+l and repeat steps 3.1 to 3.6. denote final value Y4

2.10 Calculate  Upsnp Uprar and Uy gy

_ 1 3
Utine = Uperaety YeenAt
, , 1
Utine= UL e+ar 5 Y ¢ 4aet?
Uirne = UL trae Y eraclt
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4.3 Method based on interpolation of excitation 3 (non-linear system)

A numerical procedure -which is unconditionally stable- can be developed for non-linear

system. In this method, the differential equation is solved by using the power series

method.

We assume that the excitation function is linear during the short period t < t, < t + At:
AR,

R(t) =R;+— 4.3.1
(7) ¢t At T
The equilibrium equation (to be considered) is:

MU+ CU+FU)=R 4.3.2

The displacement,velocity and acceleration vectors are expressed in the form of Taylor

series as follows:

1 2 1 3

U(T) = a1+a2T+Ea3T +ga4T + .- 4.3.3

. 1 1

U(t)=a,+azgt+ §a4‘[2 + ga513 4.3.4

. 1 1

U(t) =az +a,t+ Easrz + ga6r3 4.3.5
where

a, = U1 (0) 4.3.6
Futhermore, the force-displacement function F is expanded in the following manner:

1 1
F(U(7)) = by + byt + Ebgrz + gb4r3 + o 4.3.7
b, = [F(U(D))]™__ 4.3.8

Substituting (4.3.1), (4.3.3), (4.3.4) and (4.3.5) into (4.3.2) , we obtain:

Ma3 + Caz + b1 = Rt 4.3.9
AR
Ma4, + Ca3 + bz = A_tt 4.3.10

21



forn>=5 Ma,+Ca,_1+b,,_2=0 4.3.11

The above expression is considered as a recursion formula.

It is obvious that:
a, =U,,a, =U, and az = U, 43.12
However, determining b,, is a challenging task because the procedure of finding the

derivative of F(U(T)) is cumbersome.

Determination of b,
In order to simplify the procedure of determining b,,, we have to define a function which

is a truncated form of Taylor series of U:

n
Upmy(7) = Z a,t° ! 4.3.13
s=1
The important property resulting from the above relation is the following:

[Upm) (r)]“—l)T=0 =[UD]EY __ forl<s<n 43.14
Let FU(D)) =< {,(U®)), F,(U®)), .. oo ... F;(U (7)) >T and
U(r) =< Uy (1), Uz (7)) e vee o Ui () >T 4.3.15

The derivatives F(U(T)) are determined in the following manner:

JdF; dU
fid V= l - 4.3.16
[Fi( (T))] kl:laUkl o
[F;(U(2)]®
J j
_ Z z( 92F, dUk2> AUy,
k1=1 \ \k2=1 0Uk10Uy, drt dt

22



[F:(U(@)]®

J / J J
B Z z 03F; dUs \ dUy,
k1=1\ s k3=16Uk16Uk26Uk3 drt drt
J
+ 62Fl- dZUkZ dUkl 42 z azFi dUkZ dZUkl
aUklaUkz de dt S aUklaUkz dt de
OF; d3Uk1\
4.3.18
+6Uk1 dT3 /
[F;(U()]™
G I"F, 9" 1F, dF,
m aUklaUkZ aUkn’ aUklaUkZ e owes ana s aUk(n_l) T ’aUkl,
dUy, d"Uy4
e
dUj d"Uy
= H;, (Ukl,w ’W) 4.3.19
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The above equation leads to:

[F;,(UNI™__, = Hpn (U] g v cve oo, [UD]™ )

Using (4.3.14) and (4.3.20), we get:

[FU@N™ __,

(0) (n)
= Hn ( [Up(n+1)(‘[)] 0 g’ [Up(n+1) (T)] " ‘t=0)

(4.3.8) and (4.3.21) imply that:

[FWENI™,_y = [FUpeusny @)™ __,

b, = [FU@)™V __ = [FUpmy(@N]™__

Iteration for the determination of Uz as

The initial conditions of the iteration can be specified as follows:

@ _ i, . 1. .,
Ut+At —a1+a2At+za3At —Ut+UtAt+2UtAt

1)

Ut+At

Uipe =az=U;

4.3.20

4.3.21

4.3.22

4.3.23

4.3.24

4.3.25

4.3.26

The improved displacement, velocity and acceleration are calculated using the following

relations which are derived from (4.3.3), (4.3.4) and (4.3.5) :

(i+1) ;302

Uiine = Ut+At(i) + (i T 2)!
G+D) o (), QuesAtT
Uiine = Upspe G+
(i+1) @) @3t
Uiine :

=Upine T

24
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a;.3 can be calculated using (4.3.10) and (4.3.11):
. -1 AR,
fori=1 a, = M (A_t - (Ca3 + bz)) 4.3.30

fori > 2 a3 = —M_I(CaH_z + bi+1) 4.3.31

b;,4is determined based on (4.3.23):
biry = [FU@)P _) = [FWUpurny(N]?__, 4.3.32

The increment of displacement can be computed in the following manner:

. (i+1) . a; 3Ati+2
AUD = Uyyp, - Ut+At(l) = ﬁ

The iteration is stopped when the criteria specified in section (2.4.2.1) is satisfied.

4.3.33
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Table 4.3.1 INTERPOLATION OF EXCITATION 3-NON LINEAR SYSTEM

1 Initial calculations
1.1 Form mass matrix M, and damping matrix C

1.2U¢=M~1(Ry—CUy — F(Uy))

2 For each time step,
2.1 Initial calculations ay = U,,a, =U,, a; = U,
2.2 Ut+At(1)=a1 + azAt+ %a:;AtZ
7 @D
Ugine

. (1)
Upppr =0z

b= [F(Up(ir1) (T))](l)rzo

_1,0R
a,=M 1(A_tt - (Caztby))

23Uy n@=a; + ayAt+ 5 azAt + < a,At3

(2)=a2 + a3At + %a4At2

:az + asAt

Ut+At

Ut+At(2):a3 + a4At
2.4 Check convergence; If criteria are not satisfied, follow
steps 3.3 to 3.7; Else, skip these steps and go to step 4

3 For each iteration, i=2,3...

3.1b;,, = [F(Up(i+1) (T))](i)Fo
3.2 ai+3 = —M_l(cai+2 + bl+1)

i+1 . a; Ati+2
3.3 Ut+At(l+ ) = Ut+At(l) +ﬁ
. i+ . (D) ajp3Atitl
34Uipt =Upine ﬁ
.. G+ . (D aj3Att
35Usin = Utint %
) (i+1) i ir3AtH2
36 AU(’)= UHM i+ _ Ut+At(l) _ aj 3At

(i+2)!

3.7 Check convergence; If criteria are not satisfied, follow steps 3.1 to 3.6;
Else, skip these steps and stop iteration

3.8 replaceibyi+land repeat steps 3.1 to 3.6. denote final value Uy 4, UHM
and Uy pe
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5. Analysis and Results

The spectral radii, the amplitude decay and the period elongation of the Central

Difference, Houbolt, Newmark, Wilson-8, HHT-a, WBZ-a, Generalized-a and Bathe
Methods are determined and plotted with respect to %. The results are summarized in

the figures.

At
Evidently, the numerical dissipation of all algorithms tends to be lower, when ra

At
approaches to zero. However, when the ratio T increases, the various algorithms
show different characteristics. Fig 5.1 indicates that the central difference method is

At
conditionally stable. (In this case, it can be shown that the ratio ra should not be greater

1
than - ) In fig 5.2, it is observed that the Houbolt method is unconditionally stable but

it introduces greater amplitude decay and period elongation compared to the central
difference method as demonstrated in Fig 5.10, Fig 5.11, Fig 5.19 and Fig 5.20.

The Wilson algorithm (6=1) which is equivalent to the Newmark (y=1/2, B=1/6) becomes
At
unstable when the ratio T is greater than 0.55. Furthermore, the Wilson algorithm

shows unconditional stability when 0 is greater than 1.37. But, the amplitude decay and

the period elongation of Wilson method tend to increase with 6 (Fig 5.18 and Fig 5.27).

In fig 5.3, no amplitude decay is observed for Newmark (y=1/2, 3=1/4), HHT (y=1/2,
B=1/4,04=0), WBC(y=1/2, B=1/4,0m=0) and Generalized (y=1/2, p=1/4,04=1/2,0m=1/2).

Furthermore, the mentioned algorithm introduces the same period elongation.

Concerning the numerical dissipation of the Newmark, HHT, WBC and Generalized
methods, it is observed that the Generalized-o method possesses superior performance

because of the following reasons:
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= For the same pinf, the amplitude decay of the Generalized-a. method is small
compared to those of the other methods in all cases except when pinf is equal to
0.3. (It should ne noted that HHT method becomes conditionally stable when
pinf=0.3)

= For the same pinf, the period elongation of the Generalized-a. method is almost
similar to those of the other methods

= The lower modes can be accurately determined and the higher modes

dissipated.

Regarding the Bathe method, the amplitude decay is minimal (near to zero) when os is
equal to 0.01 and 1.01. The amplitude decay increases as o approaches to a value
approximately equal to 0.6 (Fig 5.16). The same increase is observed when os is
greater than 1.01 (Fig 5.17). However, according to Fig 5.25 and Fig 5.26, it should be
noted that the period elongation of Bathe (y=1/2, =1/4,0.01<as<1) is lesser than that of
Bathe (y=1/2, B=1/4,0s>1).

With regard to the effect of damping on the stability of a numerical method, the spectral
radii have been determined by taking into account the damping coefficient. Except for
the Houbolt method, the spectral radii of a numerical scheme have a tendency to
decrease when the damping coefficient increases. (Fig 5.28, 5.30, 5.31, 5.32)

But for Houbolt method, the spectral radii decrease as the damping coefficient

increases, provided that % is approximately less than 0.4. The reverse is true for the

condition in which % is approximately greater than 0.4. (Fig 5.29)
The original method based on interpolation of excitation (AK Chopra 2012) [5] and the
first proposed method (method based on interpolation of excitation-1) are the most

precise algorithm. They are unconditionally stable, don’t introduce amplitude decay and

period elongation due to the following reasons:

= The exact solutions are provided for the piecewise representation of the

excitation.
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= In section A.3.2, it is stated that the stability of an algorithm is studied by taking
into consideration the case of free vibration. In this situation, the solutions given
the algorithms are equivalent to the closed-form solution. Thus, instability,
amplitude decay and period elongation do not occur.

However, the methods based on interpolation of excitation are suitable for truncated
modal space. The unwanted (or spurious) frequencies are eliminated by modal

superposition method in which the important modal equations are solved precisely.

The behavior of the existing algorithms in nonlinear systems is not well known. Some
methods may be effective than other schemes in specific problems. However, if the
algorithms shows good properties in linear system, they are likely to be accurate and

stable in nonlinear problems.

The third proposed method (method based on interpolation of excitation-3) provides
an exact result if the excitation is accurately described. In this case, it is assumed that
the load varies linearly in the time step interval. In this method, the solutions are
obtained when the Taylor series of the displacement, the velocity and acceleration
vectors converges. Consequently, the method can be considered as an unconditionally
stable and accurate scheme for linear and nonlinear problems. Nonetheless, the major
drawback of this method is that it is difficult to calculate the derivative of the force

function for each iteration in the time step.
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6. lllustrative example solutions

6.1 Single degree of freedom system

Let us consider the following equilibrium equation:

204+8U =0
U@) =2
Uo)=0

The analytical solution of the above equation is:

U(t) = 2cos2t

w, =2
T _27[_
n—Wn—”

We determine the numerical solutions by using Bathe method, central difference
method, Generalized-o method, Houbolt method, Newmark method, Wilson method and
proposed method 1. We use the time steps (At = 0.3, 0.5, 1.2) and the choice of the time
step (4t = 1.2) is based on the fact that it should be greater than Atcr (for central

difference method).
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Analytical Solution

—%— Bathe(Y=1/2,5=1/4,a5=0.01)
Central difference

& Generalized(Y=1/2, 3=1/4,af=1/2,am=1/2)

Houbolt

—-©-—Newmark(Y=1/2,3=1/4)

Proposed Method 1

————— Wilson(©=1.37)

Figure 6.1.1 Displacement response of single degree of freedom system,At=0.3

Analytical Solution

—%— Bathe(Y=1/2,3=1/4,as=0.01)
Central difference

& Generalized(T=1/2,3=1/4,af=1/2,am=1/2)

Houbolt

—-©-— Newmark(Y=1/2,3=1/4)

Proposed Method 1

————— Wilson(©=1.37)

Figure 6.1.2 Displacement response of single degree of freedom system,At=0.5
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Analytical Solution

—%—— Bathe(Y=1/2,3=1/4,as=0.01)
Central difference
Generalized(Y=1/2,3=1/4,af=1/2,am=1/2)
Houbolt

—-©-—Newmark(Y=1/2,3=1/4)

Proposed Method 1

————— Wilson(©=1.37)

Figure 6.1.3 Displacement response of single degree of freedom system,At=1.2

As evidenced in the above figures, the methods exhibit different characteristics as the

time step increases.

Figs 34, 35 and 36 show that as expected, no amplitude decay is observed for the
Bathe method (y=1/2, p=1/4, as=0.01), Generalized-a method (y=1/2, B=1/4, af=1/2,
am=1/2) and Newmark method (y=1/2, p=1/4). Furthermore, as shown in Fig 34 and 35,
the central difference method introduces no amplitude decay. But the central difference
method gives meaningless results when the time step is equal to 1.2. As the chosen

time step is greater than4tcr, the central difference method becomes unstable. (Fig 36)

The Wilson method introduces less amplitude decay and period elongation than the
Houbolt method.

As expected, the results of proposed method 1 are identical to the exact solutions and

this shows that the method is efficient and accurate.
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6.2 Multi-degree of freedom system (Undamped)

Nk
N ° r2 TN
VWA | () [~ Uz
N
my
ks
Uy
my
Ky
Y ST

Figure 6.2 (a)

For the system shown in Figure 5.4, the mass and stiffness matrices are:

kl + kz _k2 ]

M [O m, and K —ky  ky+ k3

Where
m1 = 3,m2 = 1,k1 = 5,k2 = 2k3 = 4and T‘2:8

The equation of the multi-degree system can be written as follows:

[o Fo+1 Slv=1g)

7 — 3\ —2]

k—wim=["7% (T

where 1 = w?
det[k — w?m] =0

which has two solutions: A; = 2and A, = ?

50



If$,, =1then¢,, ==

and if¢,, = 1 then¢,, = -6

u© =[] andu(o) = ]|

=omma =l [ 312 -%
My =g "md, =11 —elfy ][] =20
P =" [g] = [t 3][g] =4

PO =¢,"[0] =11 —6l[3]=-

The modal equations are:

16
G1 +2q, = e

48
G4z + 2 Q2 P

The solutions of the modal equations are:

q1 = 1%(1 — cos/2t)

19
q; = _E(l_ os\/;t)

The displacement response can be expressed as follows:

48 /19
Ut1——(1—cosx/_t)—247(1—cos 3 t)

Ut2 = 1 V2t +288 1 19t
= ( cos V2t) 247( cos 3)
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For this multi-degree of freedom system, time steps (At = 0.3,0.5,1) are utilized. Bathe
method, central difference method, Generalized-a method, Houbolt method, Newmark,
Wilson method and proposed method 1 are employed to determine the numerical

solution of the problem.

15 T T T T T

ut1

Analytical Solution

—%— Bathe(Y=1/2,3=1/4,as=0.01)
Central difference
Generalized(Y=1/2,3=1/4,af=1/2,am=1/2)
Houbolt

—-©-— Newmark(Y=1/2,3=1/4)

————— Wilson(©=1.37)

Proposed Method 1

Figure 6.2.1 Displacement response of multi degree of freedom system Ut1,At=0.25
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ut1

Analytical Solution

—%— Bathe(Y=1/2,3=1/4,a5=0.01)
Central difference

O Generalized(Y=1/2,3=1/4,af=1/2,am=1/2)

Houbolt

—-©-— Newmark(T=1/2,5=1/4)

————— Wilson(©=1.37)

Proposed Method 1

Figure 6.2.2 Displacement response of multi degree of freedom system Ut2, At=0.25

Analytical Solution

—%— Bathe(Y=1/2,3=1/4,as=0.01)
Central difference

O Generalized(Y=1/2,3=1/4,0f=1/2,am=1/2)

Houbolt

—-©-— Newmark(Y=1/2,3=1/4)

————— Wilson(©=1.37)

Proposed Method 1

Figure 6.2.3 Displacement response of multi degree of freedom system Ut1,At=0.4
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Ut1

Analytical Solution

—%— Bathe(T=1/2,3=1/4,05=0.01)
Central difference

& Generalized(Y=1/2,3=1/4,af=1/2,am=1/2)

Houbolt

—-©-— Newmark(T=1/2,3=1/4)

***** Wilson(©=1.37)

Proposed Method 1

Figure 6.2.4 Displacement response of multi degree of freedom system Ut2,At=0.4

1.5

Analytical Solution

—%— Bathe(1=1/2,3=1/4,as=0.01)
Central difference

O Generalized(Y=1/2,3=1/4,af=1/2,am=1/2)

Houbolt

—-©-— Newmark(Y=1/2,3=1/4)

————— Wilson(©=1.37)

Proposed Method 1

Figure 6.2.5 Displacement response of multi degree of freedom system Ut1,At=0.9
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Analytical Solution

—%— Bathe(T=1/2,4=1/4,a5=0.01)
Central difference
Generalized(1=1/2,3=1/4,af=1/2,am=1/2)
Houbolt

—-0-—Newmark(Y=1/2,4=1/4)

fffff Wilson(©=1.37)

Proposed Method 1

Figure 6.2.6 Displacement response of multi degree of freedom system Ut2, At=0.9

According to Figs 37, 38, 39 and 40, the central difference method yields more accurate
result compared to other existing methods. But it gives erratic responses when the time

step exceeds a critical value Atcr.

If we consider the responses in all figs (37, 38, 39, 40, 41, 42), the amplitude error of
Bathe method (y=1/2, p=1/4, as=0.01), Generalized-a method (y=1/2, B=1/4, af=1/2,
am=1/2) and Newmark method (y=1/2, p=1/4) is lesser than that of Houbolt method and
Wilson method. The mentioned methods introduce results - which agree with the

analytical solutions — even though the time step is long.

As the time step increases, a significant damping is observed in Houbolt and Wilson

methods.

As stated in section 2.3, the analysis of stability and accuracy of single degree of
freedom system can shed light on the efficacy of the numerical methods in a multi-

degree of freedom system.
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The reason for the above idea is that if the same integration and the same time step is
used for each modal equation, the mode superposition analysis is equivalent to the
direct integration method.

Consequently, when studying the stability and accuracy of direct integration methods, it

suffices to consider the equilibrium equation of a single degree of freedom system.

Regarding proposed method 1, no amplitude decay and period elongation are

observed. This demonstrates that the method provides very accurate results.
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6.3 Multi-degree of freedom system (Non-classically

damped)

g
m,

k2
ah [ U4
my4

K T

c

Figure 6.3 (a)

For the system shown in Figure 5.11, the mass and stiffness matrices are:

_[m 0] _[c O :[k1+k2 —k;
M [0 C [0 0] and K=" "

Where
m;=3m,=2,c=0k;=6and k, =3

The equation of the multi-degree system can be written as follows:

[o 27+[5 olv+[Z v =[5l

3 0 6 0 79 =3
m_[o 2] C_[o 0 k_[—3 3]
The eigenvectors of the associated undamped system are:

¢1=[0'4f74] and ¢2=[—1.i574]

18 —6]

cm™tk = [0 0
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1. _[18 0
km™c = [6 0]

cm™ Yk # km™c

Thus, the system is non-classically damped.

For non-classically damped system, the eigenvalue problem to be solved is defined by

the following equation:
Aak+bk =0

where the matrices a and b defined in the following manner,

00 3 0
_[0 my_]10 0 O 2
a_[mc]_3060
02 00

The eigenvalue problem can be solved using Matlab function eig(b,-a):

A, A4 = —0.7590 + 1.4317i

Ay, Az = —0.2410 + 1.0414i

From these eigenvalues, w, and &£ can be determined in the following manner:
wy = |A4] = 1.6204

w, = |4, = 1.0689

_ _Re(ﬂq) _
& = -0 = 0.4684

_ Re(1;)
& = —"272 = 02255

The corresponding frequencies w,,D of the damped system are determined as follows:
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wyD = Im(4,) = 1.4317
w,D = Im(4,) = 1.0414

Solutions of the eigenvalue problem also provide the 4x1 eigenvectors, but only the

third and fourth components are relevant and shown below:

w, = {0.0176 —1 1.44881’}

p, = {0.3158 —10.33461'}

To verify that the eigenvectors ¥, are orthogonal, we compute the following terms:

0.0176 — 1.4488i}T [3 0] {0.3158 — 0.3346i
0 2

v, "m¥, = { ) )

} =0.5621-1.3901]

vk, = {

0.0176 — 1.4488i}T [_93 —33] {0-3158 - 0-3346i} =-2.3136+1.1800i

1 1

0.0176 — 1.4488i}T 6 0] {0.3158 — 0.3346i
0 O

ey, = { ) )

} =-2.8758-2.7803i

(A + AP m¥, + 9, c¥, = (=1 + 2.4731i)(0.5621 — 1.3901i ) + (—2.8758 — 2.7803i)
=0

v, TkW, — L, A, W, " m¥, = (—=2.3136 + 1.1800i ) — (—0.7590 + 1.4317i)(—0.2410 +
1.04141)(0.5621 — 1.3901i )=0

The initial displacement and velocity vectors are:
_10.2 ... _ [0
u(0) = [0'5] and a(0) = [O]

¥ Tmu(0)+¥, T eu(0)+¥; Tma(o
B, = — ( )T 1_cu( )T 1 m00) _ 398 + 0.02221
Zﬂlqjl m‘l’1+l1’1 Clpl

AW, mu(0)+¥, cu(0)+¥, mu(0)

B
2 2&2‘1”2qu12+(}]271qu2

= 0.2898 — 0.0685i
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0.0628 }

Py = Re(2B,¥1) = {—0.0796

0.1372
By = Re(@B2%2) = {5 70¢}

0.1162
7= @) = {{ 40)

—0.2372
= Im@B2¥2) = {21371

The free vibration response is expressed in the following manner:

u(t) =

_o7socf 0.0628 _ (01162 . “osaie (01372

e [{_0_0796}cos1.4317t {0_0443}sm1.4317t]+e [{0_5796}(;05 1.0414¢ +
0.2372) ..

{0 1371 ) sin1.0414¢]

The displacement responses (Utl and ut2) are determined using Bathe method, central
difference method, Generalized-o. method, Houbolt method, Newmark method, Wilson
method and proposed method 1 for time steps (At = 0.3, 0.5, 1.5). Afterward, a

comparison is made between the analytical and numerical solutions.
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0.2 1 1 | | | | | 1

Analytical Solution

—*— Bathe(Y=1/2,5=1/4,as=0.01)
Central difference

& Generalized(Y=1/2,3=1/4,af=1/2,am=1/2)

Houbolt

—-©-— Newmark(Y=1/2,3=1/4)

————— Wilson(©=1.37)

Proposed Method 1

Figure 6.3.1 Displacement response of multi degree of freedom system (NCD) Ut1,At=0.3

ut2

Analytical Solution

—%— Bathe(Y=1/2,3=1/4,a5=0.01)
Central difference

O Generalized(Y=1/2,=1/4,af=1/2,am=1/2)

Houbolt

—-©-—Newmark(Y=1/2, 3=1/4)

————— Wilson(©=1.37)

Proposed Method 1

Figure 6.3.2 Displacement response of multi degree of freedom system Ut2 (NCD),At=0.3
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02 | | | | | | | |

Analytical Solution

—%— Bathe(T=1/2,3=1/4,25=0.01)
Central difference

O Generalized(Y=1/2,=1/4,af=1/2,am=1/2)

Houbolt

—-©-— Newmark(T=1/2,4=1/4)

————— Wilson(©=1.37)

Proposed Method 1

Figure 6.3.3 Displacement response of multi degree of freedom system (NCD) Ut1,At=0.5

Analytical Solution

—%— Bathe(1=1/2,3=1/4,a5=0.01)
Central difference

O Generalized(Y=1/2,3=1/4,0f=1/2,am=1/2)

Houbolt

—-©-—Newmark(T=1/2,3=1/4)

————— Wilson(0=1.37)

Proposed Method 1

Figure 6.3.4 Displacement response of multi degree of freedom system Ut2 (NCD),At=0.5

62



Analytical Solution

—%— Bathe(Y=1/2,3=1/4,as=0.01)
Central difference

& Generalized(Y=1/2,3=1/4,af=1/2,am=1/2)

Houbolt

—-©-—Newmark(1=1/2,3=1/4)

***** Wilson(©=1.37)

Proposed Method 1

Figure 6.3.5 Displacement response of multi degree of freedom system (NCD) Ut1,At=1.5

ut2

04+ 4

Analytical Solution

—%— Bathe(T=1/2,3=1/4,as=0.01)
Central difference

O Generalized(Y=1/2,3=1/4,0f=1/2,am=1/2)

Houbolt

—-©-—Newmark(Y=1/2,3=1/4)

————— Wilson(©=1.37)

Proposed Method 1

Figure 6.3.6 Displacement response of multi degree of freedom system Ut2 (NCD),At=1.5
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For time steps (4t = 0.3, 0.5), all numerical methods give solutions that agree with the
analytical responses. But a slight period elongation is observed in the responses of
Houbolt method.

However, for time step (4t = 1.5), the results obtained from Bathe method, Generalized-
o method and Newmark method are found to be more accurate than other existing
methods. Houbolt method introduces significant numerical damping and period

elongation.

Furthermore, the results determined using the central difference method increase
without bound as the time step increases. By trial and error, it is determined that the
central difference method becomes unstable when the time step is greater than 1.01
which differs from the critical time step (4t = T /m). We can conclude that the stability
and accuracy analysis of a single degree of freedom system doesn’t predict exactly the
behavior of a numerical method in a non-classically damped system. But, most of the
numerical methods exhibit the characteristics predicted in the analysis of the stability

and accuracy of the algorithms.

With regard to proposed method 1, the results given by the method are similar to the
exact solutions. It should be noted that the method based on interpolation of excitation
(piece-wise exact method) is not suitable for non-classically damped systems.
Alternatively, proposed method 1 can be considered as an extension of the method
based on interpolation of excitation which can be used for non-classically damped

systems.
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6.4 Clamped-free bar

= XU

—

Figure 6.4 (a) Clamped-free bar excited by an end load

For the finite element system of the clamped-free bar shown in Figure 6.4 (a), the mass

and stiffness matrices are:

2 0 (2 -1 0
2 -1 2 -1
_ pAl _EA -1
M= 5 ,and K = ] _1 )
2 -1 2 -1
L0 1- L0 -1 1

where the bar is divided into N finite elements and [ is equal to %

The material and geometrical properties are presented as follows:

E = 4x107,p = 0.0008,A = 1,and L = 400
The load applied at the end of the bar amounts to 50,000 and the value of N selected

for the analysis of the finite element system is 100.
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The exact solutions of the continuous system of the clamped-free bar are determined
based on the procedure described in Mechanical Vibrations (Michel Geradin and

Daniel J. Rixen).

The displacement and velocity responses (at x=200) are calculated by using the

following methods with a time step (At=0.001):

= Proposed Method 1 (The first 49 modes are taken into account to get rid of the
spurious modes)

= Central difference method

= Newmark method (pinf=1, 0.7, 0.5, 0.3, 0)

= HHT-a method (pinf=0.7, 0.5, 0.3, 0)

= WBZ-a Method (pinf=0.7, 0.5, 0.3, 0)

= Generalized-a method (pinf=0.7, 0.5, 0.3, 0)

= Standard Bath method

= Houbolt method

The results in Fig 6.4.1 show that the central difference method gives unreliable
solutions. This phenomenon is associated to the fact that the selected time step is

greater than the critical time step.

The displacement responses of all methods -except Newmark (pinf=0.3, 0) method,
central difference method and HHT-a (pinf=0) method - are accurate. (See Fig 6.4.1-
10).

However, the velocity responses of most methods — except the proposed method 1 and

Newmark (pinf=0.7) — include noticeable unwanted frequencies. A decay is observed in

the velocity responses of Newmark method (pinf=0, 0.3, 0.5). This shows that Newmark
method (pinf=0, 0.3, 0.5) affects the important modes. (See Figs 6.4.6, 6.4.8, 6.4.10)

Proposed method 1 and Newmark (pinf=0.7) provide accurate velocity responses

compared to other methods.
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Ut

0.06

0.04

0.02

ut1

0 0.005 0.01 0.015

Analytical Solution
Proposed method 1
Newmark(Y=1/2,3=1/4)
— — — Central difference
Figure 6.4.1 Displacement response of clamped-free bar - Analytical Solution

Proposed method 1,Newmark,Central difference

0 0.005 0.01 0.015

Analytical Solution
Proposed method 1
Newmark(Y=1/2,3=1/4)
— — — Central difference

Figure 6.4.2 Velocity response of clamped-free bar - Analytical Solution
Proposed method 1,Newmark,Central difference
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Ut

ut1

T T

. /*X /‘\ |
/ W |

0 0.005 0.01 0.015

Analytic

Newmark(Y=23/34,3=100/289)
HHT(Y=23/34,3=100/289,af=3/17)

— — —WBZ(T=23/34,3=100/289,am=-3/17)
Generalized(1=23/34,3=100/289,af=7/17,am=4/17)

Figure 6.4.3 Displacement response of clamped-free bar -Analytic,N-M,HHT-M
WBZ-M and G-M, pinf=0.7

50 u |

0 0.005 0.01 0.015

Analytic

Newmark(Y=23/34,3=100/289)
HHT(Y=23/34,3=100/289,af=3/17)

— — —WBZ(Y=23/34,3=100/289,am=-3/17)
Generalized(1=23/34,3=100/289,af=7/17,am=4/17)

Figure 6.4.4 Velocity response of clamped-free bar -Analytic,N-M,HHT-M
WBZ-M and G-M, pinf=0.7
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ut1

0.06

0.04

0.02

50

0.005 0.01

Analytic

Newmark(Y =5/6, 3=4/9)

HHT(Y=5/6, 3=4/9,af=1/3)

— — —WBZ(Y=5/6,3=4/9,am=-1/3)
Generalized(Y=5/6, 3=4/9,af=1/3,am=0)

Figure 6.4.5 Displacement response of clamped-free bar -Analytic,N-M,HHT-M
WBZ-M and G-M,pinf=0.5
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0.005 0.01 0.015
t
Analytic

Newmark(Y=5/6, 3=4/9)
HHT(Y=5/6,3=4/9,af=1/3)

— — —WBZ(TY=5/6,3=4/9,am=-1/3)
Generalized(Y=5/6, 3=4/9, af=1/3,am=0)

Figure 6.4.6 Velocity response of clamped-free bar -Analytic,N-M,HHT-M

WBZ-M and G-M, pinf=0.5
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ut1

0.06 .

0.04
0.02
0
| 1
0 0.005 0.01 0.015
t
Analytic

Newmark(T=27/26,3=100/169)
HHT(T=27/26,3=100/169,af=7/13)

— — —WBZ(T=27/26,3=100/169,am=-7/13)
Generalized(T=27/26,3=100/169,af=3/13,am=-4/13)

Figure 6.4.7 Displacement response of clamped-free bar -Analytic,N-M,HHT-M
WBZ-M and G-M,pinf=0.3

50 u T

0 0.005 0.01 0.015

Analytic

Newmark(Y=27/26,3=100/169)
HHT(Y=27/26,3=100/169,af=7/13)

— — —WBZ(Y=27/26,3=100/169,am=-7/13)
Generalized(Y=27/26,3=100/169,af=3/13,am=-4/13)

Figure 6.4.8 Velocity response of clamped-free bar -Analytic,N-M,HHT-M
WBZ-M and G-M, pinf=0.3
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Figure 6.4.9 Displacement response of clamped-free bar -Analytic,N-M,HHT-M

Analytic

Newmark(Y=3/2,3=1)
HHT(Y=3/2,3=1,af=1)
WBZ(TY=3/2,3=1,am=-1)
Generalized(Y=3/2,3=1,af=0,am=-1)
— — — Bathe(Y=1/2,3=1/4,as=0.5)

Houbolt

WBZ-M and G-M,pinf=0 with Standard Bathe and Houbolt

Analytic

Newmark(Y1=3/2,3=1)
HHT(Y=3/2,3=1,af=1)
WBZ(Y=3/2,5=1,am=-1)
Generalized(T=3/2,3=1,af=0,am=-1)
— — — Bathe(Y=1/2,8=1/4,as=0.5)

Houbolt

0.015

Figure 6.4.10 Velocity response of clamped-free bar -Analytic,N-M,HHT-M
WBZ-M and G-M,pinf=0 with Standard Bathe and Houbolt
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6.5 Two-story-building system (dissipation of

unwanted frequencies)

Y ~ Uy
m;
Ko
/ \ ~— Uy
m,
Ky
ST ST

Figure 6.5 (a)

This system is established in such a way that it describes the dynamic behavior of a
typical large system. The first mode represents the modes that are important and must
be accurately determined. The second mode represents the spurious frequencies that

must be dissipated.

For the system shown in Figure 6.5 (a), the mass and stiffness matrices are:

_|m 0
M=

],andK: k1+k2 _kz]
my

—k; k,
where
my = 25 X 103kg, m, = 25,000 kg, k; = 25 X 10° and k, = 25 x 10°

The equation of the multi-degree system can be written as follows:

25 x 103 [(1) (1)] 0 + 25 x 106 | 1001 _1000] U= [g]

—1000 1000
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The initial conditions of the system are defined as follows:

_JT0 ~ _ [0
A time step of 0.01s is used when evaluating the response of the system.

For this two-story building system, Bathe method (standard), central difference method,
Generalized-a method (pinf=0.7), Houbolt method, Newmark method (pinf=1, 0.9),
Wilson method and proposed method 1 are utilized to determine the response of the

system.

According to Fig 6.5.1, the response determined based on Bathe method (standard)
yields accurate response.

The central difference method provides an erroneous result due to the fact that the

selected time step exceeds the critical limit Atcr. (Fig 6.5.2)

Generalized-a method (pinf=0.7) and Newmark method (pinf=0.9) gives acceptable

results compared to Houbolt and Wilson methods. (Figs 6.5.3 and 6.5.6)

Even though the higher mode is filtered out in the result of Houbolt method, amplitude
decay is observed in the lower mode. In this case, the most important mode is not
accurately determined. (Fig 6.5.4)

As expected, the higher mode is not removed in the response of Newmark method

(pinf=1) which is a non-dissipative algorithm. (Fig 6.5.5)

In the Wilson method, an overestimation of the displacement response is observed in
the first few steps. This property is described as the tendency to overshoot significantly
the exact solutions. (Collocation, Dissipation and ‘Overshoot’ for time integration

schemes in structural dynamics; Hans M. Hilber and Thomas J. R. Hughes)

73



ut1

ut1

0.25 T T T T T

0.1 | B

0.05 |- =

-0.05 - !

-0.15 -

0.2 L L 1 1 L 1 1 L
(0] 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8

t
Figure 6.5.1 Two-story-building system, Bathe Method(Y=1/2,8=1/4,as=0.5)
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Figure 6.5.2 Two-story-building system, Central Difference Method
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t
Figure 6.5.3 Two-story-building system, Generalized-alpha Method(Y=1/2,3=1/4,af=1/2,am=1/2)
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Figure 6.5.4 Two-story-building system, Houbolt Method
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Figure 6.5.5 Two-story-building system, Newmark Method(1=1/2,4=1/4)
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Figure 6.5.6 Two-story-building system, Newmark Method(Y=21/38,3=100/361)
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Figure 6.5.7 Two-story-building system, Wilson Method(6=1.37)
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6.6 Non-linear spring system

X0

Figure 6.6 (a) Non-linear spring
For the system shown in Figure 6.6 (a), the mass and stiffness matrices are:
mU +F(U) =R

where

+U
}’ol ’lo=\/x02+3’02:l=\/X02+(3’0+U)2:

k:100,x0:3, y0:4
The numerical solutions are determined by using central difference method, Newmark
method, Proposed Method 2 and Proposed Method 3. The time steps (4t = 0.1, 0.3, 0.5)

F(U) = 2k(l—1,)

are used for the calculation of the displacement response.

The central difference method (with a time step equal to 0.001s) is used in order to find

the highly precise solution which can serve as a reference.

According to Fig 6.6.1, all methods yield accurate result when the time step is equal to

0.1s. As shown in Figs 6.6.2 and 6.6.3, the central difference method and Newmark
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method introduce significant period elongation. However, no significant amplitude is
observed in the responses of the Newmark method in spite of the increase of the time
step. Conversely, the central difference method becomes unstable when the time step
is increased to 0.5s.

As shown in all figures, Proposed Method 2 provides accurate results compared to the
central difference method and Newmark method.

As expected, the results determined based on Proposed Method 3 are almost identical
to the highly precise solution of the differential equation. But, the determination of the
response (by using Proposed method 3) is found to be costly because it is difficult to

determine the derivatives of the force function in each time step.

Reference

Central difference
Newmark(Y=1/2,3=1/4)
Proposed method 2
Proposed method 3

Figure 6.6.1 Displacement response of Non-linear spring -Reference,CD-M,N-M,PM2,PM3- time step (0.1s)
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0.5

Reference
Central difference
Newmark(Y=1/2,3=1/4)
Proposed method 2
Proposed method 3

Figure 6.6.2 Displacement response of Non-linear spring -Reference,CD-M,N-M,PM2,PM3- time step (0.3s)

0.5

-1.5

-2

Reference
Central difference

Newmark(Y=1/2,3=1/4)
Proposed method 2
Proposed method 3

Figure 6.6.3 Displacement response of Non-linear spring -Reference,CD-M,N-M,PM2,PM3- time step (0.5s)
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6.7 Five-story shear building (Non-linear)
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Figure 6.7 (b)
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The five-story shear building shown in Figure 6.7 (a) is subjected to an earthquake load

with a ground acceleration ii,(t) expressed by the following formula:
ity (t) = iig, sin 2mt

where

iigo = 200cm/s?

The damping matrix is derived by assuming that the damping ratio & is 5% for all

modes.

[0.8314 —0.2383 —0.0408 —0.0165 —0.0105]
0.7905 —0.2548 -0.0514 —0.0270]

|
c=| 07800 —0.2653 —0.0678|
|l(sym) 0.7635 —0.3062J|
0.5252

The mass matrix is defined as follows:

cocooco 3
coco3 o
S —

0
0
0
m
0

oo 3 oo
S ocoococo

Where
m = 0.3 KNsec?/cm
The story shear-drift is the same for all stories and bilinear (as shown in Figure 6.7 (b))

with:

k =125KN/cm
a = 0.05
V, = 150KN
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The central difference method, Newmark method and Proposed Method 2 are employed

to determine the displacement of the fifth floor.

The central difference method (with a time step equal to 0.001s) is utilized to obtain the

highly precise solution which can be considered as a reference.

Fig 6.7.1 shows that all methods provide results which agree with the highly precise
solution when the time step is equal to 0.05s. Particularly, the result of Proposed
Method 2 is similar to the correct solution.

In Fig 6.7.2, Proposed Method 2 remains accurate while deviations are observed in the

solutions of the central difference method and Newmark method.

While the time step is equal to 0.2s, all methods become unstable. However, the
solution provided by Proposed Method 2 is found to be more accurate than those

resulting from the other methods.

Reference

Central difference
Newmark(Y=1/2,3=1/4)
Proposed method 2

Figure 6.7.1 Displacement response (5) of five story shear building
Reference,CD-M,N-M,PM2- time step (0.05s)
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Reference

Central difference
Newmark(Y=1/2,3=1/4)
Proposed method 2

Figure 6.7.2 Displacement response (5) of five story shear building
Reference,CD-M,N-M,PM2- time step (0.1s)

0.8 1 1.2 1.4
t
Reference

Central difference
Newmark(Y=1/2,3=1/4)
Proposed method 2

Figure 6.7.3 Displacement response (5) of five story shear building
Reference,CD-M,N-M,PM2- time step (0.2s)
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7. Conclusion

According to our analysis, we can conclude that:

In truncated modal space (where modal superposition is used and unwanted
frequencies are removed), Newmark method (y=1/2, =1/4), the method based
on interpolation of excitation and Proposed Method 1 can be recommended for
the determination of the response. Newmark method (y=1/2, B=1/4) is
unconditionally stable and doesn’t introduce numerical damping. The method
based on interpolation of excitation and Proposed Method 1 are highly accurate
methods that don’t result in periodicity error. However, Proposed Method 1
demonstrates superior performance because it is suitable for non-classical
damping system.

Among the algorithms having numerical dissipation (where direct integration
method is used), Generalized-o method and Bathe method are efficient in
accurately integrating the lower modes and filtering out higher modes (which are
usually the artifacts of the finite element meshing). They seem to have superior
spectral performance compared to HHT-a and WBZ-a methods. The Houbolt
method is found to affect the lower modes even though it is effective in removing
the higher modes.

In the analysis of non-linear system, Proposed Method 2 provides results that are
more accurate than those determined by Newmark method (y=1/2, p=1/4) and
Central difference method.

Proposed Method 3 can be considered as an unconditionally stable algorithm for
non-linear system. However, the determination of the derivatives in each time
step is a tedious task. Further researches are required to make the algorithm

practical and efficient.
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