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PREFACE

This is a report of two semesters work , which is divided into

two parts.

Partl, which is the prelimenary part, deals with convex
sets, convex functions and so on. Here, we give basic definitions
and facts that are important for the development of the

subsequent section.

Part 11, in this part we formulate relations of duality
and prove equivalence theorems with respect to saddle-point ,
duality and minimax theorems. Here what intersts us most is what

we call a Lagrangian-form and its corresponding dual problems.
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PRELIMENARIES



1.1. Convex Sets .

Def.1.1.1: Aset C € R" is convex, if for any two elements

u,v € C and any real number A,0=A=1 we have ,

Xx=2du+ (1A)vecC.

r
An element X = ):}’\ix’l is a convex combination of vectors

i=1

,X € R" if the real numbers kl. s ,Rr are
r
non-negative and } A = 1.
i=1

n

Theorem 1.1.1: Let C £ R be a convex set. Every convex

combinition of vectors of C is an element of C.

Proof:For r = 1 the assertion of the theorem is trivial.

Assume that the theorem is true for r-1 where r > 1. Now

consider the vectors XX o v - , X € C, and the non-
'
r
negative numbers Al,kz, . . . ,A, where ):Jli= 1.
r
i=1
r-1

r
I ¥ A,=0,then x = LAx=x €C.
=1 i=1

g |
If A =7 A, # 0,then we have
i=1
r r A
X = Axi=>t):—xixi+?lrxr
i=1 fi=]
r-1 A
clearly Yy 1=1, thus by induction assumption
t=1 A
S ril_hi X, e C
= L X



r
Moreover ¥ Ai= 1 implies 0 < A =1 and A = 1-A.
r
§=1

Thus, by definition x = Ax + A x € C .
rrr
1.2 Convex and concave functions.

Def.1.2.1: Let C € R" be a convex set, we call a function f
defined on C a convex function ,if for any element X,y in
Cand 0 = A = 1,we have

f(Ax + (17A)y) = Af(x)+(1A)f(y).

If f is a convex function we call -f a concave function. Thus

f is concave if -f is convex.

Fact:Let f be a convex function defined on a convex set C € R"

If xo is an interior point of C,then f is continous at %0

Note: A convex function need not necessarily be continuous on
the boundary.For example consider the function,

2 for x =0

f{X)=4 1 for x € (0,1]

f is convex on [0,1] but not continuous at O.



1.3 Frechet Differentiablity .

Let f be a real valued function defined on C € R". If X, is an
interior point of C then for a suitable radius p > 0 the sphere
n
Sp(xo) = { x€ R :“x-xou TP
is completely contained in C.If t e R" is a vector such that

[t]| < p,then obviously the point x = x +t belongs to Sp(xoL
L+]

Def.1.3.1 : A linear mapping 1 from R" into R is called a

Frechet differential of the function f at xO in the
direction of t,if there exist a function a(xo.t] such that,

f(x0+t) = f(xo) + 1(t) + a(xo.t}

with, uulﬂo la (x,t)]
SR Ed,

Note: The F-differential dependes on the point xo.lf f possesses

at a point xo a Frechet differential,we say that f is Frechet

differentiable.

Notation: We use the notation (df]x for the Frechet differential
0

Some facts:

1.The Frechet differential, at a point is uniquely defined.

2.1f a function f is F-differentiable at a point Xy then f

is continuous at xo.



3.1f f possesses, at an interior point x € C (C ¢ ®"), first
continuous partial derivative, then the F-differential of
f at X, exists and we have,
(df‘}x = gradf(xo].

0

Next we state and proof two theorems which will be usetul

later.

Theorem 1.3.1: If X, is an interior point of the set
R™={xe R:x20)
and if the differentiable function f possesses a local
maximum at xo,then we have

{df)x0= gradf{xo) =0

<[df]xO,x0> = {grad f(xo),xol = 0.

Proof: Let f be F-differentiable, and X, an interior point of
R™.Because f has at xoe R™ a local maximum there exists
an £ >0 such that for any x € R™ n Ss(xo) we have

0= f(x)—f[xo} = f{x0+x—x0J- f(xol = {df)”o+ a(xo,x-xo)

If we choose a real number 7 with o < < £ then all points

X = x0+ ne, belongs to R" A Se[xo) and we get by substitution,

0 = f(x0+nel)— f[xo) ={df)x°(el]+ a(xo,nel)

n n

on taking the limit as n —> O,

0= D!f(xOJ - (df}xotei}



this inequality for i= 1,2,...,n leads to
grad f(xo} < 0.

This proves the first part.

To prove the second part consider the scalar product

n
of 0 0
{grad f'(xo},xo) =X « 3= (xo) .xo-(ai.- o5 ‘a:n)
1=1 i
For xo e R™ we have a? =20, i= 1,...,n, thus only those

strictly positive components of x, are of interest here.

If a: were strictly positive,then there exists m > o such

that, X = xo— nek =0

Furthermore if 5 = £ ,we have ,

L}

0= f(xo—nekl- f'(xo} (df'Jx (-nek} . a(xo.-nek)

0

. f(xu-nek} - f{xo) —{df)xotek) + a(xo.-nek)
n n

from this inequality we get putting g =-7,

f(xo+ﬁeu)—f(xo} = —(deXO(ek) + a{xo.BekJ

s B 8

Thus as B —> 0 we get,
o=z —Dkf{xo) = —(df)xo[ek}

= D f(x)) = (df}xu(ek) z 0.

Because in general we have grad f(xol = 0 which implies

Dkf[xo} < 0 for all k ,it follows that

0
Dkf(xo) 0 ,in case « > 0

This proves the theorem.



Theorem 1.3.2:let f be a convex function defined on a convex
set C of which X, is an interior point.If f is Frechet

differentiable at xo.then the inequality

f(x)-f{xol = (df)xo(x—on= {grad f{xol,x—xo)

holds for all x € C.
Proof:let x € C be a point and s be a vector .Let t > O be such

that x+ts € C

f(x+ts)-f(x)

t s ; is increasing.

Then g(s) =

Now let s be any vector with |s| > O and x+ts € C.

If f is F-differentiable at an interior point xo,then

f‘{x0+ s)-f[xo)
s

Loy @ a[xo,s} '

= (df) (g LRSS
*o sl

In this equation,we calculate the limits in such a way that we
do not change the direction of the vector s,but the length

of stends to 0.The vector is constant,namely the unit

s
isl

vector in the direction of s.Thus we get

lim f(x +s) - f(xol

lIsll— 0 s

= s
= (df) G5y
0

From this follows, because of the monotonocity of the
difference quotient,

f(x0+s]-f(x0) > (df) (-5)
s x0 sl

5 8
e f(xo+s)-f[xo] z (dflxo{“S"}.

10



If we put x = X, *+ s we get the assertion of the theorem.

For the case x = xo the assertion is trivial.

11



PART |l

THEORY OF DUALITY.-
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2.1.Basic Notions.

Generally speaking the basic idea of duality theory consists in
considering a given minimum problem

inf f(x) = « (P)
X € A

together with a maximum problem

sup gly) = B (D)
y €B

where,B = «.Then we will try to establish relationships between

(P) and (D).

For example,the study of duality in linear programming sharpens
our understanding of the simplex procedure and motivates
certain alternative metods. Indeed the simultaneous consideration
of a problem from both the primal and the dual point of views
often provides significant computational advantages as well as

economic insightes.

2.2.Fundemental theorems.

In view of constructing a general theory of duality of
mathematical programming,we conisider what we call a Lagrangian-
form which produces two corrsponding dual problems. Then we will
attempt to find relations between the Lagrangian form and the
dual pair of problems.Such relations are expressed in the form

of duality theorems, saddle-point theorems or minimax theorems.

13



Here we will confine our attention to finite dimensional
Euclidean spaces. And the situtation will be such that we
always assume the existence of solutions of one of the three
theorems; and we try to find a possible equivalence to one

another.

Now let p and v be real valued functions defined on M € R"

and N € R" respectively. If for any (x,y) € M X N we have,
ix) = viy)
then the supremum of p and the infimum of v exists and

sup p(x) = inf v(y)
X €M y €N

In the theory of mathematical programming, the following results

are of high theoritical value.

(Al) Under certain necessary and suifficeny conditions we have,

sup p(x) = inf v(y)
xeM y € N

A statement of type {Al) is called duality theorem.

(A2] Let ¥ be a real valued function defined on K x L € R" x R".
Then under certain necessary and sufficent conditions we
have,

sup inf ¥(x,y) = inf sup ¥(x,y).
xe K ye L ye L xe K

A statement of type {Az)ls called a minimax theorem.

14



{AG) Under certain conditions a pair of vectors (xo.yo}e K % L
exists such that for any (x,y) € K X L we have,
W(x.yol = W(xo.yo) = W(xo.y).

A statement of type (Ag}is called saddle-point theorem.

The main purpose of the theory of duality in mathematical
programing is to make inquiries about a corresponding pair

of optimization problems, namely the primal problem to find,

W = sup u(x) (P)
xeM

and the dual problem to find,

W o= inf v(y), (D)
y €N

and to discover relations between the corresponding duality,

minimax and saddle point theorems.

Suppose for the problems (P) and (D), there exist a pair

(xo,yo) € M x N such that,

sup u(x) = max p(x) = u{xo).
Xx €M XxeM
inf v(y) = min v(y) = v[yGL

y € N y € N
Then we say that the problems (P) and (D) are realizable with
respect to M and N respectively.In this case we call x° and yp
optimal solutions.To recognize this idea we add to the problems

(Ailto (A3] the following problem.

15



(A‘J Find necessary and sufficient conditions such that problems

(P) and (D) are realizable. Assertations in this direction are

called realization theorems.

2 3 Relation between Saddle Point and

Minimax Theorem.

Def 2.3. 1:Let K < R" and L € R" and ¥ be a real valued function
defined on K X L. A point (x°,y°)is said to be a saddle point of
¥ with respect to K x L iff for all(x,y) € K x L the following

holds:

W(x.yoi = W(xo.yoi < u(x%y).

In this section we confine to the problem of finding
relations between duality theorem [Ai}.minimax theorem (Aa) and
saddle point theorem (As}.To do so we proceed as follows.Let v

be a real valued function defined on KxLSR x R". Ther. we

define:

u(x) = inf ¥(x,y),
y€eL

v(y) = sup ¥(x,y).
x € K

let M X NS K xL be the domain of definition of the

functions p and v.This means M contains all points x in K for

16



which the infimum exists (i.e.the infimum is finite ); and N
contains those points y € L for which the supreimum is finite, The
sets M and N can be empty or we may have the case M = K and

N = L.Then for any (x,y)Je M X L we have,

pix) = inf ¥(x,y) = ¥ix,y),
y €L

and for any (x,y) € K X N

v(y) = sup ¥(x,y) = ¥(x,y).
X € K

Thus it follows that for any (x,y) e M XL nKxN=MxN

mix) = ¥(x,y) s viy).
Consequently, there exists a supremum for p over M and an infimum
for v over N .Thus we are able to formulate a primal problem (P)

for the function p and a dual problem (D) for the function v,

namely :
Find « = inf v(y) , and (D)
N
Find B = sup p(x) (P)
M

If this two problems are realizable i.e.if there exists a pair
{xo.yole M % N such that

sup p(x) = max p(x) = uIXOL
x €M x €M

inf v(y) = min v(y) =p(y"),
Yy €N y €N

17



and if ,

inf ¥(x,y) = min ¥(x,y),
ye L y € L

sup ¥(x,y) = max Yix,y),
x € K x € K

then the( theorem of duality),

u(xo) = max p(x) = min v(y) = v(yo}
x € M y € N

is obviously equivalent to (the minimax theorem):

max min ¥(x,y) = min max ¥(x,y).
xe M ye L ye N xe€ K

Also we find the following connection between minimax theorem

and saddle point theorem

Theorem 2.3.1:1f there exist a minimax point {xo,yo} e K X L
such that

w(xp,yo) = max min ¥(x,y) =min max Yix,y),
xe K ye L ye L x€ K

then (xo.yo} is a saddle point of ¥ with respect to K X L.

Proof:Let (xo.yol e K x L be a minimax point such that

W[xo.yo) = max min ¥(x,y) = min max v(x,y)
xe K ye L ye L xe€ K

= max W{x.yo) = w{xo,yo} = min W(xo.y)
x €K y € L

consequently, for any (x,y) € K X L,we have
¥(x,y°) = ¥, y°) = w(x°,y).

Hence the theorem is proved.

18



Remark: We cannot conclude the existence of a minimax point,as we
have done in Theorem 2.3.1, from the existence of saddle point.
This is because

min ¥(x,y) may not exist for all x e K, or
y €L

max ¥(x,y) may not exist for all y € L.
x € K

We will demonstrate this idea with example.
Example 1.Let ¥:R x R'~ R, be given by
V(x,y) = X-Xy.
since, W¥(x,1) s ¥(0,1) s ¥(0,y), V (x,y) € R xR
the point (0,1) is a saddle point of V.
But,

min+¢(x,y] = min+x{1-y1 does not exist V x € R\{0}.
y €R ye R

Let now M € K be the domain of definition for

p(x) = min ¥(x,y),
y € L

and N € L be the domain of definition for

v(y) = max ¥(x,y).
x € K

Then under the above assumptions we have the following theorem

Theorem 2.3.2: If ¥(x,y) possesses a saddle-point {xo,yo} with
respect to K X L , then for ¥(x,y) it holds:

W(xo.yoi = max min ¥(x,y) = min max ¥(x,y).
xe M ye L ye N x€ K

19



Proof: (xo.yol is a saddle point of ¥ with respect to K x L
implies W(x.yo) = @(xo.yol < w(xo,y). ¥V (x%,y) e K XL

- v{yo} = max W{x.ynl = W{xo.yol = min Q{xo.y) = u{xol
xekK yel

» xo € M and yoe N.
Hence M and N are non empty.

Furthermore,since p(x) = min ¥(x,y) and
Rt i

viy) = max ¥(x,y)
x € K

we have that pu(x) = v(y) , V (x,y) € M x N ,and thus
mix) =v(y) vYxeM

=» ulx) = u(xo) VxeM;

and v{yo} = p{xo) =pvly) VyeN
= v{yo} =v(ly) , VyeN.
From this it follows that ,

max p(x) = u{xol = v(yol = min v(y)
X €M y €N

= max min ¥(x,y) = min max ¥(x,y) = W{xo.yo).
x€ M ye L ye N xe K

This proves the theorem.

Remark: From Theorem 2.3.2, it also follows immediately that the
existence of a saddle point of ¥ implies that there exist
exist functions p and v with,

p(x) = min ¥(x,y),
y € L

v(y) = max ¥(x,y)
x € K

20



and the domains of definition M and N of p and v are nonempty
sets. Furthermore,a relation of duality of the form

max p(x) = min v(y)
Xx €M y €N

is true.

In this case the problems (P) and (D) namely,

W = sup p(x) = max p(x) (P)
x € M X € M

W= inf v(y) = min v(y) (D)
y € N y € N

are realizable ,and xoand yo are optimal solutions of the

problems (P) and (D) respectively.

2.4.Special Lagrangian Form.

In this section we treat special types of Lagrangian-forms
which are particularly suitable to construct well known problems
of optimizations.For this purpose the idea of congugate functions

play an important role.

Let ¢ be a real valued function defined on K x L € R R" « be a
function defined on K and B be a function defined on L.a and B
are real valued Consider the Lagrangian form

Vix,y) = o(x,y)-alx)-Bly) ,

defined on K x L.

21



Now we define the functions

a'(y) = sup {p(x,y)-alx)),
x € K

B.(x] = inf {p(x,y)-B(y)).
y &L

Let NS L and M € K be the domains of definition of the functions
« and ﬁ. respectively. « and B. are called the conjugate

functions of « and 8 respectively .

For example: If M = N ,¢(x,y) = X,y and a is convex and B is
concave functions,the functions a‘ and B' are respectively

conjugate convex and conjugate concave functions.

Now as we have done in section 2.3,we consider the functions:

p(x) = inf ¥(x,y) = inf {e(x,y)-a(x)-B(y))
y € L y € L

= B.(x}—a(xl
defined on M € K, and

v(y) = sup ¥(x,y) = sup {p(x,y)-alx)-Bly))
x € K x € K

= a‘(y)—ﬂ(y]

defined on N € L.

Then for all (x,y) € M x L we have

pix) = ¥(x,y)

22



and for all (x,y) € K X N we have
viy) =z ¥ix,y).
Hence V (x,y) e M XL nNnKXN=Mx N we have
pix) = ¥(ix,y) = vly),
. . ) (2.4.1)
= B (%)-a(x) s o (y)-Bly).

From this inequality we get a pair of dual problems :

Find W = sup {8 (x)-a(x)}, (P)
X €M

Find W = inf {« (y)-B(y)). (D)
y € N

Regarding this two problems,we have the following theorem.

Theorem 2.4.1:The following three statements are equivalent,
(i).There exist a pair (xo.yo} € K x L such that for any
(x,y) € K x L,we have
Y(x ,yol = W[xo.yol s W[xo.y)

(ii). It is true that

inf ¥(x%,y) = min ¥(x%,y) = B8 (x°)-a(x°) = w(x°,y°)
y € L y €L
sup ¥(x,y%) = max ¥(x,y°) = a (y°)-B(y°) = w(x°,y°).

x € K xe€K
Furthermore the domains of definition M and N of p and v
respectively are non-empty sets and the problems (P) and (D)
are realziable.and,

max {B (x)-a(x)} = min {a (y)-B(y)}.
X eEM y €N

23



(iii).There exist a pair (xo,yo) € M x N such that

w[xo.yol a(x’) + azy 9

By°) + B (¥°).

0(x%,y°)

Proof:We prove the theorem by showing, (1)= (iii)=s (ii)= (1i).

(i)= (iii).Suppose (i) holds true, then
(%, v ) -a(x)-B(yN)= o(x%, ¥y -a(x®)-B(y°)= ¢(x°, y)-a(x®)-B(y)

this implies for all x € K
e(x,¥%) - alx) = o(x°,y°) - a(x?)

= sup {¢(x,y°)—a{x}} = ¢(xo,y°) - a(xo).
x € K

But since x0 € K we also have

w(xo.yol—m(xol = sup {w{x,yo)-m{x]}
xeK

consequently we have,

=3

x € K x € K
Thus yo e NS L i.e. N is non-empty.

Again from inequality (1),we get
(%, y")-B(y°) = ¢(x° y)-Bly) ¥y el

s o(x°,y°)-B(y®) = inf {p(x°,y)-B(y))
y € L

and since y0 € L we have ,

inf {p(x°,y)-B(y)} = o(x° y")-B(y"),
y €L

24
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consequently,

B (x%) = o(x°, y")-B(y°)= inf [¢(x°,y)-B(y)]= min [(x°,y)-B(y)]. (3)
"y €L y € L

Thus xo e MS K; i.e.M is non-empty.

Now from (2) and (3) it follows that,there is a pair (xo.yoJ

in M X N such that,

w(xo.ynl u.(yol + a{xol.

B.(xo} + B{yp).

0 O
e(x",y)

This proves (i) = (iii).

(ii1) =» (ii); Suppose (iii) holds.
Then there exist a pair {xo,yoi € M X N such that,
o(x°,y%) = a(x®)+ o (y°)
0 0 0 0 } (4)
plx,y ) =By )+ B (x)
Clearly M and N are non empty.Furthermore,from (4) and

definition of « and B- it follows that:

a'(y0]= sup[w(x,yo}-a{x)]= w[xo.yo}-a(xo)= max[@(x.yol-a{x)],and
xe K xe K

B (x2)= infle(x°, y)-B(y))= o(x°,y")-B(y°)= minle(x°, y)-B(y)].
ye L ye L

Equivalently we have:

sup \P[x.yo)= max W(x,y°)= a'[yo)-B(yo} = \P{xo.yo).and
x € K x € K

inf ¢(x0.y)= min W(xu.y] = B.(xo)-a(xo} = @(xo.yo).
y € L y € L

( The above follows trivally from and the definition of ¥ )

25



From (2.4.1) we have,

ulx) = B.[x)-a(x} s a'(y)—B[y} = ply), ¥ (x,yle M x N

which implies for any (x,y)e M x N,
B (x)-a(x) = o« (y°)-B(y°),and
B’ (x%)-a(x%) = o (y)-Bly).

Now by (4)

B (x°)-a(x®) a.(yo)-B{yol. this

and the above inequalities leads to:

max [B'[x)—a(x}]= B-(xo)—a{xo}= a‘(yol—ﬁlyo} = min [a.{y}—B(y)L
X €M y € N

+ max [8 (x)-a(x)] = min [a (y)-B(¥)].
x €M y €N

And this proves (iii) = (ii).

(ii) = (1).Suppose (ii) holds.
Let (x°,y°) € M x N be an optimal solution of the pair

of problems (P) and (D).Then statement (ii) implies,

B (x%)-a(x®) = o (y*)-B(y°). (5)
But, B (x°) = inf [p(x°,y)-B(y)],and
y €L

« (y°) = sup [p(x,y°)-a(x)]
x € K

implies that for all (x,y) € K x L,

26



B'(x°) = ¢(x° y)-Bly),and

* 0 ) (6)
« (y%) 2 p(x,y")-alx).

From (5) and (6) V (x,y) € K x L it follows that,

Bsﬁxo}—a[xo) = go(xo.y}—B{yJ—a(xo) = W{xo.y).and
o« (y)-B(y") = o(x,y")-a(x)-B(y°) = ¥(x,y%).
Thus we have for all (x,y) € K x L,
U(x,y") = o« (y)-B(y") = B (") -a(x®) = w(x’,y) (7)
Furthermore,
o« (y)-B(y") = B (x°)-a(x°),and

B (x°)-a(x") = p(x°, y°)-B(y*)-a(x®) s & (y°) - B(y")
implies that,
W{xo.y°)= ¢(x°.y°)-3(y°)-oc(x°)= B'(xo}-a{x°)= a‘(yo)—B(yoJ.
This together with (7) gives us

Wix,y°) s ¥ y%) = W(x,y°), V (x,y) € K x L.

This proves (ii) = (i),and the theorem is proved.

Note that : In Theorem 2.4.1 the saddle-point coordinates (x°,y°)
of statement (i) are optimal solutions of (P) and (D) and

satisfy statement (ii) as well as (iii) .

DEF.2.4.1: Points (xo.yu) which satisfy statement (iii) of

Theorem 2.4.1 are called conjugate points.
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Remark: From Theorem 2.4.1 follows the following conclusion.

Consider the sets,

Iz

o {(x,y) €e Kx N/ oplx,y)= a(x) + a.(y}}.and

Lg

{(x,y) e M x L 7 o(x,y)= Bly) + B'(x]y

This sets contains community of conjugate points corresponding

to the functions « and B.

If the statement (iii) of Theorem 2.4.1 1is true,the pair

(xo.yo) € M X N belongs to Lm as well as L, .Consequently we

B

have La ntL. =2 .

B

On the other hand if Lﬁ n LB # 2 and say (xo.yol © La n LB.
then the pair (xu,yo} belongs to M x N and satisfies statement

(iii) of Theorem 2.4.1 .Thus La niL, # @2 iff statement (iii),and

B

hence,either statement (i) or (ii) of Teorem 2.4.1 is true.

Let us now considerr the special case m = n. Let the sets K
and L. be subsets off one and the same space R" ,and @ , 3 be
given functions defined on K and L respectively. Further we demand
that the function ¢ defined on R" x R" is symmetric; i.e.

o(x,y) = oly,x) V (x,y) € R"X R" .

We assume that the functions a« and B posses the following

properties.
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If

B (y) = inf [p(x,y)-B(x)] ,
x € L

is aconjugate function of B defined on M € K ,and if

a.(y) = sup [p(x,y)-alx)]
x € K

is a conjugate function of a defined on N € L ,then
we may be able to reproduce the functions a and B in the form

B(x) = inf [p(x,y)-B (y)] VxelL, and
y € M

alx) = sup [w(x.y)-a.(y)] VxeK.
y €N

Let wus denote the transition to a conjugate function
a star and we put:

()] =o' (y) , B =B'(y) , [e(x,y)] =ely,x).

Let
U(x,y) = (x,y)-alx)-B (y)
be a Lagrangian form defined on K x M .
We define the conjugate Lagrangian-form by,
Vix,y) = o] - @] 6"y
= ply,x) - a'(y) - B (x)

= g(x,y) - « (y) - B(x) .

Clearly the conjugate function ¥ is defined on L x N.

Moreover, w"(x.y] = ¥(x,y) .We now consider:

u(x) = inf ¥(x,y)
y €M

B(x) - a(x), defined on K n L ,and

a.(y} - B.(y). defined on M n N .

v(y) = sup ¥(x,y)
x € K
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From ,

ulx) = inf ¥(x,y) = ¥(x,y) V (%x,y)e KnL XM ,and
y €M

v(y) = sup ¥(x,y) = ¥(x,y) , V (x,y)e KXxMnN
x € K

it follows that:
p(x) = B(x)-a(x) = viy) = a.{y)-ﬂ.(y}

for all (x,y) e KnLXxMnN,

If the sets K n L and M n N are non empty, the formulation of the

of the following dual problems make sense.

Find Uw = sup [B(x)-al(x)] (P)
xe Kn L

Find W' = inf [a (y)-"(y)] (D)
ye Mn N

Similarly for the conjugate Lagrangian form
w.{x,y) = w(x.y)-a'{y)-B(x)

we get:

u'[x] = sup W‘(x.y) alx)=-Bly)

y € N
defined on K n L , and

B (y)-a'(y)

v (y) = inf ¥ (x,y)
y € L

defined on M n N .Furthermore, in this case
- - - -
v (y) = B (y)-a (y) = a(x)-B(x) = p (x) ,

V (x,y)Je KnL xMnN.
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And in case K n L and M n N are non empty,we get the following

dual pair of problems.

Find W+ = sup [B (y)-a'(y)] )
ye€ Mn N
Find Wye = inf [a(x)-B(x)] . (p")
xe Kn L
Clearly, we have ”W. = -ﬁ¢- . Nw = —Hw- . Furthermore,
ko)1 = BOOI - 0] = B (y)-a"(y) = »"(y),

R = (] - BT () = alx)-B(x) = p (%) .

Now similar to Theorem 2.4.1 ,we have the following theorem.

Theorem 2.4.2: The following three statements are equivalent.
(i).There exist a pair {xo.yo) €e KnL xMn N such that for
any (x,y) € K X M we have
¥(x,y0) = ¥(x%y") = v’ y),
and for any (x,y) € L X N ,we have,
W.{xo.y] = w.{xo.yol = W(x.yp].
(ii).It is true that K n L and M n N are non-empty and

max [B(x)-a(x)] = min [a.(y)—B.(yJ].
xe Kn L y€ Mn N

min [a(x)-B(x)] = max [B.{yJ-a.(y}L
x€ Kn L y€ Mn N

(iii).There exist a pair (x°,y°) e Kn L x M n N such that,
e(x°,y%) = a(x) + a (y%),

B(x%) + B (y").

'p(xo.yo)
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Proof: The proof of this theorem is just like the proof of

Theorem 2.4.1 .

The development of Theorem 2.4.1 is based on the assumptions that
the functions « and f have the properties u.' = o and B.. =f .

Now we find the conditions under which this properties are true.

Let,

LB = {(x,y) e L xM/ ¢plx,y) = B.(y) + B(x)).
We consider the set for y € M of the form ,

Lﬁ'tyl ={x eL / plxy) =B (y) + B(x)},

and the set for x € L of the form
L. ={yeM/ olx,y) = B (y) + B(x)).
Bix)

we assume that L _e is not empty for any y € M.

B (y)

Then for any y € M there exist at least one xy € L such that,
L]
; = + Blx ).
wtxyy) B (y) B(y
Consequently,we get for any y € M

B’(y} = inf [p(x,y)-B(x)] = ¢(x ,y)-B(x )
x € L , *

= min [p(x,y)=-B(x)].
Xx €L

Thus, we can replace infimum by minimum when we define the

conjugate function B. if LBny} # @ for any y € M.
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Theorem 2.4.3 : Let Lﬁ"{yl be a non-mpty set for any y € M.Then
LB(x)$ @ for any x € L iff for all x € L we have,

B(x) = min [p(x,y)-B" (y)].
yeM

Proof: Suppose for all x € L, we have

B(x) = min [p(x,y)-B (y)]
yeM

then for all x € L,there exist at least one y € M such that
X

B(x) = min [p(x,y)-B (x)] = ¢(x,y )-B (y ),
yeM x x

thus yx [ LB{x) for all x e L = Llelt @ .

Conversly, suppose L{ # @ for all x e L ; this implies

Bix)
for any x € L,there exist yx € M such that
-
elx,y ) =B (y) + Blx).

Furthermore, using the definition of B' for any (x,y) €« L x M

we get:
B.(y} < p(x,y)-B(x).
Consequently,
p{x.y}—B.(y) z B(x) = qo{x,yx)—-B.{yx).
Thus,

min [cp(x.yl-ﬁ'{yl] = ‘p(X.yx)—B'(yx} = B(x).
yeM

This proves the theorem .
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Similarly for the function a ,let
Lo; = {(x,y) e K XN / ¢o(x,y) = a'{y) + alx))},
and consider the sets

La-(y}'-: {x € K/ plx,y) = alx) + a'[y)}

La(x)= {y e N/ o(x,y) = alx) + a:'(yl}

If we assume that for any y € N the set La.( # 2 , then there

y) y
exist for each y € N at least one x € K such that,
y
plx ,y) = a‘{y] + w(x ).
y y
Consequently, for any y € N we get,

(x‘(y} = sup [p(x,y)-a(x)]= max [p(x,y)-a(x)]= ¢(x ,y)-alx ).
x € K x € K y y

Thus we can replace supremum by maximum when we define the

conjugate function « if Lcr.'(y): 2 ,YyeN.
And we get a theorem which is similar to Theorem 2.4.3 .

Theorem 2.4.4 : Let La:‘( y be a non-empty set for any y € N.Then
y

L“( ]: for any x € K iff for all xe K we have,
X

a(x) = max [go(x,y}—a'(y]] ,
yeN

Proof: The proof of this theorem is just like the proof of

Theorem 2.4.3 .
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Illustration.

This is an application of Theorem 2.4.2.

Consider:

p(x,y) = x%y°,

xeK=(xeR/x>0)

alx)

B(x) =x, xeL={xeR/ xz1).

The conjugate function B. is:

B'(y) = inf [e(x,y)-B(x)]
X €L

y? i ocys Yve

yo-1 . If 1/1/5 sy

B.(y) = inf [xzyz— x] = {
L

and B- is defined on M = K.Furthermore we have
LB'M: {x e L /7 @(x,y)=B (y) + B(x))},
={le/x2y2=.'3.[y)+x}.

Case(i):For any y = l/ v2 ,we have
22 =1;2
LB.(Y)= (xz1/xy = Jfay+x)},

since at least x = l/’2y2 > 1 is contained in LB'WI we have
* 2 y
LB () @2

Case(ii):If y = '/ V2 ,then

22 2
= = / = -1 + X »
LB.(yl (xz1/xy =y )

. 1
and the point x = 1 is in LB.M for all y 2 '/ vz .
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Hence we have LB%yi’ 2
Consequently from (i) and (ii) we get

Lﬁny}: @ for any y € M

Next we consider the set
L ={y >0/ xzyz = B'{y) + % )
Btx) F
Case(i):If x = 1, then

Lgyy= v >0/ y2=8(y) + 1) # o, this is

because all elements y with y = 1/ V2 belongs to LB‘I}.
Case(ii): If x > 1 ,then

Lo= & > 07 %% = B'(y) + x ).

Any y with yg = '/2x has the property y = '/VE,

consequently ,y is contained in LB(x)‘

Thus from (i) and (ii) LBhdt @ for any x € L .

Hence by Theorem 2.4.3 B =B . (1)

Next we consider,

a.(y] = sup [¢(x,y)-ea(x)] = sup [xay2 - x ]
x € K x>0

Unless y = 1 the supremum does not exist (i.e. the supremum

is not finite). Hence,

a.(y] = sup [x2y2 - x]=0 ,and « is defined on N = {1}.
x>0
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Then, a (x) = [a-[y)].= sup [xzy?]= x* =alx), Vxek
o =o. (2)
(1) and (2) implies that some of the assumption for Theorem

2.4.2 are fuilfilled .

Now the lagrangian-form ¥ and its conjugate ¢. are given by:

Y(x,y)

qo(x,y]—oc(x)—B'[y)

x2y2 = ¥ = B.(y)

defined on K x M = K x K ;and
W.[x,y} = w[x.y)-a'{y)-B(x)
2 2
=Xy - x
defined on L X N = L x {1} .

We now have,

pu(x) = inf ¥(x,y) = B(x)-alx)
y>0
3 pu(x) = x - %", ¥ & £ pilosiL .
And ,
v(y) = sup ¥(x,y) = a.(y)—ﬁ'[y] ,yeMnN=Kn {1}= {1}
x>0
2
2vly) =1-y =0,
Also:
u.(x)= sup W'(x,y] =x-x,xe€KnlL=L, and
y=1
v.(y)= inf W.[x.y) = B.{y)—a.(yl= B (y) ,y € Kn {1} = {1}
x=1
. 2 .
sV Y=y =1=0.

Then the dual problems take the form:
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sup [x —x%

L S R A | >
Lan ¥ (P)
inf [1- Y1 =0=4", °
y=1 W B (D)
sup [y*- 1]=0=W 0 .
_p Y = = Ww' y ¥y =1 (P )
y=1
inf [xz— X=0=We. x°= 1 .
ot v o (D)
i 0 0
The pair (x,y ) = (1,1) satisfies statements (i), (ii) and

(iii) of Theorem 2.4.2 .

Remark: The statement (ii) of Theorem 2.4.1 and Theorem 2.4.2
is a duality theorem together with the assertion about the

existence of optimal solutions by which we mean realizability.

2.5 Necessary and Sufficient Conditions for the

Existence of Saddle Points

Theorem 2.4.1 and Theorem 2.4.2 show us that saddle point
theorem, duality theorem ,realizability of problems (P) and (D)
and conjugate points are very closely related to one another.
Besides, this relationships,we are intersted in theorems of
existence of saddle points. So in this section we deal with

Kuhn-Tucker conditions which ensure the existence of saddle-

points and minimax theorem corresponding to Theorems 2.3.1 ,

Theorem 2.4.1 ,and Theorem 2.4.2
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Theorem 2.5.1: Let ¥(x,y) be a function defined on K x L = R"'x R™
with the property that ¥ is concave in x and convex in y ,and
¥ is Frechet differentiable both in x and y . Then {xo,yol

e R”'X R™" is a saddle point of ¥ with respect to K x L

if and only if
(1) dyW[xo,yo) = gradyW[xo,yOJ >0,

v e R™ (dy\IJ(xD,yol.yo> =0 (2.5.1)
(2) 4 ¥(°y") = grad ¥:°,y") = o,

x° ¢ R™ ; <dxw(x°,y0],x°}> =0 J

Proof: First we will show that (2.5.1) implies the saddle point

inequality. According to the assumption, -¥(x,y) is convex with

respect to x .

Now by Theorem 1.3.2 for any x € R™
0 0
¥, y0)-U(x,y%) = ~<d ¥(x",y°), X%

(dxnp(xo, yo) X+ <dx\P( xo. yn] ; x°>.

v

= \P[xo,yo]-'ll(x,yol

But, then from (2.5.1) we have,

0 0 0,
d \P(xo,yo) = 0,and (dx'I'(x ,y ),x»> = 0.
X

Thus we get,

-(dx\P(xo,yoJ.X> + 0

v

‘P(xo,yol = \I'[x,yo)

1A

0 0 ¥
= ‘I'(x,yo) - ux% ") —(dx\l‘(x W) %> =20

R (1)
> 'P{x,yo) =< \If[xo,yc} . ¥YxeR .
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Similarly because ¥ is convex with respect to y
W(xo,y) Ul W(xo,yol 2 d ¥, v0) . yer®S = 0.0
y Y LY Y)-(dy\p{x Y }ny>20

(4]
3> ¥(x,y) = \l'(xo.yol s Yy e R . (11)

From (i) and (ii) it follows that,
0 0
¥(x,y)) = ¥x’,y0) = ¥x’,y), ¥ (xy) e R™x R™.

gil. B 4
Thus (x ,y ) is a saddle point of ¥ with respect to R"™ x R™.

0 0
Conversly, suppose (x ,y ) € R % R™ be a saddle point of V.

If we put

#(x) = ¥x,y) , for x € R™ ,
then clearly

#(x) = ¢(x°) , VxeR" .

0
Thus the function ¢ possesses at least a local maximum at x .

Then by Theorem 1.3.1 we have,

(d¢) o = dxmx".y"l <0, and
<(d¢) 0 xS = (dx'P(xo,yo},x°> = 0.

On the other hand if we put
0
¢(Y] - ";‘(X sy]
0
the function ¢ posseses at y 2 local maximum with respect

to R™ . Again by Theorem 1.3.1 we have,
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(d#) 0 = ~d ¥(x°,y°) = 0, and

<(dg) o Yy = -<dy'l‘[x0.y°},y°) =0,

This proves the theorem,

Note: The conditions (2.5.1) are called Kuhn-Tucker conditions

and Theorem 2.5.1 is the Kuhn-Tucker Theorem .

Corollary 2.5.1 If we espically consider the Lagrangian form

¥(x,y)

n

9(x,y)-a(x)-B(y)

m+

3 + :
defined on K X L = R"'X R , where a is convex, B concave and

¢ convex with respect to y and concave with respect to x ;then
¥ satisifies the assumptions of Theorem 2.5.1 ,if the functions
¢,o,and B are Frechet differentiable in x and y. In this case

conditions (2.5.1) has the form:

(1).dy¢a(x0,y°) > dg(y®) ,y’e R™ ,

<dywtx°,y°).y°> = <dB(y%), ¥
(2.5.2)
(2).d o(x%y%) = da(x’), x’e R,

<dxqo(x°.y0),x°> = (doc(xo).x°>.

Proof: Similar to the proof of Theorem 2l «
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Remarks :
(1).Condition (2.5.2) in the above corollary satisfied means
0 o
that the point (x',y") is a saddle point of the Lagrangian-form

¥ with respect to K X L . Hence if the functions ¢, a,and B

has the desired properties mentioned above, then condition
(2.5.2) is equivalent to the statements (i) ,(ii),and (111) of
Theorem 2.4.1 , and regarding our inquiries in section 2.4 the

conditions (2.5.2) are also equivalent to La n LB Q.

(2) If we drop the demand that ¥ is concave in x and convex
in y, the conditions (2.5.1) and (2.5.2) remain as necessary
conditions for the existence of saddle points, but they are
not sufficient any more. This result follows immediately from

the proof of Theorem 2.5.1 where we only used convexity to

prove sufficency.

(3) We can also generalize the theorem with respect to the
domain of definitions R™X R™ of the function ¥.To do so
consider,

x = (u,v) € XK.
Let ¥(u,viy) be a function defined on (R"'x R") X R™ with

the following properties.
(a) Either ¥ is concave in (u,v) , convex in y and Frechet-

differentiable in all variables.
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(b) Or ¥ possesses all partial derivatives of first order which
are continuous.Then it follows that ¥ is F-differentiable

with respect to all variables and that the derivatives

can be represented by the gradient of ¥ .

Now,put v = w-z ,with w 20, z = 0 and conisder:
Y(u,w-z;y) = ¢lu,w,z,y)
defined on K x L = (R™"x R*"x R*")x R™ ,then condition (2.5.1)
for ¢ has the form :
(1) gradygb = grady\]? =0 ,yoe K,
<grady¢.y°> = (grady\P.y()) =0

(2) gradxqb = (graduqﬁ. grad“:p, gradzqs] £ 0, (uu.uo.zul z 0,
0 0 0 0
<gr‘adx(b X >=(gr‘adu¢ Y >+(gr'adu¢ LW >+(grad?¢ iz y= 0,

where x° = (uo.wn.zo)
Furthermore,
- = == H: d W .
grad ¢ grad ¥ , grad ¢ grad ¥ , grad ¢ =-grad,

Then we have :

+ 0
grad ¥ = 0 ,yoe R" ,(grady'l! ,y»=0
y
s < 0.
[gradu\l' ,grade ,-grad ¥ )

0
{grad ¥ 'u0> + (grad ¥ .‘H’o'z > =10,
u v
Or

0 —
gradu'l! =0 5 gradv'll =10, (gradu'-}' vy =0.
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The condition (2.5.3) is necessary for the existence of
saddle points for ¢ and therefore necessary for the existance of
saddle points for ¥ .If ¥ satisfies the condition of convexity,
then the conditions in (2.5.3) are also sufficient for the

existence of saddle points for ¥ and ¢ .

We can also have analogous situtation and similar consideration

with respect to the variable y.
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