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PREFACE 

This i s a report of two semes t e r s work, wh ich is divided in to 

two parts. 

Par t I , which is the pre l imenary part . deal s with convex 

sets, convex functions and so on. Here. we gi ve bas ic defini tions 

and facts that are i mpor tant for t he devel opment of t he 

s ubsequent sec tion. 

Par t II, in t his part we formulat e rel a tions of dua lity 

and prove equi va lence t heorems with respec t t o s add l e-po i nt 

dua l ity and mi ni max theor ems . Here what inte r s t s us mos t is what 

we call a Lagr angi an-form and its corresponding dual problems. 
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PART I 

PRELIMENARIES 
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1. 1 . Convex Sets. 

Der . 1. 1. 1: A set C ~ ~n is convex, if for any two elements 

U,V E C and any real number A,O~A~l we have, 

x = AU • (1-A)V E C . 

, 
An element x : L' x 1 1 

! = 1 

X,, ,X e R" if the , 
no n-negative and L' : 1. 

1 
! = 1 

is 

real 

a convex combination 

numbers ", " , 

of vectors 

are 

Theorem 1 .1 .1 : Let C s; ~n be a convex set. Every convex 

combinition of vectors of C is an element of C. 

Proof: For r = 1 t he assertion of the theorem is trivial . 

Assume that the theorem is true for r - l where r > 1. Now 

consider the vectors 

negati ve numbers \' A2, 

r-I 

If E A =0, then X : 

1 
! '" 1 

, - 1 

If , : L' :f:. 0, then 
1 

! = 1 

x = E A x 
1 1 

1= 1 

,- 1 

, 
L 

! = 1 

we 

. ,x E C , and the non-

,:\ , where E A = 1. 
, 1 

A x = X 
1 1 , 

have 

+ , X , , 

! = 1 

E C. 

clearly L '. : I, 
--X 

thus by i nduction assumption 
1= 1 

X 

r -1 A 
E -f X I 

e C . 

! = 1 
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E'" 1 I 
Moreover 

1 = 1 

implies 0 ( ~ ~ 1 and A : 1-~ . , 

Thus, by definition x : AX + A x E C . , , 

1.2 Conve x and concave func tions. 

Def .1.2.1: Let C ~ lit be a convex set, we call a function f 

defined on C a convex function ,if for any element x,y in 

C and 0 ~ ~ ~ l,we have 

f(Ax + (l-A)Y) ~ H(x)+(1-A)f(y). 

I f f is a convex function we call -f a concave function. Thus 

f is concave if -f is convex. 

Fac l :Let f be a convex function defined on a convex set C ~ ~n 

If xO is an interior poi nt of C,then f is continous at xO 

Note : A convex function need not necessarily be continuous on 

the boundary . For example consider the function, 

2 
f'(x): ~ 1 

for x: 0 
forxe(O,l] 

f is convex on [0,1) but not continuous at O. 
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1.3 Frechet Differenl i abli l y . 

Let f be a r eal valued function defined on C S; IRn . If x is an 
o 

interior point of C then fo r a s uitable radius p ) 0 the sphere 

5 (x ) = { xe ~n: Ix-x I < p } , 
p 0 0 

is comp letely contained in C. If t e ~n Is a vector such that 

It I ( P. t hen obvIously the point x = x +t belongs to 5 (x ). 
o p 0 

Def .1.3.1 A linear mappi ng 1 from IR
n tnto IR is called a 

Frechet differential of the function f at x in the 
o 

direction of t,if there exist a function a(xo,t) such that, 

f(xo+t) :c f(xo) + l(t) + a(xo,t) 

wi th, 1 \ m 
II tll--o = 0 

Nole :The F-differenlial dependes on the point xo' If f possesses 

at a point x a Frechet differential , we say that f is Frechet 
o 

differentiable. 

Nolalion: We use the notat ion (df) fo r the Frechet differential 
'0 

Some Cac t s;: : 

l.The Frechet differential. at a point is uniquely defined. 

2. If a funclion f Is F-differenliable at a point xo' then f 

is continuous at xo' 
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3. If f possesses, at an interior point Xo E C (C ~ ~"),flrst 

continuous partial derivative, t hen the F-differential of 

f at Xo exists and we have, 

[df) 
• o 

Next we state and proof two theo r ems wh ich will be useful 

later. 

Theor e m 1 .3.1 : If Xo is an interior point of t he set 

IR"""" { x E 1R" :x ~ 0 } 

and i f the differentiable functi on f possesses a local 

maximum at xo, then we have 

(df) "" gradf(x ) !S 0 
'0 0 

«df ) ,x) "" (grad f (x ),x ) '" O. 
)(0 0 0 0 

Proof: Let f be F-differentiable, and x a n interior point of 
o 

lR"+. Because f has a t x E IR"+ a local maximum the re exis t s 
o 

a n c >0 s uch that for a ny X E IR"+ " S (x ) we have 
c 0 

o ~ f(x)-f(x ) = f(x +x-x )- f(x ) "" (df) + a(x ,x-x) 
o 0 0 0 xo 0 0 

If we choose a r eal number ~ with 0 < ~ ( c then all points 

o ;?:; f(x +1')E! )- f(x) =(df) (e) + a(x ,"!'Ie ) 
o lOx I 0 I 

• 
" " 

on taking t he limit as ~ --> 0, 
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this InequalIty for i= 1.2 . ... . n leads to 

This proves the first part. 

To prove the second part consider the scalar product 

n 

<gr ad f(xo)'xo) = r IX I 

1= 1 

Of (x ) 
aX

I 
0 

o 0 .x=(a . . ... IX) 
" n 

For x E IRn
+ 

o 
we have o 

a ~ 0, i= 1 ....• n 
I 

thus only those 

stri c t l y pos itive compone nts of Xo are of interes t he r e. 

were strictly positive. then there exists ~ > 0 s uc h 

that, x=x-l}e ~O o , 

Furthe r more if ~ ~ c .we have 

o > f(x -l}e )- f(x
o

) o , • (dr) (-".) 
'0 ' 

from this inequality we get putting p =-~ . 

o > 
f(x +pe )-f(x ) 

0 ' 0 

--i3 

• -(df) (e) 
'0 ' 

Thus as a --> 0 we get. 

o~ -0 f(x ) = -(df) (e) 
k 0 x k 

o 

q 0 f(x ) = (df) ( e ) ~ o. 
k 0 x k 

o 

Because in general we have grad f(x
o

) ~ 0 which implies 

D f(x) :s 0 for all k .it fo ll ows that 
, 0 

D f(x ) '" 0 • in case aO 
> 0 , 0 , 

This proves the theorem. 
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Theor e m 1.3.2; Let f be a convex funct ion deft ned on a convex 

set C of which x is an interior po int. If f is Frechet 
o 

differentiable at xo,then the inequality 

holds f o r all x E C. 

Proof; Let x e C be a po int and 5 be a vector. Le t t > 0 be such 

that x+ts E C 

The n g(s) '" 
f(x+tsl-f(x) 

tIl s II 
Is increasing. 

Now let s be any vector with lsi > 0 and xo+s e C. 

If f i s F-differentiable at an interior point xo, then 

f{x + s)-f(x ) 
o 0 

II 5 11 

In this equation,we calculate the limits in such a way that we 

do not change the direction of t he vector 5, but the length 

of sLends to 
s 

O. The vector 11511 15 co nstant, name ly the unit 

vecto r in the d irecti o n of 5. Thus we get 

1\ m 
11 5 11 - 0 

f (x +5) -
o 
II s II 

From th i s fo ll ows , because of the mOllo lonoci ty of the 

difference quotient, 

f(x +s)-f{x 1 
o 0 

11511 

f (x +s)-f(x ) 
o 0 
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If we put x = xo + s we get the assert ion of the theorem. 

For the case x = Xo the assertion 1s trivial. 
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PART II 

THEORY OF DUAliTY· 
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2. 1. Basic Notions. 

Generally speaking the basic idea of duality theory consists In 

considering a given minimum problem 

lnf f(x) '" « 
x E A 

togethe r with a maximum probl em 

sup g{y) '" 13 
Y E B 

( P) 

( D) 

where,~ ~ «. Then we will try to estab li sh re lationships between 

(P) and (D). 

For example, the study of duality in linear programming s harpens 

our understanding of the simpl ex procedure and motivates 

certai n alternative metods. Indeed the simultaneous considerat ion 

of a pr oblem from both t he primal and the dual point of views 

often provides s Ignifi cant computational advantages as well as 

economi c insightes. 

2.2 .Fundemental theorems . 

In view of constructing a genera l theory of duality of 

mathemati cal programming,we conlslder what we call a Lagrangian-

form which produces two corrsponding dual problems. Then we will 

attempt to find relations between the Lagrangian form and the 

dual pair of problems. Such relations are expressed in the form 

of duality theorems, saddle-point theorems or minimax theorems . 
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Here we will conf ine our attention to finIte dimensional 

Euc lidean s paces. And the sltutation will be such that we 

always assume the exi s t ence of solut ions of one of the three 

theorems; and we try t o find a possible equi va lence to one 

another. 

Now let jJ. and II be real valued functi ons defi ned on M !;;; IR
n 

a nd N ~ IR
n r espective ly . If f or any (x,y) e M x N we have, 

I1 (X) .:s lI(y) 

t hen the s upremum of jJ. and the infimum of 1/ exi sts and 

s up I1 (X) .:s 
x E M 

i nf I/(y ) 
YEN 

In the theory of mathemati cal progr amm ing , the fo ll owing res ults 

a r e of high theorlLi cal value. 

(At) Under certain necessary and sui fflceny conditions we have, 

sup I1 (X) = inf lI (y) 
xe M ye N 

A s t atement of type (A 1 15 called duality theore m. 
1 

(A
2) Let w be a r ea l valued function defined on K xL!;;; IR

n X IRm. 

Then under certain necessar y and sufficent cond i tl ons we 

have, 

sup lnf w(x , y) 
xe K ye L 

: inf sup w(x , y ). 
ye L xe K 

A sLatement of type (A2'ls called a minimax theore m. 
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o 0 
(A

3
) Under certain conditions a pair of vectors (x .y )e K X L 

exi s ts such that for any (x , y) e K X L we have, 

"'(X./) !!i 'Ir (xO,l) :s '¥(xO,yl. 

A s t ateme nt of type (A
3

) is called saddle-point theorem. 

The main purpose of the theory of duality in mathematical 

programing is to make inquiries abo ut a co r respo ndi ng pall" 

of optimization prob l ems,namely t he pr imal problem to find, 

\oJ = sup /l ex) 
x E M 

and t he dual problem to find, 

• 
W = inr v (y), 

> E N 

(p J 

( OJ 

and to discover relat i o ns between the correspondi ng duality, 

mi n imax a nd saddle point theorems. 

Suppose for the problems (P) and (O) ,there exist a pall" 

(xO,yO) E M X N s uch tha t , 

sup ,.. (x) max ",, (x) 
0 = = /l eX ), 

x E M x E M 

i nr v (y) :: mi n v(y) 0 = !I(Y ). 

> E N > E N 

Then we say that the problems (P) and (D) are realizable with 

respect to M and N respectIvely. In thIs case we call XO and yO 

optimal solutions.To recognIze t hIs idea we add to t he prob lems 

(A1)to (A
3
l the following problem. 
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(A ) Find necessary and suffi cient condi tions such that problems 
• 
(P) and (D) are realizable. Asse r tations in this direction are 

cal led realization theorems. 

2 .3.Relati on between Saddle Point and 

Hin i max Theor em. 

Der 2.3 . 1: Let K ~ ~n and L ~ IRIII and ~ be a r eal valued f unction 

defined on K X L. A poi nt (xO,yo) iS said to be a sadd le point of 

~ with r espect to K X L iff fo r a l l(x,y) E K X L t he f ollowing 

holds: 
o 0 0 0 ~( x,y ) :!i ~( x ,y ) :!i ~(x ,yl. 

In thi s section .... e confine t o the problem of finding 

relations bet .... een duality theo rem (A ),minimax theorem (A ) and , 2 

saddle poi nt theorem (A ).To do so we proceed as follows.Let ~ 
3 

be a real va lued function defined on K X L ~ IR
n 

X IRm.Ther. .... e 

define: 

J.1 (x) ::: inf ~(x,yl. 
y e L 

v(y) : sup ~(x,y). 
x e K 

Let M X N ~ K X L be the domain of defin i tion of t he 

functions Jl and v . Thi s means M contai ns a l l points x in K for 
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whi c h the infimum exists (I.e. the Infimum Is finite ); and N 

contains those points y E L for which the suprelmum Is finit e. The 

se t s M and N can be empty or we may have the case M : K a nd 

N : L.Then for any (X , y)E M X L we have, 

j.l (X) : Inf IJo (x , y) :s "'(x,y), 
y e L 

and for any (x,y) E K X N 

u(y) : s up IJo (x , y) ~ t(x,y) . 
x e K 

Thus It follows that for any (x,y) E M X L A K X N E M X N 

j.l (X) :s IJo( x,y) :s u(y) . 

ConsequentlY,there exists a supre mum for j.l over M and an Infimum 

for u over N .Thus we are able to formulate a primal problem ( P) 

for the function j.l and a dual problem (D) f or the func ti on v . 

name l y : 

Find « z Inf u(y) , and 
N 

Find ~: s up j.l (x) 
M 

(0) 

( P) 

If thi s two pr oblems are realizable I.e. If there exists a pair 

o 0 (x ,y )E M X N such that 

s up j.l (x) 
x e M 

Inf u(y) 
yeN 

: max j.l (x) 
x e M 

::: min u(y ) 
yeN 

17 
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and if , 

inf "' (x,yl : min "' (x , yl, 

ye L Y e L 

sup "'(x,yl : max "'(x,y l, 

x e K x e K 

then the ( theorem of dual i ty), 

o 0 
fl (x ) :: max fleX ) :: min IJ(Y) :: IJ (Y ) 

xe M yeN 

is obv i ous l y equival ent t o (the minimax theorem): 

max min "' (x,y) 
XE M yE L 

:: min max "'(x,y). 
yE N XE K 

Also we find the following connect i on bet ween minimax t heorem 

and saddle point theorem 

Theor em 2.3.1: If t here exist a minimax point 
o 0 (x ,y) E K X L 

such that 

o 0 ~(x ,y ) :: max min w( x,y) =mi n max "'( x,y), 
ye L XE K XE K yE L 

o 0 then (x ,y ) i s a saddle point of '" with respect to K X L. 

o 0 Pr oo(:Let (x ,y ) E K X L be a minimax point such that 

w(xO.l) :: max min w(x , Y) 
XE K yE L 

:: min max w(x,y) 
yE L XE K 

.. max w( x, /1 
x e K 

o 0 0 = w(x ,y ) = min w(x ,y l 
y e L 

consequently, for any (x,yl E K X L,we have 

o ° ° 0 "'(x,y) s "' ( x ,y ) s w(x ,yl. 

Hence the theorem is proved. 
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Remark : We cannot conclude the exislence of a minimax poinl,as we 

have done in Theor em 2.3.1, from the existence of saddle poinl. 

Th i sis because 

min ~(x,y) may not ex ist for all x E K . or 
y e L 

max ~(x , yl may not exist fo r all y E L. 
x e K 

We will demonstrate this idea wilh exampl e. 

Example 1.Let ~:~ X ~ + - ~, be give n by 

~(x, y) :: x-xy. 

since, ~ (X, 1) .:S ~( O , 1) .:S ~{O, yl . V (x , y) E ~ X [R+ 

the point (O ,l ) is a saddl e poi nt of ~. 

But, 

min ~(x,y) '" 
y E [R + 

mi n x(1-y) does not ex Ist V x E ~\{ O}. 

ye • • 

Let now M ~ K be the domain of definition f or 

Jl (x) = mIn ~(x,y), 
y e L 

and N ~ L be the domaIn of def Ini tIon f or 

tI (Y) ::: max "'(x, y) . 
x e K 

The n under the above assumptIons we have the foll owing theorem 

Theor e m 2.3.2: If "' (x,y) possesses a saddle-point 

respec l to K x L, then f or ~( x,y) it holds: 

o 0 ~(x ,y ) ::: max mIn ~(x , y) 
XE H yE L 

19 
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Proof: (xo,l) is a saddl e po int of ~ with respect to K X L 

° ° ° ° implies "' (x,y ) .:5 "'( x ,y ) .:5 "' (x ,y), 'II (x,y) E K X L 

... u{yO) = max "'{ x,yO) : "'{ xO,yO) = min "'{xO,y) = ~ (xo) 
xeK yeL 

... xO E M and le N. 

Hence M and N are non empty. 

Furthermore, since ~ (x) = min ~(x,y) and 
Y E L 

v (y) : max "' (x ,y ) 
x E K 

we have that ~ (x).:5 u(y) , 'II (x,y) E M X N ,and thus 

and 

~ (x) .:5 v( y) V x e M 

... ~ (x) .:5 ,J(xO) 'II x E M 

o 0 
v (y ) = ~ (x ) .:5 v(y) 'II ye N 

o ... u(y).:5u( y) 'II ye N. 

From thi s it fo ll ows that 

max ~(x) 
x E M 

o 0 
z ~ (x ) '" u(y 1 = min u(yl 

YE N 

... max min "' (x,y) 
XE M yE L 

= min 
Y' N 

o 0 max "' (x,y) = "' (x ,y l. x. K 

Thi s proves the theorem. 

Remark : From Theorem 2.3.2 , it also foll ows immediately that t he 

existence of a saddl e poi nt. of '" impi ies t hat t he r e e xi st 

exist functions ~ and v wi th , 

~(x) = min ~( x,y), 
Y • L 

v (y) = max ~(x.y) 
x E K 
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and t he domains of de f i nition M a nd N of M and u a r e nonempl y 

sets. Furt he r mo r e . a r elation of dual i ty of t he form 

max ~ (x) : min u(y) 
xE M YE N 

is true. 

I n this case t he prob lems (P) a nd (0) namely. 

W = s up ~ (xl :: max M(X) ( P) 

x E M x E M 
• 

\01 :: lnr u (y) = min u(y) ( 0) 

Y E N YE N 

are real i zable . and xOand 0 
Y a r e optimal solutions of t he 

problems (P) and (0) respect I ve I y. 

2 .4.Speci a l Lagrangi an Form. 

I n this section we treat special types of Lagr angian- forms 

which are particular ly suitab le to cons truct wel l known problems 

of opt im izati ons . Fo r this purpose t he idea of congugate functions 

p lay an important role. 

Let ~ be a r eal valued f unction defined on K X L ~ ~nx ~m , a be a 

function defined on K and (3 be a function defined on L. IX and (3 

are r eal valued Consider the Lagrangian form 

~(x.Y) = ~(x . y)-«{x) -~{y) . 

defined on K X L. 
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Now we define the funcLions 

o::. (y) = s up (!p (x,y)-a.(x )}, 
x E K 

~ ' (xl = Inf <.(x,yl-My)). 
y E L 

Let N ~ Land M ~ K be lhe domains of definiti on of the functions 

•• •• 
0:: and f3 respecti vely. 0:: and f3 are called the conjuga t e 

func l jons of 0:: and f3 respect ively 

For example: If M = N ,tp(x,y) = (x,y) and a. is convex and f3 Is 

• • concave functions,the functions 0:: a nd (3 are respectively 

conjugate convex a nd conjugate concave funct ions. 

Now as we have done in sec ll on 2.3, we cons ider the functions : 

j..I (x) = inf ~( x ,y) 

y E L 

= (3·(x)-a.(x) 

defined on M ~ K,and 

= i nf (tp(x,y)-o:: (x)-(3( y) } 
y E L 

u(y) = sup ~(x,y) = sup {tp( x,y)-o:: (x) -(3 (y) } 
x e K x e K 

defi ned on N ~ L. 

Then f or all (x,y) E M x L we have 

j..I (x) !!i ~ (x ,y ) 
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and for all (x,y) E K x N we have 

lI(Y) ~ >V (x, y). 

lIenee V (x, '1) e M x L" K X N '" M X N we have 

Jj (x) :s >V (x,y) :s II(Y), 

... (l · (x )-a(x) :s a · ('1)-(l(y). 
) 12 . • . 1 ) 

From this inequality we get a pair of dual problems: 

Find W '" sup {/l· (x)-cr.{x )}, 
x e M 

Find W· '" Inf {a·(y)-(l(y)}. 
yeN 

1 P) 

(0) 

Regarding t his two problems,we have the fol lowing theorem. 

Theo rem 2 .4 .1 : The f o llowing three statements are equivalent. 

(i). There exist a pair (XO,'1O) e K X L s uch that for any 

(x , y) e K X L,we have 

~(x ,yO) :s ~(xO.yO) :s ~(xO,y) 

(tt). Il is true that 

Inf ~( XO,y) '" min ~(xO,y) • 0 0 o 0 • (l ( x )-a(x ) • ~(x ,y ) 
y e L y e L 

s up ~( x,yO) 0 • 0 0 o 0 = max ~(x,y ) ' a(y)-~(y) • ~(x ,y ). 
x e K x e K 

Furthe rmore the domains of definition M a nd N of JJ and" 

respective ly are non-empty sets and the problems (P) a nd (D) 

are realziable.and, 

max { /l · (x)-a(x) } : min {a · (y)-(l(y) }. 
xe M yeN 
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(iii).There exist a pair (xO,yO) e M X N s uch that 

o cdx ) 

Proof: We prove the t heo r em by s howing,(I) . (ill). (ii). (I). 

(i). (iii).Suppose (i) holds true , t hen 

t h is imp li es f or all x e K 

o 0 0 0 
~(x . y ) - a(x) ~ ~(x , y ) - a(x ) 

o 0 0 0 • sup {~ (x ,y )-a,(x )} s ~(x ,y ) - o:(x ). 
x E K 

o But since x e K we a l so have 

~ ( XO,YO)_O:(XO) ~ sup 
xEK 

consequent l y we have, 

· 0 0 0 00 0 
0: ( y ) '" s up {~ ( x,y )-o: (x )}= max {~ ( x , y )-o:(x )}: r.p(x ,y )-o:(x 1. (2 ) 

xe K xe K 

o Thus ye N ~ L i . e. N is non-empty. 

Agai n f rom inequality (ll,we get 

• r.p (xO . yO)_~(yO) ~ inf (r.p(xO . y) _~(y) } 
Y E L 

o and si nce y e L we have , 

I nf {~(xO,Y) _~(Y) } 
y E L 

o 0 0 
~ tp(x , Y ) -~(y ), 
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consequent I y, 

fl " (xO) • ~(xo , /)-/1 (Yo ). Inf [~(xo,Y)-fl(y)j· min [~(xO,Y)-/1(y) J , (3) 
y eLy e L 

° Thus x e M S; K; l.e. M I s non-empty. 

Now from ( 2) and (3) It follows that ,ther e i s a pair (xo,l) 

in M X N such that, 

° ° . ° ° ~(x ,y ) : a (y ) + a(x ), 

rp(xO,yo) : ~ · (xo) + ~(y0). 

This proves 0) .. ( iii ). 

(ttt) .. (11); Suppose (III) ho lds. 

° 0 Then there ex i st a pair (x ,y ) e M X N such t hat, 

° ° 0 · ° ~(x ,y ) : «(x )+ a (y ) 

rp(xO,yo) : ~(yO)+ ~ · (xO) 
) (4 ) 

Clear l y M and N ar e non empty.Fur lhermore , from (4) and 

" " defi ni tion of a and ~ it follows t hat: 

· 0 0 00 0 0 
IX (y): sup [ rp(x,y)-IX(x »)= rp(x ,y )-o:(x ) : max[~(x ,y )-a(x) ], and 

xe K xe K 

· 0 0 00 0 0 
/1 (x ). Inf[~(x ,y)-fl{y)j' ~(x ,Y )-/1(y ). mln[.(x ,y) -/1 (y) J, 

ye L ye L 

Equivalently we have; 

o 0 · 0 0 00 
sup "' (x , y ): max "' (x ,y ): 0: (y )- j3 (y ) = "'( x ,y ),and 

xeK xe K 

o 0 · 0 0 00 
inf "' (x , y)= min "' (x ,y ) '" /l (x )-« (x ) '" "' (x ,y ). 

yeL yeL 

The above f o ll ows trtval ly from and t he definition of '" ) 
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From (2 . 4 . 1) we have, 

~ (x) s ~ · (X)-«{X) s «' (y)-~{y) s u(y). V (x,y)e M X N 

which i mplies fo r any (x,y)e M X N, 

. . ° 0 ~ (x)-«(x) s a (y )-~(y ),and 

• 0 ° . ~ (x )-« (x ) s a (y)-~(y). 

Now by ( 4 ) 

' 0 ° ' 0 0 ~ ex ) - «(x ) '" a (y )-(3(y) , this 

and t he above i nequali ti es leads to: 

• ' 0 0 ' 0 0 • max [{3 (x)-« (x )]: ~ (x )-«( x ): « (y )-(l(y ) = min [a (y ) -~(y )], 

xe M ye N 

.. max [~ ' {x)-a ( x )) 
x e H 

• = mi n [. ( y )-~ (y) l . 
ye N 

And th is proves (lii) .. (It). 

(Ii) .. (1).Suppose ( i l ) ho lds. 

o 0 Le t (x ,y ) e M X N be an opt ima l so lu tion o f t he pai r 

of probl ems ( P) and (D). Then statement (Ii) implIes, 

But, 

" 0 0 " 0 ° ~ (x )-. (x ) = • (y )-~(y ). 

a "(xo) = inf [~(xO , y)-~ (y) ] ,and 
y e L 

• 0 0 « (y ) = sup [~ (x, y )- o:: (x )) 
x e K 

impl i es t ha t f or a l l (x,y) e K X L, 
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• 0 0 
a (x ) ~ ~(x ,yl-a(y),and 

• 0 0 
a (y ) i!:; rp(x,y )-«(x). 

) (6 ) 

From (5) and (6) V (x,y) e K X L it foll ows that, 

::::; 0 0 0 0 0 
{1::::(x )-«(x ) s rp(x ,y)-/Hy)-«(x ) :z: "' (x ,yl,and 

· 0 0 0 0 0 a (y )-O(y ) i!:; rp(x,y )-«{x)-{1(y ) = "'(x,y ). 

Thus we have for a l l (x,y) e K X L. 

o · 0 0 · 0 0 0 
"' (x , y ) s IX (y )-{1(y ) = f3 (x )-«(x ) s "' (x ,y) (7 ) 

Furthermor e, 

" 0 0 · 0 0 
a (y )-{1(y ) = f3 (x )-a(x ) ,and 

implies t hat, 

This toge the r with (7) gives us 

o 0 0 0 
"'(x,y) :S ,,",(x .y ) .:s "' (x,y 1. 'tJ (x,y) E K xL. 

This proves (i1) .. > (I),and the theorem Is proved. 

o 0 
No t e that: I n Theor'em 2. 4 . 1 t he saddle-po int coordinates (x , Y ) 

of statement (I.) are opllmai solutions of (P) and (0) and 

satisfy staternent (i 1) as well as (Ill) . 

DEF.2 . 4 . 1 : Points (xO,yO) which saUsfy statemen t (iii) of 

Theorem 2.4.1 ar e cal led conjugate points. 
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Remark : From Theorem 2 . 4.1 follololS the following conclusion . 

Cons ider the se t s , 

L • {(x ,y ) E 

" 
K X N / ,,( x,y)'" ct;(x) + « o(y )},Ond 

• 
L~ • {( x, y) E M X L / o( x,y)- ~(y) + ~ (x l) . 

ThI s se t s contai ns c()mmun1Ly of conjugat e poInts corresponding 

to t he functions a and ~. 

I f the s tatement (ill) of Theor em 2. 11.1 is true , the pair 

(xO, yO) E M X N belcmgs to 

have La n L~ ~ 0 . 

On the o ther hand if 

L as we ll as 

" 

and say 

L~ .Consequent ly we 

o 0 
(x ,Y ) E La n LW 

t hen t he pair ( xO,l) bel ongs t o M x N and sati sfies statement 

( i ii) of Theorem 2 .11 . 1 .Thus La n L~ ~ 0 iff s tatement (iii) ,and 

hence ,elther statement (i) or (ii) o f Teorem 2. 4.1 is t rue. 

Let us now cons ider' the spec ial case m = n . Le t the sets K 

and L be " subsets of one and the same s pace ~ ,and a , ~ be 

g i ven func tions defi ned on K and L respecti ve ly. Further we demand 

t hat the functi on rp defined on IR
n 

X R
n 

i s symmet r ic; t.e. 

rp(x,Y) = rp(y,x) 't/ (x,y) E LR nX LR
n 

. 

We assume that the func ti ons a and f3 posses the followi ng 

propert ies . 
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If 

~ ' (y) • Inf [. (x,y)-~(x) J 
x e L 

i s aconjugate function of /1 defined on M , K ,and if 

« . (y) ::: s up (~(x,y)-«(x) ] 
x e K 

i s a conjugate func ti on of «defined on N ~ L ,then 

we may be able to reproduce the functions a and 0 in the form 

~(x) • Inf [.(x , y)-~ ' (y) J 
y e M 

cdx) ::: sup (rp(x , y)-a· (y) ] 
yeN 

'dxeL,and 

v X E K . 

Let us de note the transi tion Lo a conjugate func tion by 

a star a nd we PUl: 

Let 

~(x,y) ::: rp(x,y)-«(x)-O· ( y) 

be a Lagrangian fo r m defined on K X M . 

Ye def i ne the conjugate lagrangian-form by , 

. (x,y) • [.(x,y)) ' - [.(xl) ' - [~ ' (y l)' 

•• (y,x) - ;(y) - ~ .. (x) 

:::: rp(x,y) - o:: . (y) - /lex) . 

, 
Clearly the conjugate function ~ is defined on L X N . .. 
Moreover, >V (x,y) = ~(x,y) . W'e now consider: 

~(x) = lnr ~(x,y) = /lex) - «(x), defined on K ~ L ,and 
y e M 

v(y) = sup "' (x,y) = o:. (y) - /3 . (y), 

x e K 
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From, 

~(x) = inr ~(x , y) ~ ~ ( x,y) 
y e M 

V (X,Y )E K n L X M ,,,nd 

u ( y) - sup ~(x , y) ~ ~(x,y) , V (X,Y)E K X M n N 
x e K 

Il f o llows t hat: 

f or all (x,y) E K n L x M n N 

If the sels K n Land M n N are non empl Y,lhe formulali on of lhe 

of lhe foll owing dual pr oblems make sense. 

Find W~ = s up (f3( x)-a(x) ] 
XE Kr'I L 

Find w; . Inf [ ". (yJ-~ . (y l) 
yE MrI N 

Simil arl y f or Lhe conjugale Lagrangian form 

we gel: 

• • 
~ (x, y) = , (x , y)-« (y )-B(x) 

~ - (xl = s up ~ - (x , Yl = «(x l-B (y) 
yeN 

defi ned on K n L and 

I/ (Y) = inf ~- (x,y) = j3 - (y)-c.:"(y) 
y e L 

defi ned on M n N . Furthermore, in Lhis case 

V (x ,y) e K n L X M n N. 
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And in case K A Land MAN a r e non empty, we get the following 

dual pair of problems. 

-
Find W • • 

~ 

Find 

• 

sup [ ~ · (Y)-" (y l) 
ye Kr\ N 

i nf [ex( x) - /H x )) 
xe Kn L 

Clear l y, we have w~ = -w~. , w~ : -w~ . . Furthermore, 

• (0 ) 

Now si milar to Theorem 2. 4 . 1 ,we have the f o ll owing theo l'em. 

Theor em 2 . 4 .2: The foll owing t hree statements are equiva lent. 

o 0 
(i). There exist a pair (x ,y) E K A L X MAN such that for 

any (x.yl e K X M we have 

~(x,/) s III (XO,/) !'i III(xO,y), 

and for any (x , y) e LX N ,we have , 

· 0 · 00 0 
~ (x ,y) !'i ~ (x .y ) s III (x,y ). 

(11). It i s true that K A Land MA N are non-empty and 

max ({l(x) -ex( x)) = min 
xe~L yeMrl 

min 
XE Kn 

[ «(x)-~(x) J = max [ ~ · (y) -" (Y) J . 
L yeMrlN 

o 0 
(till. There exist a pair (x ,y) e K " L X M" N such that , 

o 0 0 • ° ~(x , y ) = ex(x ) + ex (y ), 

o ° 0 • ° ~(x , y ) = flex ) + fl (y ). 
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Proof: The proof of this theorem is Just like the proof of 

Theorem 2.4.1 . 

The development of Theorem 2.4. 1 is based on the assumpti ons that 

.. ." 
t he functions ex and (l have the properl.ies a = a and (l = (l 

Now we find the conditions under whi c h this properties are true . 

Let. 

L = { (x,y) E Lx M / Ip(x.y) "" (l 0(yJ + (l (x )} . 
~ 

We consider the set for y E M of the f orm, 

l " :: { x E L / I.jl(x,y) = /l "( Y) + (l(x)}, 
(l (y) 

and the se t for x E L of the form 

Lo = (y E M I .(x,y) = ~ ' (y) + ~(xl). 
!~( l(J 

we assume that In" is not empty for any y E M. 
p (y) 

Then fo r any y E M there exist at least one x E L s uc h that, , 
• I.jl(x ,y ) :: /l (yJ + /l (x ). , , 

ConsequentlY,we get for any y E M 

~ ' (y) = Inf (.[x,y)-~[x) J 
x E L 

= min {I.jl(x, yl-(l(xl1. 
x E L 

= I.jl(x ,yJ-(3(x ) , , 

Thus, we can replace infimum by minimum when we de fine the 

• 
conjugate function /l if L " $ 0 for any y E M. 

(3 ty) 
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Theor e m 2. 4 .3 : Let l,S· (yl be a non-mpty se t f o r a ny y E M. The n 

l,S(Xl* 0 for any x E L iff f or a l l x E L we ha ve. 

~(x) = min [.(x,y)-~ · (y» ) . 
y e M 

Proof: Suppose for al l x E L, we have 

~(x) = min [.(x,y)-~ · (y » ) 
Y E M 

then for all x E L. there exi s t at least one y E M s uc h that , 

~(x) = min [<p(x,y) - /3 · ( x) 1 
Y e M 

t hUSYvEln for all xEL ... L
Q 

*0. 
~ ,..(x) ,..(xl 

Co nversly. suppose La '$. 0 f o r all 
p(x) 

X E L 

fo r any x E L, there exist y E M such that , 

• 

thi s implies 

Furt he r more , using the definl lion of {l f o r any ( x. y ) '!; L X M 

we get: 

Consequent ly. 

Thus, 

min [.(x,Y)-~ · (Y)) 
Y E M 

This proves the theorem . 
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Similarly for the fUnction« ,let 

t« = {(x , y) E K X N / ~(x,y) = «.(y) + «(x», 

and consider the sets 

t · = {x E K / ~(x,y) = «(x) + «· {v» « ('I I oJ 

If we assume that for any Y E N the set L · "#. 121 , t.hen « ('II 

ex ist for each yeN at least one x e K s uch that., 
y 

• 
ip(x ,y) = «(y) + «(x ). 

y y 

Consequently, for any YEN we get, 

• 

Lhere 

« (yl = s up [ip(x , y)-«(x )]= max [~(x , y)-«(x» )= ip(x ,y) -«(x ). 
xeK xeK 'I 'I 

Thus we can rep lace supr emum by maximum when we define t. he 

• conjugate function « 1ft · "#. 0,'dyeN 
0: ('II 

And we get a theo r em which is similar to Theorem 2. 4. 3 . 

Theorem 2 .4 .4 : Let t · ) be a non-empty se t for any y e N.Then 
a (y 

t ~ 121 for any x e K iff for all xe K we have, 
«(xl 

= max 
yeN 

Proof: The pr oof of this theorem is Jus t lIke the proof of 

Theorem 2.4.3 
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Illus tra ti on . 

Thi s i s a n a ppl ication o f Theo r em 2.4.2. 

Co ns i de r : 

I/l(X , y ) 

« ( X) '" 

~(x ) : 

2 2 
'" X Y , 

2 ,x e K '" {x e R / x ) 0) 

x , x e L : {x E ~ / x ~ I } . 

The conj ugate func ti on (3 - is: 

~. (y ) : l nf (' (X , y)-~(x )) 
x e L 

• 
~ (y) '" i n f [x2/_ x) '" ~4Y t 

- I 2 

L Y - 1 

I f O<y:s 1/>/2 

I f I/n :s y 

• 
a nd (3 i s de fi ned o n M '" K. Fur t he rmor e we have 

l Q· : { x e LI .(x , y)r~· (y) + ~(x» ). 
t'" ( y l 

2 2 • 
'" ( x 2 I / x Y '" a (y) + x ) . 

( ) 'I .C2 Case i : Fo r a ny y:s v z , we have 

2 2 - I 2 
l - '" { x ;e 1 / x Y '" 14y + X ) , 

(3 (yl 

si nce at l eas t x '" 1/ 2/ <!: 1 Is co nt ained I n l a* 
p (yl 

l a* * ". t'" (yl 

Case (i 1): If y <!: 1/ v'2 , t he n 

l · ={ x 
(3 ( yl 

and the po int x '" 1 I s 

2 2 2 
;e 1 / x Y = Y - ) + x }, 

Y 
_ 'I c2 in La- f o r all .. V 2 

t'" (yl 
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Hence we have L ° ;t: 121 
fl ty) 

Consequen t ly from (i) and (il) we gel 

La· ~ 121 for any y e M . 
f~ (y) 

Next we consider lhe se l 

L = ( 'I > 0 / x2i = flo(y) + x }. (l( Kl 

Case(i): lf X" 1, then 

Lfl(l)'" ( 'I > 0 Ii :: fl o(y) + 1 } ... 121 ,this is 

because a ll elements 'I with y i!:. '/ .n. belongs to La . 
f~ ( I ) 

Case(ii): lf x> 1 ,then 

2 2 • 
L(l(X)= ( y ) 0 / xy = (j ('I ) + x ) . 

Any 'I with i = I /2K has the properly 'I .:s ' /12. 

consequently ,'I Is contained In La . 
f.'(x) 

Thus from (I) and (I i) La ... 121 for any x E L . 
f.'tx) 

•• 
Hence by Theorem 2. <1.3 (j = (l . 

Next we consider, 

'" sup [rp(x, y)-o;(x) ] 
x E K 

2 2 
= sup [ x 'I - x J. 

.,0 

( 1 ) 

Unless 'I '" 1 the supr emum does not exIst (I.e. lhe supremum 

Is not finite). Hence, 

2 2 sup [ x 'I - x ]= 0 , and 0; I s defined on N = {l}. 

x>O 
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.. 
~ o: =cr. ( 2 ) 

(1) and (2) ImplIes t hal some of the assumpli on for Theo r em 

2 . 4.2 are fuilfilled 

• 
Now the lagrangi an-form ~ and its conJugate '" are g ive n by: 

"' (x,,:!) = ~(x,y)-o:(x)-~ · (y) 

2 2 2 • 
= x y - x - (3 (':I) 

defi ned on K X M = K X K :and 

defined on L X N = L X {I} . 

We now have, 

/1 (x) = i nf >iI (x ,y ) = fl(x)-a.(x) 
y,O 

'* jJ(X ) = x - x 
2 , x e K n L = L 

And , 

lI(Y) = sup "' (x,,:!} = a"(y)-/3 " (y) ,Y E M n N = K n {o = {I} 
x,O 

q II(Y) = 1 - l = o. 

Also: 

sup 
y =1 

= x2 _ X , X E K n L = L , and 

l/ (Y)= inf "'· (x,y) = (3 " (Y)-(/(Y)= /3 . (y) ,':/ e Kn {O = {t} 

)(~l 

2 = y - 1 = 0 

Then the dual problems take the fo r m: 
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[x 2 0 SUp -x 1 = 0 = " .. X = ( PJ ,>1 

inf 
2 • 0 [1- y 1 = 0 = ". y = ( OJ 

Y'" 1 

2 0 SUp [y - i l = 0 = ii • (p' J • y = 
y = 1 

inf 
2 0 [ X - X ]= 0 = " . X = (0 ' J 

x~l • 
The pair o 0 (X • y J = (j. 1 J sati s fi es s tatements (! J. ( \I J and 

(iii) of Theorem 2.4.2 

Remark: The statement (ii) of Theor em 2 4 1 .. and Theol'em 2. 1\ . 2 

is a duality theo r em together with the asserti on about t he 

existence of optimal solutions by whi ch we mean r ealizabi l ity. 

2.5 Necessary and Sufficient Conditions for the 

Existence of Saddle Points 

Theorem 2.4 . 1 and Theorem 2 .4. 2 show us t hat saddle point 

theorem, duality t heorem ,realizability of probl e ms (P) a nd (D) 

and conjugate points are very closely related to o ne anothe r . 

Besides,this relationships,we are inte r-sled in theorems o f 

existence of saddle points. So in thi s secti on we dea l wi th 

Kuhn-Tucker condi tions which ensure the exi s t ence of saddle-

point s and minimax theorem corresponding t o Theor ems 2.3.1 

Theorem 2 .4.1 ,and Theorem 2.4 . 2 
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Theor e m 2.5. 1 : Let lJo(x,y) be a function defined on K X L '= IRn· X IR.· 

with the property that lJo is concave in x and convex in y ,and 

~ is Frechet differentiable both In x and y . Then (XO,yo) 

E IRn+x lR
m
+ 1s a saddle point of lJo wi th respecl 

if and only if 

(Il 
o 0 

d " (x,y) 
y 

to K X L 

yo e .m. (d ,',( 0 0) 0 • , • x ,Y ,y) = 0 (2,5, 1) 
y 

(2) ° ° ° ° d ~(x ,y ) = grad lJo (x ,y ) ~ 0, 
x x 

° ""n+ X E If\ , 
o 0 0 

(d "(x ,y ),x ) = 0 
x 

J 

Proof : First we wil l show that (2.5.1) implies the saddle poln l 

inequality. According to the assumption, -lJo(x,y) Is convex with 

respect to x . 

"' Now by Theorem 1.3 . 2 for any x E IR 

o 0 0 
"(x ,y ) -"(x,y ) 

o 0 0 
2:: -(d lJo (x ,y ),x-x). 

x 

o 0 0 
=> 'I'(x ,y )-w(x, y ) 

o 0 
> (d.cx ,y ),x) 

o 0 0 
+ (d lJo(x ,y ),x ). 

x , 

But, then from (2.5.1) we have, 

o 0 o 0 0 0, 
d " (x ,y ) s O,and (d "(x ,y ),x) = 

x , 
Thus we get, 

o 0 w(x ,Y ) 
0 

- "(x,y ) 
o 0 

2:: -(d lJo(x ,Y ),x) + 
x 

0 

O 0 0 (d ,',( 0 yO) x) < 0 
=> w(x,y ) - lJo(x ,y ) :5 - x'f' x, ' 

000 xElRn+ . 
=> w(x,Y ) :5 W(x ,y ) , V 
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Similarly because '" is convex with respect toy 

( 0 ) .( 0 0) ° 0 ° 0 '" x ,'I - x ,'I ?! <d "'(x ,y ),y-y ) = <d ~( x , '1° ),'1) z: 0 
y y 

o 0 0 
*"'(x,y)~"'(x,y),Vye R·+ (II) 

From 0) and (ti) it follows that, 

( 0 0) i 0' II' Thus x, 'I s a saddle point of \fI loll th respec t t o IR X R , 

(
0 0 0+ • • 

ConverslY,suppose x ,'I ) e R X R be a saddl e point of ~ . 

If we put 

¢(x ) 
o o. 

= \fI(x, 'I) , for x e R , 

then clearly 

o o. 
¢(x) s ¢ (x ) , V x e R 

o 
Thus the function ¢ possesses at least a local maximum a t x . 

Then by Theorem 1.3.1 we have , 

o 0 d (d¢) 0 = d ~(x ,Y ) s O , an 
x • 

° ° ° 0 0 «(d¢)xO ,x> = (d,,(x ,y ),x > = . 

On the other hand if we put 

o 
¢ (y) = -.(x ,y) 

the function rp posseses at yO a l oca l 

to IRm+ . Agai n by Theorem 1.3.1 we have, 
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(d¢lyO = -dy~(XO,yOl s 0 , and 

«(d¢\o ,yO) = -(d/(xO,l),yO) = 0 . 

This proves the theorem. 

Note: The conditions (2.5.1) are called Kuhn-Tucker condlt.lons 

and Theorem 2.5.1 is the Kuhn-Tucker Theorem . 

Corollary 2.5. 1 If we espically consider the lagrangian f or m 

~(x,yl = ~(x,y)-«(x) -~(y) 

n+ m+ 
de fined on K X L = IR X lR ,where« is convex, (J concave and 

II' convex wi th respect to y and concave wi th r espec t t o x ; then 

~ satisifies the assumptions of Theorem 2.5.1 ,if the f unctions 

11', ex, and f3 are Frechet differentiable in x and ':/. In t his case 

conditions (2.5.1) has the form: 

o 0 
( O . dy~( x ,y ) 

o 0 ••• , .d~(y),yE 

o 0 0 0) 0 
(d ~(x ,y ),y) = (d~(y ,y); , 

00 00 n+ 
(2).d ip(x ,,:/ ) ~ dex(x ), x e lR , 

x 

o 0 0 0 0 
(d ip(x ,,:/ ),x) = (d«(x l,x). 

x 

Proof: Simi lar to the proof of Theorem 2.5.1 
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Remarks : 

(l ) .Conditi on (2. 5.2) in the above corol l ary satisfied means 

o 0 
that t he point (x ,y ) i s a saddle point of the lagrangian-for. 

W with respect to K xL. Hence if the functi ons I{J, «,and f3 

has the des ired properti es mentioned above, then conditi on 

(2.5.2) is equivalent t o the statements 0 ) ,0 i l. and (111) of 

Theorem 2.4.1 , and regarding our inqu iries in sect ion 2. 4 the 

condi tions (2.5.2) are also equiva l ent to L« n L~ ~ 0 . 

(2) I f we drop the demand that '" is concave I n x and convex 

in y, the conditions (2.5.1) and (2.5.2) r emain as necessary 

condit i ons for the existence of sadd l e points, but they are 

not s uffi cient any more. Thi s result f ollows Immediate ly r rom 

the proof of Theo r em 2.5.1 whe re we on ly used convexity to 

prove sufficency . 

( 3) We can a l so generalize the theorem wi th respect to t he 

domain of definitions IRn+x IR
m
+ of the runc tl on "' . To do so 

consider , 
,. . 

x= (u,v )elR xR. 

Let 
. d (R'·' RS

) X R·· wi th W(U,ViY) be a funct ion defIne on 

the following properties . 

(a) Either W is concave in (u, v) , convex In y and 

differe ntiable In all variables . 
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( b) Or ~ posse s s es all par tial de r i vat i ves of f irst order whi ch 

are cont lnuous.Then it follows t hat ~ Is F-dl f ferenllable 

with respect to all var i ables and that the de ri vatives 

can be represented by the gradient o f IJI . 

Now,put v::: w-z ,with w ~ 0, z ~ ° and conl s de r : 

~(u,W-Z;Y) ::: ~(U,W,2,y) 

de fine d o n K X L::: (Rr+X ~s+X IRs+)X ~ ... + ,then conditi on (2.5.1) 

f o r ¢ has t he f orm 

(1) gr ad ~ = 
y 

o •• 
grad~~ O, ye ~ , 

y 
o 0 

(grad ~,y) = (grad lJI,y) = 0 
y , 

o 0 0 
(2 ) gr ad ¢ = (grad~, grad~ , grad ¢) ~ 0 , (u ,w , 2 ) ~ 0 , 

I{ U W :t 

o 0 
(grad ~ , x )=(grad ~ ,y )+(grad ¢ . " . 

o 0 0 0 
where x = (u, w, z) 

Furthermore , 

• d • = grad. grad ¢ '"'- gr ad"" . 
grad~=grad ,gra '1' y' ~ y 

" " . 
The n we have : 

Or 

o 
grad ~!:.o ,ye 

y 

1Rm+ ,(grad '" ,/) :: 0 
y 

(grad 4' ,grad >}I _grad"' ) :S 0 , 
u y' y 

o 
(grad4',u)+ 

" 

o 0 
(grad'" ,101 -z):: 0, 

• 

= 0 , 
o 

(grad IJI ,v ) :: O. 
" 
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The condi ti on (2.5.3) is necessary for the e xl s le nc~ of 

saddle po i nts for ~ and t her efore necessary f or the exi s t ance of 

s addle points f or w .I f w satisfies the condition of convexity. 

t hen the conditi ons in (2.5.3) a r e a lso s uffici ent f or the 

exi s tence of saddle poi nts for ~ and ~ . 

We can also have analogous situtatl on and s imilar cons ider a ti on 

with respect to the variable y. 
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