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Abstract 

In this paper we study the aging spring equation without damping 

0)()( =+ +− txetx bat , 

or the most general one with damping  

0)()()( =++ − txetxdtx at  

which is a special cases of homogeneous linear second order ODE with variable coefficients. 

We will show that, with a suitable change of variables, this equation of aging spring problem 

can be transformed into Bessel differential equation and hence the solution can be expressed 

in terms of Bessel functions. 
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         Notations  
 𝐽𝑝(𝑥):    is the solution to Bessel’s equation is referred to as a Bessel function of the first 

kind. 

  𝑌𝑝(𝑥):   is the solution to Bessel’s equation is referred to as a Bessel function of the second 
kind  or sometimes the Weber function or the Neumann function. 

  𝐼𝑝(𝑥):     is the modified Bessel’s equation is referred to as a modified Bessel function of the 
first  kind. 

 𝐾𝑝(𝑥):     is the modified Bessel’s equation is referred to as a modified Bessel function of  
the second kind  or sometimes the Weber function or the Neumann function. 

   𝛾 ≈ 0.5772:     Euler’s constant 
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Introduction 
The vibration of a spring which is governed by hooks law assumes that the stiffness of the 

spring is constant over time. As a result the governing equation is a second order linear ODE 

with constant coefficients. However, in reality this is true only for values of t in some range. 

Thus, as the value of t grows large, the restoring force of the spring is weakening with time 

and the governing equation of the aging spring problem without damping is given by 

0)()( =+ +− txetx bat .                             …..………          (*) 

Here, in this equation the stiffness of the spring, i.e. the restoring force is a decaying 

exponential of time thereby showing weakening of the restoring force with time. The more 

realistic situation is reflected in the one with damping, that is expressed as 

0)()()( =++ − txetxdtx at                       ..………...        (2*) 

These aging spring equations (*) and (**) are nothing but special cases of homogeneous 

linear second order ordinary differential equations with variable coefficients 

0)()()()()( =++ txtqtxtptx  .                  …….…...        (3*) 

At this point we recall that, if *t is an ordinary point of the above ODE (3*), i.e. if p(t) and 

q(t) are analytic at *t then the ODE admits a power series solution in a neighborhood of *t . 

Bessel functions are defined as particular solutions of a linear differential equation of the 

second order            

0)()()()( 222 =−++ txnttxttxt   

known as Bessel’s equation.  And it is often used as model of real physical problems. Bessel 

functions are named for Friedrich Wilhelm Bessel (1784 – 1846), however, Daniel Bernoulli 

is generally credited with being the first to introduce the concept of Bessel functions in 1732.  

He used the function of zero order as a solution to the problem of an oscillating chain 

suspended at one end. In 1764, Leonhard Euler employed Bessel functions of both zero and 

integral orders in an analysis of vibrating of a stretched membrane. Bessel, while receiving 

named credit for these functions, did not incorporate them into his work as an astronomer 

until 1817. The Bessel function was the result of Bessel study of determining the motion of 



2 
 

the three bodies moving under mutual gravitation. In 1824, he incorporated Bessel functions 

in a study of planetary perturbations where the Bessel functions appear as coefficients in a 

series expansion of the indirect perturbation of a planet, which is the motion of the sun 

caused by the perturbing body. Some classes of differential equations are important because 

they arise in many different applications. It may be necessary to have a way to compute these 

solutions quickly, even though these solutions are required in the neighborhood of a singular 

point. Such a solution, if it can only be defined as a series, rather than in terms of elementary 

functions, is called a special f unction. Some of the special functions we may run into are 

Bessel functions, Legendre functions, etc.  

 

This paper presents solution of the aging spring equation in terms of the Bessel functions of 

the first and second kind arising from the solution of transformed second order differential 

equation and. The content of this paper is organized as follows. In the first chapter, we will 

see basic concepts and definitions. In the second chapter, we introduce the (modified) Bessel 

differential equation and deduce from it the (modified) Bessel functions of first and second 

kind. This will be done via a power series approach. In the third chapter, we will prove some 

properties of Bessel functions. There are of course more interesting facts; in particular, there 

are connections between Bessel functions and the usual trigonometry functions and much 

more. Finally, in the fourth chapter, we will see how other differential equation, the aging 

spring equation can be converted in to the general solution of Bessel equation of order 0.        
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Chapter 1 

Basic Concepts and Definitions 
1.1 Initial Definitions and Basic Theory 

 
 Second Order ODE 

Definition 1.1.1 [1]  The general linear homogeneous second order ODE is given by 

                                          𝑦′′ + 𝑝(𝑥)𝑦′ + 𝑞(𝑥)𝑦 = 0                                                         (1.1.1) 

has coefficients p and q that are not both constants. 

However, sometimes we can write a solution y(x) as a power series: 

𝑦(𝑥) = ∑
∞

=0n
𝑎𝑛(𝑥 − 𝑥0)𝑛 

where we use ODE (1.1.1) to where we determine the coefficients 𝑎𝑛. 

 Infinite Series 

Definition 1.1.2 [5]  An infinite series of the form 

                                ∑
∞

=0n
𝑎𝑛𝑥𝑛 = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 + .  .  .                                            (1.1.2) 

is called a power series in x. 

Definition 1.1.3 [6]  The series of the form 

                             ∑
∞

=0n
𝑎𝑛(𝑥 − 𝑥0)𝑛 = 𝑎0 + 𝑎1(𝑥 − 𝑥0) + 𝑎2(𝑥 − 𝑥0)2 + .  .  .            (1.1.3) 

is a power series in 𝑥 − 𝑥0. 

The seri es (1.1.2) is s aid t o be  convergent at a point x  if  the  l imit,
∞→m

lim  ∑
=

m

n 0

𝑎𝑛𝑥𝑛                           

exists, and in this case the sum of the series is the value of this limit. A power series may or 
may not converge at either endpoint of its interval of convergence.                                                                                                                

 

Definition 1.1.4 [6]   If a function y(x) has a convergent Taylor series 

                                                      𝑦(𝑥) = ∑
∞

=0n
𝑎𝑛(𝑥 − 𝑥0)𝑛                                                                                           
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in some interval about 𝑥 = 𝑥0, then y(x) is said to be analytic at x0. In this case the 𝑎𝑛’s are 

necessarily given by 𝑎𝑛 = 𝑦[𝑛](𝑥0)
𝑛!

 . 

Since all derivatives of analytic functions exist, the derivatives 𝑦  ′𝑎𝑛𝑑 𝑦′′of y can be obtained 
by dif ferentiating that seri es t erm by  t erm, producing s eries w ith t he s ame r adius of  
convergence as  t he ser ies f or y. If we subs titute t hese series i n to ODE (1.1.1), we can 
determine t he coe fficients 𝑎𝑛 . T o b egin w ith, 𝑎0 𝑎𝑛𝑑 𝑎1 are e qual t o t he i nitial v alues 
𝑦(𝑥0) 𝑎𝑛𝑑 𝑦′(𝑥) respectively. 

 Recurrence Formulas 

Definition 1.1.5 [5]   A recurrence formula for the coefficients an is a f ormula that defines 
each an in terms of the coefficients a0, a1,   .  .   . , an-1. 

To find such a formula, we have to express each of the terms in ODE (1.1.1) as power series 
about x  = x 0. This i s the point at  which the initial conditions are given. Then we combine 
these series to obtain a single power series which according to ODE (1.1.1), must be zero for 
all x near x0. This implies that the coefficient of each power of x – x0 must be equal to zero, 
which yields an equation for each an in terms of the preceding coefficients  a0, a1, . .  . , an-1. 

 Ordinary Points 

Definition 1.1.6 [1] If p(x) and q(x) are both analytic at x0, then x0 is called an ordinary point 
for the differential equation 𝑦′′ + 𝑝(𝑥)𝑦′ + 𝑞(𝑥)𝑦 = 0. 

Remark 1.1.1   Any point that is not an or dinary point of ODE (1.1.1) is called a s ingular 
point. 

Theorem 1.1.1 [1]       Ordinary Points Theorem 

If x0 is an ordinary point of ODE (1.1.1) that is, if p(x) and q(x) are both analytic at x0, then 
the general solution of ODE (1.1.1) is given by the series 

                         𝑦(𝑥) = ∑
∞

=0n
𝑎𝑛(𝑥 − 𝑥0)𝑛 = 𝑎0𝑦1(𝑥) + 𝑎1𝑦2(𝑥)                              (1.1.4) 

Where a0 and a1 are arbitrary and for each 𝑛 ≥ 2, an can be written in terms of a0 and a1. 
When this is done, we get the right- hand term in formula (1.1.4), where 𝑦1(𝑥)𝑎𝑛𝑑 𝑦2(𝑥) are 
linearly independent solutions of ODE (1.1.1) that are analytic at x0. 

Proof :       see  [1].                               
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  Regular Singular Points 

Definition 1.1.7 [1]   A singular point of the ODE (1.1.1) is a regular singular point if both 
          (𝑥 − 𝑥0) p(x) and (𝑥 − 𝑥0)2𝑞(𝑥) are analytic at 𝑥0. 
 In this case we‘ll have to modify the method to find a series solution to t he ODE (1.1.1).       
Since  (𝑥 − 𝑥0) p(x) and (𝑥 − 𝑥0)2𝑞(𝑥) are a nalytic a t 𝑥0, t hey hav e a power series 
expansions centered at x0: 

(𝑥 − 𝑥0)𝑝(𝑥)   =   𝑝0 + 𝑝1(𝑥 − 𝑥0) + 𝑝2(𝑥 − 𝑥0)2 + .  .  . 

(𝑥 − 𝑥0)2𝑞(𝑥) =   𝑞0 + 𝑞1(𝑥 − 𝑥0) + 𝑞2(𝑥 − 𝑥0)2 + .  .  . 

As we shall soon see, the constant coefficients p0 and q0, in these two series are particularly 
important. The roots of the quadratic equation called the indicial equation 

                              𝑟(𝑟 − 1) + 𝑝0𝑟 + 𝑞0 = 0                                                                    (1.1.5) 

are used in solution formula (1.1.6) below. 

Theorem 1.1.2 [1]         Frobenius’ Theorem 

If x0 is a regular singular point of ODE (1.1.1), then there is at least one series solution at x0 
of the form  

                 𝑦1(𝑥) = (𝑥 − 𝑥0)𝑟1∑
∞

=0n
𝑎𝑛(𝑥 − 𝑥0)𝑛 = ∑

∞

=0n
𝑎𝑛(𝑥 − 𝑥0)𝑛+𝑟1                     (1.1.6) 

where 𝑟1is the larger of the two roots 𝑟1 𝑎𝑛𝑑 𝑟2of the indicial equation. 

Proof :   see [2]. 

Here are a few things to keep in mind when finding a Frobenius series. 

1. The r oots of t he i ndicial e quation m ay not  be  integers, i n w hich c ase t he series 
representation of the solution would not be a power series, but is still a valid series. 

2. If r1 – r2 in not an i nteger, then the smaller root r2 of the indicial equation generates a 
second solution of the form 

               𝑦2(𝑥) = (𝑥 − 𝑥0)𝑟2∑
∞

=0n
𝑏𝑛(𝑥 − 𝑥0)𝑛 

which is linearly independent of the first solution 𝑦1(𝑥). 
3. When r1 – r2 is an integer, a second solution of the form 

              𝑦2(𝑥) = 𝐶𝑦1(𝑥)𝑙𝑛(𝑥 − 𝑥0) ∑
∞

=0n
𝑏𝑛(𝑥 − 𝑥0)𝑛+𝑟2 

 
                                                                                       
exists, where t he value s of t he coe fficients b n are de termined by finding a recurrence 
formula, and C is a constant. The solution 𝑦2(𝑥)is linearly independent of 𝑦1(𝑥). 
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1.2  Notions of Bessel Differential Equation 

 
  Bessel Differential Equation 

Definition 1.2.1 [1] For e ach non - negative c onstant p, t he as sociated B essel e quation of  
order p is  
                                       x2 y” + x y’ + (x2 – p2) y = 0                                                     (1.2.1) 

This can also be written in the form 

                                           y” + p(x) y’ + q(x)y = 0                                                           

With P(x) = 1
𝑥
 and q(x) = 1 - 𝑝

2

𝑥2
. 

Solutions of  e quation (1.2.1) are B essel functions. T hese f unctions appear f requently i n 
applications i nvolving cylindrical geometry a nd have b een extensively s tudied. B essel 
functions are the most widely used functions in science and engineering. 

Definition 1.2.1 [16]  The modified Bessel equation of order p is given by 

                                      x2y” + xy’ - (x2 + p2) y = 0                                                     (1.2.2)  

Since Bessel’ differential equation is a second-order differential equation, there must be two 
linearly independent solutions.                                          

 Gamma Function 

We recall that 

𝑘! = 𝑘 × (𝑘 − 1).  .  .  3 × 2 × 1. 

      Euler was able to give a correct definition to k! when k is not a positive integer. He invented 
the Euler-gamma function in the year 1729. That is, 

      Definition 1.2.2 [2]   The gamma function, )(xΓ , is defined  for 𝑥 > 0 as follows: 

                                               )(xΓ   =  ∫ 𝑡𝑥−1𝑒−𝑡𝑑𝑡  ∞
0                                                         (1.2.3) 
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This i ntegral i s i mproper and converges f or a ll x  > 0. T he bas ic pr operty of  t he gam ma          
function is                    

                                           )1( +Γ x  =  𝑥 )(xΓ   

To prove this we use integration by parts as follows 

)1( +Γ x   =  
∞→b

lim ∫ 𝑡𝑥−1𝑒−𝑡𝑑𝑡  𝑏
0  

                                             = 
∞→b

lim  (−𝑡𝑥𝑒−𝑡 ∫  𝑏
0  + 𝑥 ∫ 𝑡𝑥−1𝑒−𝑡𝑑𝑡  𝑏

0 ) 

                                                                   = 𝑥(
∞→b

lim  ∫ 𝑡𝑥−1𝑒−𝑡𝑑𝑡  𝑏
0 )    

                                                                     =   𝑥 )(xΓ    ,   since  𝑏
𝑥

𝑒𝑏
 → 0 as b→ ∞ 

                                               ⤇    )1( +Γ x  =  𝑥 )(xΓ  

 

 We can easily find the values of the gamma function at the positive integers 

        For example,                     )1(Γ   =  ∫  𝑒−𝑡𝑑𝑡   ∞
0 =   1 

The basic property now gives  Γ (2)  =    1 Γ (1)   =    1!   

                                                 Γ (3)  =    2 Γ (2)   =    2.1 = 2! 

                                                       Γ  (4)  =    3Γ  (3)   =    3.2.1 = 3!              

       and in general                        Γ (𝑛 + 1)  =       𝑛!    

       For any integer n ≥ 0, where we have set 0! = 1. 

       For this reason the gamma function is sometimes called the generalized factorial function. 
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Chapter 2 

The Bessel functions 
2.1   Bessel functions of first and second kind 

 Solving Bessel Equation 

For any non-negative constant p, the differential equation  

x 2y” + x y’ + (x2 – p2) y = 0 

      is known as Bessel’s equation of order p, and its solutions are the Bessel functions of order p.                                       

Second order linear differential equations with the form 

                                                   y”(x) +p(x) y’(x) + q(x) y(x) = 0                                   (2.1.1)                 

With neither p(x) nor q(x) are analytic at x = x0, but with both (x-x0) p(x) and (x-x0)2q(x) are 
analytic, are said to be equations with regular singular points. Writing equation (1.2.1) as  

                                                   y”(x) + 1
𝑥
 y’(x) +(1 - 𝑝

2 
𝑥2 

) y(x) = 0                                   (2.1.2)                    

We see that Bessel’s equation is such a regular singular point equation, with the singular 
point x0= 0. Solutions to such equations can be found using the technique of Frobenius 
series.  A Frobenius series associated with the singular point x0 = 0 has the form 

                                             y (x)   =     x r (   a0   +   a1x   +   a2x2   +   - - - )     

                                                    y (x)  =  ∑
∞

=0n
𝑎𝑛𝑥𝑛+𝑟 

 where r is to be determined, and 𝑎0 ≠ 0. 

So, as suggested by the method of Frobenius, we try for a solution 

                                                        y (x)  =   ∑
∞

=0n
𝑎𝑛𝑥𝑛+𝑟                                              (2.1.3) 

                                                        y ‘(x)  =  ∑
∞

=0n
(𝑛 + 𝑟)𝑎𝑛𝑥𝑛+𝑟−1                                (2.1.4) 

                                                        y”(x)  =   ∑
∞

=0n
(𝑛 + 𝑟)(𝑛 + 𝑟 − 1)𝑎𝑛𝑥𝑛+𝑟−2            (2.1.5) 
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Substituting equations (2.1.3), (2.1.4) and (2.1.5) in to equation (1.2.1) yields, 

𝑥2∑
∞

=0n

(𝑛 + 𝑟)(𝑛 + 𝑟 − 1)𝑎𝑛𝑥𝑛+𝑟−2 + 𝑥∑
∞

=0n

(𝑛 + 𝑟)𝑎𝑛𝑥𝑛+𝑟−1 + (𝑥2 − 𝑝2)∑
∞

=0n
𝑎𝑛𝑥𝑛+𝑟 =0 

 ∑
∞

=0n

(𝑛 + 𝑟)(𝑛 + 𝑟 − 1)𝑎𝑛𝑥𝑛+𝑟 + ∑
∞

=0n

(𝑛 + 𝑟)𝑎𝑛𝑥𝑛+𝑟 + ∑
∞

=0n
𝑎𝑛𝑥𝑛+𝑟+2 − ∑

∞

=0n
𝑝2𝑎𝑛𝑥𝑛+𝑟=0 

Making the change of index in the third term, gives 

 ∑
∞

=0n

(𝑛 + 𝑟)(𝑛 + 𝑟 − 1)𝑎𝑛𝑥𝑛+𝑟 + ∑
∞

=0n

(𝑛 + 𝑟)𝑎𝑛𝑥𝑛+𝑟 +  ∑
∞

=2n
𝑎𝑛−2𝑥𝑛+𝑟 − ∑

∞

=0n
𝑝2𝑎𝑛𝑥𝑛+𝑟=0  

Writing the terms corresponding to n = 0 and n = 1 separately gives 

           a0 (r2 – p2) xr + a1 [(r + 1)2 – p2] xr+1 + ∑
∞

=2n
(𝑎𝑛[(𝑟 + 𝑛)2 – p2] + an-2) xr+n = 0 

Equating coefficients of the series to zero gives 

                                       a0 (r2 – p2) = 0                               (n = 0)                             (2.1.6) 

                                       a1 [(r + 1)2 – p2] = 0                      (n = 1)                             (2.1.7) 

                                       an [(r + n)2 – p2] + 𝑎𝑛−2 = 0          (n ≥ 2)                              (2.1.8) 

From equation (2.1.6), since a0 ≠ 0, we get the indicial equation  

(r + p)(r - p) = 0, with indicial roots r1 = p and r2 = -p. we assume here that the indicial roots 
are real and that r2 ≤ r1. Thus, the Bessel differential equation has a regular point at x = 0 for 
every p the equation has at least one solution of y(x) of the form  

                                                    y (x)  =  ∑
∞

=0n
𝑎𝑛𝑥𝑛+𝑟 

where 𝑎0 ≠ 0. 

                                                                                                                                     

 First Solution Of Bessel’s Equation 

Setting r = p, equation (2.1.8) gives the recurrence relation 

                            an    =     −1
𝑛(𝑛+2𝑝)

 an-2                            n ≥ 2 
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This is a two-step recurrence relation, so the even and odd-indexed terms are determined 
separately.  

We deal with the odd-indexed terms first with r = p equation (2.1.7) becomes  

                             a1 [(p + 1)2 – p2] = 0                                                                                            

 Which implies that a1 = 0, recall that p ≥ 0 in the equation (1.2.1) and so a3 = a5 = - - - = 0.                                                                     

To make it easier to find a pattern for the even-indexed terms we rewrite the recurrence 
relation with n = 2k and get 

                             a2k    =     −1
2𝑘(2𝑘+2𝑝)

  a2k-2     =        −1
22𝑘(𝑘+𝑝)

  a2 (k - 1)                 k ≥ 1 

This gives             a2      =     −1
22(1+𝑝)

  a0; 

                                            a4      =     −1
222(2+𝑝)

  a2;                 =      1
242!(1+𝑝)(2+𝑝)

  a0; 

                                             a6      =     −1
223(3+𝑝)

  a4;                 =      −1
263!(1+𝑝)(2+𝑝)(3+𝑝)

  a0; 

                                              . . .                                                                                    

                              a2k    =      (−1)𝑘

22𝑘𝑘!(1+𝑝)(2+𝑝)(3+𝑝)   .  .  .  (𝑘+𝑝)
  a0 

Substituting these coefficients in to equation (2.1.3) gives one solution to Bessel’s equation 

                             y    =      𝑎0 ∑
∞

=0k

(−1)𝑘

22𝑘𝑘!(1+𝑝)(2+𝑝)(3+𝑝)   .  .  .  (𝑘+𝑝)
𝑥2𝑘+𝑝                       (2.1.9)                   

Where a0 ≠ 0 is arbitrary and it is convenient to choose     a0   =   1
2𝑝𝑝!

   , so together we get 
the pth Bessel functions. 

                           y (x)  =    ∑
∞

=0k

(−1)𝑘

   k!(𝑘+𝑝)!
( 𝑥 
2

)2𝑘+𝑝                                                       (2.1.10)                

                                                                                                                                         

We have a problem! So far, we have allowed p to be any real number and then we need to 
apply the basic property of the gamma function and we also want to construct a solution for 
complex order p, thus   equation (2.1.10) yields the first solution denoted by Jp and called 
Bessel functions of order p. 

                       Jp (x)   =     ∑
∞

=0k

(−1)𝑘

  )1( +Γ k  )1( ++Γ kp
( 𝑥 
2

)2𝑘+𝑝                                     (2.1.11)            
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To get an idea of the behavior of the Bessel functions we sketch the graphs of the first six 
Bessel functions of this kind are shown in the figure 1. 

            Le  p = n, n = 0, 1, 2, . . . 

 

Figure 1  -     𝑱𝒏(𝒙) : Bessel function of the first kind of order n. 

Note that Jp is bounded at 0. As we will see shortly, this property is not shared by the second 
linearly independent solution. 

 Second Solution Of Bessel’s Equation  

If in equation (2.1.3) we replace r by the second indicial root –p, we arrives at the solution 

                           J-p (x)    =     ∑
∞

=0k

(−1)𝑘

  )1( +Γ k  )1( ++−Γ kp
( 𝑥 
2

)2𝑘+𝑝                              (2.1.12)        

Equation (2.1.11) and (2.1.12) both are called the Bessel functions of order p of the first kind. 

It turns out that if p is not an integer, then Jp and J-p are two linearly independent solutions. 

It can be shown that the wronskian of Jp and J-p is given by 

                                  W (Jp, J-p)   =  −2sin𝑝𝜋
𝜋𝑥

        

Then they also form a fundamental of solutions when p is not an integer.                                                                       

When p = n , we have =++Γ )1( kp   )1( ++Γ kn = (n + k)!  and so the Bessel functions of 
order n is 

                                 Jn (x)    =     ∑
∞

=0k

(−1)𝑘

   k!(𝑛+𝑘)!
( 𝑥 
2

)2𝑘+𝑛                                            (2.1.13)                  

Equation (2.1.11) is valid unless – n  𝜖 ℕ. But in this case we can just write 
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                               J-n (x)  :   =      ∑
∞

=nk
 (−1)𝑘

  )1( +Γ k  )1( ++−Γ kn
( 𝑥 
2

)2𝑘−𝑛                                

                                              =     ∑
∞

=0k

(−1)𝑘+𝑛

  )1( +Γ k  )1( ++Γ kn
( 𝑥 
2

)2𝑘+2𝑛−𝑛   

                                               =   (-1)n Jn (x)  

                          ⤇    J-n (x)     =   (-1)n Jn (x)                                                                 (2.1.14)        

This shows that equation (2.1.11) and (2.1.12) are linearly dependent when p is an integer.     
Thus it requires an extra effort to find another linearly independent solution.                                         
Since (-1) n = 𝑐𝑜𝑠 𝑛𝜋   the function   Jp (x) 𝑐𝑜𝑠 𝑝𝜋  -   J-p (x)   is a solution of the Bessel 
equation, which vanishes if n  𝜖  ℕ0. Therefore, we define (p is not an integer) 

                                      𝑌𝑝 (x)   =       cos(𝑝𝜋)𝐽𝑝(x)   −  𝐽−𝑝 (x)     
sin(𝑝𝜋)

                                       (2.1.15) 

The function Yp is called a Bessel function of the second kind of order p and also known as 
Neumann functions that are developed by a linear combination of Bessel function of the first 
order. The case when p is an integer n is defined by 

                                    Yn (x) :    =      
np→

lim cos(𝑝𝜋)𝐽𝑝 (x)   −  𝐽−𝑝 (x)     
sin(𝑝𝜋)

                               (2.1.16) 

                                                   =     
np→

lim  Yp (x),       

 exists, as can be shown by L’Hospital rule. Yp and Jp are two linearly independent solutions 
of the Bessel equation for all p is an element of complex number. This can be shown by 
computing the wronskian determinant.                                                                          

Let p = n, n = 0, 1, 2, . .  

.                                 

Figure 2 -     Yn(x): Bessel functions of the second kind (Neumann functions) of order n. 
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As illustrated in figure 2, we have 

                                     
+→0

lim
x

 Yp (x)    =   −∞                                                             

In particular, the Bessel functions of the second kind are not bounded near 0. 

 General Solutions of Bessel’s Equation Of order p 
We summarize our analysis of Bessel’s differential equation of (1.2.1) as follows. 

The general solution of Bessel’s differential equation of (1.2.1) of order p is given by  

                                     y (x)   =   c1 Jp (x)   +   c2 Yp (x)                                                (2.1.17) 

Where Jp is given by equation (1.1.11) and Yp is also given by equation (1.1.15), when p is 
not an integer, a general solution is also given by 

                                    y (x)   =   c1 Jp (x)   +   c2 J-p (x)                                               (2.1.18) 

Where Jp is given by equation (1.1.11) and J-p is given by equation (1.1.12), and c1 & c2 are 
arbitrary constants from the boundary conditions. 

2.2   Modified Bessel Functions Of First and Second Kind 

The modified Bessel equation is given by 

                                   x2 y” + x y’ - (x2 + p2) y = 0                                                       (2.2.1)                            

which transform from equation (1.2.1) when x is replaced with ix.                                                              

Modified Bessel functions are found as solutions to the modified Bessel equation. The 
solutions to equation (2.2.1) are analog to the previous section we can compute a solution 
using the technique of Frobenius series or power series approach. This gives 

                                   Ip (x)    =      ∑
∞

=0k

1

  )1( +Γ k  )1( ++Γ kp
( 𝑥 
2

)2𝑘+𝑝                         (2.2.2)  

                                    I-p (x)    =       ∑
∞

=0k

1

  )1( +Γ k  )1( ++−Γ kp
( 𝑥 
2

)2𝑘−𝑝                     

Both Ip (x) and I-p (x) are a set of functions known as the modified Bessel functions of the 
first kind. The general solution of the modified Bessel functions is expressed as a 
combination of  Ip (x) and I-p (x) which is given by 

                                      y (x)   =   A I-p (x)  -   B Ip (x)                                                      (2.2.3)                                     

Where Ip (x) and I-p (x) are given by equation (2.2.2) and A &  B  are arbitrary constants 
determined from the boundary conditions. 
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As before, we search for a second linearly independent solution for p is not an integer                
be given by 
                                     Kp (x)   =    𝜋

2
     𝐼−𝑝 (𝑥)  −    𝐼𝑝 (𝑥) 

𝑠𝑖𝑛(𝑝𝜋)
                                                     (2.2.4) 

  and its limit for p→ 𝑛 𝜖 ℤ exists. 

 The function Kp(x) are known as modified Bessel functions of the second kind.                          
A plot of the Neumann functions (Yp(x)) and modified Bessel functions (Ip(x)) is shown in  
figure- 3.         

 
Figure 3- The Neumann functions(black) and The modified Bessel functions(blue) for integer orders            

p = 0 to p = 5. 
                                                                                                                                                                                                                        

       A plot of the modified second kind Bessel functions ( Kp (x)) is shown in figure-4.    

 

Figure 4- The Modified Bessel Functions of the Second Kind for orders p = 0 to p = 5. 

  

When we see the graphs of Bessel functions, we observed that the following points. 
Bessel functions of the first and second kind have an infinite number of zeros at the value of 
x goes to ∞, the zeros of the functions can be seen in the crossing points of the graphs in 
figure-1 and figure-2. 



15 
 

The modified Bessel functions of the first kind ( Ip (x)) have only one zero at the point x = 0, 
and the modified Bessel functions of the second kind ( Kp (x)) do not have zeros as shown in 
the figure-3 & figure-4 respectively. 

The zeros of Bessel functions are of great importance in applications.       
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Chapter 3 
Properties of the Bessel functions 

  
      3.1   Generating function  

Many facts about Bessel functions can be proved by using its generating function. Here we       
want to determine the generating function. The Bessel functions of integral order are linked 
together by the fact that  

                                               
 

     𝑒
 𝑥2(𝑧−1𝑧)

 

=  𝐽0(𝑥) +   ∑
∞

=1n
Jn(x) [Zn + (−1)𝑛𝑧−𝑛]. 

Since 𝐽−𝑛(𝑥) =  (−1)𝑛𝐽𝑛(𝑥), this is often written in the following theorem. 

Theorem 3.1.1 [17]   We have  

                                      
  

                𝑒
 𝑥2(𝑧−1𝑧)

 

  =     ∑
∞

−∞=n
Jn(x) 𝑧𝑛                                       (3.1.1) 

                                       i.e.   𝑒  𝑥2(𝑧−1𝑧) is the generating function of Jn(x). 

Proof:           we have          

                                 
 

 𝑒
 𝑥2𝑧

 
  𝑒

− 𝑥2
1
𝑧

 

  =    ∑
∞

=0m

(𝑥2)𝑚

  𝑚!
  𝑧𝑚  ∑

∞

=0k

(−1)𝑘(𝑥2)𝑘

  𝑘!
𝑧−𝑘    

                                                    = ∑
∞

−∞=n
 � ∑

=− nkm

(−1)𝑘�𝑥2�
𝑚+𝑘

  𝑘!
𝑧−𝑘� 𝑧𝑛              m , k  ≥ 0                                                              

                                                    =       ∑
∞

−∞=n
(∑

∞

=0k

(−1)𝑘

  (𝑛+𝑘)!𝑘!
� 𝑥
2
�
2𝑘  

� 𝑥
2
�
𝑛

) 𝑧n  

                                                    =     ∑
∞

−∞=n
𝐽𝑛(𝑥) 𝑧𝑛                        

 A simple consequence of theorem (3.1.1) is the addition formula. The result is given in the 
following lemma. 
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Lemma 3.1.1 [2]   We have                                                                                                                                           

                                                      𝐽𝑛(𝑥 + 𝑦) =  ∑
∞

−∞=k
𝐽𝑛−𝑘(𝑥)𝐽𝑘(𝑦).                                      (3.1.2) 

To prove this, we notice first that 

 
                                            𝒆

 𝒙𝟐(𝒛−𝟏𝒛)  
  𝒆

 𝒚𝟐(𝒛−𝟏𝒛)  
 

 =      𝒆
 [(𝒙+𝒚)]

𝟐 (𝒛−𝟏𝒛) = ∑
∞

−∞=n
𝐽𝑛(𝑥 + 𝑦)𝑧𝑛 .  

However, the product of the two exponentials on the left is also 

� � 𝐽𝑗

∞

𝑗=−∞

(𝑥)𝑧𝑗� � � 𝐽𝑘

∞

𝑘=−∞

(𝑦)𝑧𝑘�   =  � � � 𝐽𝑛−𝑘

∞

𝑘=−∞

(𝑥)𝐽𝑘(𝑦)  � 𝑧𝑛
∞

𝑛=−∞

, 

And equation (3.1.2) follows at once on equating the coefficients of  𝑧𝑛 in these expressions. 

When n = 0, equation (3.1.2) can be written as 

                                     𝐽0(𝑥 + 𝑦) =  ∑
∞

−∞=k
𝐽−𝑘(𝑥)𝐽𝑘(𝑦)   

                                                        =  𝐽0(𝑥)𝐽0(𝑦) + ∑
∞

=1k
𝐽−𝑘(𝑥)𝐽𝑘(𝑦)  +  ∑

∞

=1k
𝐽𝑘(𝑥)𝐽−𝑘(𝑦)  

                                                        =  𝐽0(𝑥)𝐽0(𝑦) +  ∑
∞

=1k
 (−1)𝑘[𝐽𝑘(𝑥)𝐽𝑘(𝑦) + 𝐽𝑘(𝑥)𝐽𝑘(𝑦)]                                         

                                                         =  𝐽0(𝑥)𝐽0(𝑦) + ∑
∞

=1k
(−1)𝑘2𝐽𝑘(𝑥)𝐽𝑘(𝑦)    

or  

                                  𝐽0(𝑥 + 𝑦) =  𝐽0(𝑥)𝐽0(𝑦) − 2𝐽1(𝑥)𝐽1(𝑦) + 2𝐽2(𝑥)𝐽2(𝑦) − .  .  .            (3.1.3) 

If we replace y by –x and use the fact that 𝐽𝑛(𝑥) is even or odd according as n is even or odd, 
then equation (3.1.3) yields the remarkable identity 

                                         1  =   J0 (x)2 + 2J1 (x)2 + 2J2 (x)2 + .  .  . ,                               (3.1.4) 

which shows that  |J0(x)| ≤ 1 and |Jn(x)| ≤ 1
√2

 for n = 1, 2, . . . 
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       We can also use this generating function to prove some standard results 

Lemma 3.1.2 [17]     we have 

                                          𝑐𝑜𝑠 𝑥 = J0(x) +2∑
∞

=1n
(−1)𝑛 𝐽2𝑛(𝑥)                                   (3.1.5) 

                                           𝑠𝑖𝑛 𝑥  =    2∑
∞

=0n
(−1)𝑛 J2n+1(x),                                        (3.1.6) 

                                                 1   =   J0(x) + 2∑
∞

=1n
 𝐽2𝑛(𝑥)                                         (3.1.7) 

Proof:  Directly from equation (3.1.1) with z =𝑒𝑖∅, i 𝑠𝑖𝑛 ∅ = 1
2

(𝑧 − 1
𝑧
) we get   

           𝑐𝑜𝑠(𝑥𝑠𝑖𝑛∅)+i𝑠𝑖𝑛(𝑥𝑠𝑖𝑛∅)=𝑒𝑖𝑥𝑠𝑖𝑛∅= ∑
∞

−∞=n
Jn(x) 𝑒𝑖𝑛∅  = ∑

∞

−∞=n
Jn(x)  [𝑐𝑜𝑠(𝑛∅)+i𝑠𝑖𝑛(𝑛∅)] 

           so  

                          𝑐𝑜𝑠(𝑥𝑠𝑖𝑛∅) =   J0(x) + 2∑
∞

=1n
 J2n(x)𝑐𝑜𝑠(2𝑛∅)                                                     

            and     

                          𝑠𝑖𝑛(𝑥𝑠𝑖𝑛∅)   =   2∑
∞

=0n
 J2n+1(x) 𝑠𝑖𝑛((2𝑛 + 1)∅). 

This gives the results with ∅ = 𝜋
2
    and  ∅ = 0, respectively. 

Lemma 3.1.3 [17]    we have  

                                     Jn (-x) = J-n(x) = (-1)n Jn(x)                   for all n ∈ ℤ                  (3.1.8) 

  Proof: To show the first equality, we make the change of variables x→ −𝑥, z→ z-1 in the        
generating function. Then the function does not change and we get  

                                           ∑
∞

−∞=n
Jn (-x) 𝑧−𝑛 =     ∑

∞

−∞=n
Jn (x) 𝑧𝑛 =     ∑

∞

−∞=n
J-n (x) 𝑧−𝑛  

and comparing coefficients gives the results. The second equality follows analog with the 
change of variable z→ − z-1. 
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Lemma 3.1.4 [17]   we have for any n ∈ ℤ 

                                                   2J’n(x) = Jn-1(x) – Jn+1(x),                                         (3.1.9) 

                                                   2𝑛
𝑥

Jn(x) = Jn+1(x) + Jn-1(x),                                       (3.1.10) 

                                                  𝑑
𝑑𝑥

(𝑥𝑛𝐽𝑛(𝑥))   =  𝑥𝑛Jn-1(x),                                      (3.1.11)                                                              

Proof: The first statement follows, when we differentiate equation (3.1.1) with respect to x: 

     ∑
∞

−∞=n
Jn (x) 𝑧𝑛  = 

 
𝟏
𝟐

(𝒛 − 𝟏
𝒛
) 𝒆

 𝒙𝟐(𝒛−𝟏𝒛)
 =    1

2
𝑧  ∑

∞

−∞=n
Jn (x) 𝑧𝑛  -  1

2𝑧
  ∑

∞

−∞=n
Jn (x) 𝑧𝑛   

                                                               =    ∑
∞

−∞=n

1
2

(Jn-1(x) – Jn+1(x)) zn 

Comparing coefficients yields the result. 

The second statement follows completely analog when considering the derivative with        
respect to z.  Adding the two equations and multiplying with  𝑥

𝑛

2
 gives the third result.        

3.2    Special values 
 In this section we want to examine how the Bessel functions look like when we plug in some 
special values. 
Lemma 3.2.1 [16]    If  𝑝 ∈ 1

2
+ ℤ, the Bessel functions are elementary functions. 

             We have 

                                             𝐽1
2
(𝑥) = 𝑌−12

(𝑥) = � 2
𝜋𝑥
𝑠𝑖𝑛( 𝑥)  , 

                                             𝐽−12
(𝑥) = −𝑌1

2
(𝑥) = � 2

𝜋𝑥
𝑐𝑜𝑠 ( 𝑥), 

                                                        𝐼1
2
(𝑥) = �2/𝜋𝑥 𝑠𝑖𝑛 ℎ(𝑥), 

𝐼
−12

(𝑥) = � 2
𝜋𝑥

𝑐𝑜𝑠 ℎ ( 𝑥), 

            𝐾1
2

(𝑥) = 𝐾
−12

(𝑥) = �
𝜋

2𝑥
𝑒−𝑥. 
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     Proof: These formulas follow directly from the series representations of 
              𝐽𝑝 𝑎𝑛𝑑 𝐼𝑝, the de�initions of 𝑌𝑝 𝑎𝑛𝑑 𝐾𝑝 and the properties of the gamma function.                                                                       
  For example, we have 

                                                  𝐽1
2(𝑥) = �𝑥

2
 ∑ (−1)𝑘

𝛤(𝑘+1)𝛤�𝑘+32�
(𝑥
2
)2𝑘 ∞

𝑘=0   

= �
𝑥
2

 �
(−1)𝑘

𝑘! (2𝑘 + 1)!√𝜋
𝑘! 22𝑘+1

(
𝑥
2

)2𝑘 
∞

𝑘=0

 

= � 2
𝜋𝑥

 �
(−1)𝑘

(2𝑘 + 1)!
𝑥2𝑘+1 

∞

𝑘=0

 

= � 2
𝜋𝑥

𝑠𝑖𝑛𝑥  

                        and 

                             𝑌−12
(𝑥)       =        

𝑐𝑜𝑠�−𝜋2�   𝐽
−12  

(𝑥)   −     𝐽1
2

(𝑥)

𝑠𝑖𝑛 (−𝜋2)
        =       𝐽1

2(𝑥) 

The rest follows analog with the recurrence formulas. 

 

 3.3    Integral representations 
When t =𝑒𝑖𝜃, the exponent on the left side of equation (3.1.1) becomes  

                                                 𝑥  𝑒
𝑖𝜃−𝑒−𝑖𝜃

2
   =   𝑖𝑥 𝑠𝑖𝑛𝜃,                                                                

        and equation(3.1.1) itself assumes the form 

                                                       𝑒𝑖𝑥 𝑠𝑖𝑛𝜃 = ∑
∞

−∞=n
𝐽𝑛(𝑥)𝑒𝑖𝑛𝜃                                                (3.3.1) 

   Since               𝑒𝑖𝑥 𝑠𝑖𝑛𝜃 = cos(𝑥 sin 𝜃) + 𝑖 sin(𝑥 sin 𝜃) and 𝑒𝑖𝑛𝜃 = cos 𝑛𝜃 + 𝑖 sin 𝑛𝜃,    

   equating real and imaginary parts in (3.3.1) yields 

                                                cos(𝑥 sin 𝜃) = ∑
∞

−∞=n
𝐽𝑛(𝑥) cos 𝑛𝜃                                               (3.3.2) 
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                   and                     sin(𝑥 sin 𝜃) = ∑
∞

−∞=n
𝐽𝑛(𝑥) sin 𝑛𝜃                                           (3.3.3)                                                                       

If we now use the relations 

                   𝐽−𝑛(𝑥) = (−1)𝑛𝐽𝑛(𝑥),     cos(−𝑛𝜃) = cos 𝑛𝜃,   and   sin(−𝑛𝜃) = −sin 𝑛𝜃,  

then equations (3.3.2) and (3.3.3) become 

                                  𝑐𝑜𝑠(𝑥 𝑠𝑖𝑛∅) =   J0(x) + 2∑
∞

=1n
 J2n(x) 𝑐𝑜𝑠(2𝑛∅)                         (3.3.4) 

                and     

                        𝑠𝑖𝑛(𝑥𝑠𝑖𝑛∅)   =   2∑
∞

=1n
 J2n-1(x) 𝑠𝑖𝑛((2𝑛 − 1)∅)                                  (3.3.5) 

As a special case of equation (3.3.4), we note that 𝜃 = 0 yields the interesting series 

                                             1    =      𝐽0(𝑥) + 2𝐽2(𝑥) +  2𝐽4(𝑥) + .  .  . 

Also, on putting 𝜃 = 𝜋
2
 in equations (3.3.4) and (3.3.5), we obtain the formulas 

cos 𝑥 = 𝐽0 (𝑥) − 2𝐽2(𝑥) + 2𝐽4(𝑥) − .  .  . 

                        and  
  sin 𝑥 = 2𝐽1 (𝑥) − 2𝐽3(𝑥) + 2𝐽5(𝑥) − .  .  . 

which demonstrate once again the close ties between the Bessel functions and the 
trigonometric functions. The most important application of equations (3.3.2) and (3.3.3) is to 
the proof of Bessel’s integral formula                                                   

                                       𝐽𝑛(𝑥) = 1
𝜋

 ∫ cos(𝑛𝜃 − 𝑥 sin 𝜃)𝑑𝜃.𝜋
0                                                (3.3.6)  

To establish this, we multiply equation (3.3.2) by cos𝑚𝜃,equation (3.3.3) by sin𝑚𝜃, and 
add: 

                                            cos(𝑚𝜃 − 𝑥 sin 𝜃) = ∑
∞

−∞=n
𝐽𝑛(𝑥) cos(𝑚− 𝑛)𝜃.  

When both sides of this are integrated from 𝜃 = 0  𝑡𝑜  𝜃 = 𝜋, the right side reduces to  

𝜋𝐽𝑚(𝑥), and replacing m by n yields formula (3.3.6). 
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3.4   zeros and Bessel series 

i. From our previous section, we know that every nontrivial solution of Bessel’s 
equation has infinitely many zeros. That is for every value of p, the function Jp(x) has 
an infinite number of positive zeros. This is true in particular of J0(x), the zeros of this 
function are known to a high degree of accuracy, and their values are given in many 
volumes of mathematical tables. The first five are approximately 2.4048, 5.5201, 
8.6537, 11.7915, and 14.9309; their successive differences are 3.1153, 3.1336, 
3.1378, and 3.1394. The corresponding positive zeros and differences for J1(x) are 
3.8317, 7.0156, 10.1735, 13.3237, and 16.4706; and 3.1839, 3.1579, 3.1502, and 
3.1469. Notice how these differences confirm the guarantees given by the following 
two cases: Let x1 and x2 be successive positive zeros of a nontrivial solution Jp (x) of 
Bessel’s equation, then we have If 0 ≤ 𝑝 <  1

2
 , then 𝑥2 − 𝑥1 is less than 𝜋 and 

approaches 𝜋 as 𝑥1 → ∞ . 
ii. If 𝑝 >  1

2
 , then 𝑥2 − 𝑥1 is greater than 𝜋 and approaches 𝜋 as 𝑥1 → ∞ . 

 What is the purpose of this concern with the zeros of Jp (x)? It is often necessary in 
mathematical physics to expand a given function in terms of Bessel functions, where the 
particular type of expansion depends on the problem at hand. The simplest and most useful 
expansions of this kind are series of the form 

              𝑓(𝑥)   =   �𝑎𝑛𝐽𝑝(𝜆𝑛𝑥) = 𝑎1𝐽𝑝(𝜆1𝑥) +
∞

𝑛=1

𝑎2𝐽𝑝(𝜆2𝑥) +  .  .  .  ,                               (3.4.1) 

Where f(x) is defined on interval 0 ≤ 𝑥 ≤ 1 and the 𝜆𝑛’s are the positive zeros of some fixed 
Bessel function Jp (x) with 𝑝 ≥ 0 . We have chosen the interval 0 ≤ 𝑥 ≤ 1 only for the sake 
of simplicity, and all the formulas given below can be adapted by a simple of variable to the 
case of a function defined on an interval of the form 0 ≤ 𝑥 ≤ 𝑎. The role of such expansions 
in physical problems in similar to that of Fourier and Legendre series. 

In the light of our previous experience with Fourier and Legendre series, we expect the 
determination of the coefficients in equation (3.4.1) to depend on certain integral properties 
of the functions 𝐽𝑝(𝜆𝑛𝑥). What we need here is the fact that 

               ∫ 𝑥𝐽𝑝(𝜆𝑚𝑥)1
0 𝐽𝑝(𝜆𝑛𝑥)𝑑𝑥 = �

0,                            𝑖𝑓 𝑚 ≠ 𝑛 ,
1
2
𝐽𝑝+1(𝜆𝑛)2,         𝑖𝑓 𝑚 = 𝑛 .

�                         (3.4.2) 
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  these formulas say that the functions √𝑥𝐽𝑝(𝜆𝑛𝑥) are orthogonal on the interval 0 ≤ 𝑥 ≤ 1.         
If an expansion of the form (3.4.1) is assumed to be possible, then multiplying through 
by 𝑥𝐽𝑝(𝜆𝑚𝑥), formally integrating term by term from 0 to 1, and using (3.4.2) yields  

                       ∫ 𝑥 𝑓(𝑥)𝐽𝑝(𝜆𝑚𝑥)1
0 𝑑𝑥 = 𝑎𝑚

2
 𝐽𝑝+1(𝜆𝑚)2;                                                              

and on replacing m by n we obtain the following formula for an: 

                        𝑎𝑛 =  2
𝐽𝑝+1(𝜆𝑛)2

 ∫ 𝑥 𝑓(𝑥)𝐽𝑝(𝜆𝑛𝑥)1
0 𝑑𝑥                                                       (3.4.3)  

The series (3.4.1), with its coefficients calculated by (3.4.3), is called the Bessel series or the 
Fourier-Bessel series of the function f(x). We state without proof a rather deep theorem that 
gives conditions under which this series actually converges and the sum f(x). 

Theorem 3.4.1 [2]      Bessel Expansion Theorem 

Assume that f(x) and f’(x) have at most a finite number of jump discontinuities on the interval 
0 ≤ 𝑥 ≤ 1. 𝑖𝑓 0 < 𝑥 < 1, then the Bessel series (3.4.1) converges to f(x) when x is a point of 
continuity o f t his f unction, and c onverges t o 1

2
 [ 𝑓(𝑥 −) + 𝑓(𝑥 +)] when x  i s a poi nt of  

discontinuity. 

It is natural to wonder what happens at the end of the interval. At x = 1, the series converges 
to zero regardless of the nature of the function because every 𝐽𝑝(𝜆𝑛) is zero. The series also 
converges at x = 0, to zero if  𝑝 > 0 and to 𝑓(0 +) if 𝑝 = 0. 

As an illustration, we compute the Bessel series of the function 𝑓(𝑥) = 1 for interval 0 ≤
𝑥 ≤ 1 in terms of the function 𝐽0(𝜆𝑛𝑥), where it is understood that the 𝜆𝑛’s are the positive 
zeros of 𝐽0(𝑥).   

In this case, equation (3.4.3) is  

                                                              𝑎𝑛 =  2
𝐽1(𝜆𝑛)2

 ∫ 𝑥 𝐽0(𝜆𝑛𝑥)1
0 𝑑𝑥. 

                                since                        

                                                             ∫𝑥 𝐽0 (𝑥)𝑑𝑥 = 𝑥 𝐽1 (𝑥)  +  𝑐,  

                                we see that  

                                                       ∫ 𝑥 𝐽0(𝜆𝑛𝑥)1
0 𝑑𝑥 = [ 1

𝜆𝑛
𝑥𝐽1(𝜆𝑛𝑥)]01 =  𝐽1(𝜆𝑛)

𝜆𝑛
 ,  

                                 so                                   

                                                         𝑎𝑛 =  2
𝜆𝑛𝐽1(𝜆𝑛)
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         It follows that  

                                                    1   =     ∑  ∞
𝑛=1

2
𝜆𝑛𝐽1(𝜆𝑛)

𝐽0(𝜆𝑛)                (0 ≤ 𝑥 < 1)  

         is the desired Bessel series. 

3.5    Bessel inequality 

Another widely used inequality for vectors in inner product space is Bessel inequality. The 
Cauchy-Schwarz inequality follows from the Bessel inequality. In this section we prove the 
Bessel inequality.  

 Recall that: let (𝐻 , 〈. , . 〉) be an i nner pr oduct ov er real or  c omplex num ber f ield k  
and {𝑒𝑖}𝑖∈𝐼    a countable family of orthonormal vectors in H, i.e. 

                                             〈𝑒𝑖 , 𝑒𝑗〉 = �0, 𝑖𝑓  𝑖 ≠ 𝑗
1, 𝑖𝑓  𝑖 = 𝑗

�                   ,           𝑖 , 𝑗 ∈ 𝐼 

                        where I is the set of indices. 

Lemma 3.5.1 [3]             Bessel’s inequality     

         Let   �𝑒𝑗�𝑗≥1  be an or thonormal s ystem i n a H ilbert s pace H , t hen f or al l  𝑥 ∈ 𝐻                                                                           

         ��〈𝑥, 𝑒𝑗〉�
2

 

𝑗≥1

 ≤  ‖𝑥‖2. 

              (Note that the case n = 1 is the Cauchy-Schwartz inequality) 

 Proof:   let 𝛼𝑘 = 〈𝑥, 𝑒𝑘〉, then we have 

�𝑥 −�𝛼𝑘𝑒𝑘

𝑛

𝑘=1

�
2

=  〈 𝑥 −  �𝛼𝑘𝑒𝑘    ,   𝑥 −�𝛼𝑘𝑒𝑘 

𝑛

𝑘=1

 
𝑛

𝑘=1

〉 

                                              = ‖𝑥‖2 − 〈�𝛼𝑘𝑒𝑘  , 𝑥
𝑛

𝑘=1

〉 − 〈𝑥 ,�𝛼𝑘𝑥𝑘   
𝑛

𝑘=1

〉 +  �|𝛼𝑘|2
𝑛

𝑘=1

 

                                        = ‖𝑥‖2 −�𝛼𝑘〈𝑥, 𝑒𝑘〉������������⃑
𝑛

𝑘=1

−�𝛼𝑘����⃑ 〈𝑥, 𝑒𝑘〉
𝑛

𝑘=1

+ �|𝛼𝑘|2
𝑛

𝑘=1
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                                 =  ‖𝑥‖2   −   �  |〈𝑥, 𝑒𝑘〉|2
𝑛

𝑘=1

+ �  |〈𝑥, 𝑒𝑘〉 − 𝛼𝑘|2
𝑛

𝑘=1

 

=  ‖𝑥‖2   −   �  |〈𝑥, 𝑒𝑘〉|2
𝑛

𝑘=1

 

We have  

�  |〈𝑥, 𝑒𝑘〉|2
𝑛

𝑘=1

=  ‖𝑥‖2 − �𝑥 −�𝛼𝑘𝑒𝑘

𝑛

𝑘=1

�
2

≤  ‖𝑥‖2 

 

Let 𝑛 → ∞ in the last in equality. We have a sequence of non-negative numbers, where the 
sum of the numbers is bounded from above. Hence lemma 2.5 follows. 

The inner products 〈𝑥, 𝑒𝑗〉 in lemma 3.5.1 are called the Fourier coefficients of x with respect 
to the orthonormal system  �𝑒𝑗�𝑗≥1. 
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Chapter 4 

Aging Spring Problem 
Bessel functions of the first and the second kind are the most commonly found forms of 
the Bessel functions in applications. The next step is to show that other differential 
equations can be converted into Bessel equation of order 0 (𝐽0). An interesting example 
of this type is the aging spring problem. 

 

 4.1    Aging Spring problem 

 Aging spring problem with damping is an equation with time-varying coefficients which is 
given by 

                                                   𝑚𝑥′′ + 𝑏𝑥′ + 𝑘𝑒−𝑣𝑡𝑥 = 0                                             (4.1.1) 

This models a mass-spring system where the restoring force of the spring is weakening over 
time. The new problem here is that the spring constant is replaced by decaying exponential 
function, and series multiplication must be used to obtain the recurrence relation. 

Using the exponential series 

                                      𝑒−𝑣𝑡 = 1 − 𝑣𝑡 +
(−𝑣𝑡)2

2!
+

(−𝑣𝑡)3

3!
+ ⋯ = �

(−𝑣𝑡)𝑛

𝑛!

∞

𝑛=0

  ,  

                    & letting 

𝑥(𝑡) = �𝑎𝑛𝑡𝑛
∞

𝑛=0

 

We can write the term 𝑘𝑒−𝑣𝑡𝑥 in the series form as follows: 

𝑘𝑒−𝑣𝑡𝑥 = 𝑘(�
(−𝑣𝑡)𝑛

𝑛!

∞

𝑛=0

)(�𝑎𝑛𝑡𝑛) = 𝑘���𝑎𝑛−𝑗

𝑛

𝑗=0

(−𝑣)𝑗

𝑗! �
∞

𝑛=0

∞

𝑛=0

𝑡𝑛 

The differential equation (4.1.1) becomes 
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𝑚�𝑛(𝑛 − 1)𝑎𝑛𝑡𝑛−2 + 𝑏�𝑛𝑎𝑛𝑡𝑛−1
∞

𝑛=1

∞

𝑛=2

+  𝑘���𝑎𝑛−𝑗

𝑛

𝑗=0

(−𝑣)𝑗

𝑗! �
∞

𝑛=0

𝑡𝑛 ≡ 0. 

Changing the index to 𝑠 = 𝑛 − 2 in the first series and 𝑠 = 𝑛 − 1 in the second, 

�𝑚(𝑠 + 2)(𝑠 + 1)𝑎𝑠+2𝑡𝑠
∞

𝑠=0

+ �𝑏(𝑠 + 1)𝑎𝑠+1𝑡𝑠 + �𝑘
∞

𝑠=0

∞

𝑠=𝑜

��𝑎𝑠−𝑗

𝑠

𝑗=0

(−𝑣)𝑗

𝑗! � 𝑡𝑠 ≡ 0. 

Then for 𝑠 = 0, 1, 2, …  , each coefficient of 𝑡𝑠must be zero; that is, 

𝑚(𝑠 + 2)(𝑠 + 1)𝑎𝑠+2 + 𝑏(𝑠 + 1)𝑎𝑠+1 + 𝑘 ��𝑎𝑠−𝑗

𝑠

𝑗=0

(−𝑣)𝑗

𝑗! � = 0 ,  

And the recurrence relation is 

 𝑎𝑠+2   =   
    −𝑏(𝑠 + 1)𝑎𝑠+1 − 𝑘 �∑ 𝑎𝑠−𝑗𝑠

𝑗=0
(−𝑣)𝑗
𝑗! �

  𝑚(𝑠 + 1)(𝑠 + 2)
 ,       𝑠 = 0, 1, 2, … 

This recurrence relation will be used to solve an initial-value problem for a particular aging 
spring problem. 

From our previous section, we defined the function 𝐽𝑝(𝑥) which is called the Bessel function 
of order p of the first kind. The series converges and bounded for all x. If p is not an integer, 
it can be shown that a second solution of Bessel’s equation is 𝐽−𝑝(𝑥) that the general solution 
of Bessel’s equation is a linear combination of 𝐽𝑝(𝑥) and 𝐽−𝑝(𝑥). 

For the special case 𝑝 = 0, we get the function 𝐽0(𝑥) used in the Aging spring model: 

               i.e.      

                            𝐽0(𝑥)   = ∑
∞

=0n

(−1)𝑛

(𝑛!)2
  (𝑥

2
)2𝑛 =   1 −   𝑥

2

4
+   𝑥

4

64
 −   𝑥6

2304
  +     .  .  . 

Note that even though 𝑥 = 0 is a singular point of the Bessel equation of order zero, the 
value of 𝐽0(𝑥) is finite [𝐽0(0) = 1]. 
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When p is an integer we have to work much harder to get a second solution that is linearly 
independent of 𝐽𝑝(𝑥). The result is a function 𝑌𝑝(𝑥) called the Bessel function of order p of 
the second kind. The general formula for 𝑌𝑝(𝑥) is extremely complicated.                                                                                                                                        

We show only the special case 𝑌0(𝑥), used in the Aging spring model. 

𝑌0(𝑥) =
2
𝜋 �
�𝛾 + 𝑙𝑛

𝑥
2
� 𝐽0(𝑥) + �

(−1)𝑛+1𝐻𝑛
(𝑛!)2

�
𝑥
2
�
2𝑛

∞

𝑛=0

� 

Where 𝐻𝑛 = 1 + 1
2

+ 1
3

+ .  .  . + 1
𝑛
 and 𝛾 is an ending decimal which is known as Euler’s 

constant: 

𝛾 = lim
𝑛→∞

(𝐻𝑛 − ln 𝑛) ≈ 0.5772. 

The general solution to Bessel’s equation of integer order p is given by formula (2.1.17).          
An important thing to note here the value of 𝑌𝑝(𝑥) at 𝑥 = 0 does reflect the singularity at 
𝑥 = 0; in fact, 𝑌𝑝(𝑥) → −∞ 𝑎𝑠 𝑥 → 0+, so that a solution having the form given in formula 
(2.1.17)  is bounded if 𝐶2 = 0. 

 

4.2 Conversion of the Aging Spring Problem without damping to 
Bessel’s equation of order 0 (𝑱𝟎). 

It will only be possible to do the conversion for the un-damped aging spring problem: 

                              𝑥′′(𝑡) + 𝑒−𝑎𝑡+𝑏𝑥(𝑡) = 0            (𝑎 > 0),    𝑡 > 0,                                 (4.2.1) 

The equation (4.2.1) models the vibrations of a spring whose spring constant is tending to 
zero with time. 

We will make a change of independent variable of the form 

                                                           𝑠 =  2
𝑎

 𝑒−
1
2(𝑎𝑡−𝑏)                                                               (4.2.2) 

This will convert equation (4.2.1) in to the form of Bessel’s equation of order 0: 

                                                         𝑠2𝑋′′(𝑠) + 𝑠𝑋′(𝑠) + 𝑠2𝑋(𝑠) = 0                           (4.2.3)                                                                       

 To show this, first note that by differentiating (4.2.2) 

                                                                     28 

𝑑𝑠
𝑑𝑡

= −𝑒−
1
2(𝑎𝑡−𝑏) 



29 
 

                                                                                                                                                                                                                                                    

If we let X(s)≡ 𝑥(𝑡) and 𝑒−𝑎𝑡+𝑏 = 𝑎2

4
𝑠2, then the derivatives 𝑥′𝑎𝑛𝑑 𝑥′′ can be found in 

terms of the new variable X using the chain rule, as follows: 

𝑥′ =
𝑑𝑥
𝑑𝑡

=  
𝑑𝑋
𝑑𝑠

𝑑𝑠
𝑑𝑡

= 𝑋′ �−𝑒−
1
2(𝑎𝑡−𝑏)� 

                               and 

                                           𝑥′′ =  
𝑑2𝑥
𝑑𝑡2

=
𝑑
𝑑𝑠
�𝑋′ �−𝑒−

1
2(𝑎𝑡−𝑏)�� = 𝑋′′𝑒−𝑎𝑡+𝑏 + 𝑋′

𝑎
2
𝑒−

1
2(𝑎𝑡−𝑏) 

Now equation (4.2.1) becomes 

                                             𝑋′′𝑒−𝑎𝑡+𝑏 + 𝑋′
𝑎
2𝑒

−12(𝑎𝑡−𝑏)
+ 𝑋𝑒−𝑎𝑡+𝑏 = 0, 

  then multiplying by 𝑒𝑎𝑡−𝑏 and using equation (4.2.2), we get 

𝑋′′ +
1
𝑠

 𝑋′ + 𝑋 = 0,    

finally multiplying by 𝑠2 , then the equation becomes 

                                                      𝑠2𝑋′′ + 𝑠𝑋′ + 𝑠2𝑋 = 0, 

which is Bessel’s equation of order 0. 

The general solution of equation (4.2.3) is given by 

𝑋(𝑠) = 𝐶1 𝐽0(𝑠) + 𝐶2 𝑌0(𝑠) 

   but                                     𝑋(𝑠) = 𝑥(𝑡),     and         𝑠 =  2
𝑎

 𝑒−
1
2(𝑎𝑡−𝑏)     

   so,    

                            𝑥(𝑡) = 𝑐1𝐽0 �
2
𝑎
𝑒−

1
2(𝑎𝑡−𝑏)� + 𝑐2𝑌0 �

2
𝑎
𝑒−

1
2(𝑎𝑡−𝑏)�                       (4.2.4) 

where 𝑐1 𝑎𝑛𝑑 𝑐2 are arbitrary constants, 𝐽0 is the Bessel function of order 0, and 𝑌0 is the 
Bessel function of order 0 of the second kind.              
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4.3     The Aging Spring Stretches 
 

 The behavior of equation (4.2.4) as 𝒕 → ∞ 

 Case –i  :     If 𝑐1 = 0 and 𝑐2 ≠ 0, then 

                                                   𝑥(𝑡) = 𝑐2𝑌0 �
2
𝑎
𝑒−

1
2(𝑎𝑡−𝑏)�,                        

As  𝑡 → ∞,  𝑠(𝑡) → 0  and  𝑌0(𝑠) → −∞. In this case, x (t) could approach either +∞ or − ∞ 
depending on the sign of  𝑐2.    𝑥(𝑡) would approach infinity linearly as near 0, 𝑌0(𝑥) ≈ ln 𝑥  

                                          so,      𝑥(𝑡)  ≈  ln  �2
𝑎
𝑒−

1
2(𝑎𝑡−𝑏)� ,    

Case –ii :     If 𝑐1 ≠ 0 and 𝑐2 = 0, then 

                                                   𝑥(𝑡) = 𝑐1 𝐽0 �
2
𝑎
𝑒−

1
2(𝑎𝑡−𝑏)�                        

As  𝑡 → ∞,  𝑠(𝑡) → 0,  𝐽0(𝑠) → 1 and 𝑥(𝑡) → 𝑐1. In this case the solution is bounded. 

Case –iii :     If 𝑐1 ≠ 0 and 𝑐2 ≠ 0, then 

𝑥(𝑡) = 𝑐1𝐽0 �
2
𝑎
𝑒−

1
2(𝑎𝑡−𝑏)� + 𝑐2𝑌0 �

2
𝑎
𝑒−

1
2(𝑎𝑡−𝑏)� 

As  𝑡 → ∞,  𝑠(𝑡) → 0,  𝐽0(𝑠) → 1 and 𝑌0(𝑠) → −∞ . Since 𝑌0 will dominate, the solution will 
behave like case i. It makes sense to have unbounded solutions because eventually the spring 
wears out and does not affect the motion. Newton’s laws tell us the mass will continue with 
unperturbed momentum, i.e. as 𝑡 → ∞,  𝑥′′ = 0  and so 𝑥(𝑡) = 𝑐1𝑡 + 𝑐2, a linear function, 
which is unbounded if 𝑐1 ≠ 0. 
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Summary 

The Bessel functions appear in many diverse scenarios, particularly situations involving 

aging spring model. The most difficult aspect of working with the Bessel function is first 

determine that they can be applied through reduction of the system equation to Bessel 

differential or modified equation, and the coefficients values on the argument of the Bessel 

function, and also the general formula for the Bessel function of order p of the second kind 

(𝑌𝑝(𝑥)) is extremely complicated. This topic can be greatly expanded upon, and the reader is 

highly encouraged to review the applications and development presented in [4.1]. 
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