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Abstract

In this work, we investigate quasi Newton methods for solving unconstrained optimization
problems. We consider two different quasi-Newton update formulas, namely, Broyden-
Fletcher-Goldfarb and shanno (BFGS) update and Davidon-Fletcher-powell (DFP) up-
date. Line search method is used to find the step length at each iteration. The methods
are tested on seven benchmark probelems and comparisons are made among Newton’s
method, quasi-Newton methods (BFGS and DFP updates) and steepest descent method.
Also comparisons are made between the quasi-Newton methods (BFGS and DFP up-
dates). Finally conclusions are drawn upon the obtained results.



Introduction

Consider the unconstrained minimization problem

min f(z)
re R

where f € ¢! (R", R).

The iterative methods are used to solve unconstrained optimization problems in order
to get the minimal value of the function problems where the gradient is zero or the
termination criteria satisfied. The iterative methods for non linear programming (NLP)
are generally grouped into two classes. These are line search methods and trust-region
methods. Trust-region methods are one of the important numerical optimization methods
in solving NLP problems. These methods usually determines the step size before the
improving direction is gained after the step forward, then the model believed to be a
good representation of the original objective function. If the improvement is gained,
then the model is not to be believed as a good representation of the original objective
function with in that region. There are available methods to find an approximate solution
of the given trust-region subproblems. Some of them are dogleg method and subspace
minimization method [see [2], [3] |.

Line search methods are one of the basic methods for solving optimization problems.
These methods employ descent directions as search directions with the aim of reducing
the objective functions by taking an appropriate step length with in this search direction.
Some available line search methods are steepest descent method, Newton method and
Quasi-Newton method.

As listed above Newton’s method is one of the available line search methods to solve
unconstrained optimization problems. To solve unconstrained optimization problems,
Newton’s method needs the function value, gradient and the true Hessian matrix of the
objective function. But Solving such problems by Newton method has the disadvantage
of being computationally expensive. The inverse of the Hessian has to be calculated in
every iteration and that is rather costly. Moreover in some applications the Hessian ma-
trix may not be invertible and positive definite every where. Such types of drawbacks of
Newton’s method can be solved by different solution approaches such as steepest descent
(gradient) method and Quasi-Newton method [see [1],[2],[3],[4]]-

The steepest descent method only uses the function value and the gradient of the objec-
tive function to solve unconstrained optimization problems. But it has slow convergence
rate (i.e, linear rate) due to its zigzagging nature, and this may leads the method ineffi-
cient.
Quasi-Newton methods only uses the function value, the gradient of the objective func-
tion, and which need not compute the true Hessian matrix but generates a series of
Hessian approximations to solve unconstrained optimization problems. And also it main-
tains positive definitive and fast convergence rate ( i.e, super linear rate) [3],[4].
So, the main objective of this project is to mitigate the drawbacks of Newton’s method
by Quasi-Newton methods using line search methods in solving unconstrained optimiza-
tion problems .

Hence the iterative formula for Quasi-Newton methods will be defined as:

Tpy1 = T + tpdy



where t;, is step length and dj is descent direction.

Also this study contains three chapters. The first chapter is about the pre-request
(preliminaries) of the chapters next to it. In the second chapter we will discuss about
quasi-Newton method and we focus on two quasi-Newton updates, namely Broyden-
Fletcher-Goldfarb and shanno (BFGS) update and Davidon-Fletcher-powell (DFP) up-
date and also we discuss the numerical interpretations based on steepest descent method,
Newton’s method and quasi-Newton methods(BFGS and DFP updates) in chapter three.
In my numerical implementation, the programs are all written in MATLAB code, and the
stopping criteria that I have used in the algorithms ( steepest descent method, Newton’s
method and quasi-Newton methods (BFGS and DFP updates) is

IVf(zi)]| < 107

and the result of the MATLAB code is approximated into four digits after decimal. At
the end of chapter three the overall conclusions of the work are drawn and MATLAB
codes based on quasi-Newton methods, Newton’s method and steepest descent method
are attached.
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Chapter 1

Preliminaries

In this chapter, different definitions, theorems, iterative procedures, some descent meth-
ods and other fundamental concepts which are helpful for this work are considered in
different sections.

1.1 Definition and Theorems

Definition 1.1. Let A be symmetric matriz of order n.Then A is said to be
1) Positive definite if 7 Az > 0, for all non-zero v € R".
2) Negative definite if x7 Ax < 0 for all non-zero x € R™.
3) Indefinite if 2T Az can have both positive and negative values.

The following theorem is used to check whether a symmetric matrix A is positive
definite.

Theorem 1.1. A symmetric matriz A with order n is positive definite if and only if all
the eigne values of A are positive.

In chapter two we will prove the positive definiteness of the quasi-Newton updates
(BFGS and DFP). For the result we follow, we need define Cholesky factorization and
we state Cauchy-Schwartz inequality.

Definition 1.2. (Cholesky Factorization): Let A be a symmetric and positive definite.
The chelosky factorization of A is A = LLT, where L is a lower triangular matriz.

Theorem 1.2. (Cauchy-Schwartz Inequality): For any to vectors x and y in R", the
Cauchy-Schwartz inequality
| <zy > | <|[fl]yll

holds. Furthermore, equality holds if and only if x = ay for some a € R.
Proof. [see [1]]. O

Also, there is an important theorem to drive the inverse Hessian approximation of
quasi-Newton methods (BFGS and DFP updates) in chapter 2.

1



Theorem 1.3. (Sherman-Morrison- Woodbury Formula)
Suppose A € R"*™ is an invertible square matriz and u,v € R™ are column vectors. If
I +vT Au is invertible, then A + uv® is invertible and it’s inverse is given by

(A+u") ™t =A"" — A (I oA ) T AT
Note 1.1. The Sherman-Morrison- Woodbury formula can be written as:
(A+Yupl ) =A1 - Ape-tvTat
where ¢;; = 6;; + vl Ay, U = (w;) and V = (v;) i,j=12,. k.
Optimal Solution and Optimal Value

In this subsection we will define optimal solution, optimal value, global minimizer and

local minimizer of a given function f.
Definition 1.3. Let f(z) be objective function and S C R™ be its feasible set.

1) z* is called optimal solution for a minimization problem

min f(x)
rels

if x* € S and f(z*) < f(z), for all x € S.Such x* is also called global minimizer of
fonS.

2) x* is called a local minimizer of f on S if there is € > 0 such that f(z*) < f(z),for
all x € N (z*) NS, where N (xg) :=={x € S : ||z — xo|| < €}, neighborhood of xy.

3) If x* € S is an optimal solution of f, then f(x*) is called the optimal value.

Note 1.2. If S is the whole vector space R", then the problem is said to be unconstrained
optimization problem.

Convex Functions
A functional f: R" — R is said to be convex if for any x,y € R" and any A € [0, 1],
fOr+ (1= Ny) < Af(2) + (1= N f(y).
Note 1.3.  a) f is strictly convez if for every distinct x,y € R", and X € (0,1),

Oz + (1= Ny) <Af(z)+ (1= A)f(y)

b) f is concave if and only if —f is convex



Some Properties of Convex Functions

Theorem 1.4. Let f: R" — R be a convex function.If xg is local minimizer of f, then
it 1s global minimizer of f.

Theorem 1.5. Let f: R" — R be differentiable.
1) xo is a minimizer of f if V f(xo) = 0.

2) Let f be twice continuously differentiable. The Hessian matriz of f is positive semi-
definite at each x € R™ if and only if f is conver on R".

Next, we will see the overview of iterative solution approaches of optimization problem.

Overview of Iterative Solution Approach

Most numerical methods for optimization are iterative.That is, starting from an initial
guess xg, construct a sequence of points xg, x1, xs, ..., Tp, ... which converges to a desired
solution.

Generic iterative procedure to find min f(x),x € R" is described as follow.
Step 1: Start with an initial guess z.
Let k£ = 0.

Step 2: Check whether z; satisfies a termination criteria.

A If Yes Stop.That is, zy is a desired solution.
A If No,GOTO Step 3.

Step 3: From the current iterate x, determine the next iterate point xp,.; such that the
value of f is reduced, that is, f(xri1) < f(xg).
Replace k by k£ 4 1 and repeat from step 2.

Note 1.4. i) Such method in which f(xg11) < f(xg) for all k is called descent method.

ii) At Step 2, a termination criteria is mainly an optimality condition: ||V f(xzx)|| = 0,
or ||V f(zi)|| < €, for a sufficiently small € > 0 or terminates when there is no
progress, that is, ||xg41 — x| < €.

iii) At Step 3 to construct xpy1 such that f(xri1) < f(zr), most numerical methods
need at xy a direction (non-zero vector) dy along which f decreases at least near xy.
That is, we need dy, € R" such that f(xy + tdy) < f(x) for allt € (0,0) for some
0 > 0. Such dy, is called a descent direction of f at x.

Now, before proceed to the next sections, we need to define descent direction dy.

Definition 1.4. Consider a function f : R* — R, and a point x; € R" be given. A
non-zero vector di € R" is called a descent direction of f at xy if and only if there is

d > 0 such that f(xy + tdy) < f(xx) for allt € (0,0).

Also the following theorem (1.5) helps us to check whether a non-zero vector dj, is a
descent direction of f at a given point xy.



Theorem 1.6. Let f : R — R be a differentiable function at xp € R" and dy be a
non-zero vector in R If Vf(xx)Tdp <0, then dy is a descent direction of f at xy.

Other important issues for iterative methods are convergence and its rate (speed) of
convergence.

Convergence and Rate of Convergence

¢ Convergence: ensures that the sequence of iterates zj converges to a desired solution
x*, where z* is optimal solution, at least locally.

The following theorem is used frequently to check convergence of iterative procedures.

Theorem 1.7. Let {x} be the sequence of iterates. If there is some r € (0,1) and some
ko > 0 such that ||zgs1 — *|| < r|lxy — 2*||, Vk > ko, then xp — x*.

Proof. With out loss of generality, start from xg. Let ||zo — 2*|| = dy
We need to show that [|zy — z*|| — 0 as k — oco. Now

21 = 27| < rllwo — 27| < rdo
g — &[] < [y — 2*|| < rPdy

los — 27| < [loz — 27| < r°dy

|z — 2| < [log—1 — 27|
=0 < ||z — 2" < rfdy re (0,1)

= 0< lim |z, — 2% < lim r*d,
k—ro0 k—ro0

= 0< lim ||z — 2% <0 (as 0<r <1, lim r*dy=0)
k—ro0 k—ro0
= lim ||z — 2" =0
k—ro0
= 1 — 2"

]

¢ Rate of Convergence: Measures how fast the sequence does converge. There are
three common rate of convergence, These are linear rate of convergence, supper
linear rate of convergence and quadratic rate of convergence.

Now, let us define them as follow.

Definition 1.5. Let x} be a sequence in R™ that converges to x*. The rate of convergence
1s said to be



a) linear if there is a constant r € (0,1) and ky > 0 such that

Mgr for all k> k.
lzx — 2|
b) super linear if
fim J2ee =l

koo |lzy — 2
¢) quadratic if there is a constant M > 0 and ko > 0 such that

[ zes1 — 27|

<M for all k> k.
[z — 2*|]?

Note 1.5. Quadratic rate of convergence is the fastest, and supper linear rate of conver-
gence is faster than linear rate of convergence.

Now, before proceed to the next section, we state an important theorem used to
study minimizers of smooth functions, so called Taylor’s theorem. Because this theorem
is central to analysis throughout this project.

Theorem 1.8. (Taylor’s theorem): Suppose that f : R" — R is continuously differen-
tiable and that p € R™. Then we have that

fl@+p)=flz)+Vf+tp)p

for some t € (0,1). Moreover, if f is twice continuously differentiable, we have that

1
Vilo+n) = Vi@ + [Vt ot
0
and that ]
flw+p) = f@) +Vf()'p+5p"Vf(z +tp)p

for some t € (0,1).

1.2 Line Search Method

Consider the unconstrained minimization problem

min f(z)
reR"
where f € c!(R", R).
Line search is a one -dimensional search refers to an optimization problem for one variable

functions. Each iteration of a line search method computes a search direction dj and then
decides how far to move along the direction. For given xy, the iterative point is given by

Tpy1 = T + tpdy



The key is to find the search direction d; and a suitable step length .

Let p:R—>RN
o(t) = f(zy+tdy) t>0

So, the problem that initially departs from z; and finds a step size ¢ in the direction dy
such that ¢(tx) < ¢(0) is a line search about ¢.

Definition 1.6. If an interval [a,b] contains a minimizing point of ¢, then [a,b] is said
to be an interval of uncertainty (Iou) for ¢.

The general procedure of line search method to find minimization of f(z) subject to
x € R" is described as follow.

Algorithm 1.1. (Generic line search method)

1) Choose an initial iterate xo and sufficiently small tolerance € > 0
set k=10

2) Find a search direction dy at iterate xy,

3) Calculate a suitable step length ty, > 0 which minimizes ¢(t) using a one-dimensional
search.

4) Set xy1 = xp + tdy,

5) If || Vf(zks1) ||< € stop, the current iterate point is the minimizer. Otherwise go
to step two and repeat the procedure.

If we find t; such that the objective function in the direction dj is minimized. That
is,
f(zy + trdy)=minf(xy + tdy) for t > 0

Such a line search is called exact line search or optimal line search, and ¢ is called optimal
step length.

If ¢}, is not optimal solution of the one dimensional problem but satisfies certain conditions,
then such a line search is called inexact line search or approximate line search.

The following are desired conditions that the step size t; required to satisfy:

Wolfe Conditions

i) fla +tdy) < fzr) + atyVf(xp)Tdy, for some 0 < ¢ <1
i) Vf(zp + tedp)Tdy > oV f(2p)Tdy, for some ¢; < ¢y < 1

The following is a generic exact line search procedure to find minimization of f(z) subject
to x € R”

Algorithm 1.2. (Generic exact line search method)
1) Choose sufficiently small € > and an initial guess x; € R"

2) while || V f(xy) ||> € do:



A Determine a descent direction dy of [ at x

A Find minimizer of f along dy, that is, let ¢(t) = f(x) + tdy),t >0
» Determine lou [a,b] of ¢(t)

» Solve min ¢(t), a <t <b

3) Set xp1 = x) + trdy, where ty is a solution of min ¢(t), t € [a,b]
end

we have procedure to determine a desired inexact step length t,. The following pro-
cedure can be used to determine ¢; that satisfies the wolfe conditions.

Algorithm 1.3. (Generic inexact line search method)

Initial step: Choose a sufficiently small (not too small) § > 0 such that f(xp+0dg) < f(xy) and
0<eco <.
Let tk =0

main step: while V f(xy, + tpdp) T dy, < oV f(zr) T dy,
tk = tk + (5,'
end

Remark 1.1. The last t;, at termination of the loop satisfies the wolfe conditions.

Descent methods with appropriate step length are globally convergent. That is, a
descent line search method with step length satisfying Wolfe conditions, the gradient
V f(zr) converges to zero.

Since, in practical computation, theoretically exact optimal step size generally can not
be found, and it is expensive to find almost exact step size. Therefore, the inexact line
search with less computation load is preferable [see [2]].

1.3 The Steepest Descent Method

The steepest descent method is one of the fundamental minimization methods for uncon-
strained optimization problem. It is a line search method in which the search direction
at iterate point xy, is given by

dk = —Vf(ZE k)

where V f(zy,) is the gradient of the objective function.
Since it uses the negative gradient as its descent direction, it is also called the gradient
method. The iterative scheme of the steepest descent method is given by

Tpp1 = T — 6V f(Tg)

where t;, is step length.
The following is the corresponding algorithm of the steepest descent method to find
minimization of a differentiable function f(x) subject to x € R".

Algorithm 1.4. (The steepest descent method for min f(z), x € ®")
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Initial step: so: Choose sufficiently small termination tolerance € > 0 and give an initial point

xo € R".Set k=0,
Main step: while ||V f(xy)|| > €, do

s1: Compute the search direction

so: Find the step length ty, by line search such that f(xp+trdy) = min f(xg+tdy),
t > 0. If ty to be (exact or inexact) solution of min f(xy + tdy), t > 0, then

s3: Compute the iterates by
T+l = T + tkdk.

sg: Set k =k + 1, and return to step s;.

end (% end while)

Output: The last z; is the approximate (at least local) minimizer of the objective
function f(z).
The steepest descent method is globally convergent if the objective function has a min-
ima.Unfortunately, the global convergence does not guarantee that the steepest descent
method an effective method. The steepest descent is a local property of the algorithm.
For many problems, the steepest descent method is not the actual steepest very slowly
with the zigzagging phenomena. The zigzagging of the steepest method can be explained
by the following facts. Since from exact line search, we have

Vf(xg)dy =0

then
V(@) V f(@k) = digadi = 0

This shows that the two gradients are orthogonal to each other on the successive iterates,
and thus two successive directions are also orthogonal, which leads to the zigzagging
[ see [2]]. So, it is rather faster with inexact line search (i.e, ¢ satisfying Wolfe condition).

Merits and Demerits of the Steepest Descent Method

The steepest descent method is globally convergent (if the objective function has a min-
ima) starting from any initial point g € R™. Also it does not need to calculate the
Hessian matrix in each iteration. It needs only the function values and the gradient of
the objective function f to solve unconstrained optimization problems.

One disadvantage of the steepest descent method is its rate of convergence is slow (i.e,
linear rate) due to its zigzagging nature.



1.4 Newton’s Method
we now consider the Newton’s iteration, for which the search direction is given by

di, = =V f(x) 'V f ()

called Newton’s direction. The basic idea of Newton’s method for unconstrained opti-
mization is to iteratively use the quadratic approximation (), to the objective function f
at the current iterate x; and to minimize the approximation Q).

Let f: " — R be twice continuously differentiable, x;, € R", and the Hessian V2f(x})
positive definite. The approximating function f at the current point z; by the quadratic
approximation )y is

f(xe +5) = Qax) = flag) + Vf(xp)'s + 55TV f(xy)s

where s = xp1 — T

Now minimizing Q(s)

VQk(S) = Vf(l‘k> -+ VQf(SL’k)S

= Vf(.’Ek) + VQf
= V2f

= Tjp1 — Tp = dy,

Try1 = T + dp which is called Newton’s iterative formula. If the Hessian V2 f(x}) is
positive definite, then the Newton’s direction dj. is a descent direction. The prove of this
is as follow

dk = —VQf(.Z'k)ilVf(l'k) (11)

Then pre-multiplying both sides of equation (1.1) by V f(x)T, we get.
Vf(an) dp = =V f(a) "V f (1) "'V f (1)
Since V?f(x},) is positive definite = V?f(x;,)~! is positive definite.

= Vf(zp) dy = =V f(2)" V2 f () 'V (k) <0
= Vf({L’k)Tdk <0

= d}, is a descent direction.
The corresponding algorithm to find a minimum point of a twice differentiable function
f defined on R" is stated as follow.

Algorithm 1.5. (Newton’s method)
Input: & The objective function f(x).

& The gradient of the function f(i.e Vf(z)).

¢ The Hessian matriz V? f(x) and



¢ Sufficiently small tolerance € > 0

Initial step: Choose a suitable initial guess x; € R"

=1
main step: while || V f(xy) ||> €

1) Solve the system of linear equations

2) Compute xyy1 = x + di, where dy is the solution of (1.2)
3) Replace k by k + 1, and repeat from step 2
end

Newton’s method has some very nice properties and also has some drawbacks. Now,
we discuss merits and demerits of Newton’s method as follow.

Merits and Demerits of Newton’s Method

Some of the advantages of Newton’s method is that its not too complicated in form and
it can be used to solve a variety of problems. If the objective function is convex, then
Newton’s method is very fast (i.e, quadratic rate) and can find an approximate of z*
starting from any initial point xo € R".

The major disadvantages associated with Newton’s method, is that the Hessian matrix
V2f(xy) as well as its inverse has to be computed for each iteration, which may be
difficult to calculate. It needs to solve the equation V?f(z;)dy = —V f(zy), which could
be time consuming depending on the size of the problem. In this case, if the Hessian
matrix calculated at each iteration close to singular matrix, computing the Newton search
direction dj may diverge. When using Newton’s method, the Hessian matrix may not
always be positive definite. So, the Newton’s search direction dj may not always be a
descent direction. If the objective function f is not convex, then the method can be
successful only when the initial point is close to x*. Otherwise the algorithm may not
possess the descent property ( i.e, f(zgr1) £ f(zg) for some k). That is, Newton’s
method has no global convergence unless the Hessian matrix computed at each iteration
is positive definite every where. [see [1], [2], [3]].

The expensive computation of the Hessian matrix and its inverse in each iteration
of the Newton’s algorithm can be avoid when applying steepest descent method, which
only uses the function value and the gradient of the objective function. But as we have
discussed above about the steepest descent method, it has slow convergence rate (i.e,
linear rate) due to its zigzagging nature and this may leads the method inefficient. So,
to mitigate the drawbacks of Newton’s method we need to use a class of methods that
only uses the function value, the gradient of the objective function, and which need
not compute the true Hessian but generates a series of Hessian approximations as well
as maintains positive definiteness and fast convergence rate (i.e, super linear rate), so
called Quasi-Newton methods. We will now look the quasi- Newton methods in the next
chapter.

10



Chapter 2

Quasi-Newton Methods

2.1 Quasi-Newton Method

In chapter one we have seen that Newton’s iterative method is 7,1 = 2,—V2f ! (xp)V f(zp),
where V2f~!(z},) is the inverse of the true Hessian and V f(x}) is the gradient of the ob-
jective function. However, for various practical problems, the computing efforts of the
Hessian (or inverse Hessian) matrices are very expensive or the evaluation of the Hessian
is difficult, even the Hessian may not be invertible and positive definite every where.
These lead to a class of methods that only uses the function values and the gradient of
the objective function and that is closely related to Newton’s method.

Quasi-Newton method is such a class of methods which need not compute the Hessian,
but generate a series of Hessian approximations. Quasi-Newton method is a line search
method, the descent direction at iterate point z; is given by

dy = —B; 'V f (k)

where By is a positive definite symmetric matrix, initially identity matrix or a positive
definite approximation of the true Hessian matrix V2 f(x;) updated at each successive
iteration without computing the Hessian matrix.

The iterative scheme of the quasi-Newton method is given by

Tpp1 = T + trdy,

where t;, is step length and dj is descent direction.

2.1.1 Secant Equation

Instead of computing the Hessian VZf(x;), we like to construct Hessian approxima-
tion By in the quasi-Newton method. Note that the sequence { By} possesses positive
definitiveness, has a direction dj, = —B, 'V f(x;), and behaves like Newton’s method.
In addition, it is also required that its computation is convenient. In this subsection we
reply the question that what conditions does a sequence { By} satisfy.

Let f : " — R be twice continuously differentiable on an open set D € R". Let us
consider the model quadratic function at xy;. That is

Qunr(2) = Flain) + 0@ = zin) + 50— v Ben (e — z) - (2)

11



which satisfies the interpolation condition Qi11(zk+1) = f(2k41),VQit1(ks1) = Vf(Th41).
Where g1 = Vf(zr41), and Berq = H1;+11 is the approximation to the Hessian V?(z41).
Then finding the derivative of (2.1) yields

VQii1(x) = V f(Try1) + Brgr (v — Tpy1) (2.2)

Setting © = xx, Sp = Tp1 — T and yp = Vf(2p41) — Vf(28).
Instead of the interpolation condition VQg11(zx1+1) = V f(2k+1) in Newton’s method, the
model (2.1) satisfy VQg11(zx) = gr. So, equation (2.2) becomes

9k = Gk+1 — Bryisk

Yk = Br15k (2.3)

Then (2.3) is called secant equation on the Hessian approximation Bjy;. Now, we ask
to produce inverse Hessian approximation Hy,; in the quasi-Newton methods to satisfy
Hy 1y, = sp. Since Bk’il = Hyy1, from equation (2.3) we have

Y = Bri15k
-1
= By 1Yk = Sk

= Hpyr = sg (2~4)

which is called the secant condition on the inverse Hessian approximation Hy.
Pre-multiplying (2.3) by s} gives

T _ T
Sk Bijyisy = Sk Yk

= if slyp > 0, the matrix By is positive definite. Usually the inequality s.y;, > 0 is
called the curvature condition.

In addition to the secant equation, on the updated Hessian approximation By, (similar
arguments are applied to Hy), we would like

® [ is symmetric matrix.
e By close to By.

e If By is positive definite, then By, is positive definite.

The condition that By, closest to the current matrix By is specified by
|Brs1 — Bil| < ||B — Bi|| for all Bs, =1y, and B = BT

where s, and yj, satisfy the curvature condition sy, and By is symmetric and
positive definite. In other words, By, should be symmetric and positive definite
matrix which differs from By, with low rank, (that is, By.; — By has low rank).

The following is the general description of the quasi-Newton method to find a minimum
of a differentiable function f defined on R".

Algorithm 2.1. (Generic quasi-Newton algorithm )

12



80)

81)

52)
53)

84)
85)
86)

choose a starting point xo € R™, symmetric positive definite matriz By € R™*" (say,
identity matriz or a positive definite modification of Hessian at xo) and sufficiently
small termination tolerance € > 0.

If || Vf(zx) ||[< €, then stop and output xy as an approzimate local minimizer of f.
Else go to step so

compute the quasi- Newton search direction: dy = — By 'V f(xy)

perform a practical line-search for the minimization of the one dimensional problem
o(t) = f(ap +tdg),t > 0. If ty to be (exact or inexact) solution of min ¢, then

compute the new iterate point: xp, 1 = i + tidy.
At iterate: Tgy1, update By to construct By.y that satisfy (2.3) .

Replace k by k+ 1 and go to s;.

Since the sequence By considered in quasi-Newton algorithm is positive definite, then
the search direction d;, computed at step s is descent direction.

2.1.2 Properties of The Hessian Approximation Matrix By

P1:

D2

Ps3 -

Pq -

Ps -

By, should be non-singular, so that s, is well-defined.

By, should be positive definite such that d, is a descent direction, so that sz is
well-defined.

By, should be symmetric, as Hessian are symmetric matrices.

By.1 should be computable by "recycling ” the quantities V f(zx11), Vf(zr), .. ,
V f(xg), d, tx and possibly By.

Bi41 should be close to By, in a well- defined sense so that By, converges to V2 f(x*)
and dj, is allowed to become the Newton step asymptotically.

The major issue in quasi-Newton method is a way of updating the Hessian By, (or Hy)
to construct By, (or Hii1) at s5 in algorithm (2.1) by use of some convenient methods
such that the secant conditions (2.3) and(2.4) holds and also the updating matrix By,
is required to be positive definite symmetric matrix.

2.2 Updating The Hessian Approximation Matrix B,

Given an n X n symmetric and positive definite matrix By at iterate point x; so that
d, = —B,;1Vf(xk), the matrix By, at iterate point x;, is required to have the following
properties.

I:
II:

By required to be an approximation (or have some feature) of the Hessian at x4

Bi 1 should be symmetric and positive definite matrix which differs from By with
low rank.

13



Note 2.1. In quasi-Newton methods, the Hessian approrimation matriz By updated at
each iteration is symmetric and positive definite and hence it is invertible.

In the following sections we will reply the question, how to form the sequence {By}. Some
of the popular updating formulas that satisfies the secant condition (2.3) and/or (2.4)are
described below.

2.3 Davidon-Fletcher-Powell (DFP) Rank-2 Update

In this section we introduce the DFP rank-2 quasi-Newton update that satisfies the
secant condition (2.4). This update was first proposed by Davidon and popularized by
Fletcher and Powell. Let Hj, be the inverse Hessian approximation of the k" iteration
and select some vectors u,v € R". Hyyy is formed by adding to Hp two symmetric
matrices,each of rank-one. Now, in the case of rank-2 update we Consider an update of
the form

Hy1 = Hy + cun” + Bov” (2.5)

where « and 3 are scalars to be determined. Then by the secant equation on the inverse
of the Hessian matrix Hyy, and by equation (2.5) we get

(Hy, + auu” + BUUT)yk = S
Hiyr + a(u"yp)u+ B0 ye)v = s,

a(u"y)u+ B(v yr)v = sk — Hiy (2.6)
In this case u and v are not uniquely determined, but one of the possible choices are:
u = s and v = Hyy
Then substituting the choices of u and v into equation (2.6), we get

a(stye)sk + B(yi Heyr) Hisi = s, — Hysy,
= a(styr)sk = sk and B(y} Hyyr) Hisy = Hysy,

1 -1
= a = and 8 =
Stk ﬁ yF Hiyp

Also substituting the values of @ and /5 into the rank-2 updating formula (2.5).

T H H T
Hyoy = Hy + 25 (Hige) (Hige)

Sk Yl Hiye
_ 4 Sk Hiyn(i )
Stk vyl Hyyk

Hyyyl He  siksy

= Hpp = Hy —
" Yt Hiy Stk

(2.7)

The updating formula (2.7) is called the Davidon-Fletcher-powell (DFP) rank two update
for the inverse Hessian approximation.

14



Remark 2.1. The updating formula (2.7) is only one of the possible choices of the solu-
tion of equation (2.6) and with other solutions we obtain different updating formulas.

Next we must prove that under suitable condition the DFP update maintains positive
definitiveness.

2.3.1 Positive Definitiveness of DFP Update

Theorem 2.1. (positive definitiveness of DFP update)
Let Hy, be symmetric and positive definite, then the DFP update
Hyyryi He  sksiy

Hy1 = Hy —
" vl Hyyk sty

produces Hy, 1 positive definite if styp >0

Proof. Let sfy, > 0 and consider a z # 0, x € R". Then we need to prove that

2T Hy 2 > 0.

_ Hyyryi Hi Sksg)x

v Hiyr Sy

e Hyypyt Hyr 2T spsia
Yi Hiyi Sk Uk

Since Hj, is symmetric and positive definite so that there exist a Cholesky factorization
LLT = Hy, where L is n x n lower triangular matrix.

' LL gyl LLT e atspstx

o' Hypyo = 27 (Hy

= 2T Hox —

= xTHka =o' LIy —

yrLLTyy sty
— (4T Ty (" L) (L"y) (i L) (LT x) | (si)?
=@ D) WD) stw
gy LT (L) (L) (L) (s
= ({Le) (L) LTy (D) sty

Setting @ = LTz and b = LTy,

alvb’a N (siz)?

=o' Hy oz =a"a—

b7y sty
_ (@a)(p'h) — (") | (s,2)"
bTh SEyk

From the cauchy-Schwartz inequality we have (a”a)(b7b) > (b7a)?
(aTa)(b'h) — (bTa)?

>
bh =0
T T T.\2 T,\2
T (a”a)(b7b) = (b7a)”  (s3,7)
=& ez = b BT

= JZTHk_HJ] >0

= the updated inverse Hessian approximation Hy,, is positive definite.
Hence the DFP update maintains positive definitiveness if s? y; > 0. O
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Theorem 2.2. If the step length t;, satisfies Wolfe conditions, then the condition st ys
holds and hence the DFP update produce positive definite matrix.

Proof. From the minimum search algorithm, we have
S = tkdk (28)

with step length ¢, > 0, and dj, is descent direction.
Also by Wolfe condition (ii), we have

Vf(xk + tkdk)Tdk > Cgi(SBk)Tdk, O0<ep<l
Then subtract V f(zy)?dy from both sides of the Wolfe (ii), we get.

Vf(.Tk + tkdk)Tdk — Vf(ﬂfk)Tdk > CQVf(.CEk)Tdk — Vf(.iﬁk)Tdk
= (Vf($k + tkdk) Vf($k) ) (Cz — 1)Vf([£k)Tdk >0

= (Vf(zx + trdi)” = Vf(21)")di > 0
= (Vf(xr + tedi) — V f (k) s, > 0 by (2.8).
= spye >0

The condition s}y, holds, and hence the DFP update produce positive definite matrix.
O

2.3.2 The DFP Update for The Hessian Approximation

Proposition 2.1. The DFP update for the Hessian approximation (say By) that corre-
sponds to the update of the inverse Hessian approximation (2.7) becomes:

B T B
kSkSk + YkSk Dk n 14

T T T
Yi. Sk Yi. Sk Yi. Sk

yky;{( S;{BkSk)

Bk+1 = Bk - (29)

Proof. consider the Sherman-Morrison-Woodbury formula with rank £ = 1, and

Sk
Uy = v = T
(yi si)?
and
e Hyyy,
9=V = ——F—— 71
(Y& Hiye)?

Let us now, consider a 2 x 2 matrix I + UTHk_lu with ¢;; = 6;; + viTHkuj.

= C11 = 511 + U{Hkul
Trr—1
s H "y,

1 1
(Y sk)?

-1+
(ylsk)2

Setting By = Hk_l,




Cag = 09 + V3 Hyuy
=1 + /Ung__I'UQ
yi HeHy, 'y

_ Uity _
vl Hiyk

T
c12 = 012 + v] Hyuo

S{H,;lHkyk

(yF Hyy*)2 (yF Hyye)?

0+

Sk Uk
(YFsi)7 (yF Hyye)?
CADE
(yF Hyye)?

T
Co1 = 012 + vy Hpuy

1 1
(i si) 2 (yi Hryr)2

- Y 1 1
(Ui Hiyi)2 (yf si)?
_ (ykTSk)%
(yF Hyyr)?
Then the matrix C' has the following form:
C:(Cll 012):(61 62)
C21 C22 es 0

1 1
sT'Bys sTyp)2 Ts1,)2
Where e; = 14 £ ey = —(T’“yk) r, €3 = ——(g’“ B2
Yk 5k (v Heyr) 2 (v Hrye) 2
C' is given by
0 L

€3
—a_
€2€e3

(3 4)

€2

. And then the inverse of matrix

Then applying Sherman-Morrison-Woodbury formula on the inverse Hessian approxima-

tion Hy, 1, we have:

Hyp = H, ' — H'uC W H!
= Bk+1 =B, — BkuC’lvTBk
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Setting P = Byu, L = Byv, where P = (p;), L = (I;) and p; = Byu,, l; = Bgv;. Now, the
matrix product(PC~1LT) is <2 x R2*2 x R,

T 0o i
POTLE=(pop2 ) (2 % )| gt

e eges
lT
_ ( P2 p1 __ p2e1 ) %F
& e ege
2 2 2€3 l2
T T
p2ly pils €1 T
= + - 215
€2 €3 €2€3
BkugvlTBk BkuvaTBk e1 T
- + - BkUQU2 Bk
()] €3 €9€3

Substituting the values of e;, uy, and vy, we get:

(yE Hyy)? By Hyyyst By, (yF Hyy)? Byswyf Hy By Y Hiyy (1+8;‘§Bk8k BiHyyryi Hi By

(sTyn)? (yE Hiy)? (yFsi) 2 (yfse)? (ylsi) 2 (yf Heyw)? Yk Sn Uik (yI Hyye)? (yF Hiyr)?

Ykt B n Biskyp B ykyg( st Bisi,

1+

Sk Yk yls,  ylsk yi' sy,
By = B, — PC'L"
yksi Br  Brskyp  uryl

T - T T <1 + T )

Sk Yk Yi. Sk Yi. Sk Yi. Sk

Byspyl + yist B r sI'Bys
_ DESEYE T YkSk k+ykyk(1+kkk)

T T T
Yi. Sk Yi. Sk Yi. Sk

= PO LT =

)

SgBkSk

_|_

]

Note 2.2. As we have proved on theorem (2.1), the inverse Hessian approximation Hy,
produced by DFP update is positive definite, which also guarantees that its Hessian ap-
prozimation By is positive definite.

The updated matrix By, should be close to the current matrix By. It meaning that
the symmetric and positive definite matrix By, differ from By with low rank. This is
equivalent to solve the problem specified by

|Bry1 — Bell < |B — Byl for all Bs, =1y, and B = BT (2.10)

where s, and y; satisfy the curvature condition s!y, and By, is symmetric and positive
definite.

Note 2.3. Similar arguments can be applied to the condition of closeness of Hy1 to Hy,
by replacing By, Bri1, B, s and yy by Hy, Hyy1, H, yr and sy respectively on (2.10)

Algorithm 2.2. (Quasi-Newton method with DFP update)

Initial step: Choose sufficiently small tolerance € > 0, an initial guess x1 € R", and an n X n
symmetric and positive definite matriz Hy (say an nXn identity matrix or a positive
modification of inverse Hessian at x1)

Let k= 0;
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Main step: while || V f(xy) ||> €, do

1) Compute search direction: dy = —HV f(z);

2) Approzimate min f(x+tdy),t > 0 by line search and if ty, be (exact or inexact)
solution of the one-dimensional problem min f(x + tdy),t > 0 go to step (3).

8) Tpy1 = T + trdy

4) To update Hj,
. Let s = 2y — x and yp = V f(Tp1) — Vf(zp)
. Compute Hyyq by (2.7)

5) set k=Fk+1 and go to step (1)

end
DFP method has the following important properties:

1) For a quadratic function (under exact line search)

a) DFP update has quadratic termination. That is, H, = A™!, where A is an
n X n symmetric and positive definite Hessian matrix of the quadratic function
and H,, is Hessian approximation updated by DFP method.

b) DFP update has hereditary property, that is H;y; = s; for j < .
2) For a general function

a) DFP update maintains positive definiteness.
b) DFP update is supper linear convergent.

c¢) For a strictly convex function, under exact line search, DFP method is globally
convergent.

The positive definiteness of DFP update is already proved in theorem (2.1). The con-
vergence properties of DFP update will be established in the subsections (2.5.1) and
(2.6.2). In the remainder of this section we shall prove the other two important proper-
ties: quadratic termination of the method and the hereditary property of the method in
theorem (2.3) below. Before proceed to theorem (2.3), we need to state and prove the
lemma (2.1) which is important to prove the quadratic termination property.

Lemma 2.1. Let Q(z) = 327 Az — b"z + ¢ be a quadratic function with A € R™"
symmetric and positive definite, and yp = VQ(xr+1) — VQ(x) and sy = xpy1 — xp. Then
yr = Asy,

Proof.
Yr = VQ(zr41) — VQ(z)
= Axpy — b — (Azy, — D)
= Axp —b— Axp + b
= Axkﬂ — Axy,
= A(37k+1 - 33k)
= As;,
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Theorem 2.3. (Property of DFP update)
Let f(z) = %xTAx —b" + ¢ be a quadratic function with symmetric and positive definite
Hessian A € R™*™. Then for any starting point xo any starting symmetric and positive

definite inverse Hessian Hy, and let the iterates xp and Hj produced by the sequence sy.
That 1s,

1) Tl = T + Sk
2) Hy.q is produced by the DFP update (2.7)

where s = tpd, with ty is scalar obtained by exact line search and the directions dy,

1 =0,1,2,....k are A-conjugates. Then for 0 < j < k the sequence sy generated from
DFP update satisfies

(a) gls; =0 [orthogonality property]
(b) Hypy; = s, [Hereditary property]
(c) If sy, S1, S2,..., Sn_1 are linearly independent, then H, = A~

Proof. (a): From lemma(2.1), we have

Y = ASk = AZL’k_H —b-— (Al'k — b)
= Gkt1 — Gk = Azpp1 — b — (Axy, — b)

we prove the relation by induction. To show gf s; = 0, it suffices to show g{'d; = 0. Now
for kK = 1, the relation becomes

gidy = (Azy — b)d,

=21 Ady — b dy

= (o + todd ) Ady — b dy
90 do
d¥ Ady
=2} Ady — gt dy — b dy
= (Ao — b)'dy — gt do
=godo—godo =0

Thus the orthogonality property holds for k£ = 1.

Suppose the relation holds for 0 < j < k — 1.That is, g{d; = 0, for j < k — 1. Next we
need to show that g,fﬂdj =0,forj <k. fixk>0and0 < j <k, since gpr1 = gr+1tpAdg,
then we have

Gid; = gld; + tidi Ad; (2.11)

but by A-conjugate definition, d} Ad; = 0, for j # k and by induction hypothesis gi d; = 0
for j <k —1, so the right side of equation (2.11) is zero. This implies

glid; =0,for 0< 5 <k
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It remains to show for 7 = k the relation holds.

Jerrdr = (Azg — b)"dy
= (Ik + tkdk)TAdk - dek

= (- 9 e, )T Ady — b7d
T
d

= 2T Ady, — T2 T ag, — T4,

dl Adj,
=z Ady, — g dy, — b di
= (Azy, — b)Tdk - ggdk
=gidy — gpdy =0

]

Proof. (b) For k = 1, the hereditary property becomes Hiyg = so which is the secant
condition of the update.
Now suppose for k£ > 0, the relation holds.That is,

Hyy; =s;for 0 <j <k
Next we need to prove that the relation holds for £+ 1. From DFP update (2.7), we have

Hyyryl Hy n SkSh

Hy = Hy, —
" yl Hyyy, Sty

(2.12)

Pre-multiplying both sides of (2.12) by y; we get

Hyyryil Hyy, n SkStY;

B Hiy(gi1 — 98)s5 | si0
=5~ T T
Vi Hiyi S1 Yk
e iy (G155 — 95 55)
’ v Hiyp

Next we need to show that for j = k the hereditary property holds true. Pre-multiplying
both sides of the DFP update (2.7) by yy

Hyyeyf Hiyre kst yr
T + T
Vi Hiy Sy Yk
= Hyyr — Hyyi + sk

Hy 1y = Hyyy —
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Proof. (c) From Hereditary property and Lemma 2.1, we have

Hyyr = s (2.13)
Then substituting (2.14) into (2.13) we get
H,As, = sy,
Since sgrs, k=0, 1, 2, ..., n-1 are linearly independent, it follows that
H,A=1
= H,=A"
O

The DFP quasi-Newton updating formula is quite effective, but it turns out that in the
case of large non-quadratic problems the algorithm has the tendency of sometimes getting
”stuck”. This phenomenon is attributed to By(or Hy) becoming nearly singular. Also the
DFP method is less effective in correcting bad Hessian approximations. This property is
believed to be the reason for its poorer practical performance [see [1], [3]]. In the next
section, we discuss another rank-2 quasi-Newton updating formula that alleviates this
problem.

2.4 Broyden-Fletcher-Goldfarb-Shanno(BFGS) Rank-
2 Update

In 1970, an alternative rank-2 quasi-Newton update was suggested independently by
Broyden, Fletcher, Goldfarb, and Shanno. The method is now called the BFGS rank-2
update. In this section we drive this rank-2 update by the concept of duality and describes
its theoretical properties on inverse Hessian update produced by DFP update.

Consider an update for the inverse Hessian, say

Hyp = U(Hy, yi, sk)

which satisfy the scant condition on the inverse Hessian approximation (that is, Hy,1yx =
sk). Then by exchanging H, = By and y, & s, we obtain the update for Hessian
approximation, that is, Byxi1 = U(By, Sk, Yx), which satisfy the scant condition.

Byyq is formed by adding to By two symmetric matrices, each of rank-one. Now, we
consider an update of the form

Bji1 = By, + auu” + bov” (2.15)

where u, v, € R". a and b are constants to be determined.
Now, by secant equation on the Hessian By, we have:

Bii15r = Yk
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= (B + auu® + bvv") s, = yi
Bysi + a(ul sp)u + b(v”sp)v = i
= a(u”sp)u + b(v's)v =y — Brsy (2.16)

Equation (2.16) has not a unique solution. Let us now choice u = y;, and v = Bys.

= a(y} sk)yr + b(sj Brsi) Brsk = yr — Brsy,

= a(y;?sk)yk = Yk

and
b(SgBkSk)BkSk = —BkSk
Yk
7T W
and
-1
5! Bysy,

Substituting the value of a, b, u and v to the updating formula (2.15), we get

T T
YrYy By.sysy, By

Bup = By + 2k _ 2.17

1 ylsy, st By.sy (2.17)

The updating formula (2.17) is called the Broyden-Fletcher-Goldfarb-Shanno (BFGS)
rank-2 update.

Remark 2.2. The updating formula (2.17) is only one of the possible choice and with

other solutions we obtain different update formulas.

2.4.1 Positive Definitiveness of The BFGS Update

In this subsection we will prove positive definitiveness of BFGS update.

Theorem 2.4. (positive definitiveness of BFGS update): Given By is symmetric and
positive definite, then the BFGS update

T T
ykyk BkSkSk Bk
By = B, + —
+ yl sy, st Bysg

produce Byy1 positive definite if yl s, >0

Proof. Let y{'sy > 0 and consider z # 0, x € R". Now, we need to prove that 7 By >
0.

I B B
JZTBk+1.ZU = CC'T(Bk + ykyk - kSkSk k

T T
Yy Sk sy Bisy
T T
yky BkSkS Bk
= 2" Brx + 27 T kx—azTT—k
Yjs Sk 53, Bisk
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Since By, is symmetric and positive definite matrix, so that there is a Cholescky factor-
ization LLT = B, where L is a lower triangular matrix.

ol (L) (L)

" Bypix=a (LLY) Lo T(LL s x
— (4T T,y _ (x"L)(L"sg)(si L) (L) xTykyg
SR ST ey T
oy L LTS (L s)T(E ) | ()
e (L750) (L5 ol

Putting a = LTx and b = L7,

atvb’a  (yp)Tx

= ' Bpyr =a’a —

bTh yk sy,
_ (@a)(Th) = (07a)* | (y)"2
bTh yl'sy,

Then from the Cauchy-Schwartz inequality, we have (a’a)(b7b) > (b7 a)?
(aTa)(dTb)—(bT a)? >
= T2 5

ala)(bTb)—(b"a)® | (yp)"a
bL'b + y%sk

= 2T By o = ¢ >0

= QZTBk_HZ' >0
= Bjy1 is positive definite if /s, > 0. O

Theorem 2.5. If the step length t; satisfies Wolfe conditions, then the curvature condi-
tion yi sy holds and hence the BFGS update produce positive definite matrir.

Proof. From a minimum search algorithm, we have
Sk = Tpy1 — T = Urdy,

with ¢, > 0 is step length and dj is descent direction. Also from the second Wolfe
condition for line search, we have

Vf(l"k + tkdk)Tdk > CQVf(ZEk)Tdk

for some 0 < ¢y < 1
Then subtracting V f(z;)7dy from both sides of Wolfe-(ii).

Vf(zp + tedi) dy, — Vf(21) di, > oV f(ap) di — V f (2) 7 dy,
(V (2 + trdp)” = Vf(ze)")de > oV f () dy, — V f ()" di
(Vf (g + tedy) — Vf(ax)) dp > (ca = 1)V f(ax)" dy
= yld, > (co — D)V f(zx)'dy >0

S
yi— >0
17

ylsp >0
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Hence the curvature condition holds and BFGS update produce positive definite ma-
trix.
A naive implementation of the BFGS formula (2.17) is not efficient for large unconstrained
minimization problems, because it requires the system Bydy = —V f(zy) to be solved for
the step direction dj thereby increase the cost of the step computation. To avoid this
we need an equivalent formula for the inverse of the approximate Hessian in the next
subsection. To derive this formula, we consider Sherman-Morrison-woodbury formula on
theorem (1.3).

2.4.2 The BFGS Update for The Inverse of The Approximation
Hessian
We can derive a version of the BFGS algorithm that works with the inverse Hessian

approximation Hj rather than Bj,. The update formula for Hj is obtained by simply
applying the sherman-Morrison-Woodbury formula on theorem (1.3) to (2.17) as follow.

Proposition 2.2. By using the Sherman-Morrison- Woodbury formula the BFGS update
for the inverse Hessian approzimation (say H) becomes

Hyyesi, + siyl Hy n Sksg(l n ngkyk)

Hyy = Hy, — 2.18

i S Yk Sp Yk S Yk ( )
or equivalently . . .
SkYj Yk Sk SkSy,

Hy= (- Hy (I — 2.19

i ( Sfyk) ( S;;Fyk Sfyk ( )

Proof. Consider the sherman-morrison-woodbury formula with rank k£ = 2 and uy = vy =

Uk and uy = —vg = —DkSk Now, we consider C' = I + UTBk_lu is a 2 X 2 matrix
(sTyr)2 (sT Bysy)2

with ¢;; = 8y + vf B, 'u; where §;; is the (i, ) entry of a 2 x 2 identity matrix.

T 1
c11 =011 +v; B g

(yk — Yk
:1+( T 1)>TBk1( T ;)
(Sk Yr)2 (Sk Yi)2
ylz1 Bfl Yk
T 1 k T 1
(?/k Sk)? (Sk k)2
Y Bi, '
1
(Vi skt yr)?
yi B,y
1
((styr)2)?
Y B, 'y
SkYk

— 1+
— 1+
— 1+
=1+

Setting Hy = B; '
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T
= C11 = 1 + —ykszckyk
Coo = 099 + UgBk_lW
—DBysy, _ Bysy,
B yrpo Bk
(sf. Brs)? (s, Brsk)?

TpRT -1

=1+

((sF Brsi)?)?
—1_ SgBkSk _ O
Sy, Bksk

1z = 612 + v] By 'ug
Yk _ Bisg
=0+ ((85%)% Win 1(m)
Y, ' By, ' Bisi,
(y;?sk)% (SZBkSk)%
y?sk
(yF si)2 (sT Brsi)?
(y}fsk)%
(s Brsi)?

co1 = 091 + UgTBk_lm
(—Busk)" Bg v
(5T Busi)? (sTye)2
—st By By Mk
 (sTBrse)® (sTyi)
S{yk
(5T Busi)2 (sLye)?
(Szykﬁ
(sT Bisy)

Now, the matrix C has the form
o C11 C12 o a b
¢= ( Co1  C22 )_( d 0 >
1 1 1
Where a = 1+W—ky’“ , b= M, d = —M. And then we get C7! =
SkYk (s¥ Brsi)? (sT Brsi)?
(1)
d
1 —a
b bd

Setting A = Hyu and B = Hyv, where A = (a;), B = (b;) and a; = Hyu;, by = Hyv;.
Then from Sherman-Morrison-Woodbury formula on theorem (1.3), we have

Hk-Jrl = Hk — HkqulvTHk
= H, — AC™'B”
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Here the matrix product (ACT!BT) is ®*2 x R2*? x R2X" 5o,

5 ) (i)
W b
(% 4-2)(3)
by

B asbt a1 aag,,
= TG
_agbi arby  aaghy
) d bd
Hyusvl Hy,  Hyuyvl Hy _a

b d bd

AC'_lBT = ( a; Qg ) (

o= O

= AC'_lBT = HkUQ”Ung

Substituting the values of a, b, d, u;s and v;s, we get

AC'BT =

(SgBk5k>%HkBk3kysz
(T Brsi)2 (yL'sk)? (sTyp) 2

v} Hyyy . Hy Br.sgs;, B Hy, ((SszSk)Q)%

Sk Yk ((SgBkSkV)% (y;fsk)%(Sfyk)%

(SgBkSk)%HkykS{Bka

(sFyr)? (sTyn)? (sf Busw)?

~(1+

T
(1 4 Lokt Hit )Skst

_ seyp Hy Hyyesy ST Uk
(y;?sk)%(S}fyk)% ((Sgyk)Q)% (y?sk)%(siyk)%
_ Sl i n Hyyst (1+ ylekyk)ﬁ
SkUs Sk skuk Sk
_ Hyyesi + sy He Sksf(l n ykTHkyk)
Sk Yk Sk Yk Sk Yk

= Hp = H, — AC™'B”
Hyyisi + spyl Hy

T T
5kS Vi Hiyi
- (14 =)
Sk Yk

T T
Sk Yk Sk Yk

= Hpy1 = Hy — +

]

Note 2.4. 1) The updating formula (2.19) is a straightforward calculation of the up-
date (2.18).

2) As we have proved on theorem 2.4, the Hessian approximation By, produced by
BFGS method is positive definite, which also guarantees that its inverse Hessian
approzimation Hy 1 is positive definite.

The corresponding algorithm to find a minimum of a differentiable function f defined
on R" is defined as follow.
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Algorithm 2.3. (Quasi-Newton method with BFGS update)

Initial step: Choose sufficiently small tolerance € > 0, an initial guess x1 € R", and an n X n
symmetric and positive definite matriz Hy (say an nxn identity matriz or a positive
modification of inverse Hessian at 1)

Let k =0;

Main step: while || V f(xy) ||> €, do

1) Compute search direction: dy, = —HV f(xy);

2) Approzimate min f(x+tdy),t > 0 by line search and if ty, be (exact or inexact)
solution of the one-dimensional problem, min f(x + tdy),t > 0 go to step (3).

3) Tpi1 = Tk + trdy,

4) To update Hj,

» Let s, = w1 — o and yp = V f(2p1) — Vf(ag)
» Compute Hy, 1 by (2.19)

5) setk =k+1 and go to step (1)

end
BFGS method has the following important properties:
1) For a quadratic function (under exact line search)

a) BFGS update has quadratic termination. That is, H, = A™!, where A is an
n x n symmetric and positive definite Hessian matrix of the quadratic function
and H,, is Hessian approximation updated by BFGS method.

b) BFGS update has hereditary property, that is H;y; = s; for j <.
2) For a general function

a) BFGS update maintains positive definiteness.
b) BFGS update is supper linear convergent.

c¢) For a strictly convex function, under exact line search, BFGS method is glob-
ally convergent.

d) The BFGS formula has very effective self-correcting properties. If the matrix
By, (or Hy) incorrectly estimates the curvature in the objective function, and
if this bad estimate slows down the iteration, then The Hessian approximation
will tend to correct itself within a few steps [see [3]].

The positive definiteness of BFGS update is already proved on theorem (2.4). The con-
vergence properties of BFGS update will be established in the subsections (2.5.2) and
(2.6.1). In the remainder of this section we shall prove the other two important proper-
ties: quadratic termination of the method and the hereditary property of the method on
theorem (2.6) below.
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Theorem 2.6. (property of BFGS)
Let f(z) = %$TA$ —b" + ¢ be a quadratic function with symmetric and positive definite
Hessian A € R™*™. Then for any starting point xo any starting symmetric and positive

definite inverse Hessian Hy, and let the iterates xp and Hj produced by the sequence sy.
That 1s,

1) Ty = xp + Sp
2) Hyyq is produced by the BFGS update (2.19)

where sy = tidy with ty s a scalar obtained by exact line search and dys, 1 =0,1,2,...,m
are conjugates. Then for 0 < j < k the sequence sj generated from BFGS update satisfies

(a) gis; =0 [orthogonality property]
(b) Hypy; = s, [Hereditary property]

(c) If so, s1, S2,..., Sp—1 are linearly independent, the H, = A~ and the method termi-
nates at x,, with m <n.

Proof. (a): The prove is the same as the prove of (a) on theorem 2.3. O

Proof. (b): For k = 1, the hereditary property becomes Hjyy = so which is the secant
condition of the update.
Now suppose for k£ > 0, the relation holds. That is,

Hyy; =s;for 0<j<k
Now, we need to prove that the relation holds for k£ + 1. post-multiplying both sides of
the BFGS update (2.19) by y;, we get

T
SKS%L ;i
T
Sk Yk

T

SkYy Sk Yj
Hk Yi = I — Hky-— yk‘|—
s = (= 2 iy, — e i)

It remains to show that for j = k the condition holds. Pre-multiplying both sides of the
DFP update (2.19) by yx, we have

T T T
SkYk Sk Yk SkSk Yk

Hipyp = (1 — Hy,(yr — Yk
" ( S;Q;Fyk) ( yks}tf ) S;;Fyk

= Sk.
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Proof. (c): From Hereditary property and Lemma 2.1, we have

Hyyi, = sy, (1)
Asp =y (1)
Then substituting (II) into (I), we get
H, As;, = sy,
Since sgrs, k=0, 1, 2, ..., n-1 are linearly independent, it follows that
H,A=1
H,=A"

O

Note 2.5. The DFP and BFGS updating formulas are duals or complementary of each
other, in the sense that one can be obtained from the other by the interchanges s = yx

2.5 Global Convergence of Quasi-Newton Methods

In this section we discuss the global convergence for quasi-Newton methods (BFGS and
DFP updates) under exact line search and inexact line search respectively in subsection
(2.5.1) and (2.5.2). In the discussion of this section, we need the following assumptions.

Assumption 2.1. a) f:R" — R is continuously differentiable on convex set D.

b) f(x) is strongly convex, i.e., there exist a positive constants m and M such that for
all x € L(z) = {z|f(x) < f(xo)}, which is convez, we have

m||ul]®* < vV f(2)u < M|jul]?,Yu € R" (2.20)
The assumption (b) implies that V?f(z) is positive definite on L(x), and that f has
a unique minimizer x* in L(x).
2.5.1 Global Convergence under Exact Line Search

We begin the discussion in case of exact line search. Let

G = /0 V2 f(zp + Ts)dr (2.21)

then from Taylor’s theorem that B
Ye = Gy (2.22)

We have

. _
Yi. Sk 5,GrSk

= < 2.23

= llsell® skl T (2:23)
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and

Lo flsel® 2
— < — 2.24
M~ ylsy = m (2:24)
Since also .
el _ sEGis,
sfyk ngksk
if we let z, = Gk%sk, then
2 T
”ka” = D <y (2.25)
Sk Yk 2L Rk
In addition, we have B .
el < NIGlsell, Nsell < Gk [yl
which give
e
and .
Isell o 1 (2.27)
lyell = m
Therefore from the above discussion, we have
Lemma 2.2. Let f: R" — R satisfy assumption (2.1). Then
Isell - llwell  siwe sive Nyl
lyell™ Msell™ sell® Nyell®” sgyn
are bounded.
Lemma 2.3. under exact line search, > ||sg|[?and > ||yx||* are convergent.
Proof. [see 2] ]. O
Lemma 2.4. For all vectors x, the inequality
lg(@)II* = m[f(z) — f(z")] (2.28)
holds, where f(x*) is the minimizer of f(z).
Proof. [see [2] ]. O

Theorem 2.7. Suppose that f(x) satisfies Assumption (2.1). Then, under ezxact line
search , the sequence x) generated by DFP method converges to the minimizer x* of f.

Proof. Consider DFP formula of the inverse Hessian approximation

Hyyryii He  sksi

H, .= H, — . 2.29
e C T Hu, Sk Yk (2.29)
and DFP method formula of the Hessian approximation
T T T
Yk Sk Skl YrY
Bri1 = — Bi(I — . 2.30
k+1 ( Sgyk ) k( Sgyk S/zyk ( )
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By computing the trace of (2.30), we have

st Bryr (s Brsk)(Wive) Uik
Tr(Byy) = Tr(B;) — 222 4 2k kool |k 2.31
( +1) ( ) Sgyk (Sfyk)Q Sgyk ( )
The middle two terms can be written as
o5k By, (s Bisk) (yiys) _ tkpgf ye , (—gese) (Wi o),
Sk Yk (5% k) Sk Yk (skur)T
- QQ{yker?yk
= )27k
Sk Yk
2 2
9k Hy.gy,
Since g{, s, = 0, then
Hyyryl Hy
H =gl [H, — —=2ZE8
Ge+1 41 119k+1 9k+1[ k ngkyk ]9k+1
H, 'y
T kYrYy, g
=g [H g
g yi Hiye l9x
Hy.gr9; He
Y 111k
_ (9% Higi) (9} 1 HiGrs1)
Irr1 Higr + 95 Hier1 9k
By finding the inverse number of the above, expression, we get
! = ! + L (2.33)
GerrHogker G Hrger 95 Hir '
Using (2.32) and (2.33), then (2.31) becomes
gk [lgxl? gkl [lyel?
Tr(B =Tr(B) + — — + 2.34
(Bisa) (Bx) g1 Higevr 9 Hegre  gerHeGrn — SE Uk (2:34)
By recurrence, we obtained
k
gk ll? lgoll? lggnll? ||2
TT(Bk 1) = TT(B()) + — 2 35)
* g;::+1Hk+1gk+1 ggﬂogo gj+1Hggg+1 Z

Therefore, by Lemma (2.2), there exists a positive number M which is independent of k,
such that

2 k 2
Tr(By < —enl” 5~ Mgl (2.36)

91 Hi1 G s 951 Higi41
In the left part, we will prove that if the theorems does not hold, then the sum of the
last two terms in (2.36) is positive.
Now consider the trace of Hy.;. From (2.29),we have

H
TT(Hk'Jrl) Z H JyJH

(2.37)
j=0 yj
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Since Hy,; is positive definite, the right hand side of (2.37) is positive. By Lemma (2.2)
m > 0 which is independent of k, such that

H.;
=Y ijj m
Note that
(] Hyy;)? < [[Hy; 11ly; 1 (2.39)
and

ijijj = g;‘-F+1Hj9k+1 + ngngj + 293‘T+1dj
> gl Higen (2.40)

By the positive definiteness of H; and exact line search, then by using (2.38), (2.39) and
(2.40) in turn, we obtain

T H

gl Higi =y Hyy; | Hy; 1>k
DL Nl N LU < 2
JZO lyil? JZO lly; 117 ZoijH’

(2.41)

<
&
3

By using cauchy-Schwartz inequality and (2.41)

ko llgirally2
lgisall? o (im0 Tyt )

T -
— 91 H59i4 S e 59541
7= 3=0 " iy >

k

m lg ||

> 2y o (2.42)
7=0

k

IIyJH

Now suppose that the theorem is not true, that is, there exists 6 > 0 such that for all
sufficiently large k,
gkl >0 (2.43)

Also, by Lemma (2.4), there exists a constant 1 > 0 such that

Flaw) ~ o) > galsil?

which gives ||sg|| — 0 and farther ||yx| — 0. Then by (2.42) and (2.43), we deduce,

for k sufficiently large, that
k 2
g+l

NI e (2.44)
=0 g}:rlngj"rl

the above inequality implies that the sum of the last two terms in (2.36) is negative.
by (2.44) and (2.36), we obtained

Hgk+1H2

Tr(Bpy) < ——————
(Bien) Ire+1Hi 1941

(2.45)
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Not that, for a symmetric and positive definite matrix, the inverse of trace is the lower
bound of the least eigne values of inverse of the matrix. Then, it follows from (2.45) that

FLH
Jr+1 k+1Zk+1 < (2.46)
g1l

where p is the lower bound of the least eigenvalue of Hy. ;. From the property of Rayleigh
quotient, we have

T
gj+1Hk+lgk+1 (247)
gkl
which contradicts (2.46). This contradiction proves that {x;} converges to z* and that
our theorem holds. O

2.5.2 Global Convergence under Inexact Line Search

Now, we study the global convergence of the BFGS method, with a practical line search.
Let us rewrite BFGS method as follows

Tpo1 = Tp + 8 = Tp + tpdy, =z — . By g, (2.48)

Bisksi Br  Yryp

Bii1 =B, —
+1 k T T
sy, Bisy, 55 Yk

(2.49)

Theorem 2.8. Let xy and By be a starting point and a symmetric positive definite initial
matriz, respectively. Suppose that f(x) satisfies Assumption (2.1). Then under inexact
line search, the sequence {xy} generated by BFGS method converges to the minimizer x*

of f.
Proof. By computing the trace and determinant of BFGS formula (2.49), we obtain that

| Brsill . lyell”
Tr(B =Tr(By) — + 2.50
(Ban) = Tr() — Lpel I (2.50)
and
det(By1,) = det(By) Y 5 (2.51)
e =de )
k+1 % T Bysy
Let us define
= B g o B (2.52)
Sk Sk Yr Sk ‘
It follows from (2.50) and (2.52) that
m<my < M, m< M, <M (2.53)
let us also define . .
s Bsy, SkBkSk
cosly = —R 0 = 2.54
T TselllBesel” T T (2:54)
we the obtain that
[Bisill® _ [1Brsill®llsl® sk Bese _ a (2.55)
st Brsi (sk Besk)?  lsell*  cos® g '
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In addition, we have from (2.50) that

T T
Yi Sk Sk Sk Mg
det(B = det(By) 55— ——=—— = det(By)— 2.56
cH{Bir) = det(B) Bt JE = det () (250
Now we introduce the following function of a positive definite matrix By:
Y(By) = Tr(By) — In(det(By)) (2.57)

where In(.) denotes the natural logarithm. By using (2.50)-(2.55), we have

4k
cos? g,

Y(Byy1) = Tr(By) + My — — In(det(By)) — Inmy + In gy

qk 4+ In gk

=yY(B M, —1 -1 1-—
V(By) + [My —Inmy, = 1) + | cos? gy, cos? gy,

] +1Incos® 6,  (2.58)

Note that the function h(t) = 1 —t + Int < 0 for all ¢t > 0. Hence the term inside the
square bracket is non positive, and thus by summing both sides of (2.58), we have

k
0 < (Bgy1) < (By) + ck + Zln cos® 6; (2.59)

Jj=0

where the constant ¢ = M —Inm — 1 is assumed to be positive without loss of generality.
It follows that
klim lg || cos O = 0 (2.60)
— 00

If ), is bounded away from 90°, there is a positive constant § such that cos, > 4§, for
k sufficiently large, and thus we have our result. Now assume by contradiction, that
cosfp — 0. Then there k; > 0 such that for all j > k;, we have

Incos® ), < —2¢c
where ¢ is the constant defined above. By using (2.59), we deduce, for all k& > k;, that

k k
0 < (By) + ck + Zln cos® 0 + Z (—2c¢)
j=1

j=k1+1

k

=(By) + Z € cos? Oy + 2ck, — ck
j=1

<0

which gives contradiction. Therefore the assumption cosf; — 0 is not true, and there
exist a sequence {x} such that

{cosb;} > > 0.

which means

lim inf |V f ()] = 0 (2.61)

Since the problem is strong convex, then (2.61) implies x, — z*. O

35



2.6 Convergence Rate of Quasi-Newton Methods

2.6.1 Swuper Linear Convergence of BFGS Update

In this subsection,we will discuss the super linear convergence of BEFGS method. For the
result that follow we need to make a precise assumptions about the objective function
formally as follow.

Assumption 2.2.
i) The objective function f is twice continuously differentiable.

ii) The level set L = {x € R"|f(x) < f(xo)} is convex, and there exist positive constants

m and M such that
m|||* < 2"G(z)z < M||z|]? (2.62)

forall ze R" and x € L

iii) The Hessian matriz G is Lipschitz continuous at x*, that is
|G(z) = G(a")|| < Lljz — 27|

for all x near x*, where L is Lipschitz positive constant.

_1 _1 _1 _1
Let sp = Gy ?sg, yp = G %yk, Bi = G.?ByGy?, where G, = G(z*) and z* is a
minimizer of f. Define
*T * %
Sy Brsy
* * Lk
skl Byl
so that 0} is the angle between s; and B;s;
*T D* %
sy Bisy,

I skl

cos ) =

Q=

and
2

il
i sk
i sk

*T %
Sk Sk

M; =

my, =
Let CTk be the average Hessian defined by
1
Gk = / V2f($k + Ttkdk)dT
0

The property

By pre- and post-multiplying the BFGS update formula (2.49) by G.
terms appropriately,we obtain:

D=

and grouping

N

1 _ 1 _1
B G QBkskszkG* G kay,{G* 2

Gy 2 BrnGy? = Go 2 BGl? 2.64

k+1 k SgBkSk y;{sk ( )
B* * T *, xT

Bi,y =B — Sk Dl (2.65)

*T % % *T" %
Sy Brsy o ui s
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By computing the trace and determinant of (2.65), we obtain that

B* * |2 * |2

trace(Bi,) = trace(BY) — 2k G+ B
k k°k k “k

det(Br. ) = det(BY) Yk _ goype. T 2.67
sy Brsy dy
Also we obtain that
IBistl? Bl sUBist g 2.68)
syt Bisy  lIsillP(si" Brsp)? llspll> cosoy

We can combine the trace and determinant by introducing the following function of a
positive definite matrix B.

(B) = trace(B) — det(B) (2.69)

where In(.) denotes the natural logarithm. We then obtain that

W(BLy,) = trace(B}) + M; — Coq’“ _ — In(det(B})) — Inm}, + Ing]
k
= $(Bin) = V(Bix) + (Mg —Inm = 1) + {1 = cos? 0 i cos? 0

] 4+ In cos® 05
By using (2.63), we have that
Yp — Gisi, = (a_l; — G.)sy

and thus L .
yp — ;. = G 2 (G — GGy 2 sy,

By assumption (2.2) and by Cauchy Schwartz inequality we have
_1 —~ _1
e = sill < NG PIsilIGr = Gall < 1G22 [P [lsi ]| Lea

where ¢, is defined by
maz|wyin — 2, fzie — o

* o o¥ 1
= ”yk *SkH S HG*2H2L€]€
el

= M < e (2.70)
JEn

for some positive constant ¢*. Now we are in a position to prove a super linear theorem.
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Theorem 2.9. Let f be twice continuously differentiable and the Hessian matriz G be
Lipschitz continuous at x*. Suppose that the sequence generated by the BFGS algorithm

converges to a minimizer x* and that the condition

o0
Dl — 2| < o0
1

holds. Then xj converges to x* at a super linear rate.
Proof. From (2.70), we have
g% — skl < ellsill.

It follows that

gl = llskll < cexllsill

skl = llyill < ¢ exllsill
and from (2.72), we get

lyell < (1 + c"ex) sk
and from (2.73), we get

(1 = ce)llsill < llill
also by combining (2.72) and (2.73), we get

(1= cer)llsill < llwill < (1 + er)l|si

Then squaring (2.70)

Peillsil®

i — sill* < e
= (yr — 1) (i — s1) < el sill”
YTk = 20k skt sk sp < cPegllsil”?

lyill® = 23" sk + Isill* < 2 egllsil”?

by using (2.76), we get

(1= c e lIskll* = 2y s+ lsill® < Nwill® — 26" s+ lsill” < el sill”

(1= ce)?Isill? + Il = c2eillsill® < 25" s
(1= ce)” + 1= c2)|Isill* < 24" s;
(1—ce)(1 = cer) + 1 —c2)|Isill? < 257 ss
(2 —2¢%e)[[si2 Il < 295" s,

= yi sk > (1= ce)llsi’|

It follow from the definition of m; that

v sk o (L= ce)llsill®

Sk Is%lI?
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Z 1-— C*Ek (277)
and from the definition of M}
||yk2|| < U+ ca)llsil®

M = < -
F yk (1- C*ek)HSkHQ
*2 1 *
My = ||y;c I < Lrce (f)
yk 1 — c*eg

Since z, — x*, we have that ¢, — 0, and by (f) there exist ¢ > ¢* such that the following
inequality hold for all sufficiently large k.

*

1 — c*¢,
Now,since the function h(t) = 1 —t 4 Int is non-positive for all ¢ > 0 therefore,we have

T (- a) = h(——

<0
1—2z 1-— J:) -
Now,for k large enough we can assume that c*e; < % and therefore

crey,

In(1 — c'e) > — > 2¢% ¢y

1 — c*e
This relation and (2.78) imply that for sufficiently large k& we have
Inm;, > In(1 — c'e) > —2c" €, > —2cey,

We can now deduce that

0 < ¢(Bi1) < ¥(Bg) + 3cer, + Incos® 0 + [1 — -y +1In o2 9;;] (2.79)

By summing (2.79) and making use of (2.68) we have that

N 1 q; g o0
In—gm — L= g Tl ]) S 9(Bg) +3 <
]Z;( N cos? 0;2 [ cos? 0 +n cos2 9;]) < ¢(Bj) + czj:ej +00

Since the term in the square bracket is non-positive , and since In( =5 0 ) >0 for all j, we

obtain the limits lim;_,., ln(w) = 0 and lim(1 — 29* +In 3 9*) = 0 which imply

that
lim cos; =1 and limg; =1 (2.80)

]—)OO ]—>OO

make use of (2.68)

IG. 2 (Br = Go)sell” _ |(Bg = Dsill”

1 _ 2
1G2 5|2 [EA
HBkSkH2 — 257" Bisy 4 s’ sy
SZTSZ
g
_ *
~ cos? o5 — 20+ 1

39



Since by (2.80), the right hand side converges to zero, we conclude that
[(Bx — Ga)sell _

lim =0
k—00 || skl
Hence the rate of convergence of BFGS method is super linear. m

2.6.2 Super Linear Convergence of DFP Method

In this subsection we will discuss the super linear convergence of DFP method. For the
result we follow we need to make a precise assumptions and we first state the following
three lemmas.

Assumption 2.3. a) f : R — R is twice continuously differentiable on an open
convex set D C R™.

b) There is a strong local minimizer x* € D with V?f(x*) symmetric and positive
definite.

c¢) There is a neighborhood N (z*,€) of * such that
V2 f(@) — V2f)(@)|| < yl|T — |, Vz, T€ N(z*,€) and v is constant

Lemma 2.5. Let M € R™" be a nonsingular symmetric matriz. If for g € |0, %], the
inequality
[Muyr — M~ si]| < BI[M ™ sye| (2.81)

holds, then for any non-zero matrix E € R™*", we have

2 (1= BIM sel? < yFse < (11 BIIM"su? (2.82)
713 718 T
) L e [ Er L M)
—lg 14 \T _ -1
o e YW Ty gy M Ml 0 )
Vst I3 Tsd]
Proof. [see [2] ] O

Lemma 2.6. Let {¢p—1} and §y, be sequence of nonnegative numbers satisfying

Ori1 < (1 + 6k)¢k + O and (285)
Z(Sk < +oo then {¢k}converges.

k=1

Proof. [see [2] ] O
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Lemma 2.7. Under assumptions (2.3),there exist positive constants (1, B2, and B3 such
that Yy, xp € N(x5°), we have

B = V2 ()l prp < [\/1 = 6167 + Bad (xx, x| B — V2 f (") | prp + B30 (2k, Tr1)

(2.86)
where (g, Tpr1) = mazx||xp — x|, [|[2p1 — 27|
o (T2 B~ (P2 ) s
1B = V2 (2" || prpl (V2 f (a7)2|
Proof. [see [2] | O

Using the above three Lemmas, we can establish the following super linear convergence
theorem of DFP method.

Theorem 2.10. Suppose the sequence {xy} converges to x*. Under the assumptions
(2.3), DFP method is convergent super-linearly.

Proof. Write A = V2f(z*). Since (1 — $,67)2 < 1— 2102 then (2.85) can be written as

92
(512k))“Bk—A||DFP < ||Bx—Al|lprp—||Bi+1—Allprp~+ B2l Bk — Al prp+ B3] 6 (xk, Tpt1).

Summing both sides yields

1 oo o0 o0
551 ; eiHBk_AHDFP < ||Bi—A|lprp+52 ; (ks Tit1) || Be— Al prp+06s ; STk, Tht1)

Since the sequence {z} is convergent, then
Zé(mk,ka) < 00
k=1
Also,since {||Bx, — Al|prp} is bounded, then
1 o0
2
551 ;9k|’3k — Allprp < 00

. The limit, lim_, || Bx — A||prp exists. Hence, if some subsequence of {||Bx, — Al prp}
converges to zero,the whole sequence converges to zero. Therefore

fim 1Bs = Dsell _
k=00 skl

and the conclusion holds. Otherwise,if || By — A|lprp > w > 0, Vk > ko,then 6, — 0.
Note that

I(Br = A)sll _ [|A2 || A2 (By — A)si)
lsell = jlAZ] Y[ Azsy|

|A=2 (B, — A)sy)||
1By — Al prpl| Az
= | Al Bx — Allprrb

- HAH ||Bk - A“DFP
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Then by using 6, — 0, we immediately obtain

lim (B — A)sil| 0

ko0 I
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Chapter 3

Numerical Implementation

In this chapter, there are seven test problems considered in table (3.1) below to anal-
yse the performance of the quasi-Newton methods (BFGS and DFP updates) and to
compare them with Newton’s method and the steepest descent method. In this work,
I have considered both convex and non-convex functions to compare the methods and
the dimension of the test problems I have used in this study ranges between 2 and 4.
And for most of the test problems, two initial points are used, starting from a point that
is closer to the solution point and moving to the one that is furthest from it, and with
initial inverse Hessian approximation Hy = eye(n), where eye(n) is an identity matrix
with order n and n is the dimension of the test problems. In doing so, it leads us to test
the convergence properties and robustness of the methods.

To make comparisons among the algorithm 1.3 (gradient method), algorithm 1.4
(Newton’s method), algorithm 2.3 (BFGS) and algorithm 2.4 (DFP) based on the number
of iterations, and cosurety of their output to the exact minimizer of the objective function
and to make conclusions when the algorithm performs well and when it may not work, for
the Wolfe condition, I have used ¢y = 0.2 for all test problems, and the initial step length
0 may vary from problem to problem but the same for the algorithms corresponding to
the same problem (if the method needs to satisfy wolfe conditions) and also I have used
the same initial point to compute the same problem by them. In my implementation,
the programs are all written in MATLAB code, the stopping criteria that I have used
in the four algorithms listed above is ||V f(x)|| < 107 and the result of the MATLAB
code is approximated into four digits after decimal. The Euclidean norm is used in the
convergence test to make these results comparable.

Table 3.1: The list of test problem functions with two initial point (initial guesses)
and there suitable choice of corresponding initial step length (¢ = ) used in this study.

Test problem n | initial point 3 and initial step length &

Fay) =@ —9) =+ (z—2)7° (0,0),6 = 0.2 & (100, 100),0 = 0.01

flx,y) = z* + 22%y* + ¢ (—2,2),0 =0.01 & (1,1),6 = 0.1

fy) =2+ >+ 10(x +y — 4)? 1,1),6 = 0.01 & (1000, 1000), 8 = 0.01

(1,
flr,y,2) = (x —y)* + (x — 12)2 + 22 (6,8,2),6 = 0.1 & (100,100, 10),0 = 0.01

[z, y,2) = (x — 2)* + (x — 2y)* + cos(2) (0,3,m),6 =0.2 & (10,0, %),6 = 0.1

flr,y,z,u)=(xz—y)*+(x+2)?+2z+u—8)2+4 (—1,-1,2,2),6 = 0.02

Q| W W NN DD

f(@,y,2) =exp~ @) 42t + 2 + (y + 2 — 6)? (0,0,0), 6 = 0.3 &(0,3,10), 6 = 0.2
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Now, first we will see the developed MATLAB codes corresponding to the four al-
gorithms (steepest descent method, Newton method, quasi-Newton method with BFGS
and DFP updates) performs well.

Consider the function

fla,y,2) = exp” @) ot 42 4 (y + 2 — 6)2

To compute the minimizer point and minimum point of f using the algorithms listed
above, without loss of generality use initial point zo = [0,0,0]7 with initial step length
0 = 0.3. Then we get the table 3.2,table 3.3, table 3.4 and table 3.5 corresponding to
Newton, steepest descent, BFGS and DFP methods respectively.

Table 3.2: Output of MATLAB code for Newton’s method.

iteration | @ y 2 | fwy2) | [IVf(,y 2l
1 [0.0000 | 0.0000 | 0.0000 | 37.0000 |  17.7200

2 1.0000 | 0.0000 | 6.0000 | 37.0000 17.7200
3 0.7003 | 0.2019 | 5.7981 | 1.3679 3.6507
4 0.5447 | 0.2289 | 5.7711 | 0.6870 0.9682
5 0.4975 | 0.2392 | 5.7608 | 0.6018 0.1850
6 0.4934 | 0.2401 | 5.7599 | 0.5972 0.0138
7 0.4933 | 0.2401 | 5.7599 | 0.5971 0.0001

As we observe from table 3.2 Newton’s method terminates at 7% iteration, and gives an
output z* = (0.4933,0.2401,5.7599)7 and f(z*) = 0.5971. So, to compare with the other
three methods (steepest descent, BFGS,and DFP), let us look the following three tabular
values.
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Table 3.3: Output of MATLAB code for Steepest descent method.

iteration x y z flz,y,2) | [Vf(z,y,2)|
1 0.3000 | 3.9000 | 3.6000 | 17.4831 11.1949
2 0.2721 | 0.6645 | 2.7000 | 7.7849 6.8311
3 0.3655 | 1.9647 | 4.2813 | 4.0356 4.3531
4 0.3361 | 0.6675 | 4.1337 | 2.2620 2.7996
d 0.4005 | 1.0963 | 4.8530 | 1.4539 1.8702
6 0.3906 | 0.5361 | 4.8834 | 1.0435 1.2678
7 0.4378 | 0.6815 | 5.2317 | 0.8352 0.8802
8 0.4351 | 0.4226 | 5.2838 | 0.7248 0.6175
9 0.4635 | 0.4724 | 5.4599 | 0.6661 0.4388
10 0.4617 | 0.3472 | 5.5005 | 0.6345 0.3138
11 0.4772 | 0.3639 | 5.5919 | 0.6175 0.2260
12 0.4752 | 0.2391 | 5.6450 | 0.6111 0.3413
13 0.4933 | 0.3120 | 5.7145 | 0.6042 0.2387
14 0.4833 | 0.2430 | 5.6986 | 0.6007 0.1669
15 0.4929 | 0.2774 | 5.7337 | 0.5990 0.1172
16 0.4881 | 0.2432 | 5.7270 | 0.5981 0.0823
17 0.4929 | 0.2595 | 5.7449 | 0.5976 0.0580
18 0.4906 | 0.2425 | 5.7422 | 0.5974 0.0408
19 0.4930 | 0.2503 | 5.7514 | 0.5973 0.0288
20 0.4919 | 0.2418 | 5.7504 | 0.5972 0.0203
21 0.4931 | 0.2455 | 5.7551 | 0.5972 0.0144
22 0.4926 | 0.2412 | 5.7548 | 0.5972 0.0102
23 0.4932 | 0.2429 | 5.7572 | 0.5971 0.0072
24 0.4929 | 0.2408 | 5.7571 | 0.5971 0.0051
25 0.4932 | 0.2416 | 5.7584 | 0.5971 0.0036
26 0.4931 | 0.2405 | 5.7584 | 0.5971 0.0026
27 0.4933 | 0.2409 | 5.7590 | 0.5971 0.0018
28 0.4932 | 0.2404 | 5.7591 | 0.5971 0.0013
29 0.4933 | 0.2405 | 5.7594 | 0.5971 0.0009
30 0.4933 | 0.2403 | 5.7594 | 0.5971 0.0007
31 0.4933 | 0.2403 | 5.7596 | 0.5971 0.0005
32 0.4933 | 0.2402 | 5.7596 | 0.5971 0.0003
33 0.4933 | 0.2402 | 5.7597 | 0.5971 0.0002
34 0.4933 | 0.2402 | 5.7597 | 0.5971 0.0002
35 0.4933 | 0.2402 | 5.7598 | 0.5971 0.0001
36 0.4933 | 0.2402 | 5.7598 | 0.5971 0.0001

From table 3.3 we observe that the steepest descent method terminates at 36 iterations
and gives an output of z* = (0.4933,0.2402,5.7598)" and f(z*) = 0.5971. The outputs
that we obtained in both table 3.2 and table 3.3 are almost similar, but the steepest
This indicates it has slow rate compare to
Newton’s method. Next we will see the Outputs of the MATLAB codes for Quasi-Newton
method with BFGS and DFP updates in table 3.4 and table 3.5 respectively.

descent method required more iterations.
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Table 3.4: Output of MATLAB code for Quasi-Newton method with BFGS update.

iteration x y z flz,y,2) | [Vf(z,y,2)|
1 0.3000 | 3.9000 | 3.6000 | 17.4831 11.1949
2. 0.4359 | 1.9874 | 4.5072 | 4.3193 4.9808
3 0.2749 | 0.8543 | 5.3205 | 1.0894 1.7862
4 0.5137 | 0.4446 | 5.6107 | 0.6539 0.6460
5t 0.4218 | 0.2883 | 5.7310 | 0.6067 0.2310
6 0.4852 | 0.2425 | 5.7602 | 0.5973 0.0277
7 0.4908 | 0.2410 | 5.7602 | 0.5972 0.0091
8 0.4923 | 0.2405 | 5.7600 | 0.5971 0.0036
9 0.4929 | 0.2403 | 5.7599 | 0.5971 0.0014
10 0.4932 | 0.2402 | 5.7599 | 0.5971 0.0006
11 0.4933 | 0.2401 | 5.7599 | 0.5971 0.0002
12 0.4933 | 0.2401 | 5.7599 | 0.5971 0.0001

Table 3.5: Output of MATLAB code for Quasi-Newton method with DFP update.

iteration x Yy z flz,y,2) | |Vf(z,y,2)|
1 0.3000 | 3.9000 | 3.6000 | 17.4831 11.1949
2 0.4293 | 2.0231 | 4.4512 | 4.4378 5.0047
3 0.2811 | 0.8765 | 5.2758 | 1.1120 1.7843
4 0.5012 | 0.4558 | 5.5906 | 0.6571 0.6386
5 0.4365 | 0.3028 | 5.7145 | 0.6057 0.2206
6 0.4887 | 0.2532 | 5.7509 | 0.5974 0.0406
7 0.4917 | 0.2452 | 5.7566 | 0.5972 0.0159
8 0.4927 | 0.2421 | 5.7586 | 0.5971 0.0064
9 0.4931 | 0.2409 | 5.7594 | 0.5971 0.0026
10 0.4932 | 0.2404 | 5.7597 | 0.5971 0.0010
11 0.4933 | 0.2403 | 5.7598 | 0.5971 0.0004
12 0.4933 | 0.2402 | 5.7598 | 0.5971 0.0002
13 0.4933 | 0.2401 | 5.7599 | 0.5971 0.0001

In both table 3.4 and table 3.5, we get the outputs x* = (0.4933,0.2401,5.7599)7 and
f(z*x) = 0.5971. But DFP method took one more iteration than BFGS method. As
we observe from the table 3.2 upto table 3.5, Newton’s method computes the minimizer
point of the given test problem with less iterations compared to steepest descent method
and quasi-Newton methods (BFGS and DFP updates), and the steepest descent method
took more iterations compared to Newton’s method and quasi-Newton methods.

next, we will see a counter example that Newton’s method fails, but the other three
methods (BFGS, DFP and the steepest descent methods) performs well.

Now consider the function

fa,y,2) = (2= 2)" + (2 = 29)* + cos(5).

The minimum point of this function is obtained when (z — 2)* = 0, (z — 2y)? = 0 and
cos(%) = —1, (ie, z* = (2,1,2m)"), and its minimum value is f(z*) = —1. When we use
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the initial point zo = (10,0, 5)", the Hessian matrix V2 f(xzo) of f becomes

with eigne values 770.0210, 7.9790 and —0.1768. This indicates that the Hessian matrix
of the objective function f given above is not always positive definite (it is indefinite),

V2 f (o)

770.0000 —4.0000 0
—4.0000  8.0000 0
—0.1768

and hence f is not convex function.

Now, let us look the outputs for the non convex function f with initial point g

(10,0, %)" displayed by the four methods listed above.

Table 3.6: Output of MATLAB code for Newton’s method.

iteration x Y z flz,y,2) | |Vf(z,y,2)|
1 10.0000 | 0.0000 | 1.5708 | 4196.7071 2068.3868
2 7.3333 | 3.6667 | -0.4292 | 4196.7071 2068.3868
3 5.5556 | 2.7778 | 0.0067 | 810.0635 606.8148
4 4.3704 | 2.1852 | -0.0000 | 160.8195 179.7970
5) 3.5802 | 1.7901 | 0.0000 32.5693 53.2732
6 3.0535 | 1.5267 | 0.0000 7.2359 15.7846
7 2.7023 | 1.3512 | 0.0000 2.2318 4.6769
8 2.4682 | 1.2341 | 0.0000 1.2433 1.3858
9 2.3121 | 1.1561 | 0.0000 1.0481 0.4106
10 2.2081 | 1.1040 | 0.0000 1.0095 0.1217
11 2.1387 | 1.0694 | 0.0000 1.0019 0.0360
12 2.0925 | 1.0462 | 0.0000 1.0004 0.0107
13 2.0617 | 1.0308 | 0.0000 1.0001 0.0032
14 2.0411 | 1.0206 | 0.0000 1.0000 0.0009
15 2.0274 | 1.0137 | 0.0000 1.0000 0.0003
16 2.0183 | 1.0091 | 0.0000 1.0000 0.0001

From table 3.6 above, the Newton’s method gives us an output, minimizer point z* =
(2.0183,1.0091,0.0000)" and the minimum point f(z*) = 1. But this contradicts to
the minimizer point z* = (2,1,27)") and minimum value f(z*) = —1. Based on this
test problem we can conclude that Newton’s method fails if the Hessian matrix of the
objective function does not preserve positive definiteness every where.

For this test problem, from the starting point z, = (10,0, %)T and initial step length
0 = 0.1, the steepest descent method required 208 iterations, whereas quasi-Newton
methods with BFGS and DFP updates took only 53 and 65 iterations, respectively to
reduce the gradient norm to the termination tolerance 10~*. Below, I have report the
first five and the last two iterations of the steepest descent , BFGS and DFP methods.
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Table 3.7: Output of MATLAB code for steepest descent method.

iteration | x Y z | f(xy,2) | IVf(z,y,2)]
1 6.4000 | 4.0000 | 1.6062 | 378.0641 |  8.5117
2 5.2800 | 2.7200 | 1.6781 | 116.4369 |  6.2838

3 4.0320 | 2.5920 | 1.7525 | 19.0160 4.9476
4 3.6800 | 1.6704 | 1.8293 | 8.6911 4.2786
d 2.8723 | 1.9418 | 1.9086 | 2.1797 4.0748
207 2.0000 | 1.0000 | 6.2829 | -1.0000 0.0002
208 2.0000 | 1.0000 | 6.2829 | -1.0000 0.0001

From table 3.7, we get a minimizer solution z* = (2.0000,1.0000,6.2829)” and f(z*) =
—1.0000.
Table 3.8: Output of MATLAB code for Quasi-Newton method with BFGS update.

iteration x Y z flz,y,2) | [|Vf(x,y,2)|
1 6.4000 | 4.0000 | 1.6062 | 378.0641 8.5117
2 5.0103 | 3.0661 | 1.6796 | 84.0433 5.8773
3 4.4060 | 2.6514 | 1.7919 | 34.9391 4.7045
4 3.9159 | 2.3152 | 1.9765 | 14.5349 3.7570
5 3.5125 | 2.0384 | 2.2362 | 5.9896 2.9821
52 1.9999 | 1.0000 | 6.2831 | -1.0000 0.0001
53 2.0000 | 1.0000 | 6.2831 | -1.0000 0.0001

As we observed from Table 3.8, the quasi-Newton method with BFGS update gives min-
imizer solution z* = (2.0000, 1.0000, 6.2831)" and f(z*) = —1.0000.
Table 3.9: Output of MATLAB code for quasi-Newton method with DFP update.

iteration x Yy z flz,y,2) | |Vf(z,y,2)|

1 6.4000 | 4.0000 | 1.6062 | 378.0641 8.5117

5.0429 | 3.0875 | 1.6779 | 87.6785 5.9370
3 4.4320 | 2.6685 | 1.7903 | 36.4290 4.7523
4 3.9368 | 2.3289 | 1.9738 | 15.1436 3.7953
) 3.5297 | 2.0497 | 2.2288 | 6.2406 3.0134
64 2.0001 | 1.0000 | 6.2833 | -1.0000 0.0001
65 2.0000 | 1.0000 | 6.2832 | -1.0000 0.0001

From table 3.9 above, we get z* = (2.0000, 1.0000, 6.2832)T and f(z*) = —1

Recall that the exact minimizer of the give test problem is x* = (2,1,27)7. Now, let us

apply the Euclidean norm to make the results we obtained in table 3.7, table 3.8 and

table 3.9 comparable.

From table 3.7, we get, z* = (2.0000, 1.0000, 6.2829)%, then [|(2, 1, 27)T—(2.0000, 1.0000, 6.2829)7|| =
0.0003.

From table 3.8, we get, z* = (2.0000, 1.0000, 6.2831)%, then [|(2, 1, 27)T—(2.0000, 1.0000, 6.2831)T|| =
0.0001.

Also, from table 3.9, we get, z* = (2.0000, 1.0000, 6.2832)7, then ||(2, 1, 27)T —(2.0000, 1.0000, 6.2832)7 |
0.0000. This indicates that the solution we obtained by DFP method is close to the exact
minimizer, and BFGS method performs well next to DFP, but better than the steepest
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descent method according to this test problem. Although, when we compare them based
on the number of iterations they took to achieve the termination criteria, the steepest
descent method required more iterations than the BFGS and DFP methods, and DFP
method took more iteration than BFGS method. In addition to this, these methods need
further discussion to arrive at better conclusion.

Consider the function

flz,y) = (x—y)*+ (z - 2)%

It has a unique minimizer point z* = (2,2)7 and minimum point f(2,2) = 0. From the
starting point 2o = (0,0)7, we get, the Hessian matrix V2f(zo) of f

sz(xo)_(g 8>

with eigne values 2 and 0. It is not positive definite. When we apply Newton’s method
to minimize this function starting from initial guess xo = (0,0)7, the MATLAB code for
Newton’s method corresponding to this function displays NaN under its columns. (i.e,
NaN is an arithmetic representation for Not-a-Number and it is obtained as a result of
mathematically undefined operations). Also it displays warning that is, ”matrix is singu-
lar to working precision”. From this, we conclude that Newton’s method may fail when
the Hessian matrix of the objective function is not positive definite and it close to singular
matrix. But the steepest descent method, BFGS method and DFP method computes the
minimizer point and minimum point of this function. From the starting point zq = (0,0)7
and 0 = 0.2, the steepest descent method required 377 iterations, whereas BFGS and
DFP methods took only 28 and 30 iterations, respectively to reduce the gradient norm
to the termination tolerance 10~*. The minimizer solution obtained by the steepest de-
scent, BFGS and DFP methods are z* = (1.9999,1.9707)7, * = (2.0000, 1.9755)7 and
x* = (2.0000, 1.9774)T respectively. Here also the solution we obtained by DFP method
is close to the exact minimizer of f than the solutions we obtained by BFGS and steepest
descent methods. And the minimizer solution we obtained by Steepest descent method is
far from the exact minimizer compare to the solution obtained by BFGS method. Based
on the examples considered above quasi-Newton methods (BFGS and DFP update) is
superior than the steepest descent method.

Now, an additional comparison is needed to the quasi-Newton methods (BFGS and
DFP updates) to make better conclusion based on the test problems considered on table
3.1. Let us denote the functions (test problems) in row two, row three, row four, row five,
row six, row seven and row eight on table 3.1 by fs, f3, f1, f5, f6, fr and fs respectively.
In table 3.10 below the values under the columns 4 and 6 are the number of iterations
for BFGS and DFP methods, respectively required to reduce the gradient norm to the
termination tolerance 10~* and the values under columns 5 and 7 are the minimizer
solutions we obtained by BFGS and DFP methods, respectively corresponding to the
test problem with the given initial guess zy and initial step length §. Also, on table 3.10
TP stands for test problem.
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Table 3.10: Numerical results for BFGS and DFP methods.

TP Ty 0 | Iprgs THrGs Iprp Thrp

f | (100,100) | 0.01| 771 (2.0000, 2.0260) 75 (2.0000, 2.0261)

fs (1,1) 01 | 38 (0.0194,0.0194) 38 (0.0194,0.0194)

fa (1,1) | 0.01| 564 (1.9048, 1.9048) 564 (1.9048, 1.9048)

fs (6,8,2) 0.01 | 588 | (12.0001,12.0269,0.0000) | 808 | (12.0000,11.9883,0.0000)
fs | (100,100,10) | 0.01 | 758 | (12.0000,12.0260,0.0000) | 761 | (12.0000,12.0263,0.0000)
fe (10,0, %71’) 0.4 13 (2.0000, 1.0000, 6.2832) 16 (2.0000, 1.0000, 6.2832)
fo | (03,7 02| 20 | (2.0000,1.0000,6.2832) | 32 | (2.0000,1.0000,6.2832)
frol(=1,-1,2,2) | 0.02 | 297 a 352 3

fo | (0,3,10) | 02 | 19 | (0.4934,0.2401,5.7599) | 22 | ((0.4933,0.2401,5.7599))

where av = (—2.2873, —2.2765, 2.2873, 3.4255) and § = (—2.2860, —2.2842, 2.2860, 3.4281).
As we observe the outputs on table 3.10, the minimizer solutions obtained by both BFGS
and DFP methods are almost similar for all the test problems with their corresponding
initial guess and initial step length considered on table 3.1. But, when we compare them
based on the number of iterations they took to reduce the gradient norm to 10~%, the
DFP method required more iterations than the BFGS method. So, based on the test
problems considered on this work, we can conclude that the quasi-Newton method with
BFGS upadte has better performance than the quasi-Newton method with DFP update.
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Conclusion

From this work, it is safe to say that the quasi-Newton methods (BFGS and DFP updates)
and the steepest descent method avoid the drawbacks of Newton’s method in solving
unconstrained optimization problems. The numerical results for the non convex test
problems we discussed in chapter three show that quasi-Newton methods has better
performance than the Newton’s method. From those results, the steepest descent method
also mitigate the drawbacks of the Newton’s method, but it has slow rate compare to
the BFGS and DFP methods. Also, the numerical results show that the BFGS method
is faster than the DFP method.

In general, to mitigate the drawbacks of Newton’s method in solving unconstrained
optimization problems, it is better to use quasi-Newton methods with BFGS update
rather than the steepest descent method and quasi-Newton methods with DFP update.
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Annex A

function BFGS % used to read functions from the bottom.
% Quasi-Newton method with BFGS updating formula MATLAB code
% based on line search method
% step length identification by inexact line search

k=0;

x_O=input[’enter the initial column vector, x_0=’]7;

n=input[’enter dimension of the objective function, n=’];

tol=input[’give termination tolerance, tol=’];

pk=grad(x_0(1), x_0(2),x_0(3), ...,x_0(n)); % gradient at x_k

Hk=eye(n) ;

while norm(pk)>tol

% compute the search direction

d=-Hk*pk;
% Evaluating the step length t_k by inexact line search.
fun=0(t)f(x_0(1) + t*d(1), x_0(2) + t*d(2),x_0(3) + t*d(3),...,x_0(n) + txd(n));
kk=input[’Choose a suitable initial step length such that f(x_k+kk*d<f(x_k)), kk=’];
rr=fun(kk) ;
if rr<f(x_0(1),x_0(2),x_0(3),...,x_0(n))
delta=kk;
else
delta=[]; % helps us to retry the initial step length.
end
t=delta;

c_2=input[’enter Wolfe constant c_2 in between 0.1 and less than 1, c_2="];
x_new=x_0 + txd;

ee=grad(x_new(1), x_new(2),x_new(3),...,x_new(n)); % gradient of f(x_(k+1)).
bb=grad(x_0(1), x_0(2),x_0(3),...,x_0(n)); % gradient of f(x_k).
if ee’*d<c*bb’x*d
t=t+delta; % increment by delta
else
t=t;

end (%end if)
% end of the line search
x_new=x_0+t*d; % the new iterate point
sk=x_new-x_0;
yk=ee-bb; % gradient at x(k+1)-gradient at x(k)
% beginning of BFGS update
T=yk’*sk;
if T>0
R=1/T;
A=eye(n)-R*skx*yk’;
P=R*sk*sk’;
Hk=AxHk*A’+P; %the new updated matrix
else
Hk=Hk;
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end (% end if)
% end of BFGS update
x_0=x_0+tx*d;
pk=grad(x_new(1l), x_new(2),x_new(3),...,x_new(n);
k=k+1;
end (% end while)
AVAYAVAVAVYAVAVAYAVAVAVAVASVAVAYAYAVAVAVAYASVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAY

function w=f(x_1,x_2,x_3,...,x_n) % w is the objective function to be minimize
w=input[’write the objective function here, w=’];
function g=grad(x_1,x_2,x_3,...,x_n) % gradient of f

g=input[’write the gradient of the objective function here, g=’];
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Annex B

function SDM % used to read functions from the bottom.
% MATLAB code for Steepest descent method
% based on line search method
% step length identification by inexact line search
k=0;
x_O=input[’enter the initial column vector, x_0=’]7;
n=input[’enter dimension of the objective function, n=’];
tol=input[’give termination tolerance, tol=’];
pk=grad(x_0(1), x_0(2),x_0(3), ...,x_0(n)); % gradient at x_k
while norm(pk)>tol
% compute the search direction

d=-pk;
% Evaluating the step length t_k by inexact line search.
fun=0(t)f(x_0(1) + txd(1), x_0(2) + t*xd(2),x_0(3) + t*d(3),...,x_0(n) + txd(n));
kk=input [’Choose a suitable initial step length such that f(x_k+kk*d<f(x_k)), kk=’];
rr=fun(kk) ;
if rr<f(x_0(1),x_0(2),x_0(@3),...,x_0(n))
delta=kk;
else
delta=[]; % helps us to retry the initial step length.
end
t=delta;

c_2=input[’enter Wolfe constant c_2 in between 0.1 and less than 1, c_2="];
x_new=x_0 + txd;

ee=grad(x_new(1), x_new(2),x_new(3),...,x_new(n)); % gradient of f(x_(k+1)).
bb=grad(x_0(1), x_0(2),x_0(3),...,x_0(n)); % gradient of f(x_k).
if ee’*d<cx*bb’x*d
t=t+delta; % increment by delta
else
t=t;

end (%end if)
% end of the line search

x_new=x_0+t*d; % the new iterate point
pk=grad(x_new(1), x_new(2),x_new(3),...,x_new(n);
x_0=x_new;

k=k+1;

end (% end while)
AWAVAVAYAVAVAVAVAVAVAVAVARVAVAVAVAVAVAVAVASVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAN

function w=f(x_1,x_2,x_3,...,x_n) % the objective function to be minimize
w=input[’write the objective function here, w=’];
function g=grad(x_1,x_2,x_3,...,x_n) 7% gradient of f

g=input[’write the gradient of the objective function here, g=’];
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Annex C

function NEWTONMETHOD % used to read functions from the botom
% MATLAB code for Newton’s Method
k=0;
x=input (’Enter the column vector, x=’);
n=input[’dimension of the objective function, n=’];
tol=input[’give the termination tolerance, tol=’];

obj=func(x); % obj is the objective function to be minimize.
g=grad(x) ; % g is gradient of the objective function
H=hessian(x) %» H is the hessian matrix of the objective function

while norm(g)>tol
obj=func(x);
g=grad(x) ;
H=hessian(x);
% Compute the Newton direction

d=-inv(H) *g;
x=x+d; % the new iterate point.
k=k+1;
end
AVAVAVAVAVAVAVAVANVAVAVAVAVAVAVAVARVAVAVAVAVAVAVAVARSVAVAVAVAVAVAVAVA
function w=func(x) % The objective function to be minimize.
w=input[’write the objective function here,w=’];
function H=hessian(x) % Hessian matrix of the objective function.

H=input[’write the Hessian matrix here, H=’];
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