DEPARTMENT OF MATHEMATICS

Modelling The Transmission of Drug Resistant Tuberculosis in
Ethiopia

By: Sileshi Sintayehu

Advisor: Semu Mitiku Kassa (PhD)

A Thesis Submitted to the Department of Mathematics of Addis Ababa University in
Partial Fulfillment of the Requirements for the Master of Science Degree in

Mathematics

July 10, 2013



Acknowledgement

First of all, I thank the almighty GOD.I would like to express my sincere gratitude to
my advisor, Dr. Semu Mitiku for his valuable discussions, comments and suggestions

through out the work to make it a reality.

I thankfully acknowledge the financial support from International Science Program

(ISP), Sweeden through the Department of Mathematics, AAU.

I want to thank my father,Sintayehu Sharbayta, mother, Belaynesh Belida, brothers

and sisters for their unconditional love and support.



Contents

3.5

Acknowledgement
Abstract

1 Introduction 1
1.1 Tuberculosis . . . . . . . .. 1
1.2 Drug resistant Tuberculosis . . . . . . . . . . ... ... ... 2
1.3 Tuberculosis in Ethiopia . . . . . .. .. ... ... L. 3
1.4  Motivation of the study . . . . . . . .. . ... 4
1.5 Outline of the Thesis . . . . . . . . ... ... ... .. ..., 5

2 Literature Review 6

3 A two strain Tuberculosis model 13
3.1 Description of the model . . . . . ... ... ... ... 13
3.2 Positivity and Boundedness of a solution . . . . . ... .. ... ..... 20
3.3 Local stability of disease free equilibrium . . . . . . ... ... ... ... 23
3.4 Drug sensitive TB only endemic equilibrium . . . . ... ... ... ... 27

3.4.1 The effect of treatment for latent TB On Drug sensitive TB trans-

MISSION . . . . v v o o e e 34
3.4.2  The effect of Health Education in the dynamics of the disease . . 35
3.4.3 Bifurcation analysis . . . . . ... .. oo 38

Dynamical behaviour of the two strain model . . . . . . ... ... ... 40



CONTENTS

3.5.1 The role of treatment for the resistant strain . . . . . . . ... .. 42

3.5.2  The role of treatment for the Latently infected population on the
dynamics of the drug resistant strain . . . . . .. .. ... .. .. 43

3.5.3 Therole of Health Education on the dynamics of the drug resistant
strain . .. . L L 44
4 Discussion and Conclusion 48
4.1 Discussion and Conclusion . . . . . . . . ... ... ... .. ... ..., 48
Bibliography 51



Abstract

Tuberculosis is an infectious disease, which is affecting a third of the world’s popula-
tion, that makes Tuberculosis a global health problem. Many countries are trying to
eliminate the disease but the emergence of multi-drug resistant strain become a chal-
lenge as it is difficult but not impossible to treat despite being too expensive. Now a
days mathematical models for infectious disease are important in studying qualitative
dynamics of the disease at the population level which can fill in gaps were experiments
with the spread of infectious disease in human population are often impossible, unethical
or expensive. In this study we formulated a two strain tuberculosis model and discussed
some of the dynamical behaviour of the disease . In the model health education will be
given to susceptible population to protect them from infection and treatment is offered
to infected individuals except for latently infected with drug resistant Tuberculosis. We
divided the latent stage for drug sensitive tuberculosis as early stage , for those who
are infected latently but stayed not more than 2 years, and long stage, for those who
have been infected latently for more than two years, to see the effect of treatment for
early latent stage as most of transfer to infectious class occur during the first two years.
We used numerical methods to solve the ordinary differential equation and see some
of the dynamical behaviour of the disease. Numerical simulation result shows that the
interventions can eliminate the sensitive strain, but can only reduce the drug resistant
tuberculosis. Treatment for early latent stages have a great role in eliminating the drug

sensitive Tuberculosis.



Chapter 1

Introduction

1.1 Tuberculosis

Tuberculosis(TB) is a chronic infectious disease mainly caused by mycobacterium tu-
berculosis(MTB). The main source of infection is untreated smear-positive pulmonary
tuberculosis (PTB) patient discharging the bacilli. It mainly spreads by air borne route

when the infectious patient expels droplets containing the bacilli.

Tuberculosis has been known to man kind since ancient times. The organism caus-
ing tuberculosis-Mycobacterium tuberculosis existed 15,000 to 20,000 years ago [32].
It has been found in relics from ancient Egypt, India and China. In the 18" century
in western Europe tuberculosis reached its peak with prevalence as high as 900 deaths
per 100,0000. Poorly ventilated and overcrowded housing, primitive sanitation, mal-
nutrition and other risk factors led to the rise. Even today after the development of
advanced screening, diagnostic and treatment methods for the disease, a third of the
worlds population has been exposed and is infected with the disease. An estimated 8.8
million incident cases of TB occurred globally in 2010. Asia and Africa possess the
largest number of the estimate. In the year approximately 1.4 million people died of

TB[27].
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Antibiotics were used against tuberculosis for the first time in 1944 after the discov-
ery of Streptomycin [32]. Use of this agent alone led to antibiotic resistance that is still
a major problem. Better results followed the development of PAS (para-aminosalicycic
acid). PAS was an oral agent unlike Streptomycin. Thereafter more effective drugs
like INH (Isoniazed) came in 1950’s and treatment with Rifampicin followed. Currently

there are fewer than 20 agents activity against mycobacterium.

People usually get TB germs in their bodies only when they spend a long time around
some one who is sick with TB. Even then, the body can usually fight off the germs.
When a person’s immune system is strong, TB germs can’t cause a disease. This stage
is called latent(sleeping) TB. As long as the immune system stays strong, people with
latent TB don’t feel sick and they can’t spread their TB germs to others. When a

person’s immune becomes weak they become sick. This stage is called active TB.

1.2 Drug resistant Tuberculosis

Resistance to at least the two major anti-tuberculosis drugs, Isoniazid and rifampicin,
has been termed as Multidrug-Resistant Tuberculosis (MDR-TB). Multi-drug
resistant tuberculosis is an increasing global problem, with most cases is a result of a
mixture of physician error and patient non compliance during treatment of sensitive
TB. Although some individuals who have not had previous TB treatment are infected
by MDR-TB, but this is not the case for most patients. Recent efforts to fight the drug
sensitive Tuberculosis have made considerable progress in different countries but the

emergence of this resistant strain make the control efforts difficult.

According to the WHO report 2011, the estimated number of MDR TB to exist in
2010 is 290,000 (range 220,000 — 400, 000) and reported number of patients enrolled on
treatment has increased and reached 46,000 which is 16% of the cases estimated in the

year.
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Since drug resistant tuberculosis is expensive to treat, it was a great problem for many
countries especially for developing countries as the problem may be vast and increas-
ing and treating such an increasing patients of MDR TB is difficult which makes the

emergence of resistant strain is a headache for developing countries.

1.3 Tuberculosis in Ethiopia

According to the global report 2009 by WHO, Ethiopia ranked as 7th among the 22 high
burden TB countries in the world and is one of three countries in Africa with an esti-
mated incidence of all forms of TB at 378/100, 000 population in 2009. The estimated
incidence of smear positive(a form of TB in which TB bacteria are seen when a sputum

smear is stained and examined under the microscope) is 163/100, 000 population.

The HIV epidemic has made the TB situation significantly worse by accelerating the
progression of TB infection to active TB disease, thus increasing the number of new
TB cases. Another challenge to TB control in Ethiopia is emergence of MDR-TB, with
1500 estimated new MDR-TB infections annually. Of these, 1.6% are of new cases and
11.8% are of re-treatment[11, 13].

According to the study conducted in 2011 at St.Peter’s TB specialized hospital, Among
376 culture positive for Mycobacterium Tuberculosis 102 were susceptible to all of the
four first line anti-TB drugs, Isoniazid(INH), Rifampicin(RIF), Ethambutol(TTB) and
streptomycin(STM), and 274 were resistance to at least one Drug-resistance of any.
STM(67.3%) was found to be the most common followed by (56.1%) INH, (46.1%)RIF
and (43.5%)ETB. Isoniazid + streptomycin combination have highest proportion among
the concomitant resistance reported in the year[2]. The prevalence of MDR-TB was
found to be high and it is because of re treatment. The trend in drug-resistance against
all first line drugs shows a significant increase. This remarkable increase of drug resis-
tance among re-treatment patients supports the idea of inefficient in TB control pro-

grams and irregular or improper anti-TB drug in recent years.
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According to the Ministry of Health hospital statistics data, tuberculosis is one of the
leading cause of morbidity, the fourth cause of hospital admission, and the second cause

of hospital death in Ethiopia[3].

1.4 Motivation of the study

In recent years epidemiological modelling of infectious disease transmission has had an

increasing influence on the theory and practice of disease management and control.

Mathematical modelling of the spread of infectious disease has become part of epi-
demiology policy decision making in many countries. Epidemiological modelling studies
of diseases have had an impact on public health policy in various countries of the world.
Thus modelling approaches have become very important for decision making about in-

fectious disease intervention programs.

Mathematical models have become important tools in analysing the spread and con-
trol of infectious diseases. The model formulation process clarifies assumptions, vari-
ables, and parameters; moreover models provide conceptual results such as thresholds,
basic reproduction numbers, contact numbers, and replacement numbers. Mathemat-
ical models and computer simulations are useful experimental tools for building and
testing theories, assessing quantitative conjectures, answering specific questions, deter-
mining sensitivities to changes in parameter values, and estimating key parameters from
data. Understanding the transmission characteristics of infectious diseases in communi-
ties, regions and countries can lead to better approaches to decreasing the transmission
of these diseases. Mathematical models are used in comparing, planing, implementing,

evaluating, and optimizing various detection, prevention, therapy and control programs.

In many sciences it is possible to conduct experiments to obtain information and test

hypothesis. Experiments with the spread of infectious diseases in human population
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are often impossible, unethical or expensive. Thus mathematical models and computer

simulations can be used to perform needed theoretical experiments.

Due to the above facts, this study is motivated to develop a mathematical model for the
transmission of tuberculosis including the resistant tuberculosis including some inter-
ventions which existed to see their contribution work of controlling the disease. We use

data in Ethiopia for numerical simulation results and to capture some of the dynamics.

1.5 Outline of the Thesis

Chapter one deals with the general background about drug susceptible and resistant TB
and their global burden. It also provides the situation of Tuberculosis in Ethiopia. In
Chapter Two we try to review studies conducted on tuberculosis(with only one strain and
two strain) using mathematical modelling. In the third chapter, which contains the main
body of the thesis, we present a two strain TB model with different interventions like
education, treatment for latently infected drug sensitive individuals as well as treatment
for the infectious classes of the two strain. Finally, discussions and conclusions as well

as limitations of the work are presented in forth chapter.



Chapter 2
Literature Review

Deterministic models, also known as compartmental models, have been used to explain
the dynamics of diseases at population level. These models categorize the population
into different sub populations. The SI (SIS) model, for example, has two compartments
of susceptible and infectious individuals. The individuals in each compartment follow
some kind of transition from one compartment to the other as their state of infection
changes. Susceptible individuals are infected upon interaction with individuals who are
infectious. The infection is driven by the product of the probability of infection, the
number of contacts, the number of susceptible and infected individuals. The product of
the number of contacts, probability of infection, and the number of infected individuals
is known as the force of infection. It describes the transition from the susceptible class
to infected. After being treated, for the SIS models individuals will join the susceptible
class again. In such kinds of models unrealistic considerations might have been taken as
in some infectious diseases, recovery of an individual provides some immunity.Below we
review some of the literatures associated with TB models and their theoretical aspects

where the authors contributed.

The first model for the transmission dynamics of TB was built in 1962 by Waaler [12].
He divided the population in to three epidemiological classes: Susceptible, latent and

infectious. He used a particular linear function to model infection rates in the imple-



mentation of his model. Using data from a rural area in South India for the period 1950
to 1955 Waaler estimated the parameters of his linear model and predicted that the
time trend of TB is unlikely to increase.This linear model did not model the mechanics

of transmission.

Brogger developed a model in [24] that improved Waaler’s work. He introduced het-
erogeneity(age) into the model and also changed the method used to calculate infection
rates. He formulated infection rate as a combination of linear and non-linear infec-
tion terms. In the paper the author aimed to compare different control strategies that
included finding and treating more cases and the utilization of vaccination.He used
prevalence as an indicator of the effectiveness of control policies.He used data of two
WHO/UNICEF projects in Thailand from 1960 to 1963 to estimate the parameters in
the model. This model did not formulate clearly the relationship between infection rate

and prevalence.

Using Brogger and Waaler’s model as a template, ReVelle introduced the first non-
linear system of ordinary differential equations that models TB dynamics [4, 5]. He
clearly explained infection rate depends linearly on the prevalence using probabilistic
approach. In the paper the author’s main objective seemed to be associated with the
evaluation and implementation of control policies and their cost. He developed an op-
timization model and used it to select control strategies that could be carried out at

minimal cost. ReVelle didn’t considered population structure in his model.

Most dynamical models prior to Ferebee’s work were motivated by the study of TB
in developing nations. But Ferebee set up a discrete model,based up on a set of simple
assumptions, to model the dynamics of TB in U.S.A [20]. She used a year as a basic time
unit and described her algorithm, method of estimation of relevant parameters, and the
number of infected people in the U.S.A. The results showed that the number of new
cases would decrease slowly if vaccination were applied to the U.S.A population.This

work also gave rough estimate and forecast of TB cases in the U.S.A.



Early mathematical models of TB transmission were developed in such a way that
their approach follow a pattern: build a mathematical model for TB transmission; with
help from a data set,estimate parameters; find numerical solutions; and predict or make
inferences about the relative value of alternative control strategies.There was no qual-
itative analysis of the models, and the long time behaviour (asymptotic properties) of
the models was not studied. In the following sections we shall review some of the recent

models and their theoretical results.

People who have latent TB are at high risk of developing active TB and with time
passing these individuals face the possibility of progressing to infectious TB,but the
likelihood of becoming an active infectious case decreases with the age of infection.
Having this condition several researchers developed a dynamical models for TB pro-
gression and transmission [21, 22, 23]. The model in [21] partition the population in
to susceptible,latent and infectious compartments. The infection rate is divided in to
two. i.e proportion that gives rise to immediate active cases(fast progression) and the
rest give to latent TB cases with a low risk of progressing to active TB.(slow progres-
sion). In the paper sensitivity and uncertainty analysis were carried out and results
showed that TB dynamics were quite slow for acceptable parameter ranges.The model
requires the parameters that determines the proportion to slow and fast progression is
not allowed to change and, the the basic reproduction number Ry(Average number of
secondary cases produced by a typical infected (assumed infectious) individual during
his/her entire life as infectious (infectious period) when introduced in a population of
susceptible.)derived from the model depends linearly on population size. A model that

removes this restrictions is done by feng.[31]

Incomplete treatment, wrong therapy, and co-infection with other disease may give
rise to new resistant strains of TB. Models that include multiple strains of Tb have been

developed. In the next sections we will try to review some of them.



In [6] Castillo-Chavez and Feng present a two strain model, in which the drug resistant
strain is not treated, and latent,infections and treated individuals may be re-infected
with the drug-resistant strain. Each strain has a different Ry,and there are three equilib-
rium points(no disease, coexistence of both strains, and only the drug resistant strain).
The paper discuss stability of the equilibria and find areas of parameter where coexis-
tence of strains is possible. They reported that coexistence is rare when drug resistance
is mainly resulting from transmission but it is certain if the resistant strain is the result
of acquisition. Neglecting disease-induced death and making the transmission rate for
the two strain equal, they are able to prove that the disease-free equilibrium is globally
asymptotically stable if both Ry’s are less than 1. This model did not take into account

long and variable periods of latency a key feature of TB.

In [23] the authors studied the dynamics by focusing on the threshold Ry, and the
development of drug-resistance. By defining X to be the number of drug-resistance
cases caused by the failure in treatment of one drug sensitive case the authors use the
condition Ry < 1 to compute 7,q,(X) (The maximal acceptable probability of treat-
ment failure). They conclude that the control programs could become perverse(meaning
X > 1), though this requires a rather high probability of acquisition of drug-resistance
due to treatment failure. In countries with high TB burden, they conclude that the
efficacy of treatment combined with the effective overall treatment rates must be kept

high in order to control TB.

Blower and Gerberding in [22] focus on trajectories in the two strain model and simulate
specific control policies numerically in the short term, and using R, analysis for long
term consequences. In their model, policies leading to the same long-term equilibrium
can have different transient approaches to the equilibrium. Furthermore, some tran-
sients in their model show a decline in the portion of drug resistant TB over a 10 years
period, followed by a slow increase. Using qualitative discussion in terms of TB’s inher-
ent fast and slow time scales they argue for vaccination, and warn about consequences

of focusing control measures only on drug sensitive TB.
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[9]presents a model with explicit fast and slow progression from two latent cases. Drug-
resistant TB alone, representing treatment failures as potential transmitters of drug re-
sistant TB. the paper argue that short-course chemotherapy can bring resistant strains
under control, preventing drug-resistant TB from emerging. This result depends on the
assumption that drug-resistant strains are less transmissible than drug-sensitive strains,

but doesn’t explicitly represent the dynamics of drug-sensitive strains.

Dye and Williams in [8] used a model that allowed the relative fitness of drug-resistant
strains to be as high as 1.(i.e. the same as drug-sensitive strains), and concluded that
drug-resistant strains could threaten control of TB.They estimate that 70% of drug-
resistant cases must be detected and 80% of these must be cured in order to prevent

drug-resistant TB outbreaks.

Cohen and Murray in [7] studied models allowing the fitness of drug-resistant strains
to be heterogeneous.This model allows that while most mutations will come at a cost
to the inadmissibility of the strain, some strains may acquire resistance with minimal
negative effect. Thus even in the presence of a good control program, the average fitness

of MDR strains will increase as more fit strains are preferentially transmitted.

In [25] Blower and Chou introduce a model that allow the strain may become resis-
tant to increasing number of drugs is sub-optimal treatment regimes are used. They
find that individuals with drug resistant disease must be treated to avoid the further

emergence of resistance.

And many other models on tuberculosis epidemiology have been conducted and most of
them are of general setting and some of them are specific to some countries. The paper
in [30] models major factors that control tuberculosis spread in China.The authors di-
vided the TB transmission framework in to two compartments named as detected and

undetected. The undetected populations are those individuals who are rural migrants
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working in urban areas and are not registered in government register to the TB control
programme.They are termed as "floating” population.Because of lack of proper condi-
tions to have medical insurance they are unable to visit the health care institutions.
The detected are those individuals who are registered at government register of the
TB control programme.Considering this undetected class the authors model the TB
transmission in China, calculated Ry and discussed the stability of different equilibria,
sensitivity analysis of some parameters are discussed, they also compare the model with
the real data available from ministry of health in China. Firstly they assumed that the
spread of TB in the detected class is mainly in due to the number of infections caused
by the infected under the class classified as undetected. Based on this assumption they
argued that control measures that impact the transmission coefficients are more efficient
than changes that affect the endogenous reactivation rate. Improving lifestyle and re-
ducing contact rate of the population may be such measures. Later the authors relax
the first assumption and assumed the infection may also come from the class of detected
and based on this assumption they reach at a conclusion that there is high chance of
infection spreading to a person in the undetected class from the detected one unless
infections registered individuals are isolated from general population. Comparing the
two models of the two assumptions the paper concluded that for very similar parame-
ters,quite different outcomes are possible so further studies may be necessary to explain

the sensitivity of the results to the model.

In the study [17] the authors studied a two strain tuberculosis model with three in-
terventions,diagnosis, treatment and health education. The health education is given to
infectious drug sensitive population to make them to complete their treatment properly
so that minimize the treatment failure.From the study they concluded that treatment
for latently infected and infectious individuals with drug sensitive tuberculosis showed
that the drug sensitive tuberculosis can completely eradicated, thus resulting in a reduc-
tion of MDR-TB. Treatment for infectious MDR-TB cases alters tuberculosis epidemics
because it reduces the spread of MDR-TB strains.The study also showed diagnosis plays
an important role in MDR-TB reduction.
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Some studies like in [17] formulated a model for dynamics of tuberculosis of TB in-
cluding health education,but most of them assumed that education is given to people so
that they will be educated at a constant rate. This is not the reality, according to study
by Kassa and Ouhinou[2011], humans behaviour change by educating about a given
disease depends on the prevalence and mortality of the disease and they formulated a
behaviour change function as to depend on prevalence.As prevalence of the disease is
getting high people’s being kin to use every existing self protective measures as well
increases.If prevalence is low to some point that people didn’t recognize it peoples re-
action to the education,which can be measured by the extent people use the protective
measures,will be low.We used this concept in out study for the behaviour change that

people bring when educated about tuberculosis.

Most of the studies mentioned above studied a two strain model and showed results
of their study. Even if treatment failure is the main reason for drug resistant tuberculo-
sis to occur but it can also be transmitted as a primary infection to those who have not
priory infection history and to those infected by the sensitive strain. So unlike the other
studies in this study we tried to see the role of education to susceptible people in the
transmission of the disease that is giving education to susceptible population reduce the
prevalence of the resistant strain in addition to the treatment to infectious population
of the two strain and latently infected individuals of the sensitive strain.In this study
we treated latently infected individuals in to two stages as early latent and long latent
to see the role of treatment to early stage, the stage for most of the infected populations

progress to active TB with in this stage.



Chapter 3

A two strain Tuberculosis model

3.1 Description of the model

The host population is subdivided in to eight classes :Susceptible(S), who have never ex-
posed to any strain of the Mycobacterium tuberculosis, Educated susceptible(Sg), Sus-
ceptible individuals who are educated and are involved in self protective action against
the infection. People reaction to protect themselves from the disease depends on the
prevalence and mortality of the disease[14]. In areas of high prevalence these educated
people always suspect that there may be some one with the TB infection near by so
they will try to use any of the protective measures according to the situation. Now the
questions how do this educated people protect them selves from the disease or what are
the things to do especially with tuberculosis? People may take the following measures
if they are educated. When in contact with a patient known or suspected to have active
TB disease, place a surgical mask on the patient, if possible, and wear an N95 respirator
(or PAPR or SCBA), if one is available. If a respirator is not available, one can use
a surgical mask for himself. Not all people with active TB disease are sick enough to
spread the disease and not all people who are exposed to TB become infected. Ones
risk of becoming infected depends on the length and intensity of the exposure and how
symptomatic the sick person is. Brief or distant exposure to TB, or exposure to someone

without a cough, rarely leads to infection. It usually takes lengthy contact (i.e., sharing

13
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air space for several hours over a period of several days) with someone with active TB
disease for a person to become infected. Therefore,one can keep the length of exposure
as brief as possible. Adequate ventilation is also important. If one must transport a
patient with known or suspected active TB disease, he/she must keep the windows of
his/her vehicle open (if feasible) and set the heating and air-conditioning systems on a
non recirculating cycle. And also If a person is using public transportation or in some
meeting rooms let the windows open so that the air inside will be ventilated.Generally
in what ever the situation educated people always suspect for TB infection so they will

not allow things that may expose them for the infection.

Latently infected individuals with multi-drug resistant tuberculosis(F,),Latently in-
fected individuals with drug sensitive tuberculosis that we divide them in to two stages
depending on the duration of time they spent after primary infection: an early stage
(E1)(up two years after primary infection) with high risk of developing active tuber-
culosis and Later(Long) stage (More than two years after primary infection but not
transformed to active TB)of low risk of developing active disease(E>), Infectious indi-
viduals with drug sensitive tuberculosis(/y), Infectious individuals with multi-drug re-
sistant tuberculosis(/,), and Recovered individuals(R). Individuals in susceptible class
are recruited at a constant rate II. As these individuals are educated to prevent them-
selves from the disease, their behaviour changes. Here we use the result in [Kassa and
Ouhinou.(2011)],where they used the behaviour change of the people depends on the
prevalence of the disease and formulated the behaviour change function,e, as a function
of prevalence. So in our model the rate of transfer of susceptible(not educated) individ-
uals to educated class is ne, in our case e is behaviour change function which depends on

the prevalence of both the drug resistant and sensitive strain when the two strains exist

txm™
m+mmn)

in the population.The behaviour change function can be described as e(m) =
where m is prevalence of both drug -resistant and sensitive strains, ¢ is the saturation
level of e;and m, is the prevalence producing half the maximum behavioural change
value, n is the hill coefficient that portrays the rate of reaction by the population. 7 is

the rate of dissemination of information about the disease in the population.
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The root to infections from either susceptible or susceptible educated classes is fast
or slow.These individuals will be infected if they come into effective contact with either
active Drug Resistant TB or Drug Sensitive TB cases at a rate of A\, and A, respectively,

where the subscript r and s represent the resistant and the sensitive strain respectively.

cBil;

~, where (3; is the prob-

i, (i = r,s) is the force of infection and is defined as \; =
ability that an individual can be infected by one infectious individual and ¢ is Number

of effective contacts a susceptible individuals makes with infectious individuals.

From Susceptible class a proportion of p, and p, progress fast to infectious classes
of the resistant strain and the sensitive strain respectively. The remaining (1 — p,) and
(1 — ps) progress to infectious class by slow progression through E, and E; respectively.
Similarly a proportion of a and b of the educated susceptible individuals will progress
fast to infectious classes of the drug resistant and sensitive strain respectively. The
remaining will die out without being infected or progress to latent class through slow

progression with a proportion of (1 — a) and (1 —b) to E, and F; class respectively.

Individuals in latent classes of both the drug resistant TB strain and the sensitive
TB strain progress to infectious (Active TB) classes by either exogenous re-infection
or endogenous reactivation. Infected peoples with the sensitive strain from either the
susceptible or susceptible but educated class initially progress through the early latent
stage (F1) and can either progress to active tuberculosis by either exogenous re-infection
or endogenous reactivation at the rate of (1 — q1)(7sAs + k1) or progress to long term
latent stage at the rate of (1 — ¢;)j where (1 — ¢) is a proportion of people not treated
in early latent stage. Individuals who are latently infected with TB can get effective
treatment during the early latent stage at the rate of oy or during the long term latent
TB stage at the rate of g5. Now the problem may be detecting or diagnosing all in-
fected individuals early but the Center for disease control and prevention recommend
identifying and offering therapy to all close contacts of persons with active TB [16].

During the period of long term TB infection individuals are at low risk of reactivation
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to active TB and can slowly progress at the rate of k3 by endogenous reactivation but
we assume same rate of re-infection v,A; with that of individuals in FE; class.Due to
exogenous re-infection individuals in E, class progress to I, at the rate of v\, where
v is the re-infection rate of latently infected individuals with MDR TB strain. Due to

endogenous reactivation individuals in E, progress to I, at the rate of K.

Persons with latent TB infection are considered at high risk of developing active TB
during the first 2 years of infection,during which approximately 5% of persons develop
active TB [1].Treatment is given to individuals in both latently infected drug sensitive
stages, F1and FEs,, which is necessary to keep the latent TB infection from developing in
to active disease. It reduces short term risk of developing TB disease by approximately

60%. We assume the treatment for individuals in this class reduces their re-activation.

Individuals in Iy and I, who are diagnosed will start their treatment at the rate of
¢s and ¢, respectively. From those individuals in I, class who started treatment a
proportion of p will complete the treatment properly as directed by the right health
professionals so that cure from the disease and a proportion of (1 — p) will not complete
treatment so may develop the MDR TB and join to E, class.Since treatment doesn’t
provide permanent protection against the disease, individuals who are treated may be
infected again if they come to effective contact with active TB case of any of the two
strain. To my knowledge there is no research that clearly indicates that treatment for
prior active tuberculosis will provide an immunity. But we don’t think that people cured
of TB and those with no history of infection as well as latently infected are the same.At
least they are different by the attitude they have to the disease because those cured
know the burden of the disease themselves that is more than hearing.So they keep them
selves from second infection than others not yet infected.That is why we treat them
in different class.In the study[26] it is indicated that in areas with a high incidence of
tuberculosis,exogenous re-infection might also be a cause of the first episode of post pri-
mary tuberculosis,since the immunity that develops after primary infection followed by

a period of latency cannot be expected to confer more protection against exogenous re-
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infection than the immunity that develops after an episode of active disease.We assume
that treatment will provide some immunity for the second infection but may be very
low.So previously treated individuals will have low rate of infection as compared to not
infected as well as non educated. This protection may be from the education that they
got during the the treatment process of the previous infection.They know the problem
they face during the treatment.Because of this immunity we assume that people may
be infected after treatment h\,. and h\, , Where h accounts for the immunity so that

join latently infected drug resistant starain class and early latent class respectively.

All individuals in each compartment will die naturally at the rate of y and individ-
uals in I, and I, class will die due to the disease at the rate of d, and d, respectively.
In the model individuals in S, Sg, F1, Ey and I can be infected by MDR TB (primary

infection) if there is effective contact with individuals in I, class.
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Figure 3.1: Diagram for a two strain tuberculosis transmission model
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Table 3.1: Symbols and there description for parameters in the model

No | Symbols Description

1 S Susceptible individuals for the disease

2 SE Susceptible individuals who are Educated

3 E, Latently infected with MDR-TB

4 Eq Early latently infected with drug sensitive TB

5 E> Long latently infected with drug sensitive TB

6 I Infectious individuals with MDR-TB

7 Is Infectious individuals with drug sensitive TB

8 R Recovered Individuals

9 II Recruitment rate to susceptible class

10 | p Natural death rate

11 | ¢i(i=m,s) Treatment rate(r =MDR strain,s =drug sensitive strain)

12 | Xi(i=m,s) Force of infection(\; = %)

13 | Bi(i=1,5) Probability that an individual is infected by one infectious individual

14 c Number of effective contacts a susceptible individuals makes
with infectious individuals per year

15 | di(i=m,s) Death rate due to the disease

16 | p proportion for those who complete treatment

17 | vt =r,s) Re-activation rate

18 | pi(i=r,s) Fast progression to infectious

19 | k;(j =1,2,3) | Infection rate due to endogenous reactivation

20 e Behaviour change function depending on the prevalence of
both sensitive and MDR strain

21 1 The average effectiveness of existing self-preventive measures.

22 a Fast progression for educated individuals to MDR infectious class

23 b Fast progression for educated individuals to drug sensitive
infectious class

24 | n Rate of dissemination of information about the disease in
the population

24 | ¢i(t=1,2) Proportion of individuals who are treated in
early latent and long latent respectively

25 oi(i=1,2) Treatment rate for early latent and long latent respectively

26 h Acquired immunity due to previous treatment

27 | g Rate that indicates people will join long latent after 2 years
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The governing non linear ordinary differential equation for the above dy-
namics of the disease.
With the above assumptions and relations between different compartments as indicated
in Figure (3.1) the dynamics of the two strain model can be ruled by the following non

linear ordinary differential equations.

Cé—f:H—uS—neS—/\sS—)\rS

Be = peS — pSp — (1 = DA-Sp — (1 — DASk

B _ (1 — p NS + (1= 1)(1 = b)ASE + hAR — A\ By
— (1= aq1)(ysAs + k1) Ey — (quon + (1 —q1)j + p) B4

P — (1—q)jEBr — M By — (1= @2) (ks + 4sAs) B2 — (@202 + 1) By

4 = pAS + (1= DbASE + (1 — q1) (3sAs + k1) Ert
(1 — q2) (Vs As + k3) By — Mg — ool — (14 ds) 1

e — (1= p)AS + (1= D(1 = a)ASp + (1 = p)del — AE,—
(WA + ko) Ep — pE, + hA R

e — (A + k) Er + po S + M By + A By + (1 — D)a\,Sp+
M — (4 d) ]+ NE, — 6,1,

AR — I, + ppsl, + 1By + 02y — hAR — hAR — R

with
N(t) = S(t) + Se(t) + Ei(t) + Ex(t) + I(t) + E.(t) + 1.(t) + R(t),

which is the total population at a given time t.

3.2 Positivity and Boundedness of a solution

For the model system (3.1) to be epidemiologically meaningful all solution of the model
with positive initial data remain positive for all ¢ > 0. Below we show the positivity

and boundedness of the solution for our system.

Let S(0) > 0,Sg(0) > 0, £1(0) > 0, E5(0) > 0, I,(0) > 0, E.(0) > 0,1.(0) >0 and R(0) >
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0 be given initial data.
Let t = sup{t > 0 : S(t) > 0,Sg(t) > 0,Ei(t) > 0,Ey(t) > 0,1,(t) > 0, E,.(t) >
0,1.(t) > 0, R(t) > 0} € [0,¢].

Thus, t' > 0.
From the first equation of System (3.1) we have

dsS
E:H—MS—T]GS—/\SS—/\TS

we can write

ds
E%—(u—i—ne%—)\r—i—)\s)S:W

so that
S(t Yexp{ut’ + [} (ne(uw) + Ao () + Au(u))dus} — 5(0) =
Jy mexp{pw + [ (ne(w) + A\ (u) + As(u))du}dw

!

= S(t)=5(0)D + D/o mexp{pw + /Ow(ne(u) + A (u) + As(w))dutdw > 0
Where /
D = exp{ut + /0 (ne(w) + Ar(u) + As(u))du} >0
Therefore

S(t) > 0.
From the second equation of system (3.1)

% = 7]65 - ,uSE - (1 - l))\TSE - (1 - l))\SSE

using similar procedure above we reach at

/

Sp(t) = Sg(0)Dg + DE/0 ne(w)Sexp{uw + /Ow(l — D)(Ar(u) + As(u))du}dw

Where,

/

Dy = explut’ + /Ot (1= 1)+ A () du}
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Similarly it can be shown that E;(t') > 0, Ey(t) > 0,1,(t) > 0, E.(t) > 0,L.(t) >
0 and R(t)>0

From our assumption for t' ,we have ¢ = oco. Because if ¢ < oo ,then one of the
state variables should be zero at ¢ but this is not.

—t =0

Therefore all of the state variables of our model system (3.1) are positive for all ¢ > 0

given any positive initial conditions.

Now adding the eight equations in the system (3.1) we get the following

ﬂ_@erSEerEl+dE2+dIs+dEr+dIT+@
dt — dt dt dt dt dt dt dt  dt

dN
:E:W—MN—(CZSIS—I—CL‘]T)SW—MN

From which we can deduce that

lim N(t) <

t—>00

=13

which implies that the trajectories of model system (3.1) are bounded. In particular

N(t) < —[Zett 4 (N(0) - PIE

_e“tu

if N(0) <

=13
=13

Thus the set
Q={(S(t),Se(t), E1(t), Ex(t), Is(t), E.(t), I.(t), R(t)) € Ri N < %}

is positively invariant and attractive.The right hand sides of the system (3.1) is smooth,
so the system with initial conditions have unique solutions that exists in 2. Thus the

model is mathematically and epidemiologically well posed.
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3.3 Local stability of disease free equilibrium

In the absence of infection(i.e FE; = Fy = I, = E,. = I, = 0), the system of equation

(3.1) has a disease free equilibrium E°, given by

21 4sg rytro

B0 = (8° 8% E°, B9, 1° E°, 1° R%) = (Z.0,0,0,0,0,0,0)
1

Definition 3.3.1. The basic reproduction number is the number of secondary infections
produced by a single infection introduced in a completely susceptible population.

The effective reproduction number is the number of secondary infections produced by a
single infection introduced in a completely susceptible population when interventions are

i place.

Now we use next generation matrix to compute the effective reproduction number,
R.. Which will help us in studying stability of an equilibrium.

From the next generation matrix method we obtain the following matrices.

e, (1= ps)AsS + (1 =11 = 0)ASE + hAR
JE 0
fr. pdsS + (1 — DbASE
;e fo, | _ | (A=p)AS+ (1 =D = a)ASp + (1 = p)o,Ts + hAR (32)
fr. PSS + (1 = 1)a\,.Sg
fs
fs

fr
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7"E1
TE,
7’]5
TET
rr,

rs

TSE

TR

AMEL+ (1= q)i By + (1= q1)(v:As + k1) By + pEy + quon By
(1 = q2)(vsAs + k3) By + A\ Ey + qaoa By + By — (1 — qu)j By
Aeds + @sls + (1 + ds) L — (1 — q2) (VsAs + kz) B — (1 — 1) (k1 + 75As) En
(W Ar + k) Ep + M E, + pE,
(0 + 11+ d) T — (A + ) B — My — ABy — A\, — A\ B
AeS +AsS +neS+uS —m
(1 =Da\.Sg+ (1 = 1)bAsSE + 1SE — neS

h)\rR + h)\sR + :uR - p¢s]s - ¢r1r - C]101E1 - Q202E2

Now we find the Jacobian matrix of f and r with respect to Ey, Es, I, E,, I, as infected

classes evaluated at E°, the disease free equilibrium. Doing so we get the following:

0 0 (1—ps)cBs O 0
00 0 0 0
Fr 0
F= 0 0 Cpsﬁs 0 0 =
0 F
00 0 0 (1—p)ch,
0 0 0 0 cpr By
1 0 0 0 0
—(1=q)j (1 —qo)ks + quog + p 0 0 0 -
1
V=1-(01-a)k —(1 = q2)ks ps+p+ds 0 0 = (0 v
0 0 0 by + 1 0 ’
0 0 0 —ky O+ p+d,

where,

co=1—q)j+ 1A —q)ki+p+aqo

Then,

R. = p(FV_1)>

where p is the spectral radius of the matrix FV 1. The eigenvalues of FV~! is the

eigenvalues of F1V; " and F,V; '
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7:.6, Rs = p(Fl‘/vlil)

cBs(1 — ps)[(1 — q1)(1 — q2)ksj + (1 — qu)ki((1 — q2)k3 + q202 + 1))

= R, = -
(T =q)g+ (A —aq)ki +p+ qo1)(¢s + p+ ds)((1 — q2) ks + qeoa + 1)
psCBs
Qbs +u+ ds
Similarly,

R, = p(FaVy ™)

Cﬁr(kZ + pr,u)
(k2 + 1) (r + p + dy)
Now, the effective reproduction number R, given by

= R, =

R. = maz{R, R,} = p(FV ),

where Ry and R, are reproduction numbers for drug sensitive TB strain only and MDR-

TB strain only respectively.

Theorem 3.1. The disease free equilibrium E° of model system (3.1) is locally asymp-
totically stable if R, < 1. ;i.e R¢ <1 and R, <1, and unstable if R, > 1,i.e Rs; >
1 or R,>1.

Proof. Let
X = (E17E27[saEra]r>S> SEaR)

and

f and r are as defined below,
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f(z) is the vector which represents the rate of new infections in the population with

fi(z), the rate of appearance of new infections in compartment i.

where

() is the rate of transfer of individuals into compartment i,by all other means other

than f;(x)
r; (z) represents the rate of transfer of individuals out of compartment i,
where + = K, F», I, E,., I, S, Sg, R

Define Xy = {z > 0 | z; = 0,i = Ey, Es, I, E,, I} Then,we show the following condi-

tions.

A1l. Suppose x > 0, Since each rate represents the transfer of individuals from one

compartment to other, we have f,r™,r= > 0.

A2. Suppose x; = 0, then the ¢th compartment is zero. which implies no transfer out

of this ith compartment. Therefore r; (z) = 0.

A3. For i = S, SE,R,
Each compartment is uninfected class,which implies no new infectious is introduced

to these classes.i.ef; =0, for =S5, SE, R.

A4. Suppose x € X, then fi(x) =0 and r]” =0 for i = Ey, By, I, E,, I,.

This condition proves invariance of the disease free subspace.

A5. Let the column matrix of (3.2) is set to zero. Then the Jacobian matrix of the

system becomes
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a 0 O 0 0 0 0 0

(1—aq)j as O 0 0 0 0 0

(1—q)kl (1—q)ks a3 O 0 0 0 0

Df(Ey) = 0 0 0 a 0 0 0 0
0 0 0 k2 a5 0 0 0

0 0 —cfBs 0 —cB, ag 0 0

0 0 0 0 0 0 a 0

o3 o4 0 0 0 0 0 ag

, where
ar=—((1—q)kl+ (1 —q)j+p)
az = —((1 — q2)ks + q202 + 1)
az = —(¢s + p +ds)
as = —(k2+ p)
az = —(¢r + p+dy)
ag = a7 = ag = —

are eigenvalues which are all negative, since all the parameters are positive. Therefore
by Theorem in [18], the disease free equilibrium, Fjy, is locally asymptotically stable
when R, < 1 and unstable when R, > 1. ]

3.4 Drug sensitive TB only endemic equilibrium

An equilibrium which exists only when drug sensitive strain is present
e E.=1,=0
The system of equation reduces to:

%zH—MS—neS—)\SS

G =neS — pSp — (1= 1)A.Sp
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AL — (1= p)AeS + (1= 1)(1 = b)ASg + hAR—
(1 —q1)(vsAs + k1) Er — (o + (1 — qu)j + ) Eq
Lo = (1—q)jE1 — (1 — q2) (k3 + YsAs) B2 — (q202 + p1) B

(3.3)
e — p XS+ (1= D)bASE + (1 — qa) (Vs As + k3) Bt

(1= q) (s As + k1) By — (6 + 1+ ds) I
% = ppsls + o1 By + qeoa By — hAR — uR

with,
N
P+ P A AT

e(t)

substituting Ay = ¢f,Ps, where P, = IN
The drug sensitive TB only equilibrium in terms of the equilibrium value of the force of
infection A is given by

E* = (S*, S}, B}, B3, I%, RY)

2945
Where,
o = (AL +(A)")
= R T RO NG MG T8
S* _ 7"]()\:)”

B (ur (=D O0)) [(O) ™ O A2 A5 AL +n(A)™)]

B — 21N 4 Zo(A) I+ Zs(AN) P Za (M) + Z5 V) T+ Ze (M) + 27 (AD)? 4+ Zs N
L (=D (1((Aso) "+ (A2) ™) HAs (M) "+ (A2)™)+n(A5) ™) (Q1(A2)*+Q2(A5)* +Q3A: +Q4)

B — Zy(A)" 34+ Z10 AN 24+ Z11 (M) M 4+ Z12 (A3 + Z13 (A0 %+ Z1a XS
27 (pA=DAE) (((Aso) P HE) ™)) FAs ((Asg )P HAH ™)+ (M) ™) (Q1(A2)3+Q2(A5)24+Q3 M5 +Qa)

I — ZisA)" 54+ Z16 (A T+ Zir A3+ Zis (A 24 Z1o (A5 T+ Zo0 (A2) P+ Z21 (A2) 14+ Zo2 (A5)3+ Z23 (AE) 2+ Z2a X
s (=05 (X)) +(A5)™)+FAs ((Asg) "+ (A2) ™) +0(A2) ™) (Q1(A%)3+Q2(A)2+Q3A: +Q4)

R* — Zos (N A4 Zog (V)34 Zor (V)24 Zog (V)M 4+ Zog (AE) A+ Z30 (M%) 34+ Z31 (N2 2+ Z32 0%
(uFA=DXE) (1 ((Ns6)H D)) FAs ((Asg) P H(AD)™)+Fn(A2) ™) (Q1(A2)3HQ2(N2)2H+Q3A5+Q4)

(3.4)
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where,

Ai=qor+1-q)kh+(1—q)j+nu

Ay = (1 — qo)ks + q2oa +

Az = s+ p+ds

Ay =mpsp+ (1 — )by

A7 = mp(l = po) + (1 = (1 = b)mn

Ag =mp(l = ps)(Asy)"

Ag = (1 = ps)(As,)"

Z1 = (1 = q2)Agyshm(1 = ps) — (1 — @2)phosysmps

Zy = (1 = q2) Az Agysh + A3((1 — g2)vspt + Ash)m(1 — ps) — (1 — q2) Araphosys — Asphpsmps

Zz = A7A3((1 — q2)ysp + Ash) + AgAam(1 — ps) it — Aia Aopheds

Zy = A7 AzAsp

Zs = (1 — q2) Ag Azhys — (1 — q2)mps A phodsvs

Zs = (1 — q2) AgAshrys + AsAs((1 — q2) st + Ash) — (1 — q2)mps A2 ppdshrys — Asphsmps A2

Zy = AgAs((1 — qo)vspt 4 Agh) 4 Ag A Aot — mp NG, jtAsphds

Zyg = AgAzAap

Zy = A3(1 = q)jhm(1 = ps) — (1 — 1) jphmosps

Zvo = A3(1 — q1)jh A7 — Awa(1 — q1)jphds + Asz(1 — q1)jpm(1 — ps)

Zn = (1—q)AsA7jp

Ziy = —(1 — q)mpsjpho Ny, + (1 — q1)j AshAg

Zig = A3Ag(1 — q1)jh + (1 — q1)AsAsjp — (1 — q1)jphosmps A5, b

Zi = (1—q)AzAgjp

Zis = (1= q)(1 = g2)hyim

Zie = (1= q)(1 — q2) ArhyZ + (1 — @) (1 = @) (1 — ps) (Ghys + i+
hyski) + (1 = ql)m(1 — ps)hAgys + (1 — q1)(1 — q2) Arahy2+
Tps(q1(1 = q2)horys + (1 — q)(1 — g2) i+
(1 = g2)hAivs — (1 — 1) hAzvs)
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Zvr = (1= q1)(1 — q2) Az (jhys + p2 + hysky) + Az(1 — q1)hAyy+
(1 = ps) (L — @) (1 — q2) (Jvsp + jhks + pyskr) + m(1 — ps)(1 — q1) (pA2ys + Ashkr )+
Ap(qi(1 = g2)orhys + (1 = q)(1 = g2)pyZ 4 (1 — q2) hys A+
(1 = q)hAsvs) + mps(qe(1 — qu)jhoy + quoth Ay + (1 — q2) prys Ay +
(1 — q1)puysAs + A1 Ash)
Zhs = Ar(1 — q)(1 — q2) (Jvspt + jhks + pyske) + Az(1 — qi) (pAays + Ashk)+
(1= ps)(1 = @) (1 — q2)jkap + (1 — q1) Az pu)
+ A12(q2(1 = qu)jhoy + quoth Ay + (1 — qo) prysAr) + (1 — qu) pysAs + Ay Ash)—
mpsAs A
Zhg = A7((1 — q1)(1 — @2)gksp + (1 — q1) Askip) + Az As A
Zoo = (1 —q1)(1 — q2) AshZ + (1 — q1)(1 — q2)mps N2 byl
Zy = (1= q1)(1 — g2) Aghy? + As(1 — q1)(1 — q2) (hys + 72 + hysh )+
Ag(1 = q)hAgys + (1 — @) (1 — q2) hyZmp AL it
TP AL (1 (1 = qu)orhys + (1 — @) (1 — g2)pyZ + (1 — qa)hysAr + (1 — 1) h Ayys)
Zas = Ag(1 = q1)(1 — q2)(jhys + 12 + hyskr) 4+ Ag(1 — q1) Ay, +
As(1 — 1) (1 — q2) (§yspt + Ghks + pyskr) + As(1 — q1) (A2 + Ashki)+
TpsXo (a1 (1 = g2)orhys + (1 — q)(1 — g2)pyi+
(1= g2)hys A + (1 — q1)hAsys)+
TpsAe, (q2(1 — q1)jhoy + qroth Ay + (1 — qo)pysAr + (1 — qu) prys Az + A1 Agh)
Zoz = Ag(1 — q1)(1 — q2) (jyspt + Ghks + pyske) + Ag(1 — qu) (pAays+
Aghky) + As((1 — @) (1 — q2)jksp + (1 — q1) Agkip)+
TPs Ay i(@2(1 — 1) jhos + quorhAs + (1 — g2)pysAr + (1 — ) prys Az — ArAsh)+
TpsAgy Az A1
Zas = Ag((1 — q1)(1 — qa)jkspe + (1 — q1) Agkipa) + mps Ny 1 As Ay
Zos = (1 = q1)(1 = q2)pdsim(L = ps) = Tpspds3 (1 — 1) (1 — g2)
Zoo = —A7(1 = q1)(1 — @2)pgs7s — (1 — ps)((1 — @) (1 — g2)jpos st
(1= @) (1 = g2)pdsvskr + (1 — q1)pdsAays + a1 (1 — g2) Az017s)
—(1=aq)(1 - Q2)A12P¢S’Y§ — Tpspds((1 — q2)7s A1 + (1 — q1) Axys)
Zyr = —A7((1 = q1)(1 = @2)jipdsys + (1 — @1)(1 — @2)pdsysks + (1 — q1)pdsAays+
@1(1 — q2)Az017s) — m(1 — ps) (1 — @) (1 — g2)jpdsks + (1 — q1)qajoaAs+
(1 = q1)posAskr + q1Az01A2) — A1apds((1 — q2)ys AL + (1 — q1) Axvys) —
TPspPs A Ay



3.4. DRUG SENSITIVE TB ONLY ENDEMIC EQUILIBRIUM 31

Zag = —A7((1 — q1)(1 — q2)jpgsks + 2(1 — q1)joaAs + (1 — q1)pds Asky + q1Az01Az)—
A12ppsAsAy
Zyg = —As(1 = q1)(1 — q2)pds7s — (1 = 1) (1 = @2)mps AL, s
Zyo = —Ag(1 — q1)(1 — 2)pds7; — As(1 — 1) (1 — q2)pdsvi—
TP Ai (1 — q1) (1 = qo)pds 72 — Tps Aoy pds (1 — qo)ysAr + (1 — q1) Aos)
Zy = —Ag(1 — q1)(1 = g2)pos7z — As((1 — 1) (1 — q2)jposks+
ga(1 — q1)jo2As + (1 — q1)pds Askr + 1 Az01A2) — ﬂpsk?oupcbs((l — q2)vs A1t
(1 = q1)A27s) — Tps Ay, pds A Ay
Zzg = —Ag((1 — q1)(1 — q2)jpgsks + q2(1 — q1)joaAz + (1 — q1)pdsAzki + 1 Az01 Ag)
— TPsAgy HPPs A2 A
Q1= (1 —q)(1 — q)[Ash: + phov?]
Q2 = (1= q)(1 — q2)jphdsys + As((1 — @) (1 — q2) v + (1 — @)y Ar + (1 — @1)hAxys)+
phos(1 — q1)((1 — g2)vsk1 + Axys) + a1 (1 — g2) o1 Ashy,
Qs = (1 — q1)(1 — g2)jposhks + Az((1 — g2)pysAr + (1 — ) pAays + A2 Arh)+
(1 = q1)qjo2Ash + (1 — qi)ppshAsky + qro1 Az Azh
Q4= AzA A1

and \! is a positive real root of the following polynomial which we get by substituting

* 3 x __ CBsIZ
E* in to A} = ==

My(X5)™H0 4+ Ma(N5)"2 4 Mg(N)™ + My(N5)" 3 4 M (N)™2 + Mg(N5)" ! + M7 (A5)0+
Mg(N5)P + Mo(A5)% + Myg(A5)2 + My (A5)? + Mo \:
(3.5)
Where,

My = Zy5

My = (1=07mQ1 + Z1 + Zis + Zas — B 715

Mz = (1=0)7rQ2 + 7uQy +mQ1 + Za + Zg + Zi7 + Zas — cBs 216
My=(1-07mQ3 + mpuQe + Q2 + Zz + Zio + Z1g + Zar — B 717
Ms = (1 = D)7Q4 + 7puQz + Q3 + Zs + Z11 + Z1g + Zag — P 718
M = Q4 + Q4 — cfsZ19
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M7 = Zs

Mg = (1 =D)AL Q1 + Zs + Zoy + Zog — cBsZa

My = (1 = D)mQa Ny, + QN + Zs + Z1g + Zog + Zsg — cfs 2o

Mo = (1 = D)7Qs\s, + TQopNy, + Zr + Ziz + Zag + Zz1 — cBs o

My = (1 = D)7QuN5, + TQ3uNy, + Zs + Zoy + Zzz — ¢BsZa3

My = 7TQ4/\?0M — BsZ2
Because of the complicated expression for the equilibrium points and the dynamics at
all it is some what complicated to see the behaviour of the dynamics analytically, so we
directly go to numerical solutions to capture some of the behaviour of the solutions. We
try to see first the behaviour of the dynamics when only the drug sensitive tuberculosis
exists in the population with different interventions and also we try to see the role of
this interventions in the dynamics. Then we see the dynamics of the model when both
the strains circulate in the population. In this section we try to focus on cases more
attributable for the spread of the drug resistant strain and the role of the interventions
which exist in our model to minimize or stop, if possible, the spread of the resistant

strain.

For the numerical simulation purpose we collected some values for the parameters in
our model from data of tuberculosis in Ethiopia which are recorded and we get few of
them from different articles, some we simply assumed. So may not exactly represent
the situation of the disease on ground here in Ethiopia. The parameters used for the

simulation purposes are listed in the table (3.2) with their values.
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parameter | Values Source
T 2626762 | [29]
[ 0.01769 | =15
10 Assumed
ds 0.0266 [10]
d, 0.3 [17]
Bs 0.2 [1]
B 0.3 [17]
k1 0.03 [17]
ko 0.05 [17]
ks 0.0002 [16]
Ps 0.2 [17]
pr 0.1 [17]
Vs 0.4 [17]
Vr 0.02 [17]
bs Variable | [0,1]
O Variable | [0,1]
a 0.01 Assumed
b 0.05 Assumed
l 0.6 assumed
7 0.5 Estimated
oy variable | € [0, 1]
o variable | € [0, 1]
7 0.18 [14]
h 0.99 Assumed
P 0.8 [28]

Table 3.2: Parameters used for the simulation results
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In addition to the above parameters we take the following initial population of
Ethiopia which corresponds to the year 2011 which we take for ¢ = O(initial time) and for
the purpose of the numerical results we partitioned the total population, 84,734,262,
in the following manner. We assume 80% of the population are susceptible. The remain-
ing 20% account for infection and recovered and most infections stay in latency stage.
From the data in [28] we have 220,000 infectious drug sensitive and 500 infectious drug
resistant in Ethiopia. We assumed that out of the total adult susceptible population
5% is educated. So with this assumptions we have the following initial data for the
simulation purpose.

PO = (8,59 FE% E9 19 E° I° R") =

ryTr)

(65887409, 1900000, 6000000, 9500000, 220000, 726353, 500, 500000)

3.4.1 The effect of treatment for latent TB On Drug sensitive

TB transmission

Individuals with latent Tuberculosis infection are considered at high risk of developing
active diseases during the first 2 years of infection, during which approximately 5%
of individuals develop active tuberculosis[19]. We guess Therapy for recently infected
individuals will help in controlling the disease transmission. For the sake of looking
the effect of treatment for recently infected persons, we divided the latent class in to
two and for comparison purpose we differentiated the treatment rate of the two classes.
As we can see from Figure (3.2), in situations where there is no treatment for latently
infected persons the disease may become endemic for Ry < 1 and may continue being
endemic. Infectious population just raises initially then as time goes it will come to
endemic state and stays in the population even if the reproduction number is less than
unity. But if we just apply treatment for those latently infected individuals especially
for those early infected, the scenario completely changes and the disease dies out as time
goes for reproduction number is less than unity. If we ignore treatment for early latently

infected but just only for long latent TB cases the disease will continue in the estate of
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Figure 3.2: Infectious population for drug sensitive Tuberculosis with varying value of
treatment for latently infected of the sensitive strain when R, < 1, ¢, = 0.4 and other

parameters are as in the table (3.2)

endemicity similar to that of no treatment. If we give treatment for only early latent
the disease still dies out. From Figure (3.2) we can also observe that treatment for early
latent is a key in eliminating the disease than treatment for long latent TB cases. So
from this we understand that besides the treatment given for infectious population it is

important to treat early latent TB cases in controlling the disease transmission.

3.4.2 The effect of Health Education in the dynamics of the

disease

In this section we try to see the role of educating people in reducing the disease. When
we say educating people it mainly depends on the information dissemination rate and
the efficacy of the existing self protective measures besides the behaviour change that
people bring. Here we try to see the role of health education by varying the information
dissemination rate. From Figure (3.3) we can observe that fixing the efficacy of the

existing self protective measure and increasing the information dissemination rate we get
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a decrease in the prevalence of the disease as time goes. We observed that the prevalence
of the disease decreases at the picks and after a while it then come to increase but with
a lower rate of increase. We suspect that this behaviour follows from the case that
behaviour change of the population depends on the prevalence of the disease. So, as the
number of infectious population increases the educated people start from a high pick
but because of other interventions the infectious population decrease and may reach to a
state that people wouldn’t recognize it, in this case the number of educated compartment
starts to decrease that is they start to ignore using the existing self protective measures.
In this case more people will be infected now the prevalence starts to grow, this will
continue to some time then starts to stabilize to some point. This shows even if we
educate people with high rate, the education only by itself will not protect them from
the disease so education has to be supported with self protective measures with better

efficacy and other interventions like treatment must be kept high with quality.

Frevalence

X i 1 i 1 N i 1 i
o a0 100 150 200 250 aoo 350 400 450 300
Tims in years

Figure 3.3: Prevalence of drug sensitive Tuberculosis for different values of n when

R, > 1.. for parameters are as in the table(3.2)

The reproduction number for the sensitive tuberculosis reacts more to the treatment
rate for drug sensitive infectious population,¢, and the transmission rate,c3,. This is

because of the nature of the disease that TB is transmitted through air so the trans-
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mission depends on the way people live or the situation people passing their day to day
life. That is, the disease is more transmittable where people are living very close to each
other or people who are using public bus frequently have high probability of getting the
disease than the one not using such a public transportation in areas where prevalence is
high. From Figure (3.4) we can observe that the prevalence changes as the two param-
eters changes. Figure (3.4(a)) shows as the treatment rate decreases the reproduction
number increases correspondingly the prevalence of the drug sensitive tuberculosis in-
creases. But from Figure (3.4(b)) we can observe that as ¢fs increases the prevalence
increases. prevalence of the sensitive strain is more sensitive to treatment rate than the
transmission rate. Increasing the treatment rate to greater than 0.65 which will make
the reproduction number Ry to less than 0.8965 which in turn makes the prevalence of
the disease decrease and the infection can be eliminated. It also needs to make ¢, less
than 1.2 keeping treatment rate, ¢, = 0.4 for the prevalence to decrease fast to zero.
The transmission rate may be decreased by increasing the treatment rate as well as
educating more people to protect themselves from the disease. The combination of the
two parameters, increasing treatment rate for infectious population of the drug sensitive
tuberculosis and decreasing the transmission rate to the above values may bring a good

result in eliminating the sensitive tuberculosis.
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Figure 3.4: Sensitivity analysis for the drug Sensitive Tuberculosis only, with respect to

(a) ¢s (b) c* 5 and other parameters are as in the table(3.2)

3.4.3 Bifurcation analysis

In this section discussions about the bifurcation analysis result will depend on numerical
simulations. We used the polynomial expression of the force of infection in Equation
(3.5) to find the positive roots which correspond to the positive endemic equilibrium
of the model and linearised matrix of the system (3.3) which will show us the local

behaviour of the solutions of the nonlinear system.

Definition 3.4.1. A hyperbolic equilibrium point is called stable if all eigenvalues of the
linearised matrix evaluated at the fixed point have negative real parts.It is unstable if at
least one eigenvalue of the linearised matriz evaluated at the fized point has a positive

real part.

Because of the complicated expression for the coefficients of the polynomial, it is not
easy to explicitly express the roots of the polynomial(3.5). We tried to find all possible

positive roots of the polynomial by changing the parameters which are main responsi-

]
200
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ble for changing the reproduction number, R, (which may be assumed as bifurcation
parameter). We find an equilibrium point for each of the positive roots and evaluated
the Jacobian matrix at this equilibrium points so that we look at the eigenvalues of the

Jacobian matrix to show the local stability of the endemic equilibrium.

No | ¢Bs Range No of Endemic

Equilibrium points Stability Remarks
1 < 1.58 0 The Disease free Equilibrium is stable
2 | 1.58 —1.89 2 The Disease free and both Endemic Equilibrium
points are stable
3 | 1.89—-3.19 3 One stable and and two unstable endemic equilibrium
4 > 3.19 1 The Disease free equilibrium point is

unstable while the Endemic one is stable

Table 3.3: Summary of intervals of the transmission rate for the sensitive strain and the

corresponding stabilities of the endemic equilibrium points

Changing cf; and keeping other parameters for the drug sensitive tuberculosis only as
in the table (3.2), we have summarized the result from the numerical simulation in the

table (3.3)

The case in 2 of table (3.3) where a stable Endemic equilibrium exists with a stable
Disease free equilibrium point when the associated reproduction number is less than
unity has important implication in disease control. In such cases solutions for this pa-
rameters may converge to the endemic equilibrium points which shows the disease may
invade even if the reproduction number is less than unity. In such scenarios reduction
of reproduction number to less than unity may not be a sufficient condition for a dis-
ease to be eliminated. So there will be a threshold value other than one for which the
disease can be eliminated if the reproduction number is less than this threshold value.
In our case we approximated the new threshold value to be 0.7036 from the numerical

simulation result.
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Figure 3.5: Bifurcation diagram for drug sensitive TB only model system (3.3) of force
of infection A} against the drug sensitive TB only reproduction number, R, for set of

parameters,for drug sensitive TB only,in table (3.2)

3.5 Dynamical behaviour of the two strain model

We have expressed the endemic equilibrium for the drug sensitive strain only explicitly
with respect to the force of infection, A,, at the equilibrium point. In this section we
try to see the dynamics when the two strain exist in the population. Let the endemic
equilibrium when the drug sensitive and Drug resistant strain circulate in the population
be denoted by:

E = (S,Sg, Er, By, I, E,, I, R)

It is a routine task to express E in terms of the force of infection explicitly. Because
of the complicated dynamics when the two strain circulate in the population we use
numerical results to capture some of the long term behaviour of the disease and the
effect of the interventions we used on the dynamics of the disease. Here we assumed

that the transmission rate of the two strain are equal. The behaviour change function, e,
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depends on the prevalence of the two strain which is given by p = ISX,IT, where NNV is the
total population and we assumed that people recognize the burden of the disease when
the prevalence reaches three percent of the total population so that used py = 3%(the
state of prevalence at which people start to recognize the disease and start reaction).
From the formula for the reproduction number ji.e, R, = max{R;, R}, the strain with
the largest reproduction number invade the population. Figure (3.6) shows the size of
the population of all compartments in the model as time goes when the reproduction

number for the two strain is less than one.
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Figure 3.6: Graph for the compartments in the model for Ry < 1 and R, < 1

As we can observe from this figures except the Susceptible but not educated all
other compartments converge to zero and the Susceptible but not educated converge
to g Which supports the result in Theorem (3.1) that the disease free equilibrium is
locally asymptotically stable when R, < 1..
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3.5.1 The role of treatment for the resistant strain

Now a days drug resistant strain is treatable but because of the high cost of the drugs
and a patient has to take the drugs for long time ,upto 2 years, with close support from
doctors it needs high effort to treat the drug resistant TB. Figure (3.7) shows if we
are able to increase the treatment rate for the resistant strain, we get a decrease in the
infectious population of the resistant strain. Even if the reproduction number is less than
one and the infectious population for drug sensitive strain is getting to zero the drug
resistant infectious population takes long time to get to zero or to be eradicated. So it
will stay being endemic in the population for long time. This shows the low effectiveness
of the interventions to control the resistant strain or interventions existed now are not
enough to control the resistant tuberculosis in a short period of time as compared to
the sensitive strain. As we increase the treatment rate for the drug resistant strain the
reproduction number for the resistant strain decreases so the infectious population for

the resistant strain decreases as well.

[}
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Figure 3.7: Proportion of infectious populations for Drug resistant strain with different

treatment rate.
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3.5.2 The role of treatment for the Latently infected popula-

tion on the dynamics of the drug resistant strain

Treatment for latently infected individuals mostly reduces the risk of early transforma-
tion to infectious drug sensitive strain through re-activation. It may not prevent them
from infection by drug resistant strain. As we see from Figure (3.8) when we increase
the treatment rate for latently infected population, it doesn’t bring such remarkable
change on the drug resistant TB strain like that it brings on the sensitive strain as in
Figure (3.2) unless it is supported by an increase in treatment rate for the infectious
drug resistant strain as shown in Figure (3.7). This may be because of the treatment
for latently infected population doesn’t prevent them from an infection by the resistant

strain
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Figure 3.8: Graph which shows the role of treatment for latently infected drug sensitive
population on the dynamics of the resistant strain. All other parameters are as in the
table(3.2)
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3.5.3 The role of Health Education on the dynamics of the

drug resistant strain

We try to see the role of education on the drug resistant strain when both the strains
circulate in the population with both reproduction numbers are greater than one. Here
we choose such situation where the reproduction number is greater than one because of
the result that people’s behaviour change depends on the prevalence and mortality of
the disease. So the role of education is more important when the disease is endemic.
Figure (3.9) and (3.10) shows the population of infectious for the drug sensitive and
drug resistant strain respectively when R, = 1.5225 and R, = 2.3525. From the graphs
one can see that the sensitive strain dies out but the resistant stain becomes endemic.
This is because of the strain that have the largest reproduction number will invade the
other. As we increase the information dissemination rate fixing the efficiency of the
existing self protective measures we observe a decrease in the infectious population of

the resistant strain as time goes.

Infectious Sensitive

1] 50 100 150 200 250 500 350 400 450 500
Time in years

Figure 3.9: Infectious population for sensitive strain with varying value of 7. Other

parameters are as in the table (3.2)



3.5. DYNAMICAL BEHAVIOUR OF THE TWO STRAIN MODEL 45

Infectious Resistant

1 L L 1 L 1 L L 1
0 50 100 150 200 250 300 350 400 450 500
Time in years

Figure 3.10: The role of education on the transmission of drug resistant tuberculosis.

Other parameters are as in the table (3.2)

The increase of information dissemination rate with the increase in the prevalence
of the resistant strain increases the educated population. In which case people realize
that the disease is invading them and start to use every self protective measures which
increases the educated people who are involved in self protective measures. Consequently

this decreases the prevalence of the disease(both the strains) as in the Figure (3.11).
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Figure 3.11: Prevalence of the two strain with varying value of n. All other parameters

are as in the table (3.2).

By taking the transmission rate of the two strain to be the same we see that as
the transmission rate increases the prevalence of the disease increases. Let cf be the
transmission rate for the two strain, then as ¢f increases the reproduction number for the
two strains increases and are less than 1 for ¢4 < 0.9 then after wards the reproduction
number for the drug resistant tuberculosis, R,., grows to a number which is greater than
1 with the reproduction number for the sensitive strain, Ry, remains less than one until
cf is greater than 2. From Figure (3.12) we see that the prevalence of the disease, of
the two strain, converges to zero until ¢ is 0.6 then it starts to be endemic because of
the resistant strain starts to invade even if the susceptible strain diminishes until the
transmission rate is greater than 1.6. From the prevalence graph we can see that for
a reproduction number for the two strain less than one the prevalence may not always
converge to zero for example from figure (3.12) the prevalence for ¢f = 0.8 does not
converge to zero even if R, is less than one. Which indicates that only decreasing the
value of the reproduction to a number less than one will not be a grant to eradicate a

disease. So ¢f must be less than to a umber to which both the reproduction numbers,
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for the sensitive strain and the drug resistant strain, less than one and which makes the
reproduction number for the two strains less than to some other threshold value other
than 1 for which the prevalence converges to zero. Decreasing the transmission rate to

which the resistant strain eliminated will completely eliminate the resistant strain.
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Figure 3.12: Reaction of the prevalence of the two strain to a transmission rate with

other parameters as in the table (3.2)



Chapter 4

Discussion and Conclusion

4.1 Discussion and Conclusion

In this thesis we have formulated a two strain tuberculosis model and discussed some
of the dynamical behaviour of the drug sensitive and resistant tuberculosis. In the first
part of chapter three we have showed well posedness of the nonlinear system of differen-
tial equation and also showed that the disease free equilibrium is locally asymptotically
stable for R, < 1,(Rs < 1 and R, < 1. In the second part of the chapter we have
discussed the dynamical behaviour of disease when only the drug sensitive tuberculosis
exists in the population. From numerical simulation results we discussed the role of
different interventions like health education, treatment for latent drug sensitive tuber-
culosis and for infectious drug sensitive tuberculosis in the overall dynamics of TB. In
the last part of the chapter we have seen the long term behaviour of the disease when

both strains circulate in the population.

In the drug sensitive TB only model, when only the sensitive tuberculosis circulate
in the population, treatment for latently infected individuals especially for early latent
has a great role in the eradication of drug sensitive tuberculosis, but care has to be taken
that since latently infected with drug sensitive tuberculosis are high in number,treating

more latent may contribute more for drug resistant tuberculosis unless the treatment is

48
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completed effectively.

Health education is important in reducing the prevalence of the disease. We consid-
ered those educated are engaged in using all existing self protective measures against
the disease. Because of the nature of the disease it may be sometimes difficult to apply
some of the existing self protective measures, for example one can’t wear a mask every
day and every where he/she go. But the good thing is the disease needs effective(long
and closed) contact with the infectious person to be transmitted to the one not infected
so those educated individuals are expected to have no such effective contact with some
one diagnosed with TB that may be in family member or coughing, suspecting that
he/she may have the disease. If the population of educated compartment increase that
decrease the prevalence of the disease because it is educated compartment from which
a person can be caught by the disease with lower rate than those not educated. But
if the prevalence of the disease decreased to a small number that can’t be recognised
by the population people may start to ignore the things that they are doing to protect
themselves from the disease during prevalence is high in that case the disease may get

the chance to be endemic again.

Treatment for infectious drug sensitive tuberculosis is very important in eliminating
the sensitive strain. In contrary it may be a case for increment of a drug resistant
tuberculosis because failure of treatment is the main cause for the resistant strain so
treatment must be supported with effectiveness in the sense of completing the full dose

as directed by the doctors.

Backward bifurcation existed for the drug sensitive tuberculosis only model, that is
a stable endemic equilibrium existed with stable disease free equilibrium for Ry < 1.
in which case some solutions of the system may converge to this endemic equilibrium
according to the initial condition chosen. Such scenario makes the disease difficult to
eliminate by working only on reducing the reproduction number for drug sensitive tu-

berculosis only, R, to less than one, that can only be a necessary condition but not
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sufficient to eliminate the disease.

Since there are many parameters in the model it is difficult to fully show which pa-
rameters caused such a bifurcation but if we decrease the transmission rate to a number
less than 1.58 which makes the reproduction number to less than 0.7036 we may not
have such a scenario. But there may be other parameter which may cause such a bifur-

cation.

We considered a two strain model,when the two strain circulate in the population.
We have seen effective treatment can eliminate the drug sensitive tuberculosis which
can reduce the MDR TB by reducing treatment failure which is the main cause of the
MDR TB. It is better to work on effectiveness of treatment for which WHO recommends
DOT (Directly Observed Treatment) strategy in which a patient will take his medicine
through close contact of health care professionals which decreases treatment failure be-
cause of incomplete treatment. Education plays a great role in reducing the MDR TB
as it keeps people not to be caught by the sensitive strain through which most MDR TB

cases are produced by failure of treatment, and resistant strain as primary infection.

Because of some of the parameters in our model are simply assumed and taken from
different articles the results in the discussions must be validated to specific setting of a
country. But generally from numerical simulation result as we concluded above giving
treatment for latently infected individuals will bring a great change in the eradication
of the sensitive strain especially for early latent. We guess detecting early latent is one
of the challenges. And also the number of those infected by latent TB may be large in
number treating such a number also a challenge economically for developing countries.
Treatment failure may occur during treating latently infected drug sensitive strain, so
treating such a great number may led to an increase in the number of drug resistant tu-

berculosis cases.Care has to be taken with in those limits in the application of treatment.

Decreasing transmission rate transmission rate decrease the prevalence of the disease,which
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may be accomplished by educating more people and change their behaviour towards us-
ing the existing self protective measures. If we are succeed to change people’s behaviour
towards using self protective measures as much as possible we can have a change in
eradicating the disease. The decrease in transmission rate must be supported by an

increase in other interventions like treatment rate.
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