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Abstract

In this thesis we study various properties of composition operators acting between

generalized Fock spaces Fpϕ and F qϕ with weight functions ϕ grow faster than

the classical Gaussian weight function 1
2
|z|2 and satisfy some mild smoothness

conditions. Let ψ be an analytic map on the complex plane. Then for p 6= q, we

have shown that the composition operator Cψ : Fpϕ → F qϕ is bounded if and only

if it is compact. This result shows a significance difference with the analogous

result for the case when Cψ acts between the classical Fock spaces or generalized

Fock spaces where the weight functions grow slower than the Gaussian function.

We further study some topological structure of composition operators on the

spaces. It is shown that the difference of two composition operators is compact if

and only if both are compact, and hence cancellation phenomenon fails to exist.

While each non-compact bounded composition operator is an isolated point, the

set of all compact composition operators forms a connected components of the

space of the operators under the operator norm topology. Moreover, Schatten

Sp(F2
ϕ) class membership, spectra, hyponormality of the composition operators

are characterized.

We also study various dynamical structure of composition operators Cψ on the

generalized Fock spaces Fpϕ and the weighted composition operatorsW(u,ψ) defined

on the classical Fock spaces Fp. It is shown that all composition operators on

the spaces are power bounded. Several conditions characterizing uniformly mean

ergodic composition operators are provided. We have identified operators W(u,ψ)

that are power bounded and uniformly mean ergodic on the spaces, and these

properties are described in terms of easy to apply conditions which are based

merely on the values |u(0)| and |u( b
1−a)|, where the numbers a and b are from

linear expansion of the symbol ψ(z) = az + b. We have proved that composition

operators Cψ and weighted composition operatorsW(u,ψ) can not be supercyclic on



their respective Fock spaces. Furthermore, the operator Cψ, ψ(z) = az+ b, |a| ≤

1 and b = 0 when |a| = 1, is cyclic if and only if an 6= a, while W(u,ψ) is cyclic if

and only if the corresponding composition operator is cyclic and u fails to vanish

on C. The set of periodic points of Cψ is also determined. Conditions under which

the operators satisfy the Ritt’s resolvent growth conditions are also identified. In

particular, we show that a non-trivial composition operator on the Fock spaces

satisfies such growth condition if and only if it is compact.
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Chapter 1

Introduction

For holomorphic function ψ on a given domain G, the composition operator Cψ

on space of holomorphic functions on G is defined by Cψf = f ◦ ψ. A system-

atic study of the composition operators was begun back in 1968 by Nordgren

[48] where he proved that all the composition operator on L2 of the unit circle

induced by inner functions are bounded. Since then, the theory of the operator

has experienced fast growth with investigations mainly focused on describing its

operator theoretic properties in terms of function theoretic properties of the in-

ducing functions. In particular, the theory began attracting several researchers

following the work of J. Shapiro [63] on Hardy space over the unit disc D. As

a consequence of the well known Littlewood subordination principle, it is shown

that every analytic self map on D induces a bounded composition operator on

Hardy spaces and Bergman spaces. However, a self map ψ on D doesn’t neces-

sarily induce a bounded composition operator on the Dirichlet space on D. A

necessary and sufficient condition for ψ to induce a bounded composition opera-

tor on the Dirichlet space of open disc is given in terms of the counting function

and Carleson measure; see [26, 79].

On the other hand, although the corresponding Hardy spaces of the unit disc

and the upper half-plane are isomorphic, composition operators act differently in

the two cases. There exist analytic self-maps of the upper half-plane which do not

induce bounded composition operators on Hardy and weighted Bergman spaces
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over the upper half-plane. S. Elliott and M. T. Jury in [19], and S. Elliott and

A. Wynn in [20] proved that Cψ is bounded if and only if ψ has a finite angular

derivative at infinity on Hardy and Bergman spaces of half-planes respectively.

Moreover, both the Hardy and Bergman spaces over the upper half-plane fail to

support compact composition operators unlike the unit disc case: see [49, 41]. In

contrary, the Dirichlet spaces of upper half-plane support compact composition

operator. We refer [50] for more details.

Later, the study of composition operators advanced on spaces of analytic func-

tions defined on the whole complex plane C. For instance, in the frame of Fock

spaces, in 2003, Carswell, MacCluer and Schuster [11] characterized bounded and

compact composition operators on the classical Fock spaces Fp, 0 < p <∞. They

showed that only the class of linear mappings ψ(z) = az + b, |a| ≤ 1 and b = 0

whenever |a| = 1 induces bounded composition operators Cψ on Fp. Compactness

of Cψ was described by the strict requirement |a| < 1. Recall that the classical

Fock spaces Fp are spaces consisting of all entire functions f for which

‖f‖p =


(

p
2π

∫
C |f(z)|pe−

p|z|2
2 dA(z)

) 1
p

<∞, 0 < p <∞

supz∈C |f(z)|e−
|z|2
2 <∞, p =∞,

where dA denotes the usual Lebesgue area measure on the complex plane C. Here

the function Ω(z) = 1
2
|z|2 is Gaussian weight function. For functions f in such

spaces, the subharmonicity of |f |p implies that the local point estimate

|f(z)|pe−
p|z|2

2 ≤
∫
D(z,1)

|f(w)|pe−
p|w|2

2 dA(w)

holds where D(z, 1) is a disc of radius 1 and center z. This further results

|f(z)| ≤ e
|z|2
2 ‖f‖p. (1.0.1)
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By definition of the norm, the estimate in (1.0.1) is valid for p =∞ as well.

The space F2 is a reproducing kernel Hilbert space with kernel function Kw(z) =

ewz and normalized kernel kw = Kw
‖Kw‖2 . For all complex numbers w, a straight-

forward calculation shows that kw belongs to the Fock spaces Fp and ‖kw‖p = 1

for all p. Another interesting and useful property of the spaces is inclusion or

nestedness. That is if p < q, then

Fp ⊂ Fq. (1.0.2)

We refer to [77] for more background information about the spaces.

Let ϕ be a function defined on [0,∞) and ϕ ≥ 0. We define the generalized

Fock spaces Fpϕ, 0 < p ≤ ∞ associated with ϕ as spaces consisting of all entire

functions f for which

‖f‖(ϕ,p) =


(∫

C |f(z)|pe−pϕ(|z|)dA(z)

)1/p

, 0 < p <∞

supz∈C |f(z)|e−ϕ(|z|), p =∞

is finite. In 2008, Guo and Izuchi [24] studied various aspects of the operators

when p = 2. They showed that if lim|z|→∞ ϕ
′(z) < ∞, then Cψ is bounded on

F2
ϕ if and only if ψ(z) = az + b, |a| ≤ 1 and b is any complex number. On the

other hand, if lim|z|→∞ ϕ
′(z) =∞, then their result shows that Cψ is bounded on

F2
ϕ if and only if ψ(z) = az + b, |a| ≤ 1 and b = 0 when |a| = 1. In both cases

Cψ is compact if and only if |a| < 1. In 2014, T. Mengestie [51] showed that the

same symbol forms ψ(z) = az + b, |a| ≤ 1 and b = 0 whenever |a| = 1 induce

bounded composition operator Cψ : Fpm → F qm; 0 < p ≤ q < ∞, where Fpm are

Fock–Sobolev spaces, which are typical example of generalized Fock spaces with

weight function −m log(1+ |z|)+ 1
2
|z|2, which grows slower than Gaussian weight

function. We may note that, if ϕ grows slower than the Gaussian weight function,

(1.0.1) and (1.0.2) results in the inclusion property Fpϕ ⊂ F qϕ whenever p < q.

Further topological and dynamical properties of Cψ have also been studied: see
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[24, 31].

A natural question is what happens to the symbol ψ when the weight function

grows faster than the Gaussian function. The first main aim of this work is taking

further the study of the operators on such spaces, and answer these and other

related topological and dynamical questions.

The rest of the thesis is organized as follows. In the second chapter we set

the definition of the generalized Fock spaces and establish some interesting pre-

liminary results that will be used in our subsequent chapters apart from being

interest of their own. The new results are collected from the papers [59, 60]

where we characterized boundedness and compactness of embedding mapping

Id : F∞ϕ → Lp(dµ). It is also shown that the set of complex polynomials is dense

in Fpϕ for all 0 < p <∞ or p = 0. Density of the polynomials plays a paramount

roll to study dynamical and spectral properties of the composition operators.

The third chapter is devoted to our studies on topological properties of com-

position operators. Bounded and compact composition operators on the spaces

Fpϕ, 0 < p ≤ ∞ or p = 0 are completely identified. We, in particular, have

shown that if p 6= q, then the operator Cψ : Fpϕ → F qϕ is bounded if and only

if it is compact. This result shows a significance difference with the analogous

result for the case when Cψ acts between the classical Fock spaces or generalized

Fock spaces where the weight functions grow slower than the Gaussian function.

As a consequence, it is concluded that while the set of all compact composition

operators Cψ : Fpϕ → F qϕ, p 6= q forms a connected component of the space of

all bounded composition operators in norm topology, each non-compact bounded

composition operator is an isolated point. We further described the compact

difference, the Schatten class Sp(F2
ϕ), essential norm, hyponormal, and unitary

composition operators. All of these results are published in [59, 60].

In the fourth chapter we focus on the dynamics of composition operator on the

generalized Fock spaces. We first determined the spectrum of the operators and

applied the result to study their supercyclicity and mean ergodicity properties.

The chapter presents a detailed study of our results on power bounded, mean

4



ergodic, and uniformly mean ergodic composition operators on Fpϕ, 1 ≤ p ≤ ∞.

Cyclicity and supercyclicity of Cψ on Fpϕ are also characterized. The results in

this chapter are from our published papers [59, 60, 62].

In the last chapter we extended our works on the dynamical properties of the

composition operators to weighted composition operators. There is an extensive

literature regarding boundedness, compactness, connected component and iso-

lated points, and Schatten class membership of weighted composition operators

on various spaces of analytic functional spaces including Hardy spaces, Bergman

spaces, Dirichelet spaces, and Fock–Sobolov spaces. See [13, 15, 16, 17, 45, 51,

54, 55, 68] and references theerein. Not much is known about the dynamical

properties of these operators even on the classical Fock spaces setting. In this

chapter, we determine spectrum and some dynamical properties of the operator

on the classical Fock spaces. The results are collected from our preprint works

[58, 61].

We close this introduction with a few words on notations. We denote the com-

plex plane by C, the Euclidean unit disc {z ∈ C : |z| < 1} by D, and its boundary

{z ∈ C : |z| = 1} by T. The Euclidean disc with center at a, and radius r is

denoted by D(a, r).

The notation u(z) . v(z) means that there is a constant C such that u(z) ≤ Cv(z)

holds for all z in the set of a question, and we define u(z) & v(z) in analogous

manner. We write u(z) ' v(z) if both u(z) . v(z) and u(z) & v(z). We use the

notation f(r) � g(r), r ≥ 0 means that as r →∞, f(r) is very close to constant

multiple of g(r).

We also denote the space of holomorphic functions on C by H(C) and for a

bounded operator T on H(C), we denote its resolvent set by %(T ) := C− σ(T ).

5



Chapter 2

Generalized Fock Spaces Fpϕ

In this chapter we present some definitions and basic results on generalized Fock

spaces induced by rapidly increasing weight functions. We refer to [12, 53, 59, 60]

for more details.

We begin by setting as in [12, 53] the growth and smoothness conditions for the

weight function. Let ϕ : [0,∞) → [0,∞) be a twice continuously differentiable

function. We extend ϕ to the whole complex plane by setting ϕ(z) = ϕ(|z|). We

further assume that its Laplacian, ∆ϕ, is positive and set a radial differentiable

function

τ(z) :=

 1 0 ≤ |z| < 1

(∆ϕ(z))−1/2 |z| ≥ 1

satisfying the admissibility conditions

lim
r→∞

τ(r) = 0 and lim
r→∞

τ ′(r) = 0, (2.0.1)

and there exists a constant C > 0 such that τ(r)rC increases for large r or

lim
r→∞

τ ′(r) log
1

τ(r)
= 0.

There are many concrete examples of weight functions ϕ that satisfy the above

smoothness and admissibility conditions. Some of them are presented below.
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Example 2.0.1. The power functions ϕα(r) = rα, α > 2 has Laplacian ∆ϕα(r) =

(α2 − α)rα−2 and hence satisfies the smoothness and admissibility conditions.

Example 2.0.2. The exponential type functions such as ϕβ(r) = eβr, β > 0,

has Laplacian ∆ϕβ(r) = eβr(β + β
r
), which also satisfies the condition.

Example 2.0.3. Supper exponential functions ϕ(r) = ee
r

has Laplacian ∆ϕ(r) �

e2r+er which also satisfies the smoothness and admissibility conditions.

Having set forth the conditions on ϕ, we may now define the associated general-

ized Fock spaces Fpϕ as spaces consisting of all entire functions f for which

‖f‖(ϕ,p) =


(∫

C |f(z)|pe−pϕ(z)dA(z)

) 1
p

<∞, 0 < p <∞

supz∈Cn |f(z)|e−pϕ(z) <∞, p =∞

where dA denotes the usual Lebesgue area measure on C. The growth of the

weight function ϕ has resulted various structural differences between the spaces

Fpϕ and the classical spaces Fp and generalized Fock spaces with weight grows

slower than Gaussian weight function. As an instance, while the inclusion prop-

erty holds on the classical Fock spaces Fp and generalized Fock spaces with weight

grows slower than Gaussian weight function, it fails to hold in Fpϕ. Moreover, an

explicit expression for the reproducing kernel in the weighted space F2
ϕ is still

unknown.

We note that if ϕ satisfies the above smoothness and admissibility condition,

there is a constant k > 0, such that for the associated τ we have

|τ(z)− τ(w)| ≤ k|z − w|, for z, w ∈ C. (2.0.2)

Let

mτ =
min{1, 1/k}

4
(2.0.3)

7



where k is the constant in (2.0.2).

From Lemma 5 of [12], if 0 < δ < mτ and a ∈ C, there is c > 0 such that

1

c
τ(a) ≤ τ(z) ≤ cτ(a) (2.0.4)

if z ∈ D(a, δτ(a)).

For 0 < p < ∞, we can rewrite the above definition in polar coordinates as

follows.

‖f‖p(ϕ,p) =

∫
C
|f(z)|pe−pϕ(z)dA(z) = 2π

∫ ∞
0

[∫ 2π

0

|f(reit)|p dt
2π

]
re−pϕ(r)dr.

For 0 < r <∞, if we write Mp(f, r) =
[∫ 2π

0
|f(reit)|p dt

2π

] 1
p

, then

‖f‖p(ϕ,p) = 2π

∫ ∞
0

Mp
p (f, r)re−pϕ(r)dr.

We define M∞(f, r) := sup|z|=r |f(z)|. For each 1 ≤ p ≤ ∞, the function Mp(f, r)

is increasing for r ∈ [0,∞).

We also consider the subspace F0
ϕ of F∞ϕ defined by

F0
ϕ = {f ∈ F∞ϕ : lim

|z|→∞
|f(z)|e−ϕ(z) = 0}.

This subspace is closed in F∞ϕ and it contains the polynomials. By [6, Theorem

1.4 ], the space F∞ϕ is canonically isomorphic to the bidual of F0
ϕ.

For p = 2, the space F2
ϕ is a Hilbert space endowed with the inner product

〈f, g〉 =

∫
C
f(z)g(z)e−2ϕ(z)dA(z).

The sequence {en}, where en = zn

‖z‖(ϕ,2)
is an orthonormal basis for F2

ϕ. As a

result, the set of polynomials is dense in F2
ϕ.

By Lemma 7 of [12], for subharmonic functions ϕ and holomorphic function f , it

8



holds a local pointwise estimate

|f(z)|pe−βϕ(z) .
1

σ2τ(z)2

∫
D(z,στ(z))

|f(w)|pe−βϕ(w)dA(w) (2.0.5)

for all finite exponent p, any real number β, and a small positive number σ. Thus

by (2.0.5) the point evaluations are bounded linear functionals on Fpϕ. Therefore,

there exists a reproducing kernel function Kw such that

f(w) = 〈f,Kw〉 =

∫
C
f(z)Kw(z)e−2ϕ(z)dA(z).

Hence, the space F2
ϕ is a reproducing kernel Hilbert space. An explicit expression

for the kernel function is still an interesting open problem. However, by Corol-

lary 8 of [12] the reproducing kernel Kw of F2
ϕ satisfies the asymptotic estimation

of the norm

‖Kw‖2
(ϕ,2) ' τ(w)−2e2ϕ(w), (2.0.6)

holds for all w ∈ C.

The normalized reproducing kernels have been used as a sequence of test functions

to study many operator theoretic properties on the classical Fock spaces setting.

On few cases, the kernel functions will be also used on generalized Fock spaces.

The next lemma provides an important property of the sequence of the kernel

functions in F2
ϕ.

Lemma 2.0.4. The normalized reproducing kernel Kz/‖Kz‖(ϕ,2) converges weakly

to 0 in F2
ϕ when |z| → ∞.

Proof. Since holomorphic polynomials are dense in F2
ϕ, it suffices to show that

for any non-negative integer m

∣∣∣〈wm, Kz

‖Kz‖(ϕ,2)

〉∣∣∣ =
|z|m

‖Kz‖(ϕ,2)

→ 0, |z| → ∞.

9



But this holds trivially as

‖Kz‖2
(ϕ,2) =

∑
n=0

|en(z)|2 =
∞∑
n=0

|z|2n

‖zn‖2
(ϕ,2)

,

which is a power series on |z|2 with positive coefficients.

When p 6= 2, the lack of an explicit expression for the normalized reproducing

kernel function makes it difficult to use it as main tool in the study of dynamical

and topological properties of composition operators. Thus, we use another family

of test functions described below.

By Proposition A and Corollary 8 of [12] where the original idea comes from [8],

for a sufficiently large positive number R, there exists a number η(R) such that

for any w ∈ C with |w| > η(R), there exists an entire function f(w,R) such that

|f(w,R)(z)|e−ϕ(z) ≤ C min

{
1,

(
min{τ(w), τ(z)}
|z − w|

)R2

2

}
(2.0.7)

for all z in C, and for some constant C that depends on ϕ and R. In particular,

when z belongs to D(w,Rτ(w)), the estimate becomes

|f(w,R)(z)|e−ϕ(z) ' 1. (2.0.8)

Furthermore, the functions f(w,R) belong to Fpϕ for all p with norms estimated by

‖f(w,R)‖p(ϕ,p) ' τ(w)2, η(R) ≤ |w|. (2.0.9)

When p =∞, from (2.0.7) and (2.0.8) we deduce that f(w,R) belong to F∞ϕ and

‖f(w,R)‖(ϕ,∞) ' 1. (2.0.10)
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2.1 The (p,q) Fock–Carleson measures

Identifying some basic properties of embedding maps or Carleson measures has

been a useful tool in studying bounded and compact properties of operators on

functional spaces.

A finite measure µ on C is said to be a (p,q) Fock–Carleson measure if the space

Fpϕ is a subset of Lq(µ). By the closed graph theorem, this is equivalent to the

existence of a positive constant C such that

‖f‖Lq(µ) ≤ C‖f‖(ϕ,p) (2.1.1)

for all f ∈ Fpϕ. The inequality in (2.1.1) is equivalent to the boundedness of the

embedding map Id : Fpϕ → Lq(µ). Observe that, if a weight ϕ grows slower than

Gaussian weight, we have Fpϕ ⊆ Fp. From this and the definition, if a weight ϕ

grows slower than Gaussian weight and µ is a (p, q) Fock–Carleson measure for

Fp then it is Carleson measure for Fpϕ also. The (p,q) Fock–Carleson measure on

Fp is characterized in [11] by making slight improvement of results contained in

[70]. For fast growing weight ϕ in our setting and finite exponent, the bounded

and compact properties of such maps Id : F qϕ → Lp(µ) were studied in [12]. In

this section we prove the analogous results for q = ∞, which is one of the main

tool to prove Theorem 3.1.1 latter.

Theorem 2.1.1. Let 0 < p < ∞ and µ be a finite Borel measure on C, and

Id : F∞ϕ → Lp(dµ) be the embedding map. Then the following statements are

equivalent.

(i) Id : F∞ϕ → Lp(dµ) is bounded;

(ii) Id : F∞ϕ → Lp(dµ) is compact;

(iii) For some σ > 0, the function G(µ,p,ϕ) belongs to L1(dA) where

G(µ,p,ϕ)(z) :=
1

τ(z)2

∫
D(z,στ(z))

epϕ(w)dµ(w). (2.1.2)

11



For the proof of the theorem, we may first collect some background materials.

We consider the Rademacher sequence of functions rn as defined on [40] as

r0(t) =

 1, 0 ≤ t < 1
2

−1, 1
2
≤ t < 1

and

rn(t) = r0(2nt) if n = 1, 2, 3, ....

Given a sequence {an} ∈ `2, we define the function ϕ(t) =
∑

n anrn(t), 0 ≤ t ≤ 1

which is well defined almost everywhere. These functions satisfy the following

estimate for all 0 < p <∞.

(∫ 1

0

|ϕ(t)|p
)1/p

'

(
∞∑
n=1

|an|2
)1/2

. (2.1.3)

The estimate in (2.1.3) is known as Khinchine’s inequality.

The following lemmas collected from [12, 53], are fundamental in the proof of the

result.

Lemma 2.1.2. [[12], Lemma 6] Let t : C → (0,∞) be a continuous function

which satisfies |t(z)− t(w)| ≤ 1
4
|z−w| for all z and w in C. We also assume that

t(z)→ 0 when |z| → ∞. Then there exists a sequence of points zj in C satisfying

the following conditions.

(i) zj 6∈ D(zk, t(zk)), j 6= k; (ii) C =
⋃
j D(zj, t(zj));

(iii)
⋃
z∈D(zj ,t(zj))

D(z, t(z)) ⊂ D(zj, 3t(zj));

(iv) The sequence D(zj, 3t(zj)) is a covering of C with finite multiplicity Nmax.

Note that, from (2.0.2) and 0 < δ < mτ , where mτ is defined in (2.0.3) we have

|δτ(z)− δτ(w)| ≤ 1

4
|z − w|, for z, w ∈ C.

From the Lemma 2.1.2, we can formulate the following lemma.

12



Lemma 2.1.3. There exists a sequence of points zj in C satisfying the following

conditions.

(i) zj 6∈ D(zk, δτ(zk)), j 6= k; (ii) C =
⋃
j D(zj, δτ(zj));

(iii)
⋃
z∈D(zj ,δτ(zj))

D(z, t(z)) ⊂ D(zj, 3δτ(zj));

(iv) The sequence D(zj, 3δτ(zj)) is a covering of C with finite multiplicity Nmax.

Another ingredient for the proof of the theorem is stated as the following lemma.

Lemma 2.1.4. [[53], Lemma 2.4 ] Let R be sufficiently large number and η(R)

be as before. If {zk} is the covering sequence from Lemma 2.1.2, then

F =
∑

zk:|zk|>η(R)

akf(zk,R)

belongs to F∞ϕ for every `∞ sequence {ak}, and also ‖F‖(ϕ,∞) . ‖ak‖`∞.

Proof of Theorem 2.1.1. Since (ii) obviously implies (i), we plan to show (i)⇒

(iii) and (iii)⇒ (ii). We begin with (iii)⇒ (ii). It suffices to show ‖fn‖Lp(dµ) →

0 as n → ∞ for each uniformly bounded sequence fn in F∞ϕ that converges to

zero uniformly on compact subsets of C. Applying (2.0.5) and Fubini’s theorem,

for some r > 0 :

∫
{z∈C:|z|>r}

|fn(z)|pdµ(z) .
∫
{z∈C:|z|>r/2}

∫
D(z,(σ/2)τ(z))

epϕ(z)|fn(w)|p

τ(z)2epϕ(w)
dA(w)dµ(z)

=

∫
D(z,(σ/2)τ(z))

∫
{z∈C:|z|>r/2}

epϕ(z)

τ(z)2
|fn(w)|pe−pϕ(w)dµ(z)dA(w)

Since τ(z) is a radially decreasing function and hence D(z, (σ/2)τ(z)) ⊂ {|w| >

r/2} for |z| > r, the last double integral above is bounded by

∫
{w∈C:|w|>r/2}

|fn(w)|pe−pϕ(w) 1

τ(w)2

∫
D(w,δτ(w)

epϕ(z)dµ(z)dA(w)

≤ ‖fn‖p(ϕ,∞)

∫
{z∈C:|w|>r}

(
1

τ(w)2

∫
D(w,στ(w))

epϕ(z)dµ(z)

)
dA(w)

13



from which and the assumption in (iii) we can make the last right-hand side double

integral above as small as we wish. The remaining integral over the compact set

satisfies

lim
n→∞

∫
{z∈C:|z|≤r}

|fn(z)|pdµ(z) = 0

and completes the proof of the first assertion.

To prove (i)⇒ (iii), for each `∞ sequence (ak) we consider the function

Ft =
∑

zk:|zk|≥η(R)

akrk(t)f(zk,R)

where rk(t), 0 < t < 1 is a sequence of Rademacher functions.

Then by Lemma 2.1.4 and our boundedness assumption

∫
C
|Ft(z)|pdµ(z) = ‖IdFt‖pLp(µ) ≤ ‖Id‖

p‖Ft‖p(ϕ,∞) . ‖Id‖
p‖(ak)‖p`∞ .

Integrating with respect to t,

∫ 1

0

∫
C
|Ft(z)|pdµ(z) . ‖Id‖p‖(ak)‖p`∞ .

Applying Fubini’s theorem

∫
C

∫ 1

0

|Ft(z)|pdµ(z) . ‖Id‖p‖(ak)‖p`∞ ,

and by using Khinchine’s inequality (2.1.3) we also obtain

∫
C

( ∑
zk:|zk|≥η(R)

|ak|2|f(zk,R)|2
)p/2

dµ(z) . ‖Id‖p‖(ak)‖p`∞ .

This together with the finite multiplicityNmax of the covering sequenceD(zk, 3δτ(zk)),
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where δ ∈ (0,mτ ) for mτ defined in (2.0.3), and estimate (2.0.8) imply

∑
zk:|zk|≥η(R)

|ak|p
∫
D(zk,3δτ(zk))

epϕ(z)dµ(z) .
∑

zk:|zk|≥η(R)

|ak|p
∫
D(zk,3δτ(zk))

|f(zk,R)|pdµ(z)

=

∫
C

∑
zk:|zk|≥η(R)

|ak|p|f(zk,R)|pχ(D(zk,3τ(zk)))(z)dµ(z)

. max{1, N1− p
2

max }
∫
C

( ∑
zk:|zk|≥η(R)

|ak|2|f(zk,R)|2
)p/2

dµ(z) . ‖(ak)‖p`∞ .

Setting in particular ak = 1 for all k in the above series of estimates we obtain

∑
zk:|zk|≥η(R)

∫
D(zk,3τ(zk))

epϕ(z)dµ(z) . 1. (2.1.4)

Now we choose a positive number ρ ≥ η(R) such that whenever zk of the covering

sequence belongs to D(0, η(R)), then D(zk, στ(zk)) is contained in D(0, ρ). On

the other hand, by (2.0.4) there exists a positive constant c with

1

c
τ(w) ≤ τ(z) ≤ cτ(w). (2.1.5)

Then, applying this and (2.1.4)

∫
{|z|≥ρ}

1

τ(z)2

∫
D(z,τ(z))

epϕ(w)dµ(w)dA(z)

≤
∑

zk:|zk|≥η(R)

∫
D(zk,τ(zk))

1

τ(z)2

∫
D(z,τ(z))

epϕ(w)dµ(w)dA(z)

.
∑

zk:|zk|≥η(R)

∫
D(zk,3τ(zk))

epϕ(w)dµ(w) . 1.

The remaining piece of integral over the set {z ∈ C : |z| < ρ} is finite since by
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(2.0.8) and (2.0.9)

∫
{|z|<ρ}

1

τ(z)2

∫
D(z,τ(z))

epϕ(w)dµ(w)dA(z)

'
∫
{|z|<ρ}

1

τ(z)2

∫
D(z,τ(z))

|f(z,R)(w)|pdµ(w)dA(z)

.
∫
{|z|<ρ}

1

τ(z)2
‖Id‖p‖f(z,R)‖p(ϕ,∞)dA(z) '

∫
{|z|<ρ}

1

τ(z)2
dA(z) .

ρ2

τ(ρ)2
<∞,

and completes the proof of the theorem.

As a consequence of Theorem 2.1.1 and Theorem 1 in [12], unlike the classical

setting the inclusion property fails to hold. That is Fpϕ * F qϕ and F qϕ * Fpϕ for

all 0 < p, q ≤ ∞.

2.2 Density of complex polynomials

The next result about the density of polynomials in Fpϕ is an important tool in

proving various results in the sequel.

Theorem 2.2.1. Suppose 0 < p < ∞ or p = 0, and f ∈ Fpϕ. Then there is

a sequence of polynomials {Pn} such that ‖Pn − f‖(ϕ,p) → 0 as n → ∞. This

assertion fails to hold if p =∞.

Proof. If p = 0, the result follows from Theorem 1.4 in [6]. Assume now that

0 < p <∞. For f ∈ Fpϕ and 0 < r < 1, define a sequence of dilation functions fr

by fr(z) = f(rz). Then it suffices to show that ‖fr − f‖(ϕ,p) → 0 as r → 1− and

‖fr−Pn‖(ϕ,p) → 0 as n→∞ where Pn is a sequence of complex polynomials. To

show the first, we may compute

‖fr‖p(ϕ,p) =

∫
C
|f(rz)|pe−pϕ(z)dA(z) =

1

r2

∫
C
|f(w)|pe−pϕ(r−1w)dA(w)

=
1

r2

∫
C
|f(w)|pe−pϕ(w)e−p(ϕ(r−1w)+ϕ(w))dA(w).

Since ϕ is an increasing radial function and 0 < r < 1 we have e−p(ϕ(r−1w)−ϕ(w)) ≤
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1 for all w ∈ C. Applying Lebesgue dominated convergence theorem,

lim
r→1−

‖fr‖p(ϕ,p) = lim
r→1−

1

r2

∫
C
|f(w)|pe−pϕ(w)

(
e−p(ϕ(r−1w)−ϕ(w))

)
dA(w) = ‖f‖p(ϕ,p),

showing that ‖fr‖p(ϕ,p) → ‖f‖
p
(ϕ,p) and fr(z)→ f(z) as r → 1−.

Therefore,

lim
r→1−

‖fr − f‖(ϕ,p) = 0. (2.2.1)

Next, we fix some r ∈ (0, 1), α ∈ (r2, 1
2
) and proceed to show that fr ∈ F2

(ϕ,α)

and F2
(ϕ,α) ⊂ Fpϕ where

F2
(ϕ,α) :=

{
f entire : ‖f‖2

(2,α) =

∫
C
|f(z)|2e−2αϕ(z)dA(z) <∞

}
.

To prove the first, we may apply (2.0.5) and estimate

‖fr‖2
(2,α) =

∫
C
|f(rw)|2e−2αϕ(w)dA(w) . ‖f‖2

(ϕ,p)

∫
C

1

τ(rw)
4
p

e2ϕ(wr)−2αϕ(w)dA(w).

By definition of τ and ϕ, we also observe that

1

τ(rw)
4
p

. eϕ(wr) as |w| → ∞.

Taking this into account and the fact that α > r2 we further estimate

∫
C

1

τ(rw)
4
p

e2ϕ(wr)−2αϕ(w)dA(w) .
∫
C
e4ϕ(wr)−2αϕ(w)dA(w)

.
∫
C
e2r2ϕ(w)−2αϕ(w)dA(w) <∞,

here we used the fact that ϕ grows faster than the classical function |z|2/2 and

hence ϕ(rw) . r2

2
ϕ(w) whenever |w| → ∞.

For the inclusion property, we consider h ∈ F2
(ϕ,α) and applying (2.0.5) again and
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proceed to estimate

∫
C
|h(z)|pe−pϕ(z)dA(z) . ‖h‖p(2,α)

∫
C

epαϕ(z)−pϕ(z)

τ(z)p
dA(z)

≤ ‖h‖p(2,α)

∫
C
e2pαϕ(z)−pϕ(z)dA(z) . ‖h‖p(2,α).

Now, since the set of all holomorphic complex polynomials is dense in the Hilbert

space F2
(ϕ,α), taking Pn be the nth Taylor polynomial of fr, we deduce from the

inclusion property that

‖fr − Pn‖(ϕ,p) ≤ C‖fr − Pn‖(2,α) → 0

as n→∞. From this and (5.1.2), the result follows.

For p =∞, since the set of polynomials is dense in F0
ϕ, and F0

ϕ is a closed proper

subset of F∞ϕ , the set can not be dense in F∞ϕ .
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Chapter 3

Topological Properties of

Composition Operators on Fpϕ

In the first part of this chapter, we present results that characterize bounded and

compact composition operators on Fpϕ, 0 < p ≤ ∞. Our result shows that if

p 6= q, then the operator Cψ : Fpϕ → F qϕ is compact if and only if it is bounded,

which is the main novelty here. When p = q, the result simply generalizes those

results on classical Fock space setting.

In the remaining sections of the chapter we study various topological properties

which include the compact differences, isolated and essentially isolated points, and

connected components of the space of bounded composition operators under the

operator norm topology. Unitary composition operator on F2
ϕ is characterized.

Furthermore, we prove that only normal composition operators are hyponormal

on the space F2
ϕ.

3.1 Bounded and compact composition opera-

tors on Fp
ϕ

In this section we present our result on bounded and compact composition opera-

tors acting between the generalized Fock spaces whose inducing weight functions

grow faster than Gaussian weight function.
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Theorem 3.1.1. Let 0 < p, q ≤ ∞ and ψ be a non-constant holomorphic map

on the complex plane C. If p 6= q, then the following statements are equivalent.

(a) Cψ : Fpϕ → F qϕ is bounded;

(b) Cψ : Fpϕ → F qϕ is compact;

(c) ψ(z) = az + b for some complex numbers a and b such that |a| < 1.

As compared to other generalized Fock spaces, this equivalence works only when

the Laplacian of the weight function is unbounded over the complex plane. It

is rather interesting to notice that the classical Gaussian weight function (up to

scalar multiple) is a cut-off weight for the equivalency. Moreover, when the weight

function ϕ grows at most the classical weight case and lim sup|z|→∞ ϕ
′
(z) = ∞,

result in [24] shows that Cψ is bounded on F2
ϕ if and only if ψ(z) = az + b with

|a| ≤ 1, and b = 0 whenever |a| = 1. Applying (p,q) Fock-Carleson measure

on Fp, which is (p,q) Fock-Carleson measure on Fpϕ also, the same conclusion

holds when Cψ : Fpϕ → F qϕ, 0 < p ≤ q ≤ ∞. Compactness is obtained if

and only if |a| < 1. When the weight function ϕ satisfies the growth condition

lim sup|z|→∞ ϕ
′
(z) <∞ another result in [24] shows that Cψ is bounded on Fpϕ if

and only if ψ(z) = az + b with |a| ≤ 1, and compactness is achieved if and only

if |a| < 1.

Proof. We may first reformulate the boundedness and compactness problems of

Cψ in terms of embedding maps between Fpϕ and F qϕ. We set a pullback measure

µ(ψ,q) on C as

µ(ψ,q)(E) =

∫
ψ−1(E)

e−qϕ(w)dA(w) (3.1.1)

for every Borel subset E of C. Then we observe

‖Cψf‖qϕ,q =

∫
C
|f(ψ(z))|qe−qϕ(z)dA(z) =

∫
C
|f(z)|qdµ(ψ,q)(z). (3.1.2)
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From this, it follows that Cψ : Fpϕ → F qϕ is bounded if and only if the embedding

map Id : Fpϕ → Lq(µ(ψ,q)) is bounded. To study this reformulation further, we

may consider following two cases:

Case 1 : 0 < q < p ≤ ∞. By [12, Theorem 1 ] and Theorem 2.1.1, boundedness

or compactness of Id holds if and only if for some δ > 0 and 0 < q < ∞ the

function

T (z) :=
1

τ(z)2

∫
D(z,δτ(z))

eqϕ(w)dµ(ψ,q)(w) =
1

τ(z)2

∫
D(z,δτ(z))

eqϕ(w)

eqϕ(ψ−1(w))
dA(ψ−1(w))

belongs to L
p
p−q (C, dA) if 0 < p < ∞, and belongs to L(C, dA) if p = ∞ . We

plan to show that this holds if and only if ψ has the form ψ(z) = az + b with

|a| < 1. If 0 < q < p <∞, assuming the latter and applying Hölder’s inequality

∫
C
|T (z)|

p
p−q dA(z) =

∫
C

(
1

τ(z)2

∫
D(z,δτ(z))

eqϕ(w)

eqϕ(ψ−1(w))
dA(ψ−1(w))

) p
p−q

dA(z)

.
∫
C
τ(z)−2

∫
D(z,δτ(z))

e
qp
p−qϕ(w)

e
qp
p−qϕ(ψ−1(w))

dA(ψ−1(w))dA(z) =: T1

Since w ∈ D(z, δτ(z)), by inequality (2.0.4) there exists a positive constant c

with

1

c
τ(w) ≤ τ(z) ≤ cτ(w).

Then, for any ζ ∈ D(z, δτ(z))

|ζ − w| ≤ |ζ − z|+ |z − w| ≤ 2δτ(z) ≤ 2δcτ(w) = βτ(w), β := 2δc.

This shows that D(z, δτ(z)) ⊂ D(w, βτ(w)) which together with Fubini’s theorem
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and inequality (2.0.4) again imply

T1 =

∫
C
τ(z)−2

∫
C
χD(z,δτ(z))(w)

e
qp
p−qϕ(w)

e
qp
p−qϕ(ψ−1(w))

dA(ψ−1(w))dA(z)

≤
∫
C

e
qp
p−qϕ(w)

e
qp
p−qϕ(ψ−1(w))

(∫
C
χD(w,βτ(w))(z)τ(z)−2dA(z)

)
dA(ψ−1(w))

=

∫
C

e
qp
p−qϕ(w)

e
qp
p−qϕ(ψ−1(w))

(∫
D(w,βτ(w))

τ(z)−2dA(z)

)
dA(ψ−1(w))

'
∫
C

e
qp
p−qϕ(w)

e
qp
p−qϕ(ψ−1(w))

dA(ψ−1(w)) <∞.

For p = ∞ and 0 < q < ∞, applying the same procedure as in the above proof,

we get that

∫
C
|T (z)|dA(z) =

∫
C
τ(z)−2

∫
C
χD(z,δτ(z))(w)

eqϕ(w)

eqϕ(ψ−1(w))
dA(ψ−1(w)dA(z)

≤
∫
C

eqϕ(w)

eqϕ(ψ−1(w))
dA(ψ−1(w)) <∞.

On the other hand, if T is L
p
p−q integrable over C, then Cψ : Fpϕ → F qϕ is

bounded, and applying Cψ to the sequence of test functions f(w,R) and using a

weaker version of the point estimate in (2.0.5)

‖f(w,R)‖(ϕ,p) & ‖Cψf(w,R)‖(ϕ,q) & |f(w,R)(ψ(z))|τ(z)
2
q e−ϕ(z)

for all points w, z ∈ C. Setting, in particular, w = ψ(z) and invoking the esti-

mates in (2.0.8) and (2.0.9) gives

τ(ψ(z))
2
p & τ(z)

2
q eϕ(ψ(z))−ϕ(z). (3.1.3)

Since ψ is a non-constant entire function, the left-hand side of (3.1.3) tends to

zero as |z| → ∞. So does the right-hand side and that happens only if

sup
z∈C

eϕ(ψ(z))−ϕ(z) <∞. (3.1.4)
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Similarly if T is in L(C, dA) then Cψ : F∞ϕ → F qϕ is bounded, and applying Cψ

to the sequence of test functions f(w,R) and using the point estimate in (2.0.5)

1 ' ‖f(w,R)‖(ϕ,p) & ‖Cψf(w,R)‖(ϕ,q) & |f(w,R)(ψ(z))|τ(z)
2
q e−ϕ(z)

Setting, in particular, w = ψ(z) and invoking the estimates in (2.0.8) and (2.0.9)

gives

1 & τ(z)
2
q eϕ(ψ(z))−ϕ(z). (3.1.5)

for all z ∈ C. Since ψ is a non-constant entire function, the right-hand side of

(3.1.5) should be bounded, and that happens only if

sup
z∈C

eϕ(ψ(z))−ϕ(z) <∞. (3.1.6)

(3.1.4) and (3.1.6) hold only when ϕ(ψ(z)) − ϕ(z) is uniformly bounded over C

which further implies

lim sup
|z|→∞

ϕ(ψ(z))

ϕ(z)
≤ 1. (3.1.7)

Since ψ is entire function it has power series expansion ψ(z) =
∑∞

n=0 anz
n. Now,

for each ξ ∈ T we define a function ψξ by ψξ(λ) = ψ(ξλ) for λ > 0. By (3.1.7) we

have

lim sup
λ→∞

ϕ(ψξ(λ))

ϕ(λ)
≤ 1.

Since ψξ(λ) =
∑∞

n=0 (anξ
n)λn, and ϕ is a non constant radially increasing func-

tion,

lim sup
λ→∞

ϕ(ψξ(λ))

ϕ(λ)
= lim sup

λ→∞

ϕ(a0 + a1ξλ+ a2ξ
2λ2 + ...)

ϕ(λ)
≤ 1
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holds only if anξ
n = 0 for all n ≥ 2 and ξ ∈ T, and hence an = 0 for all

n ≥ 2. Thus ψ has the form of ψ(z) = az + b, |a| ≤ 1. We further claim that

|a| < 1. If not, setting ζ = ψ−1(w) and hence w = ψ(ζ) = aζ, and dA(ψ−1(w)) =

1
|a|2dA(ζ) = dA(ζ), and using again the L

p
p−q or L1 integrability of T

∫
C
|T (z)|

p
p−q dA(z) =

∫
C
τ(z)−

2p
p−q

(∫
D(z,δτ(z))

eqϕ(w)

eqϕ(ψ−1(w))
dA(ψ−1(w))

) p
p−q

dA(z)

&
∫
C
τ(z)−

2p
p−q

(∫
D(z/a,δτ(z))

eqϕ(aw)

eqϕ(w)
dA(w)

) p
p−q

dA(z)

=

∫
C
τ(z)−

2p
p−q τ(z/a)

2p
p−q dA(z) =∞.

Similarly

∫
C
|τ(z)|dA(z) =

∫
C
τ(z)−2

(∫
D(z,δτ(z))

eqϕ(w)

eqϕ(ψ−1(w))
dA(ψ−1(w))

)
dA(z)

=

∫
C
τ(z)−2

(∫
D( z

a
,δτ(z))

eqϕ(aζ)

eqϕ(ζ)
dA(ζ)

)
dA(z)

=

∫
C
τ(z)−2τ(z)2dA(ζ)dA(z) =∞.

which is a contradiction whenever |a| = 1 .

Case 2: Assume 0 < p < q ≤ ∞. Here it suffices to show (a)⇒ (c) and (c)⇒ (b),

since compactness obviously implies boundedness.

Assume first 0 < p < q < ∞. Invoking the reformulation in (3.1.2) again,

Cψ : Fpϕ → F qϕ is bounded if and only if the embedding map Id : Fpϕ → Lq(µ(ψ,q))

is bounded. By Theorem 1 in [12], the map Id : Fpϕ → Lq(µ(ψ,q)) is bounded if

and only if for some δ > 0,

sup
w∈C

1

τ(w)2q/p

∫
D(w,δτ(w))

eqϕ(z)dµ(ψ,q)(z) <∞.
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Using (3.1.1), we may rewrite this condition again as

I := sup
w∈C

1

τ(w)2q/p

∫
D(w,δτ(w))

eqϕ(z)dµ(ψ,q)(z)

= sup
w∈C

1

τ(w)2q/p

∫
D(w,δτ(w))

eq(ϕ(z)−ϕ(ψ−1(z))dA(ψ−1(z)) <∞. (3.1.8)

Assume that (a) holds. Then (3.1.8) holds and show that ψ(z) = az+ b for some

|a| < 1. Applying (2.0.5) and estimating further on the right-hand side of (3.1.8)

gives

I & τ(ψ(w))
2p−2q
p eq

(
ϕ((ψ(w)))−ϕ(w)

)
for all w in C which implies

τ(ψ(w))2
(q−p)
p & eq

(
ϕ((ψ(w)))−ϕ(w)

)
. (3.1.9)

We claim that

lim sup
|w|→∞

(ϕ(ψ(w))− ϕ(w)) < 0.

If not, then there exists a sequence wj ∈ C such that |wj| → ∞ as j →∞ and

lim sup
j→∞

ϕ(ψ(wj))− ϕ(wj)) ≥ 0.

This along with (3.1.9) and applying the admissibility assumptions on (2.0.1),

and the fact that ψ is a non-constant entire function, we get

0 = lim sup
j→∞

τ(ψ(wj))
2
(q−p)
p & lim sup

j→∞
eq
(
ϕ((ψ(wj)))−ϕ(wj)

)
.

= elim supj→∞ q
(
ϕ((ψ(wj)))−ϕ(wj))

)
≥ 1,

which is a contradiction. By the growth assumption on ϕ we see that ψ(z) = az+b

25



for some a, b in C and |a| < 1.

Next, we assume that ψ has the above linear form with |a| < 1, and proceed to

show that Cψ is a compact map. Using the preceding embedding formulation and

Theorem 1 in [12], Cψ : Fpϕ → F qϕ is compact if and only if

lim
|w|→∞

1

τ(w)2q/p

∫
D(w,δτ(w))

eqϕ(z)−qϕ(ψ−1(z))dA(ψ−1(z)) = 0. (3.1.10)

Since |a| < 1, the integrand above is a decaying function. Thus,

1

τ(w)2q/p

∫
D(w,δτ(w))

eqϕ(z)−qϕ(ψ−1(z))dA(ψ−1(z))

.
τ(w)2

τ(w)2q/p
eqϕ(w)−qϕ(ψ−1(w)) = τ(az + b)

2p−2q
p eqϕ(az+b)−qϕ(z)). (3.1.11)

By definition of ϕ and τ , we notice that the last quantity in (3.1.11) tends to zero

as |w| → ∞ and hence (3.1.10) holds. Thus we proved (a) ⇒ (c) and (c) ⇒ (b)

for the case 0 < p < q <∞.

Next we assume that q =∞ and 0 < p <∞. If (a) holds, then using the sequence

of test functions f(w,R) described in (2.0.7),

‖Cψ‖ ≥ sup
{w:|w|>η(R)}

‖Cψf(w,R)‖(ϕ,∞)

‖f(w,R)‖(ϕ,p)

' sup
{w:|w|>η(R)}

1

τ(w)2/p
sup
z∈C
|f(w,R)(ψ(z))|e−ϕ(z)

≥ sup
{w:|w|>η(R)}

1

τ(w)2/p
sup

z∈D(w,Rτ(w))

|f(w,R)(ψ(z))|e−ϕ(z)

for all z ∈ C. Taking in particular w = ψ(z) and eventually applying (2.0.8)

‖Cψ‖ ≥ sup
{ψ(z):|ψ(z)|>η(R)}

1

τ(ψ(z))2/p
|f(ψ(z),R)(ψ(z))|e−ϕ(ψ(z)eϕ(ψ(z))−ϕ(z)

' sup
{ψ(z):|ψ(z)|>η(R)}

eϕ(ψ(z))−ϕ(z)

τ(ψ(z))2/p
. (3.1.12)

Since by our admissibility assumption 1
(τ(ψ(z)))2

increases rapidly, the condition in
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(3.1.12) holds only if

lim sup
|ψ(z)|→∞

(ϕ(ψ(z))− ϕ(z))) < 0

from which and repeating the arguments used in the proof of the first case, we

must have ψ(z) = az + b with |a| < 1.

To prove (c) ⇒ (b) consider a uniformly bounded sequence {fn}n in Fpϕ that

converges to zero uniformly on compact subsets of C.

Then for a positive number R

‖Cψfn‖(ϕ,∞) ≤ sup
{z∈C:|az+b|≤R}

|fn(ψ(z))|e−ϕ(z) + sup
{z∈C:|az+b|>R}

|fn(ψ(z))|e−ϕ(z)

The first summand on the right-hand side above obviously converges to zero as

n → ∞. The second does the same, since applying (2.0.5) and the assumption

|a| < 1,

sup
{z∈C:|az+b|>R}

|fn(ψ(z))|e−ϕ(z) . ‖fn‖(ϕ,p) sup
{z∈C:|az+b|>R}

eϕ(ψ(z))−ϕ(z)

τ(az + b)2/p
→ 0

as R → ∞ which completes the required assertion that Cψfn converges to zero

in F∞ϕ . Hence Cψ is compact.

The next result simply extends the classical results with the same form.

Theorem 3.1.2. Let 0 < p ≤ ∞ or p = 0, and ψ be a nonconstant holomorphic

map on the complex plane C. Then Cψ : Fpϕ → Fpϕ is

(a) bounded if and only if ψ(z) = az + b for some complex numbers a and b

such that |a| ≤ 1, and b = 0 whenever |a| = 1.

(b) compact if and only if ψ(z) = az + b for some complex numbers a and b

such that |a| < 1.

Analogous results were proved on the classical Fock spaces and generalized Flock

spaces with weight function growing slower than Gaussian weight: See for instance
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[11, 24, 51]. Our theorem shows that the result remains the same when the weight

function grows faster than the Gaussian weight function.

Proof. We prove the theorem by considering three separate cases.

Case 1 : p = ∞. (a) Assume that Cψ is bounded on F∞ϕ . Using the estimate in

(2.0.10) and applying Cψ to the sequence of the test functions f(w,R)

1 & ‖Cψf(w,R)‖(ϕ,∞) ≥
(
|fw,R)(ψ(z))|e−ϕ(ψ(z))

)
eϕ(ψ(z))−ϕ(z) (3.1.13)

for all z ∈ C. Replacing ψ(z) in place of w in (3.1.13) and applying (2.0.8), we

get that

1 & eϕ(ψ(z))−ϕ(z). (3.1.14)

Such estimate holds only when ϕ(ψ(z))−ϕ(z) is uniformly bounded over C which

further implies

lim sup
|z|→∞

ϕ(ψ(z))

ϕ(z)
≤ 1.

Applying the same argument in the proof of Theorem 3.1.1, we get that ψ(z) =

az + b, |a| ≤ 1. Next, we show that b = 0 whenever |a| = 1. Assume on the

contrary that |a| = 1 and b 6= 0. Choose a complex number ω with |ω| = 1 and

Re(ωb) > 0. Setting z = tω for a positive number t, we compute

eϕ(ψ(z)−ϕ(z) = eϕ(az+b)−ϕ(z) = eϕ(atω+b)−ϕ(tω)

= e
ϕ
(√

t2+2tRe(ωb)+|b|2
)
−ϕ(t) →∞

as t→∞ since ϕ is a strictly increasing function, which contradicts (3.1.14).

Conversely, if ψ has the linear form, then for each f in F∞ϕ

‖Cψf‖(ϕ,∞) ≤ sup
z∈C

eϕ(az+b)−ϕ(z) sup
z∈C
|f(az + b)|e−ϕ(az+b) ≤ ‖f‖(ϕ,∞).
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(b) To prove the sufficiency, we consider a uniformly bounded sequence {fn}n
in F∞ϕ that converges to zero uniformly on compact subsets of C. Then for a

positive number R

‖Cψfn‖(ϕ,∞) ≤ sup
{z∈C:|z|≤R}

|fn(ψ(z))|e−ϕ(z) + sup
{z∈C:|z|>R}

|fn(ψ(z))|e−ϕ(z).

The first summand on the right-hand side above obviously converges to zero as

n→∞. The second does the same since

sup
{z∈C:|z|>R}

|fn(ψ(z))|e−ϕ(z) . ‖fn‖(ϕ,∞) sup
{z∈C:|z|>R}

eϕ(ψ(z))−ϕ(z)

. sup
{z∈C:|z|>R}

eϕ(az+b)−ϕ(z) → 0, R→∞

which completes the required assertion that Cψfn → 0 in F∞ϕ . Next, we prove

the necessity of the condition. If Cψ is compact on F∞ϕ , then from the above

boundedness argument we already have ψ(z) = az + b, |a| ≤ 1 and b = 0 when

|a| = 1. Thus, we proceed to show that |a| < 1. Since the sequence of test

functions f(w,R) is uniformly bounded and converges to zero on compact subset

of C, applying Cψ to this sequence again and eventually setting w = ψ(z), we

obtain

0 = lim
|z|→∞

‖Cψf(ψ(z),R)‖(ϕ,∞) ≥ lim
|z|→∞

eϕ(az+b)−ϕ(z) (3.1.15)

from which we arrive at the claim. If not, |a| = 1 implies that ϕ(az+ b)−ϕ(z) =

ϕ(z)− ϕ(z) = 1 which leads to contradiction.

Case 2 : 0 < p < ∞. (a). From (3.1.2), Cψ : Fpϕ → Fpϕ is bounded if and only

if the embedding map Id : Fpϕ → Lp(µ(ψ,q)) is bounded . By the first part of

Theorem 1 in [12], boundedness of id holds if and only if for some δ > 0,

sup
z∈C

1

τ(z)2

∫
D(z,δτ(z))

epϕ(w)dµ(ψ,p)(w) <∞.
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Applying (2.0.5),

sup
z∈C

1

τ(z)2

∫
D(z,δτ(z))

epϕ(w)dµ(ψ,p)(w)

= sup
z∈C

1

τ(z)2

∫
D(z,δτ(z))

epϕ(w)−pϕ(ψ−1(w))dµ(w)

&
1

τ(z)2

∫
D(z,δτ(z))

epϕ(w)−pϕ(ψ−1(w))dµ(w) & epϕ(z)−pϕ(ψ−1(z)). (3.1.16)

Replacing ψ(z) in place of z in (3.1.16), we get that for all z ∈ C,

sup
z∈C

1

τ(z)2

∫
D(z,δτ(z))

epϕ(w)dµ(ψ,p)(w) & epϕ(ψ(z))−pϕ(z),

which is the same as inequality (3.1.14).

Thus by an argument following (3.1.14), we conclude that ψ(z) = az + b, |a| ≤ 1

and b = 0 whenever |a| = 1. Conversely, if ψ has the linear form, for each f ∈ Fpϕ,

‖Cψf‖p(ϕ,p) =

∫
C
|f(ψ(z))|pe−pϕ(z)dA(z)

=

∫
C
|f(ψ(z))|pe−pϕ(ψ(z))epϕ(ψ(z))−pϕ(z)dA(z)

≤ sup
z∈C

epϕ(ψ(z))−pϕ(z)

∫
C
|f(ψ(z))|e−pϕ(ψ(z))dA(z) ≤ ‖f‖p(ϕ,∞).

(b) Using the embedding reformulation in (3.1.2), Cψ : Fpϕ → Fpϕ is compact if

and only if Id : Fpϕ → Lp(µ) is compact. By Theorem 1 in [12], this is equivalent

to

lim
|z|→∞

1

τ(z)2

∫
D(w,στ(w))

epϕ(z)dµ(ψ,p) = 0. (3.1.17)
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We plan to show (3.1.17) holds if and only if ψ(z) = az+ b, |a| < 1. Observe that

lim
|z|→∞

1

τ(z)2

∫
D(z,στ(z))

epϕ(z)dµ(ψ,p)(w)

= lim
|z|→∞

1

τ(z)2

∫
D(z,στ(z))

epϕ(w)−pϕ(ψ−1(w))dµ(z)

' lim
|z|→∞

epϕ(z)−pϕ(ψ−1(z)).

Now, if ψ(z) = az + b, |a| < 1, then lim|z|→∞ e
pϕ(z)−pϕ(ψ−1(z)) = 0, and hence Cψ

is compact.

Conversely, if Cψ is compact, then

lim
|z|→∞

1

τ(z)2

∫
D(z,στ(z))

epϕ(z)dµ(ψ,p)(w) ' lim
|z|→∞

epϕ(z)−pϕ(ψ−1(z))

= lim
|z|→∞

epϕ(ψ(z))−pϕ((z)) = 0

From this we have

sup
z∈C

epϕ(ψ(z))−pϕ((z)) <∞.

This yields again ψ(z) = az + b, |a| ≤ 1 and b = 0 whenever |a| = 1. We claim

that |a| < 1, otherwise

lim
|z|→∞

epϕ(ψ(z))−pϕ((z)) = lim
|z|→∞

epϕ(az)−pϕ((z)) = 1 6= 0.

Case 3 : p = 0. The composition operator Cψ is bounded (resp. compact) on

F0
ϕ if and only if it is bounded (resp. compact) on F∞ϕ . In fact, every bounded

composition operator Cψ on F∞ϕ maps polynomials into polynomials. This implies

by density that such operator Cψ maps F0
ψ into itself. On the other hand, if Cψ

is bounded on F0
ϕ then its bidual, which coincides with Cψ : F∞ϕ → F∞ϕ , is also

bounded. Now the result follows from case 1.
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3.2 Essential norms of composition operators

on Fp
ϕ and Fp

For a bounded linear operator T on Banach space X, the essential norm of T

denoted by ‖T‖e is the distance from the operator to the space of compact oper-

ators. That is

‖T‖e = inf{‖T −K‖; K is a compact operator }.

By definition it follows that ‖T‖e ≤ ‖T‖, and ‖T‖e = 0 if and only if T is compact.

When the strict inequality ‖T‖e < ‖T‖ holds, the operator T is norm-attaining

[28, Proposition 2.2]. We say that a bounded linear operator T on a Banach

space X attains its norm on X if there exists a function f ∈ X with norm 1 such

that ‖T‖ = ‖Tf‖. A function f with these properties is an extremal function for

the norm of T.

Computing the values of the norm and essential norm of composition operator is

not an easy task. Interestingly, we have proved that norm and essential norm of

non-compact composition operator Cψ on F2
ϕ or Fp, 0 < p ≤ ∞ is equal to 1. We

have also estimated essential norms for Cψ on the spaces Fpϕ for p ≥ 1 and p 6= 2

as stated below.

Theorem 3.2.1. Let 1 ≤ p ≤ ∞ and ψ be a non-constant holomorphic map on

C that induces a bounded operator Cψ on Fpϕ. Then if Cψ is not compact on Fpϕ
for p ≥ 1, then its essential norm is comparable with its operator norm and

1 ≥ ‖Cψ‖ ≥ ‖Cψ‖e & 1. (3.2.1)

On the Hilbert space F2
ϕ case, we have equality and

‖Cψ‖e = ‖Cψ‖ = 1. (3.2.2)
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If we replace Fpϕ by the classical Fock space Fp, then the equality (3.2.2) holds.

On classical Fock space F2, it has been proved in [31] that the norm and essential

norm of Cψ are equal. For the proof, they used Hilbert spaces techniques based

on an explicit expression of the reproducing kernels. In the Hilbert space F2
ϕ,

an explicit expression for the kernel function is still an open problem. Yet, we

managed this difficulty by using our result in Lemma 2.0.4, and we have obtained

the precise values of the norms, which is the same as for the classical Fock space

F2, namely that ‖Cψ‖e = ‖Cψ‖ = 1. This equality holds in all classical Fock

spaces Fp, 1 ≤ p ≤ ∞. For Fpϕ, p 6= 2, we used sequence of the test functions

f(w,R) to get the estimate in (3.2.1).

Proof. If Cψ is bounded but not compact, then by Theorem 3.1.2, ψ(z) = az

where |a| = 1. Consequently, ϕ(ψ(z)) = ϕ(az) = ϕ(|az|) = ϕ(z). With this, we

find an upper bound for the norm of the operator

‖Cψf‖p(ϕ,p) =

∫
C

|f(ψ(z))|p

epϕ(z)
dA(z) ≤ sup

z∈C

(
epϕ(ψ(z))−pϕ(z)

)∫
C

|f(ψ(z))|p

epϕ(ψ(z))
dA(z)

= sup
z∈C

epϕ(ψ(z))−pϕ(z)‖f‖p(ϕ,p) = ‖f‖p(ϕ,p).

Therefore,

1 ≥ ‖Cψ‖ ≥ ‖Cψ‖e. (3.2.3)

A common way to prove lower bounds for essential norms is to find a suitable

weakly null sequence of functions fn and use the fact that

‖Cψ‖e ≥ lim sup
n→∞

‖Cψfn‖(ϕ,p). (3.2.4)

On classical Fock spaces, the sequence of the reproducing kernels does this job.

Since no explicit expression is known for the kernel function in our current setting,
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we will instead use the sequence of functions

f ∗(w,R) = f(w,R)/‖f(w,R)‖(ϕ,p) (3.2.5)

as described by the properties in (2.0.7), (2.0.8), and (2.0.9). Obviously, the

sequence f ∗(w,R) is uniformly bounded, and due to the relation in (2.0.7), f ∗(w,R) → 0

uniformly on compact subset of C as |w| → ∞. With this, we proceed to make

further estimates on the right-hand side of the norm in (3.2.4).

For any compact operator K on Fpϕ,

‖Cψ −K‖ ≥ lim sup
|w|→∞

‖(Cψ −K)f ∗(w,R)‖(ϕ,p)

≥ lim sup
|w|→∞

(
‖Cψf ∗(w,R)‖(ϕ,p) − ‖Kf ∗(w,R)‖(ϕ,p)

)
= lim sup
|w|→∞

‖Cψf ∗(w,R)‖(ϕ,p),

which leads to

‖Cψ‖e ≥ lim sup
|w|→∞

‖Cψf ∗(w,R)‖(ϕ,p).

Making use of (2.0.5) for some small positive number δ

‖Cψ‖e ≥ lim sup
|w|→∞

∥∥Cψf ∗((ψ(w),R)

∥∥
(ϕ,p)

' lim sup
|w|→∞

1

τ(w)
2
p

(∫
C
|f((ψ(w),R)(ψ(z))|pe−pϕ(z)dA(z)

) 1
p

≥ lim sup
|w|→∞

1

τ(w)
2
p

(∫
D(ψ(w),δτ(ψ(w)))

|f((ψ(w),R)(ψ(z))|pe−pϕ(ψ(z))dA(z)

) 1
p

& lim sup
|w|→∞

τ(ψ(w))
2
p |f((ψ(w),R)(ψ(w))|pe−pϕ(ψ(w))

τ(w)
2
p

' lim sup
|w|→∞

τ(ψ(w))
2
p

τ(w)
2
p

= lim sup
|w|→∞

τ(w)
2
p

τ(w)
2
p

= 1

which completes the proof of the lower estimate.
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For the Hilbert space case, applying Lemma 2.0.4, we have

‖Cψ‖e ≥ lim sup
|w|→∞

∥∥‖Kw‖−1
(ϕ,2)CψKw

∥∥
(ϕ,2)

= lim sup
|w|→∞

‖Kw‖−1
(ϕ,2)

(∫
C
|Kw(ψ(z))|2e−2ϕ(z)dA(z)

)1/2

= lim sup
|w|→∞

‖Kw‖−1
(ϕ,2)

(∫
C
|Kw(az)|2e−2ϕ(az)dA(z)

)1/2

= 1,

from which and (3.2.3) we arrive at the asserted equality.

For the proof on the classical setting, first we consider p =∞.

Using the sequence of the normalized reproducing kernels Kw/‖Kw‖2,

‖Cψ‖e ≥ lim sup
|w|→∞

∥∥‖Kw‖−1
2 ‖CψKw

∥∥
∞

= lim sup
|w|→∞

‖Kw‖−1
2 sup

z∈C
|Kw(az)|e−

1
2
|z|2

= lim sup
|w|→∞

‖Kw‖−1
2 sup

z∈C
e−

1
2
|w−az|2e−

1
2
|w|2 = sup

z∈C
e−

1
2
|w−az|2 = 1,

from which and (3.2.3) we arrive at conclusion of equality.

If 1 ≤ p < ∞, simplifying Theorem 3.7 of [72] gives 1 ≤ ‖Cψ‖e ≤ 2. On other

hand, the norm is computed by

‖Cψ‖ = sup
z∈C

e
1
2

(|ψ(z)|2−|z|2) = sup
z∈C

e
1
2

(|az|2−|z|2) = 1.

Combining these observations with the fact that ‖Cψ‖e ≤ ‖Cψ‖ we deduce

‖Cψ‖e = ‖Cψ‖ = 1.

Thus, (3.2.2) holds in all classical Fock spaces Fp and 1 ≤ p ≤ ∞.

Before closing this section we ask whether Cψ is norm attaining on Fpϕ or Fp.

The question of norm attaining composition operator was first explicitly studied

by Hammond [27] in 2003 in the setting of the Hardy space H2. Motivated by
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this, Martin [42] characterized norm attaining composition operator on the Block

space. Martin’s result states that every bounded composition operator Cψ on

Block space is norm attaining. Our next corollary shows that the result holds

true if the space is Fp or Fpϕ, 1 ≤ p ≤ ∞ also.

Corollary 3.2.2. Let 1 ≤ p ≤ ∞ and Cψ be a bounded operator on Fpϕ. Then

Cψ is norm-attaining and every unit norm function in Fpϕ is extremal. The same

statement holds on the classical Fock spaces Fp.

Proof. If Cψ is compact on Fpϕ or Fp 1 ≤ p ≤ ∞ , then ‖Cψ‖e < ‖Cψ‖, and hence

Cψ is norm attaining by [28, Proposition 2.2].

Next, if Cψ is not compact on Fpϕ, then ψ(z) = az, and ϕ(z) = ϕ(az). Thus for

1 ≤ p <∞,

‖Cψf‖p(ϕ,p) =

∫
C
|f(az)|pe−pϕ(z)dA(z) =

∫
C
|f(az)|pe−pϕ(az)dA(z) = ‖f‖p(ϕ,p),

and for p =∞,

‖Cψf‖p(ϕ,∞) = sup
z∈C

f(az)e
−ϕ(z)

= sup
z∈C

f(az)e
−ϕ(az)

= ‖f‖(ϕ,∞).

Thus, for 1 ≤ p ≤ ∞,

‖Cψf‖(ϕ,p) = ‖f‖(ϕ,p) (3.2.6)

The same argument yields (3.2.6), if Fpϕ is replaced by Fp.

Therefore Cψ is norm-attaining and every unit norm function in Fpϕ or Fp is

extremal.
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3.3 Schatten class composition operators

If T is compact operator on Hilbert space H, it admits a Schmidt decomposition

and there exist orthonormal sets {en} and {σn} in H such that

Tx =
∞∑
n=1

λn〈x, en〉σn,

where λn is the singular value of T , i.e. it is the eigenvalue of |T | = (T ∗T )1/2.

Given 0 < p <∞. The Schatten p-class of H, denoted by Sp(H) consists of those

compact operators T : H → H whose sequence of singular values {λn}∞n=0 belongs

to the space `p.

For 1 ≤ p <∞, Sp(H) is a Banach space with respect to the norm

‖T‖Sp =

(
∞∑
n=0

|λn|p
)p

.

The Schatten classes are nested, with Sp ⊂ Sq if 0 < p < q <∞.

Note that, if

Tx =
∞∑
n=1

λn〈x, en〉σn

is the canonical decomposition of compact operator T , then

T ∗x =
∞∑
n=1

λn〈x, en〉σn

is the canonical decomposition of compact operator T ∗. This lead to the fact that,

T is in Sp(H) if and only if T ∗ is in Sp(H) and ‖T‖Sp(H) = ‖T ∗‖Sp(H). We refer to

[78] for more information about the Schatten class. Our next theorem describes

that all compact composition operators on F2
ϕ are in the Schatten Sp class for all

0 < p <∞.

Theorem 3.3.1. Suppose that Cψ is compact on F2
ϕ. Then it belongs to the
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Schatten Sp(F2
ϕ) class for all 0 < p <∞.

As seen in [34, 76], there are compact composition operators that are not in

Schatten p-classes on the Hardy and Bergman spaces. On the other hand, on

classical Fock spaces, all compact composition operators are in Schatten p-class

for all 0 < p < ∞ [31]. Our theorem shows that the result remains valid on

generalized Fock spaces generated by fast growing weight functions.

For the proof of the theorem we require the following lemma.

Lemma 3.3.2. Let Cψ be compact operator on F2
ϕ and kz = Kz

‖Kz‖ (ϕ,2)
be the

normalized kernel function. Then

tr(C∗ψCψ)p/2 =

∫
C
〈(C∗ψCψ)p/2kz, kz〉e−2ϕ(z)dA(z)

Proof. Let {en} be an orthonormal basis for F2
ϕ. Since

kz =
∑
n

〈kz, en〉en

we have

〈(C∗ψCψ)p/2kz, kz〉 =
∑
n

〈(C∗ψCψ)p/2en, en〉|en(z)|2.

Therefore

∫
C
〈(C∗ψCψ)p/2kz, kz〉e−2ϕ(z)dA(z) =

∫
C

∑
n

〈(C∗ψCψ)p/2en, en〉|en(z)|2e−2ϕ(z)dA(z)

=
∑
n

〈(C∗ψCψ)1/2en, en〉
∫
C
|en(z)|2e−2ϕ(z)dA(z)

=
∑
n

〈(C∗ψCψ)1/2en, en〉 = tr(C∗ψCψ)p/2.

Proof of Theorem 3.3.1. Since Schatten class membership has the nested property

in the sense that Sp ⊆ Sq for p ≤ q, it suffices to verify the theorem only for the

case when p is in the range 0 < p ≤ 2.
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By Theorem 1.26 in [78], a compact operator Cψ belongs to the Schatten Sp
class if and only if the positive operator (C∗ψCψ)p/2 belongs to the trace class S1.

Furthermore, Cψ ∈ Sp if and only if C∗ψ ∈ Sp, and ‖Cψ‖Sp = ‖C∗ψ‖Sp . Thus, we

may estimate the trace of
(
CψC

∗
ψ

)p/2
. Applying Lemma 3.3.2,

tr
(
(CψC

∗
ψ)

p
2

)
=

∫
C

〈(
CψC

∗
ψkz
) p

2 , kz

〉
e−2ϕ(z)dA(z)

≤
∫
C

〈
CψC

∗
ψkz, kz

〉 p
2
e−2ϕ(z)dA(z) =

∫
C
‖C∗ψkz‖

p
(ϕ,2)e

−2ϕ(z)dA(z), (3.3.1)

where the inequality holds by Proposition 1.31 in [78], since 0 < p ≤ 2, CψC
∗
ψ is

a positive operator, and kz = Kz/‖Kz‖(ϕ,2) is a unit norm vector. On the other

hand, by the reproducing property of the kernel function, we have the adjoint

property

C∗ψKw(z) =
〈
C∗ψKw, Kz

〉
=
〈
Kw, CψKz

〉
=
〈
CψKz, Kw

〉
= Kψ(w)(z).

From this estimate and (2.0.6), we have that

‖C∗ψkw‖(ϕ,2) '
τ(w)

τ(ψ(w))
eϕ(ψ(w))−ϕ(w).

This along with (3.3.1) and compactness of Cψ implies

tr
((
CψC

∗
ψ

) p
2
)
≤
∫
C

(
τ(w)

τ(ψ(w))

)p
ep(ϕ(ψ(w))−3ϕ(w))dA(z)

=

∫
C

(
τ(w)

τ(aw + b)

)p
ep(ϕ(ψ(w))−ϕ(w))dA(z) .

∫
C
ep(ϕ(ψ(w))−3ϕ(w))dA(z) <∞,

from which we conclude that tr
((
CψC

∗
ψ

) p
2
)

is finite.

3.4 Connected components and isolated points

In the present section we consider some topological structures of bounded com-

positions operators Cψ : Fpϕ → F qϕ for all 0 < p, q <∞. We denote by C(Fpϕ,F qϕ)

the space of such operators equipped with the operator norm topology. A natural
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point of interest is to identify the isolated points and connected component of

the space C(Fpϕ,F qϕ) which we give below in Theorem 3.4.2. Before that we may

prove the following Lemma.

Lemma 3.4.1. Let 0 < p, q < ∞, ψn(z) = anz + bn, and ψ(z) = az + b

where (an) and (bn) are sequences of complex numbers such that 0 < |an| ≤ 1

for all n, an → a 6= 0 and bn → b as n → ∞. Then for any f ∈ Fpϕ and

Cψ, Cψn ∈ C(Fpϕ,F qϕ)

lim
n→∞

‖Cψnf − Cψf‖(ϕ,q) = 0. (3.4.1)

Proof. Assuming 0 < |a| ≤ 1, and 0 < |an| ≤ 1 we compute

‖Cψnf‖
q
(ϕ,q) =

∫
C
|f(anz + bn)|qe−qϕ(z)dA(z)

=

∫
C
|f(anz + b)|qe−qϕ(anz+bn)

(
eqϕ(anz+bn)−qϕ(z)

)
dA(z)

=

∫
C
|f(w)|qe−qϕ(w)

(
|an|−2eqϕ(w)−qϕ((w−bn)/an)

)
dA(w).

Since |an| ≤ 1, the quantity eqϕ(w)−qϕ((w−bn)/an) is uniformly bounded on C. More-

over |an| → |a| 6= 0 and an 6= 0 for all n. From this we have |an|−2 → |a|−2, and

hence the sequence {1/|an|2} is also bounded.

Applying Lebesgue dominated convergence theorem and smoothness of the weight

function ϕ, we obtain

lim
n→∞

‖Cψnf‖
q
(ϕ,q) = lim

n→∞

∫
C
|f(w)|qe−qϕ(w)

(
|an|−2eqϕ(w)−qϕ((w−bn)/an)

)
dA(w)

=

∫
C
|f(w)|qe−qϕ(w)

(
|a|−2eqϕ(w)−qϕ((w−b)/a)

)
dA(w)

=

∫
C
|f(az + b)|qe−qϕ(z)dA(z) = ‖Cψf‖q(ϕ,q)

from which (3.4.1) follows.

Now we state our main theorem on this section.
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Theorem 3.4.2. Let 0 < p, q <∞ and Cψ be in C(Fpϕ,F qϕ). If

(a) p 6= q, then the space C(Fpϕ,F qϕ) is connected.

(b) p = q, then Cψ is an isolated point if and only if it is not compact. In

this case, the set of all compact composition operators on Fpϕ is a connected

component of C(Fpϕ,Fpϕ).

In [25] it was shown that there exists non compact composition operators in the

connected component of the compact ones on Hardy space H2. On the other

hand, it was verified in [72] that all non compact composition operator on the

space of all bounded Cψ : Fp → Fq, 0 < p ≤ q <∞ are isolated. Our result also

shows that each non compact composition operator in C(Fpϕ,Fpϕ) is an isolated

point. By Theorem 3.1.1, if p 6= q, all bounded composition operator are compact,

and hence no point is isolated in C(Fpϕ,F qϕ).

Proof. (a) Assume that p 6= q. We plan to show that C(Fpϕ,F qϕ) is connected.

Aiming to argue in the direction of contradiction, suppose there exists an isolated

point Cψ ∈ C(Fpϕ,F qϕ). Since p 6= q, by Theorem 3.1.1, Cψ is a compact operator

and hence ψ(z) = az+b, |a| < 1. Then, if a 6= 0 choose two sequences of numbers

(an) with |an| < 1 and (an) 6= 0 for all n and (bn) such that an → a and bn → b

as n → ∞. It follows that ψn(z) = anz + bn → az + b = ψ(z). Then for any

f ∈ Fpϕ, by Lemma 3.4.1

‖Cψnf − Cψf‖(ϕ,q) → 0 as n→∞. (3.4.2)

If a = 0, make an = 0 for all n. Here also it follows that ψn(z) = anz + bn →

az + b = ψ(z). In this case direct calculation yields (3.4.2). Using this we find

lim
n→∞

‖Cψn − Cψ‖(ϕ,q) ≤ lim
n→∞

sup
‖f‖(ϕ,q)≤1

‖Cψnf − Cψf‖(ϕ,q) = 0

contradicting our assumption.

(b) Let p = q and assume that Cψ ∈ C(Fpϕ,Fpϕ) is not compact. Then by
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Theorem 3.1.1, ψ(z) = az, |a| = 1. We proceed to show that Cψ is isolated. That

is there exists a positive number c such that

‖Cψ − Cψ1‖ ≥ c (3.4.3)

for all Cψ1 ∈ C(Fpϕ,Fpϕ) for which ψ1 6= ψ. We may first consider the forms

ψ1(z) = a1z, |a1| = 1 and a1 6= a. Since the polynomials are contained in Fpϕ,

‖Cψ − Cψ1‖ ≥ sup
n≥0
‖zn‖−1

(ϕ,p)

∥∥(Cψ − Cψ1)z
n
∥∥

(ϕ,p)

= sup
n≥0
‖zn‖−1

(ϕ,p)|a
n − an1 |‖zn‖(ϕ,p) = sup

n≥0
|an − an1 | ≥ 2. (3.4.4)

On the other hand, if Cψ1 is compact, then ψ1 = a1z + b, |a1| < 1 and using

the unit norm sequence of functions f ∗(w,R) in (3.2.5)

‖Cψ − Cψ1‖ = sup
w∈C

∥∥(Cψ − Cψ1)f
∗
(w,R)

∥∥
(ϕ,p)

≥ sup
w∈C

(
‖Cψf ∗(w,R)‖(ϕ,p) −

∥∥∥Cψ1f
∗
(w,R)

∥∥∥
(ϕ,p)

)
& sup

w∈C

(
1−

∥∥∥Cψ1f
∗
(w,R)

∥∥∥
(ϕ,p)

)
. (3.4.5)

Now, f ∗(w,R) → 0 weakly as |w| → ∞, and as Cψ1 is compact, we have

∥∥∥Cψ1f
∗
(w,R)

∥∥∥
(ϕ,p)
→ 0

as |w| → ∞. This together with (3.4.5) for sufficiently big |w| gives

‖Cψ − Cψ1‖ & 1. (3.4.6)

From (3.4.6) and (3.4.4), the claim in (3.4.3) follows.

A natural question following Theorem 3.4.2 is whether every isolated composition

operator in C(Fpϕ,Fpϕ) is still isolated under the essential norm topology which is
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weaker than the topology induced by the operator norm. Our next main result

shows that this is in deed the case.

Theorem 3.4.3. Let 1 ≤ p <∞. Then a composition operator Cψ in C(Fpϕ,Fpϕ)

is essentially isolated if and only if it is isolated.

The isolated and essentially isolated points of the space of the operators on the

classical Fock spaces have not been also identified as far as we know. The method

we use to prove the result can be easily adopted to the classical setting by using

the sequence of the normalized reproducing kernels in stead of using the sequence

of the functions f ∗w,R to conclude the analogous results.

Proof. Since the essential norm topology is weaker than the operator norm topol-

ogy, each essentially isolated point is isolated. Thus, we consider an operator

Cψ1 ∈ C(Fpϕ,Fpϕ), and assume that it is isolated in the operator norm topology.

Then we plan to show that it is also essentially isolated. We may let ψ1(z) = a1z

with |a1| = 1. It suffices to show that for all bounded composition operators

Cψ2 ∈ C(Fpϕ,Fpϕ), the estimate

‖Cψ1 − Cψ2‖e & 1

holds. If ψ2 is not compact either, then we may set ψ2(z) = a2z where a1 6= a2

and |a2| = 1. Then for any compact operator Q on Fpϕ we have

‖(Cψ1 − Cψ2)−Q‖ ≥ lim sup
|w|→∞

‖((Cψ1 − Cψ2)−Q)f ∗(w,R)‖(ϕ,p)

≥ lim sup
|w|→∞

‖(Cψ1 − Cψ2)f
∗
(w,R)‖(ϕ,p) − ‖Qf ∗(w,R)‖(ϕ,p)

= lim sup
|w|→∞

‖(Cψ1 − Cψ2)f
∗
(w,R)‖(ϕ,p).
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Arguing as in the preceding proof and setting w = ψ1(z0) we find ,

‖Cψ1 − Cψ2‖e & lim sup
|z0|→∞

(
|f(ψ1(z0),R)(ψ1(z0))| − |f(ψ1(z0),R)(ψ2(z0))|

)
e−ϕ(z0)

& lim sup
|z0|→∞

(
1−

(
τ(z0)

|z0||a1 − a2|

)R2

2
)

= 1.

On the other hand, if Cψ2 is compact, we set ψ2(z) = a2z + b with |a2| < 1, and

repeating the preceding arguments

‖Cψ1 − Cψ2‖e & lim sup
|z0|→∞

(
|f(ψ1(z0),R)(ψ1(z0))| − |f(ψ1(z0),R)(ψ2(z0))|

)
e−ϕ(z0)

& lim sup
|z0|→∞

(
1−

(
min{τ(z0), τ(a2z0 + b2)}
|z0(a1 − a2) + b2|

)R2

2
)

= 1,

and completes the proof.

3.5 Difference of compact composition opera-

tors

A natural question to pose now is when the difference of two operators from

C(Fpϕ,F qϕ) becomes compact. It turns out that the difference is compact if and

only if both of the operators are compact.

Theorem 3.5.1. Let 0 < p < ∞ and Cψ1 , Cψ2 ∈ C(Fpϕ,Fpϕ) where ψ1 6= ψ2.

Then Cψ1 − Cψ2 is compact on Fpϕ if and only if both Cψ1 and Cψ2 are compact.

The theorem shows that cancellation property of the inducing maps plays no

roll for compactness of the difference. On the contrary, it is worth mentioning

that compactness of the differences of two composition operators on the weighted

Bergman spaces over the unit disc has been characterized by some suitable can-

cellation property of the inducing symbols at each boundary points [43]. Such

property makes it possible for each composition operator in the difference not

necessarily to be compact.
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Proof. If both operators are compact, obviously the difference is also compact.

Thus, we shall prove the other implication, i.e. assuming the difference is com-

pact, we need to verify that both composition operators are compact. We plan

to argue in the direction of contradiction again, and assume that one of them

Cψ1 is not compact. It follows that Cψ2 is not compact either since for a weakly

convergent sequence (fn) in Fpϕ with limn→∞ ‖Cψ1fn‖(ϕ,p) 6= 0, we have

0 < lim
n→∞

‖Cψ1fn‖(ϕ,p) ≤ lim
n→∞

‖(Cψ1 − Cψ2)fn‖(ϕ,p) + lim
n→∞

‖Cψ2fn‖(ϕ,p).

Thus, we may set ψ1(z) = a1z and ψ2(z) = a2z where a1 6= a2 and |aj| = 1, j =

1, 2. Since the unit norm sequence f ∗(w,R) is weakly convergent, compactness of

the difference operator implies

‖(Cψ1 − Cψ2)f
∗
(w,R)‖(ϕ,p) → 0 as |w| → ∞. (3.5.1)

On the other hand, we have a lower estimate

‖(Cψ1 − Cψ2)f
∗
(w,R)‖

p
(ϕ,p) =

∫
C
|Cψ1f

∗
(w,R)(z)− Cψ2f

∗
(w,R)(z)|pe−pϕ(z)dA(z)

≥
∫
D(z0,τ(z0))

|Cψ1f
∗
(w,R)(z)− Cψ2f

∗
(w,R)(z)|pe−pϕ(z)dA(z).

From this and applying (2.0.5) and (2.0.9) we estimate

‖(Cψ1 − Cψ2)f
∗
(w,R)‖(ϕ,p) & τ(z0)

2
p |Cψ1f

∗
(w,R)(z0)− Cψ2f

∗
(w,R)(z0)|e−ϕ(z0)

' τ(z0)
2
p

τ(w)
2
p

|f(w,R)(ψ1(z0))− Cψ2f(w,R)(ψ2(z0))|e−ϕ(z0).

Setting w = ψ1(z0) on the right-hand side above, applying (2.0.7) and (2.0.8) and

45



observing that τ(ψ1(z0)) = τ(ψ2(z0)) = τ(z0) leads to

‖(Cψ1 − Cψ2)f
∗
(w,R)‖(ϕ,p) &

τ(z0)
p
2

τ(ψ1(z0))
p
2

|f(ψ1(z0),R)(ψ1(z0))− f(ψ1(z0),R)(ψ2(z0))|e−ϕ(z0)

≥
(
|f(ψ1(z0),R)(ψ1(z0))| − |f(ψ1(z0),R)(ψ2(z0))|

)
e−ϕ(z0)

&

(
eϕ(z0) − eϕ(z0)

(
τ(z0)

|z0||a1 − a2|

)R2

2
)
e−ϕ(z0) = 1−

(
τ(z0)

|z0||a1 − a2|

)R2

2

= 1

when |z0| → ∞ which contradicts the fact in (3.5.1).

3.6 Unitary and hyponormal composition op-

erators

In this section we characterize mappings ψ which induce unitary composition

operators Cψ, and describe the relationship between hyponormal and normal

composition operators Cψ on the spaces F2
ϕ. Recall that a bounded linear operator

T on a complex Hilbert space H is said to be hyponormal if T ∗T ≥ TT ∗ where T ∗

is the adjoint of T . The operator is normal if TT ∗ = T ∗T , and unitary whenever

TT ∗ = T ∗T = I, where I is the identity operator on H. Our next main result

shows that only non compact composition operators are unitary.

Theorem 3.6.1. Let ψ(z) = az + b induces a bounded composition operator Cψ

on F2
ϕ. Then Cψ is unitary if and only if |a| = 1.

Proof. Assume that |a| = 1. Then by Theorem 3.1.2, b = 0 and Cψ(z) = az, with

|a| = 1. We need to show that Cψ is surjective and preserves the inner product

on F2
ϕ. Thus, for each f, g in F2

ϕ:

〈Cψf, Cψg〉 =

∫
C
f(az)g(az)e−2ϕ(z)dA(z)

=
1

|a|2

∫
C
f(w)g(w)e−2ϕ(w)dA(w) = 〈f, g〉.
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which shows that the operator preserves the inner product. It remains to show

that the operator is also surjective. But this follows easily since C−1
ψ = Cψ−1

exists in this case. Conversely, if Cψ is unitary, then

‖Kz‖2
(ϕ,2) = ‖CψKz‖2

(ϕ,2) = ‖C∗ψKz‖2
(ϕ,p) = ‖Kψ(z)‖2

(ϕ,p)

Considering the asymptotic relation in (2.0.6) we further have

e2ϕ(z)

τ(z)2
' e2ϕ(az+b)

τ(az + b)2
.

By definition of τ and the admissibility condition on the weight function ϕ, the

above estimate holds for |z| → ∞ only if b = 0 and |a| = 1. which holds only if

b = 0 and |a| = 1.

Our next result shows that hyponormal composition operators must be normal

in F2
ϕ.

Theorem 3.6.2. Let ψ(z) = az + b induce a bounded composition operator Cψ

on F2
ϕ. Then Cψ is normal if and only if it is hyponormal.

On the classical Fock space, this result was proved in [31]. Our result shows that

this property is independent of the fast growth of the inducing weight function.

Proof. Obviously normal operators are hyponormal. Conversely assume that Cψ

is hyponormal. If Cψ is compact hyponormal, then by [[5],Corollary 2] it is

normal. If Cψ is bounded but not compact,then by Theorem 3.6.1 it is unitary

and hence normal.

An interesting related property is the notion of essentially normal. Recall that

a bounded composition operator Cψ is essentially normal if the commutator

[C∗ψ, Cψ] = C∗ψCψ − CψC
∗
ψ is compact. Then, the following is an immediate

consequence of Theorem 3.6.1 and Theorem 3.1.1.

Corollary 3.6.3. Let ψ(z) = az + b induce a bounded composition operator Cψ

on F2
ϕ. Then Cψ is essentially normal.
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Proof. By Theorem 3.1.1 either |a| = 1 in which case by Theorem 3.6.1, it is

unitary and hence the operator is normal or |a| < 1 and the operator becomes

compact. Since normal and compact operators are essentially normal, the corol-

lary trivially holds.
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Chapter 4

Spectral and Dynamical

Properties of Composition

Operators on Fpϕ

We recall that the spectrum σ(T ) of a bounded operator T on a Banach space is

the set σ(T ) = {λ ∈ C : T−λI is not invertible}. The spectrum of an operator on

a finite-dimensional vector space is precisely the set of its eigenvalues. However,

an operator on an infinite-dimensional space may have additional elements in its

spectrum, and may have no eigenvalues. In fact every bounded linear operator

on a complex Banach space must have a non-empty spectrum.

In Section 4.1, we describe the spectrum of the composition operators on the

spaces Fpϕ and Fp, 0 < p ≤ ∞. The result obtained will be applied later while

studying its dynamical structures. We may remind that the study of the dynamics

of an operator is mainly concerned with the behaviour of its iterates. If H is

a Banach space and T is a bounded linear operator on H, then for x ∈ H,

T nx, n = 0, 1, 2, ... is a sequence of its iterates or orbits corresponding to vector

x. For the composition operator Cψ, a simple computation shows that the iterate
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Cn
ψ is itself a composition operator induced by the nth iterate of ψ. That is

Cn
ψ = Cψn , ψn = ψ ◦ ψ ◦ ψ ◦ ... ◦ ψ︸ ︷︷ ︸

n times

, (4.0.1)

which obviously makes the study of the dynamical properties a natural subject.

Furthermore, the relation in (4.0.1) indicates that the dynamical behaviour of

a composition operator is heavily dependent on the dynamical properties of its

inducing map ψ.

We denote the n-th ergodic mean of T by Tn and

Tn :=
1

n

n∑
m=1

Tm.

T is said to be power bounded if supn∈N ‖T n‖ <∞ and T is said to be polynomially

bounded if there exist a constant M > 1 such that

‖p(T )‖ ≤M‖p‖∞

for every polynomial p, where ‖p‖∞ = sup{|p(z)| : z ∈ C, |z| ≤ 1}. We say that

T is mean ergodic if there exists a bounded operator P on a Banach space H such

that for each f in H

lim
n→∞

‖Tnf − Pf‖ = 0

and uniformly mean ergodic if the pointwise convergence above is uniform;

lim
n→∞

‖Tn − P‖ = 0.

Power bounded, mean ergodic and uniformly mean ergodic composition operator

have been studied over various spaces of analytic functions on the unit disc D.

For example; Bonet and Domański [7] on spaces of analytic functions over some

domain in a Stein manifold, E. Wolf [74] on H∞v (D), Beltrán-Meneu, Gómez-
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Collado, Jordá and Jornet [3] on a disc algebra A(D) and the space H∞(D) of

bounded analytic function.

In Section 4.2, we prove that all bounded composition operators on Fpϕ; 1 ≤ p ≤

∞ are power bounded. In Section 4.3, we present our results on mean ergodic

and uniform mean ergodic composition operator.

Another basic dynamical properties of bounded operators the notions of cyclic

and supercyclic. A bounded linear operator T on a Banach space H is said to be

cyclic if there exists a vector x in H such that the linear span of its orbit under

T ,

Orb(T, x) = {T nx : n = 0, 1, 2, ..},

is dense in H. Such a vector x is called cyclic for the operator T . The operator

is hypercyclic if the orbit itself is dense in H, and supercyclic if there exists a

vector x in H such that the projective orbit,

Projorb(T, x) = {λT nx : λ ∈ C, n = 0, 1, 2, ..},

is dense in H. Clearly any hypercyclic operator is cyclic, but the cyclic operators

form a much larger class while supercyclicity is an intermediate property between

the two. It is worth mentioning that if an operator T has a hypercyclic vector,

then each element in the orbit of such vector is also hypercyclic which implies

that a hypercyclic operator has a dense set of hypercyclic vectors.

We may mention that the cyclicity and supercyclicity dynamical structures have

not been studied on the classical Fock spaces settings either except for the Hilbert

space case which was considered in [24, 31]. As can be seen in Section 4.4, our

approach, which neither uses Hilbert spaces techniques nor the fast growth prop-

erty of the weight function ϕ, shows that the same result holds on Fpϕ as well as

on the classical Fock space Fp for all 1 ≤ p <∞.

In the last section of the chapter we study periodic points in Fpϕ under the com-
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position operators.

4.1 The spectrum of composition operators

We now state our result on the spectrum σ(Cψ) of the composition operators

acting on Fpϕ or Fpϕ.

Theorem 4.1.1. Let 1 ≤ p ≤ ∞ and ψ(z) = az+b induces a bounded composition

operator Cψ on Fpϕ or Fp. Then

σ(Cψ) = {an, n = 0, 1, 2, 3, ...}.

The result clearly shows that the spectral property of Cψ depends on the deriva-

tive of the symbol ψn. In addition, the operator admits only point spectrum

except zero. The spectrum σ(Cψ) could be also finite if there exists a positive

integer k such that ak = a.

K. Guo and K. Izuchi [24] described spectrum of bounded composition opera-

tor Cψ on Fock type spaces F2
ϕ. Our result shows that σ(Cψ) is independent of

the exponent p in the range mentioned above and on the condition whether the

Laplacian of the weight function over the whole complex plane is bounded.

Proof. Since the complex polynomials are contained in all the spaces Fpϕ, for

a 6= 1 setting

un(z) =
(
z − b

1− a

)n
, n = 0, 1, 2, 3, ...

we obtain

Cψun(z) =

(
az + b− b

1− a

)n
= anun(z)

which shows once side of the inclusion

σ(Cψ) ⊇ {an, n = 0, 1, 2, 3, ...}. (4.1.1)
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To prove the reverse inclusion, we consider two cases. First, if |a| < 1, then the

operator is compact and its spectrum contains only zero and eigenvalues. Thus,

we may consider a non-zero eigenvalue λ in σ(Cψ) with corresponding non-zero

eigenvector f and show that λ must be of the form an for some positive integer

n. Thus,

Cψf(z) = f(az + b) = λf(z) (4.1.2)

for all z in C. Now if f has no zero at z0 := b
1−a , then from (4.1.2) we observe

that f(z0) = λf(z0) and hence λ = 1 = a0. On the other hand, if f has zero at

z0 of order m, we may write

f(z) = (z − z0)mg(z)

where g(z0) 6= 0. Then substituting f by this factorization in (4.1.2) and differ-

entiating both sides of the equation m times and eventually setting z = z0, we

only get

amm!g(z0) = λm!g(z0) (4.1.3)

as all the other terms have factor z − z0 and vanish. Now, g(z0) is non-zero and

(4.1.3) holds only if λ = am as asserted.

Second, if |a| = 1, then ‖Cψ‖ = 1, and hence the spectral radius of Cψ is 1.

Therefore, σ(Cψ) is contained in the closed unit disc D. Assume 0 6= λ ∈ D is

not in {an, n = 0, 1, 2, 3, ...}. Then we plan to show that Cψ − λI is invertible

by explicitly computing its inverse operator. To this end, we define a linear

map Tλ on the polynomials by Tλ : zn 7−→ 1
an−λz

n for all n = 0, 1, 2, 3... Since

λ /∈ {an, n = 0, 1, 2, 3, ...}, we have an − λ 6= 0. Therefore, Tλ is well-defined on
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the polynomials and

Tλ(Cψz
n − λzn) = zn = (Cψz

n − λIzn)(Tλ(z
n)). (4.1.4)

Now, if p < ∞, then by Theorem 2.2.1, the set of polynomials is dense in Fpϕ .

This along with (4.1.4) shows that Tλ is the inverse of Cψ−λI and hence no such

λ can be in σ(Cψ).

For p =∞, the polynomials are dense only in the closed subspace given by

F0
ϕ =

{
f ∈ F∞ϕ : lim

|z|→∞
|f(z)|e−ϕ(z) = 0

}
.

Thus, we argue differently and consider the Taylor series expansion of each func-

tion f ∈ F∞ϕ at z = 0; f(z) =
∑∞

n=0 anz
n and define

Tλf(z) =
∞∑
n=0

an
an − λ

zn.

Observe that Tλ is bounded and is the inverse of Cψ − λI.

The proof for the classical Fock space setting follows exactly in the same way,

and completes the proof.

4.2 Power bounded composition operators

The main result of this section states that all bounded composition operator on

Fpϕ are power bounded.

Theorem 4.2.1. Let 1 ≤ p ≤ ∞ and Cψ be bounded on Fpϕ. Then Cψ is power

bounded.

Power bounded composition operators are not identified on the classical Fock

spaces either. As easily seen from the proof below, Theorem 4.2.1 is also valid on

such spaces.

Proof. We split the proof into two cases.
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Case 1: 1 ≤ p <∞. We first consider the case when |a| < 1. In polar coordinates

a = |a|eiφ for some φ. For each n ∈ N consider a translation τn(z) = z + b(1−an)
1−a .

Then for any f ∈ Fpϕ and z = reit ∈ C,

∫ 2π

0

∣∣∣∣f (anreit +
b(1− an)

1− a

)∣∣∣∣p dt2π
=

∫ 2π

0

∣∣f ◦ τn(anreit)
∣∣p dt

2π

=

∫ 2π

0

∣∣f ◦ τn((|a|nr)ei(t+nφ))
∣∣p dt

2π
= Mp

p (f ◦ τn, (|a|nr)).

Since Mp
p is increasing and |a|n ≤ |a|, we have

Mp
p (f ◦ τn, (|a|nr)) ≤Mp

p (f ◦ τn, (|a|r)) =

∫ 2π

0

∣∣f ◦ τn(|a|rei(t+nφ))
∣∣p dt

2π

=

∫ 2π

0

|f ◦ τn((|a|eiφ)rei(t+(n−1)φ))|p dt
2π

=

∫ 2π+(n−1)φ

(n−1)φ

|f ◦ τn((|a|eiφ)reit)|p dt
2π

=

∫ 2π+(n−1)φ

(n−1)φ

∣∣∣∣f (areit +
b(1− an)

1− a

)∣∣∣∣p dt2π
=

∫ 2π

0

∣∣∣∣f (areit +
b(1− an)

1− a

)∣∣∣∣p dt2π
.

Thus

∫ 2π

0

∣∣∣∣f (anreit +
b(1− an)

1− a

)∣∣∣∣p dt2π
≤
∫ 2π

0

∣∣∣∣f (areit +
b(1− an)

1− a

)∣∣∣∣p dt2π
.

Now, for any n ∈ N and f ∈ Fpϕ,

‖Cn
ψf‖

p
(ϕ,p) =

∫
C

∣∣∣∣f (anz +
b(1− an)

1− a

)∣∣∣∣p e−pϕ(z)dA(z)

= 2π

∫ ∞
0

∫ 2π

0

∣∣∣∣f (anreit +
b(1− an)

1− a

)∣∣∣∣p dt2π
re−pϕ(r)dr

≤ 2π

∫ ∞
0

∫ 2π

0

∣∣∣∣f (areit +
b(1− an)

1− a

)∣∣∣∣p dt2π
re−pϕ(r)dr

=

∫
C

∣∣∣∣f (az +
b(1− an)

1− a

)∣∣∣∣p e−pϕ(z)dA(z).

(4.2.1)
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From (4.2.1) and the fact that |a| < 1,

‖Cn
ψf‖

p
(ϕ,p) ≤

∫
C

∣∣∣∣f (az +
b(1− an)

1− a

)∣∣∣∣p e−pϕ(z)dA(z)

=

∫
C

∣∣∣∣f (az +
b(1− an)

1− a

)∣∣∣∣p e−pϕ(az+ b(1−an)
1−a

)
e
pϕ

(
az+

b(1−an)
1−a

)
−pϕ(z)

dA(z)

≤ sup
z∈C

e
pϕ

(
az+

b(1−an)
1−a

)
−pϕ(z)

∫
C

∣∣∣∣f (az +
b(1− an)

1− a

)∣∣∣∣p e−pϕ(az+ b(1−an)
1−a

)
dA(z)

=
1

|a|2
sup
z∈C

e
pϕ

(
az+

b(1−an)
1−a

)
−pϕ(z)

∫
C
|f(w)|p e−pϕ(w)dA(w)

≤ 1

|a|2
sup
z∈C

epϕ(|a||z|+ 2|b|
|1−a|)−pϕ(|z|)‖f‖p(ϕ,p).

Hence

‖Cn
ψ‖ ≤

1

|a|2
sup
z∈C

eϕ(|a||z|+ 2|b|
|1−a|)−ϕ(|z|).

For the case |a| = 1, if f ∈ Fpϕ, then

‖Cn
ψf‖

p
(ϕ,p) =

∫
C
|f(ψn(z))|pe−pϕ(z)dA(z)

=

∫
C
|f
(
anz
)
|pe−pϕ(anz)dA(z) = ‖f‖p(ϕ,p).

From which we deduce that

sup
n∈N
‖Cn

ψ‖ = 1.

Case 2 : p = ∞. For |a| < 1, set R0 = 4|b|
(1−|a|)|1−a| . Then for each |z| ≥ R0 and

n ∈ N,

|ψn(z)| =
∣∣∣∣anz +

b(1− an)

(1− a)

∣∣∣∣ ≤ |a||z|+ 2|b|
|1− a|

≤
(
|a|+ 1− |a|

2

)
|z| < |z|.

Taking f ∈ F∞ϕ with ‖f‖(ϕ,∞) = 1, we have |f(z)| ≤ eϕ(z) for any z ∈ C.
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Thus

sup
|z|>R0

|Cn
ψf(z)|e−ϕ(z) = sup

|z|>R0

∣∣∣∣f (anz +
b(1− an)

1− a

) ∣∣∣∣e−ϕ(z)

≤ sup
|z|>R0

e

(
ϕ
(
anz+

b(1−an)
1−a

)
−ϕ(z)

)
≤ 1,

and

sup
|z|≤R0

|Cn
ψf(z)|e−ϕ(z) ≤ sup

|z|≤R0

∣∣∣∣f (anz +
b(1− an)

1− a

)∣∣∣∣ sup
|z|≤R0

e−ϕ(z)

= max
|z|=R0

∣∣∣∣f (anz +
b(1− an)

1− a

)∣∣∣∣ ≤ max
|z|=R0

e
ϕ
(
anz+

b(1−an)
1−a

)
≤ eϕ(R0).

From this we get that, for each n ∈ N,

‖Cn
ψ‖ = sup

‖f‖(ϕ,∞)=1

‖Cn
ψf‖(ϕ,∞) ≤ 1 + eϕ(R0).

If |a| = 1, then

‖Cn
ψf‖(ϕ,∞) = sup

z∈C
|f(anz)|e−ϕ(z) = sup

z∈C
|f(anz)|e−ϕ(anz) = ‖f‖(ϕ,∞),

which shows

sup
n∈N
‖Cn

ψ‖ = 1.

Corollary 4.2.2. Every bounded composition operator Cψ on F0
ϕ is power bounded.

Proof. The conclusion follows from Theorem 3.1.2 and Theorem 4.2.1, since the

restriction of a power bounded operator is clearly power bounded.

Nagy [69] showed that every power bounded operator T such that T−1 exists and

is power bounded is polynomially bounded . This leads to the following corollary.

Corollary 4.2.3. Let 1 ≤ p ≤ ∞ and Cψ be a non-compact bounded operator on

Fpϕ. Then it is polynomially bounded.
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4.3 Mean ergodic and uniformly mean ergodic

composition operators

In this section we identify mean ergodic and uniformly mean ergodic composition

operators on Fpϕ. Our first result in this perspective states

Theorem 4.3.1. The composition operator Cψ : Fpϕ → Fpϕ , ψ(z) = az+ b, |a| <

1, for 1 ≤ p <∞ or p = 0, satisfies, for each f ∈ Fpϕ,

lim
n→∞

‖Cn
ψf − C b

1−a
f‖(ϕ,p) = 0.

Proof. Case 1: 1 ≤ p < ∞. Let f ∈ Fpϕ, 1 ≤ p < ∞. Since Cψ is power

bounded, there is a constant M > 0 such that

‖Cn
ψf‖(ϕ,p) ≤M‖f‖(ϕ,p)

for every n ∈ N. Equivalently

∫
C

∣∣Cn
ψf(z)

∣∣p e−pϕ(z)dA(z) ≤
∫
C
Mp|f(z)|pe−pϕ(z)dA(z). (4.3.1)

Moreover, by continuity of f ,

lim
n→∞

∣∣∣∣Cn
ψf(z)− f

(
b

1− a

)∣∣∣∣ = 0,

and using (4.3.1),

∫
C

∣∣∣∣Cn
ψf(z)− f

(
b

1− a

)∣∣∣∣p e−pϕ(z)dA(z)

≤
∫
C

2p
[ ∣∣Cn

ψf(z)
∣∣p +

∣∣∣∣f ( b

1− a

)∣∣∣∣p ]e−pϕ(z)dA(z)

=

∫
C

2p
∣∣Cn

ψf(z)
∣∣p e−pϕ(z)dA(z) +

∫
C

2p
∣∣∣∣f ( b

1− a

)∣∣∣∣p e−pϕ(z)dA(z)

≤
∫
C

2pMp|f(z)|pe−pϕ(z)dA(z) +

∫
C

2p
∣∣∣∣f ( b

1− a

)∣∣∣∣p e−pϕ(z)dA(z) <∞.
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Applying Lebesgue dominated convergent theorem on the sequence

gn(z) :=

∣∣∣∣f (anz +
b(1− an)

1− a

)
− f

(
b

1− a

)∣∣∣∣p e−pϕ(z),

we get that

lim
n→∞

‖Cn
ψf − C b

1−a
f‖p(ϕ,p) = lim

n→∞

∫
C
gn(z)dA(z) =

∫
C

lim
n→∞

gn(z)dA(z) = 0.

Case 2: p = 0. Let f ∈ F0
ϕ. Since |a| < 1, Cn

ϕf is also in F0
ϕ. To show this

lim
|z|→∞

∣∣Cn
ϕf(z)

∣∣ e−ϕ(z) = lim
|z|→∞

∣∣∣∣f (anz +
b(1− an)

1− a

)∣∣∣∣ e−ϕ(z)

= lim
|z|→∞

∣∣∣∣f (anz +
b(1− an)

1− a

)∣∣∣∣ e−ϕ(anz+ b(1−an)
1−a

)
e
ϕ
(
anz+

b(1−an)
1−a

)
e−ϕ(z)

≤ sup
z∈C

e
ϕ
(
anz+

b(1−an)
1−a

)
−ϕ(z)

lim
|z|→∞

|f(z)|e−ϕ(z) = 0.

Moreover, as n→∞

ψn(z) = anz +
b(1− an)

1− a
→ b

1− a

uniformly on compact subsets K of C, since∣∣∣∣ψn(z)− b

1− a

∣∣∣∣ =

∣∣∣∣anz +
b(1− an)

1− a
− b

1− a

∣∣∣∣
= |an|

∣∣∣∣z − b

1− a

∣∣∣∣ ≤ |an|(max
w∈K
|z|+

∣∣∣∣ b

1− a

∣∣∣∣)→ 0.

From this we have

f(ψn(z))→ f

(
b

1− a

)

uniformly on the compact subsets of C. That is, for each compact set K in C,

sup
z∈K

∣∣∣∣f(ψn(z))− f
(

b

1− a

)∣∣∣∣→ 0 (4.3.2)
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as n→∞.

Given ε > 0. Since f ∈ F0
ϕ, and hence Cn

ψf and constant functions are in F0
ϕ, we

find r0 > 0 such that

∣∣Cn
ϕf(z)

∣∣ e−ϕ(z) <
ε

4
and |f(

b

1− a
)|e−ϕ(z) <

ε

4

if |z| > r0. Then, for each |z| > r0 and n ∈ N, we have∣∣∣∣Cn
ψf(z)− f

(
b

1− a

)∣∣∣∣ e−ϕ(z) ≤
∣∣Cn

ϕf(z)
∣∣ e−ϕ(z) +

∣∣∣∣f( b

1− a

)∣∣∣∣e−ϕ(z) <
ε

2
.

We apply (4.3.2) to the compact set K0 = {z ∈ C : |z| ≤ r0} to find n0 such that

if z ∈ K0 and n ≥ n0 we have∣∣∣∣f(ψn(z))− f
(

b

1− a

)∣∣∣∣ < ε

2S
,

with S := maxz∈K0 e
−ϕ(z). If n ≥ n0 and z ∈ C, we have∣∣∣∣Cn

ψf(z)− f
( b

1− a

)∣∣∣∣ e−ϕ(z) < ε.

Thus

lim
n→∞

‖Cn
ψf − C b

1−a
f‖(ϕ,∞) = 0.

The next theorem ensures that all compact composition operators on Fpϕ, 1 ≤

p <∞ or p = 0 are mean ergodic.

Theorem 4.3.2. The composition operator Cψ : Fpϕ → Fpϕ , ψ(z) = az+ b, |a| <

1, for 1 ≤ p <∞ or p = 0, is mean ergodic.

Proof. We show that

lim
n→∞

∥∥∥∥∥ 1

n

n∑
k=1

Ck
ψf − C b

1−a
f

∥∥∥∥∥
(ϕ,p)

= 0.

By Theorem 4.3.1, for ε > 0 there is a positive integer N such that
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‖Cn
ψf − C b

1−a
f‖(ϕ,p) < ε

whenever n > N. Thus

lim
n→∞

∥∥∥∥∥ 1

n

n∑
k=1

Ck
ψf − C b

1−a
f

∥∥∥∥∥
(ϕ,p)

≤ lim
n→∞

1

n

[
N∑
k=1

∥∥∥Ck
ψf − C b

1−a
f
∥∥∥

(ϕ,p)
+ (n−N)ε

]
< ε.

Since ε is arbitrary, the result follows.

We recall that a bounded operator is called quasicompact if there exist a positive

integer m and a compact operator K such that

‖Tm −K‖ < 1.

From the definition we observe that every compact operator is quasicompact. We

state the following proposition which is taken from [75] Theorem 4 and Corollary

on page 204-205 .

Proposition 4.3.3. If T is power bounded and quasicompact on a Banach space,

then T is uniformly mean ergodic.

Theorem 4.3.4. Let ψ(z) = az + b, |a| < 1. Then the operator Cψ : Fpϕ → Fpϕ,

1 ≤ p ≤ ∞ or p = 0, is uniformly mean ergodic and

lim
n→∞

∥∥∥∥∥ 1

n

n∑
k=1

Ck
ψ − C b

1−a

∥∥∥∥∥ = 0. (4.3.3)

Proof. The operator Cψ : Fpϕ → Fpϕ, 1 ≤ p ≤ ∞ or p = 0, defined by ψ(z) = az+

b, |a| < 1 is compact by Theorem 3.1.2, and it is power bounded by Theorem 4.2.1

and Corollary 4.2.2. Therefore, Cψ is uniformly mean ergodic for 1 ≤ p ≤ ∞ by

the Proposition 4.3.3. Combining this with Theorem 4.3.2 we get, for 1 ≤ p <∞
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or p = 0,

lim
n→∞

∥∥∥∥∥ 1

n

n∑
k=1

Ck
ψ − C b

1−a

∥∥∥∥∥ = 0. (4.3.4)

Next, we show (4.3.3) for p =∞. From the well-known fact ‖T‖ = ‖T ′‖ = ‖T ′′‖

for any bounded operator T on a Banach space, and from (4.3.4) we have

lim
n→∞

∥∥∥∥∥ 1

n

n∑
k=1

Ck
ψ − C b

1−a

∥∥∥∥∥
(ϕ,0)

= 0

implies

lim
n→∞

∥∥∥∥∥∥
(

1

n

n∑
k=1

Ck
ψ

)′′
−
(
C b

1−a

)′′∥∥∥∥∥∥
(ϕ,0)

= 0.

Since F∞ϕ is canonically isomorphic to the bidual of F0
ϕ, and the bi-transpose

operator C
′′

ψ of Cψ : F0
ϕ → F0

ϕ coincides with composition operator Cψ : F∞ϕ →

F∞ϕ , we get that

lim
n→∞

∥∥∥∥∥ 1

n

n∑
k=1

Ck
ψ − C b

1−a

∥∥∥∥∥
(ϕ,∞)

= 0.

It is well-known that every periodic operator is uniformly mean ergodic. We

include the proof of the next result for the sake of completeness.

Proposition 4.3.5. The composition operator Cψ, where ψ(z) = eiθz, 0 < θ ≤

2π and 2kπ
θ

= m for some positive integers m, k, is uniformly mean ergodic on

Fpϕ, 1 ≤ p ≤ ∞ or p = 0.

Proof. Consider the smallest positive integer m such that 2kπ
θ

= m for some

positive integers k. In this case the sequence Cn
ψ is periodic with period m.

Any n ∈ N can be written in the form of n = ml + j for some l ∈ N and
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j = 0, 1, 2, ...,m− 1. Thus

lim
n→∞

∥∥∥∥∥ 1

n

n∑
k=1

Ck
ψ −

1

m

m∑
k=1

Ck
ψ

∥∥∥∥∥
(ϕ,p)

= lim
l→∞

1

(ml + j)

∥∥∥∥∥
j∑

k=1

Ck
ψ −

j

m

m∑
k=1

Ck
ψ

∥∥∥∥∥
(ϕ,p)

≤ lim
l→∞

1

(ml + j)

(
j∑

k=1

∥∥Ck
ψ

∥∥
(ϕ,p)

+
j

m

m∑
k=1

∥∥Ck
ψ

∥∥
(ϕ,p)

)
= 0.

The following lemma is a main tool for the proof of Theorem 4.3.7.

Lemma 4.3.6. [ [3], Lemma 2.1 ] Let {Tn} be a sequence of equicontinuous op-

erator on locally convex space E. If {Tn} is pointwise convergent to a continuous

operator T on some dense set D ⊆ E, then {Tn} is pointwise convergent to T in

E.

From the definition of power bounded, if T on some Banach space X is power

bounded, there is M > 0 such that

‖T nf‖ ≤M‖f‖ for all f ∈ X.

This implies that {T n}n is equicontinous. Thus, the assertion in Lemma 4.3.6

holds true if equicontinuous is replaced by power bounded.

An operator T is uniformly mean ergodic if and only if it is power bounded and

either 1 is in C\σ(T ) or 1 is a pole of order 1 of the resolvent RT (λ) = (T −λI)−1

[Theorem 3.16 in [18]]. In particular, if 1 is in σ(T ) and an accumulation point

of σ(T ), then T is not uniformly mean ergodic. Our next two result shows non

compact composition operator Cψ, ψ(z) = az, |a| = 1 and a is not root of unity,

is not uniformly mean ergodic.

Theorem 4.3.7. If ψ(z) = az, |a| = 1, and a is not root of unity, then the

composition operator Cψ : Fpϕ → Fpϕ, 1 ≤ p < ∞ or p = 0 is mean ergodic but

not uniformly mean ergodic.
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Proof. First we show that

lim
n→∞

∥∥∥∥∥ 1

n

n∑
k=1

Ck
ψf − C0f

∥∥∥∥∥
(ϕ,p)

= 0 (4.3.5)

when f is a polynomial. It is enough to check it when f belongs to the sequence

of monomials {1, z, z2, ...}. If f(z) = 1, then Cψf is the constant function 1, and

hence (4.3.5) holds. If f(z) = zm for some m ∈ N,∥∥∥∥∥ 1

n

n∑
k=1

Ck
ψf

∥∥∥∥∥
(ϕ,p)

=

∥∥∥∥∥ 1

n

n∑
k=1

amkzm

∥∥∥∥∥
(ϕ,p)

=
|am||1− amn|
n|1− am|

‖zm‖(ϕ,p)

≤ 2

n|1− am|
‖zm‖(ϕ,p) → 0

as n→∞. Since the set of polynomials is dense in Fpϕ and Cϕ is power bounded

and hence {Cn
ϕ}n is equicontinuous on Fpϕ by Lemma 4.3.6 we have ,

lim
n→∞

∥∥∥∥∥ 1

n

n∑
k=1

Ck
ψf − C0f

∥∥∥∥∥
(ϕ,p)

= 0

for every f ∈ Fpϕ. This implies that Cψ : Fpϕ → Fpϕ is mean ergodic.

Next, we prove that Cψ is not uniformly mean ergodic. By Theorem 4.1.1,

σ(Cψ) = {an : n = 0, 1, 2, ...}. This shows 1 ∈ σ(Cψ) and 1 is an accumulation

point of σ(Cψ). Therefore by Theorem 3.16 in [18] Cψ is not uniformly mean

ergodic.

Recall that a Banach space X is a Grothendieck space if every sequence (xn) in X ′

which is convergent to 0 for the weak topology σ(X
′
, X) is also convergent to 0 for

the weak topology σ(X
′
, X

′′
). The space X has the Dunford-Pettis property if for

any sequence (xn) in X which is convergent to 0 for the weak topology σ(X,X
′
)

and any sequence (x
′
n) in X

′
which is convergent to 0 for the weak topology

σ(X
′
, X

′′
) one gets limn→∞〈xn, x

′
n〉. The spaces `∞ or H∞(D) are examples of

Grothendieck spaces with Dunford-Pettis property [37]. We record the following

proposition from Lotz, [38]
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Proposition 4.3.8. Let X be a Banach space, which is a Grothendieck space

with the Dunford-Pettis property. Let T ∈ L(X) be a power bounded operator.

Then T is mean ergodic if and only if T is uniformly mean ergodic.

Our next Theorem characterizes ergodicity of non-compact composition operator

Caz on F∞ϕ when a is not root of unity.

Theorem 4.3.9. If ψ(z) = az, |a| = 1, and a is not root of unity, the composition

operator Cψ : F∞ϕ → F∞ϕ , is not mean ergodic, hence not uniformly mean ergodic.

Proof. Since 1 ∈ σ(Cψ) = {an : n = 0, 1, 2, ...} and 1 is an accumulation point

of σ(Cψ), we apply Theorem 3.16 in [18] to conclude that Cψ is not uniformly

mean ergodic on F∞ϕ . On the other hand, Theorem 1.1 in [39] implies that F∞ϕ
is isomorphic to `∞ or H∞(D). Hence F∞ϕ is Grothendieck spaces with Dunford-

Pettis property. By a result of Lotz [38], Proposition 4.3.8 every power bounded

mean ergodic operator on a Grothendieck Banach space with the Dunford-Pettis

property is uniformly mean ergodic. Therefore, Cψ is not mean ergodic in F∞ϕ .

4.4 Cyclic composition operators

In [31], Cyclic and supercyclic properties of composition operators were studied

on classical Fock spaces F2. It is a natural problem to ask what happen to these

phenomena for other exponents p, and on the generalized Fock spaces Fpϕ. We

start with the stronger hypercyclic property. Our next theorem describes that no

bounded composition operator on Fpϕ can be hypercyclic.

Theorem 4.4.1. Let 1 ≤ p ≤ ∞ and ψ(z) = az+ b induces bounded composition

operator Cψ on Fpϕ. Then the operator Cψ can not be hypercyclic.

When the weight function becomes ϕm(z) = |z|m, 0 < m ≤ 1, then as shown in

[24], each nontrivial translation operator acting on the corresponding Fock-type

spaces is hypercyclic. Since a bounded Cψ on such spaces happens if and only

if ψ(z) = az + b with |a| ≤ 1, by setting a = 1 and b 6= 0, we observe that Cψ
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reduces to the translation operator Tb which is hypercyclic.

Proof. If |a| < 1, then the operator Cψ is compact and hence by Corollary 1.22

in [2], it can not be hypercyclic. On the other hand, if |a| = 1, we may deny the

assertion and assume that the operator is hypercyclic with hypercyclic vector f .

By extracting a subsequence ψnk such that ψnkz → az as k → ∞, we observe

that for any univalent function g in the orbit of f ,

g(z) = lim
k→∞

Cψnkf(z) = lim
k→∞

Cψnkf(z) = f(az).

It follows that f itself is a univalent function and hence its orbit contains only

univalent functions which is a contradiction.

We may now ask for the weaker supercyclicity property. Our next theorem shows

Cψ is not supercyclic either.

Theorem 4.4.2. Let 1 ≤ p ≤ ∞ and ψ(z) = az + b be a non-constant map on

C that induces a bounded composition operator Cψ on Fpϕ. Then Cψ can not be

supercyclic on Fpϕ.

The supercyclicity problem has not been solved in the classical Fock spaces set-

tings either except for the Hilbert space case which was studied in [31]. Our

approach, which neither uses Hilbert spaces techniques nor the fast growth prop-

erty of the weight function, shows that the same result holds for all 1 ≤ p ≤ ∞

on the classical spaces as well.

Proof. First we prove that Cψ can not be supercyclic on Fpϕ, 1 ≤ p <∞. We set

ψ(z) = az+b and argue in the direction of contradiction, and assume that Cψ has

a supercyclic vector f ∈ Fpϕ. If 0 < |a| < 1, then ψ fixes the point b/(1 − a). It

follows that f(b/(1− a)) 6= 0. If not, the projective orbit contains only functions

which vanishes at b/(1− a). Now for each function g in the projective orbit of f ,

there exists a sequence (λnk) such that

lim
k→∞
‖λnkC

nk
ψ f − g‖(ϕ,p) = 0.
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Then we compute

g
( b

1− a

)
= lim

k→∞
λnkC

nk
ψ f
( b

1− a

)
= lim

k→∞
λkCψnkf

( b

1− a

)
= f

( b

1− a

)
lim
k→∞

λnk ,

where we used here the fact that norm convergence implies point-wise conver-

gence. Thus, for all z ∈ C, applying the fact that ank → 0 as k →∞

g(z) = lim
k→∞

λnkC
nk
ψ f(z) = lim

k→∞
λnkf

(
ankz +

b(1− ank)
1− a

)
=

[
f

(
b

1− a

)]−1

g
( b

1− a

)
lim
k→∞

f
(
ankz +

b(1− an)

1− a

)
=

[
f

(
b

1− a

)]−1

g
( b

1− a

)
f
( b

1− a

)
= g
( b

1− a

)
,

showing that only constant functions are in the projective orbit of f resulting a

contradiction. If |a| = 1, then ψ(z) = az and it fixes the origin. We may choose

a univalent function g ∈ Fpϕ such that g(0) 6= 0, and pick a subsequence ψnk such

that ψnk(z)→ az as k →∞. Then

g(z) = lim
k→∞

λnkC
nk
ψ f(z) = lim

k→∞
λnkf(ankz) = g(0)f(az).

It follows that

f(z) =
1

g(0)
g
(z
a

)
(4.4.1)

is univalent. Consequently, the projective orbits of f contains only univalent

functions which is again a contradiction. Next, we prove the result on F∞ϕ . Since

Cψ is bounded, by Theorem 3.1.2, we can set ψ(z) = az + b, |a| ≤ 1. If |a| < 1,

then Cψ is compact. The spectrum of a compact supercyclic operator on an

infinite dimensional complex Banach space contains only the zero element: see

[2, p. 29]. On the other hand, by Theorem 4.1.1, the spectrum σ(Cψ) contains

infinitely many elements showing that Cψ can not be supercyclic in this case.

When |a| = 1, then the same argument as above gives the same conclusion.
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From Theorem 4.4.1 and Theorem 4.4.2, we observe that no orbit or projective

orbit is dense in the space Fpϕ. Now we turn our attention to the density of span

of an orbit in Fpϕ.

Theorem 4.4.3. Let ψ(z) = az + b be a non-constant map on C that induces a

bounded composition operator Cψ on Fpϕ. Then

(i) Cψ is cyclic on Fpϕ, 1 ≤ p <∞ or p = 0 if and only if an 6= a for all n > 1.

Furthermore, a function h ∈ Fpϕ with Taylor series expansion

h(z) =
∞∑
n=0

an

(
z − b

1− a

)n

is a cyclic vector for Cψ if and only if an 6= 0 for all n ∈ Z+ := {0, 1, 2, 3, ...}.

(ii) Cψ can not be cyclic on F∞ϕ .

The theorem was proved in Hilbert Fock spaces for the case where ϕ is Gaus-

sian weight ϕ(z) = 1
2
|z|2 and for the case ϕ(z) = |z|s, s < 1 in [31] and [24]

respectively. Their proof were based on Hilbert space properties. In our proof we

will follow the same approach but replacing all the Hilbert space arguments by

other general arguments. Our argument shows that the same result holds for all

1 ≤ p <∞ or p = 0 on the classical spaces as well.

Proof. (i) Let us first assume that Cψ is cyclic and prove the necessity of the

condition. Arguing on the contrary, if ak = a for some k ≥ 2, then |a| = 1

and hence ψ(z) = az. For any cyclic vector f0 in Fpϕ, it follows that Ck
ψf0(z) =

f0(akz) = f0(az) = Cψf0(z) which implies

{Cn
ψf0, n ∈ Z+} = {Cn

ψf0 : n = 0, 1, 2, 3, ...k}.

This shows that the closed linear span of the orbit is finite dimensional, and hence

Cψ can not be cyclic. Conversely, suppose ψ(z) = az + b and an 6= a for every

68



n ≥ 2 which obviously implies that a 6= 1. Then we proceed to show that there

exists a cyclic vector h ∈ Fpϕ with Taylor series expansion at z = b
1−a

h(z) =
∞∑
n=0

an

(
z − b

1− a

)n
.

Let us first make a short argument verifying the necessity that for h to be a cyclic

vector, an 6= 0 for all n ∈ Z+. If an = 0 for some n = m, it follows from the fact

that

Ck
ψh(z) =

∞∑
n=0

ana
kn
(
z − b

1− a

)n
,

all functions f in the closed linear span of
{
Ck
ψh : k ∈ Z+

}
satisfy dm

dzm
f
∣∣
z= b

1−a
= 0

which contradicts the cyclic behaviour of h. We may now consider the case when

|a| = 1 and hence b = 0. This together with the assumption an 6= a for every

n ≥ 2 imply

{ak, k ∈ Z+} = T = {z ∈ C : |z| = 1}.

Thus, for each w ∈ T there exists a sequence {kj}j in Z+ such that akj →

w as j →∞. Let ψw(z) = wz. Then we claim that

lim
j→∞
‖Ckj

ψ h− Cψwh‖(ϕ,p) = 0 (4.4.2)

for 1 ≤ p <∞ or p = 0.

If 1 ≤ p <∞, using the radial property ϕ(akjz) = ϕ(z) and change of variables,
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we compute

lim
j→∞
‖Ckj

ψ h‖
p
(ϕ,p) = lim

j→∞

∫
C
|h(akjz)|pe−pϕ(akj z)dA(z)

= lim
j→∞

1

|akj |2

∫
C
|h(z)|pe−pϕ(z)dA(z) =

1

|w|2

∫
C
|h(z)|pe−pϕ(z)dA(z)

=

∫
C
|h(wz)|pe−pϕ(z)dA(z) = ‖Cψwh‖

p
(ϕ,p)

from which (4.4.2) follows.

Next, we show that (4.4.2) holds if p = 0 also. To this end, first we show that

C
kj
ψ h− Cψwh belongs to F0

ϕ for any j ∈ Z.

lim
|z|→∞

|Ckj
ψ h(z)− Cψwh(z)|e−ϕ(z)

≤ lim
|z|→∞

|Ckj
ψ h(z)|e−ϕ(z) + lim

|z|→∞
|Cψwh(z)|e−ϕ(z)

= lim
|z|→∞

h(akjz)|e−ϕ(z) + lim
|z|→∞

|h(wz)|e−ϕ(z)

= lim
|z|→∞

h(akjz)|e−ϕ(akj z) + lim
|z|→∞

|h(wz)|e−ϕ(wz) = 0. (4.4.3)

For any R > 0.

lim
j→∞
‖Ckj

ψ h− Cψwh‖(ϕ,0) = lim
j→∞

sup
z∈C
|Ckj

ψ h(z)− Cψwh(z)|e−ϕ(z)

≤ lim
j→∞

[
sup
|z|≤R

|h(akjz)− h(wz)|e−ϕ(z)

]
+ lim

j→∞

[
sup
|z|>R

|h(akjz)− h(wz)|e−ϕ(z)

]

= sup
|z|≤R

[
lim
j→∞
|h(akjz)− h(wz)|

]
e−ϕ(z) + lim

j→∞

[
sup
|z|>R

|h(akjz)− h(wz)|e−ϕ(z)

]

= 0 + lim
j→∞

[
sup
|z|>R

|h(akjz)− h(wz)|e−ϕ(z)

]
.

Applying (4.4.3) and letting R→∞ the last term is also 0. Therefore

lim
j→∞
‖Ckj

ψ h− Cψwh‖(ϕ,0) = 0.
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This verifies that Cψwh belongs to the closed linear span of
{
Ck
ψh : k ∈ Z+

}
⊆

Fpϕ, 1 ≤ p <∞ or p = 0.

The mapping G : T → Fpϕ defined by G(w) = C
ψw
h is continuous, and can be

extended to analytic function G̃ in D with G̃(w) = G(w) on the boundary of D.

Then, by Cauchy Integral Formula, using Cψw(z) = G(w)(z) = G̃(w)(z))

anz
n =

1

2πi

∫
|w|=1

Cψwh(z)

wn+1
dw.

Hence the set of polynomials anz
n, n ∈ Z+ belongs to the closed linear span

of
{
Ck
ψh : k ∈ Z+

}
. From this, the fact that an 6= 0 for all n ∈ Z+, and Theo-

rem 2.2.1, the conclusion of the theorem follows for this case.

It remains to show the case when 0 < |a| < 1. For each m ∈ Z+, we decompose

the function h as h = hm + gm where

hm(z) =
m∑
n=0

an

(
z − b

1− a

)n
and gm(z) =

∞∑
n=m+1

an

(
z − b

1− a

)n
. (4.4.4)

Using induction we plan to prove that for every m ∈ Z+

hm ∈ span
{
Ck
ψh : k ∈ Z+

}
.

To this end, consider a function g in Fpϕ and observe that

Ck
ψg(z) = g

(
akz +

b(1− ak)
1− a

)
.

Since |a| < 1, we also have akz + b(1−ak)
1−a → b

1−a and by Theorem 4.3.1,

lim
k→∞
‖Ck

ψg − C b
1−a
g‖(ϕ,p) = 0.

It follows form this and (4.4.4) that

lim
k→∞
‖Ck

ψg0 − C b
1−a
g0‖(ϕ,p) = lim

k→∞
‖Ck

ψg0‖(ϕ,p) = 0
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from which we further deduce

‖Ck
ψh− a0‖(ϕ,p) = ‖Ck

ψ(a0 + g0)− a0‖(ϕ,p) ≤ ‖Ck
ψ(a0)− a0‖(ϕ,p) + ‖Ck

ψ(g0)‖(ϕ,p) → 0

as k →∞. Therefore,

h0 ∈ span
{
Ck
ψh : k ∈ Z+

}
.

Suppose now that h0, h1, ...hN−1 ∈ span
{
Ck
ψh : k ∈ Z+

}
. Then by the decompo-

sition in (4.4.4) it holds that gN−1 ∈ span
{
Ck
ψh : k ∈ Z+

}
, and hence

Cj
ψgN−1 ∈ span

{
Ck
ψh : k ∈ Z+

}
(4.4.5)

for every j ∈ Z+. We next compute

Cj
ψgN−1(z) = Cj

ψ

∞∑
n=N

an

(
z − b

1− a

)n
=

∞∑
n=N

ana
jn

(
z − b

1− a

)n
= ajN

(
z − b

1− a

)N ∞∑
n=N

ana
j(n−N)

(
z − b

1− a

)n−N
= ajN

(
z − b

1− a

)N
Cj
ψ

∞∑
n=N

an

(
z − b

1− a

)n−N
= ajN

(
z − b

1− a

)N
Cj
ψfN−1(z) (4.4.6)

where Cj
ψ = Cψj , ψ

j(z) = ajz + b(1−aj)
1−a and

fN−1(z) = aN +
∞∑

n=N+1

an

(
z − b

1− a

)n−N
.

From (4.4.5) and (4.4.6) we also obtain

(
z − b

1− a

)N
Cj
ψfN−1 ∈ span

{
Ck
ψh : k ∈ Z+

}
. (4.4.7)
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By Theorem 4.3.1 we have that

lim
j→∞
‖CψjfN−1 − aN‖(ϕ,p) = lim

j→∞
‖CψjfN−1 − C b

1−a
fN−1‖(ϕ,p) = 0. (4.4.8)

We further claim that,

Γj(z) :=

(
z − b

1− a

)N
CψjfN−1 → aN

(
z − b

1− a

)N
=: Γ(z) (4.4.9)

in Fpϕ as j →∞ as well. We may compute

‖Γj‖pp =

∫
C

∣∣∣∣ (z − b

1− a

)N
Cj
ψfN−1(z)

∣∣∣∣pe−pϕ(z)dA(z)

=

∫
C

∣∣∣∣fN−1

(
ajz +

b(1− aj)
1− a

)∣∣∣∣pe−pϕ(ajz+ b(1−aj)
1−a

)
Uj(z)dA(z)

where

Uj(z) =

∣∣∣∣z − b

1− a

∣∣∣∣pNepϕ(ajz+ b(1−aj)
1−a

)
−pϕ(z)

We also observe that since ϕ is an increasing weight function, and |aj| < 1, the

sequence of functions Uj are uniformly bounded over C. Furthermore, since norm

convergence in Fpϕ implies pointwise convergence, by (4.4.8) for each z ∈ C

CψjfN−1(z)→ C b
1−a
fN−1(z)

as j →∞. With this, an application of Lebesques convergence theorem implies

lim
j→∞
‖Γj‖pp = lim

j→∞

∫
C

∣∣∣∣fN−1

(
ajz +

b(1− aj)
1− a

)∣∣∣∣pe−pϕ(ajz+ b(1−aj)
1−a

)
Uj(z)dA(z)

=

∫
C

∣∣∣C b
1−a
fN−1(z)

∣∣∣p∣∣∣∣z − b

1− a

∣∣∣∣pNe−pϕ(z)dA(z) = ‖Γ‖pp.

Thus the claim in (4.4.9) follows for 1 ≤ p <∞.
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If p = 0, when f(z) =
∑∞

n=0 anz
n ∈ F0

ϕ

lim
j→∞

∥∥∥∥∥
[(

z − b

1− a

)N
CψjfN−1

]
−

[
aN

(
z − b

1− a

)N]∥∥∥∥∥
(ϕ,0)

= lim
j→∞

∥∥Cj
ϕF
∥∥

(ϕ,0)
= lim

j→∞

∥∥∥∥Cj
ϕF − F

(
b

1− a

)∥∥∥∥
(ϕ,0)

where

F (z) =
∞∑

n=N+1

an

(
z − b

1− a

)n

Since f ∈ F0
ϕ, we have F ∈ F0

ϕ and hence Cj
ψF is also in F0

ϕ.

Thus by Theorem 4.3.1,

lim
j→∞

∥∥∥∥Cj
ψF − F

(
b

1− a

)∥∥∥∥
(ϕ,0)

= 0.

which shows

(
z − b

1− a

)N
CψjfN−1 → aN

(
z − b

1− a

)N
in norm in F0

ϕ. Thus, the claim in (4.4.9) follows for p = 0 also, which along with

(4.4.7) gives

aN

(
z − b

1− a

)N
∈ span

{
Ck
ψh : k ∈ Z+

}
, and hN ∈ span

{
Ck
ψh : k ∈ Z+

}
.

Therefore,

hm ∈ span
{
Ck
ψh : k ∈ Z+

}
,

for every m ∈ Z+ which in turn results in

an

(
z − b

1− a

)n
∈ span

{
Ck
ψh : k ∈ Z+

}
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for every n ∈ Z+. Then, since an 6= 0 for all n ∈ Z+, by Theorem 2.2.1 the

assertion of the theorem follows.

(ii) By [[39],Theorem 1.1], F∞ϕ is isomorphic to `∞, and `∞ is not separable.

Hence F∞ϕ is not separable. But span{Ck
ψh : k = 0, 1, 2, ...} is separable for any

h ∈ F∞ϕ . To show this, let S be a subspace of span{Ck
ψh : k = 0, 1, 2, ...}

consisting all linear combination of elements of span{Ck
ψh : k = 0, 1, 2, ...} formed

using only scalar coefficients, whose imaginary and real part is from Q. We

observe that S is countable. Suppose that f1, f2, ..., fm ∈ {Ck
ψh : k = 0, 1, 2, ...}

and α1, α2, ..., αm ∈ C. For each j such that j = 1, 2, ...,m there is a sequence

{αj,n}∞n=1, whose imaginary and real part are in Q converging to αj, and it follows

from the continuity of the vector space operations that the sequence {α1,nf1 +

α2,nf2+...αm,nfm}∞n=1 in S converging to α1f1+α2f2+...αmfm. Thus the countable

set S is dense in span{Ck
ψh : k = 0, 1, 2, ...}, and hence span{Ck

ψh : k = 0, 1, 2, ...}

is separable. Therefore, Cψ can not be cyclic on F∞ϕ .

4.5 Periodic points under the composition op-

erators

We say that a point x in X is periodic under an operator T on X if there is some

n ∈ N such that T nx = x. In this section we determined periodic points in Fpϕ
under the composition operator.

Lemma 4.5.1. Let α, β ∈ C, α 6= 0, αn 6= 1 for every n ∈ N and f is analytic

function on C. If f(αz + β) = f(z) for each z ∈ C, then f is constant.

Proof. The mapping φ(z) = αz + β fixes the point z0 := β
1−α . Define g(z) =

f(z)− f(z0). Then g(z0) = 0 and g(n)(z) = f (n)(z) for every n ∈ N.

Since f(αz + β) = f(z) for each z ∈ C, we have αnf (n)(αz + β) = f (n)(z), and

hence αnf (n)(z0) = f (n)(z0). This yields f (n)(z0) = 0 for every n ∈ N since αn 6= 1.

Thus g(n)(z0) = 0 for every n = 0, 1, 2, .... Hence g(z) = 0 for every z ∈ C. There-

fore, f(z) = f(z0) for every z ∈ C.
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Observe that the assumption that αn 6= 1 for every n ∈ N is necessary in

Lemma 4.5.1. For example if we take α = 1 and β = i2π, then the function

f(z) = ez satisfies f(αz + β) = f(z + i2π) = ez+i2π = ez = f(z) for each z ∈ C.

Our next theorem describes periodic elements of Cψ in Fpϕ, 1 ≤ p ≤ ∞ or p = 0.

Theorem 4.5.2. Let Cψ be a bounded composition operator on Fpϕ, 1 ≤ p ≤ ∞

or p = 0.

(a) Every f ∈ Fpϕ is periodic point for Cψ if ψ(z) = az, |a| = 1 and am = 1 for

some m ∈ N.

(b) Only constant functions in Fpϕ are periodic points for Cψ if ψ(z) = az +

b, |a| < 1 or ψ(z) = az, |a| = 1, an 6= 1 for all n ∈ N.

Proof. (a) If ψ(z) = az, |a| = 1 and am = 1 for some m ∈ N, then for each

f ∈ Fpϕ, Cm
ψ f(z) = f(amz) = f(z) for every z ∈ C.

(b) Assume that ψ(z) = az+b, |a| < 1 and b ∈ C or ψ(z) = az, |a| = 1, an 6= 1 for

all n ∈ N. If f ∈ Fpϕ is a periodic point of Cψ, there is s ∈ N such that Cs
ψf = f .

Then

Cs
ψf(z) = f(ψs(z)) = f

(
asz +

b(1− as)
1− a

)
= f(z).

Our assumptions on the symbol ψ imply that (as)n 6= 1 for each n ∈ N. We can

apply Lemma 4.5.1 to conclude that f must be constant.
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Chapter 5

Dynamics of Weighted

Composition Operators on The

Fock Spaces

The theory of weighted composition operators lies at the interface of analytic

function theory and operator theory, and its study traces back to the sixties in

the work of Forelli [22] where it was shown that the isometries in the Hardy spaces

Hp whenever 1 < p < ∞, p 6= 2 are weighted composition operators. De Leeuw

[30] later showed the same holds true on the space H1 as well. Since then the

operator has become a natural object of study and its investigations has rapidly

evolved in function related operator theory. A number of researchers have studied

the operator over various settings mainly with the aim to express its spectral,

topological and dynamical properties in terms of the function theoretic properties

of the inducing pairs of symbols (u, ψ): see for example [15, 21, 30, 45, 51, 73].

Recall that for holomorphic functions u and ψ on a given domain C, the weighted

composition operator W(u,ψ) on spaces of holomorphic functions F on C is defined

by W(u,ψ)f = u · f ◦ ψ. The operator generalizes both the composition Cψ and

multiplication Mu operators since it can be represented as W(u,ψ) = MuCψ, where

Muf = u ·f and Cψf = f ◦ψ. This representation has partly contributed for the
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rapid development of the theory. For further detailed studies of the operator on

spaces of functions defined over the unit disc, we may refer for example on Hardy

space [13, 14], on Bergman space [16], on disc algebra [66] and the references

therein.

In 2007, Ueki [73] considered the operators on the classical Fock spaces F2 and

characterized the bounded and compact Wu,ψ in terms of Berezin-type integral

transform. In [51], T. Mengestie considered a more general setting namely, Fock-

Sobolev spaces, which include all the classical Fock spaces and characterized

various properties of the operators including boundedness, compactness, essential

norm and Schatten class membership in terms of generalized Berezin type integral

transforms.

Later, Le [45] considered the Hilbert space F2 setting and obtained a simpler

condition namely that W(u,ψ) is bounded on F2 if and only if u belongs to F2 and

sup
z∈C
|u(z)|e

1
2

(
|ψ(z)|2−|z|2

)
<∞. (5.0.1)

and compact if and only if

lim
|z|→∞

|u(z)|e
1
2

(
|ψ(z)|2−|z|2

)
= 0. (5.0.2)

He further proved that (5.0.1) implies ψ(z) = az + b with |a| ≤ 1. In [57], T.

Mengestie and M. Worku proved that the Berezin-type integral condition used

to describe the boundedness of generalized Volterra-type integral operators V(g,ψ)

on the Fock spaces Fp is equivalent to a simple condition as in (5.0.1). Because

of the Littlewood-Paley type description of the Fock spaces, by simply replacing

|g′(z)|/(1 + |z|) by |u(z)| in the results there, it has been known that (5.0.1)

in fact describes the bounded weighted composition operators on all the spaces

Fp, 1 ≤ p <∞, with norm bounds

sup
z∈C
|u(z)|e

1
2

(
|ψ(z)|2−|z|2

)
≤ ‖W(u,ψ)‖p ≤

1

|a|2
sup
z∈C
|u(z)|e

1
2

(
|ψ(z)|2−|z|2

)
. (5.0.3)
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The same conclusion as in (5.0.3) was also reported later in [72] for p <∞. For

p =∞, the corresponding relation holds in fact with equality

W(u,ψ)‖∞ = sup
z∈C
|u(z)|e

1
2

(
|ψ(z)|2−|z|2

)
. (5.0.4)

As indicated in the proof of [[45], Proposition 2.1], an interesting consequence of

(5.0.1) is that if |a| = 1, then a simple argument with Liouville’s theorem gives

that the weight function u has the form u(z) = u(0)K−ab(z). This representation

of u will play an important roll in the rest of the paper. Thus, we may formulate

it as a lemma for the purpose of easy further referencing.

Lemma 5.0.3. Let 1 ≤ p ≤ ∞, u, ψ ∈ H(C) and W(u,ψ) be bounded on Fp, and

hence ψ(z) = az + b, |a| ≤ 1. If |a| = 1, then

u(z) = u(0)K−ab(z).

In (5.0.2), compactness of W(u,ψ) has been described by the fact that ψ(z) =

az + b, |a| ≤ 1 and |u(z)|e 1
2

(|ψ(z)|2−|z|2) → 0 as |z| → ∞. The later condition

implies that |a| < 1 but not conversely. Very recently, Carroll and Gilmore [10],

used the idea of order of analytic function and proved the following analogues

result.

Lemma 5.0.4. Let 1 ≤ p ≤ ∞, u, ψ ∈ H(C) and ψ(z) = az + b, |a| < 1, and

assume that u is non-vanishing. Then W(u,ψ) is compact on Fp if and only if u

has the form

u(z) = ea0+a1z+a2z2

for some constants a0, a1, a2 such that |a2| < 1−|a|2
2

.

In this chapter we treat dynamics of weighted composition on Fock spaces. It has

been well-known that the spectrum of an operator plays a vital roll in the study

of its dynamical properties; see for example [23]. Thus, in the section to follow,
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we first determine the spectrum of weighted composition operators on the Fock

spaces Fp, 1 ≤ p ≤ ∞.

5.1 Spectrum of weighted composition opera-

tors

We may begin by stating our result.

Theorem 5.1.1. Let 1 ≤ p ≤ ∞, u, ψ ∈ H(C) and W(u,ψ) be bounded on Fp
and hence ψ(z) = az + b with |a| ≤ 1. Then if

(i) W(u,ψ) is compact and hence |a| < 1, then

σ(W(u,ψ)) =
{

0, u
( b

1− a

)
am, m ∈ N0

}
. (5.1.1)

(ii) |a| = 1, then

σ(W(u,ψ)) =



{
u(0)e

a|b|2
a−1 am : m ∈ N0

}
, a 6= 1{

z : |z| = |u(0)|e
|b|2
2

}
, a = 1, b 6= 0

{u(0)}, a = 1, b = 0.

.

We now remark a few points. First, observe that the number b/(1− a) in (5.1.1)

is the fixed point of the symbol ψ. We also note that when a 6= 1 and |a| = 1 the

expression in the spectrum can be expressed in terms of this fixed point. That

is from Lemma 5.0.3, it follows that u(0)e
a|b|2
a−1 am = u(b/(1− a))am. In this case,

the the spectrum contains finite number of points only when a is a root of unity.

Proof. (i). Let W(u,ψ) be compact and hence |a| < 1. Here our proof is based

on an argument that goes back to [33]. We set z0 = b/(1− a) and plan to show

that the range of W(u,ψ) − anu(z0)I fails to contain the complex polynomial zn.

Setting n = 1 and arguing in the direction of contradiction, assume that there
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exists an f ∈ Fp such that

u(z)f(ψ(z))− au(z0)f(z) = z. (5.1.2)

If u(z0) = 0 or a= 0, then anu(z0) = 0 and belongs to the spectrum. Thus, we

may assume that z0 is not in the zero set of u and a 6= 0. First assume that

z0 = 0. Then taking z = 0 in (5.1.2), we obtain that f(0) = 0. On the other

hand, differentiating both sides of equation (5.1.2) and setting again z = 0

u′(0)f(ψ(0)) + u(0)ψ′(0)f ′(ψ(0))− au(0)f ′(0) = 1

which results the contradiction 0 = 1. Similarly for n > 1, differentiating both

side of the equation

u(z)f(ψ(z))− anu(z0)f(z) = zn

repeatedly and eventually setting z = 0, we obtain f (m)(0) = 0 for all m < n

while for m = n we get again the contradiction 0 = n!.

If z0 6= 0, then we may set ψ1(z) = az,

u1(z) =
u(z + z0)

‖K−z0‖2
2

e−z0z+z0(az+az0+b)

and observe that ψ1(0) = 0 and u1(0) = u(z0). A straightforward calculation

shows that

W(u2,ψ2)W(u,ψ)W
−1
(u2,ψ2) = W(u1,ψ1)

and W−1
(u2,ψ2) = W(u3,ψ3) where u2(z) = k−z0(z), ψ2(z) = z + z0, u3 = kz0 , and

ψ3(z) = z − z0. It follows that the weighted composition operators W(u1,ψ1)

and W(u,ψ) are similar and have the same spectrum, and our conclusion follows

from case one. Therefore, the set in the right-hand side of (5.1.1) in this case is
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contained in the spectrum.

Conversely, if |a| < 1, then W(u,ψ) is compact and its spectrum contains only zero

and eigenvalues. Thus, we consider a nonzero eigenvalue λ ∈ σ(Cψ) and show

that it is of the form u(z0)an for some positive integer n. If f is a corresponding

nonzero eigenvector, then

W(u,ψ)f(z) = u(z)f(az + b) = λf(z) (5.1.3)

for all z in C. If f is not zero at z0, then (5.1.3) implies u(z0) = λ and hence

λ = a0u(z0). On the other hand, if f has zero at z0 of order m, we may write

f(z) = (z− z0)mg(z) where g(z0) 6= 0. Then substituting f by this in (5.1.3) and

differentiating both sides of the equation m times and eventually setting z = z0,

we only get

amu(z0)m!g(z0) = λm!g(z0) (5.1.4)

as all the other terms have factor z − z0 and vanish. Now, g(z0) is non-zero and

(5.1.4) holds only if λ = amu(z0) as asserted.

The argument in the proof of part (ii) is divided into three cases depending on

the values of a and b.

Case 1. Let |a| = 1 and a 6= 1. For simplicity we first set ψz0(z) = z − z0 and

claim that the weighted composition operator induced by (kz0 , ψz0) is an isometric

bijective map on Fp with inverse W(k−z0 ,ψ
−1
z0

). To this claim, for every f ∈ Fp

‖W(kz0 ,ψz0 )f‖pp =
p

2π

∫
C
|kz0(z)|p|f(z − z0)|pe−

p
2
|z|2dA(z)

=
p

2π

∫
C
|f(z − z0)|pe−

p
2
|z−z0|2

(
|kz0(z)|pe

p
2
|z−z0|2− p2 |z|

2

)
dA(z)

=
p

2π

∫
C
|f(z − z0)|pe−

p
2
|z−z0|2dA(z) = ‖f‖pp

for all 1 ≤ p <∞ which also holds true for p =∞. This shows that the operator is
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a linear isometry and hence satisfies the injectivity condition W−1
(kz0 ,ψz0 )W(kz0 ,ψz0 ) =

I. On the other hand, for each f ∈ Fp

W(kz0 ,ψz0 )W(k−z0 ,ψ
−1
z0

)f(z) = kz0(z)k−z0(z − z0)f(z) = f(z)

which also shows that W(kz0 ,ψz0 )W
−1
(kz0 ,ψz0 ) = I, and hence the claim.

Next, using z0 = b/1− a and Lemma 5.0.3 for every f ∈ Fp we compute

W(k−z0 ,ψ
−1
z0

)W(u,ψ)W(kz0 ,ψz0 )f(z)

= k−z0(z)u(ψ−1
z0

(z)))kz0(ψ(ψ−1
z0

(z))f(ψz0(ψ(ψ−1
z0

(z))))

= k−z0(z)u(0)K−ab(z + z0)kz0(az + b+ az0)f(az) = u(0)e
|b|2
1−aCΨ0f(z)

where Cψ0 the composition operator induced by the symbol Ψ0(z) = az. This

shows that W(u,ψ) is similar to the composition operator, up to a multiple, CΨ0 .

Thus, σ(W(u,ψ)) = u(0)e
|b|2
1−aσ(CΨ0). Using the spectrum of CΨ0 from Theo-

rem 4.1.1 and observing that (1 − a)−1 = a/(a − 1) when |a| = 1 and a 6= 1,

we arrive at the desired conclusion.

Case 2. Let a = 1 and b 6= 0. Applying Lemma 5.0.3,

Wu,ψ = u.Cψ = u(0)K−bCψ = u(0)e
|b|2
2 k−bCψ = u(0)e

|b|2
2 W(k−b,ψ) (5.1.5)

The weighted composition operator W(k−b,ψ) is unitary. Recall that the spectrum

of a unitary operator lies on the unit circle T. We claim that the spectrum of

W(k−b,ψ) is T. To prove the claim, for any nonzero w ∈ C and f ∈ Fp we have

W(k−w,ψ
−1
w )W(k−b,ψ)W(kw,ψw)f(z)

= k−w(z)k−b(z + w)kw(z + b+ w)f(z + b)

= k−b(z)e2i=(wb)f(z + b) = e2i=(wb)W(k−b,ψ)f(z)

which shows that W(k−b,ψ) is similar to e2i=(wb)W(k−b,ψ) for any w ∈ C. Since
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b 6= 0, and e2i=(wb) is unimodular, and the spectrum of a unitary operator lies on

the unit circle T, it follows that the whole unit circle constitutes the spectrum.

Therefore, combining this with (5.1.5)

σ(W(u,ψ)) = u(0)e
|b|2
2 σ(W(k−b,ψ)) = u(0)e

|b|2
2 T =

{
z : |z| = |u(0)|e

|b|2
2

}
.

Case 3. Let a = 1 and b = 0. In this case, the operator W(u,ψ) reduces to

the multiplication operator Mu where its spectrum has been already identified in

Lemma 2.3 of [56], and completes the proof the theorem.

5.2 Power bounded weighted composition oper-

ators

For the operator W(u,ψ) and f ∈ H(C), each element of the orbit has the form

Wn
(u,ψ)f = f ◦ ψn · un, un(z) :=

n−1∏
j=0

u(ψj(z)). (5.2.1)

for each non negative integer n and ψ0 = I the identity map on C.

First, we consider the following key lemma which provides necessary conditions

for power bounded W(u,ψ). The lemma further gives a good restriction on the

growth of the sequence (‖un‖p)n and the value |u(z0)| where z0 is a fixed point of

ψ.

Lemma 5.2.1. Let 1 ≤ p ≤ ∞ and u, ψ ∈ H(C). If W(u,ψ) is power bounded on

Fp, then

(i) |u(z0)| ≤ 1 where z0 is a fixed point of ψ.

(ii) (‖un‖p)n is a bounded sequence.

Proof. (i). Since the constant function 1 belongs to the spaces Fp with ‖1‖p = 1,
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using the point-wise estimate in (1.0.1)

‖W n
(u,ψ)‖ ≥ ‖W n

(u,ψ)1‖p ≥ |W n
(u,ψ) 1(z0)|e−

|z0|
2

2 = |un(z0)|e−
|z0|

2

2 = |u(z0)|ne−
|z0|

2

2

from which the inequalities

∞ > sup
n∈N
‖W n

(u,ψ)‖ ≥ e−
|z0|

2

2 sup
n∈N
|u(z0)|n

hold only if |u(z0)| ≤ 1.

To prove (ii), for p =∞ arguing as above we have

‖W n
(u,ψ)‖ ≥ ‖W n

(u,ψ)1‖∞ ≥ |W n
(u,ψ) 1(z)|e−

|z|2
2 = |un(z)|e−

|z|2
2 .

Taking the supremum with respect to first with z and then with n give the

required assertion. On the other hand, if p <∞, then

‖W n
(u,ψ)‖p ≥ ‖W n

(u,ψ)1‖pp =
p

2π

∫
C
|un(z)|pe−

p|z|2
2 dA(z) = ‖un‖pp

from which the conclusion follows again.

The next simple lemma will be crucial in the proof of Theorem 5.2.5.

Lemma 5.2.2. Let a ∈ C and |a| < 1. Then for all n ∈ N

|1− a2|
1− |a|2

≥ |1− a
2n|

1− |a|2n
. (5.2.2)

Proof. Applying triangular inequality,

|1− a2n|
|1− a2|

=
∣∣1 + a2 + (a2)2 + ...+ (a2)n−1

∣∣ ≤ 1 + |a2|+ |(a2)2|+ ...+ |(a2)(n−1)|

= 1 + |a|2 + (|a|2)2 + ...+ (|a|2)n−1 =
1− |a|2n

1− |a|2

from which (5.2.2) follows.

We now state the main results on power boundedness. Depending on whether
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|a| = 1 or |a| < 1, we give two main results as in Theorem 5.2.3 and Theorem 5.2.5.

Theorem 5.2.3. Let 1 ≤ p ≤ ∞, u, ψ ∈ H(C) and W(u,ψ) be bounded on Fp,

and hence ψ(z) = az + b, |a| ≤ 1. If |a| = 1, then the following statements are

equivalent.

(i) W(u,ψ) is power bounded on Fp;

(ii) (‖un‖p)n is a bounded sequence;

(iii) |u(0)| ≤ e−
|b|2
2 .

It is interesting that we have an easy to apply equivalent conditions for the power

boundedness of the weighted composition operators. Part (iii) of the condition

is also independent of underlying space or the exponents p. We recall that a

bounded linear operator is a contraction when its norm is bounded by 1. In view

of this, we may add one more equivalent condition to the above list in the theorem,

namely that W(u,ψ) is power bounded on Fp if and only if it is a contraction.

Proof. The statement (i) implies (ii) is proved in Lemma 5.2.1. On the other

hand, if (ii) holds, then using (1.0.1)

∞ > sup
n∈N0

‖un‖p ≥ sup
n∈N0

|un(z)|e−
|z|2
2 (5.2.3)

for each z ∈ C. If a = 1, then ψj(z) = z + jb and using Lemma 5.0.3,

un(z) = u(0)n
n−1∏
j=0

K−b(z + jb) = u(0)neln(z)

where

ln(z) := −b
n−1∑
j=0

(z + jb) = −bnz − |b|
2

2
n(n− 1).
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It follows that

un(z) = u(0)ne−
|b|2
2
n(n−1)K−nb(z) (5.2.4)

for all z ∈ C. Considering (5.2.4) and applying the estimate in (5.2.3) at z = −nb

sup
n∈N0

‖un‖p & sup
n∈N0

|un(−nb)|e−
|nb|2

2

= sup
n∈N0

∣∣∣∣u(0)e
|b|2
2

∣∣∣∣ne−|b|2n2

K−nb(−nb) = sup
n∈N0

∣∣∣∣u(0)e
|b|2
2

∣∣∣∣n
and hence the statement in (iii) follows. On the other hand, if a 6= 1 and |a| = 1,

then set z0 be the fixed point of ψ and eventually applying Lemma 5.0.3

|un(z0)| =
∣∣∣∣u(0)K−ab

(
b

1− a

)∣∣∣∣n =
∣∣∣u(0)e−ab(

b
1−a)

∣∣∣n
= |u(0)|n e

−n<
(
a|b|2
1−a

)
= |u(0)|ne

n|b|2
2

and the conclusion follows after taking this in (5.2.3) again.

It remains to prove (iii) implies (i). First observe that for each n ∈ N, the

operator W n
(u,ψ) itself is a weighted composition operator and W n

(u,ψ) = W(un,ψn).

Then applying (5.0.1) together with the analysis after it, we find that W(u,ψ) is

power bounded if and only if

sup
n∈N

sup
z∈C
|un(z)|e

1
2

(∣∣∣anz+ b(1−an)
1−a

∣∣∣2−|z|2)
<∞.

Thus, for |a| = 1, we apply (5.0.3) and obtain the norm

‖W n
(u,ψ)‖ = sup

z∈C
|un(z)|e

1
2

(|ψn(z)|2−|z|2). (5.2.5)

Our next task is to simplify (5.2.5). If a = 1, then the representation in (5.2.4)
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implies

‖W n
(u,ψ)‖ = sup

z∈C
e

1
2

(|z+nb|2−|z|2)|u(0)|ne−
|b|2
2
n(n−1)|K−nb(z)|

= sup
z∈C

(
|u(0)|e

|b|2
2

)n
e<(nbz)|K−nb(z)| =

(
|u(0)|e

|b|2
2

)n
(5.2.6)

from which the statement follows.

Next, assume a 6= 1 and |a| = 1. Then ψj(z) = ajz+b1−aj
1−a . By using Lemma 5.0.3

again un(z) = u(0)nehn(z) where

hn(z) := −ab
n−1∑
j=0

(
ajz + b

1− aj

1− a

)
= −abz1− an

1− a
− a|b|2n

1− a
+
a|b|2(1− an)

(1− a)2
.

Thus, we have

un(z) = u(0)ne
−a|b|

2n
1−a +

a|b|2(1−an)

(1−a)2 K−ab 1−an
1−a

(z)

from which and (5.2.5)

‖W n
(u,ψ)‖ = sup

z∈C
e

1
2

∣∣anz+b 1−an
1−a

∣∣2− 1
2
|z|2 |u(0)|n

∣∣∣∣e−abz 1−an
1−a −

a|b|2n
1−a +

a|b|2(1−an)

(1−a)2

∣∣∣∣
where

∣∣∣anz + b
1− an

1− a

∣∣∣2 − |z|2 = |b|2
∣∣∣∣1− an1− a

∣∣∣∣2 + 2<
(
anzb

1− an

1− a

)
and ∣∣∣∣e−abz 1−an

1−a −
a|b|2n
1−a +

a|b|2(1−an)

(1−a)2

∣∣∣∣ = e
<
(
−abz 1−an

1−a −
a|b|2n
1−a +

a|b|2(1−an)

(1−a)2

)
.

On the other hand,

anzb
1− an

1− a
− abz1− an

1− a
= zb(an − 1)

( 1

1− a
+

a

1− a

)
= 0
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and combining all the above

‖W n
(u,ψ)‖ = |u(0)|ne

|b|2
2

∣∣ 1−an
1−a

∣∣2+ <
(
a|b|2(1−an)

(1−a)2
−a|b|

2n
1−a

)
≤ |u(0)|ne

|b|2
2

∣∣ 2
1−a

∣∣2+<
(
a|b|2(1−an)

(1−a)2

)
−<

(
a|b|2n
1−a

)

≤ |u(0)|ne
|b|2
2

∣∣ 2
1−a

∣∣2+

∣∣∣∣a|b|2(1−an)

(1−a)2

∣∣∣∣
e−n|b|

2<( a
1−a)

≤ e
|b|2
2

∣∣ 2
1−a

∣∣2+
2|b|2

|1−a|2
(
|u(0)|e−|b|2<(

a
1−a)

)n
= e

|b|2
2

∣∣ 2
1−a

∣∣2+
2|b|2

|1−a|2
(
|u(0)|e

|b|2
2

)n
. (5.2.7)

Thus, power boundedness follows whenever |u(0)| ≤ e−
|b|2
2 .

It should be also noted that for the case a 6= 1 and |a| = 1, the above conditions

are also equivalent to
∣∣u( b

1−a

)∣∣ ≤ 1 since an application of Lemma 5.0.3 implies

∣∣∣u( b

1− a

)∣∣∣ = |u(0)|
∣∣∣K−ab( b

1− a

)∣∣∣ = |u(0)|
∣∣∣e−a|b|21−a

∣∣∣
= |u(0)|e−|b|2<( a

1−a ) = |u(0)|e
|b|2
2 ,

where < denotes the real part of the given complex number. This inspires us

to ask whether a similar condition works for the remaining case namely that

when |a| < 1. In this case, as will be explained later, the powers of weighted

composition operators are again weighted composition operators. This together

with the relations in (5.0.3) and (5.0.4) ensure that the following necessary and

sufficient conditions hold whenever |a| < 1.

Proposition 5.2.4. Let 1 ≤ p ≤ ∞, u, ψ ∈ H(C) and W(u,ψ) be bounded on Fp.

Let ψ(z) = az + b and |a| < 1.

1. If W(u,ψ) is power bounded on Fp, then

∣∣∣u( b

1− a

)∣∣∣ ≤ 1 (5.2.8)
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2. W(u,ψ) is power bounded on Fp, p <∞ if

∣∣∣u( b

1− a

)∣∣∣ ≤ |a| 2p (5.2.9)

When p → ∞, the right-hand side in (5.2.9) tends to 1. Thus, the condition in

(5.2.8) is both necessary and sufficient for W(u,ψ) to be power bounded on the

space F∞. In particular when W(u,ψ) is compact, we record our next main result

which holds true on all the spaces Fp.

Theorem 5.2.5. Let 1 ≤ p ≤ ∞, u, ψ ∈ H(C) and W(u,ψ) be bounded on Fp,

and ψ(z) = az+ b, with |a| < 1. Let u be non-vanishing and W(u,ψ) be compact.

Then the following statements are equivalent.

(i) W(u,ψ) is power bounded on Fp;

(ii) (‖un‖p)n is a bounded sequence;

(iii) |u
(

b
1−a

)
| ≤ 1.

As in Theorem 5.2.3, condition (iii) is simple to apply and independent of the

exponents p. Observe that from the two theorems above, it is easy to see that a

bounded composition operator Cψ is always power bounded while the multipli-

cation operator Mu is not in general; see Corollary 5.3.5.

Proof. The statement (i) implies (ii) follows from Lemma 5.2.1 again. Assuming

(ii), we proceed to show that (iii) holds. Using (1.0.1) we estimate

∞ > sup
n∈N0

‖un‖p ≥ sup
n∈N0

|un(z0)|e−
|z0|

2

2 . (5.2.10)

where z0 = b/1− a is the fixed point of ψ. Moreover, observe that

|un(z0)| =
n−1∏
j=0

u
(
ψj(z0)

)
= |u(z0)|n

which together with (5.2.10) gives statement (iii).
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Next, we prove (iii) implies (i). If p =∞, applying the relation in (5.0.4) for the

weighted composition operator W(un,ψn) we get

‖W(un,ψn)‖ = ‖W n
(u,ψ)‖ = sup

z∈C
|un(z)|e

1
2

(∣∣∣anz+ b(1−an)
1−a

∣∣∣2−|z|2)
.

Thus, W(un,ψn) is power bounded on F∞ if and only if

sup
n∈N

sup
z∈C
|un(z)|e

1
2

(∣∣∣anz+ b(1−an)
1−a

∣∣∣2−|z|2)
<∞. (5.2.11)

Therefore, by using the assumption
∣∣u ( b

1−a

) ∣∣∣ ≤ 1, we plan to show that (5.2.11)

holds. First we consider Lemma 5.0.4 and compute

un(z) =
n−1∏
j=0

u(ψj(z)) = eSn(z)

where

Sn(z) =
n−1∑
j=0

(
a0 + a1

(
ajz +

(1− aj)b
1− a

)
+ a2

(
ajz +

(1− aj)b
1− a

)2
)

= na0 +
a1bn

1− a
− a1b(1− an)

(1− a)2
+
a1(1− an)

1− a
z +

a2(1− a2n)

1− a2
z2

+
a2b

2

(1− a)2

(
n− 2(1− an)

1− a
+

1− a2n

1− a2

)
+

2a2zb

1− a

(
1− an

1− a
− 1− a2n

1− a2

)
= na0 +

a1bn

1− a
− a1b(1− an)

1− a
+

a2b
2

(1− a)2

(
n− 2(1− an)

1− a
+

1− a2n

1− a2

)
+

(
a1(1− an)

1− a
+

2a2b

1− a

(
1− an

1− a
− 1− a2n

1− a2

))
z +

a2(1− a2n)

1− a2
z2.

(5.2.12)

Now taking this into account and the fact that W n
(u,ψ) = W(un,ψn), the correspond-
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ing notation in (5.0.1) becomes

M(un, ψ
n) = sup

z∈C
|un(z)|e

1
2

(∣∣∣anz+ b(1−an)
1−a

∣∣∣2−|z|2)
= ecn sup

z∈C
e<(tnz)+<(pnz2)−qn|z|2

≤ ecn sup
z∈C

e<(tnz)+(|pn|−qn)|z|2 (5.2.13)

where cn is the real part of the expression

na0 +
a1bn

1− a
− a1b(1− an)

(1− a)2
+

a2b
2

(1− a)2

(
n− 2(1− an)

1− a
+

1− a2n

1− a2

)
+
∣∣∣b(1− an)

1− a

∣∣∣2,

tn =
a1(1− an)

1− a
+

2a2b

1− a

(
1− an

1− a
− 1− a2n

1− a2

)
+

(1− an)b

1− a
an,

pn =
a2(1− a2n)

1− a2
, and qn =

1− |a|2n

2
.

Now to estimate the supremum in (5.2.13), we claim that

|pn| − qn = |a2|
∣∣∣1− a2n

1− a2

∣∣∣− 1− |a|2n

2
< 0.

Observe that the inequality holds if and only if

|a2| <
(1− |a|2n)∣∣1− a2n

∣∣
∣∣1− a2

∣∣
2

. (5.2.14)

This follows immediately from Lemma 5.2.2 as |a2| < 1−|a|2
2

.

It follows from this and (5.2.13) that

M(un, ψ
n) . ecn .
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On the other hand, since |a| < 1

cn ≤ n<
(
a0 +

a1b

1− a
+

a2b
2

(1− a)2

)
+
|2a1b|
|1− a|2

+
|a2b

2|
|1− a|2

(
2

|1− a|
+

2

|1− a2|

)
+
∣∣∣ 2b

1− a

∣∣∣2
and hence

ecn . e
n<
(
a0+

a1b
1−a+

a2b
2

(1−a)2

)
=
∣∣∣u( b

1− a

)∣∣∣n.
from which and the assumption that

∣∣∣u( b
1−a

)∣∣∣ ≤ 1, the condition in (5.2.11)

follows.

Next, we consider the case when p <∞ and consider first the case a = 0. Then

ψn(z) = b, un(z) = u(z)(u(b))n−1 and applying (1.0.1),

‖W n
(u,ψ)f‖pp =

p

2π

∫
C

∣∣∣f(b)∣∣∣p|un(z)|pe−
p
2
|z|2dA(z)

=
p

2π

∫
C

∣∣∣f(b)∣∣∣p|u(z)|p|u(b)|(n−1)pe−
p
2
|z|2dA(z)

= |f(b)|p|(u(b))|(n−1)p‖u‖pp ≤ |(u(b))|(n−1)p‖u‖ppe|b|
2‖f‖pp.

from which we arrive at the claim. Here note that since Wu,ψ is bounded, the

multiplier u belongs to Fp for all p. If a 6= 0, then applying the local point

estimate in (2.0.5),

‖W n
(u,ψ)f‖pp =

p

2π

∫
C

∣∣∣∣f (anz +
b(1− an)

1− a

)∣∣∣∣p |un(z)|pe−
p
2
|z|2dA(z)

≤ p

2π

∫
C
e
p
2

(∣∣∣anz+ b(1−an)
1−a

∣∣∣2−|z|2)|un(z)|p

×
∫
D
(
anz+

b(1−an)
1−a ,1

) |f(w)|pe−
p
2
|w|2dA(w)dA(z)

=
p

2π

∫
C

∫
C
e
p
2

(∣∣∣anz+ b(1−an)
1−a

∣∣∣2−|z|2)|un(z)|p

χ
D
(
anz+

b(1−an)
1−a ,1

)(w)|f(w)|pe−
p
2
|w|2dA(w)dA(z). (5.2.15)
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Observe that if w ∈ D
(
anz + b(1−an)

1−a , 1
)
, then

1 ≥
∣∣∣∣w − anz − b(1− an)

1− a

∣∣∣∣ = |a|n
∣∣∣∣ wan − z − b(1− an)

an(1− a)

∣∣∣∣
= |a|n

∣∣∣∣z − ( wan − b(1− an)

an(1− a)

)∣∣∣∣,
which holds true if and only if

1

|a|n
≥
∣∣∣∣z − ( wan − b(1− an)

an(1− a)

)∣∣∣∣.
Thus, w belongs to the disk

D

(
anz +

b(1− an)

1− a
, 1

)

if and only if z belongs to

D

(
w

an
− b(1− an)

1− a
,

1

|a|n

)
.

Making use of this and Fubini’s theorem in (5.2.15)

‖W n
(u,ψ)f‖pp =

p

2π

∫
C
|f(w)|pe−

p
2
|w|2

×
(∫

C
e
p
2

(∣∣∣anz+ b(1−an)
1−a

∣∣∣2−|z|2)
|un(z)|pχ

D
(
w
an
− b(1−a

n)
1−a , 1

|a|n

)(z)dA(z)

)
dA(w).

Using Lemma 5.0.4 and simplifying like the case for p =∞, we get

e
p
2

(∣∣∣anz+ b(1−an)
1−a

∣∣∣2−|z|2)
|un(z)|p ≤ epcne

p|tn||z|−p
(

1−|a|2n
2
−
∣∣a2(1−a2n)

1−a2

∣∣)|z|2
for all z ∈ C. Since W(u,ψ) is compact and |a2| < 1−|a|2

2
, it follows that

qn − |pn| =
1− |a|2n

2
−
∣∣∣a2(1− a2n)

1− a2

∣∣∣ > 0
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and

∫
C
e
p
2

(∣∣∣anz+ b(1−an)
1−a

∣∣∣2−|z|2)
|un(z)|pχ

D
(
w
an
− b(1−a

n)
1−a , 1

|a|n

)(z)dA(z)

≤
∫
C
epcne

p|tn||z|−p
(

1−|a|2n
2
−
∣∣a2(1−a2n)

1−a2

∣∣)|z|2
dA(z) . epcn .

Hence,

‖W n
(u,ψ)f‖p . ecn‖f‖p

and the conclusion follows as in the last part of p =∞, and completes the proof

of the theorem.

5.3 Uniformly mean ergodic weighted composi-

tion operators

Having identified conditions under which W(u,ψ) is power bounded, we next turn

our attention to the mean and uniformly mean ergodic properties of W(u,ψ) on

Fp. The first result in this arena reads as follows.

Theorem 5.3.1. Let 1 ≤ p ≤ ∞ and W(u,ψ) be a compact power bounded operator

on Fp, and hence ψ(z) = az + b such that |a| < 1. Let u is non-vanishing on C.

Then W(u,ψ) is uniformly mean ergodic, and

lim
n→∞

∥∥∥∥∥ 1

n

n∑
k=1

W k
(u,ψ) −W(u∞,

b
1−a )

∥∥∥∥∥ = 0, u∞(z) =
∞∏
j=0

u(ψj(z)). (5.3.1)

Proof. By Proposition 4.3.3, W(u,ψ) is uniformly mean ergodic. To prove the limit

in (5.3.1), we argue as follows. First observe that u∞ is a well-defined product as

W(u,ψ) is power bounded, Lemma 5.2.1 and (1.0.1) imply

|u∞(z)| = lim
n→∞

|un(z)| ≤ lim
n→∞

e
1
2
|z|2‖un‖p . e

1
2
|z|2 .
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Case 1 : Let 1 ≤ p <∞. Then for each f ∈ Fp we claim that

lim
n→∞

‖W n
(u,ψ)f −W(u∞,

b
1−a )f‖p = 0. (5.3.2)

Observe that (5.3.2) implies (5.3.1). SinceW(u,ψ) is power bounded, by Lemma 5.2.1,

un belongs to Fp for all n ∈ N. On the other hand, using the representation of

un in (5.2.12) and applying Theorem 5.2.5 and Lemma 5.2.2

|un(z)| . e
|tnz|+

∣∣∣∣a2(1−a2n)

1−a2

∣∣∣∣|z|2 ≤ e
|tnz|+|a2| 1+|a|

2n

|1−a2|
|z|2

where

tn =
a1(1− an)

1− a
+

2a2b

1− a

(
1− an

1− a
− 1− a2n

1− a2

)
+

(1− an)b

1− a
an,

and letting n→∞

|u∞(z)| . e

(
2|a1|
|1−a|+

2|a2b|
|1−a|

(
2
|1−a|+

2
|1−a2|

))
|z|+ |a2|

|1−a2|
|z|2
.

The compactness condition |a2| < 1−|a|2
2

implies |a2|
|1−a2| <

1
2
, which shows that

u∞ ∈ Fp. Moreover, by continuity,

lim
n→∞

∣∣∣W n
(u,ψ)f(z)−W(u∞,

b
1−a )f(z)

∣∣∣ = 0,

and since W(u,ψ) is power bounded, there is a constant α > 0 such that for every

n ∈ N

∫
C

∣∣W n
(u,ψ)f(z)

∣∣p e− p2 |z|2dA(z) ≤
∫
C
αp|f(z)|pe−

p
2
|z|2dA(z).

Thus, by Lebesgue dominated convergence theorem

lim
n→∞

∫
C
|W n

(u,ψ)f(z)|pe−
1
2
|z|2dA(z) =

∫
C
|W(u∞,

b
1−a )f(z)|pe−

1
2
|z|2dA(z).
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Consequently, we have

∫
C

∣∣∣W n
(u,ψ)f(z)−W(u∞,

b
1−a )f(z)

∣∣∣p e− p2 |z|2dA(z)

≤
∫
C

2p
(
αp |f(z)|p +

∣∣∣W(u∞,
b

1−a )f(z)
∣∣∣p)e− p2 |z|2dA(z) <∞.

Applying Lebesgue dominated convergent theorem again on the sequence

gn(z) :=
∣∣∣W n

(u,ψ)f(z)−W(u∞,
b

1−a )f(z)
∣∣∣p e− p2 |z|2 ,

we get that

lim
n→∞

‖W n
(u,ψ)f −W(u∞,

b
1−a )f‖

p
p =

p

2π
lim
n→∞

∫
C
gn(z)dA(z) =

∫
C

lim
n→∞

gn(z)dA(z) = 0

as claimed.

Case 2 : p =∞ : The subspace F0 defined by

F0 = {f ∈ F∞ : lim
|z|→∞

|f(z)|e−
1
2
|z|2 = 0}.

is closed subspace in F∞ and it contains polynomials. Moreover, the polynomials

are dense in F0, and F∞ is canonically isomorphic to the bidual of F0. We proceed

to show first that (5.3.2) holds for each f ∈ F0. By (4.3.2),

f(ψn(z))→ f

(
b

1− a

)
uniformly on compact subset K of C. Next, we show that un → u∞ uniformly

on compact subset of C also. Since u∞ ∈ Fp∫
C
|un(z)− u∞(z)|p e−

p
2
|z|2dA(z) ≤

∫
C

2p (αp + |u∞(z)|p) e−
p
2
|z|2dA(z) <∞. (5.3.3)

Applying Lebesgue dominated convergence theorem, for z ∈ K, where K is
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compact subset of C,

lim
n→∞

|un(z)− u∞(z)| ≤ lim
n→∞

e
1
2
|z|2‖un − u∞‖1 ≤

(
max
z∈K

e
1
2
|z|2
)

lim
n→∞

‖un − u∞‖1

=

(
max
z∈K

e
1
2
|z|2
)

lim
n→∞

∫
C
|un(w)− u∞(w)|e−

1
2
|w|2dA(w) = 0.

From this we have

un(z)f(ψn(z))→ u∞(z)f

(
b

1− a

)

uniformly on the compact subsets of C. That is, for each compact set K in C,

sup
z∈K

∣∣∣∣un(z)f(ψn(z))− u∞(z)f

(
b

1− a

)∣∣∣∣→ 0 (5.3.4)

as n→∞. Next, with f ∈ F0 and each n,

lim
|z|→∞

|W n
(u,ψ)f(z)|e−

1
2
|z|2 = lim

|z|→∞
|un(z)

∣∣∣∣f(anz +
b(1− an)

(1− a)

)∣∣∣∣2e− 1
2
|z|2

≤ sup
z∈C

(
|un(z)|e

1
2

(
|anz+ b(1−an)

(1−a) |
2−|z|2

))
× lim
|z|→∞

∣∣∣∣f(anz +
b(1− an)

1− a

)∣∣∣∣2e− 1
2
|anz+ b(1−an)

(1−a) |
2

. lim
|z|→∞

∣∣∣∣f(anz +
b(1− an)

1− a

)∣∣∣∣2e− 1
2
|anz+ b(1−an)

(1−a) |
2

= 0.

Note that the last inequality above holds since W(u,ψ) is power bounded the

supremum above is uniformly bounded. That is

sup
n

sup
z∈C

(
|un(z)|e

1
2

(
|anz+ b(1−an)

(1−a) |
2−|z|2

))
. |u(b/(1− a))|n ≤ 1.

Furthermore, u∞ ∈ F0 since it belongs to Fp for all p ≤ ∞.

Now given ε > 0, f ∈ F0 and since u∞ ∈ F0, we can find r0 > 0 such that

|W n
(u,ψ)f(z)|e− 1

2
|z|2 < ε/2 and |u∞(z)||f( b

1−a)|e− 1
2
|z|2 < ε/2 whenever |z| > r0.
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Then, for each |z| > r0 and n ∈ N, we have∣∣∣∣W n
(u,ψ)f(z)− u∞(z)f

(
b

1− a

)∣∣∣∣ e− 1
2
|z|2 ≤

∣∣W n
(u,ψ)f(z)

∣∣e− 1
2
|z|2

+

∣∣∣∣u∞(z)f

(
b

1− a

)∣∣∣∣e− 1
2
|z|2 < ε.

We apply (5.3.4) to the compact set K0 = {z ∈ C : |z| ≤ r0} to find n0 such

that if z ∈ K0 and n ≥ n0 we have∣∣∣∣un(z)f(ψn(z))− u∞(z)f

(
b

1− a

)∣∣∣∣ < ε

2S
,

with S := maxz∈K0 e
− 1

2
|z|2 . If n ≥ n0 and z ∈ C, we have∣∣∣∣W n

(u,ψ)f(z)− u∞(z)f

(
b

1− a

)∣∣∣∣ e− 1
2
|z|2 < ε.

Thus

lim
n→∞

‖W n
(u,ψ)f − u∞f

(
b

1− a

)
‖∞ = 0.

Next, we show (5.3.1) for p =∞. Since F∞ is canonically isomorphic to the bidual

of F0, and the bi-transpose operator W
′′

(u.ψ) of W(u,ψ) : F0 → F0 coincides with

composition operator W(u,ψ) : F∞ → F∞, the conclusion follows from the well-

known fact that ‖T‖ = ‖T ′‖ = ‖T ′′‖ for any bounded operator T on a Banach

space.

The preceding result assures that W(u,ψ) with, ψ(z) = az + b is always uniformly

mean ergodic whenever it is compact and power bounded. Now, we consider the

case when ψ(z) = az + b and |a| = 1. Note that power boundedness in this case

implies that either |u(0)| = e−
|b|2
2 or |u(0)| < e−

|b|2
2 . In 1939, Lorch [36] proved

that every power bounded operator on a reflexive Banach space is mean ergodic.

The same result was latter obtained in reflexive Frechet spaces [1]. Accordingly,

as the spaces Fp are reflexive for all 1 < p < ∞, every power bounded W(u,ψ) is
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mean ergodic. Thus, for such spaces we will consider conditions under which the

ergodicity becomes uniform.

Theorem 5.3.2. (i) Let 1 ≤ p ≤ ∞ , ψ(z) = az + b with |a| = 1 and |u(0)| <

e−
|b|2
2 . Then W(u,ψ) is uniformly mean ergodic on Fp, and

lim
n→∞

∥∥∥∥ 1

n

n∑
k=0

W k
(u,ψ)

∥∥∥∥ = 0.

(ii) Let 1 ≤ p ≤ ∞,and ψ(z) = az with |a| = 1. If both u(0) and a are roots of

unity, then W(u,ψ) is uniformly mean ergodic on Fp.

By Theorem 4.3.7 and Theorem 4.3.9, the composition operator Cψ is not uni-

formly mean ergodic on Fp, 1 ≤ p ≤ ∞ whenever |a| = 1 and a is not root of

unity. Now the weight function u makes it possible to enrich uniformity by taking

the value |u(0)| smaller.

Proof. (i) Applying the assumption along with (5.2.6) and (5.2.7)

lim
n→∞

∥∥∥∥ 1

n

n∑
k=0

W k
(u,ψ)

∥∥∥∥ ≤ lim
n→∞

1

n

n∑
k=0

∥∥∥∥W k
(u,ψ)

∥∥∥∥ . lim
n→∞

1

n

n∑
k=0

(
|u(0)|e

|b|2
2

)k
≤ lim

n→∞

2n−1

1− |u(0)|e
|b|2
2

= 0

as claimed.

(ii) By assumption there exist numbers m,N ∈ N such that aN = 1 = u(0)m.

Consider the smallest positive integer N0 ≤ mN such that aN0 = u(0)N0 = 1.

In this case the sequence W n
u,ψ is periodic with period N0. Any n ∈ N can be

written in the form of n = N0l+ j for some l ∈ N and j = 0, 1, 2, ..., N0− 1. Thus

lim
n→∞

∥∥∥∥∥ 1

n

n∑
k=1

W k
(u,ψ) −

1

N0

N0∑
k=1

W k
(u,ψ)

∥∥∥∥∥ = lim
l→∞

1

(N0l + j)

∥∥∥∥∥
j∑

k=1

W k
(u,ψ) −

j

N0

N0∑
k=1

W k
(u,ψ)

∥∥∥∥∥
≤ lim

l→∞

1

(N0l + j)

(
j∑

k=1

∥∥W k
(u,ψ)

∥∥+
j

N0

N0∑
k=1

∥∥W k
(u,ψ)

∥∥) = 0
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and completes the proof.

Our next result consider the cases when the uniform ergodicity fails.

Theorem 5.3.3. Let 1 ≤ p ≤ ∞ and W(u,ψ) is bounded on Fp with ψ(z) = az,

|a| = 1. Let 1 6= u(0)am for all m ∈ N or u(0) = 1 and a is not root of unity.

Then W(u,ψ) is

(i) mean ergodic on Fp for all p <∞, and for each f ∈ Fp

lim
n→∞

∥∥∥∥ 1

n

n∑
k=0

W k
(u,ψ)f −W(u(0),0)f

∥∥∥∥
p

= 0,

(ii) not uniformly mean ergodic on Fp for all 1 ≤ p ≤ ∞, and not mean ergodic

on F∞ either.

Proof. (i) Assume that 1 6= u(0)am for all m ∈ N. We first check when f belongs

to the set of monomials. If f = 1, then the result holds trivially. Thus, for

zm,m ≥ 1

∥∥∥∥ 1

n

n∑
k=1

W k
(u,ψ)z

m

∥∥∥∥
p

=

∥∥∥∥ 1

n

n∑
k=1

amkukz
m

∥∥∥∥
p

.

Since aku(0) 6= 1 for each k ∈ N and uk(z) = u(0)k,

∥∥∥∥ 1

n

n∑
k=1

amkukz
m

∥∥∥∥
p

=

∥∥∥∥ 1

n

n∑
k=1

u(0)kamkzm
∥∥∥∥
p

=
∥∥∥zm
n

am(1− u(0)namn)

1− amu(0)

∥∥∥
p

≤
2
∥∥zm∥∥

p

n|1− amu(0)|
→ 0

as n → ∞. Since the set of polynomials is dense in Fp and W(u,ψ) is power

bounded on Fp by Theorem 5.2.1, we have (see e.g. Lemma 2.1 in [3]),

lim
n→∞

∥∥∥∥∥ 1

n

n∑
k=1

W k
(u,ψ)f − f(0)

∥∥∥∥∥
p

= lim
n→∞

∥∥∥∥ 1

n

n∑
k=0

W k
(u,ψ)f −W(u(0),0)f

∥∥∥∥
p

= 0

for every f ∈ Fp.
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(ii) Assume now on the contrary that Wu,ψ is uniformly mean ergodic. By the

relations in (5.2.6) and (5.2.7), it holds that 1
n
‖W n

(u,ψ)‖ → 0 as n → ∞. Then,

by the classical result of Lin [35]), Im(I −W(u,ψ)) is closed where Im(I −W(u,ψ))

denotes the range of I −W(u,ψ), and hence

Im(I −W(u,ψ)) = Im(I −W(u,ψ)) =

{
f ∈ Fp : lim

n→∞

1

n

n∑
k=1

W k
(u,ψ))f = 0

}
=

{
f ∈ Fp : lim

n→∞

1

n

n∑
k=1

u(0)kf(ψk) = 0

}
. (5.3.5)

where the last equality follows after an application of Lemma 5.0.3. Furthermore,

Fp = Im(I −W(u,ψ))
⊕

Ker(I −W(u,ψ)). (5.3.6)

We claim that Ker(I−W(u,ψ)) contains only the constant functions. In deed, if f

belongs to it, then since u(0)f(az) = f(z) for each z ∈ C, we have u(0)anf (n)(az) =

f (n)(z), and hence u(0)anf (n)(0) = f (n)(0). This yields f (n)(0) = 0 for every n ∈ N

since u(0)an 6= 1. If we define g(z) = f(z) − f(0), it follows that g(n)(0) = 0 for

every n = 0, 1, 2, .... Hence g(z) = 0 for every z ∈ C. Therefore, f(z) = f(0) for

every z ∈ C.

Next, we show that the constant functions belong to the set in (5.3.5) and contra-

dicts (5.3.6). Thus, if h = α is a non-zero constant function, then W k
(u,ψ))h(z) =

u(0)kh(ψk(z)) = u(0)kα for every z ∈ C. Thus

∥∥∥∥ 1

n

n∑
k=1

h(ψk)

∥∥∥∥
p

≤ ‖α‖p
n

∣∣∣∣ n∑
k=1

u(0)k
∣∣∣∣ =
‖α‖p
n

∣∣∣∣u(0)− u(0)n+1

1− u(0)

∣∣∣∣
≤ 2‖α‖p
n|1− u(0)|

→ 0 as n→∞.

Now we consider the case when 1 = u(0) and a is not a root of unity. The proof of

part (i) and the fact that Ker(I −W(u,ψ)) contains only constant functions follow

exactly in the same way as above. But now the non-zero constant functions do

not belong to (5.3.5). Thus, we modify the argument as follows. Consider the
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function h(z) = z + 1. It follows that h belongs to neither Ker(I −W(u,ψ)) nor to

the set in (5.3.5). For the latter case, observe that 1
n

∑n
k=1 h(ψk)→ 1 as n→∞.

In deed ∥∥∥∥ 1

n

n∑
k=1

h(ψk)− 1

∥∥∥∥
p

≤ ‖z‖p
n

∣∣∣∣ n∑
k=1

ak
∣∣∣∣ ≤ 2‖z‖p

n|1− a|
→ 0 as n→∞.

and contradicts (5.3.6) again. Hence W(u,ψ) is not uniformly mean ergodic on

Fpϕ, 1 ≤ p ≤ ∞. It remains to show that W(u,ψ) is not mean ergodic on F∞
either. But this follows from Theorem 4.3.8.

We remark that when |a| = 1 and |u(0)| = e−|b|
2/2, b 6= 0, the operators are

isometric bijective with W−1
(u,ψ) = W(v,ψ−1) where v(z) := u(0)Kab(z). This can be

seen as for every f ∈ Fp

‖W(u,ψ)f‖pp =
p

2π
|u(0)|p

∫
C
|K−ab(z)|p|f(az + b)|pe−

p
2
|z|2dA(z)

=
p

2π
|u(0)|p

∫
C
|f(z + b)|pe−

p
2
|az+b|2

(
|K−ab(z)|pe

p
2
|az+b|2− p

2
|z|2
)
dA(z)

=
1

|a|2
|u(0)|pe

p|b|2
2 ‖f‖pp = ‖f‖pp

for all 1 ≤ p <∞ which also holds true for p =∞. This shows that the operator

is a linear isometry and hence satisfies the injectivity condition W−1
(u,ψ)W(u,ψ) = I.

On the other hand, for each f ∈ Fp

W(u,ψ)W(v,ψ−1)f(z) = u(z)u(0)Kab(ψ(z)).f(ψ−1(ψ(z)))

= u(z)u(0)Kb(az + b)f(z) = |u(0)|2K−ab(z)Kab(az + b)f(z) = f(z)

which also shows that W(u,ψ)W
−1
(u,ψ) = I. As shown below and Theorem 5.1.1, the

spectrum of some of these class of operators are contained in the unit circle.

The uniformly mean ergodic results in part (ii) of Theorem 5.3.2 and Theo-

rem 5.3.3 deal with when ψ(z) = az + b form with |a| = 1 and b = 0. The case

for b 6= 0 is our next point of interest.
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Corollary 5.3.4. Let 1 ≤ p ≤ ∞, ψ(z) = az + b, |a| = 1 and a is not a root of

unity, u
(

b
1−a

)
= 1 and hence |u(0)| = e−

|b|2
2 . Then W(u,ψ) can not be uniformly

mean ergodic on Fp.

Proof. First observe that in this case Theorem 5.1.1 and since for |a| = 1 and

a 6= 1,

∣∣u(0)e
a|b2|
a−1 am

∣∣ = |u(0)|e|b|
2<
(

a
a−1

)
= |u(0)|e|b|

2<
(

a(a−1)
(a−1)(a−1)

)
= |u(0)|e

|b2|
2 = 1,

the spectrum σ(W(u,ψ)) is contained in the unit circle T. Furthermore as a is

not a root of unity in the case when a 6= 1, it follows that 1 is an accumulation

point of the spectrum of W(u,ψ). Moreover 1 is in the spectrum of W(u,ψ) since

u(0)e
a|b2|
a−1 a0 = u

(
b

1−a

)
a0 = 1. Then an application of Theorem 3.16 of [18] gives

the conclusion.

5.3.1 The multiplication operator

We now conclude the section by specializing the main results made in the above

section to the multiplication operator Mu acting on Fock spaces. Note that from

Lemma 2.3 in [52], it is known that the operator Mu is bounded on Fp if and

only if u is a constant function. The same conclusion can be also easily drawn by

applying the condition in (5.0.1) along with Liouville’s Theorem.

Corollary 5.3.5. Let 1 ≤ p ≤ ∞ and u ∈ H(C) such that Mu is bounded on Fp.

Then the following statements are equivalent.

(i) Mu is power bounded on Fp;

(ii) |u(0)| ≤ 1;

(iii) Mu is mean ergodic on Fp;

(iv) Mu is uniformly mean ergodic on Fp.

Proof. The equivalency of (i) and (ii) is an immediate deduction from Theo-

rem 5.2.3. Thus, we shall show (ii) ⇒ (iii), (iii)⇒ (iv), and (iv) ⇒ (i). For the
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first, simplifying the proof of Theorem 5.3.2 part (i) for the case b = 0 and a = 1,

we get W k
(u,ψ) = Mk

u and

∥∥∥∥ 1

n

n∑
k=1

Mk
uf

∥∥∥∥
p

=

∥∥∥∥fn
n∑
k=1

uk(0)

∥∥∥∥
p

=

∥∥∥∥fn
n∑
k=1

u(0)k
∥∥∥∥
p

=
∥∥f∥∥

p

∣∣∣∣ 1n
n∑
k=1

u(0)k
∣∣∣∣. (5.3.7)

Consider first the case when u(0) 6= 1 and |u(0)| ≤ 1. Then∥∥f∥∥
p

n

∣∣∣ n∑
k=1

u(0)k
∣∣∣ =

∥∥f∥∥
p

n

|u(0)||1− u(0)n|
|1− u(0)|

≤
2
∥∥f∥∥

p

n|1− u(0)|
→ 0

as n→∞. Thus, 1
n

∑n
k=1 M

k
u converges pointwise to zero. If u(0) = 1, then Mu

reduces to the identity map and the assertion follows trivially.

Next, we show that (iii) implies (iv). That is the above convergence is uniform

on the operator norm. Now the assumption implies that Mn
u f
n
→ 0 as n→∞ for

all f ∈ Fp. In particular for f = 1, the statement Mn
u 1
n

= u(0)n

n
→ 0 holds only

if |u(0)| ≤ 1. Now, for u(0) = 1, the operator reduces again to the identity map.

Thus, we consider the case when u(0) 6= 1, and argue

∥∥∥ 1

n

n∑
k=1

Mk
u

∥∥∥ = sup
‖f‖p=1

∥∥∥ 1

n

n∑
k=1

Mk
uf
∥∥∥
p

= sup
‖f‖p=1

∥∥∥ 1

n

n∑
k=1

u(0)kf
∥∥∥
p

≤ 1

n

n∑
k=1

|u(0)|k =
|u(0)||1− |u(0)|n|
n(1− |u(0)|)

≤ 2

n|1− u(0)|
→ 0, n→∞.

Now assume that (iv) holds. Then ‖Mn
u ‖/n→ 0 as n→∞. On the other hand,

from (5.2.6) we get ‖Mn
u ‖ = |u(0)|n which implies that ‖Mn

u ‖/n → 0 only when

|u(0)| ≤ 1. Therefore, by Theorem 5.2.3, the operator is power bounded.

5.4 Cyclicity of weighted composition operators

Cyclicity and supercyclicity of weighted composition operator on F2 are studied

by T. Mengestie [64]. Using Hilbert space techniques, he characterized cyclicity

of W(u,ψ) on F2 and showed that W(u,ψ) is not supercyclic on F2. It is a natural
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problem to study what happens to this cyclicity and supercyclicity phenomena

on other Fock spaces Fp, 1 ≤ p ≤ ∞. In this section we present our result of

cyclicity, supercyclicity and hypercyclicity of W(u,ψ) on Fp, 1 ≤ p ≤ ∞.

For the sake of expository reasons for the structures being considered, we start

with the stronger hypercyclicity property and prove the following.

Proposition 5.4.1. Let 1 ≤ p < ∞ and (u, ψ) be a pair of entire functions

which induces a bounded weighted composition operator W(u,ψ) on Fp. Then, the

operator W(u,ψ) can not be hypercyclic on Fp.

Proof. To verify this, suppose, for the sake of contradiction, that W(u,ψ) is hy-

percyclic on Fp with hypercyclic vector f . Since W(u,ψ) is bounded, we have

ψ(z) = az + b, |a| ≤ 1 and ψ fixes the point z0 := b/(1− a) when a 6= 1. Then,

for each g ∈ Fp, there exists a sequence (nk) such that

‖g −W nk
(u,ψ)f‖p → 0 as k →∞.

By (1.0.1), norm convergence implies pointwise convergence on Fock spaces, from

which and relation (5.2.1)

g(z0) = lim
k→∞

W nk
(u,ψ)f(z0) = f(z0) lim

k→∞
(u(zo))

nk .

This implies that f(z0) 6= 0. If not, the orbit will contain only functions that

vanish at z0 which does not represent the whole space Fp. Hence we may write

g(z0)

f(z0)
= lim

k→∞
(u(zo))

nk . (5.4.1)

Since the constant functions are contained in Fp for all ranges of p, the relation

in (5.4.1) shows that each such function is a limit point of a subsequence of

{(u(zo))
n : n ∈ N}. Said differently, the set {(u(zo))

n : n ∈ N0} is dense in the

complex plane C which is not always the case either.

When a = 1 and b = 0, then W(u,ψ) reduces to the multiplication operator which
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obviously is not hypercyclic. On the other hand, if a = 1 and b 6= 0, then the

argument becomes more interesting. First, observe that ψj(z) = z+ jb and using

(5.0.3),

un(z) = u(0)n
n−1∏
j=0

K−b(z + jb) = u(0)neln(z)

where ln(z) := −b
∑n−1

j=0 (z + jb) = −bnz − |b|
2

2
n(n− 1). It follows that

un(z) = u(0)ne−
|b|2
2
n(n−1)K−nb(z).

Now for each n ∈ N and any possible hypercyclic vector f , we compute

‖W n
(u,ψ)f‖pp =

p

2π

∫
C
|un(z)|p|f(ψn(z))pe−

p
2
|z|2dA(z)

=
p

2π
|u(0)|npe−

p|b|2
2
n(n−1)

∫
C
|K−nb(z)|p|f(ψn(z))pe−

p
2
|z|2dA(z)

= |u(0)|npe−
p|b|2

2
n(n−1)‖f‖pp <∞ (5.4.2)

as n→∞ since b 6= 0. On the other hand, for fixed m, setting gm(z) = mz, there

exists a sequence W nk
(u,ψ)f such that

‖W nk
(u,ψ)f − gm‖p → 0

whenever k →∞. But a computation using Gamma function shows that

‖gm‖pp ' mp →∞

as m→∞ which contradicts (5.4.2).

Having observed the absence of hypercyclicity structure, we ask for the weaker

supercyclicity dynamical property of the operator. One of our main results to

follow affirms that the Fock spaces support no supercyclic weighted composition
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operator either.

Theorem 5.4.2. Let 1 ≤ p ≤ ∞ and (u, ψ) be a pair of functions in H(C) which

induces a bounded weighted composition operator W(u,ψ) on Fp. Then W(u,ψ) can

not be supercyclic.

The result shows that the projective orbit of any given vector under W(u,ψ) is

not dense enough to ensure supercyclicity on the spaces Fp, and the weighted

composition operators exhibit the same supercyclic phenomena as the unweighed

ones.

Proof. Now we give the proof of the theorem, and set ψ(z) = az+ b, with |a| ≤ 1

as before. For the case |a| < 1 or |a| = 1 and a 6= 1, we argue as follows. The map

ψ fixes the point z0 = b
1−a . Assume on the contrary that there exists a supercyclic

vector f in Fp. First we claim that u is zero free on C. If u vanishes at point

w, then (5.2.1) implies that every element in the orbit of f vanishes at w which

extends to the projective orbit which obviously is not the case. Observe that f

can not have zero in C either. This is because all the elements in the projective

orbit will also vanish at a possible zero which extends to the closure. Thus, by

Proposition 4 of [4], for any two different numbers z, w ∈ C,

{
un(z)f(ψn(z))

un(w)f(ψn(w))

}
= C. (5.4.3)

Let r > 0 be given. Then K = {z ∈ C : |z−z0| ≤ r} is a compact neighbourhood

of z0 which also contains ψ(K) since for each z ∈ K

|ψ(z)− z0| = |az + b− z0| ≤ |az − az0|+ |az0 − z0 + b| ≤ |a|r ≤ r.

Now, if we set w = ψ(z), z ∈ K, z 6= z0 and consider the expression in (5.4.3)∣∣∣∣ un(z)f(ψn(z))

un(w)f(ψn(w))

∣∣∣∣ =

∣∣∣∣ un(z)f(ψn(z))

u(ψn(z))f(ψn+1(z))

∣∣∣∣ ≤ C
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for all n ∈ N where

C =
maxz∈K |u(z)| ·maxz∈K |f(z)|
minz∈K |u(z)| ·minz∈K |f(z)|

.

This obviously contradicts the relation in (5.4.3).

It remains to show the case for a = 1. This is rather immediate as by Lemma 5.0.3,

we have u(z) = u(0)K−b(z) and

W(u,ψ)f(z) = u(0)K−b(z)f(ψ(z)) = u(0)‖K−b‖2k−b(z)f(ψ(z))

= u(0)e
|b|2
2 W(k−b,ψ)f(z). (5.4.4)

Then we show that W(k−b,ψ) is an isometric bijective operator with inverse map

W−1
(k−b,ψ) = W(kb,ψ−1). Thus, for f ∈ Fp

‖W(k−b,ψ)f‖pp =
p

2π
‖K−b‖−p2

∫
C
|K−b(z)|p|f(z + b)|pe−

p
2
|z|2dA(z)

=
p

2π
‖K−b‖−p2

∫
C
|f(z + b)|pe−

p
2
|z+b|2

(
|K−b(z)|pe

p
2
|z+b|2− p

2
|z|2
)
dA(z)

= ‖K−b‖−p2 e
p|b|2

2 ‖f‖pp = ‖f‖pp

for all 1 ≤ p <∞ . This shows that the operator is a linear isometry and hence

satisfies the injectivity condition W−1
(k−b,ψ)W(k−b,ψ) = I. On the other hand, for

each f ∈ Fp

W(k−b,ψ)W
−1
(k−b,ψ)f(z) = k−b(z)kb(ψ(z)).f(ψ−1(ψ(z))) = f(z)

which also shows that W(k−b,ψ)W
−1
(k−b,ψ) = I.

Thus, by (5.4.4) the operator W(u,ψ) is normal in this case. Consequently, from

a result of Hilden and Wallen [29], it follows that W(u,ψ) can not be supercyclic

and completes the proof.

If u = 1, then W(u,ψ) is just the composition operator Cψ. On the other
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hand, if ψ is the identity map, then W(u,ψ) reduces to the multiplication operator

Mu. With this, we obtain the following immediate consequence of Theorem 5.4.2.

Corollary 5.4.3. Let 1 ≤ p < ∞ and (u, ψ) be a pair of entire functions, and

let the operators Cψ and Mu be bounded on Fp. Then, both Cψ and Mu are not

supercyclic on Fp.

Having observed that no projective orbit of a vector in Fp is big enough to span

the whole space, in this section, we consider again another yet weaker dynamical

structure namely cyclicity. Suppose that there exist numbers m, k ∈ N such that

ak = 1 = u(0)m. Then set q ≤ mN be the smallest positive integer such that

aq = u(0)q = 1. It follows that the sequence W(u,ψ) is periodic with period q.

Hence the operator fails to be cyclic. This is because the closed linear span of

the orbit of any vector under W n
(u,ψ) becomes finite dimensional. Our next main

result affirms that periodicity of a fails in general to produce cyclic weighted

composition operators.

Theorem 5.4.4. Let 1 ≤ p < ∞ and (u, ψ) be a pair of entire functions which

induces a bounded weighted composition operator W(u,ψ) on Fp and hence ψ(z) =

az + b with |a| ≤ 1 and u is a non-zero function. Then the following statements

are equivalent.

(i) W(u,ψ) is cyclic on Fp;

(ii) ak 6= a for all positive integer k ≥ 2 and u fails to vanish on C.

The novelty of Theorem 5.4.4, besides it provides a simple condition to apply, is

the absence of any non-trivial condition on the weight function u. So long as the

weight function is non-zero, the weighted operator inherits the cyclicity property

from the unweighted case. We may also remark that both Theorem 5.4.2 and

Theorem 5.4.4 are independent of the underlying classical Fock spaces.

Proof. We now give a short proof to the theorem. As noted before for p = 2, this

was proved in [64]. Now let us indicate how to extend that to an arbitrary Banach
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space. In fact the argument goes through by applying the notion of duality. By

Theorem 2.23 and Theorem 2.24 in [78], the dual space of Fp can be identified as

Fq where 1 = 1
p

+ 1
q

under the integral pairing

〈f, g〉 = lim
R→∞

1

π

∫
|z|<R

f(z)g(z)e−|z|
2

dA(z).

Using this, in the proof of Theorem 2.1 in [64] exhibit that the reproducing kernels

Kz are cyclic vectors for W(u,ψ) for every z ∈ C and completes the proof.

Since all kernel functions are cyclic, we remark that both the operators Cψ and

W(u,ψ) belong to the class of operators which have dense set of cyclic vectors on

the classical Fock spaces.

5.5 The Ritt’s resolvent condition for weighted

composition operators

The other dynamical structure treated in this chapter is Resolvent condition. We

recall that the resolvent function R(λ, T ) defined on the resolvent set %(T ) is an

operator valued function given by R(λ, T ) = (λI − T )−1. If the operator T is

power bounded and hence σ(T ) contained in the closed unit disc, then using the

series expansion of the resolvent function

‖R(λ, T )‖ =

∥∥∥∥ ∞∑
n=0

T n

λn+1

∥∥∥∥ ≤ ∞∑
n=0

‖T n‖
|λ|n+1

=
supn∈N0

‖T n‖
|λ| − 1

. (5.5.1)

Thus, every power bounded operator satisfies the so called Kreiss’s resolvent

condition. For infinite dimensional spaces,condition (5.5.1) does not imply power

boundedness as it only gives ‖T n‖ = O(n) as n→∞; see for example [67].

Now we are interested in a more stronger resolvent growth condition that implies

power boundedness, namely, the Ritt’s resolvent condition [71]. An operator T
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satisfies such a condition if there exists a positive constant M such that

‖R(λ, T )‖ ≤ M

|λ− 1|
(5.5.2)

for all λ ∈ C with |λ| > 1. Both the Kreiss’s and Ritt’s resolvent conditions

play important rolls in numerical analysis; see [9] and references therein for more

details.

In Theorem 5.1.1, we described the spectrum of the weighted composition opera-

tors on Fock spaces and used the result to prove some results on power bounded-

ness and ergodicity. Now we use it again to show the following interesting result

on the Ritt’s resolvent growth condition.

Theorem 5.5.1. Let 1 ≤ p < ∞ and (u, ψ) be a pair of entire functions which

induces a bounded weighted composition operator W(u,ψ) on Fp and hence ψ(z) =

az + b, |a| ≤ 1. Then if

(i) |a| = 1, then W(u,ψ) satisfies the Ritt’s resolvent condition if and only if it

satisfies any one of the following

• a = 1, b = 0 and |u(0)| < 1 or u(0) = 1.

• a 6= 1, b = 0 and |u(0)| < e−
|b|2
2

• a = 1, b 6= 0 and |u(0)| < e−
|b|2
2

(ii) W(u,ψ) is compact and satisfies the Ritt’s resolvent growth condition, then

either |u
(

b
1−a

)
| < 1 or u

(
b

1−a

)
= 1. Conversely, if |u

(
b

1−a

)
| < 1, then W(u,ψ)

satisfies the Ritt’s resolvent growth condition.

Proof. In 1999, Nagy and Zemanek [69] proved that a power bounded operator

T in complex Banach space satisfies the Ritt’s resolvent condition if and only if

sup
n∈N

n‖T n+1 − T n‖ <∞. (5.5.3)

As before let ψ(z) = az + b, |a| ≤ 1, and set z0 = b
1−a when a 6= 1. By

Theorem 5.1.1, the spectrum of the operators have also the following description.
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If W(u,ψ) is compact and hence |a| < 1, then

σ(W(u,ψ)) =
{

0, u
(
z0

)
am, m ∈ N0

}
.

On the other hand, if |a| = 1, then

σ(W(u,ψ)) =



{
u
(
z0

)
am : m ∈ N0

}
, a 6= 1{

z : |z| = |u(0)|e
|b|2
2

}
, a = 1, b 6= 0

{u(0)}, a = 1, b = 0

.

Now from [46] and [47, Theorem 4.5.4] if W(u,ψ) satisfies the Ritt’s condition, then

σ(W(u,ψ)) ∩ T ⊂ {1}. (5.5.4)

Hence, for |a| = 1, it follows that either a = 1, b 6= 0 and |u(0)| < e−
|b|2
2 , or a 6= 1,

b = 0 and |u(0)| < e−
|b|2
2 , or a = 1, b = 0 and |u(0)| < 1 or u(0) = 1.

Conversely, if a = 1, b = 0 and |u(0)| ≤ 1 or u(0) = 1, then W(u,ψ) is trivially

power bounded. Furthermore, W(u,ψ) reduces to the multiplication operator Mu.

By [52, Lemma 2.3], it is known that Mu is bounded on Fp if and only if u is a

constant function u = u(0). Then ‖T n+1 − T n‖ = |u(0)|n|1− u(0)| which implies

that condition (5.5.3) holds.

On the other hand, if a 6= 1 and |u(z0)| < 1, then applying (5.2.6) and (5.2.7),

we have

‖W n
(u,ψ)‖ .

(
|u(0)|e

|b|2
2

)n
=
∣∣u(0)e

a|b|2
a−1

∣∣n
since

∣∣u(0)e
a|b|2
a−1

∣∣ = |u(0)|e|b|
2<
(

a
a−1

)
= |u(0)|e|b|

2<
(

a(a−1)
(a−1)(a−1)

)
= |u(0)|e

|b|2
2 .
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From which it follows that

sup
n∈N

n‖W n+1
(u,ψ) −W

n
(u,ψ)‖ . sup

n∈N
n
(
|u(0)|e

|b|2
2

)n
+ sup

n∈N
n
(
|u(0)|e

|b|2
2

)n+1

<∞.

(5.5.5)

For |a| < 1, first observe that for each n ∈ N, the operator W n
(u,ψ) itself is a

weighted composition operator induced by the symbol (un, ψ
n) and W n

(u,ψ) =

W(un,ψn). Aiming to check condition (5.5.3), we first find an estimate to the norm

of the difference of the two weighted composition operators,

∥∥W n+1
(u,ψ) −W

n
(u,ψ)

∥∥ =
∥∥W(un+1,ψn+1) −W(un,ψn)

∥∥.
Applying the difference to the normalized reproducing kernels kw and relation

(1.0.1)

∥∥W(un+1,ψn+1) −W(un,ψn)

∥∥ ≥ ∥∥W(un+1,ψn+1)kw −W(un,ψn)kw
∥∥
p

≥
∣∣∣un+1(z)ewψ

n+1(z) − un(z)ewψ
n(z)
∣∣∣e− |z|2+|w|22 (5.5.6)

for all w, z ∈ C. In particular, setting z = w = z0 it readily follows from (5.5.6)

and (5.2.1) that

∥∥W(un+1,ψn+1) −W(un,ψn)

∥∥ ≥ |un(z0)||u(z0)− 1| = |u(z0)|n|u(z0)− 1|, (5.5.7)

from which the relation in (5.5.3) for ‖W(u,ψ)‖ holds only if |u(z0)| < 1 or u(z0) =

1.

Conversely, by Theorem 5.2.5, W(u,ψ) is power bounded if and only if |u(z0)| ≤ 1,

and ‖W n
(u,ψ)‖ ' |u(z0)|n. Then we repeat the argument in (5.5.5) to show that

(5.5.3) holds whenever |u(z0)| < 1, and completes the proof.

It would be desirable to know whether the necessity condition u(z0) = 1 could

be sufficient as well. We in fact conjecture that it should be. In the following we

provide several results in favor of our conjecture.
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Corollary 5.5.2. Let 1 ≤ p < ∞ and (u, ψ) be a pair of entire functions which

induces a bounded weighted composition operator W(u,ψ) on Fp and hence ψ(z) =

az + b, |a| ≤ 1. If a = 0, then W(u,ψ) satisfies the Ritt’s resolvent condition on

Fp if and only if either u(b) = 1. or |u(b)| < 1

Proof. The necessity of the condition follows from (5.5.7) as a particular case.

Thus, we shall verify the sufficiency. A simple computation shows that for each

f ∈ Fp

∥∥W(un+1,ψn+1)f −W(un,ψn)f
∥∥p
p
≤ |u(b)|pn‖f‖pp|u(b)− 1|p.

It follows that

∥∥W(un+1,ψn+1) −W(un,ψn)

∥∥ ≤ |u(b)|n|u(b)− 1|

from which it is easy to see that (5.5.3) holds.

Observe that the multiplication operator Mu is power bounded if and only if

|u(0)| ≤ 1. This gives the following consequence.

Corollary 5.5.3. Let 1 ≤ p <∞ and u be an entire functions. Then Mu satisfies

the Ritt’s resolvent condition on Fp if and only if it is power bounded.

The composition operator is one of the other cases where we have u(z0) = 1.

For this we show that the Ritt’s resolvent condition is in fact equivalent to the

stronger unconditional Ritt’s condition on Fp. We recall that an operator T on a

Banach space X satisfies the unconditional Ritt’s condition if there exists a non

negative constant K such that∥∥∥∥∑
k=1

ak
(
T k − T k−1

)∥∥∥∥ ≤ K sup
k
{|ak|} (5.5.8)

for any finite sequence (ak) of complex numbers. We note in passing that the

notion of the unconditional Ritt’s condition is the discrete analogue of the H∞
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calculus for sectorial operators [44]. N. Kalton and P. Portal [32] proved that the

unconditional Ritt’s condition implies the Ritt’s resolvent condition in general,

but not conversely. But for the composition operators, it turns out that the two

are equivalent.

Theorem 5.5.4. Let 1 ≤ p < ∞ and ψ be an entire function which induces a

bounded composition operator Cψ on Fp. Then the following are equivalent

(i) Cψ satisfies the Ritt’s resolvent condition on Fp;

(ii) Cψ is compact or Cψ is the identity map on Fp;

(iii) Cψ satisfies the unconditional Ritt’s condition on Fp.

Proof. We first show that the statements in (i) and (ii) are equivalent. Recall

that Cψ is bounded if and only if ψ(z) = az + b, |a| ≤ 1 and b = 0 whenever

|a| = 1. Compactness is described by the strict inequality |a| < 1. If |a| = 1,

then by Theorem 5.5.2 the composition operator Cψ satisfies the Ritt’s resolvent

condition on Fp if and only if a = 1, that means ψ reduces to the identity operator.

Thus, we shall proceed to the case when |a| < 1. We need to prove the sufficiency.

Applying the same approach in the proof of [[65], Theorem 2.1], for any f ∈ Fp,

we have

∥∥Cψn+1 − Cψn
∥∥p ≤ C|a|pn (5.5.9)

for some constant C. From which and since |a| < 1, the relation in (5.5.3) holds

for Cψ. Next we show that the statements in (i) and (iii) are also equivalent. From

the discussion above, we have already mentioned that (iii) implies (i). Thus, it

remains to show (i) implies (iii). But this is rather immediate since by (5.5.3), we

observe that ‖Cψn − Cψn+1‖ is bounded by an exponentially decreasing sequence

with n. Thus∥∥∥∥∑
k=1

ak
(
Cψk − Cψk−1

)∥∥∥∥ ≤ sup
k
{|ak|}

∑
k=1

‖Cψk − Cψk−1‖ . sup
k
{|ak|}.
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Resolvent set, 111

Ritt’s resolvent condition, 111

Schatten p-class, 37

Smoothness conditions, 6

Spectrum, 49, 52, 80

Supercyclic, 51, 66, 107

Test functions, 9, 10, 23

Topological structures, 39

Uniformly mean ergodic, 50, 61, 95,

100, 104

Unitary, 46

Weighted composition operator, 77,

79, 86, 105, 112
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