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Abstract

In this thesis we study various properties of composition operators acting between
generalized Fock spaces F? and FJ with weight functions ¢ grow faster than
the classical Gaussian weight function %|z|2 and satisfy some mild smoothness
conditions. Let 1 be an analytic map on the complex plane. Then for p # ¢, we
have shown that the composition operator Cy : 5 — FZ is bounded if and only
if it is compact. This result shows a significance difference with the analogous
result for the case when Cy acts between the classical Fock spaces or generalized
Fock spaces where the weight functions grow slower than the Gaussian function.

We further study some topological structure of composition operators on the
spaces. It is shown that the difference of two composition operators is compact if
and only if both are compact, and hence cancellation phenomenon fails to exist.
While each non-compact bounded composition operator is an isolated point, the
set of all compact composition operators forms a connected components of the
space of the operators under the operator norm topology. Moreover, Schatten
Sp(]-"g) class membership, spectra, hyponormality of the composition operators
are characterized.

We also study various dynamical structure of composition operators Cy, on the
generalized Fock spaces F1 and the weighted composition operators W, ) defined
on the classical Fock spaces F,. It is shown that all composition operators on
the spaces are power bounded. Several conditions characterizing uniformly mean
ergodic composition operators are provided. We have identified operators W,
that are power bounded and uniformly mean ergodic on the spaces, and these
properties are described in terms of easy to apply conditions which are based
merely on the values [u(0)| and |u(:%)|, where the numbers a and b are from
linear expansion of the symbol ¢(z) = az 4+ b. We have proved that composition

operators C'y, and weighted composition operators W, ) can not be supercyclic on



their respective Fock spaces. Furthermore, the operator Cy, ¥(z) = az+b, |a|] <
1 and b = 0 when |a| = 1, is cyclic if and only if a™ # a, while W,y is cyclic if
and only if the corresponding composition operator is cyclic and u fails to vanish
on C. The set of periodic points of Cy;, is also determined. Conditions under which
the operators satisfy the Ritt’s resolvent growth conditions are also identified. In
particular, we show that a non-trivial composition operator on the Fock spaces

satisfies such growth condition if and only if it is compact.
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Chapter 1

Introduction

For holomorphic function ¥ on a given domain G, the composition operator Cf,
on space of holomorphic functions on G is defined by Cyf = f o). A system-
atic study of the composition operators was begun back in 1968 by Nordgren
48] where he proved that all the composition operator on L? of the unit circle
induced by inner functions are bounded. Since then, the theory of the operator
has experienced fast growth with investigations mainly focused on describing its
operator theoretic properties in terms of function theoretic properties of the in-
ducing functions. In particular, the theory began attracting several researchers
following the work of J. Shapiro [63] on Hardy space over the unit disc D. As
a consequence of the well known Littlewood subordination principle, it is shown
that every analytic self map on D induces a bounded composition operator on
Hardy spaces and Bergman spaces. However, a self map ¢ on D doesn’t neces-
sarily induce a bounded composition operator on the Dirichlet space on D. A
necessary and sufficient condition for ¢ to induce a bounded composition opera-
tor on the Dirichlet space of open disc is given in terms of the counting function
and Carleson measure; see [26, 79].

On the other hand, although the corresponding Hardy spaces of the unit disc
and the upper half-plane are isomorphic, composition operators act differently in
the two cases. There exist analytic self-maps of the upper half-plane which do not

induce bounded composition operators on Hardy and weighted Bergman spaces



over the upper half-plane. S. Elliott and M. T. Jury in [19], and S. Elliott and
A. Wynn in [20] proved that Cy is bounded if and only if ¢ has a finite angular
derivative at infinity on Hardy and Bergman spaces of half-planes respectively.
Moreover, both the Hardy and Bergman spaces over the upper half-plane fail to
support compact composition operators unlike the unit disc case: see [49, 41]. In
contrary, the Dirichlet spaces of upper half-plane support compact composition
operator. We refer [50] for more details.

Later, the study of composition operators advanced on spaces of analytic func-
tions defined on the whole complex plane C. For instance, in the frame of Fock
spaces, in 2003, Carswell, MacCluer and Schuster [11] characterized bounded and
compact composition operators on the classical Fock spaces F,,0 < p < oo. They
showed that only the class of linear mappings ¥ (z) = az +b, |a|] < 1land b =0
whenever |a| = 1 induces bounded composition operators Cy, on F,,. Compactness
of Cy was described by the strict requirement |a| < 1. Recall that the classical

Fock spaces F, are spaces consisting of all entire functions f for which

(% Jolf(2)Pe 5 dA<z>) " coo, 0<p<oo

_lz?
Sup,ec |f(2)|€ 2 <00, p =00,

£l =

where dA denotes the usual Lebesgue area measure on the complex plane C. Here

the function Q(z) = 3|z|* is Gaussian weight function. For functions f in such

spaces, the subharmonicity of | f|P implies that the local point estimate

< /D e

holds where D(z,1) is a disc of radius 1 and center z. This further results

2 plw|?

2 dA(w)

plz|

|[f(2)[Pe™ >

2
2]

fE)] < ez || f]lp. (1.0.1)




By definition of the norm, the estimate in (1.0.1) is valid for p = oo as well.

The space F» is a reproducing kernel Hilbert space with kernel function K, (z) =

Ky

W2 —
[ 5w |2 *

e”? and normalized kernel k, For all complex numbers w, a straight-
forward calculation shows that k,, belongs to the Fock spaces F, and ||k,||, = 1
for all p. Another interesting and useful property of the spaces is inclusion or

nestedness. That is if p < ¢, then
Fp C Fy. (1.0.2)

We refer to [77] for more background information about the spaces.
Let ¢ be a function defined on [0,00) and ¢ > 0. We define the generalized
Fock spaces FL,0 < p < oo associated with ¢ as spaces consisting of all entire

functions f for which

1/p
(fc |f(2)|p6p@(z')dA(Z)) , 0<p<oo

sup..cc |f(2)le =), p =00

Hf”(@o,p) =

is finite. In 2008, Guo and Izuchi [24] studied various aspects of the operators
when p = 2. They showed that if lim.| . ¢'(2) < oo, then Cy is bounded on
FZ if and only if 1(z) = az + b, |a] <1 and b is any complex number. On the
other hand, if lim.| o ¢'(2) = 0o, then their result shows that Cy is bounded on
F2 if and only if ¢(2) = az 4+ b, |a| < 1 and b = 0 when |a| = 1. In both cases
Cy is compact if and only if |a| < 1. In 2014, T. Mengestie [51] showed that the
same symbol forms (z) = az + b,|a] < 1 and b = 0 whenever |a| = 1 induce
bounded composition operator Cy, : FP, — Fi; 0 < p < g < oo, where FP? are
Fock—Sobolev spaces, which are typical example of generalized Fock spaces with
weight function —mlog(1+ |z|) + 3|z|?, which grows slower than Gaussian weight
function. We may note that, if ¢ grows slower than the Gaussian weight function,
(1.0.1) and (1.0.2) results in the inclusion property F2 C FI whenever p < q.

Further topological and dynamical properties of C, have also been studied: see



24, 31].

A natural question is what happens to the symbol ¢ when the weight function
grows faster than the Gaussian function. The first main aim of this work is taking
further the study of the operators on such spaces, and answer these and other
related topological and dynamical questions.

The rest of the thesis is organized as follows. In the second chapter we set
the definition of the generalized Fock spaces and establish some interesting pre-
liminary results that will be used in our subsequent chapters apart from being
interest of their own. The new results are collected from the papers [59, 60]
where we characterized boundedness and compactness of embedding mapping
Iy F? — LP(dp). Tt is also shown that the set of complex polynomials is dense
in FE for all 0 < p < oo or p= 0. Density of the polynomials plays a paramount
roll to study dynamical and spectral properties of the composition operators.

The third chapter is devoted to our studies on topological properties of com-
position operators. Bounded and compact composition operators on the spaces
FP, 0 < p < ooorp =0 are completely identified. We, in particular, have
shown that if p # ¢, then the operator Cy : F? — F? is bounded if and only
if it is compact. This result shows a significance difference with the analogous
result for the case when (Y acts between the classical Fock spaces or generalized
Fock spaces where the weight functions grow slower than the Gaussian function.
As a consequence, it is concluded that while the set of all compact composition
operators Cy : FL — Fi, p # q forms a connected component of the space of
all bounded composition operators in norm topology, each non-compact bounded
composition operator is an isolated point. We further described the compact
difference, the Schatten class Sp(fg), essential norm, hyponormal, and unitary
composition operators. All of these results are published in [59, 60].

In the fourth chapter we focus on the dynamics of composition operator on the
generalized Fock spaces. We first determined the spectrum of the operators and
applied the result to study their supercyclicity and mean ergodicity properties.

The chapter presents a detailed study of our results on power bounded, mean

4



ergodic, and uniformly mean ergodic composition operators on FZ, 1 < p < oo.
Cyclicity and supercyclicity of Cy on FP are also characterized. The results in
this chapter are from our published papers [59, 60, 62].

In the last chapter we extended our works on the dynamical properties of the
composition operators to weighted composition operators. There is an extensive
literature regarding boundedness, compactness, connected component and iso-
lated points, and Schatten class membership of weighted composition operators
on various spaces of analytic functional spaces including Hardy spaces, Bergman
spaces, Dirichelet spaces, and Fock—Sobolov spaces. See [13, 15, 16, 17, 45, 51,
54, 55, 68] and references theerein. Not much is known about the dynamical
properties of these operators even on the classical Fock spaces setting. In this
chapter, we determine spectrum and some dynamical properties of the operator
on the classical Fock spaces. The results are collected from our preprint works
(58, 61].

We close this introduction with a few words on notations. We denote the com-
plex plane by C, the Euclidean unit disc {z € C : |z| < 1} by D, and its boundary
{z € C : |z| = 1} by T. The Euclidean disc with center at a, and radius r is
denoted by D(a,r).

The notation u(z) < v(z) means that there is a constant C' such that u(z) < Cv(z)
holds for all z in the set of a question, and we define u(z) 2 v(z) in analogous
manner. We write u(z) ~ v(z) if both u(z) < v(z) and u(z) 2 v(z). We use the
notation f(r) =< g(r),r > 0 means that as r — oo, f(r) is very close to constant
multiple of g(r).

We also denote the space of holomorphic functions on C by H(C) and for a
bounded operator 7" on ‘H(C), we denote its resolvent set by o(T) := C — o(T).



Chapter 2

Generalized Fock Spaces .7-"5

In this chapter we present some definitions and basic results on generalized Fock
spaces induced by rapidly increasing weight functions. We refer to [12, 53, 59, 60|
for more details.

We begin by setting as in [12, 53] the growth and smoothness conditions for the
weight function. Let ¢ : [0,00) — [0,00) be a twice continuously differentiable
function. We extend ¢ to the whole complex plane by setting ¢(z) = ¢(|z]). We
further assume that its Laplacian, Ay, is positive and set a radial differentiable

function
1 0< |zl <1

T(z) :=
(Ap(z))~1/? 2] > 1

satisfying the admissibility conditions

lim 7(r) =0 and lim 7'(r) =0, (2.0.1)

T—00 r—00

and there exists a constant C' > 0 such that 7(r)r¢ increases for large r or

1
. / _
Tlig)loT (r)log i 0.

There are many concrete examples of weight functions ¢ that satisfy the above

smoothness and admissibility conditions. Some of them are presented below.



Example 2.0.1. The power functions ¢, (r) = r*, a > 2 has Laplacian Ay, (r) =

2

(a? — a)r®~2 and hence satisfies the smoothness and admissibility conditions.

Example 2.0.2. The exponential type functions such as ¢s(r) = €7, 3 > 0,
has Laplacian Apg(r) = e7(3 + §)7 which also satisfies the condition.

Example 2.0.3. Supper exponential functions ¢(r) = e has Laplacian Ap(r) <

e?"+¢" which also satisfies the smoothness and admissibility conditions.

Having set forth the conditions on ¢, we may now define the associated general-

ized Fock spaces FL as spaces consisting of all entire functions f for which

(Jelr@peraae) <o 0<p<os

SUP ecn ‘f(z)le_pw(Z) < o0, p=

“f”(sa,p) -

where dA denotes the usual Lebesgue area measure on C. The growth of the
weight function ¢ has resulted various structural differences between the spaces
FP and the classical spaces F,, and generalized Fock spaces with weight grows
slower than Gaussian weight function. As an instance, while the inclusion prop-
erty holds on the classical Fock spaces F,, and generalized Fock spaces with weight
grows slower than Gaussian weight function, it fails to hold in FZ. Moreover, an
explicit expression for the reproducing kernel in the weighted space .7-3 is still

unknown.

We note that if ¢ satisfies the above smoothness and admissibility condition,

there is a constant k£ > 0, such that for the associated 7 we have

17(2) — T(w)| < klz —w|, for z,w € C. (2.0.2)
Let
in{l,1
m, = M (2.0.3)



where k is the constant in (2.0.2).

From Lemma 5 of [12], if 0 < § < m, and a € C, there is ¢ > 0 such that
-7(a) < 7(2) < c7(a) (2.0.4)

if z € D(a,o7(a)).

For 0 < p < oo, we can rewrite the above definition in polar coordinates as

follows.

oo 21 ) dt
p = p 7p<'0(2) — iy |p *ptp(T')
11 op) /C|f(2)| e PPHdA(z) 27T/0 {/0 |f(re®)| 2%] re P dr,

=

For 0 < r < oo, if we write M,(f,r) = [fozw ]f('r’e“)|p§—fr] " then

1,0 = 27r/0 MY(f, rre PP dr,

We define Mo (f,7) := supy,_, | f(2)|. For each 1 < p < oo, the function M,(f,r)
is increasing for r € [0, 00).

We also consider the subspace .7:2 of F2° defined by
— SR E —p(z) _
Fo={f € Fr: lm |f(2)|e ") =0}

This subspace is closed in F2° and it contains the polynomials. By [6, Theorem
1.4 ], the space F° is canonically isomorphic to the bidual of ]-"g.

For p = 2, the space ]{g is a Hilbert space endowed with the inner product

(f. ) = / F(2)g(2)e 2 OdA(2).

The sequence {e,}, where e, = is an orthonormal basis for F72. As a

PrL
l2ll(p,2)

result, the set of polynomials is dense in .7-";.

By Lemma 7 of [12], for subharmonic functions ¢ and holomorphic function f, it



holds a local pointwise estimate

1

|f(2)|p€7w(z) S 027 (z)?

~Y

/ | (w)[PeP90) q A (w) (2.0.5)
D(z,07(2))

for all finite exponent p, any real number 3, and a small positive number o. Thus
by (2.0.5) the point evaluations are bounded linear functionals on 2. Therefore,

there exists a reproducing kernel function K, such that

fw) = (. K.) = /@ () Ru(2)e 2D dA(2).

2 . . . . . .
Hence, the space F7 is a reproducing kernel Hilbert space. An explicit expression
for the kernel function is still an interesting open problem. However, by Corol-
lary 8 of [12] the reproducing kernel K, of F satisfies the asymptotic estimation

of the norm
1K wlf) ) = 7(w) 2™, (2.0.6)

holds for all w € C.

The normalized reproducing kernels have been used as a sequence of test functions
to study many operator theoretic properties on the classical Fock spaces setting.
On few cases, the kernel functions will be also used on generalized Fock spaces.
The next lemma provides an important property of the sequence of the kernel

functions in .7-"3).

Lemma 2.0.4. The normalized reproducing kernel K. /|| K. ||(,2) converges weakly

to 0 in F2 when |z| = oco.

Proof. Since holomorphic polynomials are dense in .7-"2, it suffices to show that

for any non-negative integer m

(o ) - o, 14
W )| = — . 2] = 0.
15 (p.2) 1K (2)



But this holds trivially as

2 PR S
Moy = D len()l* = > oir—
n=0 n=0 (¥:2)
which is a power series on |z|? with positive coefficients. ]

When p # 2, the lack of an explicit expression for the normalized reproducing
kernel function makes it difficult to use it as main tool in the study of dynamical
and topological properties of composition operators. Thus, we use another family
of test functions described below.

By Proposition A and Corollary 8 of [12] where the original idea comes from [8],
for a sufficiently large positive number R, there exists a number n(R) such that

for any w € C with |w| > n(R), there exists an entire function f, z) such that

|2 = wl

| frw.m) (2)|e ¥ < C'min {1, (mm{T(w>’ T(Z)}) } (2.0.7)

for all z in C, and for some constant C' that depends on ¢ and R. In particular,

when z belongs to D(w, RT(w)), the estimate becomes

\f(w’R)(z)|e’“"(z) ~ 1. (2.0.8)

Furthermore, the functions f(, r) belong to F7 for all p with norms estimated by

| few Iy = 7@)?  n(R) < |wl. (2.0.9)

When p = oo, from (2.0.7) and (2.0.8) we deduce that f(, r) belong to F2° and

||f(w,R)”(<p,oo) ~ 1. (2.0.10)

10



2.1 The (p,q) Fock—Carleson measures

Identifying some basic properties of embedding maps or Carleson measures has
been a useful tool in studying bounded and compact properties of operators on
functional spaces.

A finite measure p on C is said to be a (p,q) Fock—Carleson measure if the space
FP is a subset of L7(u). By the closed graph theorem, this is equivalent to the

existence of a positive constant C' such that

[ fllLagy < Clf Nl o) (2.1.1)

for all f € F2. The inequality in (2.1.1) is equivalent to the boundedness of the
embedding map I : F? — L%(u). Observe that, if a weight ¢ grows slower than
Gaussian weight, we have F? C F,. From this and the definition, if a weight ¢
grows slower than Gaussian weight and p is a (p, q) Fock—Carleson measure for
JFp then it is Carleson measure for F7 also. The (p,q) Fock—Carleson measure on
F, is characterized in [11] by making slight improvement of results contained in
[70]. For fast growing weight ¢ in our setting and finite exponent, the bounded
and compact properties of such maps Iy : FJ — LP(u) were studied in [12]. In
this section we prove the analogous results for ¢ = oo, which is one of the main

tool to prove Theorem 3.1.1 latter.

Theorem 2.1.1. Let 0 < p < o0 and p be a finite Borel measure on C, and
Iy FP — LP(du) be the embedding map. Then the following statements are

equivalent.
(i) 1q: F* — LP(dp) is bounded;
(ii) 1q: F — LP(dp) is compact;
11) For some o > 0, the function G belongs to L'(dA) where
(1:25p)

2 /Z) z,07T(2

11

Glupe) () ==



For the proof of the theorem, we may first collect some background materials.

We consider the Rademacher sequence of functions r,, as defined on [40] as

and

ra(t) = ro(2) ifn=1,2,3,....

Given a sequence {a, } € ¢, we define the function ¢(t) = > a,r,(t),0 <t <1
which is well defined almost everywhere. These functions satisfy the following

estimate for all 0 < p < oo.

(/01 !so(t)|p> h ~ (i |an|2> 1/2_ (2.1.3)

The estimate in (2.1.3) is known as Khinchine’s inequality.
The following lemmas collected from [12, 53], are fundamental in the proof of the

result.

Lemma 2.1.2. [[12], Lemma 6] Let t : C — (0,00) be a continuous function
which satisfies |t(z) —t(w)| < §|z—w| for all z and w in C. We also assume that
t(z) — 0 when |z| — oco. Then there exists a sequence of points z; in C satisfying

the following conditions.

(i) z; & D(z, t(2x)), J#k; (i) C=U; D(z;,1(z)));
(1it) U.ep(s, uzy) P2 1(2)) € D(z5,3t(z;));
(iv) The sequence D(z;,3t(z;)) is a covering of C with finite multiplicity Nyax.

Note that, from (2.0.2) and 0 < § < m,, where m, is defined in (2.0.3) we have
1
|07 (2) — o1 (w)| < Z|Z —w|, for z,w € C.

From the Lemma 2.1.2, we can formulate the following lemma.

12



Lemma 2.1.3. There exists a sequence of points z; in C satisfying the following

conditions.

(i) zj & Dz, 07(2k)), J# ki (i) C=U; D(z,07(2));
(iii) U.ep(s, 602 P(2:1(2)) C D(25,307(25));
(iv) The sequence D(z;,307(2;)) is a covering of C with finite multiplicity Nyax-
Another ingredient for the proof of the theorem is stated as the following lemma.

Lemma 2.1.4. [[53], Lemma 2.4 ] Let R be sufficiently large number and n(R)

be as before. If {z} is the covering sequence from Lemma 2.1.2, then

F= Z ay f(zk ,R)

z:|zk |>n(R)
belongs to F2° for every > sequence {ax}, and also ||F||(,00) S |l |lee-

Proof of Theorem 2.1.1. Since (ii) obviously implies (i), we plan to show (i) =
(i11) and (it7) = (i4). We begin with (éi7) = (7). It suffices to show || fo|| £ (du) —
0 as n — oo for each uniformly bounded sequence f, in F2° that converges to
zero uniformly on compact subsets of C. Applying (2.0.5) and Fubini’s theorem,

for some r > 0 :

O] fu(w)?
fale)Pn) 5 [ / LA A w)du(z)
/{ZG‘C:lZlW} (ecielsr/2y I o/2r(zy)  T(2)7€PE)

ePe(2)

— /;(z (U/Q)T(z)) AZEC.Z|>T/2} T(Z)2 |fn(w>|p6_p4p(w)du(z)dA(w)

Since 7(z) is a radially decreasing function and hence D(z, (0/2)7(2)) C {|w| >

r/2} for |z| > r, the last double integral above is bounded by

1
fawper o [ ) dAw)
/{wE(C:|w|>T/2} T(’U))Q D(w,é7(w)

1
<N fallfy 00 / (— / e”“’(z)du(z)>dA(w)
(1p.00) {z€C:|w|>r} T(w)2 D(w,o1(w))

13



from which and the assumption in (iii) we can make the last right-hand side double
integral above as small as we wish. The remaining integral over the compact set

satisfies

lim [fn(2)Pdp(z) = 0

=0 JLzeCilz|<r}

and completes the proof of the first assertion.

To prove (i) = (i), for each £*° sequence (ay) we consider the function

F, = Z arrk(t) [z R)

z:|zk|2n(R)

where 7 (t), 0 <t < 11is a sequence of Rademacher functions.

Then by Lemma 2.1.4 and our boundedness assumption
/C!Ft(Z)I”dM(Z) = [LaFtll70 0y < HallPIEUG, ooy < IHallPll (ai) o -
Integrating with respect to t,
1
| [1EPdn) < 1Pl
0o Jc
Applying Fubini’s theorem
1
] 1RGP S i1
0

and by using Khinchine’s inequality (2.1.3) we also obtain

p/2
/( > Iak|2|f<Zk,R>|2> dp(2) < Hall”ll (@) [

2|2k | >n(R)

This together with the finite multiplicity V4, of the covering sequence D(zx, 367 (2x)),

14



where § € (0,m,) for m, defined in (2.0.3), and estimate (2.0.8) imply

S ol [ e s Y el [ sl
D(z1,367(21)) D

2k zk|>n(R) 2|26 | >n(R) (2k,307(21))

=/) 3 TP Xt ()

C
zp:l2k |20 (R

< max{1, N }/(

Setting in particular a; = 1 for all £ in the above series of estimates we obtain

3 /D PO dp(z) < 1. (2.1.4)

2ilzn|>n(R) ¥ P(#8:37(20))

p/2
I%Wﬂ%mf) au(=) < @) 2

2|2k |>n(R

Now we choose a positive number p > n(R) such that whenever z; of the covering
sequence belongs to D(0,m(R)), then D(zx,07(2x)) is contained in D(0, p). On
the other hand, by (2.0.4) there exists a positive constant ¢ with

Yrw) < 7(2) < er(w). (2.1.5)

Then, applying this and (2.1.4)

7).
PP dp(w)dA(z)
/{IZIZp} 7(2)? JD(air(2))
1
< / / Py (w)dA(z)
Zp: ZZ|>: (R) D (21,7 (2x)) T(Z)Z D(z,7(2))
S D). / @) gy (w) < 1.

2l >n(R) Y P(#8:37 (k)

The remaining piece of integral over the set {z € C : |z| < p} is finite since by

15



(2.0.8) and (2.0.9)

1 / pp(w)
eP? Y dp(w)dA(z)
/{z|<p} 7(2)* Jp(er(2))
7/
~ | fz,r) (W) [Pdp(w)dA(z)
/{| 1<p} T(2)* JD(er(2))

1 P
< Ll e 2, oo AAC2 :/ L <
/{z|<p} ( ) ‘ d | R)H(<p ) {|z|<p} T(Z)2 T<p)2

and completes the proof of the theorem.

As a consequence of Theorem 2.1.1 and Theorem 1 in [12], unlike the classical
setting the inclusion property fails to hold. That is 72 € F2 and FZ € FE for

all 0 < p,q < .

2.2 Density of complex polynomials

The next result about the density of polynomials in % is an important tool in

proving various results in the sequel.

Theorem 2.2.1. Suppose 0 < p < 0o orp =0, and f € FL. Then there is
a sequence of polynomials {P,} such that ||P, — f|l(sp) — 0 as n — oo. This

assertion fails to hold if p = oo.

Proof. 1f p = 0, the result follows from Theorem 1.4 in [6]. Assume now that
0 <p<oo. For f € FL and 0 <r < 1, define a sequence of dilation functions f,
by f.(2) = f(rz). Then it suffices to show that || f, — f|lp — 0asr — 17 and
|.fr = Pull(sp) = 0 as n — oo where P, is a sequence of complex polynomials. To

show the first, we may compute

HfrH](D /\f rz |Pe oA (2 /\f ‘pefpso(r ®) 4 A(w)

Since ¢ is an increasing radial function and 0 < r < 1 we have e Ple(rlw)—p(w)) <

16



r=lw)—p(

1 for all w € C. Applying Lebesgue dominated convergence theorem

: 1 po(w) [ —
lim HfTHI(D%p) :rli}?r?/(clf(wﬂpe peo( )( p(e( )>dA(w) = ”inDp)

) = LfIIG, ) and fr(z) = f(z) asr — 1

showing that || /|7
(2.2.1)

Therefore,
lir{{ | fr — f“(t,o,p) =0.

(r?,3) and proceed to show that f. € F?

Next, we fix some r € (0,1)

and ,7-" 2 ) C FP where
P = { Fentites 11l = [ 1fGIPe24900) <
To prove the first, we may apply (2.0.5) and estimate
1 2¢p(wr)—2ap(w dA( )

cT(rw)r

Iy = [ 15w)Pe = dA(w) S 111, [

By definition of 7 and ¢, we also observe that

1
< e a5 |w| — 0.

T(Tw)%

Taking this into account and the fact that a > r* we further estimate
22 A ()

e lwr

1
/ 2P 20000) g A (1) < /
¢ 71(rw)r c
< / e ew)=209() g A (w) < o0
C

~

here we used the fact that ¢ grows faster than the classical function |z|*/2 and

¢(w) whenever |w| — 0.
, and applying (2.0.5) again and

hence p(rw) <
For the inclusion property, we consider h € F;

17



proceed to estimate

ePap(z)—py(2)

7(2)P

/@ h()Pe PP OdA() S I / JA(2)

< Iy / )P GA(2) < (1Bl

Now, since the set of all holomorphic complex polynomials is dense in the Hilbert

space F?2 ., taking P, be the n'® Taylor polynomial of f,, we deduce from the

(p,)?
inclusion property that

Hfr - Pnu(sa,p) < CHfr - Pn||(2,a) — 0

as n — oo. From this and (5.1.2), the result follows.
For p = oo, since the set of polynomials is dense in .7-'3, and ]—"g is a closed proper

subset of F2°, the set can not be dense in F2°.
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Chapter 3

Topological Properties of

Composition Operators on ]—“g

In the first part of this chapter, we present results that characterize bounded and
compact composition operators on FL, 0 < p < oo. Our result shows that if
p # ¢, then the operator Cy, : FL — F? is compact if and only if it is bounded,
which is the main novelty here. When p = ¢, the result simply generalizes those
results on classical Fock space setting.

In the remaining sections of the chapter we study various topological properties
which include the compact differences, isolated and essentially isolated points, and
connected components of the space of bounded composition operators under the
operator norm topology. Unitary composition operator on ]-3 is characterized.
Furthermore, we prove that only normal composition operators are hyponormal

on the space J.

3.1 Bounded and compact composition opera-

tors on fg

In this section we present our result on bounded and compact composition opera-
tors acting between the generalized Fock spaces whose inducing weight functions

grow faster than Gaussian weight function.
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Theorem 3.1.1. Let 0 < p,q < o0 and 1 be a non-constant holomorphic map

on the complex plane C. If p # q, then the following statements are equivalent.
(a) Cy: FP — FI is bounded;
(b) Cy : FE — Fi is compact;
(¢) ¥(z) = az+ b for some complex numbers a and b such that |a| < 1.

As compared to other generalized Fock spaces, this equivalence works only when
the Laplacian of the weight function is unbounded over the complex plane. It
is rather interesting to notice that the classical Gaussian weight function (up to
scalar multiple) is a cut-off weight for the equivalency. Moreover, when the weight
function ¢ grows at most the classical weight case and limsup,,_, ¢ (2) = o0,
result in [24] shows that Cy is bounded on F7 if and only if ¢(2) = az + b with
la| < 1, and b = 0 whenever |a| = 1. Applying (p,q) Fock-Carleson measure
on F,, which is (p,q) Fock-Carleson measure on JFPb also, the same conclusion
holds when Cy @ FE — FI, 0 < p < ¢ < oo. Compactness is obtained if
and only if |a| < 1. When the weight function ¢ satisfies the growth condition
lim supy, ¢ (2) < oo another result in [24] shows that Cy, is bounded on Fpif
and only if ¢(z) = az 4+ b with |a] < 1, and compactness is achieved if and only

if |a| < 1.

Proof. We may first reformulate the boundedness and compactness problems of
Cy in terms of embedding maps between F7 and FJ. We set a pullback measure

(p,g) o0 C as

Hiw.q)(E) = / e ¥ dA(w) (3.1.1)
v (E)

for every Borel subset F of C. Then we observe

HwaIIZ,qZ/CIfW(Z))Iqe‘“"(z)dA(Z) Z/le(Z)lqdu(¢,q>(Z)~ (3.1.2)
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From this, it follows that Cy : FZ — F{ is bounded if and only if the embedding
map I : FE — LI(pi(p,q)) is bounded. To study this reformulation further, we
may consider following two cases:

Case 1: 0 < ¢ < p < 00. By [12, Theorem 1 | and Theorem 2.1.1, boundedness
or compactness of I; holds if and only if for some § > 0 and 0 < ¢ < oo the

function

1 / ap(w) g (w) 1 / et(w) A 1( )
_ (A w /4[/ 7 w) = —— =y — w
7(2)? J(z6r() e 7(2)? Jp(zor(z)) €270 )

belongs to Lﬁ(C, dA) if 0 < p < oo, and belongs to L(C,dA) if p = co . We

T(2) =

plan to show that this holds if and only if ¢ has the form ¢ (z) = az + b with

la| < 1. T 0 < ¢ < p < 00, assuming the latter and applying Holder’s inequality

p

/’T I7=edA(z) = /( (2) 2/(zar(z))€q“f(q;—m()”d14(w1<w)))p_qu(z>

eﬂ‘/’( w) B
,S/CT /D 1(w))dA(w Yw))dA(z) = T1

(2,67(2)) €p ‘1

Since w € D(z,07(2)), by inequality (2.0.4) there exists a positive constant ¢
with

ET("LU) < 7(2) < er(w).
Then, for any ¢ € D(z,d7(2))

I —w| <|¢— 2]+ |z —w| <207(2) < 20er(w) = pr(w), [ :=2dc.

This shows that D(z,07(z)) C D(w, f7(w)) which together with Fubini’s theorem
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and inequality (2.0.4) again imply

eﬂ%’( w) 1
T / /XD (2,07(2)) TP (L (w ))dA(qu)_ (w))dA<Z)

epq

< [ ( / Ktwsron (2)7(:) PA() ) A ()

er—a

er qSO( ) _9 —1
B /cm </D( Br( ))T(Z> dA(Z)) At

qp

et dC) .
g/cwcm(w (w)) < oo.

er—a

For p = o0 and 0 < ¢ < oo, applying the same procedure as in the above proof,

we get that

elp(w)
LIT@14G) = [ 72072 [ xosmion () 5y 440 ()dAC)

Q‘I‘P(
efN’(w

e%(w)
< [ A W) < o
C

On the other hand, if 7T is L integrable over C, then Cy : Ff — F1is

©

bounded, and applying Cy to the sequence of test functions f(, r) and using a

weaker version of the point estimate in (2.0.5)

2 — z
I fw.mlliow) 2 NCw from ) 2 1 fawr (@(2)|r(z)ae ¢

for all points w,z € C. Setting, in particular, w = ¥ (z) and invoking the esti-

mates in (2.0.8) and (2.0.9) gives
T((2))7 2 7(2) eV, (3.1.3)

Since 1 is a non-constant entire function, the left-hand side of (3.1.3) tends to

zero as |z| — o0o. So does the right-hand side and that happens only if

sg(;c) ePWEN=0(E) oo, (3.1.4)
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Similarly if 7" is in L(C,dA) then Cy : F2° — FJ is bounded, and applying Cy,

to the sequence of test functions f,, r) and using the point estimate in (2.0.5)

2 — z
L || fory liop) 2 1Cs Fromy o) 2 | Faory (10(2))|7(2) 1672

Setting, in particular, w = ¢(z) and invoking the estimates in (2.0.8) and (2.0.9)

gives
1> T(z)ée‘P(W”‘“’(z). (3.1.5)

for all z € C. Since 9 is a non-constant entire function, the right-hand side of

(3.1.5) should be bounded, and that happens only if

Slél(([:) ePWEN=0(E) oo, (3.1.6)

(3.1.4) and (3.1.6) hold only when ¢(¢)(2)) — ¢(z) is uniformly bounded over C

which further implies

lim sup ¥(2)

msup = <1. (3.1.7)

Since ¢ is entire function it has power series expansion ¢(z) =Y - a,z". Now,
for each £ € T we define a function ¢ by 1¢(A) = ¥(&X) for A > 0. By (3.1.7) we

have

SNECACY),

< 1.

Since Ye(A) =D 0 (a,€") A", and ¢ is a non constant radially increasing func-

tion,

o(ag + aré) + ax€?\? + ...)

<1
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holds only if a," = 0 for all n > 2 and £ € T, and hence a, = 0 for all
n > 2. Thus ¢ has the form of ¥(z) = az + b,|a|] < 1. We further claim that
la| < 1. If not, setting ¢ = ¢~!(w) and hence w = 9(¢) = al, and dA(y ' (w)) =
#dA(C) = dA(¢), and using again the L7 or L' integrability of T~

p

v o ap(w) P
[irersans = [ ([ o) e

P

5/<r%(/ “W%M<Q”wu>
T(2) P ——dA(w z
~Je D(z/asr(z)) €1FW)

— /(CT(z)_IZT(z/a)ﬁldA(z) = 00.

Similarly

r()dA) = [ ()2 A () )dAC)
/c /(C (/D(z,é'r(z)) €

/ m*(/ ewm@mo)M<>
= [ 7(z — 2
C D(%,éT(z)) QQ@(O

_ /C (2)2r(2)2dA(C)dA(2)

Q.

which is a contradiction whenever |a| =1 .

Case 2: Assume 0 < p < ¢ < oo. Here it suffices to show (a) = (c¢) and (¢) = (b),
since compactness obviously implies boundedness.

Assume first 0 < p < ¢ < oo. Invoking the reformulation in (3.1.2) again,
Cy : F§ — F1is bounded if and only if the embedding map I, : F§ — L (1(p.,q))
is bounded. By Theorem 1 in [12], the map Iy : F2 — L(pi(p,q)) is bounded if

and only if for some ¢ > 0,

),
SUp ————- ey (2) < 0o.
weC T<w)2q/p D(w,d7(w)) W
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Using (3.1.1), we may rewrite this condition again as

I :=sup e dpuy o) (2)

7,
wee T(W)2P J by 57 w)

1 / —1

_ (p(z)— (¥ (2)) -1

= sup el dA(Y™(2)) < oc. (3.1.8)
weC T(W)? VP J iy 5r(w))

Assume that (a) holds. Then (3.1.8) holds and show that 1 (z) = az + b for some
la| < 1. Applying (2.0.5) and estimating further on the right-hand side of (3.1.8)

gives
22 ( - )
I> T(w(w)) v el o((P(w)))—p(w)

for all w in C which implies

F(())? 5 > (AN W) (3.1.9)
We claim that

lim sup(p(¥(w)) — ¢ (w)) < 0.

|w|—o00

If not, then there exists a sequence w; € C such that |w;| — oo as j — oo and

lim sup ¢(4(w;)) — p(w;)) = 0.

Jj—00

This along with (3.1.9) and applying the admissibility assumptions on (2.0.1),

and the fact that 1 is a non-constant entire function, we get

0 = lim sup T(zp(wj))2 qpp > limsup eq(AO((lﬁ(wg)))—so(wj))'

Jj—o0 Jj—o0

_ elimstuaooQ(SD((w(wj)))_@D(wj))) >1

9

which is a contradiction. By the growth assumption on ¢ we see that ¥(z) = az+b
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for some a, b in C and |a| < 1.
Next, we assume that ) has the above linear form with |a| < 1, and proceed to
show that C, is a compact map. Using the preceding embedding formulation and

Theorem 1 in [12], Cy : F? — F is compact if and only if

1 _
lim ———— / )= @) g A(h~(2)) = 0. (3.1.10)
D(w,67(w))

|w|—o00 T(U))Qq/p
Since |a| < 1, the integrand above is a decaying function. Thus,

1 / .
- 19 (2)—ap (¥ (z))dA(l/)_l(z))
7—<w)2q/p D(w,é67(w))

2p—2q

2
T(IU) qup(w)—qgo(wfl(w)) _ T(az+b)T€Q¢(a2+b)—‘1<ﬂ(z))' (3111)

~ T(w)2Q/p
By definition of ¢ and 7, we notice that the last quantity in (3.1.11) tends to zero
as |w| — oo and hence (3.1.10) holds. Thus we proved (a) = (¢) and (¢) = (b)
for the case 0 < p < ¢ < o0.
Next we assume that ¢ = oo and 0 < p < oo. If (a) holds, then using the sequence

of test functions f(,, ry described in (2.0.7),

Cufiw .
|Cyll > sup 1€ fw,m)ll (.00
{w:lw|>n(R)} H f(wﬁ) ” (o)

1

= sup ———— sup | fu,r) (¥(2)) e
furfulom(r)} T(W)2P e

1 _ z

> sup sup ’f(w,R)(¢(Z))‘€ o(2)

{wrtwl>n(R)} T(W)*P e D(uw,Rr(w))
for all z € C. Taking in particular w = v (z) and eventually applying (2.0.8)

1
ICsl > sup | frper) (1(2)) e PPN ()
wEwEIsnR)y T(W(2)2P

P (1(2)—(2)

~ sup 7y

- . (3.1.12)
W Ry TW(2))

Since by our admissibility assumption W increases rapidly, the condition in

¥
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(3.1.12) holds only if

limsup (p(¥(2)) — ¢(2))) <0
[¢(2)| =00

from which and repeating the arguments used in the proof of the first case, we
must have 9 (z) = az + b with |a| < 1.

To prove (c) = (b) consider a uniformly bounded sequence {f,}, in FZ that
converges to zero uniformly on compact subsets of C.

Then for a positive number R

1Cs full ooy < sup [fa(@()]e P+ sup |falo(2))]e ¥
{z€C:|az+b|<R} {z€C:|az+b|>R}

The first summand on the right-hand side above obviously converges to zero as
n — o0o. The second does the same, since applying (2.0.5) and the assumption

jal <1,

P () —p(2)

sup (@)l S N falle, sup  ———— = 0
{z€C:|az+b|>R} (o) {z€C:|az+b|>R} T(CLZ + b)Q/p

as R — oo which completes the required assertion that Cy f, converges to zero

in F2°. Hence Cy is compact. n
The next result simply extends the classical results with the same form.

Theorem 3.1.2. Let 0 < p < oo orp =0, and 1 be a nonconstant holomorphic

map on the complex plane C. Then Cy : F§ — FP is

(a) bounded if and only if ¥(z) = az + b for some complex numbers a and b

such that |a| < 1, and b = 0 whenever |a| = 1.

(b) compact if and only if (z) = az + b for some complex numbers a and b

such that |a| < 1.

Analogous results were proved on the classical Fock spaces and generalized Flock

spaces with weight function growing slower than Gaussian weight: See for instance
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[11, 24, 51]. Our theorem shows that the result remains the same when the weight

function grows faster than the Gaussian weight function.

Proof. We prove the theorem by considering three separate cases.
Case 1: p = 0. (a) Assume that Cy is bounded on F2°. Using the estimate in
(2.0.10) and applying Cy to the sequence of the test functions f, r)

12 1€ frumlioe) 2 (Lum (0(2)) e ) eevE) et (3.1.13)

for all z € C. Replacing 1(z) in place of w in (3.1.13) and applying (2.0.8), we
get that

1 > erWE)=e(z) (3.1.14)

Such estimate holds only when ¢(1(z)) — () is uniformly bounded over C which

further implies

lim sup Ld

Applying the same argument in the proof of Theorem 3.1.1, we get that ¢ (z) =
az + b, |a|] < 1. Next, we show that b = 0 whenever |a| = 1. Assume on the
contrary that |a| = 1 and b # 0. Choose a complex number w with |w| = 1 and

Re(wb) > 0. Setting z = tw for a positive number ¢, we compute

(P =0(2) _ pplamtb)—p(z) _ platwtb)—p(tw)

. ecp(\/t2+2tRe(wb)+|b|2)—<p(t) 3 00

as t — oo since ¢ is a strictly increasing function, which contradicts (3.1.14).

Conversely, if ¢ has the linear form, then for each f in F2°

”CUJfH(go,oo) < Sﬁg ePlaz+b)—p(2) SEE |f(az + b)|€—<ﬂ(az+b) < ||f||(wo)_

28



(b) To prove the sufficiency, we consider a uniformly bounded sequence {f,},
in F2° that converges to zero uniformly on compact subsets of C. Then for a

positive number R

Cofilom € s> G+ sup [fu(()]e )
{zeCilz|<R} {z€C:|z|>R}

The first summand on the right-hand side above obviously converges to zero as

n — 00. The second does the same since

sup [ fu(0(2))]e D S I fallpoe)  sup  efPEN )
{z€Cilz|> R} {z€C:|z|>R}

< sup P9 400 R o0
{z€C:|z|>R}
which completes the required assertion that Cyf, — 0 in F2°. Next, we prove
the necessity of the condition. If Cy is compact on F2°, then from the above
boundedness argument we already have ¢(z) = az + b,|a| < 1 and b = 0 when
la| = 1. Thus, we proceed to show that |a| < 1. Since the sequence of test
functions f(, r) is uniformly bounded and converges to zero on compact subset
of C, applying C, to this sequence again and eventually setting w = ¢(z), we

obtain

0= lm [Cyfiumllipe > lim e+ (3.1.15)

from which we arrive at the claim. If not, |a| = 1 implies that ¢(az+b) — p(z) =
©(z) — ¢(2) = 1 which leads to contradiction.

Case 2: 0 < p < oo. (a). From (3.1.2), Cy : FZ — FP is bounded if and only
if the embedding map Iy : F¥ — LP(p(y,) is bounded . By the first part of

Theorem 1 in [12], boundedness of i4 holds if and only if for some § > 0,

1
sup

— PP d iy (w) < oco.
zec T(2)? /D(z757'(z)) W)
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Applying (2.0.5),

7
sup ") iy ) (w)
zeC T(2)? D(2,67(2)) o)
1 / 1
— sup ePP(w)=pp(¥~ (w)) dp(w)
zeC T(2)? D(2,67(2))
> 1 / PP PRl ) g (1) > PP —Pew T 2) (3.1.16)

7(2)? (2,07(2))

Replacing 1(z) in place of z in (3.1.16), we get that for all z € C,

1
sup

eW(w)du (w) > eps@(w(Z))fW(Z)’
zeC T<Z)2 /(z,&'(z)) (vr)

which is the same as inequality (3.1.14).
Thus by an argument following (3.1.14), we conclude that ¥ (z) = az + b, |a| < 1

and b = 0 whenever |a| = 1. Conversely, if ¢ has the linear form, for each f € FP

ICutIE, / FE)PeIaA(:)

/ |f(1p(2))|Pe” pe(Y(z ))epw(w(z))—pso(Z)dA<Z)
< sup ePPW()pelz / | f (v ‘e—psa(w(z )dA( ) < ”f” P 00)"
zeC

(b) Using the embedding reformulation in (3.1.2), Cy : FE — FP is compact if
and only if I : FL — LP(y) is compact. By Theorem 1 in [12], this is equivalent

to

1
lim —2/ eP? @y = 0. (3.1.17)
D(w,o7(w))

2|00 T(2)

30



We plan to show (3.1.17) holds if and only if ¢)(z) = az +b, |a] < 1. Observe that

1
lim —/ PO dpuy o (w)
l#l=00 T(2)? Jp(z0r(2)) W)
1 ~1
— lim / PP) P W) gy
lzl=00 T(2)? Jp(z,0(2)) ul2)

~ lim PP -Pe@1(2)
|z]—o00
Now, if 9(2) = az + b, |a| < 1, then limy,|_,,, e??®) 22" () = 0 and hence Oy,
is compact.

Conversely, if Cy, is compact, then

1 -1
lim _/ P (2) g w) ~ lim PP -pe(®(2))
|z| =00 T(Z)Z D(z,07(2)) M(I[J,p)( ) |z| =00

— lim ePPW)-pe((2)) —

|z]—o00

From this we have

sup ePPPEN PG < o)
zeC
This yields again ¢(z) = az + b, |a|] < 1 and b = 0 whenever |a| = 1. We claim

that |a| < 1, otherwise

lim ePPWE)Pel(2) — iy epelaz)—pe((2) — 1 £ (),

|2|—00 |2|—00
Case 3: p = 0. The composition operator C, is bounded (resp. compact) on
Fg if and only if it is bounded (resp. compact) on F2°. In fact, every bounded
composition operator Cy, on F2° maps polynomials into polynomials. This implies
by density that such operator Cy, maps }"3 into itself. On the other hand, if C),
is bounded on ]—'3 then its bidual, which coincides with Cy : F2* — F2°, is also

bounded. Now the result follows from case 1. O]
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3.2 Essential norms of composition operators

on ]:5 and F,

For a bounded linear operator T on Banach space X, the essential norm of T
denoted by ||T||. is the distance from the operator to the space of compact oper-

ators. That is
|T||e = inf{||T" — K||; K is a compact operator }.

By definition it follows that ||T'||. < ||T||, and || 7|l = 0 if and only if 7" is compact.
When the strict inequality ||T'||e < ||7’|| holds, the operator T' is norm-attaining
[28, Proposition 2.2]. We say that a bounded linear operator 7" on a Banach
space X attains its norm on X if there exists a function f € X with norm 1 such
that | T|| = ||Tf]|- A function f with these properties is an extremal function for
the norm of 7T

Computing the values of the norm and essential norm of composition operator is
not an easy task. Interestingly, we have proved that norm and essential norm of
non-compact composition operator Cy, on .7-—3 or F,,,0 < p < ooisequal tol. We
have also estimated essential norms for Cy on the spaces FZ for p > 1 and p # 2

as stated below.

Theorem 3.2.1. Let 1 < p < oo and ¢ be a non-constant holomorphic map on
C that induces a bounded operator Cy on Fb. Then if Cy is not compact on FE

for p > 1, then its essential norm is comparable with its operator norm and
L2 [Cyll = [|Cplle 2 1. (3.2.1)
On the Hilbert space ]-"3 case, we have equality and

1Cylle = ICyll = 1. (3.2.2)
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If we replace FE by the classical Fock space F,, then the equality (3.2.2) holds.

On classical Fock space F», it has been proved in [31] that the norm and essential
norm of Cy are equal. For the proof, they used Hilbert spaces techniques based
on an explicit expression of the reproducing kernels. In the Hilbert space ]-"3,
an explicit expression for the kernel function is still an open problem. Yet, we
managed this difficulty by using our result in Lemma 2.0.4, and we have obtained
the precise values of the norms, which is the same as for the classical Fock space
Fo, namely that ||Cyll. = ||Cy|| = 1. This equality holds in all classical Fock
spaces Jp,, 1 < p < oo. For FL, p =# 2, we used sequence of the test functions

fiw,r) to get the estimate in (3.2.1).

Proof. If Cy is bounded but not compact, then by Theorem 3.1.2, ¢)(2) = az
where |a| = 1. Consequently, ¢(1(z)) = ¢(az) = p(Jaz|) = p(z). With this, we

find an upper bound for the norm of the operator

1Cot = [ ) < oup (o) [IEDE 1)

(v:p) e c epe¥(2)

_ S‘;}? epw(w(z))fpw(z)Hf”f(o%p) — Hf||1(°w).

Therefore,
L= |[Cyll = [|Cy]le- (3.2.3)

A common way to prove lower bounds for essential norms is to find a suitable

weakly null sequence of functions f,, and use the fact that

1Cylle 2 lim sup |Gy full o (3.2.4)

On classical Fock spaces, the sequence of the reproducing kernels does this job.

Since no explicit expression is known for the kernel function in our current setting,
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we will instead use the sequence of functions

ftw.my = Twr)/ Il fwmlleop (3.2.5)

as described by the properties in (2.0.7), (2.0.8), and (2.0.9). Obviously, the
sequence f(,, p) is uniformly bounded, and due to the relation in (2.0.7), fwr =0
uniformly on compact subset of C as |w| — oco. With this, we proceed to make
further estimates on the right-hand side of the norm in (3.2.4).

For any compact operator K on FZ,

1Cy = K| = limsup [[(Cy, — K) [, myll o)

|w|—o00

> lim sup <chf(*w,R)H(<p,p) - ||Kf(*w,R)H(<p7p)) = lim sup ||C¢f(*w,R)||(<P7P)7

|w|—o00 |w|—o0

which leads to
[Cylle > limsup chbffkw,R)H(@,p)'

|w|—00

Making use of (2.0.5) for some small positive number §

||C¢He > 1i|II|1_S>UP ||wa(*(w(w),R) H(%p)

S =

1

~ lim sup 5
|w|—00 T(w) P

(/C |f((¢(w),R)(¢(Z))|p€_p<p(2)dA(Z)>

B =

) 1
> lim sup

g ( / |f<<¢<w>7R><w<z>>|peMW”dA(z))
lwl—oo T(w)? \ JD(¥(w),6r(¢(w)))
7t () # | fiw).r (% (w)) [P PP

2 lim sup -
|w|—00 T(’LU)E
~ lim sup M = lim sup T(w)z =1
|w|—00 T(’lU)E |w|—o00 T(’ll,))g

which completes the proof of the lower estimate.
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For the Hilbert space case, applying Lemma 2.0.4, we have
ICulle 2 Hmsup 15l Cokl
w|—00

1/2
= limsup || K, H (0.2) (/ Ko (00(2)) Pe 22 dA(2 ))

|w|—o0

1/2
— hmsupHK || (/ |Kw(az)|26—2<ﬂ(az)dA(z)) =1,
C

|w|—o00

from which and (3.2.3) we arrive at the asserted equality.
For the proof on the classical setting, first we consider p = oo.

Using the sequence of the normalized reproducing kernels K., /|| Ky ||2,
ICulle 2 tim sup |1 1o Kl
w|—00

= limsup || K,|[5* sup|K (az)le” 2l

|w|—00

2 2
= limsup [ Ko 3" sup ¢ “alwmazP o= lul® — gup emalwmasl —
|w|—00 2eC

from which and (3.2.3) we arrive at conclusion of equality.
If 1 <p < oo, simplifying Theorem 3.7 of [72] gives 1 < ||Cylle < 2. On other

hand, the norm is computed by

ICyu|| = sup e3P — gup ghlazfi—le®) _ 1.
zeC zeC

Combining these observations with the fact that ||Cy |l < ||Cy|| we deduce
1Cylle = [ICyl = 1.

Thus, (3.2.2) holds in all classical Fock spaces F, and 1 < p < oo. H

Before closing this section we ask whether Cy is norm attaining on F¥ or F,.
The question of norm attaining composition operator was first explicitly studied

by Hammond [27] in 2003 in the setting of the Hardy space H2. Motivated by

35



this, Martin [42] characterized norm attaining composition operator on the Block
space. Martin’s result states that every bounded composition operator Cy on
Block space is norm attaining. Our next corollary shows that the result holds

true if the space is F;, or 1,1 < p < oo also.

Corollary 3.2.2. Let 1 < p < oo and Cy be a bounded operator on FP. Then
Cy is norm-attaining and every unit norm function in FL is extremal. The same

statement holds on the classical Fock spaces F,,.

Proof. If Cy is compact on FP or F, 1 < p < 0o, then [|[Cyll. < [|Cyl|, and hence
Cl is norm attaining by [28, Proposition 2.2].
Next, if Cy is not compact on F2, then ¢(z) = az, and p(z) = ¢(az). Thus for

1 <p <o,
ICutIE,,) = / Flaz)Pe P dA(z) = / F(a2)Per@dA(z) = |7, .
and for p = oo,
om0 (2) o—(az)
ICuFIIf 500y = sup f(a2)" "7 =sup f(az)* ™" = || fll(p.00)-
zeC zeC
Thus, for 1 < p < oo,

HwaH(@,p) = HfH(%p) (3-2'6)

The same argument yields (3.2.6), if J1L is replaced by .
Therefore C is norm-attaining and every unit norm function in F% or F, is

extremal.
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3.3 Schatten class composition operators

If T is compact operator on Hilbert space H, it admits a Schmidt decomposition

and there exist orthonormal sets {e,} and {0, } in H such that

Ty = i AT, )0,

n=1
where )\, is the singular value of T, i.e. it is the eigenvalue of |T| = (T*T)Y2.
Given 0 < p < oo. The Schatten p-class of H, denoted by S,(#) consists of those
compact operators T : H — H whose sequence of singular values {\,,}>°, belongs

to the space (P.

For 1 < p < 00, §,(#H) is a Banach space with respect to the norm
oo P
1T, = (Zlkn@ :

n=0

The Schatten classes are nested, with S, C §,if 0 < p < ¢ < o0.
Note that, if

Ty = Z AT, en)o,
n=1

is the canonical decomposition of compact operator T', then

T v = Z Anlz, )0,
n=1

is the canonical decomposition of compact operator T™. This lead to the fact that,
Tis in S,(H) if and only if 7% is in S,(H) and ||T'||s, ) = [T ||s,2)- We refer to
[78] for more information about the Schatten class. Our next theorem describes
that all compact composition operators on .7-"3, are in the Schatten S, class for all

0<p<oo.

Theorem 3.3.1. Suppose that Cy is compact on }"‘2. Then it belongs to the
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Schatten S,(F?) class for all 0 < p < oco.

As seen in [34, 76|, there are compact composition operators that are not in
Schatten p-classes on the Hardy and Bergman spaces. On the other hand, on
classical Fock spaces, all compact composition operators are in Schatten p-class
for all 0 < p < oo [31]. Our theorem shows that the result remains valid on
generalized Fock spaces generated by fast growing weight functions.

For the proof of the theorem we require the following lemma.

Lemma 3.3.2. Let Cy be compact operator on .7-"3, and k, = L= \ be the

normalized kernel function. Then
r(C3C = [((CHC R ke )
C

Proof. Let {e,} be an orthonormal basis for 7. Since

kz = Z<kz; €n>en

n

we have

(CLC)Phas k) = ) ((CIC) Pen, en)len(2)

n

Therefore

/C (CC)P 2k, e 2 dA () = / SO e ealen(2) e AG
= y 12¢ e e, (2)|Pe” 27 z
>0 ensen) / lea(2)Pe 2dA(2)

= ((C;C) e, e0) = tr(CHC)">.

Proof of Theorem 3.3.1. Since Schatten class membership has the nested property
in the sense that S, C &, for p < g, it suffices to verify the theorem only for the

case when p is in the range 0 < p < 2.
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By Theorem 1.26 in [78], a compact operator Cy belongs to the Schatten S,
class if and only if the positive operator (C’;ZC’w)p/ 2 belongs to the trace class S;.
Furthermore, Cy € S, if and only if Cj, € S, and [|Cylls, = [|C}||s,- Thus, we

may estimate the trace of (C’wC;Z)p/ 2, Applying Lemma 3.3.2,

P

tr((CyCy)t) = / <(Cw0;kz)§,kz>e’2“0(z)dA(z)
/¢
/ <C’¢C*k:z, k > 20 A (2 / IC3ka e 2 PdA(z),  (3.3.1)
C
where the inequality holds by Proposition 1.31 in [78], since 0 < p <2, CyuCy is

a positive operator, and k. = K. /|| K.||(s2) is a unit norm vector. On the other

hand, by the reproducing property of the kernel function, we have the adjoint

property
CoKyw(2) = <C’;Kw,Kz> = <Kw,C¢KZ> = <C¢KZ, Kw> = Ky (2).
From this estimate and (2.0.6), we have that

1C2 kol (p2) = Mew(ww))—w(w)

This along with (3.3.1) and compactness of Cy implies

((chw)g) _/C(T(:b(_zz))) PP (w)=3e(w)) g 4 ()

:/C(%)p ) () g 4 (5) < /Cem P36 4 A( ) < oo,

ya
2

from which we conclude that tr((C@C’;Z) ) is finite.

3.4 Connected components and isolated points

In the present section we consider some topological structures of bounded com-
positions operators Cy, : F2 — F for all 0 < p,q < co. We denote by C(F2, Fi)

the space of such operators equipped with the operator norm topology. A natural
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point of interest is to identify the isolated points and connected component of
the space C(F%, F{) which we give below in Theorem 3.4.2. Before that we may

prove the following Lemma.

Lemma 3.4.1. Let 0 < p,q < 00, ¥n(z) = apz + by, and Y(z) = az + b
where (ay,) and (b,) are sequences of complex numbers such that 0 < |a,| < 1
for all n, a, — a # 0 and b, — b as n — oo. Then for any f € FP and

Cw, C¢n € C(fg,fg)
nh_{go chnf - Cd)f”(w,q) = 0. (3.4.1)

Proof. Assuming 0 < |a| < 1, and 0 < |a,| < 1 we compute

1C I {pq) = /<c | fanz + by)|%e™ @ dA(z)

= / |f(anz + b) |qe—qso(anz+bn) <€q<p(anz+bn)—qw(Z)> dA(z)
C

_ / ‘f(wﬂqefq«p(w) <|an|f2eq<p(w)fq<p((wfbn)/an)>dA(w).
c
Since |a,| < 1, the quantity e?#(®)=a#((w=ba)/an) is yniformly bounded on C. More-
over |a,| — |a| # 0 and a,, # 0 for all n. From this we have |a,|™ — |a|™2, and
hence the sequence {1/]a,|*} is also bounded.

Applying Lebesgue dominated convergence theorem and smoothness of the weight

function ¢, we obtain

. T _ 7 —qp(w) —2pap(w)=ap((w=bn)/an)
L N ] (N e D
:/|f(w)|qe—qw(w)(|a|—26qw(w)—qw((w—b)/a)>dA(w)
C

- / [Flaz + b1 OdA(z) = [CufIle

from which (3.4.1) follows.

Now we state our main theorem on this section.
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Theorem 3.4.2. Let 0 < p,q < oo and Cy, be in C(FE, Fl). If

(a) p # q, then the space C(FY, Fl) is connected.

(b) p = q, then Cy is an isolated point if and only if it is not compact. In
this case, the set of all compact composition operators on FY is a connected

component of C(FP, FL).

In [25] it was shown that there exists non compact composition operators in the
connected component of the compact ones on Hardy space H?. On the other
hand, it was verified in [72] that all non compact composition operator on the
space of all bounded Cy, : F, = F,, 0 < p < g < 0o are isolated. Our result also
shows that each non compact composition operator in C' (.7-"5, .7-"5) is an isolated
point. By Theorem 3.1.1, if p # ¢, all bounded composition operator are compact,

and hence no point is isolated in C'(FL, F).

Proof. (a) Assume that p # ¢q. We plan to show that C(F%,F{) is connected.
Aiming to argue in the direction of contradiction, suppose there exists an isolated
point Cy, € C’(./Tg, ]—:g). Since p # ¢, by Theorem 3.1.1, Cy is a compact operator
and hence 1(z) = az+0, |a| < 1. Then, if a # 0 choose two sequences of numbers
(a,) with |a,| < 1 and (a,) # 0 for all n and (b,) such that a,, — a and b, — b
as n — oo. It follows that ¢,(z) = apz + b, = az+ b = ¢(z). Then for any
f € F%, by Lemma 3.4.1

1Cy f = Cufll(pq) = 0 as n — oco. (3.4.2)

If a = 0, make a, = 0 for all n. Here also it follows that ¢, (z) = a,z + b, —

az +b=1(z). In this case direct calculation yields (3.4.2). Using this we find

lim [|Cy, — Cyll(pg < lim  sup  ||Cy, f — Cyfll(pq =0
n=oc n=0 | £y g <1

contradicting our assumption.

(b) Let p = ¢ and assume that Cy € C(FE,FP) is not compact. Then by
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Theorem 3.1.1, ¥(z) = az, |a] = 1. We proceed to show that Cy, is isolated. That

is there exists a positive number ¢ such that
[Cy = Cy || = ¢ (3.4.3)

for all Cy, € C(FE,FP) for which ¢; # 9. We may first consider the forms

¥1(2) = a1z, |ai| =1 and a; # a. Since the polynomials are contained in FP,

n||—1 n
1€ = Gl 2 sup 12" o = )",

“l

= sup ||z (:pl,p)|an — afl[|2"|[p) = sup|a” —ai| = 2. (3.4.4)
n>0 n>0

On the other hand, if Cy, is compact, then ¢y = a1z +b, |a1| < 1 and using

the unit norm sequence of functions f(,, ) in (3.2.5)

|Cy — Cy, || = sup 1(Cy = Co) Fwrll o)
> sup <chf(*w,R)H(<p,p) - HCiﬁlekw,R)H )
wE(C (So)p)

> sup (1 - H% fgﬂmR)Hw)). (3.4.5)

weC

Now, fi, ) — 0 weakly as |w| — oo, and as Cy, is compact, we have
Cy [l H — 0
H 1/’1f( ,R) (o)
as |w| — oo. This together with (3.4.5) for sufficiently big |w| gives
1Cy = Cyll 2 1. (3.4.6)

From (3.4.6) and (3.4.4), the claim in (3.4.3) follows. O

A natural question following Theorem 3.4.2 is whether every isolated composition

operator in C(FE, FP?) is still isolated under the essential norm topology which is
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weaker than the topology induced by the operator norm. Our next main result

shows that this is in deed the case.

Theorem 3.4.3. Let 1 < p < oco. Then a composition operator Cy, in C(F2, FP)

15 essentially isolated if and only if it is isolated.

The isolated and essentially isolated points of the space of the operators on the
classical Fock spaces have not been also identified as far as we know. The method
we use to prove the result can be easily adopted to the classical setting by using
the sequence of the normalized reproducing kernels in stead of using the sequence
of the functions f;  to conclude the analogous results.

Proof. Since the essential norm topology is weaker than the operator norm topol-
ogy, each essentially isolated point is isolated. Thus, we consider an operator
Cy, € C(FE, FP), and assume that it is isolated in the operator norm topology.
Then we plan to show that it is also essentially isolated. We may let 1 (2) = a2
with |a;| = 1. It suffices to show that for all bounded composition operators

Cy, € C(FE, FP), the estimate
1Cyy = Cysle 21

holds. If ¢, is not compact either, then we may set 19(2) = agz where a; # as

and |ag| = 1. Then for any compact operator () on F? we have

H(Ol/u - Cll&) - QH > limsup H((Od/l - C¢2) - Q)f(tu,R)H(%P)

|w|—o00

> lim sup ||(O¢1 - C¢2)f(*w,R)H(<P7P) - ||Qf€<w,R)||(%p)

|w|—00

= limsup [[(Cy, — Cy,) flwr)l(o)-

|w|—o00
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Arguing as in the preceding proof and setting w = 11(2o) we find ,

[Cy, — Cy,lle Z limsup <!f<w1<zo),R>(¢1(Zo))! — [ f w1 (z0).R) (1/12(20))!)6*“’(“)

|z0|—00
2

Rr2
2 limsup (1 - (A) ) ) = 1.
20|00 |20l|ar — az]

On the other hand, if Cy, is compact, we set 15(z) = agz + b with |as| < 1, and

repeating the preceding arguments

1o, = Cualle 2 Timsup (1 earr (1 (o)) = fis ey (2020} ) e~

|z0|—00
2

> e (1 - (min{T(ZO),T(aQZO + 52)})’3) .

|20]—00 |z0(a1 — az) + b

and completes the proof.

3.5 Difference of compact composition opera-

tors

A natural question to pose now is when the difference of two operators from
C(FP, F) becomes compact. It turns out that the difference is compact if and

only if both of the operators are compact.

Theorem 3.5.1. Let 0 < p < oo and Cy,,Cy, € C(FL, FL) where 1 # 1s.
Then Cy, — Cy, is compact on FL if and only if both Cy, and Cy, are compact.

The theorem shows that cancellation property of the inducing maps plays no
roll for compactness of the difference. On the contrary, it is worth mentioning
that compactness of the differences of two composition operators on the weighted
Bergman spaces over the unit disc has been characterized by some suitable can-
cellation property of the inducing symbols at each boundary points [43]. Such
property makes it possible for each composition operator in the difference not

necessarily to be compact.
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Proof. 1f both operators are compact, obviously the difference is also compact.
Thus, we shall prove the other implication, i.e. assuming the difference is com-
pact, we need to verify that both composition operators are compact. We plan
to argue in the direction of contradiction again, and assume that one of them
Cy, is not compact. It follows that Cy, is not compact either since for a weakly

convergent sequence (f,) in F2 with lim, o |Cy, full(pp) 7# 0, we have
0< 7}1320 1Cyy fallow) < nlgrolo 1(Cyr = Cyo) full o) + nlggo 1Cys fall o) -

Thus, we may set ¢1(z) = a1z and 19(z) = azz where a; # as and |a;| = 1,7 =
1,2. Since the unit norm sequence f(*w’ R) is weakly convergent, compactness of

the difference operator implies
H(C1/11 - C¢2)f(tu,R)”(%P) — 0 as |w| — 00. (351)

On the other hand, we have a lower estimate

1(Cur = Cou) S, [(o) = /C (Cos fomy(2) = Cun flury (2) P PPV AA(2)

> [ CuSen() ~ Coafum (P OIAR)
D(z0,7(20))

From this and applying (2.0.5) and (2.0.9) we estimate

* 2 * * —p(z
1(Cus = Cu) for Loy 2 7(20)7 1 Co fiu ) (20) = Cpo [y (20) [ €75

e T e n(20)) — Cl Frry (nlz0)) €.

7(w)

AN

3

Setting w = 11 (zp) on the right-hand side above, applying (2.0.7) and (2.0.8) and
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observing that 7(11(2)) = 7(¥2(20)) = 7(20) leads to

( ( 0)?
> (|f(¢1(20 wl(zo))‘ — |f(¢1(20) R (¢2(z0))‘)€—¥’(zo)

R2 R2
> (eso(Zo) _ ¢#(x0) (&) ’ )ewo) 1 (&) S 1
|z0]|ar — aq| |20]|a1 — ag|

when |2z9| — oo which contradicts the fact in (3.5.1).

1(Cyy = Co) flwm lom) 2 e ooy (1(20)) = F oy (W2(20) ) Je 20

3.6 Unitary and hyponormal composition op-

erators

In this section we characterize mappings ¢ which induce unitary composition
operators Cy, and describe the relationship between hyponormal and normal
composition operators Cy, on the spaces ]-3. Recall that a bounded linear operator
T on a complex Hilbert space H is said to be hyponormal if T*7T" > TT* where T™
is the adjoint of T'. The operator is normal if TT* = T*T, and unitary whenever
TT* =T*T = I, where I is the identity operator on H. Our next main result

shows that only non compact composition operators are unitary.

Theorem 3.6.1. Let (z) = az + b induces a bounded composition operator Cy
on ]—"3. Then Cy is unitary if and only if |a| = 1.

Proof. Assume that |a| = 1. Then by Theorem 3.1.2, b = 0 and Cy(2) = az, with
la| = 1. We need to show that Cy is surjective and preserves the inner product

on FZ. Thus, for each f, g in F2:

(Cuf, Cug) = / flaz)g(az)e 2P dA(z)
—2<pw)
- / flw dA(w) = (f,9)
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which shows that the operator preserves the inner product. It remains to show
that the operator is also surjective. But this follows easily since C = Cy—1

exists in this case. Conversely, if Cy is unitary, then

||KZ||%¢,2) = ||C’¢KZ||%¢,2) = ||C1>ZKZ||%¢,p) = ||K¢(Z)||%gp,p)

Considering the asymptotic relation in (2.0.6) we further have

€2<p(z) €2<p(az+b)

722~ T(az 1 b2

By definition of 7 and the admissibility condition on the weight function ¢, the
above estimate holds for |z| — oo only if b = 0 and |a| = 1. which holds only if

b=0and |a| = 1. O

Our next result shows that hyponormal composition operators must be normal
in }"3.
Theorem 3.6.2. Let 1)(z) = az + b induce a bounded composition operator Cy

on }"5. Then Cy ts normal if and only if it is hyponormal.

On the classical Fock space, this result was proved in [31]. Our result shows that

this property is independent of the fast growth of the inducing weight function.

Proof. Obviously normal operators are hyponormal. Conversely assume that C,
is hyponormal. If Cj is compact hyponormal, then by [[5],Corollary 2] it is
normal. If Cy is bounded but not compact,then by Theorem 3.6.1 it is unitary

and hence normal. O

An interesting related property is the notion of essentially normal. Recall that
a bounded composition operator Cy is essentially normal if the commutator
[Cy,Cy] = CjCy — CyCy is compact. Then, the following is an immediate
consequence of Theorem 3.6.1 and Theorem 3.1.1.

Corollary 3.6.3. Let 1(z) = az + b induce a bounded composition operator C,,

on F2. Then Cy is essentially normal.
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Proof. By Theorem 3.1.1 either |a| = 1 in which case by Theorem 3.6.1, it is
unitary and hence the operator is normal or |a| < 1 and the operator becomes
compact. Since normal and compact operators are essentially normal, the corol-

lary trivially holds.
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Chapter 4

Spectral and Dynamical
Properties of Composition

Operators on ]:5

We recall that the spectrum o(7T) of a bounded operator 7" on a Banach space is
the set o(T') = {A € C: T—A\I is not invertible}. The spectrum of an operator on
a finite-dimensional vector space is precisely the set of its eigenvalues. However,
an operator on an infinite-dimensional space may have additional elements in its
spectrum, and may have no eigenvalues. In fact every bounded linear operator
on a complex Banach space must have a non-empty spectrum.

In Section 4.1, we describe the spectrum of the composition operators on the
spaces JL and F,, 0 < p < oco. The result obtained will be applied later while
studying its dynamical structures. We may remind that the study of the dynamics
of an operator is mainly concerned with the behaviour of its iterates. If H is
a Banach space and T is a bounded linear operator on H, then for x € H,
T'z, n=0,1,2,... is a sequence of its iterates or orbits corresponding to vector

x. For the composition operator Cy, a simple computation shows that the iterate
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w» 1s itself a composition operator induced by the n'" iterate of ¥. That is

b =Cyn, Y =yogporpo.. .o (4.0.1)

n times

which obviously makes the study of the dynamical properties a natural subject.
Furthermore, the relation in (4.0.1) indicates that the dynamical behaviour of
a composition operator is heavily dependent on the dynamical properties of its
inducing map 1.

We denote the n-th ergodic mean of T by T}, and

1,
ﬂﬂzﬁg;T.

T is said to be power bounded if sup,,c || 17| < oo and T is said to be polynomially

bounded if there exist a constant M > 1 such that

Ip(T)]] < Mlpl|s

for every polynomial p, where ||p||.c = sup{|p(2)|: z € C, |z| < 1}. We say that
T is mean ergodic if there exists a bounded operator P on a Banach space H such

that for each f in H
lim |7, f — Pf|| =0
n—oo
and uniformly mean ergodic if the pointwise convergence above is uniform;
lim ||T,, — P|| = 0.
n—oo

Power bounded, mean ergodic and uniformly mean ergodic composition operator
have been studied over various spaces of analytic functions on the unit disc D.
For example; Bonet and Domaniski [7] on spaces of analytic functions over some

domain in a Stein manifold, E. Wolf [74] on H:°(D), Beltran-Meneu, Gémez-
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Collado, Jorda and Jornet [3] on a disc algebra A(D) and the space H*(D) of
bounded analytic function.

In Section 4.2, we prove that all bounded composition operators on F2; 1 < p <
oo are power bounded. In Section 4.3, we present our results on mean ergodic
and uniform mean ergodic composition operator.

Another basic dynamical properties of bounded operators the notions of cyclic
and supercyclic. A bounded linear operator 7" on a Banach space H is said to be
cyclic if there exists a vector x in H such that the linear span of its orbit under

T,

Orb(T,z) ={T"z:n=0,1,2,..},

is dense in H. Such a vector x is called cyclic for the operator T'. The operator
is hypercyclic if the orbit itself is dense in H, and supercyclic if there exists a

vector x in ‘H such that the projective orbit,

Projorb(T,z) ={\T"z: A€ C,n=0,1,2,.},

is dense in ‘H. Clearly any hypercyclic operator is cyclic, but the cyclic operators
form a much larger class while supercyclicity is an intermediate property between
the two. It is worth mentioning that if an operator T" has a hypercyclic vector,
then each element in the orbit of such vector is also hypercyclic which implies
that a hypercyclic operator has a dense set of hypercyclic vectors.

We may mention that the cyclicity and supercyclicity dynamical structures have
not been studied on the classical Fock spaces settings either except for the Hilbert
space case which was considered in [24, 31]. As can be seen in Section 4.4, our
approach, which neither uses Hilbert spaces techniques nor the fast growth prop-
erty of the weight function ¢, shows that the same result holds on F? as well as
on the classical Fock space F? for all 1 < p < oc.

In the last section of the chapter we study periodic points in FZ under the com-
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position operators.

4.1 The spectrum of composition operators
We now state our result on the spectrum o(Cy) of the composition operators

1 P P
acting on FL or FP.

Theorem 4.1.1. Let 1 < p < 0o and (z) = az+b induces a bounded composition

operator Cy on Fb or F,. Then

o(Cy) ={a",n=0,1,2,3,...}.

The result clearly shows that the spectral property of Cy depends on the deriva-
tive of the symbol ™. In addition, the operator admits only point spectrum
except zero. The spectrum o(Cy) could be also finite if there exists a positive
integer k such that a* = a.

K. Guo and K. Izuchi [24] described spectrum of bounded composition opera-
tor Cy, on Fock type spaces .7-"5. Our result shows that o(Cy) is independent of
the exponent p in the range mentioned above and on the condition whether the
Laplacian of the weight function over the whole complex plane is bounded.
Proof. Since the complex polynomials are contained in all the spaces FP, for

a # 1 setting

b n
Wz)=lz———) ,n=0,1,2,3,..
Un(2) <z 1_@) n

we obtain

Cytin(2) = (az+b— - b ) = @™y (2)

which shows once side of the inclusion

o(Cy) 2{a”, n=0,1,2,3,...}. (4.1.1)
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To prove the reverse inclusion, we consider two cases. First, if |a| < 1, then the
operator is compact and its spectrum contains only zero and eigenvalues. Thus,
we may consider a non-zero eigenvalue A in o(Cy,) with corresponding non-zero
eigenvector f and show that A must be of the form a™ for some positive integer

n. Thus,

Cuf(2) = flaz +b) = Af(2) (4.1.2)

for all z in C. Now if f has no zero at zo := &, then from (4.1.2) we observe
that f(z0) = Af(z0) and hence A = 1 = a°. On the other hand, if f has zero at

zo of order m, we may write

f(z) = (2= 20)"g(2)

where g(z9) # 0. Then substituting f by this factorization in (4.1.2) and differ-
entiating both sides of the equation m times and eventually setting z = 2y, we

only get
a™mlg(zo) = Amlg(zo) (4.1.3)

as all the other terms have factor z — zg and vanish. Now, ¢(zg) is non-zero and
(4.1.3) holds only if A = a™ as asserted.

Second, if |a] = 1, then [|Cy| = 1, and hence the spectral radius of Cy is 1.
Therefore, o(Cy) is contained in the closed unit disc D. Assume 0 # X € D is

not in {a”, n=0,1,2,3,...}. Then we plan to show that Cy — A\ is invertible

by explicitly computing its inverse operator. To this end, we define a linear

map 73 on the polynomials by T} : 2" —— anl_Az” for all n = 0,1,2,3... Since

Aé¢ {a®, n=0,1,2,3,...}, we have a” — X\ # 0. Therefore, T) is well-defined on
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the polynomials and
Ty(Cypz" — A2") = 2" = (Cypz" — M2")(Ta(2")). (4.1.4)

Now, if p < oo, then by Theorem 2.2.1, the set of polynomials is dense in F7 .
This along with (4.1.4) shows that T} is the inverse of Cyy — Al and hence no such
A can be in o(Cy).

For p = oo, the polynomials are dense only in the closed subspace given by
:{fe]-“go: hm |f(2)]e?® = 0}.

Thus, we argue differently and consider the Taylor series expansion of each func-

tion f € FX at 2z =0; f(z) = > .y an2" and define

YIS Z am — /\

n=0

Observe that T) is bounded and is the inverse of Cy — AI.
The proof for the classical Fock space setting follows exactly in the same way,

and completes the proof.

4.2 Power bounded composition operators

The main result of this section states that all bounded composition operator on

JFPb are power bounded.

Theorem 4.2.1. Let 1 < p < oo and Cy be bounded on FL. Then Cy is power
bounded.

Power bounded composition operators are not identified on the classical Fock
spaces either. As easily seen from the proof below, Theorem 4.2.1 is also valid on

such spaces.

Proof. We split the proof into two cases.
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Case 1: 1 < p < oo. We first consider the case when |a| < 1. In polar coordinates

a = |ale for some ¢. For each n € N consider a translation 7,(z) = z + (1 “n).
Then for any f € FL and z = rett € C,
2w p 2w
. b(1l—a” dt dt
/ f(a”re”—l——( a)) —:/ | foTu(are” ‘p
0 1—-a 2m 0
2m ] » dt
= [T onarne O = a0 )
0 2m
Since MP is increasing and [a|" < [a|, we have
MP neYY < 0P — u it+ng)yy P 4t
(o, (lal"r)) < MP(f o7, (|alr)) = i |f o mullalre )" o
or 2r+(n—1)¢
, , dt , G At
= f o 7u((|a]e’®)reilttn=12e) / f o ((la|e®)re®)|P—
1o m((ale Pae= [ e rep

2n+(n—1)¢ . 1 — aq™ 2m ) 1 — a™ p
:/ 'f (arezt+b< a )) ﬁ:/ f(are’t—l—b( a )) ﬁ
(n—1)¢ 1-a 2m 0 L—a 2
Thus
2n L b(1—a™)\ [P dt 2m L b(1—a™)\ " dt
n, . it it _ 7 —
/0 f(are + 1—a ) o = / f(are * 1—a ) 2
Now, for any n € N and f € F2,
. b =)\ —pere)
IC3 W = [ |f (a4 T dA(2)
A 1—a")\ |’
= 27r/ / / (a”re’t + —b( - )) ﬁm_p%( Ddr
o Jo 1—a 2
(') 2 ) 1 _an p
< 27?/ / / (are” + —b( ¢ )) dt — e PP
o Jo 1—a 2w
=/ f(aerb(l . )> e PPIdA(z).
C 1=
(4.2.1)
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From (4.2.1) and the fact that |a| < 1,

G2 < [ |1 (a2 + G=22)]
[

1—a™ _ 4N p
< sup ew<az+b(1‘“ ))_W(z)/ / (az + M)‘ e_p‘p(a” = )dA( )
o

zeC l—-a

fpso(Z)dA@)

(a) a-

e PP (aZ+ ) eP? <a2+

) —pp(2) dA(2)

1 az b-a™) _ z _
= o sup e’ o (axH55 ) = )/ |f(w)|P e PP dA(w)
a|” zeC C

1 (|a\|2|+72‘b| )—P<P(|Z\)
< — supe [1—a] p .
|CL| zeC ||f||(%p)

Hence

lall2l+ 22k )~ (12])

1C5 supe o

| <

Ja]2 |2
For the case |a| = 1, if f € 7, then
ICLA1, = [ £ @) Pe e aac)

= / Fam2)Pe P IdAR) = £

From which we deduce that
sup ||C7]| = 1.
sup ||

Case 2 : p=oc. For |a| <1, set Ry = %. Then for each |z| > Ry and

n €N,

9" ()] = |a"z +

2|b| 1~ |a|
< lallz] + < {lal+ =5 ) lol < Izl.

(1—-a) 1 —a

Taking f € F2° with || f]/(,00) = 1, we have |f(z)] < e for any z € C.
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Thus

sup ]CZf(z)]e""(z) = sup e ¥

|z|>Ro |z|>Ro

(oo =)

< sup ele(@ =) o) <
" 12>Ro N

?

and
b(1—a”
sup |C’Zf(z)|e_“"(z) < sup |f (a”z+ b1 —a?) )) sup e #®)
|21 <R |21<Ro l—a J|jzi<ro
—a” n, 4 bll=a™)
= max f <anz+ M) < max e@<a =t llfa ) < eSO(Ro)_
|z|=Ro 1—a |z2|=Ro
From this we get that, for each n € N,
ICHI = sup O fll g0y < 14 €0,

Hf”(gp,oo)zl

If |a| = 1, then

€3 lioem) = sup "2 = sup /(@™ = g

which shows
sup [|C7]| = 1.
neN || wH

]

Corollary 4.2.2. Every bounded composition operator Cy, on .7:8 15 power bounded.

Proof. The conclusion follows from Theorem 3.1.2 and Theorem 4.2.1, since the
restriction of a power bounded operator is clearly power bounded.
Nagy [69] showed that every power bounded operator T such that T—! exists and

is power bounded is polynomially bounded . This leads to the following corollary.

Corollary 4.2.3. Let 1 < p < oo and Cy be a non-compact bounded operator on

FPb. Then it s polynomially bounded.
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4.3 Mean ergodic and uniformly mean ergodic

composition operators

In this section we identify mean ergodic and uniformly mean ergodic composition

operators on F2. Our first result in this perspective states

Theorem 4.3.1. The composition operator Cy : F? — Fb , (2) = az+b, |a] <
1, for 1 <p < oo orp=0, satisfies, for each [ € FP,

nlgrolo ||C$f - OTbafH(so,p) =0

Proof. Case 1: 1 < p < oo. Let f € F?, 1 < p < oo. Since Cy is power

bounded, there is a constant M > 0 such that

HC;Zf”(so,p) < MHfH(eo,p)

for every n € N. Equivalently

/ O f(2)]7 e PP dA( / MP|f(2)Pe P dA(z). (4.3.1)

Moreover, by continuity of f,

Crf(z) - f( ' )’:0’

lim

n— 00 1—a

and using (4.3.1),

[lezsor-1 (%)
< [2lczror | (15[ |eraac
:/Czp|cgf(z)|pe—p@<2>dA(z)+/Czp f (%)
()| eraac <

p

*INP dA( )

p

e PP dA(z)

< / P M| f(2)Pe PP dA(z) + [ 2
C C
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Applying Lebesgue dominated convergent theorem on the sequence

= |r (w04 02 g (2

we get that

p

e*p@(Z),

n—oo

. mn p _ . _ . .
nh_r>1010 1Cyf — OlfafH(w,p) = Jﬁlo/(cgn(z)dA(z) = [c lim g,(2)dA(z) = 0.
- 0 g ng s 0 -
Case 2: p=0. Let f € F). Since |a| <1, C} f is also in F. To show this

lim |Cgf(z)} e ?®) = lim ‘f (anz + M) e~?

= lim f az + M 6_%"(“"24'%)eap(a”z—i—b(ll:‘;n))eﬂ(,(z)
2|00 1—a
n b(1—a™) —o(z . B
< sup eSD(a o s ) v(2) lim |f(z)|e »(2) —0.
zeC |z]—o0
Moreover, as n — 00
b(1 —a™ b
Y (z) = a"z + ( )

1—a 1—a

uniformly on compact subsets K of C, since

i bl . b1-a") b
w(z)—l_a—az—l— l-a 1-a
= |a"| z——‘ <la |(max|z|+’—’> — 0
€K

From this we have

() > f ( ' )

l1—a

uniformly on the compact subsets of C. That is, for each compact set K in C,

sup
zeK

() — f (1 b )] 0 (43.2)
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as n — 00.
Given € > 0. Since f € F, and hence C} f and constant functions are in F9, we

find 7y > 0 such that

n —p(z € b
‘C’Sﬂf(z)‘e #) « = and |f(1—a

1 )|e—s0(z) <

=1 M

if |z| > rg. Then, for each |z| > o and n € N, we have

crf(z) f(%)

We apply (4.3.2) to the compact set Ky = {z € C: |z] < ry} to find ng such that

£
e ) < =

e <O ()] e ‘f (%)

if z € Ky and n > ny we have

’f(w"(Z)) y (1fa)' <

with S 1= max.cx, e #3). If n > ng and z € C, we have

b

Cuf(z) — f(ﬁ) ‘ e < ¢,

Thus
Tim [|C3f = C b fllg00) = 0.

The next theorem ensures that all compact composition operators on F7, 1 <

p < oo or p =0 are mean ergodic.

Theorem 4.3.2. The composition operator Cy : F? — Fb , (2) = az+b, |a] <

1, for1 < p < oo orp=0, is mean ergodic.

Proof. We show that

= 0.

(.p)

lim
n—oo

1 g CZZf—CLf
n l1—a
k=1

By Theorem 4.3.1, for € > 0 there is a positive integer N such that
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IC3F = C s Fllm < €

whenever n > N. Thus

1 n
lim =Y Chf—C f
P 1—a
e 1 (¢,p)
1
< lim —

n—oo N,

> fotr-cu ], WW] e

Since € is arbitrary, the result follows.
We recall that a bounded operator is called quasicompact if there exist a positive

integer m and a compact operator K such that
|T" — K| < 1.

From the definition we observe that every compact operator is quasicompact. We
state the following proposition which is taken from [75] Theorem 4 and Corollary
on page 204-205 .

Proposition 4.3.3. If T is power bounded and quasicompact on a Banach space,

then T is uniformly mean ergodic.

Theorem 4.3.4. Let ¢)(z) = az + b, |a| < 1. Then the operator Cy, : Fb — Fb,

1 <p< o0 orp=0, is uniformly mean ergodic and

lim
n—oo

= 0. (4.3.3)

1~
~> Ci-Cu
k=1

Proof. The operator Cy, : Fb — FP, 1 < p < oo or p = 0, defined by ¢(z) = az +
b, |a| < 1is compact by Theorem 3.1.2, and it is power bounded by Theorem 4.2.1
and Corollary 4.2.2. Therefore, Cy is uniformly mean ergodic for 1 < p < oo by
the Proposition 4.3.3. Combining this with Theorem 4.3.2 we get, for 1 < p < o0
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or p=20,

L
Jim [l ; Ch—Co || =0. (4.3.4)
Next, we show (4.3.3) for p = co. From the well-known fact ||T|| = | T|| = ||T”|

for any bounded operator T" on a Banach space, and from (4.3.4) we have

lim =0
n—oo

1 n

— Z CZZ - C b

n —a
k=1 (¢.,0)

implies

1
"

1 n
lim ([~ ck) (0 ~ 0.
i ( ;Cw) Crte :
B (,0)

Since F2° is canonically isomorphic to the bidual of .7-"2, and the bi-transpose
operator C’; of Cy : F) — F coincides with composition operator Cy : F2° —
F°, we get that
=0.

lim
n—oo

1 4
~> Ci-C
k=1

(p,00)

It is well-known that every periodic operator is uniformly mean ergodic. We

include the proof of the next result for the sake of completeness.

Proposition 4.3.5. The composition operator Cy,, where ¥(z) = ¢?2, 0 < § <
21 and me” = m for some positive integers m,k, is uniformly mean ergodic on

Fb,1<p<ooorp=0.

Proof. Consider the smallest positive integer m such that %T’T = m for some
positive integers k. In this case the sequence Cy is periodic with period m.

Any n € N can be written in the form of n = ml + j for some [ € N and
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3
v
.O

J
< im s (1 + £ 301K

The following lemma is a main tool for the proof of Theorem 4.3.7.

Lemma 4.3.6. [ [3], Lemma 2.1 ] Let {T,} be a sequence of equicontinuous op-
erator on locally conver space E. If {T,} is pointwise convergent to a continuous

operator T on some dense set D C E| then {T,} is pointwise convergent to T in

E.

From the definition of power bounded, if T" on some Banach space X is power

bounded, there is M > 0 such that
[T f|l < M| f| for all f € X.

This implies that {7}, is equicontinous. Thus, the assertion in Lemma 4.3.6
holds true if equicontinuous is replaced by power bounded.

An operator T is uniformly mean ergodic if and only if it is power bounded and
either 1 is in C\o(T') or 1 is a pole of order 1 of the resolvent Ry(\) = (T'— \I)~!
[Theorem 3.16 in [18]]. In particular, if 1 is in o(7") and an accumulation point
of o(T), then T is not uniformly mean ergodic. Our next two result shows non
compact composition operator Cy, 1(2) = az,|a| = 1 and a is not root of unity,

is not uniformly mean ergodic.

Theorem 4.3.7. If ¥(z) = az, |a| = 1, and a is not root of unity, then the
composition operator Cy : F§ — Fb, 1 < p < oo or p =0 is mean ergodic but

not uniformly mean ergodic.
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Proof. First we show that

lim
n—oo

=0 (4.3.5)

(,p)

1 n
> Cif —Cof
n

k=1

when f is a polynomial. It is enough to check it when f belongs to the sequence
of monomials {1, z, 2%, ...}. If f(z) =1, then Cyf is the constant function 1, and
hence (4.3.5) holds. If f(z) = 2™ for some m € N,

n

1
_§ :amkzm
n

k=1

1 n
- Ckf

(,p) (#:p)

2

< o= 1 lem =0

as n — 00. Since the set of polynomials is dense in 2 and C, is power bounded

and hence {C}}, is equicontinuous on F? by Lemma 4.3.6 we have ,

=0

(#:p)

lim
n—00

1 n
—» Chf—Cof
n

k=1

for every f € FP. This implies that Cy : FL — FP is mean ergodic.

Next, we prove that Cy is not uniformly mean ergodic. By Theorem 4.1.1,

o(Cy) = {a” :n=0,1,2,...}. This shows 1 € ¢(Cy) and 1 is an accumulation
point of o(Cy). Therefore by Theorem 3.16 in [18] Cy is not uniformly mean
ergodic.

Recall that a Banach space X is a Grothendieck space if every sequence (x,,) in X’
which is convergent to 0 for the weak topology (X', X) is also convergent to 0 for
the weak topology o(X', X"). The space X has the Dunford-Pettis property if for
any sequence (x,,) in X which is convergent to 0 for the weak topology (X, X")
and any sequence (z,) in X  which is convergent to 0 for the weak topology
o(X', X") one gets lim, o0 (2, x,). The spaces ¢ or H®(D) are examples of
Grothendieck spaces with Dunford-Pettis property [37]. We record the following
proposition from Lotz, [38]
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Proposition 4.3.8. Let X be a Banach space, which is a Grothendieck space
with the Dunford-Pettis property. Let T € L(X) be a power bounded operator.

Then T is mean ergodic if and only if T is uniformly mean ergodic.

Our next Theorem characterizes ergodicity of non-compact composition operator

C,, on ]-"go when a is not root of unity.

Theorem 4.3.9. If(z) = az, |a| = 1, and a is not root of unity, the composition

operator Cy, : F2* — F2°, is not mean ergodic, hence not uniformly mean ergodic.

Proof. Since 1 € o(Cy) = {a":n=0,1,2,...} and 1 is an accumulation point
of o(Cy), we apply Theorem 3.16 in [18] to conclude that Cy is not uniformly
mean ergodic on F°. On the other hand, Theorem 1.1 in [39] implies that F2°
is isomorphic to £ or H>*(D). Hence F2° is Grothendieck spaces with Dunford-
Pettis property. By a result of Lotz [38], Proposition 4.3.8 every power bounded
mean ergodic operator on a Grothendieck Banach space with the Dunford-Pettis

property is uniformly mean ergodic. Therefore, Cy is not mean ergodic in F2°.

4.4 Cyclic composition operators

In [31], Cyclic and supercyclic properties of composition operators were studied
on classical Fock spaces Fy. It is a natural problem to ask what happen to these
phenomena for other exponents p, and on the generalized Fock spaces FL. We
start with the stronger hypercyclic property. Our next theorem describes that no

bounded composition operator on F¥ can be hypercyclic.

Theorem 4.4.1. Let 1 < p < 00 and ¥(2) = az+b induces bounded composition

operator Cy on FB. Then the operator Cy can not be hypercyclic.

When the weight function becomes ¢,,(2) = |2|™,0 < m < 1, then as shown in
[24], each nontrivial translation operator acting on the corresponding Fock-type
spaces is hypercyclic. Since a bounded C, on such spaces happens if and only

if ¢(2) = az + b with |a| < 1, by setting @ = 1 and b # 0, we observe that Cy,
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reduces to the translation operator 7, which is hypercyclic.

Proof. 1f |a| < 1, then the operator Cy is compact and hence by Corollary 1.22
in [2], it can not be hypercyclic. On the other hand, if |a| = 1, we may deny the
assertion and assume that the operator is hypercyclic with hypercyclic vector f.
By extracting a subsequence "™ such that ¢z — az as k — oo, we observe

that for any univalent function ¢ in the orbit of f,
9(2) = Jim Oy f(2) = Jim Oy f(2) = f(a2).

It follows that f itself is a univalent function and hence its orbit contains only
univalent functions which is a contradiction.
We may now ask for the weaker supercyclicity property. Our next theorem shows

Cy is not supercyclic either.

Theorem 4.4.2. Let 1 < p < oo and (z) = az + b be a non-constant map on
C that induces a bounded composition operator Cy on FB. Then Cy can not be

supercyclic on FL.

The supercyclicity problem has not been solved in the classical Fock spaces set-
tings either except for the Hilbert space case which was studied in [31]. Our
approach, which neither uses Hilbert spaces techniques nor the fast growth prop-
erty of the weight function, shows that the same result holds for all 1 < p < oo
on the classical spaces as well.

Proof. First we prove that Cy can not be supercyclic on FL, 1 < p < co. We set
¥ (z) = az+b and argue in the direction of contradiction, and assume that Cy, has
a supercyclic vector f € F2. If 0 < |a| < 1, then 1 fixes the point b/(1 — a). It
follows that f(b/(1 —a)) # 0. If not, the projective orbit contains only functions
which vanishes at b/(1 — a). Now for each function ¢ in the projective orbit of f,

there exists a sequence (A, ) such that
kh_{{.lo ”/\nkCZkf - 9“(30,13) =0.
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Then we compute

g(lfa) :lclggo)\nkcgkf(lia) :khﬁ\rgo)\kcwnkf(%) - f(lﬁc) klggo)\n’“’

where we used here the fact that norm convergence implies point-wise conver-

gence. Thus, for all z € C, applying the fact that a™ — 0 as k — oo

. . b(1 — a™)
— Tk — Nk
g(z) = khm A, O f(2) = kh:m /\nkf<a z+ - )

[ o e+ =)
)] () = ol )

showing that only constant functions are in the projective orbit of f resulting a

contradiction. If |a] = 1, then ¥(z) = az and it fixes the origin. We may choose
a univalent function g € FZ such that g(0) # 0, and pick a subsequence ™ such

that ¢ (2) — az as k — oo. Then

9(2) = Jim A, Ot f(2) = Tim A\, f(a™2) = 9(0) (a2)

It follows that

f(z) = —g<—) (4.4.1)

is univalent. Consequently, the projective orbits of f contains only univalent
functions which is again a contradiction. Next, we prove the result on F2°. Since
Cy is bounded, by Theorem 3.1.2, we can set ¢(2) =az+0b, |a| <1. If |a| < 1,
then Cy is compact. The spectrum of a compact supercyclic operator on an
infinite dimensional complex Banach space contains only the zero element: see
2, p. 29]. On the other hand, by Theorem 4.1.1, the spectrum ¢(C),) contains
infinitely many elements showing that Cy can not be supercyclic in this case.

When |a| = 1, then the same argument as above gives the same conclusion.
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From Theorem 4.4.1 and Theorem 4.4.2, we observe that no orbit or projective
orbit is dense in the space FL. Now we turn our attention to the density of span

of an orbit in ]—"5.

Theorem 4.4.3. Let ¢(z) = az + b be a non-constant map on C that induces a

bounded composition operator Cy on FL. Then

(i) Cy is cyclic on FE, 1 < p < oo orp=0 if and only if a" # a for alln > 1.

Furthermore, a function h € FY with Taylor series expansion

Sl )

n=0
is a cyclic vector for Cy if and only if a, # 0 for alln € Z, :={0,1,2,3, ...}.
(i4) Cy can not be cyclic on F3°.

The theorem was proved in Hilbert Fock spaces for the case where ¢ is Gaus-
sian weight ¢(z) = 1]z|> and for the case ¢(z) = |2|*, s < 1 in [31] and [24]
respectively. Their proof were based on Hilbert space properties. In our proof we
will follow the same approach but replacing all the Hilbert space arguments by
other general arguments. Our argument shows that the same result holds for all
1 < p < ooorp=0on the classical spaces as well.

Proof. (i) Let us first assume that Cy is cyclic and prove the necessity of the
condition. Arguing on the contrary, if a* = a for some k > 2, then |a| = 1

and hence 9 (z) = az. For any cyclic vector fy in FP, it follows that C{Z fo(z) =
fo(akz) = folaz) = Cy fo(z) which implies

(ClfoneZy={Clfy: n=0,1,2,3,..k}.

This shows that the closed linear span of the orbit is finite dimensional, and hence

Cy can not be cyclic. Conversely, suppose ¢(z) = az + b and a" # a for every
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n > 2 which obviously implies that a # 1. Then we proceed to show that there

b

exists a cyclic vector h € FL with Taylor series expansion at z = 1=

oo b n

h(z) = nl 2 — .

(2) Z a (z To a)
n=0

Let us first make a short argument verifying the necessity that for h to be a cyclic

vector, a, # 0 for all n € Z,. If a, = 0 for some n = m, it follows from the fact

that

Cth(z) = ianak" (z 7 f a>n>
n=0

all functions f in the closed linear span of {C’z’;h ke Z+} satisfy %f‘z:% =0
which contradicts the cyclic behaviour of h. We may now consider the case when
la| = 1 and hence b = 0. This together with the assumption a" # a for every

n > 2 imply
{ab keZ, }=T={2€C:|z| =1}

Thus, for each w € T there exists a sequence {k;}; in Z, such that a" —

w as j — 00. Let 1y, (2) = wz. Then we claim that
. kip _

for 1 <p<ooorp=0.

If 1 < p < oo, using the radial property p(a* 2) = ¢(z) and change of variables,

69



we compute

T [CORE,,, = lim / Ih(ab 2)Pea ) dA ()
31550 |a’fa|2/|h |p€—peo(Z)dA |2/|h )|PeP? z)dA( )

N /(C |h(wz)|p€—ps@(z dA(z) = Howwhnz()%p)

from which (4.4.2) follows.

Next, we show that (4.4.2) holds if p = 0 also. To this end, first we show that
C’Zjh — Cy,,h belongs to FY for any j € Z.

|l‘lm |C 'h(z) — Cy, h(z)]e ¥
Z|—00

< lim |C’ 'h(z)|e”?® + lim |Cy, h(2)|e#)
Z*)OO

|z]—o0

= lim h(a"2)|e ™) + lim |h(wz)|e ¥

|z]—o0 |z| =00
= lim h(ab2)]e %% 4 lim |h(wz)|e ¥ = 0. (4.4.3)
| 2| =00 |z| =00

For any R > 0.

ik . Kip oy _ ~o()
Jlim [|C7h = Gy, hll o) = lim Szgg\% h(z) = Cy,h(z)|e

+ lim | sup |h(a"2) — h(wz)|e ?*

J70 | z|>R

< lim | sup |h(a*i2) — h(wz)|e ?*)

I7o0 | IzI<R

= sup |lim |h(a"2) — h(wz)@ e #® 4 lim | sup |h(a2) — h(wz)|e #")

|2|<R LI I7o0 | 2>R

I | z|>R

=0+ lim [sup |h(a"i2) — h(wz)|e ¥®)] .
Applying (4.4.3) and letting R — oo the last term is also 0. Therefore

. ki, _
Jlim [[C7h — Cy, bl 0 = 0
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This verifies that Cy, h belongs to the closed linear span of {C’{Zh ke Z+} -
Fb,1<p<ooorp=0.

The mapping GG : T — FP defined by G(w) = C, h is continuous, and can be
extended to analytic function G in D with G(w) = G(w) on the boundary of D,
Then, by Cauchy Integral Formula, using Cy,, (2) = G(w)(z) = G(w)(z))

1 h
o= L / Cpull2)
|w|=1

271 wntl

Hence the set of polynomials a,2", n € Z, belongs to the closed linear span
of {C’th ke Z+}. From this, the fact that a, # 0 for all n € Z,, and Theo-
rem 2.2.1, the conclusion of the theorem follows for this case.

It remains to show the case when 0 < |a| < 1. For each m € Z,, we decompose

the function h as h = h,, + ¢g,, where

hon(2) = néan (z - f a)n and  gm(z) = nglan (z -2 f a>n. (4.4.4)

Using induction we plan to prove that for every m € Z,

him € span {CEh - k€ Z, }.

To this end, consider a function g in FZ and observe that

=y,

k k
C’wg(z):g<a Z 4+ T4

Since |a| < 1, we also have a*z + b(%‘ék) — & and by Theorem 4.3.1,
: k
131_)11010 1Cyg — O%g“(#’#’) =0.
It follows form this and (4.4.4) that
: k : k
Jim [[Crg0 = Ce_gollep = Hm [[Cigollpp) =0
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from which we further deduce

HCth - aO”(%p) = HCjZ(aO + g0) — aOH(cp,p) < HCfZ(aO) - aOH(cp,p) + HCZZ(QO)H(W) — 0

as k — oco. Therefore,

ho € span {CEh : k € Z, }.

Suppose now that hg, hq,...hy_1 € span {C’{Zh ke Z+}. Then by the decompo-

sition in (4.4.4) it holds that gy_; € span {O{Zh : k € Z. }, and hence

Clgn_1 € span {CEh : k € Z,} (4.4.5)

for every j € Z,. We next compute

A . b n o , b n
CfpgN_l(z):C'pran (z— 1_@) = Zanagn (z— 1_@)
n=N n=N

N o n—N
i b Za a2 — b
1—a n:Nn 1—a
‘ b N ) o) b n—N
_ jN
= <Z_1—a> C’éZan(z—l_C)

where O = Cys, ¢(2) = a/z + 20220 and

From (4.4.5) and (4.4.6) we also obtain

b\,
(z - E) Clfn-1 €span {Chh : k€ Z, }. (4.4.7)
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By Theorem 4.3.1 we have that
Tim [1Cy fiv-1 = anllep = im [Cus 1 = Co fvoallom = 0. (448)

We further claim that,

Ti(2) = (z -7 f G)NOWJ‘N_I — ay (z _b )N = T'(2) (4.4.9)

in FL as j — oo as well. We may compute

b \V
HDH%/@‘ (2—m> Oy fn-a(2)

p

e_W(z)dA(z)

. 1 —_ -] p j 1—aj
:/ fN_1<aJZ+ %) oo (o724 20=2D ))Uj(z)dA(z)
c _
where
pN 1 l—aj
o) = [ - [ el sz
—a

We also observe that since ¢ is an increasing weight function, and |a’| < 1, the
sequence of functions U; are uniformly bounded over C. Furthermore, since norm

convergence in F% implies pointwise convergence, by (4.4.8) for each z € C
Cyifn-1(z) = C_frna(2)

as j — oo. With this, an application of Lebesques convergence theorem implies

| | L i)
P — J — 7
Jimn 00l = i, s (o2 + 2120
:/‘Clbe_l(Z)
C a

Thus the claim in (4.4.9) follows for 1 < p < cc.

p

o P¥ (a4 t0=aD)) U;(2)dA(z)

pN

ePPIdA(2) = [T,

p

b
1—a
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If p=0, when f(z) = > an2" € F)

b N b N
li - N1~ a
Jim K ) o ] [N< = ] -
@,
_ . 7 — 3 ] —
_]1EEOHC<PFH(%0)—J'ILTO‘C@F F(l_a) (¢,0)

where

Since f € F), we have F € F) and hence CZ)F is also in FJ.

Thus by Theorem 4.3.1,

=0.
(,0)

lim
j—00

| b
iFp_F
o - (i)

which shows

b\ b\
(Z_l—a) ijfN—I%aN(Z_l_a)

in norm in .7-"3. Thus, the claim in (4.4.9) follows for p = 0 also, which along with

(4.4.7) gives

N
ay (z_ - b ) Espan{C’l’Zh:k:EZjL}, and hNGSpan{C’{Zh:k:EZJF}.
—a

Therefore,

i € span {CEh : k € 7, },

for every m € Z, which in turn results in

b n
an, (z — m) e span {Ckh: ke Z,}
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for every n € Z,. Then, since a, # 0 for all n € Z,, by Theorem 2.2.1 the
assertion of the theorem follows.

(ii) By [[39],Theorem 1.1], F2° is isomorphic to £, and £ is not separable.

Hence JF2° is not separable. But span{Cth :k=0,1,2,...} is separable for any
h € F¥. To show this, let S be a subspace of span{C’th ck=0,1,2,...}
consisting all linear combination of elements of span{CJZh :k=0,1,2,...} formed
using only scalar coefficients, whose imaginary and real part is from Q. We
observe that S is countable. Suppose that fi, fo, ..., f;n € {Cth k=0,1,2,...}
and aq,ao, ...,qa,, € C. For each j such that j = 1,2,...,m there is a sequence
{ajn}02,, whose imaginary and real part are in QQ converging to a;, and it follows
from the continuity of the vector space operations that the sequence {a,f1 +
Qo fot Qo frn o2 in S converging to oy fi+as fo+...au, fr. Thus the countable

set S is dense in span{C’th :k=0,1,2,...}, and hence spcm{C{Zh k=0,1,2,...}

is separable. Therefore, C;, can not be cyclic on F°.

4.5 Periodic points under the composition op-

erators

We say that a point z in X is periodic under an operator 7" on X if there is some
n € N such that 7"z = z. In this section we determined periodic points in FP

under the composition operator.

Lemma 4.5.1. Let o, € C, a # 0, o™ # 1 for every n € N and f is analytic
function on C. If f(az + B) = f(2) for each z € C, then f is constant.

Proof. The mapping ¢(z) = az + (3 fixes the point 2y := % Define ¢(z) =
f(2) = f(20). Then g(z) = 0 and g™ (z) = f™(2) for every n € N.

Since f(az + ) = f(z) for each z € C, we have o”f™(az + B) = f™(z), and
hence o™ f™ (z5) = f™(z). This yields f™(z) = 0 for every n € N since o # 1.
Thus g™ (z) = 0 for every n = 0,1,2, .... Hence g(z) = 0 for every z € C. There-
fore, f(z) = f(z0) for every z € C.
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Observe that the assumption that o™ # 1 for every n € N is necessary in
Lemma 4.5.1. For example if we take a = 1 and § = 27, then the function
f(z) = e* satisfies f(az + ) = f(z +1i27) = 7™ = ¢ = f(2) for each z € C.

Our next theorem describes periodic elements of Cy in £, 1 < p < oo or p=0.

Theorem 4.5.2. Let Cy, be a bounded composition operator on FP, 1 < p < oo

orp=20.

(a) Bvery f € FE is periodic point for Cy if ¥(2) = az,la| =1 and a™ =1 for

some m € N.

(b) Only constant functions in FP are periodic points for Cy if ¥(2) = az +
b,la] <1 ori(z) =az,la| =1,a" #1 for alln € N.

Proof. (a) If ¥(z) = az,|la] = 1 and a™ = 1 for some m € N, then for each
feFL, Crf(z) = f(amz) = f(z) for every z € C.

(b) Assume that ¢(z) = az+b,|a] < 1and b € Cor ¢(z) = az,|a| = 1,a™ # 1 for
alln € N. If f € FI is a periodic point of Cy, there is s € N such that C}, f = f.
Then

Cif(e) = 1w (o) = F (w24 =)

Our assumptions on the symbol ¢ imply that (a®)” # 1 for each n € N. We can
apply Lemma 4.5.1 to conclude that f must be constant.
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Chapter 5

Dynamics of Weighted
Composition Operators on The

Fock Spaces

The theory of weighted composition operators lies at the interface of analytic
function theory and operator theory, and its study traces back to the sixties in
the work of Forelli [22] where it was shown that the isometries in the Hardy spaces
HP? whenever 1 < p < 0o,p # 2 are weighted composition operators. De Leeuw
[30] later showed the same holds true on the space H' as well. Since then the
operator has become a natural object of study and its investigations has rapidly
evolved in function related operator theory. A number of researchers have studied
the operator over various settings mainly with the aim to express its spectral,
topological and dynamical properties in terms of the function theoretic properties
of the inducing pairs of symbols (u,): see for example [15, 21, 30, 45, 51, 73].
Recall that for holomorphic functions u and v on a given domain C, the weighted
composition operator W, ) on spaces of holomorphic functions F on C is defined
by W) f = u- f o1. The operator generalizes both the composition Cy and
multiplication M, operators since it can be represented as W, 4y = M, Cy, where

M,f =u-fand Cyf = fo1. This representation has partly contributed for the
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rapid development of the theory. For further detailed studies of the operator on
spaces of functions defined over the unit disc, we may refer for example on Hardy
space [13, 14], on Bergman space [16], on disc algebra [66] and the references
therein.

In 2007, Ueki [73] considered the operators on the classical Fock spaces Fy and
characterized the bounded and compact W, in terms of Berezin-type integral
transform. In [51], T. Mengestie considered a more general setting namely, Fock-
Sobolev spaces, which include all the classical Fock spaces and characterized
various properties of the operators including boundedness, compactness, essential
norm and Schatten class membership in terms of generalized Berezin type integral
transforms.

Later, Le [45] considered the Hilbert space F» setting and obtained a simpler
condition namely that W, 4 is bounded on JF; if and only if u belongs to /, and

sup |u(z)|e% (e e-1er?) < 00. (5.0.1)
zeC

and compact if and only if

lim [u(z)[ed (WEP-1) — o (5.0.2)

|z]—o00

He further proved that (5.0.1) implies ¢(z) = az + b with |a|] < 1. In [57], T.
Mengestie and M. Worku proved that the Berezin-type integral condition used
to describe the boundedness of generalized Volterra-type integral operators Vg
on the Fock spaces F, is equivalent to a simple condition as in (5.0.1). Because
of the Littlewood-Paley type description of the Fock spaces, by simply replacing
l9'(2)|/(1 + |z]) by |u(2)| in the results there, it has been known that (5.0.1)
in fact describes the bounded weighted composition operators on all the spaces

Fp, 1 < p < oo, with norm bounds

1
sup [u(z)|e3 (POPL) < W, < = sup u(z) e (FOPER) - (5.0.3)
2€C |a| z€C

78



The same conclusion as in (5.0.3) was also reported later in [72] for p < co. For

p = 00, the corresponding relation holds in fact with equality

Wi lloo = sup fu(z)}e3 (#P14E). (5.0.4)
C

zE

As indicated in the proof of [[45], Proposition 2.1], an interesting consequence of
(5.0.1) is that if |a| = 1, then a simple argument with Liouville’s theorem gives
that the weight function u has the form u(z) = u(0)K_z(2). This representation
of u will play an important roll in the rest of the paper. Thus, we may formulate

it as a lemma for the purpose of easy further referencing.

Lemma 5.0.3. Let 1 <p < oo, u, ¥ € H(C) and W, ) be bounded on F,, and
hence ¥ (z) = az+b, |a| < 1. If |a| =1, then

u(z) = u(0)K_g(2).

In (5.0.2), compactness of W(,) has been described by the fact that v(z) =
az + b, la] < 1 and |u(z)]ez(¥@P~1) 5 0 as |z — co. The later condition
implies that |a] < 1 but not conversely. Very recently, Carroll and Gilmore [10],
used the idea of order of analytic function and proved the following analogues

result.

Lemma 5.0.4. Let 1 <p < oo, u, ¥ € H(C) and (z) = az + b, |a] < 1, and
assume that w is non-vanishing. Then W, ) is compact on F, if and only if u

has the form

U(Z) — €a0+a1z+a2z2

1—|a?

for some constants ag, a1, ay such that |as| < —;

In this chapter we treat dynamics of weighted composition on Fock spaces. It has
been well-known that the spectrum of an operator plays a vital roll in the study

of its dynamical properties; see for example [23]. Thus, in the section to follow,
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we first determine the spectrum of weighted composition operators on the Fock
spaces JFp, 1 < p < oo.
5.1 Spectrum of weighted composition opera-

tors

We may begin by stating our result.

Theorem 5.1.1. Let 1 < p < o0, u, ¥ € H(C) and W,y be bounded on F,
and hence ¥(z) = az + b with |a| < 1. Then if

(1) Wiwy) is compact and hence |a| < 1, then

oc(Wiuw)) = {0, u( )am, m € No}. (5.1.1)

1—a

(ii) |a| =1, then

{u(O)e%am tm € NO}, a#1

o (Wiu)) = 3 {z:\z| - |u(0)\e%}, a=1, b#0

{u(0)}, a=1, b=0.

We now remark a few points. First, observe that the number b/(1 —a) in (5.1.1)
is the fixed point of the symbol ¥). We also note that when a # 1 and |a| = 1 the
expression in the spectrum can be expressed in terms of this fixed point. That
is from Lemma 5.0.3, it follows that u(O)e%am = u(b/(1 —a))a™. In this case,
the the spectrum contains finite number of points only when a is a root of unity.
Proof. (i). Let W,y) be compact and hence |a| < 1. Here our proof is based
on an argument that goes back to [33]. We set zg = b/(1 — a) and plan to show

that the range of W, 4y — a™u(2)I fails to contain the complex polynomial 2".

Setting n = 1 and arguing in the direction of contradiction, assume that there
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exists an f € JF, such that

u(2)f(¥(2)) — au(zo) f(2) = z. (5.1.2)

If u(zp) = 0 or a= 0, then a"u(zp) = 0 and belongs to the spectrum. Thus, we
may assume that zy is not in the zero set of v and a # 0. First assume that
2o = 0. Then taking z = 0 in (5.1.2), we obtain that f(0) = 0. On the other
hand, differentiating both sides of equation (5.1.2) and setting again z = 0

(0) F((0)) + u(O) (0) £ (12(0)) — au(0) £'(0) = 1

which results the contradiction 0 = 1. Similarly for n > 1, differentiating both

side of the equation

u(2)f(¥(2)) — a"u(z) f(2) = 2"

repeatedly and eventually setting z = 0, we obtain f™(0) = 0 for all m < n
while for m = n we get again the contradiction 0 = n!.

If 2y # 0, then we may set ¥, (z) = az,

uy(2) = ulz + %) _zerm(asrazrd
[preiE

and observe that ¥1(0) = 0 and u1(0) = u(z). A straightforward calculation

shows that
Wz ) Wet) Wi ) = Wi )
and W@;w) = Wiug.ws) Where ug(2) = k_(2), ¥2(2) = 2 + 20, ug = k., and

P3(2) = 2z — 2. It follows that the weighted composition operators Wiy, s
and W, ) are similar and have the same spectrum, and our conclusion follows

from case one. Therefore, the set in the right-hand side of (5.1.1) in this case is
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contained in the spectrum.

Conversely, if |a| < 1, then W(, 4 is compact and its spectrum contains only zero
and eigenvalues. Thus, we consider a nonzero eigenvalue A € o(Cy) and show
that it is of the form u(zp)a" for some positive integer n. If f is a corresponding

nonzero eigenvector, then

Wi f(2) = u(2) f(az +b) = Af(2) (5.1.3)

for all z in C. If f is not zero at zp, then (5.1.3) implies u(zp) = A and hence
A = au(zg). On the other hand, if f has zero at 2o of order m, we may write
f(2) = (2 —20)™g(z) where g(29) # 0. Then substituting f by this in (5.1.3) and
differentiating both sides of the equation m times and eventually setting z = z,

we only get
a™u(zo)mlg(zo) = Amlg(zo) (5.1.4)

as all the other terms have factor z — zg and vanish. Now, ¢(zg) is non-zero and
(5.1.4) holds only if A = a™u(z) as asserted.

The argument in the proof of part (ii) is divided into three cases depending on
the values of a and b.

Case 1. Let |a] = 1 and a # 1. For simplicity we first set ©,,(z) = z — 2o and
claim that the weighted composition operator induced by (k.,, 1.,) is an isometric

bijective map on F, with inverse W,

(k_ng 2" To this claim, for every f € F,

p 2
Wik f1 = 2 [ TIPS = )P 8 dAC)
= —/ |f(z — z)[Pe 21" ZOQ(\kzo(Z)Veg'ZZO'Q pz|2)dA(z)
2 [ 11— mpe bt aa) = | i
TJc

for all 1 < p < oo which also holds true for p = oo. This shows that the operator is

82



a linear isometry and hence satisfies the injectivity condition W,

I. On the other hand, for each f € F,

k "/’zo ) W(kzo 7w20 ) =

W(kzo,sz)W(k,ZO,lz;;})f(Z) =k (2)k_z (2 — 20) f(2) = f(2)

which also shows that W 4. W_ )= = I, and hence the claim.

zo Wz
Next, using zp = b/1 — @ and Lemma 5.0.3 for every f € F, we compute

= ko (2)u(t) (2))) ez (0 (007 (2)) (12 (0 (107 (2))))
e (2)U(0) K (= + 20)k (a2 + b+ az0) f(az) = w(0)et s Cy £(2)

where Cy, the composition operator induced by the symbol Wy(z) = az. This
shows that W, ) is similar to the composition operator, up to a multiple, Cly,.
Thus, c(W,y) = u(O)e%U(C’%). Using the spectrum of Cy, from Theo-
rem 4.1.1 and observing that (1 —a)™! = a/(a — 1) when |a] = 1 and a # 1,
we arrive at the desired conclusion.

Case 2. Let a =1 and b # 0. Applying Lemma 5.0.3,

162 1v1%

Wiy =u.Cy =u(0)K_,Cy = u(0)e 2 k_,Cy = u(0)e > Wi_, ) (5.1.5)

The weighted composition operator W(;_, ) is unitary. Recall that the spectrum
of a unitary operator lies on the unit circle T. We claim that the spectrum of

Wik_,.4) is T. To prove the claim, for any nonzero w € C and f € F, we have

W(k w7¢;1)W(k—b7¢)W(kwy¢w)f(Z)
= k_w(2)k_p(2 + w)ky(2 + b+ w) f(2 + D)

= k_y(2)eX3 ) f (2 4 b) = 2N, 0 F(2)

which shows that W,_, , is similar to e*S@W, . for any w € C. Since
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b+ 0, and ¥ js unimodular, and the spectrum of a unitary operator lies on
the unit circle T, it follows that the whole unit circle constitutes the spectrum.

Therefore, combining this with (5.1.5)
L L [
o(Wiuw)) = u(0)e 2 oWy, p) = u(0)e 2 T = q2z:|2] = |u(0)]e> ;.

Case 3. Let a = 1 and b = 0. In this case, the operator W, ) reduces to
the multiplication operator M, where its spectrum has been already identified in

Lemma 2.3 of [56], and completes the proof the theorem.

5.2 Power bounded weighted composition oper-

ators

For the operator W, ) and f € H(C), each element of the orbit has the form

n—1
WS = fod™ un, un(z) = [T ul@!(2)). (5.2.1)

J=0

for each non negative integer n and 1° = I the identity map on C.
First, we consider the following key lemma which provides necessary conditions
for power bounded W, ). The lemma further gives a good restriction on the

growth of the sequence (||uy||,), and the value |u(z)| where 2 is a fixed point of

b

Lemma 5.2.1. Let 1 <p < oo and u, € H(C). If W,y is power bounded on
Fp, then

(i) |u(zo)| < 1 where zy is a fized point of 1.
(11) (||tunllp)n is a bounded sequence.

Proof. (i). Since the constant function 1 belongs to the spaces F, with ||1]|, = 1,
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using the point-wise estimate in (1.0.1)

2 2
lz0l lz0l

Wl = Wy Ulp = Wiy L(zo)le™ 27 = [unlz0)le™ 27 = [u(zo)["e™ 2"

from which the inequalities

2
_ l=al

2~ sup |u(z)|"

00 > sup ||W(Z,w)H >e
neN neN

hold only if |u(z)| < 1.
To prove (ii), for p = oo arguing as above we have

2|2 2|2

Wl = Wy Uloo = Wiy 1(2)]e™ 2 = Jun(2)]e™ 2.

Taking the supremum with respect to first with z and then with n give the

required assertion. On the other hand, if p < oo, then

n n p _pIZ‘Q
W I” = Wi LI = %/(Clun(Z)l”e 2 dA(2) = |funlly

from which the conclusion follows again.

The next simple lemma will be crucial in the proof of Theorem 5.2.5.
Lemma 5.2.2. Let a € C and |a| < 1. Then for alln € N

11— a?| 11— a®"|
1—lal? = 1—|a>

(5.2.2)

Proof. Applying triangular inequality,

1_a2n
||1 _a2|| = |1+a2—|— (a2)2+,..+(a2)n71’ <1+ |a2| + |(a2)2] +o+ ‘(az)(nq)'
Lo
— 2 2\2 Nn—1 __
=1+ a*+ (|a)? + ... + (Ja)" - Towr

from which (5.2.2) follows.

We now state the main results on power boundedness. Depending on whether
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la| = 1 or |a| < 1, we give two main results as in Theorem 5.2.3 and Theorem 5.2.5.

Theorem 5.2.3. Let 1 < p < oo, u, € H(C) and W, ) be bounded on F,
and hence ¥(z) = az +b, |a| < 1. If |a| = 1, then the following statements are

equivalent.
(i) Wiuy) is power bounded on F,;

(11) (J|unllp)n is a bounded sequence;

(iii) [u(0)] < =% .
It is interesting that we have an easy to apply equivalent conditions for the power
boundedness of the weighted composition operators. Part (iii) of the condition
is also independent of underlying space or the exponents p. We recall that a
bounded linear operator is a contraction when its norm is bounded by 1. In view
of this, we may add one more equivalent condition to the above list in the theorem,

namely that W, ) is power bounded on F, if and only if it is a contraction.

Proof. The statement (i) implies (ii) is proved in Lemma 5.2.1. On the other
hand, if (ii) holds, then using (1.0.1)

00 > sup ||uy||, > sup |un(z)|e_% (5.2.3)
n&eNp neNg

for each z € C. If a = 1, then ¢’(z) = 2z + jb and using Lemma 5.0.3,

n—1
un(Z) = u(O)” H K—b(Z +jb) — U(O)nel"(’z)
§=0
where
n—1 | 9
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It follows that

|b

un(2) = u(0)"e” FrEDE () (5.2.4)

for all z € C. Considering (5.2.4) and applying the estimate in (5.2.3) at z = —nb

_ b2
sup [[unl, 2 sup [u,(—nb)le” >
neNy n€eNg
e B "
= sup |u(0)e 2 | e K_,p(—nb) = sup |u(0)e 2
neNg n€No

and hence the statement in (iii) follows. On the other hand, if a # 1 and |a| = 1,

then set zy be the fixed point of 1 and eventually applying Lemma 5.0.3

W(O)K (1 b a)

[un(20)] =

and the conclusion follows after taking this in (5.2.3) again.
It remains to prove (iii) implies (i). First observe that for each n € N, the
operator W&w) itself is a weighted composition operator and W&w = Wiuppm)-
Then applying (5.0.1) together with the analysis after it, we find that W, is
power bounded if and only if
! ()a"z+L"n> -

sup sup |un(2)]e? e
neN zeC

=#) < 00.
Thus, for |a|] = 1, we apply (5.0.3) and obtain the norm
n 1 n()|2—|2|2
WGyl = sup s (=) e2¥ T, (5.2.5)

Our next task is to simplify (5.2.5). If a = 1, then the representation in (5.2.4)
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implies
n 1(|z4nb|? |z n flnn
Wil =s2562<‘ 0171, (0) e DK ()]
|b|2 2

= sup (Ju(0)le > ) ™K _y(2)| = (lu(@)e* )" (5.2)

zeC

from which the statement follows.
Next, assume a # 1 and |a| = 1. Then ¢’ (z) = a/z+b=% ¢’ By using Lemma 5.0.3

again u,(z) = u(0)"e* where

- 1—a — 1—a" alb*n alb*(1 —a")
iz b ):—b - .
;<az+ —a R 1—a+ (1—a)?

Thus, we have

_a\b\2n+a\b\2(1—a")
up(2) =u(0)"e == - K _ia
1

o (2)

from which and (5.2.5)

o _ 7 1-a" _ alb|? [b]2(1—a"™)
Wl = sup e?’“ ebi | |2|U(0)|n abe A~ S R
where
1—a" —an|? —a”
a"z+b —|z)* = —|—2%<a zb )
1— —a
and

= 1-q" _alp|? [b|2(1—a")
1-a (1-a)2 §R(_abz T E (1—a)g )

s B a\b\2n+a\b|2(1—a")
l1—a —e

On the other hand,
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and combining all the above

|b]2 { 1—a™

2 n
”W(ZWH = ’u(O)’neT T—a| T %(M7m>

(1—a)2 1-a

2 2 n 2
alb|“(1—a™) alb|“n
() w()

[b)2 ‘ 2

[b|2 ‘ 2

< fu()"e *

alb2(1-a™)
(1—a)2

< [u(0)["e ©

|b ‘ 2

<e?ltme

1—a

efn\b\zé}t(lfa)
2 o2

F (Ju(0) e R )

2

1—a

B2 | 2
=e 2 1—a

i (|u(0)]e|b22>n. (5.2.7)

_[p?
2

Thus, power boundedness follows whenever |u(0)| < e O

It should be also noted that for the case a # 1 and |a| = 1, the above conditions

are also equivalent to !u(%” < 1 since an application of Lemma 5.0.3 implies

(25| = a2 | =

1—a 1—a

[b)2

= u(0)]e PR = Ju(0)e 7,

where R denotes the real part of the given complex number. This inspires us
to ask whether a similar condition works for the remaining case namely that
when |a] < 1. In this case, as will be explained later, the powers of weighted
composition operators are again weighted composition operators. This together
with the relations in (5.0.3) and (5.0.4) ensure that the following necessary and

sufficient conditions hold whenever |a| < 1.

Proposition 5.2.4. Let 1 < p < oo, u,v € H(C) and W,y be bounded on F,.
Let ¢(z) = az + b and |a| < 1.

1. If Wiy ts power bounded on F,, then

‘u(l f a)‘ <1 (5.2.8)

89



2. W) is power bounded on Fp, p < oo if

‘u(lfa)’ < |a|? (5.2.9)

When p — oo, the right-hand side in (5.2.9) tends to 1. Thus, the condition in
(5.2.8) is both necessary and sufficient for W, . to be power bounded on the
space F. In particular when W, ) is compact, we record our next main result

which holds true on all the spaces F,.

Theorem 5.2.5. Let 1 < p < o0, u,y) € H(C) and W, ) be bounded on F,,
and Y(z) = az+b, with |a| < 1. Let u be non-vanishing and W, ) be compact.

Then the following statements are equivalent.
(1) Wiuy) is power bounded on F,;

(11) (||unl|p)n is a bounded sequence;
(iti) Ju(:&)] < 1.

As in Theorem 5.2.3, condition (iii) is simple to apply and independent of the
exponents p. Observe that from the two theorems above, it is easy to see that a
bounded composition operator Cy is always power bounded while the multipli-
cation operator M, is not in general; see Corollary 5.3.5.

Proof. The statement (i) implies (ii) follows from Lemma 5.2.1 again. Assuming

(ii), we proceed to show that (iii) holds. Using (1.0.1) we estimate

BN
00 > sup ||t |, > sup |un(z0)le” 2 . (5.2.10)
nENp n€Ng

where zy = b/1 — a is the fixed point of ©). Moreover, observe that

jun(zo)] = [] (o) = uCol”

which together with (5.2.10) gives statement (iii).
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Next, we prove (iii) implies (i). If p = oo, applying the relation in (5.0.4) for the

weighted composition operator W,, 4n) we get

(a2 M
W wmll = Wil Zilelcp|un(z)| b (fons+ ["~1e7)

Thus, Wy, ¢n) is power bounded on F if and only if

b(l a2,
supsup|un(z)|eé()a 0= ) < 00. (5.2.11)
neN zeC
Therefore, by using the assumption |u ’ < 1, we plan to show that (5.2.11)

holds. First we consider Lemma 5.0.4 and compute

up(2) = ﬁu(W(z)) — ¢Snl)

=
O
I

]

<a0 + aq <ajz + —(11—_a;)b> + ao (ajz + —(11__(1;)6)2)

=0
B atbn  aib(l —a™)  ay(1—a") ax(1 — a®") 2
_na0+1—a (1 —a)? l—a i 1—a?
asb? 2(1—a") 1—a* 2a02b (1 —a™ 1—a*"
(- + -

(1—a)? l1—a 1 —a? l1—a 1—a 1 —a?
B aibn  a;b(1 — a™) asb? 2(1 — a" 1 —a™
—na0~|—1_a l—a (1—a)? " 1—a 1—a2

ai(l1—a™)  2ab (1—a" 1—a* as(l —a®")
+< l—a +1—a l—a 1—a? i 1—a? &
(5.2.12)

Now taking this into account and the fact that W( W) = = Wiy, 4m), the correspond-
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ing notation in (5.0.1) becomes

1 (| gn g bL=a™ z_z
M (g, 97) = sup s () 2 (5552 =127)
zeC
— ecn sup e%(tnz)"‘%(an?)_qn‘ZF
zeC
< e sup R+ (pnl—an)l2? (5.2.13)
zeC

where ¢, is the real part of the expression

2

9

nao + B 1—a 1—a? 1—a

aibn  ayb(1 —a") asb? 2(1—a") 1—a* b(1 —a™)
1-a (1—ay? (1-@2(”‘ ) ’

a(1—a) N 2a2b (1 —a" 1 —a2”> N (1—am)b ,

tn_ - ——a,
1—a l1—a\1l-a 1 —a? 1—a
as(1 — a®") 1 — |al®™
s e e

Now to estimate the supremum in (5.2.13), we claim that

1—a?®
1—a?

1— |a]*"
— < 0.
2

|Dn| — @0 = Iazl‘

Observe that the inequality holds if and only if

(5.2.14)

1—|a|®

This follows immediately from Lemma 5.2.2 as |as| < =

It follows from this and (5.2.13) that

M (un, ") S €.
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On the other hand, since |a| < 1

a1b asb? 12a, 0|
l—a (1-—a)? 11— al?

|asb?| ( 2 2 ) 2
+ + +

1—al2\ |l —a| |1 —a?| l1—a

Cn, < n¥ <a0 +

2

and hence
n

ab a2b2 b
e S 6”§R(a0+1 atas a>2) = ‘u(l >
—a

from which and the assumption that ‘u(ﬁ)‘ < 1, the condition in (5.2.11)
follows.

Next, we consider the case when p < oo and consider first the case a = 0. Then
U7 (2) = b, wn(=) = u(z)(u(b))"" and applying (1.0.1),
n p p P po—5lz?
Wi fl = o [ |F(0)] (e dacz)
/]f \ u()Pluh) " re 8 A ()
n— n— 2
P (w(®)| "2 fullh < (w(®)| D2 ulbel 7.
from which we arrive at the claim. Here note that since W, is bounded, the

multiplier u belongs to F, for all p. If a # 0, then applying the local point
estimate in (2.0.5),

W1 = 2 [ |7 (s 25 =2)
<

p z az—i—l’(lia —|z|? p
2—/ (‘ ) )

sy P dA @A)

// (Jares 2= ) e

Xp (s rzams 1) (W) F(w )Pe B dA(w)dA(2). (5.2.15)

p

Jun(2)Pe 2 dA(2)
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Observe that if w € D(a”z + %, 1), then
b(1 —a™ b(1—a”
T | I
l—a n a(1—a)

if and only if z belongs to

D ﬂ_b(l—an)’ 1 '
an l—a ’lal®
Making use of this and Fubini’s theorem in (5.2.15)

p _ P2
wr P _ p,— 5wl
Wl = 2= [ 1wpe

el )

n
a’z+ T—a

P ) (A ) dAw)

a™ l1—a ’la|™

X(/Cez(

Using Lemma 5.0.4 and simplifying like the case for p = co, we get

2

—Jf2)

b(1—a™)

2n
1—a )

D 1—
i 2l ) o

az+

‘ |U' (Z)‘p < epcnep|thZ|—p(1_|g’|2n_
n —_—

1-|a|?
2

for all z € C. Since W,y is compact and |as| < , it follows that

1 — |al®™

qn — ‘pn| - 9 -

ax(1 — a®")
1—a?
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and

b(1—a™)

n
a Z+ l—a

(X (e 1y (2)A()

2
—[[2)
a™ l1—a a|™

1—lal2m
</€p0n€p|tn|z|—p( g
C

/65(

ag(1-a?")

) gz < eren,

Hence,

Wi Fllo S €11 F1lp

and the conclusion follows as in the last part of p = oo, and completes the proof

of the theorem.

5.3 Uniformly mean ergodic weighted composi-
tion operators

Having identified conditions under which W, ) is power bounded, we next turn
our attention to the mean and uniformly mean ergodic properties of W, ) on

Fp. The first result in this arena reads as follows.

Theorem 5.3.1. Let 1 < p < 0o and Wi,y be a compact power bounded operator
on F,, and hence ¥ (z) = az + b such that |a] < 1. Let u is non-vanishing on C.
Then Wiy is uniformly mean ergodic, and

lim
n—oo

1 n o0 )
=~ Wiy = W 2| = 0 uso(2) = [Juw?(2)). (5.3.1)
k=1 j=0

Proof. By Proposition 4.3.3, W(, ) is uniformly mean ergodic. To prove the limit
in (5.3.1), we argue as follows. First observe that u, is a well-defined product as

W) is power bounded, Lemma 5.2.1 and (1.0.1) imply

. . 1 1
oo (2)| = Jin e (2)] < Jim €3 ], 5 €38
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Case 1: Let 1 < p < oo. Then for each f € F, we claim that

T [W7 0/~ W o Fllp = 0. (5.3.2)

Observe that (5.3.2) implies (5.3.1). Since W, y) is power bounded, by Lemma 5.2.1,

uy, belongs to F, for all n € N. On the other hand, using the representation of

Uy, in (5.2.12) and applying Theorem 5.2.5 and Lemma 5.2.2

2n
ag(1—a“™) 1+a|2™
[tnzl+| =2 =7 [tnz|+|az| ‘1\:12‘ |22

un(2)| S € <e

where

ty =

a;(1—a") N 2ab (1 —a” 1 —a2"> N (1—amb

1—a l—a\l—a 1—a2

and letting n — oo

|u <2)| < 6(\21|2‘|+2\|1a—2:\‘(\1 a|+|1 a? ))'z""ulai =2
o0 ~J .

1—|a® . : laz] 1

The compactness condition |ay| < ——~ implies e < o which shows that

2

U € Fp. Moreover, by continuity,

hm W(’r’llj,,zp)f(z) _W(Uoo,lfba)f(z) :O,

n—oo

and since W, ) is power bounded, there is a constant o > 0 such that for every

neN

[ Wl et aae) < [ arirere i aae)
C C

Thus, by Lebesgue dominated convergence theorem

nm/ww)f JPe=3ldA /|W o FEPe R dA),

n—oo a
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Consequently, we have

n P _ppy2
LWt @ =W o s 8o aac)

< /@ 2 (ap F()P + \W(UOO,#W)

p
>6_5|Z|2dA(z) < 0.
Applying Lebesgue dominated convergent theorem again on the sequence

gul2) 1= | Wi S (2) = Wi o )| 5P,

Uoos T4

we get that

: n p .. .
T W f = W o fl15 = 2 T [ g,(2)dA(z) = / lim g,(2)dA(z) = 0

21 n—oo Jo ¢ 00

as claimed.

Case 2: p = oo : The subspace F; defined by
Fo={f € Fe: lim f(z)]e~21¥F = 0}.
Z|—00

is closed subspace in F, and it contains polynomials. Moreover, the polynomials

are dense in Fy, and F, is canonically isomorphic to the bidual of Fy. We proceed

to show first that (5.3.2) holds for each f € Fy. By (4.3.2),

(=) = f (L)

1—a

uniformly on compact subset K of C. Next, we show that u, — u, uniformly

on compact subset of C also. Since uy, € F,
/ lun (2) — oo (2)|P e 512 dA(2) < / 2 (aP + |uoo (2)[P) e 21 dA(2) < 00. (5.3.3)
C C

Applying Lebesgue dominated convergence theorem, for z € K, where K is
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compact subset of C,
n—oo

lim |u,(2) — teo(2)] < lim e%|z|2Hun — U1 < (maxeaﬂ) lim ||u, — uoo||r
n—00 zeK n—00

zeK n—00

_ (maxeéle) lim / tt (1) — 11 ()2 dA () = 0.
C

From this we have

1—a

() > ul) (12 )

uniformly on the compact subsets of C. That is, for each compact set K in C,

sup

zeK l1—a

b
un(2)F(0"(2)) — () f ( ) \ =0 (5.3.4)
as n — oo. Next, with f € Fy and each n,

lim W, f(2)]e 2 = lm [u,(z)

|z]—o0 |z|] =00

f(a"z + b& : Z;)) ‘26_;'2'2

< sup (|un<z)|e%(la”z+”iti?>l2—zl2))

zeC

n 2 n
— 1 b(1=a™)
x lim ‘f(a”z—i—l)(l—Cl))‘ Pl el

|z| =00 1—a

|z| =00 l1—a

n 2 o
< lim ‘f(anz + M) ' 6_%|anz+b((117a)>|2 _o

Note that the last inequality above holds since W,y is power bounded the

supremum above is uniformly bounded. That is

n b(1—a™)
supsup (fun (e (= ERE)) < o1 - ap < 1.
n zeC

Furthermore, uo, € Fy since it belongs to F, for all p < oo.
Now given ¢ > 0, f € JFy and since uy, € Fy, we can find rg > 0 such that

W F(2)]e2 < 2/2 and Juw(2)]|f(12)]e 21 < £/2 whenever |z| > .
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Then, for each |z| > o and n € N, we have

b

W () = uel)] <1T) IO

() (1)

We apply (5.3.4) to the compact set Ky = {z € C: |z| < 1o} to find ng such

‘ 2

+ ~3l

e < €.

that if z € Ky and n > ng we have

@) )] (12 )| < 55

with S := max,eck, e3P If n > ng and z € C, we have

12
ezl < ¢

Wi f2) -~ unl) (12

1—a

Thus

b
li e — —_— =0.
i 0 = e (1 o =0

Next, we show (5.3.1) for p = 0o. Since F, is canonically isomorphic to the bidual
of Fy, and the bi-transpose operator W(';.w) of W,y + Fo — Fo coincides with
composition operator W, y) : Foo — Foo, the conclusion follows from the well-
known fact that ||| = ||T7|| = |[|T”| for any bounded operator T on a Banach
space. O]

The preceding result assures that W, ) with, ¥(2) = az + b is always uniformly
mean ergodic whenever it is compact and power bounded. Now, we consider the
case when ¥ (z) = az 4+ b and |a| = 1. Note that power boundedness in this case
implies that either |u(0)] = e‘g or |u(0)| < 6_#. In 1939, Lorch [36] proved
that every power bounded operator on a reflexive Banach space is mean ergodic.

The same result was latter obtained in reflexive Frechet spaces [1]. Accordingly,

as the spaces F, are reflexive for all 1 < p < oo, every power bounded W, y) is
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mean ergodic. Thus, for such spaces we will consider conditions under which the

ergodicity becomes uniform.

Theorem 5.3.2. (i) Let 1 <p < oo, ¥(z) =az+b with |a| =1 and |u(0)| <

[b)

e~ 2. Then Wi,y is uniformly mean ergodic on F,, and

lim =0.
n—oo

1~
=2 W
k=0

(ii) Let 1 < p < oo,and ¥ (z) = az with |a| = 1. If both u(0) and a are roots of

unity, then Wiy g is uniformly mean ergodic on F,.

By Theorem 4.3.7 and Theorem 4.3.9, the composition operator Cy is not uni-
formly mean ergodic on F,, 1 < p < oo whenever |a|] = 1 and a is not root of
unity. Now the weight function u makes it possible to enrich uniformity by taking
the value |u(0)| smaller.

Proof. (i) Applying the assumption along with (5.2.6) and (5.2.7)

n n n k
) 1 & o1 & o1 b2
i | oW < Jm 32 | € i 3 (o)

k=0 k=0 k=0

2 —1

< lim —— =0
"7 — |u(0)|e 2
as claimed.

(ii) By assumption there exist numbers m, N € N such that oV = 1 = u(0)™.

Consider the smallest positive integer Ny < mN such that o™ = u(0)M =

In this case the sequence W is periodic with period No. Any n € N can be
written in the form of n = Nyl + j for some l € Nand j =0,1,2,..., Ng— 1. Thus

y . 1
Favs = 5% (Nol +7)

1 - k 1 - k : k ] - k
“NTwE =S Ww, wk o ——S"Ww,

X 1 4 k j al k _
< i g (Sl + 3 2 ) =
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and completes the proof.

Our next result consider the cases when the uniform ergodicity fails.

Theorem 5.3.3. Let 1 < p < oo and Wi,y is bounded on F, with ¥(z) = az,
la| = 1. Let 1 # u(0)a™ for allm € N or u(0) = 1 and a is not root of unity.
Then Wiy, is

(i) mean ergodic on F, for all p < oo, and for each f € F,

lim
n—oo

=0,

p

1 o
2 2 W ! = Wawof
k=0

(i1) not uniformly mean ergodic on F, for all1 < p < oo, and not mean ergodic

on Fo either.

Proof. (i) Assume that 1 # u(0)a™ for all m € N. We first check when f belongs
to the set of monomials. If f = 1, then the result holds trivially. Thus, for

zZmm > 1

1 n

- Wk m

n > W
k=1

1 n
- E :amkukzm
n

k=1

p p

Since a*u(0) # 1 for each k € N and u(z) = u(0)*,

_ Hﬁam(l —u(0)"a™")
n 1 — a™u(0)

1
- Zu(o)kamkzm
n
k=1 p

p p

||,

St i L N
~ n|l — a™u(0)|

as n — 00. Since the set of polynomials is dense in F, and W, ) is power

bounded on F, by Theorem 5.2.1, we have (see e.g. Lemma 2.1 in [3]),

=0

p

lim
n—oo

1 n
=~ W = £(0)
k=1

[
= M, H n kZ_O Wew I = Weao0.f
) -

for every f € F).
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(ii) Assume now on the contrary that W, is uniformly mean ergodic. By the
relations in (5.2.6) and (5.2.7), it holds that %HW(L@H — 0 as n — oo. Then,
by the classical result of Lin [35]), Im(/ — W, y)) is closed where Im(1 — W, 4))
denotes the range of I — W, ), and hence

o 1g
Im(I = Wiyy)) =Im(I = W) = {f SV nh_{go " Z W@,w»f - 0}
k=1

n—oo M
k=1

1 n
= {f € Fp: lim =) u(0)Ff(¢*) = 0}. (5.3.5)
where the last equality follows after an application of Lemma 5.0.3. Furthermore,
Fp =Tm(I — W) @D Ker(I — Wiyy)). (5.3.6)

We claim that Ker(I — W, y)) contains only the constant functions. In deed, if f
belongs to it, then since u(0) f(az) = f(z) for each z € C, we have u(0)a" f™ (az) =
f(2), and hence u(0)a” f™(0) = f™(0). This yields f™(0) = 0 for every n € N
since u(0)a™ # 1. If we define g(z) = f(z) — f(0), it follows that g(™(0) = 0 for
every n = 0,1,2,.... Hence g(z) = 0 for every z € C. Therefore, f(z) = f(0) for
every z € C.

Next, we show that the constant functions belong to the set in (5.3.5) and contra-
dicts (5.3.6). Thus, if h = « is a non-zero constant function, then W(Zw))h(z) =
w(0)*h(y*(2)) = u(0)ka for every z € C. Thus

1 ¢ vl | el | u(0) = u(0)"*!
- h k < D k — p
n Z Wh| = n Z w(0) n 1 —u(0)
k=1 p k=1
< M — 0 as n — 0.
n[1 —wu(0)|

Now we consider the case when 1 = u(0) and a is not a root of unity. The proof of
part (i) and the fact that Ker(/ — W, ) contains only constant functions follow
exactly in the same way as above. But now the non-zero constant functions do

not belong to (5.3.5). Thus, we modify the argument as follows. Consider the
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function h(z) = z + 1. It follows that i belongs to neither Ker(I — W, ) nor to
the set in (5.3.5). For the latter case, observe that £ > h(¢*) — 1 as n — oo,
In deed

2|zl

< — 0 as n — oc.
n|l —al

and contradicts (5.3.6) again. Hence W,y is not uniformly mean ergodic on
.7-"{0’, 1 < p < oo. It remains to show that W, is not mean ergodic on F

either. But this follows from Theorem 4.3.8. O]

We remark that when |a| = 1 and  |u(0)] = e /2, b # 0, the operators are
isometric bijective with W(;’lw) = Wiyp-1) where v(z) := u(0)Kz(2). This can be

seen as for every f € F,

p oL
WonrfIp = 21O [ IK-a(Plfas + HPe i dAR)

= Liuoyp [ 176+ pypreteeo (|K_ab<z>|Pe’2’az+“5'z2) dA(2)
T C

_L Q)p@fp_ fP
= ya|2|“< Pe 2 ILFI5 = I FI5

for all 1 < p < oo which also holds true for p = co. This shows that the operator
is a linear isometry and hence satisfies the injectivity condition W(;} w)W(u,w) = 1.

On the other hand, for each f € F,

Wy Weow1) £ (2) = u(2)u(0) Kay (v (2))-f (71 (¥(2)))

= u(2)u(0) Ky(az + ) f(2) = |[u(0)]* K_a(2) Kap(az + b) f(2) = f(2)

which also shows that W(u,d))W(;} ) = 1. As shown below and Theorem 5.1.1, the
spectrum of some of these class of operators are contained in the unit circle.

The uniformly mean ergodic results in part (ii) of Theorem 5.3.2 and Theo-
rem 5.3.3 deal with when ¢(z) = az + b form with |a| = 1 and b = 0. The case

for b # 0 is our next point of interest.
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Corollary 5.3.4. Let 1 < p < o0, ¥(z) =az+0b, |a| =1 and a is not a root of

_ b2

unity, u (:=) =1 and hence |[u(0)| = e~ 2 . Then Wi,y can not be uniformly

mean ergodic on J.

Proof. First observe that in this case Theorem 5.1.1 and since for |a| = 1 and
a#1,

a(a—1)

u(0)*7 0| = ()] (525) = ()M =) < o)™ =1,

the spectrum o(W(,,y)) is contained in the unit circle T. Furthermore as a is
not a root of unity in the case when a # 1, it follows that 1 is an accumulation

point of the spectrum of W, 4. Moreover 1 is in the spectrum of W, ) since
alb?|

u(0)e*1a’ = u (L) a” = 1. Then an application of Theorem 3.16 of [18] gives

l1-a

the conclusion.

5.3.1 The multiplication operator

We now conclude the section by specializing the main results made in the above
section to the multiplication operator M, acting on Fock spaces. Note that from
Lemma 2.3 in [52], it is known that the operator M, is bounded on F, if and
only if u is a constant function. The same conclusion can be also easily drawn by

applying the condition in (5.0.1) along with Liouville’s Theorem.

Corollary 5.3.5. Let 1 < p < oo and v € H(C) such that M, is bounded on F,.

Then the following statements are equivalent.
(1) M, is power bounded on F,;

(1) Ju(0)] < 1;

(ii) M, is mean ergodic on Jy;

(i) M, is uniformly mean ergodic on F,.

Proof. The equivalency of (i) and (ii) is an immediate deduction from Theo-

rem 5.2.3. Thus, we shall show (ii) = (iii), (iii)= (iv), and (iv) = (i). For the
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first, simplifying the proof of Theorem 5.3.2 part (i) for the case b =0 and a = 1,
we get W(u,d)) = MPF and

i u(0)*

n
k=1

_ (5.3.7)

1
~ > Mf
P>

Je o

= |71,

1
5; 0)F|.

p

Consider first the case when u(0) # 1 and |u(0)| < 1. Then

11 2 w0y 2041,

n 1—u0)] S ai—u@)] "

k| __
. u(0) ‘ _
k=1

as n — oo. Thus, 37 | MF¥ converges pointwise to zero. If u(0) = 1, then M,
reduces to the identity map and the assertion follows trivially.

Next, we show that (iii) implies (iv). That is the above convergence is uniform
on the operator norm. Now the assumption implies that w — 0 as n — oo for
all f € F,. In particular for f = 1, the statement —~—= Myl “(O) — 0 holds only
if |u(0)| < 1. Now, for u(0) = 1, the operator reduces again to the identity map.

Thus, we consider the case when u(0) # 1, and argue

1 n
H—ZMS‘ = sup = sup
n P fllp=1

I1fllp=1

ZM’c %Zu(())kf

w11 — )" 2
Z' n(l ) =l —afy %"

Now assume that (iv) holds. Then [|[M}'||/n — 0 as n — co. On the other hand,
from (5.2.6) we get || M| = |u(0)|" which implies that ||M||/n — 0 only when

|u(0)] < 1. Therefore, by Theorem 5.2.3, the operator is power bounded. O

5.4 Cyclicity of weighted composition operators

Cyclicity and supercyclicity of weighted composition operator on Fy are studied
by T. Mengestie [64]. Using Hilbert space techniques, he characterized cyclicity

of Wiy on Fy and showed that W, ) is not supercyclic on F5. It is a natural
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problem to study what happens to this cyclicity and supercyclicity phenomena
on other Fock spaces F,,1 < p < oo. In this section we present our result of
cyclicity, supercyclicity and hypercyclicity of Wi, 4 on F,, 1 < p < oo.

For the sake of expository reasons for the structures being considered, we start

with the stronger hypercyclicity property and prove the following.

Proposition 5.4.1. Let 1 < p < oo and (u,) be a pair of entire functions
which induces a bounded weighted composition operator Wy g on F,. Then, the

operator Wi, gy can not be hypercyclic on F.

Proof. To verify this, suppose, for the sake of contradiction, that W, ) is hy-
percyclic on JF, with hypercyclic vector f. Since W(,y) is bounded, we have
¥(z) = az+b, |a] <1 and ¥ fixes the point z := b/(1 — a) when a # 1. Then,

for each g € F,, there exists a sequence (ny) such that
lg = Wik flly =0 as k — oo

By (1.0.1), norm convergence implies pointwise convergence on Fock spaces, from

which and relation (5.2.1)

9(z0) = lim Wik, fz0) = f(z0) lim (u(zo))™.

k—o0

This implies that f(z9) # 0. If not, the orbit will contain only functions that

vanish at zy which does not represent the whole space F,. Hence we may write

F(z0) = kh_)I{)lo(u(zo))”k (5.4.1)

Since the constant functions are contained in F, for all ranges of p, the relation
in (5.4.1) shows that each such function is a limit point of a subsequence of
{(u(z,))™ : n € N}. Said differently, the set {(u(z,))" : n € Ny} is dense in the
complex plane C which is not always the case either.

When a =1 and b = 0, then W, 4 reduces to the multiplication operator which
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obviously is not hypercyclic. On the other hand, if @ = 1 and b # 0, then the
argument becomes more interesting. First, observe that 1)7(z) = z + jb and using

(5.0.3),

n—1

un(2) = u(0)" [ K-o(z + jb) = u(0)"e®)

J=0

where [,(z) := bZJ “o(z 4 jb) = —bnz — @n(n —1). It follows that

2
Un(2) = w(0)"e™ 2 " VEK L (2).

Now for each n € N and any possible hypercyclic vector f, we compute

W 1 = 3= [ lua (P 1 )re £ At
= L ju(o) e / KPP 5 ()

Zlu«DVm6‘7f"w_1Nﬂ@<<oo (5.4.2)

as n — oo since b # 0. On the other hand, for fixed m, setting g,,(z) = mz, there

exists a sequence W(Z ; ) f such that
HWnkqp)f gmllp = 0
whenever k£ — oco. But a computation using Gamma function shows that
[gm [} =~ m? — oo

as m — oo which contradicts (5.4.2). O

Having observed the absence of hypercyclicity structure, we ask for the weaker
supercyclicity dynamical property of the operator. One of our main results to

follow affirms that the Fock spaces support no supercyclic weighted composition
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operator either.

Theorem 5.4.2. Let 1 < p < oo and (u,v) be a pair of functions in H(C) which
induces a bounded weighted composition operator Wi, g on F,. Then W, ) can

not be supercyclic.

The result shows that the projective orbit of any given vector under W, 4 is
not dense enough to ensure supercyclicity on the spaces F,, and the weighted
composition operators exhibit the same supercyclic phenomena as the unweighed

ones.

Proof. Now we give the proof of the theorem, and set ¢(z) = az+ b, with |a| < 1
as before. For the case |a| < 1 or |a| =1 and a # 1, we argue as follows. The map
1) fixes the point zg = ﬁ Assume on the contrary that there exists a supercyclic
vector f in F,. First we claim that u is zero free on C. If u vanishes at point
w, then (5.2.1) implies that every element in the orbit of f vanishes at w which
extends to the projective orbit which obviously is not the case. Observe that f
can not have zero in C either. This is because all the elements in the projective

orbit will also vanish at a possible zero which extends to the closure. Thus, by

Proposition 4 of [4], for any two different numbers z,w € C,

un(2) f((2)) |
{un(w)f(¢n(w))} =C. (5.4.3)

Let 7 > 0 be given. Then K = {z € C: |z — 2| < r} is a compact neighbourhood

of zp which also contains ¢(K) since for each z € K

|(2) — 20| = |az + b — 20| < |az — azo| + |azg — 20 + 0] < Ja|r <.

Now, if we set w = 1(z), 2z € K, z # 2, and consider the expression in (5.4.3)

un(2)f(¥"(2)) ‘ _ | w@ W) |,
un (W) f (™ (w)) | Ju(ym(2)) f(m+1(2) |
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for all n € N where

max,ex [u(z)] - max,ex |f(2)]

min,ex |u(z)] - min,ex | f(2)]

C =

This obviously contradicts the relation in (5.4.3).
It remains to show the case for @ = 1. This is rather immediate as by Lemma 5.0.3,

we have u(z) = u(0)K_4(z) and

W) f(2) = w(0)K_p(2) f(¥(2)) = w(0)[[ K_pl2k-b(2) f(¢(2))
b2

= u(0)e' T W0 f(2). (5.4.4)

Then we show that W, , ) is an isometric bijective operator with inverse map

W(Zb,lp) = Wi, 4-1). Thus, for f € F,

—p o _Piy2
Wy F1I5 = 27T||Kb||2p/(c‘Kb(Z)|p|f<Z—|—b)’p€ 512l dA(z)
-2 K 5" |f(z+b)|pe_§\z+bl2<|K (z)|p€§|z+b|2_g‘z|z JA(2)
B 27 —oli2 —b

C

plb)?

= [l e = (1115 = A1

for all 1 < p < oo . This shows that the operator is a linear isometry and hence
satisfies the injectivity condition W(jib’ ¢)W(k—b7¢) = I. On the other hand, for
each f € F,

Wiy Wiy F(2) = kool ko($(2)) S (67 (@(2)) = £(2)

which also shows that W(k7b7w)W(;ib’w) =1

Thus, by (5.4.4) the operator W, 4 is normal in this case. Consequently, from
a result of Hilden and Wallen [29], it follows that W, s can not be supercyclic
and completes the proof. O

If w = 1, then W, ) is just the composition operator Cy. On the other
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hand, if v is the identity map, then W, 4 reduces to the multiplication operator

M,. With this, we obtain the following immediate consequence of Theorem 5.4.2.

Corollary 5.4.3. Let 1 < p < oo and (u, ) be a pair of entire functions, and
let the operators Cy and M, be bounded on F,. Then, both Cy and M, are not

supercyclic on F,.

Having observed that no projective orbit of a vector in F,, is big enough to span
the whole space, in this section, we consider again another yet weaker dynamical
structure namely cyclicity. Suppose that there exist numbers m, k € N such that
a* =1 = u(0)™. Then set ¢ < mN be the smallest positive integer such that
a? = u(0)? = 1. It follows that the sequence W(, ) is periodic with period g.
Hence the operator fails to be cyclic. This is because the closed linear span of
the orbit of any vector under W&w) becomes finite dimensional. Our next main
result affirms that periodicity of a fails in general to produce cyclic weighted

composition operators.

Theorem 5.4.4. Let 1 < p < oo and (u,v) be a pair of entire functions which
induces a bounded weighted composition operator W, ) on F, and hence 1 (z) =
az + b with |a| < 1 and u is a non-zero function. Then the following statements

are equivalent.
(1) Wiuw) s cyclic on Fp;
(ii) a* # a for all positive integer k > 2 and u fails to vanish on C.

The novelty of Theorem 5.4.4, besides it provides a simple condition to apply, is
the absence of any non-trivial condition on the weight function u. So long as the
weight function is non-zero, the weighted operator inherits the cyclicity property
from the unweighted case. We may also remark that both Theorem 5.4.2 and

Theorem 5.4.4 are independent of the underlying classical Fock spaces.

Proof. We now give a short proof to the theorem. As noted before for p = 2, this

was proved in [64]. Now let us indicate how to extend that to an arbitrary Banach

110



space. In fact the argument goes through by applying the notion of duality. By
Theorem 2.23 and Theorem 2.24 in [78], the dual space of F, can be identified as

Fy where 1 = % + % under the integral pairing

(f.g) = lim © / F(2)g@e P dA(2).

Using this, in the proof of Theorem 2.1 in [64] exhibit that the reproducing kernels
K, are cyclic vectors for W, ) for every z € C and completes the proof.

Since all kernel functions are cyclic, we remark that both the operators C, and
Wiup) belong to the class of operators which have dense set of cyclic vectors on

the classical Fock spaces. O

5.5 The Ritt’s resolvent condition for weighted
composition operators

The other dynamical structure treated in this chapter is Resolvent condition. We
recall that the resolvent function R(\,7T") defined on the resolvent set o(7") is an
operator valued function given by R(\,T) = (A — T)~!. If the operator T is
power bounded and hence o(T') contained in the closed unit disc, then using the

series expansion of the resolvent function

1" [T _ suppen, [177]]
IRADIN = ][ < D2 PR S (5.5.1)
n=0 n=0

Thus, every power bounded operator satisfies the so called Kreiss’s resolvent
condition. For infinite dimensional spaces,condition (5.5.1) does not imply power
boundedness as it only gives | 7"|| = O(n) as n — oo; see for example [67].

Now we are interested in a more stronger resolvent growth condition that implies

power boundedness, namely, the Ritt’s resolvent condition [71]. An operator T
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satisfies such a condition if there exists a positive constant M such that

M

RNT)|| <
1RO < 57

(5.5.2)

for all A € C with |A| > 1. Both the Kreiss’s and Ritt’s resolvent conditions
play important rolls in numerical analysis; see [9] and references therein for more
details.

In Theorem 5.1.1, we described the spectrum of the weighted composition opera-
tors on Fock spaces and used the result to prove some results on power bounded-
ness and ergodicity. Now we use it again to show the following interesting result

on the Ritt’s resolvent growth condition.

Theorem 5.5.1. Let 1 < p < oo and (u,) be a pair of entire functions which
induces a bounded weighted composition operator W, ) on F, and hence 1 (z) =
az+b, |a| < 1. Then if
(i) |a| =1, then W, ) satisfies the Ritt’s resolvent condition if and only if it
satisfies any one of the following

e a=1,b=0 and |u(0)] <1 oru(0) =1.

2
e a#1,b=0 and |u(0)] <e ¥

|62

e a=1,0+#0 and |u(0)] <e 7

(ii) Wiuy) is compact and satisfies the Ritt’s resolvent growth condition, then
either [u(+=)] < 1 or u({X) = 1. Conversely, if [u(1X)| < 1, then Wi,y
satisfies the Ritt’s resolvent growth condition.

Proof. In 1999, Nagy and Zemanek [69] proved that a power bounded operator

T in complex Banach space satisfies the Ritt’s resolvent condition if and only if
supn| T — T"|| < . (5.5.3)
neN

As before let ¥(z) = az + b, |a] < 1, and set zp = 1= when a # 1. By

Theorem 5.1.1, the spectrum of the operators have also the following description.
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If Wiy,y) is compact and hence |a| < 1, then

(W) = {0, u(zo)am, m € NO}.

On the other hand, if |a| = 1, then

/

{u(zo)am tm € NO}, a#1

|b?

(W) = {z 2| = \u(0)|eT} , a=1,0#0

Now from [46] and [47, Theorem 4.5.4] if W,y satisfies the Ritt’s condition, then
O‘(W(%w)) NT C {1} (5.5.4)

Hence, for |a| = 1, it follows that either a = 1, b # 0 and |u(0)| < e‘g, ora#1,
b =0 and |u(0)] < e_g, ora=1,b=0and |[u(0)] <1oru0)=1.

Conversely, if a = 1, b = 0 and |u(0)] < 1 or u(0) = 1, then W,y is trivially
power bounded. Furthermore, W, ) reduces to the multiplication operator M,,.
By [52, Lemma 2.3], it is known that M, is bounded on F, if and only if u is a
constant function u = u(0). Then |7 — T™|| = |u(0)|*|1 — w(0)| which implies
that condition (5.5.3) holds.

On the other hand, if a # 1 and |u(zy)| < 1, then applying (5.2.6) and (5.2.7),

we have
Wl S (Ju(0)]e )" = Ju(0)e T |
since

a(@—1) [b|2

[u(0)e 327 | = Ju(0)[e**(221) = Ju(0)"* (@5an) = ju(o)les .
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From which it follows that

. . B2\ 7 ENGE
suanW(uﬁj) ~Wawll < supn(]u(O)]e 2 ) + supn<|u(0)]e 2 ) < 00.
neN neN neN

(5.5.5)

For |a| < 1, first observe that for each n € N, the operator Wiy itself is a
weighted composition operator induced by the symbol (u,,%") and W(’;’w) =
Wiu,omy- Aiming to check condition (5.5.3), we first find an estimate to the norm
of the difference of the two weighted composition operators,

IWEES = Wi | = [Winarwmty = Wanpm |-

Applying the difference to the normalized reproducing kernels k, and relation

(1.0.1)

W i1, = W) || 2 [[Wen iz pmy b = Wi gm ||,

1224 w)?
(& 2

>

g1 (2)€™ ) g, ()™ )

(5.5.6)

for all w,z € C. In particular, setting z = w = z; it readily follows from (5.5.6)

and (5.2.1) that
[Wetnirwn ) = W || = [un(z0)llu(z0) — 1] = |u(z0)["|u(z0) — 1|, (5.5.7)

from which the relation in (5.5.3) for ||W(,y || holds only if |u(2o)| < 1 or u(zy) =
1.

Conversely, by Theorem 5.2.5, W(,, ) is power bounded if and only if |u(z)| < 1,
and [[W(, | = [u(z0)|". Then we repeat the argument in (5.5.5) to show that
(5.5.3) holds whenever |u(zp)| < 1, and completes the proof.

It would be desirable to know whether the necessity condition u(zp) = 1 could
be sufficient as well. We in fact conjecture that it should be. In the following we

provide several results in favor of our conjecture.
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Corollary 5.5.2. Let 1 < p < 0o and (u, ) be a pair of entire functions which
induces a bounded weighted composition operator Wi, ) on F, and hence ¢(z) =
az+b, |a| < 1. If a = 0, then W,y satisfies the Ritt’s resolvent condition on
F, if and only if either u(b) = 1. or Ju(b)| <1

Proof. The necessity of the condition follows from (5.5.7) as a particular case.
Thus, we shall verify the sufficiency. A simple computation shows that for each

fer
Wm0y f = W) |7 < 1u(®) [ 15 lu(D) — 1P,
It follows that
Wity = W || < Ju(®)]"u(d) — 1]

from which it is easy to see that (5.5.3) holds.
Observe that the multiplication operator M, is power bounded if and only if

|u(0)] < 1. This gives the following consequence.

Corollary 5.5.3. Let 1 < p < oo and u be an entire functions. Then M, satisfies

the Ritt’s resolvent condition on F, if and only if it is power bounded.

The composition operator is one of the other cases where we have u(zy) = 1.
For this we show that the Ritt’s resolvent condition is in fact equivalent to the
stronger unconditional Ritt’s condition on F,. We recall that an operator 7" on a
Banach space X satisfies the unconditional Ritt’s condition if there exists a non

negative constant K such that

> ap (T - T

k=1

‘ < Ksupf{ o] (5.58)

for any finite sequence (ay) of complex numbers. We note in passing that the

notion of the unconditional Ritt’s condition is the discrete analogue of the H>
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calculus for sectorial operators [44]. N. Kalton and P. Portal [32] proved that the
unconditional Ritt’s condition implies the Ritt’s resolvent condition in general,
but not conversely. But for the composition operators, it turns out that the two

are equivalent.

Theorem 5.5.4. Let 1 < p < oo and ¢ be an entire function which induces a

bounded composition operator Cy, on F,. Then the following are equivalent

(1) Cy satisfies the Ritt’s resolvent condition on F,;
(i1) Cy is compact or Cy is the identity map on F,;
(i1i) Cy satisfies the unconditional Ritt’s condition on F,.

Proof. We first show that the statements in (i) and (ii) are equivalent. Recall
that Cy is bounded if and only if ¢(2) = az + b, |a|] < 1 and b = 0 whenever
la| = 1. Compactness is described by the strict inequality |a| < 1. If |a| = 1,
then by Theorem 5.5.2 the composition operator Cy, satisfies the Ritt’s resolvent
condition on F,, if and only if a = 1, that means 9 reduces to the identity operator.
Thus, we shall proceed to the case when |a| < 1. We need to prove the sufficiency.
Applying the same approach in the proof of [[65], Theorem 2.1}, for any f € F,,

we have
|Cynir = Cyn||” < Clal™ (5.5.9)

for some constant C'. From which and since |a| < 1, the relation in (5.5.3) holds
for Cy. Next we show that the statements in (i) and (iii) are also equivalent. From
the discussion above, we have already mentioned that (iii) implies (i). Thus, it
remains to show (i) implies (iii). But this is rather immediate since by (5.5.3), we
observe that ||Cyn — Cyn+1]| is bounded by an exponentially decreasing sequence

with n. Thus

Z Qg (ka — ka—l)

k=1

< supllal) G - Cour| S supfla])

k=1
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