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Abstract

The problem adrassed in the thesis lies in the
field of integrated optics. Tor light propagation in dielectric
waveguides interconnections are established between the dispersion --
equation, critical thickness and effective refractive index of the
film, electric field digtribution, power flow and a zig-zag
model of propagation. All existing types of planar lenses are
described and critically analyzed, among them the generalized
luneburg lenses seem to be one of the most advantageous for
applications in integrated optical criculits. Existing ray-tracing
technique in such lenses is critically analyzed. A new ray-
tracing approximation based on Fermat's principle is suggested.
The procedure is successfully tested for a classical Luneburg
lens in which case the Integrals are taken analytically. Some
detailed mathematical proofs have heen relegated to the appendixes,

which, however, should be regarded as integral parts of the paper.
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INTRODUCTTON

The interconunection of miniature optical components via
optical waveguides on transparent dielectric substrates, using
optical sources, modulatovs, detectors, filters, couplers, and other
elements incorporated into cireuits analogous to integrated electronic
circuits for the execution of various communication, switching and logic

functions is called integrated optics,

Since the frequency of light is some 10,000 times higher than
the highest frequency of an electronic device, the amount of informa-
tion that can be carried by a light =ignal is correspondingly greater.
Moreover, opical circuits are in principle considerably faster than
electronic cirvcuits. Building even a simple integrated optical circuit,
however, calls for techniqﬁes aven more refinad than the techniques

employed for integrated electronic circuits.

The basic concept of integrated opical civcuits is not new.
Because of the obvious difficulties involved in realizing such devices,
however, aétiVE research in the fleld was not begun until 1968. Even
"then no more than a dozen people at a few institutions were working
on the problem {The institutions include Rell Laboratories, the
University of Washington, the California Institute of Technologv, the
International Business Machines Corporation, Electronics Research
Center Rockwell International. Since then the field has mushroomed.

(1}

Nowadays application of optical integrated circuits extend
from the real-time RF spectrum analyser [2,3) capable of an in-

stantaneous spectval analysis of an incoming radac beam, to monolithic




L]

waveleagth-malti plexed optical source [4] for terminal devices of
fiber comnunication systems analog-to-digital convertev [5] for the

computer interfaces, and integrated laseys with modulators and detectors .

for digital computer wmemory devicesC{i}L

Lens in integrated optics format constitute one of the basic
passive elements for a number of application: collimating of the wave-

guided light, coupling to fibers, carrying out Fourier transform functions.

The goal of Lhe thesis.

The problem we address in this thesis lies in the field of
integrated optics and is related to onme type of planar lenses named
after R.K. Luneburg. Particularly we are interested In ray tracing
technique in such lenses. The development of a reliable acecurate non-
cumbursome method of vay tracing is needed for the estimation of. possible
fabrication tolerances which would not viclate the achievement of the
diffraction-limited potential of the planar luneburg lens in inte%1ﬂaxed
optical circuits: On the other hand the method helps to predict the
expected focal épot slze of the lens fabricated with a givén tolerance.
Or, vice versa it can assess the fabrication tolerance through measuring

the actnal focal spot size.




CHAPTER ONE

OPTICAL WAVEGUIDES THEORY AND PLANAR LENS DESIGN.

General Remarks

In peneral the simplest kind of transparent waveguide is ..
obtained when a material with a highef refractive index is sandwitcheg
between materials with a lower refractive index. In such a waveguide
it is possible for a single light ray to zigzag back and forth through
the immer layer, undergoing successive total internal reflections at
both the upper and the lower interface. The only condition that mustr
be met is that the angle of incidence of the light ray at both inter-
faces has to exceed the critical angle for total internal reflection.
By embadding the lipght-conducting material on all sides in a material
with a lower vefractive index one can get an efficient channel waveguide.
The cross-section of such a channel can be rectangular, as in the case
of an actual thin-film waveguide, or circular as in the case of optical

fiber.

& particular zigzag wave can be identified by the angle between
the two legs of the zigzag. Waves with different angles propagate in
the same film independently of one another. Thus each zigzag wave can

be regarded as a separate waveguide mode.

Even though the light is totally reflected at the interfaces
of such a waveguide, a small fraction of thé propagating electromagnetic
enargy is always transmitted outside the gulding channel, Typically
the intensity profile of the electromagnetic field is strongest at the
cengér.of the guiding channel and falls off gradually away from the

center.




Jro a Ti1lm of one wicron thick a light wave fypically bounces
1,000 tdimes ip order to wropagate over a distance of one centimeter.
1f the surfaces of the Tilw are not smooih, some of the light will be
scattered each time the wave hits the upper or lower surface, The wave
will not be able to propagate very far before all the light is
scattered out of the film. In order to limit the light loss of a film
to less than one decibel per centimeter the loss for each reflection
must be less than one part in 10,000. That loss is a tenth the light
loss for the better mirrors used in lasers. In spite of the progress
made in the past few years most of the loss in thin-film waveguide is

still duz to the scattering of light. [8}

1.1, Zig-zag Model. The dispersion eguation.
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Fig.1.l Diagram of the basic throee~layer
(single- thin f1lm) planar optical
wavegulde structure.

The structure shown in figure 1.1. is called an optical
wave-guide. The thin film has 2 refractive index n, arfd a thickness
h. 1t is placed between two media of refractive indices ny that of
the surrounding medium, say air, and iy that of the substrate, where
Yithin this waveguide light rays are reflected through

n, n, <n

1775 72

total internal reflecticn and follow a zig-zag path. Assuming that

v

.




a plane harmonic wave of transverse electric polarization E O B

is propagating in the waveguide, the electric field disteibution in

the different media can bhe expressed by:

1.y
in the air Ei - A1e1k1 ¥ h gy <+e--- (1.1)
T i Y iy
in the waveguide Egl = A2 e1§ Y + Bze 1k2 v 0y &h == (1.2)
11 -ikY ¥ _
in the Substrate E,”" =B, e "3 -2y £ 0 ---(1.3)
—t
where k, = K\ + KJwmmmmmmmmm (4)
1 i 1
Kl = Kon1 , KO = 2%¥
Ay
[e)
2 2 X 12 Y N2 23
= = <+ = = -
KJ K. n (X, ) . (Ki ) , K L KL (1.5
X o uX . . e X X X _ v o
Ky - X = Ky o X =K X =K X ==K =K =Ko=K --(1.6)
hg - wavelength of light in vacuum.

The last statement follows from the require ment of matching
the electromagnetic fields at any arbitrary point on the two interfaces
of the waveguide. Propagation of the electric field along 0¥ is describ

i (K X-wt)
X

by a factor e which is common for all three media and, for

this reason, is omitted in all the intermediate formulas.

Taking the interface Y = h and applying the boundary condition
that is the tangential components of the electric and magnetic fields

are continuous as the boundary is crossed,




vy s Y TR
I N L T L (1.7)
2 2 1 2 Z
: .
T _ LY iK' h y iK' h y i¥'h
and Hx Hx == Kl A} = K2 A?_' % K2 B? (1.8)

Substituting equ.(},7)in (1,8),

co¥ LY N
y iK’h yoik'h Ly ik’h _y.  -ikJh
Kl A2 e 5 + B2 K'e Kx Aze 5 KZBZE 2
A Y
— Yy _ oYy L dk'h oy yy ~ik’h
==> o - 1) e b p, = -+ e i e,
— - Y Y - P B e e e e e m———
==3 A2 EE *+ 5 ) takzh B, {(1.9)
(K% - K{)
At the interface Y = 0
T L TIT M e
E," = B 7 ==> A, + B, = By (1.10)
L8 S 5 S kY Bom e K Bl ceemmmmmme
and HX HX > Kz Az 54 By = - Ky By (1.11)

Substituting equation (1.10}n (1.11)we have

-k B

Y T
Ky A, =X ) " Ky By

e WY
2 2 By = Ky A

If equation (1.9}%s substituted in the above,
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y Y 4 ¥y 2K h Y e kY v wYy eikdh oy
Ky (K P K e T By - Ky By = oKlK YK e T2,k
T oY N
(K2 Kl) (K2 hi)
> (& - k) o+ @ o+ ) @+ p“igkz%iz 0
37 R 2 K U =
vy Y
(K2 Kl)
5 e‘aikgh = -x¥) « -9
2 " g 2 7MY e I {1.1.2)

y

Y 4
(K2 LS4

) (K + kD)

alternative way of derivation of equ{1.i2) is shown in appendix I.

Taking the naturaul logaritimof equation (1.12)

—aik7 1 - AV
I e RK R ] (S - %) (K- K{)']

Lo+ e )

cmii T = Y .Y
2ilch In g - KD L - )
-t . T
Y o Y Y 4
(k5 *+ K3) (k5 + K7)
y - Y . Y
Koh Loan(K K)oy @ - )
- 2 1 smmmeEe— :‘Z'i _ 2 ],,‘__..
Y 4 o Yo, Y
(X3 + K3) , Gy + KD
Kb =31 inf &&-«DHXY + 1 an/ @@ -\
2 L3 2783 =2 2 - M
21 2 21 B
N Y 4 Y /
(K5 * K3)) (K * X9
=1 In (2 + k%) v o, Ly
P, 4\ -~ 11_ 5
5T 237 L in £§2 &1)

Y vy Yy ¥
(X5 - K3) (K5 - ¥
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¥rom compliex algebra if 7 = a 4 ib, then
P 4

acctan 7. = 1 In 1 t iz

21 b~ iz

Implementation of the above formula imposes the following conditions

y y,
upon K1 and K3.
K{ = iBl = purely imaginary
Kg = qu - imaginary number
[ T N
Where Bl = K2 - K2 2 ig rEal 2= = teeemrmmemmosmeeaa (113)
X o 3
R R S
B, = J”ii - Ki “§ is xeal @ seemeeemmeeeenos (1.14)

¥
L. K h =1 Iy Kg(l + KB/K}; +1 1n Kg(l-‘? K}lr )
21 7 74 LS

y vy Yy vy
K2 (1 KB/Kg) Ko (1 Kl/Kg)

=1 1n(l + 4B, y) +1 1.n(1# iB, v
3 /X 53 1/K5)

(1-iB (1-iB

y
3/3) 1/K§)

=1 In(l+tiz) +1 Jn (1%iz,)
21 — 21 =

(1 ;.i23) (1-iz

v

where Zl = Bl/Kg

and 23 = B3/K§

Kg h - arctan Bq - arctan B} = m F  eeeemeeeaaas {1.15a)
<y Ky

2 2




The term mi(results from the periodic nature of the arctangent function.

Let's examine the physical sense of each term in eguation

(15 aj. From the theory of reflection of a plané wave at the houndary
n2/n1 of the two isotropic non-conducting media it is known {4 :j:
that the ratio BllKg describes tangent of a half of the phase shift
experienced by the tatally reflected wave at this interface, that is

reflected wave = incident wave &%’

where tan 0.% Bl/ g or g
K

] = arctan E]/

. y'
7 2 “2
Similarly for the bhoundary 112/113, we come to -

hq = grctan B3 y
/K2

Multiplying equation(1.15a) by a factor of 2, we have the following

expression.

21(%’ h - 2 arctan By - 2 arctan B = 2mfg (1.15b)
& '
K 2
e g = AR (1.16)
ar 2K211 % - “

The first term in equ. (1.16) describes the increase of the phase of
the plane wave as it propagates forth and back along oy direction,
making one complete cycle. Therefore equati;n (1.16) can be treated
as the condition for a special standing optical wave in o direction
in the waveguide: The total phase change for one complete cycle of
two subsequent veflections at points P and Q (see fig. 1.2) should hbe

equal to the integer multiple of 27TY.




Pointg P Point Q Peoint R
hefore after hefore nftey hefore
reflection reflection reflection | reflection reflection
*hase 0 2, “&y K h F 0, K0h- ¢ - oy K h- g K
shift
One complete cycle or subsequent reflections
B,
R
¥ K2 ne
Ky B
e — R o
Fig. 1.2. 7The zig-zag model and the phase shifts before and after

reflections at Subsequent points P, Q, and R.

In bulk optics we know that the X-compenent. of the wave

vector KX = W
UX

and K =

‘Dividing

i

s UX being the phase velocity

#

speed of light in vacyum

anglar frequence of the source in vaguum

the first equation by the second, we get
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Also for bulk light n, = € =~--==-re-rmrmee-- (*)

1
Ul

N, being the refractive index of medium 1,

Similar treatment in planar optics for a waveguided light in -

o T T (#%)

the film Kx = off

K

o =
U
(o] X

L2 being the effective refractive index of the film,

Direct comparison of eq. (*) and (**) shows that the effective

refractive index of the film n in planar optics has the same

eff

physical sense as the bulk vefractive index xy in convenplonal bulk

optics.

Substituting n in equations (1.13) and (1.14)

eff

Bl = Ko\lrleff Sy mrormmmemoeess (1.139)

- 2 A 7
R . (1,347

Therefore expressing equatior{1.15b)with these values substituted

we have

.l, 7 7 o ‘\[PZWT‘Q? ) \r—z—“‘m‘?_
ZKO Ny - M e h Zarctan b‘”rleff ny - 2arctan Foppm T = 2miL

2 7
o T Fleff nz -n?'
pi eff
u...u.' - nwmm-*—ﬂv‘
==> 2% 2IL h JII% - 112 = 2 arctan\lrlé%“- 11% T2 arctam\!ra2 ‘Tli + 2m¥N

eff
A eff o —v-ﬂ—-ﬂ', -.u.———.---—“"ﬂ..e"“;:ﬂ?
0 “l?\zj“gl%g ?ﬁt— ?1%%
- 7 g
==> h = 1 arctany gyt oarctan\n - ny + T
& f_ ‘2_1 e e -u__‘:;_v__.__..-.;_
Ao 'z’f\lnz ofs 22" 22 .

} T gy L (1.17)




_10-

When nep = N, we get: (h/A) crit, a minimal eritical value of this

parametear,

(h) .. .= - larctan
T crit 2.“ (n ﬁ’

L ) is given, from eq. (1.18) the minimal critical thickness

of the filw can be evaluated. The graph of eq. {1.17) for m=0,1,2

is shown in figure 1.3.

1.2 Field Distribution in the layers of the optical wavegpuide.

From equation (1.9)

e oYy a5y
B, = (k=KD 24K

A

2
Y Y
(1-(2 4+ Kl)
Again from equn. (1.12)
Sy oY
(X3-%9) L2ikdn .y
R e = ¥KY +
.y Ky * Ky
(X2+ X7) y y
2 1 K2 K3
- s y r:\’
. 32 KZ + k3
e L e T T —— (1.19)
)
Y_ ¥
K2 K,3

Substituting this on equ. (1.2).

: Yoy w¥y  eu¥
E§?= Azelxgy tA, (K Y RY) O -iKoy

Y g
(K5 -K3)
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- Y
o v iKYy o (eYrip)e TG
A A _,,*_'i__,f.?w.- .

AP
(K-
= 2A 2 y . y
_M% (K2 Cos sz + ﬁ3 gin sz)
(K2"183)

-
2 < 2A Y 4 :
EEE 2 (K2 + 1ﬁ3) (Kg cos Kgy + P3 sin Kg vy )
§%~153 u
= (K, + 1p)
= 24 KY .
M%) (K% cos Ky + B sin sz) + 12A2§3(Kg cos xyy1§3 sink,
2 2
Y- ¥y a2
K 1, k) 4
Taking the real part
) If | e y .
Re By (y) Eﬁgﬁg [Kg cos Kgy t By osin K y] ~rovemmnees (1.20a)
v, PZ
-r_lz 3

Substituting the values of K' and @3, we have for the field distribution

2

in the wave guide,

T N 1 2.2 i [52 2 : I 221
Re EZ. (y) = 2A2 nZ—Hfo f Ko Ny M ce COS (Kg{;2-f2¥)%ﬁ% 31n(k0 n2~neffy}

2. 2

Ko N, =Ny

(1:208)




Applying the boundary condition at the interface y=0

TTT s
L (y) = B (y)

B=4A_ {1+ ¥+ iB.}
')J 2 [ ___.2 _3 }
] K% - 18,)
JITE _ y
E, (y) = Ayl % K 2 1B3§ By
f
Y. i
f K2 183

Multiplying by the complex conjugate
171

B () e aaxdze™y xoapoon kY @3 Y

E d 2 372

‘y 5
K2 * B3

Taking the real part,

EII

Ty = 272 B.y
e ) -2nt) o

(n%—n%)

Again applying the boundavy condition at the interface

y=h,
plopll
P A P A y v
ik’h y . y
- = r +
Al Blh Az{e 20k (k2 + 1B3) 1K2 h %
( ) j
{ (k- iB,) ]
2 3
[ i
B, ik2h + K7+ iB RESLY
==DA 0 = Aje 1M [ptfph T RoT ibg
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Table T The Transverse eleciric field distribution for YVE,

model (m =0) at 2\‘:”_ 00,6328 pn.

m= O
ngffﬂ 1.51 w= 0O me= 0
hfje = O.hb - ogg™ 1435 Doff = 1.59
h = 0.28 pm wp, T O B/n. = 2.38
h= 0.51
g h = 1,50 pm.
' I
y EH{y) y EHI(y) y gt (y)
Z 2 2

-5 0.40A, “2.0  0.0004A, -0.3  0.04A,

-2 0.99A, -1.0  0.02064, ~0.2  0.07A,

-1 1.34A, -0.5  0.145A, -0.1  0.12A,

— € 3 — 3 ! -—

0.5 1.55h, 0.4 0.21A, 0.05 0.16A,

-0.2 1.70A, 0.1 0.69A, co 0.214,

. P I

0 1.81A, 0.05  0.84A, v L (y)

y Eil (y) 0.0 1.02, 0 0.21h,

1I .

o_ 1.814, y Ez(w 0.7 0.404,
0.05  1.0904, 0.0 1.02A, 0.4 0.55
0.10  1.86A, 0.10  1.324A, 0.8 0.63
0.10  1.86A, 0.10  1.324A, 0.8 0.63
0.15  1.69A, 0.15  1.40A, 1.0 0.55
0.20  1.41A, 0.20  1.43A, 1.1 0.49
0.25 1.03h, 0.30  1.31A, 1.2 0.40
0.275 0.81A, 0.40  0.98A, 1.4 0.20
0.28  0.76A, 0.50 0.51h, 1.45  0.15
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Table III The Transverse eloctric Field disiribution

for TL, viede (m=l) at = G.6328 wm

1 I
y BT (y) vy B (¥ y E, (y)

~0.4 O.QOA2 0 1.804A. 0,87 ~0. 804
-0.3 1.07A? G.1 l.BGA? Q.50 ~Q.57
0.2 1.41 1.0 -0,1¢

_Ohl 1;51A 053 0.59 145 "0;0007

0.8 ~1.41
0.85 ~-0.98

0.87 -0, 80

X A A e 2 A £ RAALEL B ek e e s
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:1?.}’ -‘]’y o
L 71 3 i h -iB -
B, (y) =, (“‘z‘:Kéf.;BQJ o Yy iRy (yeh)
Y _ .
K'Z LB3
P R AU A cio vy LB (y-h)
2A2K2 Jm(ﬁ cos Bzh b B,3 sin th} e 1 (1.22)
Yy, p?
K2 + B3

The graphs of Ez(y) for different nogp Are plotted and shoun in fig.1.4

The graphs show that a fraction of the propagating electric field is

always transmitted outside the film. This fraction grows as Noes ===y

R Lo B
Nq, that is when h ==> crit, if % = constant,

F

1.3. Power Flow in the opticdl waveguide. .

In a non-magnetic medium (i.e. o Po)’ the time average of the
pointing vector'§  ig
- s . . .
¥ = <hﬁ% H# and we want to find the X componers of tia
peinting vector <Sy>

"~

For T.E. case we get

R N
b xﬁkﬁ:i i k
~ t
= e + T
o o Ez Ez Hyl * F'ij
H h O
Y.

Taking the magnitude only

-

Sy > = <K, L§y>

5

To find the y-component ofuﬁf from Maxwell's equation
g ”% ~
‘6 ¥ K B ra H

TP 2l

Bt
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Table I

Effective model index as function o_fﬁh/ . for

w=0,1,7,
Mot W o,

m=0 M=l =g
1.50 0.32 1.21 2.11
1,51 0.44 1,18 2.3
1.52 0.52 1.52 2.52
1,53 0.60 1.67 2.73
1.54 0.70 1.85 3.00
1.55 0.81 2.07 3.33
1.56 1.00 2.37 3.78
1.57 1,19 2.81 b3
1.58 1.56 3.54 h.h2
1.59 2.38 5.18 13.58
1.592 2.71 5. 84
1.594 3.20 6. 81
1.596 4.01 8.43
1.598 4,34 12.08
1.5982 6.18 12.77
1.5984  6.58 13,56

1.5986 7.06 14.53 ¢
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e L &
Since E and H are proportional to ELK-l Wt )
— g i
3 =-tw, and V = iK.
X A~
BL‘& . g
K x¥=- Po (-iv) H, ¥xE = {k k o
) L
o o E o
Z -

Since Tt -igg plane wave ‘pngppgeting in X0Y plane,k, =0

=4

- ,r\,_ {A,= e
X E = KyEZ i Kszj Pev (Hzl + H;?)J

=z H = -X R
N X 2

”ﬁzﬁ
Hence < 8§ >= (<-E . B, >

= R
K <E_.E > in generdl --- (1.23)

ZPDW

The time factor is cancelled when the complex conjugate is taken so
the average is independent of time.

~ - W e e
<8 > (L (1.24)

Equ. 1.24 decribes power flow in OX direction at a specified Y-

coordinate.

1.31. Power in the thin film,

1T 1117
<Sx > = ﬁﬂx Bz Ez
poe '
v 2 -ikY y Y .
=k A AW (ei,KZ y ¥ Kx #133)‘9 2 ) v (e 1K2 Y 5k in Qk;’(j>
x w2 h e 2 3
Pat ) KZ—B3
b o+ 4B
, 27 1R3
Y
- 1y_ : s h) y._ W) - el - e
K AA, 1 +1+4 K- iB, o2 1KY +mf? iRy -24K3 y ] (1.25)

v, . -in .
E“w 2 K2 + 1B3 ) 3
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In ordew to calculate the integralxpowar flow in the film let's

integrate equ. (1,25)

ptl o S-:s}fy) > dy.
o h
b oY
% h 21Ky dy + 5 1 e 1Y 4o
- AL,y dy L.oe Y
K Ah j 2 dy + j Re“H ) .
o ¢ o
2wa
= y---'
Where R K2 1B1
Y
_KJ + 1B,
= K AA 2.1kYy ~2iKY
X 22 [2nh+RLe™T2 f y=h + 1 1 e ZY}Y =h }
2pow 21K] y=0 R -2k y=0
y P,
=K AAT [oh R (PR Ly o g (uikgh gy,
Y y
2F0W 21K2 RziKz
=K A AZ oAk 410
¥ 22 (2h + 1~ (72" + 703 )
“) 3 X 2 ‘{?""‘ r A
2 fo 2ikd KIK K%Z + B2
‘ 3
L #
pIL = KoAphZ™ £ 2n + 2B + 2B, |
vZ, 2 !
pow- 2 bt B) K%’z + 'Bg
e D, - e (1.26)
"“>“Fx 272 3

2.2 2 2 2 2
Po¥ ﬁo(n2 - nl) LoN (n2~n3)
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3.2 Power flow in the Substrate,
\ R IIE .
From equation (21 b), the expression for E, y) is
TIT - ¥ s B,y
B (y) A, [L+ K5 + iBy ] @3
Yy _ .
EZ 1B3
11T Yo, o Dy ,% DY B
and < 87 > = K AL+ K]+ 1By Jed Ay (1+KJ-iBJe qﬁP
. Y. y
Fowﬁ B2 1B3 K2+1B3
= K AL, e?PY [1e1tein, | KD-in, ]
x 22 2 73+ 72 773
Yoind  wY
P°W2 K2 iB KZ + 1B3¢
u * o al,y Y202
KxAzAZ e 32+ 2&2 ABQH }
TIRTY; H;:
f K10 42
2 3
0 S WL
A T U UOU P (1.27)
%
- y2 L nd
Pow KZ + B3
Integration through the substrate gives

2
11 _ Y ¢ gHI
" X
oD

{v) > dy




- 19 -
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Fo¥yBy T By 3 Pe¥eqiny !

1.3.3 Powar in the surrounding medium (aiyr)

' Y
From Equation (1.22) the expression for»E; is

I B ik + kY + B, 1k7h) e By
fe 2 : 3 e

E, (y) = Ayl 2 T Py
Y_n
Lz 1L3
d sy = g T %
& X S Ez
u ?
* ey b
“ K, A, o?Bl ¢ 1KY 1, o5
y - 5T
ZPDW Kz i,
.‘-vy - i y i
(b, - in, oGN] -2y
K§+13
- , ~2B.y N
, O 2Bh ¥R e U1 e i R T (1.29)
:;?kXAZAQ_ A Y
Lo (a) .

,

S

The integral power flow in the ajr is given by

cfﬂ
pl = S s (y)> dy.
1 0 X
“n.

2B} Y ¢ 2
£ * 2Bh y + ~2By
Tl y =) Av
43.,‘XA“2;A? el KE. ‘P 17 dy

«?ﬂ‘;—;}@a
2
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The total power in the substrate, film anﬁhare is obtained by adding

equations (1.26) (1.28) and (1.30).

PL ==PI + PII + PIII '
2 ) 2 2
= KA [ X (@ entL) . B
X 2 2 + 2 eff +h+ 1 + 3
v2 2 2, 2 7N vi, 2 2
Po¥ B (K + B Y B (n ny ) Ko(n2 nl_) Ko(n2 n

. -

o 2522 22 2,2 _ % 2

Ky Ay PRoty ~ Kolesg?B + K (g “eff)+33,'_h
2_2 2,2 2

Paw B K (n2 nJ B K (n2 5

o v a2
PL = KA {iﬂ-“}" + __1___]

1.3.4. Normalized power flow calculations,

22
KxA K (“ Nofg
u,w
oMY 22 2
1 'PL= th&2Ko(n2 ™
<Sn 7:..12: - |
FPe x a1 + 1 1 ;
—x2 - —
A
2. 2
ﬂ2 n
Bl(“?_ 1) EJ“ " B—--»-l]
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n 2, 2. 2
)l of n3(n2~n3 ) [Koh + - 1 1 ‘]
2 _ 2 \J_z .2 .
Negs™™ Nafe M3
111 (nZn? )
= " .q
<8y > 2 "eff - (1 3

02 ~ns ( 2 h
Beff M3 “2 3) 2 h +
iy | “'n' ‘l

<s§§ = PIT = |hn, B, + 3 By f g oAl
s y A x| J x'Z}lw
PL 2 2 2 2,2 2 e
Ko (n2 Kl ) Ko(n2 n3)
ht 1 4. 1 ] Kﬁg%
B1 BH v W
bk (n - )é K (n2 ~n2)5
eff + o' eff 13
2 2,2 2
S? M Ko{ny -03) wm-= (1.33)
b+ 1 + 1
-n2y3 2 0 244
K(n of £ nl) K, (n of f 3)

§*> i=1, ITI, 111 dependent upon n are shown

The graphs for < § off

" at fig. 1.5.

The graphs show that total power flow is concentrated in the
A

substrate if n N4, (that is when h h crit, at "= const)

eff-—>
or in the film, if n

-~

i A:\
off —> Mo {that is when h _, o2, at const, )
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1.4 Planar anajopues of bulk lenses

In general bulk lenses can be regarded as optical elements which
are capable of forming converging (or diverging) spherical waves at
their exit pupils. In planar optics we deal with cylind rical waves
instead of spherical waves. In both cases the phase velocity changes
are essential for the lenses functioning. In bulk optics the phase

velocity is a function of the bulk refrative index of the medium where

the light propagates.

Tn planar optics, as it follows from the dispersion equation (1.17)
‘phase velocity is a function of zll the bulk refractive indices of the
media which constitute the oﬁiﬁcal'wnveguiﬂe and besides that it is

a function of the film thickness.
Uxaf(hu, nlth) s 0, (2), Nq (A) )

- It means that planar optics has got one more possibility in the realizatioi
of lenses, that ii)by proper shaping the thickness h of the waveguiding
£ilm,

Now let us pass to the description of planar analogues of bulk

lenses of various types and finally to unique planar lenses, specific

only for planar optids.

1.4.1 PFresnel diffration lens

In the Fresnel diffraction lens known iy bulk optics part of the
diffracted light is used to produce the phencmena of focusing. This

part of the light is chosen from the total difracted light according
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to a special rule by means of the mask’ shown in figure 1.4
The shaded areas of the mask are covering that part of the light

that would interfere destyuctively at the focal point P,
.
3£ P+ 2\
B 2.

"'Ih..
o

e
.g

3
ralr By
2
vV ¥

Fig.l.6 Diagram of Fresnel zones formation

This can be readily understocd {9], by referring to figure 1.6
in which r, is shown as the radius that makes BlP~AP#B1P~F=E&
where F is the focal distance of the lens. Radiation reaching P fron
pointe beyond%l will b2 more than half a cycle oout of phase with th
axial radiation and therefore will interfere destructively with it,
thus reducing the radiaton at P. We must go to point Bz before
positive contributions afe again obtained, where (BZP-F) equals thé

wavelength. Therefore this part of the radiation is cobsiructed by a

nontransparent shiled Bsz.

Clearly, Ei;éles with radii TiTas ooy will divide the plane
of the diaphragmlihto zones called Fresnel,Zones, such that con-
tributiéns within each zone will differ by no more than half a
cycle in phase. The radil of the circles that form the Fresnel Zones

are veadily found by applying the Pythagorean theorem to the triangle

APBl shown in figure 1.6.




This yields

A e Y . (1.34)

2

2 2.2
= f+f/\~f+'_ix___-g;\jf?\

r= £2 pliog) - P ZEN s{f@

e £ %_)éaf/\- 2 oo (AT X

As the light waves pass through the apertures they are
diffracted and focused at the focal point. Since only half of the
light is diffracted in the direction to the optical axis and since

only half of that part is used for focusing the efficiency of such

absorbing Fresnel lens is not exceeding 257.

Fig. 1,7 non-absorbing phase shift Fresnel lens structure.
. An alternative type of Fresnel lens is shown in figure 1.7.
Lenses with spherical surfaces can become quite bulky, especially
when the diameter is large and exceeds the radius of curvature;
but, because refraction takes place only at the surfaces, plane parallel
annular slabsg can be removed from the lens without seriously imparing
its function. After this removal the remaining annular segments can
be telescoped to make them roughly coplanar and to yield a far lighter

Fresnel lens as shown in figure 1.7.
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In this lens light from all Fresnel zones intefere con-
structively at thes Yocal peint P. This is achieved by introducing a
phase shift equal to TT_ in all the even Fresnel zones. Since there

is po absorption the efficiency of this lens is upto 507

Planar Fresnel Lens

The latter type of Fresnel lens is advantageous to be realized
in integrated optics format. A relevant design is shown in figure 1.8.
The position and transverse size of segments of additional film B
displaced on the surface of the original waveguiding film A are chosen

according to the gpecification of Fresnel zones,

ci= JEA x \li, i21,2,3, ..¥ w==mmeenns (1.35)

., Seff .
The longltudggal size L and the thickness H of these segments
are chosen according to the dispersion equation so as to produce a

phase shift equal to JI” for a waveguided mode.

K niif(a) B A R n R (1.36)

(o)

Fresnel lenses have the followiang drawbacks.

i) only upto 50% of the passing light can be focused

ii) the aperture of the beam to be focused cannot be large since
the size of Fresnel's zones is becoming too small at the
periphery of the lens and cannot be manufactured with

*

relevant accuracy, usually
Nre=r e [EA ({51 - JD 5 A
nII 2
eff
1i1i) The @fficiency is wensitive to the variation of the ine
width to space width ratio obtained in the lithographic

process, [10]
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Figaele9 thin~film structure
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1.4.2, Thin-film lens.

(Al
Tha?valocity {11] of the wave's forward direction of trawvel
!“4

in a thin-film waveguide depends besides nj’j=1,2,3, on the thick-
ness of thé film; the velocity is higher in a thinner film and lower
in a thicker film. A thinner film can be joined to a thicker one By

a tapered section. I1f the tapsr is gradual enopgh and covers a
~distance of many obtical wavelenceths, a light wﬁve can propagate.
from the thinner.film into the thicker through the tapar'without being

.

scattered.

A lgns can be made in_g thin-film waveguide by depositing a
uniform.film on the éubstréte and then adding another layer on top of
the first through a mask with a circular opening. Since the light
wave propagatas moré slowly through the thicker lens than through the
thinner film surrounding it, it is refracted as it enters or leave the
leng in precisely the same way it would be if it were going.through
an ordinary bulk lens. As a result the circular portion of the thin-
film wave guide constitutes a thin-film lens. See fig. 1.9. The
advantage of these lenses is that they are very small and simple to
make; hence many of them can be formed sinulta neously in avsingle“
stap to produce planar optical systems like a planar collimator, for
example. Unfortunately this type of lens the same aberrations as its

3-d analogue, that 1s spherical sasberration comz, and 1-d. astigmatism.

1.5 Unique Planar Lenses.

1.5.1. Gaodesic Lens.

.Consider a planar dieisctric plate as an optical waveguide

substrate. Prior to depositing the thin-film waveguide material, a
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Fig.l.1lB Geodealc lens i-d slde view.

F




“27 -

shallow spherical depression is drilled into the substrate. The
wvavoguide layar materia) (which has an index bigger than that of
the substrate) ls deposiéd with a uniform thickness everywhere on

F

the gubstrate, including the region over the depresion, [12]

Tor a beam of light coupled into this opticél waveguide, this
depression will acﬁ like a lens and tend to focus the beam in the
plane of the waveguiding f£film. To understand this, considar a ra& in
the wavegulde as it encounters the depression. The wavegulding
properties of the deposited layer will keep the'ray from jumping over
the depression (especially if the edge itz slightly rounded)5 Thus the
“ray enters the deprésgion ragiggf Its actual path may pe ascartalned
from a conslideration of Fermat's prinéiple(;;e Ch. III}. It turns out
that the extremum optical path is one that follows a geodasic-line over

the curved depression. Thus, for spherical depyessions, this is along

an are of a great circle,

Now consider the projection of these pathe in the plane of the
waveguide. The incident rays exhibit a change in direction at the
entrance (and exit) of the wavegulde depression region. The bahaviour
of the projected rays is somewhat analogous to a ray élot of a
meridional fan through a lens wherein an abrupt change in the direction

of the rays occur at-the lens boundaries. In, bulk lenses, this bending

/

occurs because of optical- path variations from one ray to the next

as aresult of a refractive index change. In the case of the waveguide
Ve-

ﬁfalled), the index may be uniform

and the optical path variation resulie from s change of the actual

depression (or geodasic lens as theyﬁ




geometrical path length encountered by rays'entering diffevent

parts of the depraession.
The geodesic lenses have thgfollowing drawbacks. -

i} If the depression is of asphorical shape, the lens has a
spherical aberrvation.

1i) It is impbssible to make geodegic lensas with swall F_
D

nhmbarg,CEhere F is the focal distance, D is the aperture
of the beam to ho focused;)since it vequives deep
depressions of the subustrate that occupy big areas on the

surface of the substrata.

Lk

1.5.2 Ghirp~gratigg lens

The scattering of the electromagnetic waves by the atoms in a
lattice gives rise to a reinforced scattersd wave when Bragg's comn-
dition is sgatisfied; that i=

2d sin & =)

where d is the spacing between the planes and 0 is the angle“
that the difection of propagation makes with the 1attic planas, 1In
other words for the reflected waves to interfere constructively the
change in the phase shift between them must b integer multiple of

2T( . Therefore

rs

{S%i;:g 2] n 2d7sin 0 = 27N Where N is an integer

nurber.Henca 2d sin 9@ = NZ\ ~~~~~~~~~~~~~~~~~ (1.37)

n

n refractive indey of the madium.

Pl
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This type of lens takes the advantaga of Brapgp diffraction
on the phaseéﬁhting prepared la the waveguide. The phase grating
1g made in a form of paralILl strips of the zama or different
material put on the upper surface of the original film, thus
producing regular regilons with increased effective refractive
index. The light eﬁtering the region of the waveguide with periodic~
ally changing effective .refractive indéx experiéﬁdas difiraction

described by Bragp's law
2d sine = _ )\ s am (1,38)

Fhe integer N is taken equal to unity since for phase grating with
sinusoidal variations of U,;¢ the contribution of the orders of
diffraction higher than the first ars negligibly small {senior

project],

The focusing eoffect is achieved through sirmulteaneously in-
versaly changed d'and & as shown in figure 1.11, which at the same
time satisfy eg. (1.35). Since the phase diffraction grating is

used upto 1007 of the light can be focused.

The disadvantage of this lens lies in ite relativaly small
apertutre, due to teéhﬁﬁblogical difficulties in producing & less

than 0.2 o for the optical range.

1.5.3. Planar Gradient lens,

It is known [13] that fe¥" beams which propagate in a
single plane (say along OX in the XOZ p]ane, sae fig 1. 1é)the law

for the variation in the refraetive index n
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n(Z) = n -
- O e ——
, 4 :
cosh ( /1) Temremeneee s e (], 10)
where a = is a constant
n, = is the nopn-gradient refractive 4index of the medium at of

K<O. ensures focusing of a parallel beam of light at iLhe OX

axis at the distance equal to J{a .

- ¥l

N Lo

h“wwugﬁf__ﬂﬁAp wﬂia_._mghwﬁ-m___
Ti{2)

Q T ()

(a)

Fig. 1.12 - Focusing in gradient layered index media (a) and bulk

refractive lv1¢f€gj distribution outside the lens (b) and inside
the lens region’(c).

Such focusing phenomena takes place in natural conditions in the
atmospher and in the ocean.

The same approach is used in planar thin-film gradient lenses,
where the waveguided light propagating in X0Z plane is focused as

shown in fij.].lJ.

The principal difference lies only in the substitution of bulk

refractive index in eq. (1.39) by its effective refractice analog

(neff used in planar optics. Of course, it should be taken into
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consideration that nfif depends upon the bulk refractive indices n ,

T, of the materials used for the optical waveguide and the

thickness h of the film, see filg. 1.17,

The required variations in norg in principle can be achieved
through changes introduced in one of the bulk refractive indices
nys By, or 7}3~This can be done by, a gradual change in the chemical

composition or structure of the material. [14] by adding diffused

dopants for example by ion implanation [15].
Let's estimate the requirements for the bulk index gradients

for a planar gradient index lens with

#a =1cmand X =1 cm,
=5 max

First we use eq.(i'ﬁﬂ)to find the reguired gradient of

n

eff’
O Meff = n o (1) I sinh () L —---=- (1.40)
)3 Coshz(ﬁl a a
a

Substitution of teh above mentioned conditions gives:

N n 1 ]
i) eff . -+ 0,574 n cm. - 0.861 1/ .
é}izﬂ o~ Ouff ol em

Next let's treat the dispersion equation of the optical wave-

guide as a generalized function:

i i = ——— I
F(h Nys Ny Moy Npep {h , nys Ny n3) ) 0 (L.43)

!

Then according to the rules of differential calculus we

get
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BF + aF  IdMetr = o
31}3 d“eff Bn.}

Using eq. (4) we can find the corresponding derivatives:

_D_I]eff - ﬂaF/a n, vhere j = 1,2,3 ----- (1.473)
0Ny oF
aneff

Direct calculation (see appendix III), brings us to the formulas.

(19}
. 2 2
onge = nin Mgt ,
2 2 !"2?1“ 4
. ~ _
o 2Mggplng= myp ) Ny DX e et T
) 2]]-\ ﬂeff"ml' - %' h3
ey T
An n,(12rh + JJ;E N n2} A
eff _ 2 by eff 1 eff S
On ;11 Ve - h '_AW‘:T + ! S
" eff ! Ty M A TNWERE ow e
5 Ei
= n(no- n2.0)
ra Ueff T M3\MaT Pagg
om RN -
A 2T n ,.(mz~n2)\ln“ ~n2 h + 1 o +——~j~-~*m;;,
eff*2 1 eff 1)+ je— AT I
Teff M1 ‘
The g yaph at fig. 1.14 show how O "aff depend upon

on,
N.gf Yrom fig. 1.2.14 it is clear that m&ximum.

values of aneff are of the order of 1. Therefore (ﬂneff)%ﬂ nj
n.
a J
From experimental datg | {& ) it is known thaqanma

is of 0.29. Direct calculation through formula (1.40) indicates
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that such index gradjent can result in lenses with a focal distance

not less thar 10 cm.
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Fig. 1.14.

Dependence of‘ﬁ%ff upon changes introduced in the refractive index
of the surrounding medium {j = 1) of the film (j = 2), of the

substrate (j =3),

1.5.4 Generalized Luneburg lens,

Fig. 1.15 General set up for a Luneburg lens.

Originally Luneburg lenses were designed for a microwave rang
with wavelength of the order of 3 cm. and were used as scanning
antennas. In general a luneburg lens is a variable-index spherically
symmetric refracting structure that will form perfect geometrical

images of two given concentric spheres on each other see fig. 1.15.
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One of the spheres ﬁay be of infinite radius, in which case

the lens will perfectly focus a paralell beam of rays see, fig.

1.17.
. SEEBEER
5
-~ w~p-mu-—“ﬂ%”‘““““””"”“ﬂ*
[ 2R —#4
Fib. 1.16 Classical Luneburg lens n(r) = n0 2-13_ operating wit
= = (}:) R 1
Rl R, R2

Luneburg [17] derived an integral equation for the summetric
index profiles and solved it explicitly for the case of focusing a
parallel beam to an image suriace coincident with the lens, see
fig. 1.1.6. Such typed of lens received a name classical Luneburg

iens and its refractive index distribution is given by

B

n(x) = no\l'z B (1.45)

Where R- is the radius of the lens

n_o- the refractive index of the surrounding medium.

By '"'generalized” Luneburg lens we refer to those that give a
perfect image of an infinite object at the spherical surfaces
1ocated at distances greater than one lens. radius from the center of

the lens, see fig. 1.17

A spherically symmetric jndex distribution in this case

satisfies the integral equation {18}




Fig. 1.17
Generalized lLaineburg lens R1>R,R2z¢k?
N(r) = noéw(o’s) ~~~~~~~~~~~~~~~~~~~~~~~~~~ (1.46)
where ? = r. n{r)
Rn
o
and w(p,s) = nlljl arcsin (x/s) dx -—=-=----=--== (1.47)
2 2.4
.ﬁ—e (x"-p7)*
and § =

- f =R1 focal distance measured from the center
of the lens.
For the case $§ = 1 (classical Luneburg lens) the above integral may

be evaluated in closed form. (see Appendix IV)

S
(0,1) = Inylty1l-p” —oommemmoeo- (1.48)

Therefore, substituting the result from (1.48) to formula (1.46),
we obtain the classical result eq. (1.45).

For generalized Luneburg lenses (s> 1) we must deal with the
integral in eq. (1.47) directly and it will be done lately in

chap. 3.

It is important to underline that Lunebﬁrg lenses require the

linear gradient of the refractive index of the order
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e ey
B..}.l B @4_ (no\{ 2‘)1‘/ )2 «) = o -7 """‘"(1.49)
DT L R ©

In the center of the lens, where r = 0 we geldn = 0, but at
or

the edge of the lens where r = R, we obtain the maximum requirved

value of the gradient?lg = - EE

or R
For practical use, where R 1 ecm it means that the linear
gradient of refractive index must amount upto 1 cﬁ% Materials with
such high index gradient do not exist now a days in the optical
range and therefore perfect imaging properties of Luneburg lens

cannot be realized in bulk optics.

On the other hand in integrated planar optics where we
operate with effective index of refraction which is among other a
function of thickness of the film (see eq. 1.17). Such high linear

gradients can be realized.

Paratlicular interest in generalized Luneburg lens with its
absolutely perfect focusing properties has arisen in integrated
optics for application to {19]) Fourier transform signal-processing

functions see fig. 1.18.

Jummary

1. The dispersion equation for TE modes is derived. The critical
thickness value is obtained- It is shown that waveguided

modes exist for Ny, M < n, < n, and that for symmetrical

3 f

o)

case n,==>» n, we have h , ==> 0,
1 3 eri
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Field distributions of TE modes are found. It is shown that
at any value of Nogg part of the electric and magnetic fields

penetrate beyond the boundaries of the Tilm.

Power flow in the optical waveguide iz assessed. 1t is shown

that at any value of N e bart of the power flow is taking

f
place beyond the boundaries of the film.

All types of existing planar lenses are critically analyzed.
It is shown that planar generalized Luneburg lenses are one
of the most advantagecus for applications in integrated optical

circuits.
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CHAPTER TWO

Critical _analysis of the existing ray tracing method

for generalized Luneburg lenses.
/3

2.i. Gradient-index ray trace
The method described here was suggested first by
L. Montagnino {15] and modified and applied to the planar

Luneburg lens problem by W.H. Southwell [i6]

X g

&, A3
AP S

A =3

Fig. 2.1 Ray path gedmetry showing ray position vector ¥

and the unit ray vector &, tangent to the path.

Consider the ray path shown in fig. 2.1. The
position vector 7 is described in a coordinate system with its

arigin at the center of summery "0" of the index profile.

The direction of the ray at a given point is given by the
instanteneous tangent to the trajectory at that point and is specified

by the ray vector § defined as:

S = lim A¥ = dr =i T — (2.2)
AS=*0 IS 8

Where scalar A S is the distance atong the trajectory
between two neighbouring points; AF is the displacement vector

and [¥, bf = are so called the direction cosines of the ray.
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Suppose we know the initial position uxo, Z&ﬂ
and direction (K, ¥.) at one point in space. To
find the position in a close neighbourhood, we expand
T=r(s) in a Taylor's series about the known point.

The argument s is the scalar distance along the ray

trajectory. (33'3/
F(S, +AS) = T (S,) + df/ AS + % _cﬁz/ (;,;s)‘l- y
ds a 2
s“fs=s,

The first derivative %f is the ray vectorSitself,
S
The second derivative is the so-called curvature

-
vector K:
K = a% = d (@) = 4
ds? ds ds ds
Thus expansion (2.3) may be written as
Fls,+HS) = Fs)+ SoAs+ 3K . (83)° +...-~(2.5)
Similarly we can expand the ray vector?g about
the same known point!

s(%AS):Em“4ﬂ§VMH%£§/_(ﬂm2+'“

ds [, ds 5=8,
=&(s, )+ a’F [ps+d a (d?ﬁ‘:")/ . (AS)2 + ...
‘ﬁsz,gggo ds ds2 8=5,
=2(g) + T..-As + 4 df Y- L e——, (2.6)
ds g=g

The required derivatives are obtained from the dif-
ferential equation for the ray position in a gradient~

index medium,




dln . &F ) =Fn _ eeeeeees ( 2.7)
ds ds
~ e
Whel‘ehﬁn = 'a___p‘q B T - (2.8)
3x Dz

is the index gradient.

Expansion of eq. (2.7) gives

dn dr 4+ n . dF=%n
ds ds d52
-
@f?-%nK=§n
ds
X = (§n~gg*§) 1 e 2.9)
ds n

Making use of the index distribution n = h(r);

On the other hand T= 1r(S)

Hence n =n(r(s))
Therefore
. - ~t .
dn ="dn dF = dn. g oemmeememee- (2.1
ds ar  ds dt
s
Where dn = (¥ n) (df) = (@nTtanR) (ddi + ¢
ax oz
dn = ®n dx + QJndz
2x &z
Hence dn =‘{7¥n
dt’
and d_nﬁn-? ----------------------------- (2.11)
ds

Substituting eq. (2.11) in eq. (2.9) gives




Before obtaining the last reguived derivative gg‘we rewrite
ds

eq. (2.12) making use of the symmetry in

n=n(r) . That is

,-*
gn = dn r
dr r
—=
Hence X = 1 [dn "_JE - (gl_rl—f.—g) ?]
T dr r dr r
r.:‘]; @ [-1!’_(?";7)‘3
n.r dr

= £f(r) [F=(£.5).5]

Where £(x)= 1 _dn
n.r dr

Differentiating eq. (2.13) we have
LY

A = () &P [
ds & ds

£(r) [3F dF - Gf af . T+ T4 . T-
or 5 3T ds ds
Since- f(r) = ??f(r) = df(r) ;E
dr r

27

& = aE@) T DAL [ S - (551
ds dr r ds

W

=

R
7.
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dk_ = 1 df(x) r.s [r*(rjs),s]

dy T dr
- f(r) {r.k).s + (r.s).k] +f(r) [s-(s.8).8]----(2.14)
+ f(r) [s-(s.8).8]  —=wmwe-- (2.14)

The last term in eq. (2.14) obviously results in ZERO,
The ray tracing algorithm, therefore, is as follows.

1) From the known position (x,, 2,) and direction cosines

Plo s HZ) and given index value n(r,) and its gradient dn / ...
i ¢ %Y

and the second derivative QEE {f - evaluate the curvature K
e T
using eq. (2.13) and its ddrfivative using w#q.(2.14) at this given

point.

2) Select an incremental step size AS and evaluate the new position

r(s, +8 s) and new direction E(s,+A s) from eq. (2.3) and (2.6)

3) Consiering our new position and direction as known, go back to
step number one and repeat the sequence until the exit surface i=s

teached.

2.2. Exit Boundary Location

It is necessary to consider the problem of precisely\locating
the ray position as it exits the lens region. For computational
efficiency, the step size s is large compared to the required ray
tracing tolerances. Thus, an interpolation is required once the ray

has stepped outside the lens.
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The procedure taken for locating the edpge is as follows.

We first define the function F,

Where R is the lens radius and r2=x2+ z2 as determined by
the ray position. By consideraing the last point inside the lens as
the base point, we see that ¥ becomes a function of the step size
As. The function ¥ then may be considered a function of As,
F= ¥(AS). The problem of locating the edge in then solved by find-
ing the root AS that makes F(AS) = 0, This may be done using
Newton's method,

(AS) = (A8),-F/dr | - (2.16)
€ /m /As= s,

Since the functional dependence of ¥ on f§ S is piven through

eq. (2.3), we have

£ o= - 2. aF = - AAF e (2.17)
33(55) d(A s)

Initially (ils)n = 0 at our bage point inside the lens and the
derivative in eq. (2.16) has already been evaluated. It is thus a
simple matter to apply eq. (2.16) until IF’ < 10-8 oY some pre-

cribed small quantity.

We have now established the general procedure for ray tracing
through the waveguide lens. But we have nat, as yet, specified a
value for the step size AS. To do this, let us return to a dis-
cussion of the convergence properties of the above ray-tracing

algorithm.
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Convergence and an extrapolation technique.

There are two factors to be considered when determining a
value for the step sizelds. They are compuling time and accuracy. "
Tt is important to know the accuracy of the ray heights as they
leave the lenses., 1f the rays are being plotted and visual ac-
curacy is sufficient, then the step size is easily determined.

The ray trace may be repeated, each time reducing the step size

a factor of 2, until no changes are visible on the plot.

' However, when tracing diffraction - limited systems, it is

necessary to have confidence that the vay trace will provide an

exit height accurate to some fraction of a}wavelength. They may |
require an extremely small step size (less than l;un.for

?\= 0.06328 Fmb,and, consequently, long computing time. Therefore,
the following extrapolation technique for achieving the desired

accuracy with reasonable step sizes is suggested. [16]

For simplicity, let h = § be the step slze. Consider the
ray exit height y as a function of the (small) step size h, x=f(h).
The problem is to estimate the value of y for the limit as h
approaches zero. -This suggests a Taylor's dexpansion:

x(h) = X(0) + dx hthd%x W2 ... —ecmmmcmemmeenoe (2.18)

dh th

I1f h is agsumed to be small enough that the first three terms of the
expansion suffice, then one may pick an B, trace the ray, and determi
x(h) ==Xi. But there are three unknowns in eq. (2.18). Thus, two

more ray traces are done, each time reducing h by a factor of 2, to gi

Xy and Xq- This gives the set of linear equations:
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-2
ay + azh } a3h

»
it

X, = a 1+ 3a

2 —————————
? 1 2h+%a h (2.19)

3

X, = a la.h +1 a.h
3 ]fiquZ 16 3

In matrix notation,

X SHa  emmememomeemmde e osme e (2.20)

which has a solution

a = H’lx T e e A e e T (2.21)

where the matrix H is

B = /1 h hl
1 bh L h% | memememmmaenes (2.22)
49
1 1n 16h
A

If it is chosen that h = 0.025 fams then

-2

IR

g
3

-80 400 @320  Jromsmmmmmmmees (2.23)

4266.7 -12800 8533.3

Equation (2.2&5 is the extrapolation formula. Note that it
is a weighted mean of three ray-traced values and that the sum- of tt
weights is unity. Furthermore, it turms out that these weighting
£actors ave validity of eq. {2.24), of course depends on h being

small enough such that the expansion (2.18) is valid.
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2.4, Phase-front Calculation.

Hamilton's opticsrtheory states that the exit coordinate X
on the boundary of the lens region is related to the Hamilton's
angle characteristic function as

X = ‘?LI e e e = (2,25)

De ‘
Where & is thelexit angle and’

6.4
T (8) = Jﬁ nds *"““‘"f'; ““““““““ +(2.26)

&
see fig. 3.3. . ,

The angular characteristic function T(&) represents the
optical path length along the ray trajectory through the system
Idescribed by the Coordinate on the entg?ance~pupil Xa’ which
definitely corresponds to the exit angle &. Hence the phase shift

produced by the lens region only can be written as

%(B) = T(G) _%_Tl" ————————————————————— ..--(2/27)
AD

To utilize this theory it is assumed that T(®) may be expressed
as a power garies®

- 2 4 6 i e
T = cle + cza + 030 + ... (2.28)

Only even powers of O are uged since the phase front should he

synmetrical with respect to the optical axis.

To determine these coefficients it iS’nECessary to trace a

-

number of rays and record the Xi Coordinates at the exit pupil

(with exit boundary location problem included) and the exit angles ei
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»

These data pointsiare then fit in least squares fashion to

the function.

Ly o 3 - 5 — -

Qr /= 2C,0744C,8) + 6 C.8) = - X,

1% 8

1

2T = 20,0, + 4C.0 + 6C.80 = - X
,5-@ B 172 272 372 2

$i0=0, T e (2.29)
’aT/ = 13+"c09+609§ - X,
76 10=p,

and from a system of algebraic equétions with C unknown.

1 %2 6
The solution of this sytem gives the values for Cl, C2 G3
which are then substituted to the eq. (2.27) and then to (2.26) to -

produce the desired phase shift within the lens.

The phase front distribution at the exit pupil can be thus written as

?: %; +é +%; --------------- (2.30)

Where%%?a,éﬁ;b are phase shifts experienced by the propagating light
in between the .entrance pupil and lens, or the lens and the exit pupil

respectively, see fig.%f3:and eq. {(3.21), egq. (3.22).

The pupil function is given by the expression

Where?ﬁréan-be expressed in the exit pupil coordinates
Xb = R. {sin & + (1-Cos®)., tan (& 4+ B,] ----- (2.32)
It may be shown [23] that the square of the Fourier transform of

P yields the irradiance diffraction pattern in the focal plane.




Sunmary
1. The advantage of this method is in its mathematical simplicity

and clear physical background.
2. On the other hand the method has a number of disadvantages.

a) Computational complexity; ray tracing with diffraction -
limited accuracy requires up to 10“ numbar of incremengal
steps for determining the coérdinate on the exit pupil for
each trajectory.

b) Computation of the second derivative d2n is required

2
throughout the whole procedure, dr

c) It is necessary to solve -additional problem for the value of
A
the final incremental step in order not to miss the point
on the boundary of the lens where the ray exits the lens

ragion.

d) Extrapolation technique is required to reach sufficient

accuracy with incremental steps of reasonable size.

e) The claculation of phase front distribution at the exit pupil
requires the solution of algebraic system of equations
practically for each new boint of this distribution ) Since
the procedure deﬁgribed in § 2.4 1is unable to determine
a? =j§}xb) with sufficient accupacy making use of only three

points from the T (8) function.




CHAPTER 3

e

An Alternative Method of Ray Tracing in planar

Ceneralized I -uneburg lenses.

3. 1 Fermat's Principle for gradlent 1ndex med1a with spherical symmetry.

\S\;he.r. ccal su Wfﬁ&’

o$¢+\vg.
mvvaﬂ.r'e,

t , )
Fig. 3.1 Ray-trace figure,. Q ;35

Let us discuss this principle through m;king analysis of one part-
icular, but practically important case: the refractive index will be
assumed to have concentric summetry, that is n=n(r).

where r is the radial distance from a fixed point 0. With n as a
function of r, it is natural o introduce spherical coordina£es
(r291(9) relative to "O" as origion and with the main axis along

0P, where P, is the starting point of the ray trace, figure 3.1.

Fermat's principle states that, for a light ray joining two

points P, and P the integral

P
L = ynds = S n(x,y;z)ds e (3.1)
?ﬂ' To ’

Where ds is an element of the trajectory of the ray, must be stationary
relative to infinitesimal variations of the integration path joining
P, and P, see fig. 3.2. L= -

gsmbii,w%WXWQth i : #akuai
?\mmxhn ng of the (p - RIS

f%ﬂ'ajec+dT‘j — B e {,j 3.2
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Inother words the integral eq.(3.1) has its minimum value
when the integration path exactly coincides with the actual ray
trajectory.

In spherical coordinates the length of the element of the ray

trajectory can be expressed as

as? = (dr)? + (dr9)2 + d(r?)z—-~ (3.2)

where dr is the change in t with 0 and  constant
and dr, = 1d@ -~-----reesmcsmesaenee- (5.3)
and dr, = rsin 0 dfp ~~---mmmmeomme- (3.4)

¢

Substituting eq. (3.3) and (3.4) in eq. (3.2) gives

ds = (d_r)2 + rz(de)2 + ¥ sin zer(d?)z
= l+rzfg9i2 + r2 sinzO(anz ————————————— (3.5)
dr dr

Now Fermat's principle of eq. {3.1) can be expressed as

r. *
L = ¥f n(r) 1+r2EQ§§2+ 25in20 \ggyz ~~~~~~~~~~ (3.6)
: - dr dr

R’

Where R and r denote initial and general values of the radial distance

see fig. 3.1.

The problem in eq. (3.6) represents a classical one in the
claculus of variations. The solution of this problem is provided by

the satisfaction of the 'Euler equations. .

bz = -dﬁ——:a-:-—-f- ; @_f._ = g__ 'b‘__f_ “'""'“"'"---«—.n.-.-__,.._,__6-3.?)
9 drdlp 96 ar o -

and F(8,(0, é}L‘P, r) = n(r) 14 1:‘;"0z + rzsin Zel'Pz

where & = d® and Lp'sg_ﬁf
dr dr




From eq. (3.8} we have

A e e et R,

E o= U (n(r)'d 14e26% 4+ 22 sin2eP?) = 0 ~-men- (3.9) -
o\ olp

Comparison of eq. (3.9) and eq. (3.7) gives
d 8f = 0 or aj?== constant. -—~==ssesmeo- ~~=(3.10)

dr 2 ap
The result eq. (3.10) means that.%if is always constant along a ray.
o9

On the other hand, straight forward from eq (3.8), we get

sl
H

-
or

n(r) rzsin29§1_ = const. --- (3.11)
5 —

. .,,%wﬂzm‘é‘?
\Jl + rzéz + fzsinzﬁk?z

More than that, since the choice of the 0X direction is

=l

arbitrary and point P, can be situated on the OX axis, © =T{ and
besides that it is possible that @ = 9, =T{ if P coincides with P,
therefore, it is possible that sin @ = 0. It means that the constant
in eq. (3.11) c;nn not be any other than zero,

On the other hand, since eq. (3.11) should also hold at any othér
value of @, then we have to admit that it would be possible if to

[
accept thatlp vanish along any ray.

Equation (3.12) indicates that every ray leaving P, is a plane
curve lying in a plane containing 0 P,

For nonradial ray, because of eq. (3.12), we find from eq.
(3.9).

= 03 FF = n(r) rzé 1

*

2
- 9\
2 o9 (1+r29 z}ﬁg

Cbhﬂ




Hence fro m eq. 3.7.

d 9f =3f =0 and 3f = constant = e

argo 08 (X

or ngr!rzé Sl - S bbb e e (3.13)

where e is constant along the given ray with specified €,

eay Hrsfeetory

Ag 1t is seen from figure 3.2.

tan (f-¥)

(t-dr)de
dr

N
=
<
I

It

fig. 3.3 ray trace figure
*/is the angle between the radius to the given point Pand the tangent
line to the ray at this point.

Thus equation (3.13) may be written as+

n(x)r tan Y = e
ey
'\l—l‘:r_tan'i Y
aor [ 3 ‘in(r) . T Sinz \J‘; nnnnnnnnnnnnnnnnnnnn (3'15)

Where ¥ is used as \]lj§ TIZ respectively.
The value of e can be found from the known values at the starting

point P,. At this point eq. (3.15) bhecomes,

e= Fn(RR sin Y, ~ommmmmmmene e (3.16)

The differential equation (3.13) can be solved in terms of

a single quadrature by writing successively-

_,ggma&f:ﬂ?’"
n r?‘ é = ex{ 1—‘rr2-92

2 42 2202 2

- er




...5‘3_

3
ré n2r2~ei)l" = og -
57 2
rgg\]ﬁ r-e” = e
dr '
do = e, 1 __dr
5T ¥
r nz(r) ~32
g\
Ae = eS 1 dr
e FrAnm e

ey Lot
R xf’;lz(r)rz--e2

Eq. (3.17) gives the output angle ® if the input angle O,

initial pogition R, initial inclination‘f; and the law n(r) are

specified. Explanation given by eq. (3.1) ~ (3¢17) w

Article [24]

P

e

Q

as taken from the

Y.

= ()

/

Fig. 3.4 Ray tracing in generalized Luncburg lens./

3.2.

Fermat's Principle in the generalize Luneburg lenses.

Since r® is the minimum point of the trajectory and at this

point the trajectory is summetric, the integral of eg. (3.17) is

doubled by taking half of the ray trajectory.
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: L
That is & = 8, + Zeuj 1 dr ittt (3.13)

s

A
® oy jqqz(r)rzhez

The value of r%%can be found from eq. (3.15) uritten as¥®

-

. 3
-n(R) R sin 8, = e = -n(z*) r sin ¥

*
but “V -g_-'ﬁ72, thus

r% = n(R)R sin @, ~r=-rmemmmmmmmmnee— sin  (3.19)
w e
Note that only negative sign in.eq. (3.15) has physical sense (r¥*g R)
for 0, >,TT/.2.

Suppose the incident light is in a form of a parallel bean
propagating along 0%, and its phase at the entrance pupil
(Oxajline) is zero everywhere, phaseggi at the focus T can be

calculated as the sum of tha phase shifts.
= - / “““““““““
P %;»E +p Pl (3.20)

whereii?42 =\f K, n(r)ds and ds is an element of the ray trajectory

within the lens given by eq. (3.5).

From fig. (3.3)

GD = Cos (T - (9+60)]¢1‘?b= )

b Cos [ -(& + eoﬂ
But CD = HG = R (1-Cos ©)
/fb = - R(1 ~cog B) ~——==-ememrmmrnana N
Cos (8 + @)
. = K, n = K,n, (-R{1-Cos 0}) =-=rms=-cuonaas (3/21)
b H bl\\ B Cos (6 + a)
“r/ o o n e e am it s i L e ae w o
@a = KongR (l4+cos ©,) (3.22)
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N
%ﬂ = 51(.., n(r) dg = 2kDJ n(1)ds

gl

) e
ds = -%g 1-%»1-2(51”@)2 + 1'2 sin')’é) c“ig’ dr
' dr dr

but from some steps back in eq. (3.17)

do =

e

“dr

e

T \]nz(r) 1'2“92

86, ds E\Jl/-t»lje_;ﬁ”\-l dr

dS5=

‘ 2 - :
Hance ég ZKUJ/ "eff(r)‘dr ------- e (3.23)

F .-

7

.-
e
d

L

§l

Where X, =

r2n2 (r)rz-e2
eff

A dr

aff

) /nsz(r)tij;—

S

e —
Y*@r)rz—ez_

= N 3
K, nHDF ‘("n}l oG
sin [77 ~(0 + 6, ]

KomDG . BomyX,

—— e 1

sin (& + ©,) sin (& + &,)

K,_.,nHR[Si_.n @ + (1~cos ©) tan (8 + 6,)] --wveew-- (3.24)

sin (840,)

PG = BE-BC ="R sin ©-CD tan [ JJ=(6 + 8.) ]

= R 8in & + R (i-cos 8) tan (0 + 9.,)
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The focal length f= xb

can[T0 - (840,) )

= Rlsin @ + (1-Cos &) tan (&40,)]

~tan (& + 80)

1f the lens 1z perfect f will be independént of O.

i.e. £ = Constant.
Finally adding eq. (3,21) ----~~--- {3.24)

=k, n, (-R{1-cos @)} + K,n R(14Cos &,)
éﬁz H /6527?£;Bo> H

+ KonHR[ sin & 4+ (1-CosB) tan (& + &)

sin (6 +4£,) ’

+2;Kn\g niff (r)rdr
+ r;:::::::;::::_‘..,_..,1
-~ an (r)rzﬂe2
N Yaff

“For a petfect 19“55?% iz a constant valua indapandent of B

3.3. Removal of Singularity point in the exit angle integral. .

The integrnd in eq. (3.18) has a singularity point at the lower
limit of integration when r = r¥%, 1In order to remove the singularity,

let us do the following. TFirgt the integral is resolved into two:
®. vis ' £
\y\ 1 6*Yﬁ - LY dr + dr P
nz(r) rz—e2 = r1fn(r)r‘e'JrKr)r+é" ﬁfér 2.2 2) <

™7
Where 8 is a small value C'S'?'é‘)

Now the gingularity point 1s contained only by the first

integral vhich we will denote: as I.
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Second, let us resolve the function n(y)r into Taylor series
around the point r = ¥
n(r)r 2o n(2¥) e+ (r-r%) [dnlr) . ()]
r 1]
r=r¥

= @t (1) Asmmmmeimovomameo (3.27)

Where A = dngr){ 4 (e)
dr =R

Hence the integral I in eq. (3. 26) can be written»asg

r"@f

(.
g!n(r)r a 4 u(r)r+e j\ ,ln(l)r ~a \{E;_rﬁh ----{3,28)

Third, let us perform an integration by parts taking

da = dr N

U = -J
T (r-r*) (r )% .
tH _ﬂ__ﬁrc4ﬁh

arctan ’r r*i =

1]

= 1 - 1
Jn(Ed) (r746 )-e Jfo(e®)rh-e
== 1 e

,Jn(r”‘-l-é)"(t*+8)+}’{ s',in“(;“,J 'ﬁR sin—gj

v = -4 , ¢ dnlr) r+ n(r)dr)
tﬁ(r)r-g)%k' dr

Hence from eq. (3.28) we get
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\[H(f)l -e J?:flﬁjﬂ

___ arctan ajé_; (_1 ;%v ' .
»lr* rr*i; (r“+(5) - h

dn(r)

J‘rhfarctanQE i f- ar_r + n(r)drl_
'qr* k (b(1)r e }/

=

Substitution of the formula (3.29) into eq. (3.26) and finally into

eq. (3.18) gives the following solution

“‘%‘I'E,e 2 arctan [§—- (*‘W :
wn(r*+ ritd)~@,
r*+

R
arctan 4(r r*) “3"’“2?%%'7¥f§ﬂ:)

r"" ‘gr* (n(r)r- e)';/dz‘" TJ- ( (1)r -8 j

Formula (3.30) looks more complicated than eq. (3.18), however, the
integrand in eq. (3.30) is well behaved and the integrals can be

easily evaluated by numerical methods.

In general only numerical methods are applied to this problem,
since the function n(r) measured in expriment can be specified only in

a form of a table.

Another more simple though less accurate form of computing

the integral I in eq. (3.26) can be suggestéd. This approach is based

on the expansion in Taylor's series of the function nz(r) r2.

r-r¥
nz(r)r%g;nz(r*)r*2+ (2n(r) dn(r) r2+n2(r)2r) I
‘r'

=¥
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L
A O L Tl ey S (3.31)

)

Where C 2n(r¥?dn(:)

dr

r=r¥

spn(r *)p =-2eh
r=r¥

now 1nstead of eq. (3.28) we get

= 1573 4 r¥s
r I‘
TF 3’[ e

B

~2e(_£(l_

# ryn (r)r-e cr-cx¥
Y v y
o | TEE
= 2 arctan clr ~—r¥ ¥
\[:r* cr¥ Y = (%

Hence eq. (3.18) can be written as?

8=p, + 2e 2 arctan {zi_ ~~~~~~~~~~~ (3.33)
cr Yﬁ?ft}jr ez - .

Let us check the accuracy of formula  (3.33) for the case of

a classical Luneburg lens with refractive index distribution.

, n{R)= 1
In this case we get:
¥ = R {szzrﬂwm
an = ALECDEE,
dr Ryl-cos Q
A= -2 cos O, Y c = -2R sin 20,

e e e,

l-cos &, ql~cos G,
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A »—2 cos @, . C _ =2R sin 20,

’I l~cos O, ' ,!1-cos 8,

Supposeé;— 2R whereﬁLis small numbe1)then eq. (3.33) we get.

ger <24, | (Teo0s B

\r: cos B, . 1+ cos ©,
The second integral in eq. (3.33) can be written in this

-

case as L
= arc sin (cos 8,) = - —===(3,34)

éi(o 4'(..__,; A 2rte?

waavtsin 2E* 0% ON{tcosts

25 cos 9, + Cos eoqm

Finally eq. (3.33) for classical Luneberg lens can be
written as:

%Bwaslne m arctan ﬂ + arc sin (cosﬁj'ﬂ’
\[-E';:in 79, .@jl-k cos 8, m
.. arcsin 27+ cos 90‘4 1+ cos @,
o T

2 2fcos 90-+ Cos 6

The results of calculations according to eq. (3.35) for

2L= 10"“, 10"5, 10°§ are represnted in a graph in figure 3.5.
Erom the graph it can be concluded

1. The exit angle error grows for @==>T , and & ==> 1T/2'

2. By appropriate choice of iifthe accuracy can be put within
diffraction --limited performance.

3. Typical value of 2.-is around 107

3.4. Removal of Singularity point in the phase front integral.

Phase shift produced by the lens is given by eg. (3.23)
which contains a singularity point at r= r*. Therefore, let us

divide the integration range into two subranges.




r}'t.{-

I “"i )f dr n—zgr)E—-‘iﬁ
R —— rEy =
AT [ (e -o?

L T (3.136)

Where 6 is a small number§ =4R, whme%m again small, and e=
RSin 8,=R.Cos¥, and [¢,=0,-T/,. Now the singularlty is contamed
4in Il Let. us: make use of efj. (3.27) in I It+gives:

1:“+3’

j n (r r dr ﬁz(r)r dr |
‘ln (£)x"-e” n(r)r-‘{é. n(1)r+?

r"+5M
~ 1 n (r)r dr  ceeeemeesmecmeceecanen (3.37)
x & S e .
{ » in(r)_r E‘L!,'L x
Where A = dn(r) R I TG (3.38)
AC frort

Integrating by parts, where

du= rdr , u= g rdr
- b
r-r¥ o rer

o e i

r)l“‘ E“_, ,J,,
U =1 ;(f ) it

dU"J—T;’)ﬂI",;(Zﬂ(l a& Jr"f’%{‘ﬁ) n (1)(11'
{8

2§ntr)e-¢

2.(11!(’1-)1*—-5:) /2
= 3n” (r)rdﬂ Gen dn 7 () de reemmeoans (3.39)
“dr '

2(_( rir- e}gffz

= 23(1)_. . o T e (3.40)

n(r)r-e -
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£

Finaliy I1 can be written asi

_E"!"'{' 5'
Ile;:,f“ '.‘ ‘; n (t f:d} =

IR e Jrionms fooer

SN o) et J

nr¥+ )(r#+ -3
w_r*‘5;
= o S Bn,(gﬁdr*)}en(r)dr -n (r;)dt. mmm (3.41)
. dr 5 -
("p(r)r“e /

~2e

2

Although eq. {(e.4) appeérs more complicateé}it is actually
well behaved" and may be easily evaluated numerically.

Let us derive less complicated though also less accurate

expregsion for Il. Substitution of eq. (3.31) in Il glves:

LY o

Il ='S nz r)rz_)éﬁudg== g e2+c(g;r*) dr

¥ &”““””w' e
3 nz(r)rgﬂe2 ¥ r\jc(r )
&) r*+ 6-‘ I‘*‘FSJ
=g 5 dy +—§?? Jr-r* dr
e 5 CNE-TR o F
& oS
r"igf w0

R4 )
. S
=(£3~r* ﬁ) _2_ drctan ‘{r-__tj +2 m
{a hr}:‘-.? "';:;_' r‘%\‘.

¥

1= 2(e 401 *) arcuaneizs 4 2‘{;EEL et {3.42)
N c:r=‘ii f‘
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Once again from eq. (3.41)

c=  2(n(r¥)rir*dn + n(r)r* . n(r#)
dr
r=r

=2e(r¥*dn
dr

{ F=p*
Let us check up the accuracy of eq. (3.42) and thus the
accuracy of the basic formula eq. (3.37) using classical Luneburg

lens with refractive index distribution.
n(r);ﬁ},’ 2;2*? , dn = _1 ;Ef) '
g~ & 5/,
" n(r) R

Iin this case

¥ = R4l-sin i, 3 n(r¥) =\’l+ sin®,

ey
C = 4R sin MpyY1-sin ¥,

E_E.. er® = R(l—A-sinﬁQ + 3 sin2 H,

e 2sin §, (1-sin &)

Finally eq. (3.42) may be written as:

-2
Il’n\;R(l4 sinfl, + 3 sin ?(‘,) arctan

QZSZEZ’IJT;ianS 474Q4K'
+ 4Ry 2 \sin &, (&1 1-sin A, ~=mmmmemmmmmmns (3.44)

Now let us pass to the calculation of the integral 12 in eq.(3.40)
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R
I m“tnzfr!rdr e g (2“.1'%22)1‘ dr  w-=emomn- (3.45)
2 ) s ey '
N I r*+£’4}2¢£3) r2-e?
2

R

Introducing new variable 4 = r2, r=-J§; r3=t(]t, dr= dt

2{t’ -

‘the integral in eq. (3.44) can be written as:

R2 :
I S JE at 5 t J’ dt

2

- rﬂﬁ*-rg)2 ‘) t +2,-t—€ 221_‘ - 1 )t +2t-e?

R 7.

R

R
L= 1, (\I?/ +5 ) dt )
2 (r 482 (r48)? X

But (r*+g)2r;;; il 4 2% = Rz(l- sinl}) + ZRZg'Jl- sinf(,

After a number of sinmplifications,

= R (sin K, - zr m @Tsmﬂ( + arc sin (1 2;321 sigz

sin b,
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Substituting eq. (3.40) and eq. (3.44) into eq. (3.40) and then

into eq. (3.37) gives:

@Q— kR P.(l 4 sinf{, + 3 31n?p( \arctan ,gz . + sino(.,‘-}-

W m
+ J‘Einpk 4!1 sinb(o + arc sin (1 22\[-’511‘10( %

sin (¥,
< The test value forti?gﬁat&(o = T)} can be calculated
s 2
straight forward.
R
é Q(No =T”12 = zxq“j (@,—J‘"’/Z Yars k,R(1+ /) --onen (3.48)
o R 2

The same result as in eq. (3.48) should also follow from
eq. (3.47) and eq. (3.36) at any arbitrary value of X, according

to the following.

= . ARe

P =Py @) +c§ ®.) =¢>Q(«J’/ )y -eree3.49)

Comparison of results calculated through eq. (3.48)

and eq. (3.49) can be seen from figure 3.6.
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The Qut-put angle ervor as & function of the input angle &, for

clagsical Luneburg lens taken at different proprotions of the

integrals I.i

When i= lOml'

and I, in eq.(ff:ntig)

9, e A6 (rad)
01 = 1.5882496 rad  1.583705394 £0.2 x 1077
05 =1.658062789 rad  1.658052126 1.066 %107°
105 =1.832595714 rad 1.832505014 0.07 % 10™°
120 =2.094395102 rad 2.094396072 -0.097 % 107
135 =2.35619449 rad  2.35610672 -0.2082 x 107>
+ 150 =2.617993878 2.617957957 0.408 x 107
170 =2.967659728 2.967081114 2.14 % 107
175 =3.054326101 3,054387488 6.13 x 1077
179 =3.124139361 -67.8 x 107

3.124817353

o= Pt el | —a t=—pi=Lo P et o b g Sl |y TEES St e v ety i - et i S A etk £- 5 S ST $—bird
When Z = 10-,5
8, ofrad) A o(rad)
o -5
91 1.588245233 0.44 x 10
05 " 1.658062508 0.028 x 107>
-] ’ —
175 ©3.054328136 -0.1945 % 107>
s} —_
176 3. 124161104 -2.17 % 107°
when ‘i= . 10‘6
179 3.124140065 ~7.043 x 1077




SR R SR TR

Whan 2-‘5 10~ 3

€, @, (rod) e(rmii @;ar(rad) -
91" 1.588240619  1.583868349  454.42 x10°

105 1.832595714 1.832570451 2.5 x 107"

120°  2.094395102  2.004425622  -3.05 x 10”3

135 2.35619449 2.356250401 6.5 % 1070

150°  2.617993878  2.618124149  -13.02 x 10°

170°  2.967059728  2.96773508  -66.53 x 107>

175 3.054326101  3.056215021  -188.881. x107>

1790 3.126139361  3.14,080922  ~1895.15 x 10

AR A




E R I

a2 @ redelion oD v inpsl angle O,

exact = 127624.5015 rad,

7.« 107"

R L NIRRT T T A AT S S e

91% 127622.1614 7.34
95" 127628.8158 0.6857
105 127629.3854  0.1161
120 127629, 4737 0.0278
135 127629.5504 -0.0489
150 127629.5907 -0.0802
170 127629.6864 ~0,1849
175" 127629.7651 -0.2631
- 179" 127630.0944 ~0.5929

- 107
5. Pt AP (vd)

01 127629.2698 0.2317
o5° 127629, 4708 0.0217
105" 127620.4978  0.0037
120 127629.5015 0.0000
135 1276295031 -0.0016
150 127629.5043 ~0.0028
170 127629, 5075 -0, 0060
175 1276265096 =0.0081 ’
179 127629, 5204 -0.0189
9w 1072
0. ¢ 7y *$y _iﬁ;; -
120 127628.6208 0.8807
135 127631.046 ~1.54

&inmms&&%lﬂ%@émﬁ : ,uw'mi‘;ﬂ"s? SE LS bl
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From tha graph it can be concludad:
1. The phase froat ervor grows as gg*>7fhnd G, g'-ﬂ>e‘w2
‘2., By apprqpriate choice of f,tha accuracy can be put within
diffraction - limited parformance. .

3. Typical value of 4s aboyt 10 °

3.%. An experirental gample of Luneburg lensg.

Fig. 3s7:‘ General side view of Luneburg lens made of T3205 £ilm

(n=2,15) deposited on the glass subsﬁrate (n=1.51) and covered
by additional protective ?HHA (organic glass) film (n=1,49) which
{g taperad to,smaller thickness 10 O.@? Pm.undar the coupling and
the dacoupling prisms.

The structure and materials of the examined Lunsburg lens

and the whole set up ig shown in figure 3.7. TaZO5 film used in the

sample was cptalrAd by cathode sputtering. The Luneburg lens region
of the film was ptepared by additional ca?hode sputtering o_fTaZO5
material through an abluwiinium mask of a c&nical shape. The protective
coating of organic glass film was deposited by drawing from the

solution.
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Figures 3.8 -~ 3.11 describe light tracks of TE, mode
at = 0.6328 um in the described waveguide optical s&stem. On all
four photos the aerntrance pupil of the lens 1s on the le%t side. -

Fig. 3.8-3.10 show how a narrow bean propagates thfough
Luneburg lens region. Observe the smooth change of the directionlof
propagation at fig. 3.8 and 3.9 typical only fog gradient effectiva
index lenses. A bright poiné on tﬁe extreme right corregponds to the
reflection of the ray shown at fig. 3.- on the left side wall of the
decoupling prisom. Its position indicates the transverse Xa
coordinate at the beam at thg_entrance pupil of the Luneburg lens.

Note that the lens region looks like concentric coloured circles

being exposed to external non-moncchromatic radisticn.

Fig. 3.11 was prepared in the absence of external non-
moenochromatic vadiation, while a narrow beam war displaced to sevaral
digcrete positions along the entrance pupil of the lens to de-

monstrate focusing phenomena. The focal length of the lens

.measured from the center is 12.1 nm, lens aperturs il.6 mm, a re-

lative aperture 1:1.043,

A smaple Of "the Lunaburg lens studied in this thesis was
prepared in radiophysics laboratory of the Feoples' Friendship

University, Moscow [25]+




Fig &35&8

Fige3.9




Fig e3s10

Filg.3.11
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Swmary

1. Permat's principle for a generalized Luneburg case is
formulated. An equation for & minlmum current wadius value is
derived. Singularity points in the integrands for the exit

angle and the phase shift in the lens region are obtained.

e

2. Two possible ways of the removal of the singularity points in
the integrands are suggested. It is shown that the desired

diffraction - limited performance is achieved by a proper

k3

choice of a small parameter Z- introduced in the method. Typical

value of f'/is 10_5, 10-'6.

3. An experimental sample of a planar generalized Luneburg lens is
qualitatively tested. Photos of various light tracks in the

L

lens are attached.

CONCLUSION

The study carried out in this thesis supports the concept of
integrated optics. It is shown that a single film optical waveguide

constitutes a basic element for an integrated optical circuit. .

Thanks to the dependence of effective refractive index upon the
thickness of the film, unique types of lenses (like generalizaed
Luneburg lens, geq@éﬁic lens, chirp-grating lens) can be realized in.
integrated optics fqpmat. Particularly the Luneburg lenses are
famous for their capabil}ty of absolutely pé}fect imaging. Thease
lenses are the key components of the planar optical spectral.

analyzers.
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However, fabrication tolerances may introduce deviation
from perfect performance in Luneburg lenses. Tolerances may
be expected in indices of refraction of the substrate and of the film
and particularly in the shapa of the thickness profile of the film‘h
in the Luneburg lens region. | |
Ray-tracing method in such lenses developed in Chapter III
of this theis may help in this case to:
a) eatimate permissible fabrication tolerances which still do not
viblate diffraction - limited performance.
b) ®Predict the expected focal spot size of the Luneburg lens
fabricated with given tolerances.

c) Estimate possible character and value of tolerances if the

distribution of light in the focal plance is specified.

The method is based on Fermat's principle. Unfortunately
the integrands contain singularity points which, however, can be
overcome succeésfully. The resulting formulas are approximate,
but the desired accuracy can be easily reached by a proper choice of

" the value of a small parameter éi.




Appendix T
Devivation of eq. (1.12)

fp By - Ay= 0

Yy vy y
K2 A:a RZ Bz + K3 A3

syYh
kY ¥R KA. =0

y
y _1K‘h
K e 2 " Mg 27

2 A

T
16 A, + e iKZh 52 ~ A

e 272 1=0

* Taking the detexminant of the above homogeneous equation and equating

i

it to zero give the eigen value equation.

0 1 1 -1

y iy y

0 K3 , k) , 1
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-1 eleh eixzb 0
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Y y
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Appeadis 11T

The number of reflections per unit length that the light

travels in an optical wavesuide,
Critdeal thicknsss of the film 1w0.2% e -

From Goos-Haenchen Analysis [26] the light ray penetrates (for
a certain depth &) into the confining layers 1 and 3, before it

18 reflaected.

) }{.! |1
Air ‘ ! Xt '!c':'m;‘a:
nl =."‘sl‘
ha f}%«%rgmu%
Film e
- ]
2 o
3ubatrate
BB

For TE modes, it is given that at the bhoundaiisas
& .

X= 1  tan ®
1 '-'-23,; -

At the film-avbgtrata intectace

= 1 tan 6 = X eff
- Y
By ~% £5” 3)€i n ;) =

PETNT ¥ 8
Whare gin § Kx = %“pegf ef

K

9 " K‘,n2 n, !

e Y2 )
and cos & = 1-ain”"6 = }i-n"

Paff
A Lmﬂfp“ ;?ig and X,,' Nefg
SYAVRE i rr—v S
tJ nj Moge K\:e;f njur
A the air~ 11w boundary
tt .
Xl tan g = ‘ml‘quwﬂlﬁiﬁ;ﬂm

A
Ed

(l . __,,;_, 2 L ]
i Ka\‘t" l]_} ) ‘ﬂz_‘ fH Ej’. ;




Apondix TIY

Let %z = total distance travelled in X- dirvection

from A to B.

] it
zer ma 2 H + 2X 4+ 2h tan ©

Hence the number of reflection N

H= lem = LI54.

L=ty

2

Wehan we také

n, = ﬁ; n, = 1.6, ﬂaﬁal.S, neff= 1.51.

2
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Appendix TV

/  The method of the solution was kindly suggested by Dr.Mal'nev, /

The given integral has the form

1 e
Pty AESINX gy (4.1)
Y22

X -p
Let's introduce a new variable Z = x/p

I(p) = 11 SRR dy=

= ez | (4.2)

Simbolically the integral (4.2) can be written as

P flo,2 2= F(p:2 - ‘
(o) = 1) flos2)ldze F(o H% FeB) |, .,

F(D:Z(P))' “F(Dsz){ (4.3)
7-! 71
Notice that 7 becomes a constant in the last term, but

Z=7(p) in the preceeding term. Differentiating eq(4.3) with

respect to p

Sdr o -
Bigl THLL g

= dF| - dF| o+ of dz
Bolz.l @z 3700, ]

dI{p) = d(f{p,2)d -d_(/f(0,2)d: '
: p) = d(f(p,) z)'zz% HE( (0,2)dz)y+f(p Zlgéizzé




1 3 L
P A (£(p,2) )iz "53.5.1. (£(p,2)dz + Fln,2 dzl

- dp dp b p
Yo
= 1) 0 (f(p,z))de + £(p,2)dz]
dp do'tz2=p
Yo
= 1 ;:éEEZ?“*“““_*:;:I + dPCSJIL;L“(Mlé
R T A R
pz
1 .
LT -1y
e /e
S T T —
¢p2?+2+p22-1 DJ1p
/e
2 . -
= _dz) -V (4.4)
:pgz‘*+(,1+02)22u1 P fl_,pz

Let's use the substitution 22= t to evaluate the integral in eg.(4.48)

Yo - 2 lp” :
d : t .

éIl f_a,; (7 “)'Mq“ﬁv_,, = %II m,,;,..... . (4'5)
ya ’{ ( -‘—p )72 | Y 0 ti(l-}—p?’)t@.i

From the table of indefinite integrals it is known (if a<0)

that
§ o dx. .1 carcsinZaxih,
j;x2+bx+c /-a Jb2—4ac (6.6)

Application of this result in formula (4.5) gives

- 2
%flp dt —— = 1(- l) arcsin —29 t+1+p 1/ 2
-p ‘t +{14p2)t-1 0 1-p 1
= —.L[iércsin(~1)rarcsin(+1lJ = (4.7)
2p 20

The result of eg.(4.7) can be achieved by Euler's substitution

if to take the integral under discussion in a form

1 2
$1/p zdz /e

S =1, dt

CETY T E (" (4.8)




tuler's substitution is
y(t-1)

i

o

‘/’—
(t-1)(1p?8) =" (1=1) (6" t-1)(-1)

ot £ e A e b

Squaring both sides

(t-1) (1-p"t) = y*(t-1)

or y =\jr;t;2t
Y

From eg.(4.9) we determine the new limits of the integratl

ift=1 , y=
]/p2’y=0

Again from eg. (4.9) we can express t as a function of y.

t

1

1-p2t = y2(t-1)
2 2 2
-p tey b= o~y -]

= u%x_ dt = (p2+y2)2y-2y(1+y%)
tY ,Hy (D2 +y2)2

Using equations (4.10), (4.9) in (4.8).

(1/p?

¥ .ESLMWWWWM. Tytjz -1)dy

Rt-1) (1-92t y(t-1) (o +y?)1ﬁ

d 3 )
V) e = 310 2y(p2-T)dy -

3 I1/0 JT%“])(]mpzt) ‘ X(L1+¥ ‘TT‘(ﬂz¢?272

7 Qze2)dy s by

o ‘(1+H2“ z-ﬁ?)(p2+y?)2 o p2+y2

(yz .}.pz )
““f”?%;ﬁf“ = l- /p)
p ° 1+y2/p

arc tan Y ="
Pl 2p

it

1
p

(4.9)

(4.11)




Using results of eq.(4.11) or (4,7} in eq.(4.4) gives

die) = n ¥ = (L-1_ ) (4.12)

v

dp 2p 20 M?_:”;Z s PP E

% In order to find the original integral eq.(4.1) we have to

; integrate eq.(4.12) with respect to (@

di(o) = (1 ~1 )
LeeT
1 - . .
(o) = ndp - [ o) (4.13)
F)q:;é

" Lets introduce a new variable 8= 1 in eg:(4.13).

o)
Thus .o = 1 e -,Lq O{(}{
> P ( o

i(M)=%EIg3(+I%& ]
R
oz
=0/ d - T dgt/
A L
o1
=1 En(gg.,f&:{j"‘) - &n G‘Lj
- |
= I e T = an(1/T/5EET)
? TR 72 e
= :;ZLR,n (]+Vr'|+p2 )
Up) = men V7, o
1+};~}+p2 (4.14)

Now finally let's substitute the result (4.14) in the
equation for a spherically symmetric index distribution nir)

that gives a perfect image of an infinite object (where p=r.,n)




11 arcsin x 4y
Y = ! LTI
o) = exp (LT S

= exp (‘%,X i R“J~;:;:$:ﬁ§
-p?

squaring both sides

, —
ne = I+'1-r2n2

31

—an

n2-1 =+ a2
Again squaring both sides
nf- 20241 = 1-r2n?
nt-(2-r2)n? = 0
n2-(z-r2) = 0
n2s 2-r2

n = ¥Y2~r

v gy e s i
] S

(4.15)




