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The problem ,,1&r~ssed j.n the. thesis li(~E in the 

field of integrated optics. }'or Hght propagation ill dielect.l'ic 

,,,,aveguides interconnections are established bet\>leen the dispersion -"­

equation, critical thickness and effective refractive index of the 

film, electric field distl'ibution, power flow and a zig-zag 

model of propagation. All existing types of planar lenses are 

descrihed and critically analyzed, among them the generalized 

Luneburg lenses seem to be one of the most advantageous for 

applications in integrated optical cricui ts. Existing raY.-tracing 

technique in such lenses is critically analyzed, A neH ray­

tracing approximation b'lsed on Fermat's principle is suggested. 

The pr"",edure is successfully tested fm' a classical Luneburg 

lens in which case the integrals are taken analytically. Some 

detailed mathematical proofs have been relegated to the appendixes, 

which, however, shOUld be regarded as integral parts of the paper. 
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INTRODUCTION 
".-.--~.~-----.----~-

The interconnection of minirtt"i.n'e optical component.s vi.;l 

optical "Javeguirles on tt~ansparent dielectt'ic substrates) using 

optical sources J modulators t detecto'rs, filters, couplers j and other 

elements incorporated into circuits analogous to integrated electronic 

circuits for the execution of various communication, svlitching and logic 

functions is called integrated optics. 

Since the frequency of light is some 10,000 times higher than 

the highest frequency of an electronic device, the amount of informa-

tion that can be carried by a light signal is correspondingly greater. 

Moreover, apical circuits are in principle considerably faster than 

electronic cit'cults. Building even a simple integrated optical circuit, 

however, calls for techniques even more !'efined than the techniques 

employe.d for integral:e.d electronie circuits. 

The basic concept of integrated opical circuits is not new. 

llecause ofUm obvious difficulties involved in realizing such devices, 

hOHever, active research in the field Has not begun until 1968. Even 

then no more than a dozen people at_ a feH institutions 'YJere working 

on the problem (The institutions include Bell Laboratories, the 

University of Hashington, the California Institute of Technology, the 

International Business Hachines Corporation, Electronics Research 

Center RockHell International. Since then ,the field has mushroomed. 

[1] 

Nowadays application of optical integrated ci rcnir,s extend 

from the l·eal-tim(~ RF ~3p('_ctnlITi analy(-~{;'?: [2,3] c.apable of an in-

stantaneous speetral allulysis of an incoming raoa-c heam, to monolithic 



wavelpngth~mi_ll,tt pl.exed .opticat ~ourc8 fL.] for terminal devices of 

f·ibe.r cormnunication systems analog~to-digit.al conve-,-:te)" [5J for the 

computer interfaces, and integrated lase.t~s with modulators and detector,:i. 

fat" digital computer menlOry devicesChJ . 

Lens in integrated optics format constitute One of the basic 

passive elements for a number of application: collimating of the wave­

guided light, coupling to fibers, carrying out Fourier transform functions. 

The goal of the _thesis. 

The problem we address in this the'.!is lies in the field of 

int.egrated optics Hnd is related to one type of planar lenses named 

after R.K. Luneburg. Particularly «e are interested in ray tracing 

tec.hniqu(~ in such lenses. The development of are} iable accurate non-

cumbursome method of ray tracing if3 needed for the estimati.on of,possible 

fabrication toleranees "hieh would not violate the achievement of the 

diffraction-limited pot<mtial of the planar Luneburg lens in inte~'(~ted 

optical cir.cuit.s; On the other hand the method helps to predict the 

expected foc'al spot size of the lens fabricated with a given tolerance. 

Or,. vice versa it can assess the fabrication tolerance through measuring 

the actual focal spot size. 



Gener a t_ReJlla rl£!. 

In general the simplest kind of transparent waveguide is >" 

obtained "hen a material with a higher refractive index is sandwitche€! 

between materials with a lower refractive index. In such a waveguide 

it is possible for a single light ray to zigzag back and forth through 

the inner layer, undergoing successive total internal reflections at 

both the uppe,' 811d the lower interface. The only condition that must 

be met is that the angle of incidence of the light ray at both inter­

faces has to exceed the critical angle for total internal reflection. 

By embedding the light-conducting material on all sides in a material 

with a lO\-1er refractive index one can get an efficient channel waveguide. 

The cross-section of such a channel can be. rectangular, as in the case 

of an actual thin-fi 1m Haveguide, or circular as in the case of optical 

fiber. 

A particular zigzag ",ave can be identified by the angle between 

the tt<o J egs of the zigzag. Waves with different angles propagate in 

the same film independently of one another. Thus each zigzag wave can 

be regarded as a separate waveguide mode. 

Even though the light is totally reflected at the interfaces 

of such a ",aveguide, a small fraction of the propagating electromagnetic 

energy in always transmitted outside the guiding channel. Typically 

the intensity profile of the electromagnetic field is strongest at the 

center of the guiding channel and falls off gradually away from the 

center. 
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Tn a filll) of one micr-un thick rl 1 ight V;JVe typically bounces 

l~UOO t_iJl'lcs in order to p-(opagat.e ovel~ a distance of one centimeter. 

I f the .surf a~es of the f i hI! are nut smoo t h, !)ome of the 1 ight w:i 11 be 

scattE:n:ec1 each time the W[lVI?_ hits the npper or lO\.,l(~.l: su·cface. The wave 

will not bo able to propagate very far before all the light is 

scattered out of the film. In order to limit the light loss of a film 

to less than one decibel per centimeter the loss for each reflection 

must be less than one part in 10,000. That loss is a tenth the light 

loss for the better mirrors used in lasers. In spite of the progress 

m"de in the past fe", years most of the loss in thin-film wave_guide is 

sU 11 du~ to the scattering of light. [8 J 

1.1. Zig-zag Maciel.,. 'l'he dispersion equ-ation. 

Fig.!.l 

Air 

n) 

~~bstrate ____ ~ 
Diagram of the basic three-layer 
(singlo" thin film) planar optical 
waveguide structure. 

The structure shown in figure 1.1. is called an optical 

wave-guide. The- thin film has a refractive index n
2 

aTid a thickness 

h. It is placed between two media of refractive indices n, that of 
~ 

the surrounding medium, say air, and n3 that of the substrate, where 

n 1 ,n3 <n2 • Within this waveguide light rays ilre reflectlld through 

t.otal inU,rnal refl,>eticn and f{Jllow a zig-zag path. Assuming that 

x 



- 3 

a plane har.monic wave of transverse electric polarization E 0 E 
z 

is propagating in the waveguide, the electric field distribution in 

the different media can be expressed by: 

in the air b ~ y < t = --- (l.1) 

in the waveguide 
'kY 

<- B e -1 2 
2 

y 
o~ y ~ h --- (1.2) 

in the Substrate _00 <. y ~ 0 ---(1.3) 

-where k. : kX t K~"-------------------------- (I,) 
1 1 1 

K. = K n. 
1 a 1 

K2 K2 2 
= n. = 

i 0 1 

K
x 

X 2 • 

K ,. 
0 

(Kx 
j 

2]'[ 

~ 

)2 
a 

+ <'KY 
1 

- K _ X 
X 

" ) ., 

h wavelength of light in vacuum. 
o 

KY K2 2 
= n. 

l 0 1 

K2 ~ --(1.5 
X 

The last statement follows from the require ment of matching 

the electromagnetic fields at any arbitrary point on the two interfaces 

of the waveguide. 

i (K 
by a factor e x 

Propagation 

X-wt) h' h w 1C 

of t.he electric field along OX is describ 

is common for all three media and, for 

t.his reason, is omitted in all the intermediate formulas. 

Taking the interface Y = h and applying the boundary condition 

that is the tangential components of the electric and magnetic fields 

are continuous as the boundary is crossed, 
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"~"~.--(l. 7) 

and 

Substituting equ'(1.7)in (1,3), 

~~) A
Z 

~ (f + ~Y) ;;i?k~h B
Z 

-~~-~-----------------------(1.9) 

(KY - KY) 2 1 

At the interface Y = 0 

AZ + B2 = B3 --"----~------------------(l.lO) 

and nIT= BUI 
==) KY A .. KY B . = .. KY B] --------------- (1.11) 

X X 2 Z 22 3 

St!1:>stituting equation (LIo).n (l..l\)we have 

If equation (1.9).5 substituted in the above, 



> 

> 

- s -

(KY + KY ) (KY + KY) 
2 3 2 1 

alternative \-lay of derivation of f~qu.(1.12..) is sho\>m in appendix I. 

Taking the natural logarH\rnIof equation (1.12) 

KY h 
2 

1 
-2i 

~ 1 
2i 

= 1 
2i 

Y Y 
+ 1 n (_k...o2,--_K-,1'-.) 

lIn (KY
2 

- KY ) 
-2i 1 

(k~ + K~) 

'{'t';';j · 1 '"( ", -'" I··' 2i 7. 1 

(K~ ;: K~), . (K~ + Ki) / 

In (KY + KY) 
+ 1 1 n (KY + KY) 2 3 

2i 
2 1 

(KY - KY) 
·1 3 (KY - KY) 

2 1 



From complox algebt'Ci if 7. ,;:- a -I- ib
j 

then 

"ntan Z = I 1., L_L-'3, 
2; I .. iz 

Implenllmtation of the abov" formula imposes tbe following conditions 

upon KY 
1 

and KY' 3' 

KY 
~ iBl - purely imaginary 1 

KY = iB] - imaginary number 3 

Where B1 = R-'~ K2 n2' is real x 0 3 ----------------(1~3J 

--------:.1 
B3 = f2 - K2 n

2 
is real x 0 3 ----------------(1.14) 

KY h = 1 1.1' Y KY 
+...1. 1 n KY(l-l- KY ) K20 + ]/KY 2 

2i 2 2i 2 1. /'/,Y 
2 

KY 
2 (1-K~/K~ ) KY 

2 ( l-Ki/K~) 

= 1 1 n (1 + iB]/KY) + 1 ].n(1+ iB1/K~) 
2i . 2 2i 

=1 In (1+ iz3) t .L ] .n Otiz l ) 
2i 2i ---

(1 - iz
3

) (1-i"'1) 

where Z = B1/ Ky and Z] = B3/ Ky 1 2 . 2 

K~ h - arctan B'l - arctan B] = m ]'{ -------------(1.15a) 
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The term m"'-sfr0sults from the periodic natu-(e of thp arctangent function. 

Let's e.xamine the physical S(::'.l1se of eaeh term -to Qquat~ ion_ 

(15 a). From t.h" theory of reflection of " plan" wavp. at the houndary 

°21 
°1 

of the two isotropic non-conducting media it is known [ 9 J 
that the ratio BI/Ki rlescribes tangent of a half of the phase shift 

experience,l by the totally reflected wave at this interface, that is 

where tan 

Sim:llarly 

reflected wave ~ incident wave-~¢' 

tan Il 
~ '" 3/ Ky 
. 2 

2 

or t{>, 
3 

;;;: arctan 

Mult iplying equation 0.15a) by a f ;Jctor of 2, we have the following 

expression. 

2K~ h - 2 arctan 113 - 2 arctan 

y 
K2 

(1.15b) 

or ~ H'r----·----------··-----------(Llfi) 

The first term in equ. (1..16) rlescribes the increase of the phase of 

the plane wave as it propagates forth and back along C>)T direction, 

making one complete cycle. Therefore equation (1.16) can he treated 

as the condition for a special ~tanding optical wave in oy direction 

in the waveguide: 'rhe total phase change for one complete cycle of 

two subsequent reflections at points P and Q (see fig. 1. 2) should be 

equal to the integer multiple of 2If. 



?hase 

,hUt 

·~~~-~J.>- - ---- ,-,-_.- ' __ '~_'_T<' 
~--'--.~-=--'i:""""" 

Point P Point Q Point R 

------ r-------.. --- -~- - --1--------

before after before fter before 

reflection reflection reflection reflection reflection 

0 - <1>3 - <1>] +KY h </l/K~h-</l - <I>:J +K;h-<I> t]{Yh 2 1 . .. 1 2 

One complete cycle or subsequent reflections 

n2 
-- .. ~-----~------ -.--~ 

Fig. 1. 2. n3 
The Zig-zag model and the phase shifts before and after 

reflections at subsequent points P, Q. and R. 

In bulk optics we know that the X-compenent of the wave 

vector ~ :;:: 

and K 
o 

~ W 
C 

, Ux being the phase velocity 

C = speed of light in vacu\~ 

11 = anglar frequence of the source in vacuum 

Di Vi ding the first equation by the second, we get 

K 
x -- C 

K lJ 
o x 
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Also for bulk light 01 - c ---------------(*) 
1)} 

n} being the rete-active index of medium 1. 

Similar treatment in planar optics for a waveguided light in --

the film Kx 
K 

o 

- c. = 
u 

x 

~eff --------------(**) 

~eff being the effective refractive index of the film. 

Direct comparison of eq. (*) and (xx) shows that the effective 

refractive index of the film n. f- in planar optics has the smne e r 

physical sense as the bulk refractive index r:t in conventional bulk 

optics. 

Therefore expressing equation(l.-15b) with these values substituted 

- 2arctan 

==> 2x 

==> 

2mU 
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Hhen neff ~ \·,Ie get (hi A) erit, a minImal critical value of this 

parameter. 

------------(1.18) 

If A is given, from eq. (l.18) the minimal critical thickness 

of the film can be evaluated. The graph of eq. (1.17) for m=O, 1,2 

is shol'" in figure 1. 3. 

1. Z Field Distribution in the layers of the optical .~weguide. 

From equation (1. 9) 

B
Z 

= (KY -KY) 2iKY
2

h 
_2_1 e . Az 
(KY + KY) Z 1 

Again from equn. (1.1Z) 

B2 ~ KY + KY 
~ ___ 3 A

Z 
------------------------(1.19) 

KY- KY 
2 1 

Substituting this on equ. (1.2). 

El= A2',iK~Y + AZ (K~ + K~) e -iK~y 

(KY-KY) 
2 3 



11 .. 

-'if 
~~.- '" AI. 

Nultiplying by the complex conjugate 

'II E£- = 2A 
(KY i~3) (&~ cos KYy ~1 KY 2 ± ± sin y ) 2 2 2 

K·Li~ -2 3 
(Ku ± i~3) 2 

Taking the real part 

He Ef(~) [K~ COR K~y ± ~3 sin K~ y] --~--------(1.20a) 

Substituting the values of K~ and ~3' we have for the field distribution 

in the wave guide. 

"'JL 
He R:t cos '(~~-~~)~~ Sin(ko~n;-n;';fYl 

( 1.'2-01:) 
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Appiying the boundary conctltlon at the :inteYfa~:e y:::::O 

Il = A [1 1: K~ ± i1l3 ] 
1 2. [ ------ 1 

[ KY - i1l3] 2 

III (y) A2[1 ± KY + iB3] eB,Y E = 
z 2 -

[ 
] 

[ KY-ill ] 
2 , 

Multiplying by the eomplex conjugate 

2 
Kv ± -82 
2· :I 

Taking the rea~ part, 

---------- (1.21a) 

III - 2 2 ) B Y Re Eo. - (y) ~ 2.A-,(n2-nef1, e 3 
,- < ------------- (1.21b) 

Again applying the boundary condition at the interface 

-B h 
Al e 1 

==)A = 
1 

B It y 
± [eiKZh A

2
e 1 

KY+ 2- iB, 

KY 
'2 - ill3 

-iK
Y 

h 1 e 2 

-lKYh] 
" 2 

] 
1 
] 



:Fig.1.4 
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Table II ]'11" Transverse electric !i.~~~<l.J!Lstributiotl for 'J'E .• ____ 0 

model (m ~O) at 1\.:_"-. 0.6328 pm. 

m~ 0 

neff~ 1.51 li\~ 0 In :;.<:. 0 

hI;'. neff 
~ 1.55 n oCf ~ 0.1,4 eL = 1.59 

h/,,~ 
~ 0.81 hI,.,. = 2.38 

h '" 0.28 pm. 
h= 0.51 pm h ~ 1.50 pm. 

y EIIf ) z Y y EIIIe ) 
z Y y EIII (y) 

z 

-5 0.40A2 -2.0 0.OO04A2 -0.3 0.0l,A2 

-2 0.99A2 -1.0 0.0206A2 -0.2 0.07A2 

-1 1. 31,A
2 -0.5 ,O.145h2 -0.1 0.12A2 

-O.S 1. 55A2 
-0.4 0.21Ao 

I. 
-0.05 0.16A2 

-0.2 1. 70A2 --0.1 0.69A2 0 0.21A2 

0 L8IA2 
-8.05 a.84A2 y F.II (y) 

z 

y EII ( ) z Y 0.0 1. 02AJ. 0 0.21A2 

0 1. 81A2 Y EIIe ) z y O.'L 0.40A2 

0.05 1.~OA2 0.0 1.02A2 
0.1, 0.55 

0.10 1.86112 0.10 1.324"2 0.6 0.63 

0.10 1. 86AZ 0.10 1. 324A
2 0.8 0.63 

0.15 1. 69A2 0.15 1. 1{OA
2 1.0 0.55 

0.20 1.41A2 0.20 1. 43A2 1.1 0.49 

0.25 1.03A2 0.30 1. 31A2 1.2 0.40 

0.275 0.81A2 0.40 0.98"2 1.4 0.20 

0.28 0.76AZ 0.50 0.51A2 
1.1 .. 5 0.15 
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n I 
Y E (y;' Y E" (y) 
.. -.-.--~.~::!:=-~---~---~~--- ---~~ ~':.~----~.~~~-~-=.---~ 

-0.4 0.90A
2 0 1.80A2 0.87 -0.801.

2 

-0.3 1.07A2 0.1 1.86A2 0.90 -0.57 

-0.2 1. 27A2 0.2 loU 1.0 -0.19 

-0.1 1. SlA
2 0.3 0.59 1.5 -0.0007 

0.0 1.. 80A2 
0.1, -0.42 

O.S -0.1,2 
, 

0.6 ·L83 

0.8 -1.41 

0.85 -0.98 

0.S7 -0.80 



Rl (y) ~ A2 
z 

- 1.3 -

sin 

-JIl (y-h) 
)" l 

The graphs of llz(Y) for different neff are plotted and shOlm in fig.1.4 

The graphs show that a fraction of the propagating electric field is 

always transmitted outside the film. This fraction gro'Ts as neff =~> 
, 

n3 , that is when h ~=> crit, if 1\ = constant. 

In a non-magnetic merlium (i. e. 11 ~ /'0)' the time ave,'age of the 

pointing vectorl3 is 

< S > = < Ex -i'!:\J and we >mnt to find the X co",pone,,~ of ti,3 

pointing vector <S > 
x 

For T.E. case t;e get 

- ..... ,.... 
j E x II "'" i 

0 0 

H h 
X 

'it 
E e 

z 

0 y. 

Taking the magniturle only 

~ !<-ll . lUI> 
z· Y 

-ll n'i ± EH~ z y z x 

To find the y-component of 11'; from Haxt;ell' s equation 
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Tabl~~ 

EffecUve E'odeLJpdex as function oLh I " 
for 

~~_~T~ 

JI1>:..:0,1 , 7.. 

n eff hI 0 

1ll"'0 H~l ,n;'1. 

1.50 0.32 1.21 2.11 

1.51 0.44 1.38 2.33 

1.52 0.52 1.52 2.52 

1.53 0.60 1.67 '1..73 

1.54 0.70 1.85 3.00 

1.55 0.81 2.07 3.33 
, 

1.56 1.00 2.37 3.78 

1.57 1.19 2.81 !~ .I~3 

1.58 1.56 3.54 1,.1.2 

1. 59 2.38 5.18 LI.58 

1.592 2.71 5.8/, 

loS9/, 3.20 6.81 

1.596 4.01 8.1,3 

1.598 4.84 12.09 

1.5982 6.18 12.77 
" 

1. 5984 6.58 13.56 

1.5986 7.06 14.53 
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...... ""*- t (K:l-wt) Since E and H are proportional to e 

~ 
~H:, 

iKxE=-

..,. 
iK. 

1'0 (-tw) H, 
) 

--"" -<-K x E _ 

" .A- A­i j k 
k k 0 

x Y 

o 0 Ez 

Since !tis!l. plane wave 'propagating in XOY plane.k
z

:::O 

K x E '" K E 1-K E l' '" vow (H'i + H j) yz XZ I Z Y 

===> H ~ -K E 
Y _.-.1i Z 

row 

Hence < S > '" ! r:_ E . H > 
x "z Y 

The time factor is cancelled when the complex conjugate is taken so 

the average i" independent of time. 

< s > = 1K E E * ------------------- (1.Z4) x z z 

Equ. 1.24 decl'ibes pOl,er flo>! in OX direction at a specified Y-

coordinate. 

1. 3'1. Power in the thin film. 

,~ 

~KxA2A2 [ 1 + 1 + KY. 
2 iB3 ziKYy 

e 2 

pow 2 KY + 
2 iB3 

Y) 'KY 
.. ,(e -1 2 Y +K~ - iB3 

KY-
+ ? ill 

KY-iB 
2 3 

3 e2iK~ Y 1 

K~ + i'1>J 

----( 1. ZS) 

, 
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In order to calculate the integral power flow in the film let's 

integrate equ. (1.25) 

h 
pH = 5 <S;fy) ) dy. 

2pow 

0 

h y h y 
* l2 dy + S ~ e -il'.K2y dy] =KxA2A2 dy + J Re~iK2Y 

<> (> 0 

l-/here R ~ KY"iB 2 3 

KY + 2 iB) 

'" Y 
e KxA2A2 [2h + Rl e2iK2Y 

r , 
2pow 

:UKY 
2 

*' = KxA2A2 [2h +L (etiK~h .' 1) _ 1 (e "2.iK~h_ 1) 1 

21'0w 'KY 21 2 y RaiK2 

=K A A2 4KYkY y 
x 2 2 [2.h +_1_ ( -..U + 4iK2,B3 ) 

. 2..f10(J} UKY q~~l7- . KY2 + B2 .. 2 
Z 3 

pII -~,yf [2h + 2Bl 

'~ J pow,;a. Ki~+ Bi Ky2 + 'B 2 
2 3 

r+ Bl 
-"-" (1.26) ,\ 

+ B3 =) K A A 
x 2 2 

!(~(n~ - 2) K2 22] pow nl 0 (02-n ) 
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~ t' (21 b) th . for' EI
z
· IIy) . l'ram equa 10n . , e e:-<presslon ~ lS 

III E (y) 
z 

gIll ) 

" 

KxA2A~ 

~ K A [1+ KY {-x ·2 2 iB3 
----

t'ow2 BY -
2 iB) 

,,2B3y [1+1+K~+iB3 

"aB3y [ 2 + 2XY~2112 
2 3 

Ky2 2 
2 + B3 

1 
II Y 1< 

e 3 "2 
. II 

(1 + K~-iB3) e 3~ 

Y K2+iB3 

+ K~-iB3 --

-------------------------(1.27) 

. Ky2 • B2 row 2 .,. 3 

Integration through· the substrate gives 

= y2 '" 
KxKi "2A2 

r() 
J e

2B
3

Y dy 

-"'" 
K

y2 2 r .... ''l 2 + 113 



i 

Ky2 , n2 
t'·HX 2 ' 3 

1. 3. 3 

and <SI > x 

_" 2R"/'2A~ 
fLo uJ 

~ k 
---.2£ 

'" K x 

u 2 

F,1 
z 
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1 

Il
x 
z 

------------------··-··-(1.29) 

The integrl-tl pOP)"er £lm\l in the air is given by 

dy. 
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1 -------------- (1.30) 

The total power in the substrate, 

, 
~\( 

film and are 

" equations (1.26) (1.28) and (1.30). 

PI: =pI + pH -t- pIlI 

= K A2 
x 2 
--
pow 

Ky2 
2 

Bl (Ky2 
2 

rh +1-
L 1'>\ 

+ B2 
1 

2 2 . .(m2 -neff) 
+ 

) 2 2 B3(n2-n3 ) 

1.3.4. Normalized power flow calculations. 

K A2 222 
x 2 Ko(n2-neff 

UoW 2 2 2 
.-c- L lI'2Ko(n2-nl ) 

csii >;f; 
K A2 h+ 1 + 1 1 _x_2 

.S, . 133 

.-
is obtained by adding 

'" . 
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< S TIl > = 

[K h + 1 
o 

1 

= 

<SI~ = PIT 
= f+Bl 

Bl + 3 B3 j KAy N 1( 2 
PE ' 2 2 K2 

pow 
K (n - ) K2( 2_ 2) 

0 2 1 o n2 n3 

K.,}2 [h+ 1 +, --±... 
Bl B) 

_·_·_2_ 
~ow 

h+ k 2 2 ! 2 2 ! 
0 

(neff - n
1

) + Ko(neff-n3) 

K2 2 2 222 
0 

(n2-n
1 

Ko(n
2 

-n 3) ---- (1.33) 

h+ 1 + 1 

2 2 ~ K 2 I 2! 
~(neff-nl) a 

(neff-n
3

) 

. -it" 
The graphs fnr < SN > i = I, II, III dependeftt upon neff are shown 

at fig. 1. 5. 

TIle graphs show that total pnwer flow is concentr~ted in the 

substrate if l1eff-> 113, (that is when h --+ h edt, at ). = COl1st) 

or in the f illll, if neff -7 n2 (tha tis. whel1 h --+ 00, at ). = const.) 
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1.4 Plllnar analogues of bulk lenses 

In general bulk lenses can be regarded as optical elements 10Ihich 

are capable of forming converging (or diverging) spherical waves at~ 

their exit pupils. In planar optics we deal with. cylind .. rical waves 

instead of spherical waves. In both cases the phase velocity changes 

are essential for the lenses functioning. In bulk optics the phase 
, . 

velocity is a function of the bulk refrative index of the medium where 

the. light propagates. 

In planar optics, as it follows from the dispersion equation (1.17) 

phase velocity is a function of all the bulk refractive indices of the 

media which constitute the optlcal wllvegutde and besides that it is 

a function of the film thickness. 

It means that planar optics has got one more possibility in the realizatiol 

of lenses, that is/by proper shaping the thickness h of the waveguiding 

film. 

Now let us pass to the description of planar analogues of bulk 

lenses of various types and finally to unique planar lenses, specific 

only for planar op~icS. 

1.4.1 Fresnel diffration lens 

In the Fresnel diffraction lens known j Yl bulk optics part of the 

diffracted light is used to produce the phenomena of focusing. This 

part of the light is chosen frOln the total difracted light according 
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to a special rule by means of the mask'nhown in figure 1.(, 

The shaded areas of the mask "re covering Lhat part of t.he light 

that would interfere destructively at the foea·I point P. 

r' 3 

p 

Fig.l.6 Diagram of' FrBsnel zones. formation 

This can be 1'eadily Ul"Iderstood [9).,by referring to figure 1.6 

in which 1'1 is shown as the ,:adius that makes BIP-AP~BIP-F= •. ~ 
2 

where F is the focal distance of the lens. Radiation reaching P fron 

pOints beyond 6
1 

will be more than half a cycle oout of phase with til 

axial radiation and therefore will interfere destructivelY with it. 

thus reducing the radiaton at P. ~Je must go to point B2 before 

positive contributions are again obtained, where (B2P-F) equals the 

wavelength. Therefore this par.t of the radiation is obstructed by a 

nontransparent shiled B2B2' 

_~ t_, 

Clearly, circles with radii rlrZ' ...• will divide the plane 

of the diaphragm into zones called Fresnel ..zones, such that con-

tributions Within each zone will differ by no more than half a 

cycle in phase. The radii of the circles that form the Fresnel Zones 

are readily found by applying the Pyth~florean theorem to Ule triangle 

APB l shown in figure 1.6. 



This yields 

r2 + f2 C (f + nA)2-------··-··-··----------(l.34) 
n 2 

f2+f1\ - f2+?--"2 ~ fiR 
4 

r ~ 

I 

r
2
= f2+ j\2+2fA - f27=-r(2f/I- ={2 {fil 

As the light waves pass through the apertures they are 

diffracted and focused at the focal point. Since only half of the 

light is diffracted in the direction to the optical a~is and since 

only half of that part is used for focusing the efficiency of such 

absorbing Fresnel lens is not exceeding 25%. 

r_,,~ ___ -~==zr 
, 

I .~ 

, , 
\ 

Fig. t." non-absorbing phase shift Fresnel lens structure. 

An alternative type of Fresnel lens is shOlm in figure 1. 7. 

Lenses with spherical surfaces can become qujte bulky, especiallY 

when the diameter is large and e~cHeds the radius of curvature; 

but, because refract ton takes place only at the surfaces, plane parallel 

annular slabs can be removed from the lens .Ii thout seriously imparing 

its function. After this removal the remaining annular segments can 

be telescoped to make them roughly coplanar and to yield a far lighter 

Fresnel lens as shown in figure 1./. 



Berun FU.ln B 

Substrate 

~) 3-d side view 

Film 

j<'ilm A 

;. t:::_-. __ 

b) 2-d top view 

Fig.l.B Planar non-absorbing ph!l.se shift Fresnel lens 

preparod on the basis of two film optical wavegui6 
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In this lens light from all F-resneJ. zones intefere con~ 

structively at the -Local puint P. This is 8.chieved by introducing a 

phase shift equal to 1\ in 211 the eVe., Fresnel zones. Since there 

is no absorption the efficiency of this lens is upto 50% 

Planar Fresnel Lens 

The latter type of Fresnel lens is advantageous to be realized 

in integrated optics formaL A relevant design is shown in figure L8. 

The position and transverse size of segments of additional film B 

displaced on the surface of the original wavegtJiding film A are chosen 

according to the specification of Fresnel zones, 

ri= ~-;-~' x V. i~1,2,3, .. ,- ----------(1.35) 

!!eff 
The longitud·u".l size L and the thickness H of these segments 

are chosen accOl;ding to the dispersion equation so as to produce a 

phase shift equal to 7r for a \4aveguided mode. 

---------------------(1 .. 36) 

Fresnel lenses have the £olloHing drm,backs. 

i) only upto 50% of the passing light can be focused 

ii) the aperture of the beam to be focused cannot be large since 

the size of Fresnel's zones is becoming too small at the 

periphery of the lens and cannot be manufactured with 

relevant accuracy, usually 

r·+ l -1:·= f ~ 
1 1 II 

neff 

iii) The efficiency is sensitive to the variation of the ine 

Hidth to space .. idth ratio obtained in the lithographic 

process. [101 



Subs tl'a to 

a)Cl'osa-soctionil.l view and zig-zag model 

b) 3-d s ide vim! 

e) 2-ci top vifJ'N' 



d) Ligh t tl' !lekl! in Ill' thin -1.' ;1.1.-"1 J,Oil[~" t"kcn from 
Scie ntific AmG~'iCiin JOVl.'lHll 1 

0) Refraction in a thin-film prism" (Se. Amb J~~ 
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The~~-:';;:i.ty [11 J o~ the wave I" forward direction of travel 
;~ 

in a thin-film wa'mguide depends besides n. j~1,2,3, on the thick­
J, 

ness of the film; the velocity is hIgher in a thinner film and lower 

in a thicker film. A thinner filJn can be joined to a thicker one by 

a tapered section. If th" taper is gradual enough and covers a 

distance of many obtical wavelenceths, a light wave can propagate. 

from the thinner film into the thicker through the taper without boing 

scattered. 

A lens can be made in a thin-film wave,guide by depositing a 

uniform film on the substrate and then adding another layer on top of 

the first through,a mask with a circular opening. Since the light 

wave propagates more slowly tl!rough the tMcker lens than through the 

thinner film surrounding it, it is refracted as it enters or leave the 

lens in precisely the same way it "ould be if it were going through 

an ordinary bulk lens. As a result the circular portion of the thin-

film wave guide constitutes a thin-film lens. See fig. 1.9. The 

advantage of these lenses is that they are very small and simple to 

make; hence many of them can be formed sinulta neouslY,in a ,single 

step to produce planar optj <:>11 systems like a planar collimator, for 

example. Unfortunately tjlis type of lens the same aberrations as its 

3-d" analo'gue, that ''fs sphed,cal' aberration coma, and I-d. astigmatism. 

1.5 Unique Planar Lenses. 

1.5.1. Geodesic Lens. 

Consider a planar diel.lctric plate as an optical waveguide 

substrate. Prior to depositing the thih-film waveguide mnterial, a 

1;.1,., 



. < 

Guided 
befllll 

Fig.l.18 Geod0~lc lens 

-P,- • 

),-d side view. 

Planar . 
lHweguide 
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shallow spherical depression is drilled into the substrate. The 

,,1aveguide layer material (which has an index bigger than that of 

the sub"trate) Is deposietl with a uniform thickness everywhere on 

the substrate, including the region over the depresiol1. 1121 

For a beam of light coupled into this optical waveguide, this 

depression will act like a lens and tend to focus the beam in the 

plane of the waveguiding film. To understand this, consider a ray in 

the waveguide as it encounters the depression •. The "aveguiding 

properties of the deposited layer will keep the ray from jumping over 

the depression (especially if tlte edge is slightly rounded). Thus the 

jray enters the depression region. Its actual path may be ascertained 
~-~-. 

from a consideration of Fermat's principle(see eh. III). It t·urns out 

that the extremurn optical path is one that follows a geodasic ·line oval' 

the curved depression. Tllus, for spherical depressions, this is along 

an arc of a great circle. 

Now consider the projection of these paths in the plane of the 

waveguide. erne incident rays exhibit a change in direction at the 

entrance (and exit) of .the waveguide depression region. The behaviour 

of the projected rays is somewhat analogous to a t'ay plot of a 

meridional fan tl1r~gh n lens wherein an abrupt change in the direction 

of the rays occur at-the lens boundaries. In, bulk lenses, this ·bending 

occurs because of optical- path variations from one ray to the. next 

as aresult of a refractive index change. In the case of the waveguide 

depression 
0.( .... 

(or geodesic lens as they Acalled), tho index may be uniform 

and the optical path variation results from a change of the actual 
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geometrical path length encountered by ;:ay" entm:ing diffe1:ent 

parts of the depr",ss;on. 

The geodesic. lenses have th')follo\ling draHbacks. 

1) If the depression is of a Sl"'erical shapa, th'" lens has II 

sphe1'ical aben:ation, 

ii) It is impossible to make geodesic lanses \lith small F .. ~ 

numbers, (Where F is the focal distance, D is the apartur" 

of the beam to bo focused~ since it requires deep 

depressions of the substrate that occupy big areas on the 

surface of the Bubstrnt.a. 
-" 

1. 5.2 Chi rp-gratj1!B..J-~'!:.'!. 

The scattering of the electrofllaga"tic >IINes by the atoms in a 

lattice gives rise to a reinforced scattered \I[tV" when Bragg's r:Orl-

dition is satisfied; that is 

2d sin 

Where d is tho spoICh1g bebleen the planes Ilnd 0 is the lingle 

that the direction of propagation makes with the lattic planes. In 

other words for the reflected waves to interfere constructively the 

change in the pha:sil"ghift betl,een them mu~t be integer multiplo of 

2 T(. Therefore 

6 if' '< 2~C n 2d-sin 0 ~ 27t N Where N is an integer 

number. Hence 2d sin 0 Q~ -----------------(1.31) 
r. 

n refractive tndex of the IDodiu!1l. 



I----.---~--~.-,------------

.' 

~) 3rd Bide view 

Fig.l.ll Chirp-gl·!l.tlng lena structure. 

:., '. 
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'rhi8 type of lens takes th~ Hdvani:.ag8 or Bl'~gg diffraction 

on the phase grating pJ:epan,d :In the waveguide. 'llIe phase gTating 

is made in a form of parallel strips of the same or different 

material put on the upper sUTface of the original film, thus 

producing regular regions wlth increased effective refractive 

index. The light entering the region of the waveguide with periodic­

ally changing effective ,refractive i.ndex experie;:;c'es diff'raction 

described by Bragg I s la~1 

2d sin e = _~ 
neff 

------------- (1.38) 

;Ehe integer N is taken nqnal to, unity "ince for phase grating with 
.. -,~ 

sil)l1~oidal variations of 1Ieff the contribution of the orders of 

diffraction higher than the first are negligibly small [senior 

project] , 

The focusing effect is achieved throup,h simultmleously in-

versely changed d' and e as shown in f iguI'" 1.11, which at the snme 

time satisfy e~. (1. 3~). Since the phase diffraction grating is 

used upto 100% of the light can be focused. 

The disadvantage of this lens lies in its relatively small 

aperture, due to tec!1iihological difficulties in producing d les9 

than 0.2 rm for the optical range. 

1. 5.3. P1anat· Gradient lens. 

It is known [13) that fOr' beams which propagate in a 

single plane (say along OX in the XOZ plane, see fig 1.19 t.he law 

for the variation in the refractIve index n 



I~-· -- 7f fA... --------"'>/ 
2-,« 

_.,f> 

l"ig.l~13 Tho plnt19l' gradient lndel!: lona stl'ucture. 

_0.·,1.1 
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n(Z) n 
o 

cosh (Z/ ) --._- .... -.- ... -11.39) 
a 

where a = is a constant 

n ;;;:: is the non-gradient refractive "index of the medium at of o 

X<O. ensures focusing of a parallel beam of light at the ox 

Rxis at thG distance equal 

7'-"----!----')'r-----"--­
//1 

-+--+---1-~---~ --;./ ! 
/ 

~ I 
./ , 

--'3--/-+----'7/ 

(t:\) 

tofu 
2 

~~ 

( C ) 
Fig. 1.12 Focusing in gradient layered index media (a) and bulk 

refractive 'LV\t!eX distribution outside the lens (b) and inside 

the lens regiofl (c). 

Such focUSing phenomena takes place in natural conditions in the 

atmosp'her and in the ocean. 

The same approach is used in planar thin··film gradient lenses, 

where the waveguided light propagating in XOZ plane is focused as 

shown in fi3' 1.13. 

The principal difference lies only in the substitution of bulk 

refractive index in eq. (1.39) by its effective refract ice analog 

(neff used in planar optics. Of course, it should be taken into 
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consideration ~_hat 11 J£ d(:~pends upon the bulk refractive indices n } 
.1/))' 

11 2Jl 3 of the malp.t-ials used for the optical wavoguide and t_he 

thickness I. of the film, see fig. 1 .. 13. 

The required variations in neff in principle can b~~ achieved 

through changes introduced in one of the bulk refractive indices 

n
1

, n
2

, or 'VlJ,' This can be dOlle by, a gl'at!ual change in the ehemical 

composi Uon or struet.ure of the material. [14 J by add Lng diffused 

dopants for example by ion implanation [lSJ. 

Letts estimate the requirements for the bulk index gradients 

for a planar gradient index lens with 

lit,..L ~ 1 em and X .- 1 cm. 
2 max 

First He use eq.(1<5'Vto find the required gradient of 

1 
2 

Cosh (11') 
a 

sinh i~) 1 ------(1.40) 
a 

Substitution of teh above mentione.d conditions gives! 

-1 
0.571, n em. 

°eff 
0.861 1/ ,?<. em 

Next let's treat the dispersion equation of the optical wave-

guide as a generalized function: 

) ~ 0 ---(1.43) 

Then according to the rules of differential calculus I<e 

get 

a£ + OF 'd geff ~ 0 

~nl 8 neff '2> n 1 ---- --- (1. /.2) 

C()J + Q F K J neff 0 

~'n2 o Ileff '() n
2 
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'a F + of' Cl'\,ff 0 

a n 1 iJ ''<'ff d n
1 

Using eq. (I,) ,"'e can find the corresponding derivatives: 

elFi 
'0 n, 

- J 

<rF 
Oneff 

where j = 1,2,1 -----(1.43) 

Direct calculation (see appendix II!'), brings us to t.he formulas. 

[19 J 

Cl neff 

The g. raph at fig. l.l~ show how a '",-"ff 
on. 

depend upon 

neff' From fig. 1.2.l~ it is clear that ~~ximum. 

values of aneff are of the order of 1. Therefore (A neff )'X./J n j 

Onj 

is of 

From experimental dat~ [ 1.'.> J it is known thatA" 
max 

0.29. Direct calculation through formula (1.~O) indicates 
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that such index gradien1 can result in ler)ses wil}l a focal distance 

n()t less than 10 em. 

I 

.~. 

Fig. 1.14. 

Dependence of it
eff 

upon changes introduced in the refract i ve index 

of the surrounding medium (j = 1) of the film (j = 2), of the 

subst rat.e (j ~3). 

Fig. 1.15 General set up for a Luneburg 

Originally Luneburg lenses were designed for a microwave rang 

with wavelength of the order of 3 cm. and were used as scanning 

antennas. In general a Luneburg lens is a variable-index spherically 

symmetric refracting struct.ure that will form perfect geometrical 

images of two given concentric spheres on each ot.her see fig. 1.15. 
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One of the spheres may be of infinite radius, in which case 

Lhe lens will perfectly focus a paralell beam of rays see, fig. 

1.11. 

Fib. 1.16 Classical Luneburg lens nCr) ~ 2 \ 
= n 2-r 

o -­
R2 

operating wit 

Lnneburg [17] derived an integral equation for the sunrnetcric 

index profiles and so~ved it explicitly for the case of focusing a 

parallel beam to an image surface coincident with the lens, see-

fig. 1.1.6. Such typed of lens received a name classical Lunehurg 

lens and its refractive index distribution is given by 
_-- 1 ' 

nCr) = noJ 2 - (r I
R
/---------·-----------(1.4S) 

Where H- is the yadius of the lens 

n - the l-efractive index of the surrounding mediwll. 
a 

By "generalized" Luneburg lens we refer to those that give a 

perfect image of an infinite object at the spherical surfaces 

located at distances greater than one lens_ radius from the center of 

the lens, see fig. 1.17 

A spherically symmetric index distribution in this case 

satisfies the integral equation [18) 
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.• 

Fig. 1.17 

Generalized Luneburg lens Rl >R,R
2

= 00 

N(r) 

l'lhere r =. 

..... (p, s) 
n e 

a 

r. n(r) 

R n 
a 

(1. 46) 

and w(p,s) = ..J. S1 
1t(:' 

arcsin (x/s) dx -------------- (1.47) 

and S = f 
R 

( 2 2)! x -p 

f =R focal distance measured from the cent.er 
1 

of the lens. 

For the case S = 1 (classical Luneburg lens) the above integral may 

be evaluated in closed form. (see Appendix IV) 

11l,[:~-7' -------------(1.48) 

Therefore, substituting the result from (1. 48) to formula (1. 46), 

\<e obtain t.he classical result eq. (1. 45) . 

For generaljzed Luneburg lenses (s> 1) we must deal with the 

integral in eq. (1.47) directly and it will be done lately in 

chap. 3. 

It is important to underline that Luneburg lenses require the 

linear gradient of the refractive index of the order 
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n 
o 

----(1.1,9) 

In the cellt(~r of the lens, where r .:: 0 '\o1e get [) n == 0, but at 
ar 

the edge of the lens .,here r ~ R, we obtain the maximum required 

value of the gradient o!:' = 
or 

n 
o 

R 

For practical use, where R 1 cm it means that the linear 

-1 
g"adient of refractive index must amount upto 1 em. Materials , .. ith 

such high index gradient do not exist nowadays in the optical 

range and therefore perfect imaging properties of Luneburg lens 

cannot be realized in bulk optics. 

On the other hand in integrated planar optics where we 

operate with effective index of refraction which is among other a 

function of thi ckness of the film (see eq. 1.17). Such high linear 

gradients can be realized. 

Paraticular interest in generalized Luneburg lens with its 

absolut.ely perfect focusing properties has arisen in integrated 

optics for application to [19}) Fourier transform signal-processing 

functions see fig. 1.18. 

Sununary 

1. The dispersion equation for TE modes is derived. The critical 

thickness value is obtaine{: It is shown that "aveguided 

modes exist for n
l

, n3 < n
eff

( n
2 

and that for symmetrical 

case n :~> n "e have h . ~~> O. 
1 3 en t 
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2. Field distributions of TE modes are found. It: is shown that 

at any ~alue of neff part of the elect)"i(! and magnetic fields 

penetrate beyond the boundaries of the film. 

3. Power flow in the opt ical "aveguide is assessed. It is sho!", 

that at any value of neff part of the. power flow is taking 

place beyond the boundaries of the film. 

4. All types of existing planar lenses are critically analyzed. 

It is shown that planar generalized Luneburg lenses are one 

of the most advantageous for applications in integrated optical 

circuits. 
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CHAPTER TWO 

Cdtical analysis of the existing ray tracing .'!lethod 

fot' generalized Lunebur~ lenses. 

2.1. Gt'adient-index ray trace 

The method described here was suggested first by 

L. Montagnino [151 and modified and applied to the planar 

Luneburg lens problem by W. H. Southwell [161 

X 

"(5 ----~------------~ -a 
Fig. 2.1 Ray .!)a~h .. 9~cimetry showing ray position vector--r 

and the unit ray vector .~, tangent to the path. 

Consider the ray path shown in fig. 2.1. The 

position vector -r is described in a coordinate system with its 

origin at the center of surnmet'y "0" of the index profile . .. .. .... 
r = Xi + ZK ------------------(2.1) 

The direction of tha ray at a gi\(en point is given by the 

instantaneous tangent to the trajectory at that point and is specified 

by the ray vectorS defined as: 

S '" lim b.'7 
/::.S"'O /) S 

----------(2.2) 

Where scalar D, S is the distance along the tt'ajectot'y 

between two neighbouring points; t;, -; is the displacement vector 

and IX, 0 - are so called the direction cosines of the ray. 
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Suppose \'Ie know the initial position (/Xo' 20) 
and direction (O(Q)Oo r at one point in space. 1'0 

find the position in a close neighbourhood, I>m expand 

.... -. r=r (s) in a 'l'aylor' s series about the known point. 

The argwnent s is the scalar distance along the ray 

trajectory. 

tIS. +,6S) = r (So) + d-r/ 
ds 

[\S + 

("<,.':5 : 

t !i
2r / (?ls)"L+" 

ds Is~~o 

The first derivative dt 
iB 

--- . is the ray vector$ltself, 

The second derivative is the so-called curvature 
..-

vector X: 

K = d 2t = d (dr) '" d (S) 
-2 
ds ds ds ds 

-------(2.4) 

Thus expansion (2.3) may be written as 

.... 
Similarly I>le can expand the ray vector 5 about 

the same known point: 

+dt/fJ'.s+t «l2r /. (ilS)2 

dS/S=S ds S=s. 

+ .•. 

o 

~ (d ~)' • (t> s ) 2 + .•• 
ds ds s=so 

dK I (.liS) 2 

ds S=S 
o 

------_.- (2.6) 

The required derivatives are obtained from the dif-

ferential equation for the ray position in a gradient-

index medium. 



ds ds 

where"n 
/'­

cl..1l i + 
\}x 
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--------- ( 2.7) 

~ ~ ------------- (2.8) 
()z 

is the index gradient. 

Expansion of eq. (2.7) gives 

dn dl' + 

ds ds 

dn S + 
..... -.. 

nK = V n 
ds 

...,. 
K = (iln-dns) L--------------2.9) 

ds n 

Making lise of the index distribution n = n(r); 

On the othe1' hand -;= -;( S) 

Hence n =n( r( s» 

Therefore 

dn = dn dO; ~ .. 
= dn. 6 -------------(2.tl - ->.' 

Where 

Hence 

ds dt ds 

dn = (q n) (di) 

dn = ~n dx + ~dz 
'<Ix 'e-z 

-> 
dn = Vn 
dr 

dt 

= (() n 1+ Gl n 'K ) (dx'l- + { 
ax 'i>z 

and dn~ n.'1" - - - - -- - - -. - -. - - - - -. - - - - - - -- - - (2. ll) 
ds 

Substituting eq. (2.11) in eq. (2.9) gives 
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_~ -,}I> -.,. ~ ~ 

K 1 [\1n-('7'n.S). S] .-.--------·-.----(2.12) 

n 

.-, 
Before obtaining the last required derivative dK we rewrite 

ds 
eq. (2.12) making use of the s~runetry in 

That is 

~ 
=~ 

dr r 

(dn 1: '. -;) . tl 
dr r 

~ 1dn [i- Ct. S') • S'J 
n.r dr 

-+ ....zr -i'\ -.. 
= f(r) [r-(r.s).sl 

Where -f( r)=..1. dn 
n.r dr 

Differentiating eq . (2.13) l,e have 

..... 
d? dK = ..Qf(r) [ ..... (~~ -+ r- r.s).sl + - ds dS ~-

~] 
[f d7 (it df'" -'" -I- sl-;) 

-+ ... ...p Js . s-(y;S)_ f(r) 
or ds 

Since fu) = Vf(r) = 

-.. 
dK = 
ds 

Or 
df(r) "t.dr 

dr r ds 

-;,"'t 

df(r) 
dr 

ds 

~ 
r 
r 

s + r. 
ds e/S 



1 
r 

M(r) r.s 
~ 
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[r-(r.~).g] 

fer) [r.k).s + (r.s).k] +f(r) [s-(s.s).s]----(2.14) 

+ fer) [s-(s.s).s] --------(2.14) 

The last term in eq. (2.14) obviously results in ZERO. 

The ray tracing algoritlun, therefore, is as fo11013s. 

1) From the known position (x o, zo) and direction cosines 

and given index value nero) and its gradient dn / r 
dr 

evaluate the curvature K and the second derivative ~2n I _ ct ra. r-r 0 

using eq. (2.13) and its darivative usingeq.(2.l4) at this given 

point. 

2) Select an incremental step sizejlS and evaluate the new position 

r(so +6 s) and new direction ~so+tl s) from eq. (2.3) and (2.6) 

3) Consiering -our new position and direction as known, go back to 

step number one and repeat the sequence until the exit surface is 

reached. 

2.2. Exit Boundary Location 

It is necessary to consider the problem of precisely locating 

the ray position as it exits the lens region. For computational 

efficiency, the step size s is large compared to the required ray 

tracing tolerances. Thus, an interpolation is requirea once the ray 

has stepped outside the lens. 
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The procedure taken for locating the edge is as follows. 

We first define the function F, 

F 
2 2 = R-r --------------------(2.15) 

2 2 2 Where R is the lens radius and r =x + z as determined by 

the ray position. By consideraing the last point inside the lens as 

the base point, we see thatlt becomes a function of the step size 

As. The function F then may be considered a function of As, 

F= F(LlS). The problem of locating the edge in then solved by find-

ing the rootlls that makes F(~S) = O. This may be done using 

Newton's method, 

(~S)~(.t\S)o-F/dF I 
e d(As) As: So 

-------- (2.16) 

Since the functional dependence of l' on A S is given through 

eq. (2.3), we have 

~ 4' -!>--,. 
- 2r . dr - - 2".s' ------------ .. ----- (2 .. 17) 

d(A s) 

Initially (tj s). = 0 at our base point inside the lens and the 

derivative in eq. (2.16) has already been evaluated. It is thus a 

simple matter to apply eq. (2.16) until I F I < 10-8 or some pre­

cribed small quantity. 

We have now established the general procedure for ray tracing 

through the waveguide lens. But we have not, as yet, specified a 

value for the step size AS. To do this, let us return to a dis-

cuss ion of the convergence properties of the above ray-tracing 

algorithm. 



There are t"10 factors to be considered Hhen determining a 

value for the step size6.s. They are comput.ing time and accuracy.-

It is important to know the accuracy of the ray heights as they 

leave the lenses. If the rays are being plotted and visual ac-

curacy is sufficient, then the step size is easily detel~ined. 

The ray trace may be repeated, each time reducing the step size 

a factor of 2, until no changes are visible on the plot. 

However, when tracing diffraction - limited systems, it is 

necessary to have confidence that the ray trace will provide an 

exit height aCCU1'ate to some fraction of a wavelength. They may 

require an extremely small step size (less than 1 r.for 

?\= 0.6328 r))and, consequently, long computing time. Therefore, 

the following extrapolation technique for achieving the desired 

accuracy with r.easonable step sizes is suggested. [l6j 

For simplicity, let h = S be the step size. Consider the 

ray exit height y as a function of the (small) step size h, x=)t(h). 

The problem is to estimate the value of y for the limit as h 

approaches zero. -This suggests a Taylor I s dexpansion: 

x(h) = X(O) + dx h+!~2x h2+ ----------------(2.18) 
dh dh2 

If h is assumed to be small enough that the first three terms of the 

expansion suffice, then one may pick an 11, trace the ray, and determl 

x(ll) = Xl' But there are three unknowns in eq. (2.18). Thus, two 

more ray traces are done, each time reducing h by a factor of 2, to gj 

X2 and x3' This gives the set of linear equations: 
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Xl = a
1 

+ a2h + i3h2 

~ a
1

+ 1 1 2 x2 ~a2h+-a3h 

" 

_______________________ (2.19) 

In matrix notation, 
X ~Ha ______________ ~ ____________________ (2.20) 

which has a solution 

-1 a = H X = _______________________________ (2.21) 

where the matrix H is 

H = 1 h h2 

1 !h 1 h2 ------------------(2.22) 
4 

1 1h 16h2 

4 

If it is chosen that h - 0.025 rm, then 

1 
3 

-2 8 
3 

-80 400 _320 -------------(2.23) 

-12800 

The solution for ~1' which is the desired estimate x(O), is 

& = ± x
l
-2x

2 
+ ~ &3 --------------(2.24) 

.3 3 

Equation (2.24) is the extrapolation formula. Note that it 

is a weighted mean of three ray-traced values and that the sum· of tt. 

weights is unity. FurthellmOre, it turms out that these weighting 

f~ctors are validity of eq. (2.24), of course depends on h being 

small enough such that the expansion (2.18) is valid. 



Z ./,. . Phase-front Calculation,. 

Hamilton's optics theory states that the exit coordinate X 

on the boundary of the lens region is related to the Hamilton's 

angle characteristic function as 

X = -aT -------------------------------~(Z.Z5) 

as 
\'rhere & is the exit angle and· 

tr 
T (6) = J nds -------~-------------·(Z.Z6) 

9-. 
see fig. 3.3. 

The angular characteristic function T(e) represents the 

optical path length along the ray trajectory through the system 

described by the Coordinate on· the ent.l(o",mcc- pupil Xa , which 

definitely corresponds to the exit angle &. Hence the phase shift 

produced by the lens region only can be "ritten as 

ita) = T(e) zrr---------------------··--(z/'l7) 
)..0 

To utiliZe this theory it is assumed that T(e) may be expressed 

as a power ser ies~< 

----_ .. -"--- (2.Z8) 

Only even pm.ers of a are used since the phase front should be 

symmetrical with respect to the optical axis. 

To determine these coefficients it is' necessary to trace a 

number of rays and record the X. Coordinates at the exit pupil 
1 

(with exit boundary location problem included) and the exit angles ~. 
1 
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These data points are then fit in least squares fashion to 

the function. 

- X 
1 

-------------(2.29) 

and from a system of algebraic equations with Cl , C2 C3 unknown. 

The solution of this sytem gives the values for Cl , C2 C3 

which are then substituted to the eq. (2.27) and then to (2.26) to . 

produce the d~sired phase shift within the lens. '. 
The phase front distribution at the exit pupil can be thus written as 

---------------- (2.30) 

Wherel;a'?b are phase shifts exp91'ienced by the propagating light 

in between the.entrance pupil and lens, or the lens and the exit pupil 

respectively, see fig.~·3::and eq. (3.21), ego (3.22). 

The pupil function is given by the expression 

P '" exp. (i if ) ------------(2.31) 

Where~can'be expressed in the exit pupil coordinates 

Xb = R. [sin e + (l-CosS)., tan (9 + eol -----(2.32) 

It may be shown [231 that the square of the Fourier transform of 

P yields the irradiance diffraction pattern in the ·!ocal plane. 
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1. The advantage of this method is in its mathematical simplicity 

and clear physical background. 

2. On the other hand the method has a number of dIsadvantages. 

a) Computational complexity; ray tracing with diffraction -

4 limited accuracy requires up to 10 numbar of incremental 

steps for determining the coordinate on the exit pupil for 

each trajectory. 

b) Computation of the second derivative is required 

throughout the whole procedure. 

c) It is necessary to solve additional problem for the value of 

the final incremental step in order not to miss the point 

on the boundary of the lens where the ray exits the lens 

region* 

d) Extrapolation technique is required to reach sufficient 

accuracy with incremental steps of reasonable size. 

e) The claculation of phase front distribution at the exit pupil 

requires the .. ~olution of algebraic system of equations 

practically for each neW point of this distribution J Since. 

the procedure described in § 2.4 is ~nable to determine 

9? =f(xb ) with sufficient accuJ(dcy making use of only three 

points from the T (e) function. 



CHAPTER 3 

An Alternative Hethod of Ray Tracing in planar 

Generalized L uneburg lenses. 

~1 Fermat's Principle for. gradient index media with spherical symmetry. 

-~ Svkf:l"; cal5~ r;~CN.­
." W{.tA. poS Ihve. 

r.u ... \I a. +u. re. 

,,*-L-L.-_. __ - --------\ll> 

Fig. 3.1 Ray-trace figure. o JC 
Let us discuss this principle through making analysis of one part-

icular, but practically important case: the refractive index will be 

assllI11ed to have concentric snmmet.ry, that is n=n(r). 

where r is the radial distance from a fixed point O. With n as a 

function of r, i,t is nat.ural to introduce spherical coordinates 

(rJ Gl 4» relative t.o "0" as origion and with the main axis along 

OPo where Po is t.he starting point of the ray trace, figure 3.1. 

Fermat's principle stat.es that, for a light ray joining two 

points Po 

L ----------------------(3.1) 

Where ds is an element. of the trajectory of the ray, must be st.at.ionary 

relat.ive t.o infinitesimal variat.ions of t.he int.egration path joining 
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lnother words the integral eq.(3.1) has its minimum value 

when the integration path exactly coincides with the actual ray 

trajectory. 

In 1'l'herical coordinates the length of the element of the ray 

trajectory can be expressed as 

where dr is the change in r with 0 and constant 

and drS e rdB -----------c----------(5.3) 

and drlQ = rsin g dIP --------------- (3.4) 

Substituting eq. (3.3) and (3.4) in eq. (3.2) gives 

2 . 20 d,,~2 r SIn' (_' 

dr 
------------(3.5) 

Now Fermat's principle 

L ~ )rn(r) 
R. 

of eq. (3.1) can be expressed as 

l+r2(~~,2+ r 2s1n2
0 ~2112_---------(3.6) 

'dr) t dr 

Where Rand r denote initial and general values of the radial distance' 

see fig. 3. 1. 

The problem in eq. (3.6) represents a classical one in the 

claculus of variations. The solution of this problem is provided by 

the satisfaction of the '£uler equations. 

M ~ d O-f 'Of '" .L 'Of --------------------f3.7) 

~ drW 36 dr f~ 

F(6,tp , • • "2..- 2 2 26~2 (3'8') 
and Slip • r) = nCr) 1+ r e + r sin 

• • where e c dB and lP ~ dl" 
dr dr 
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From eq. (3.8) 1m have 

O-f ; ~ (n(r) {l+Je2 + r2sin~,~)2-; : 0 ------(3.9) ~. 

()~ o\f' 
Comparison of eq. (3.9) and eq. (3.7) gives 

d 1} f '" 
dr o~ 

o or oJ: = constant. ---------------(3.10) 

8lf? 
The result eq. (3.10) means that ~- is always constant along a ray. 

'vlf 
On the other hand, straight fort~ard from eq (3.8), we get 

Hore than that, since the choice of the OX direction is 

arbitrary and point p. can be situated on the OX axis, e =Tr and 

besides that it is possible that 0 = O. =1f if P coincides Hith Po, 

- 51 

therefore, it is possible that sin 0 '" O. It means that the constant 

in eq. (3.11) cann not be any othel' than zero. 

On the other hand, since eq. (3.ll) should also hold at any other 

value of a, then we have to admit that it would be possible if to 

• 
accept that'f vanish along any ray. 

~ = 0 ----------------(3.12) 

Equation (3.12) Hldicates that every ray leaving p. is a plane 

curve lying in a plane containing 0 p. 

For nonradia1 ray, because of eq. (3.12), we find from eq. 

(3.9). 

= 0; "ffF ~ nCr) 

W 
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Hence fro m eq. 3.7. 

" 0 and .~ f ~ con:,tant ~ e 
iB 

or n(r)r2~ = e-----------------------------(3.13) 

~~-r2e2 

where e is constant along the given ray with specified 

As it is seen from figure 3.2. 

tan r = tan ("{(- .y ) ~. 
~~. ... t /).$ 

= (r-dr)d6 ko.~(}i\I" ' c\Q-

dr -( -, 

fig. 3.3 ray trace figure 

*,is the angle betl,een the radius to the given point Pand the tangent 

line to the ray at this point. 

Thus equation (3.13) may be written as+ 

. 2, tJ 
n( r)r tan- '1- ," e 

~tan2'f r 
or e"' t nCr) . r sin2 \)( -------------------(3.15) 

Where t is used as ~j § 1\/2 respectively. 
,. 

The value of e can be found from the known values at the starting 

point Po. At this point eq. (3.15) becolnes. 

ee fn(R)R sin 'Yo --------------------(3.16) 

The differential equat_ion (3.13) can be solved in terms of 

a single quadrature by writing successively--

2 r 2'2' 
n r e = e,\ l+r {) 

n 2r 4e2 ~ e2r 2e2 ~ e 2 



( )
,\;--

• 2227,· 
rB n r -e 

-,..---1 

de 
r 2 2 2 

r_\jn r -e 
dr . 

de = e:... __ ~l_ 

- 53 -

(3.17) 

Eq. (3.17) gives the output angleS if the input angle E)., 

initial pOSition R, ini1:ia1 inclination'!". and the law n(r) are 

.R. 

e-

was taken from the 

1Lb, 

Fig. 3.4 Ray racing in [wneralized Luneburg lens.f , 

3.2. ~t's Principle in the generalize Lunebur~ lenses. 

Since r~' is the minimum point of the trajectory and at this 

point the trajectory is summetric, the integral of ego (3.17) is 

doubled by taking half of the ray trajectory. 
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~ 

That is a = 60 + 2e5 l~ __ d~l~' __ -- .. ----------(3.18) 

('K- r ~i(r)/-ei' 
The value of r+can be found from eq. (3.15) written asH 

-nCR) R sin,a. 

but ~ ~ 'f1i 2' thus 

= e 

1'* = n(R)R sin ~. 
n (Y"'I') 

." , '11ft 
= -ri( 1'*) l' st." 1 

(3.19) 

Note that only negative sign in,eq, (3.15) has physical sense (r*~ R) 

for Q. >~ Tf/2 . 

Suppose the incident light is in a form of a parallel beam 

propagating along OZ, and its phase at the entrance pupil 

(OXa-line) is zero everywhere, phase~f at the focus F can be 

calculated as the sum of the phase shifts. 

-- ------- (3.20) 

where 4?:e e j' Ko n( r )ds and ds is an element of the ray trajectory 

within the lens given by sq. (3.5). 

From fig. (3.3) 

CD = Cos (1'( - (6+6.) 1 ~ ~ = _-"C""D __ _ 

1;: Cos [l[ -(El + Qo)] 

)(b = - R(l'-cos e) ------------------~------­

Cos (6 + <11 

b = K. 11H ~b = KonH (-R(l-Cos 0» ---------------(3/21) 
Cos (& + ~ 
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2 2 2. 'J. 
ds ~ Hr (dB) + r 8ln e sill' dr p

-~---------------.-, 

dr dr 

but from some steps back in eq. (3.17) 

dG .. e 

idr r Jn
2
(r) 2 2 I 

r -e 
Sf 

S~) ds ~-Jl2l 
2 2 2 2 

r neff ( r)r -e 

dS~ neff dr 

2 22 
n f"( r)r -e e L 

dr 

Hence <PfL = 2Ko S ~ n ~f.f:., _( r:c:)-,r=dr==-__ - - -- - - - - - _ .. - (3. 23) 

r~ r;;:(r)r~e2 ' V neff\" 

-t· I 
j " 

~ 

sin (& + Eto ) sin (e-+ ao) 

;F.. , = 
~ KonHn[stn a + (I-cos a) tan (& + eo)] --------(3.24) 

sin (WOo) 

Where Xb ~ bG = BE-BC =-R sin a-CD tan rr,r-(e + aolJ 

'" R sin 0- + R (I-cos 9) tan (0 + Go) 
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The focal length f= ____ ~ __ _ 

tan[1t - (OtOo)J 

~ R[sin G t (l-Cos 6") tan (8+6 0 21 

-tan (6 t 6 0 ) 

If the lens is perfect f "ill be independent of O. 

i.e. f = Constant. 

Finally adding eq. (3.21) ---------(3.24) 

= ko n
H 

(-R(l-cos 6») + KonHR(l+Cos ( 0 ) 

~(fHe0 . 
t KonHR[ sin {) + (l-Cosu) tan (~+ 8-0 ) 

(3.25) 

--]lor a petiect lens1£ is a constant value indl'!pendent- of 6-0 ' 

3.3. Removal of S!l'gulari~oint. in the exit angle i.ntegral. . 

The integrnd in eq. (3.18) has a singularity pOint at the lower 

limit of integration when r = r*. In order to remove the singularity, 

let us do the folloldng. First the integral is resolved into two: 

Hhere ~ is a small value 

Now the singularity point is contained only by the first 

integral '-Ihich He will denote' as I. 
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Second,· let us resolvB the function n( r)1' into Taylor series 

around thQ point r ~ r* 

r=r* 

= a + (r-1'*) A-------------------(3.27) 

Where A = 2!:!ll)( 
dr 1'=r'" 

.r*+n(r*) 

Hence the integral I in eq. (3.26) can be written as·:. 

I= l~~r ~ f'1t_
r
=dr ___ _ 

r r{n(rh-e'F-;:;::,""'"-r- r~:,(rh~~ ~r~l ----(3.28) 

Third, let us perform an integration by parts taking 

U = J:rf6--;:dr==:::., 
,.... r ...[(r-'I")"1:. Jf; 

I 
r'\ b '"l.-- Itvc.fr,..., r 

= -{ ~ arctan ~ r.;:;.* r1< ::0 -tr><- I"""" 

du = dr 

= 1 

~ =n (=r="'=-i$::)=.=( r="'=+=D=)+=R=S 1=' n=e: 
1 

dV = -! 
':J Cn( r )r-eJ y~ 

( dn(r) r+ n(r)dr) 

dr 

Hence from eq. (3.28) we get 
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r*+5 

~j dr I 
,.* r I r: --, 

r~n(r)r-e ~(r-r*)A 

Substitution of the formula (3.29) into eq. (3.26) and finally into 

Formula (3.30) looks more complicated than eq. (3.18), however, the 

integrand in eq. (3.30) is well behaved and the integrals can be 

easily evaluated by nurnerical m~thods. 

In general only numerical methods are applied to this problem, 

since the function n(r) measured in expriment can be specified only in 

a form of a table. 
f ,_ 

Another more simple though less accurat" form of computing 

the integral I in eq. (3.26) can be susgested. Thi"s approach is based 

on the expansion in Taylor's series of the function n2(r) 2 
r • 

222.2 22 
n (r)r ~n (r><)r'" + (2n(r) ti~r) r +n (r)2r) I r-r* 

r=l'''' 
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~Ihere C = ,.,2+ 2( ") 2 -, .r' n rA ."(" 

= -2e/dn(r)1 .• r1'+n(r i')\ 
\. dr 1 r=r)'( I 

=-2eA 

now instead of eq. (3.28) we get 
r"'f& 

I=5 dr 
(~S 

A.I S dr 2 2 2 "T y~ rf (r)r -e 
~ --., "If- r~cr-cr* 

.. 17--;-- 1 r~ S 
arctan Y-£lr _rl'<) 

.~- 'It: ~ cr* (=- ( 

= 2 arctan ~ ------------------(3.32) 
{ifC-P 

Hence eq. (3.18) can be written as~ 

R 

'·~a.m"" ff' ( r{;;.fr)r'-ej-m----~-('-'31 e Jri)-z; 

Let us check the accuracy of formula (3.33) for the case of 

a classical Luneburg lens with refractive index distribution. 

In this case we get: 

r* 

dn 
dr 

= R {l+ cos e. 
= _ {f f c6s e: 

R-fi'::co,;-g-; 

,n(R)= 1 

A = -2 cos e. 
" c = -2R sin 29 0 
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A ~ ..:::..1-cos ep , c ;:;:,: ~ sil~ 2e o 

~ I-cos 0 0 I ~ I-cos 130 

Suppose ~ = tR, where 'i is small number, then eq. (3.33) we' get • 

.2.e1 = -2{SiTift;, . ~J i-cos 0:' 
-.[- cos eo -"11+ cos s:: 

The second integral in eq. (3.33) can be written in this 
case 

as ~ef 
r*+~ 

dr = arc sin (cos 13-0 ) -

-.(;===--""""'4;.'==-"2 V 
r,(4r~ r + 2r -e 

----(3.34) 

_c:tvt Stvt. 2i.+ cos ao~f+CoS9o 
2tcos 0 0 + Cos Goc{1 +~9; 

Finally eq. (3.33) for classical Luneberg lens can be 
written as: 

&= eo'''' 4 sin 60..!:Ji-cos eo arctan ~ + arc sin (cos 9
0

) _ 

Fin 2.9; .~1+ cos So ~ 1+ cos 9 0 

... arcsin 2~+ cos 6 0 -J-l+ cos 6: -----------(3.35) 

2 ?cos G; + Cos 9q "1 + cos Go,!, 

The results of calculations according to eq. (3.35) for 

t .. -4 -5 -6 10 ,10 ,10, are represnted in a graph in figure 3.5. 

From the graph it can be concluded 

1. The exit angle error grows fo1' a==>1t' , and e ==> if'2' 

2. By appropriate choice of Z,the accuracy can be put within 
diffraction -'limited performance. 

3. 
-5 

Typical value of ~is around 10 

3.4. Removal of Singularity point in the phase front integral. 

Phase shift produced by the lens is given by eq. (3.23) 

which contains a singularity point at r= r*. Therefore, let us 

divftde the integration range into two stibranges. 



I - II + II ------------------------~----(3.36) 
Where () is a small numbar.f ~ tR, "haret-is again small, and e= 
RSin Go=R.Cost<o and D(o..eo ->1iJ 2' No" th~ Singularity is contained 
in II' Let .. us: make use of eq. (3.27:) :m II' ~t'gives; 

Integrating by parts, wheTe 

du= rd:r:, ~ u~ 
r-r* 

V= n
20:.L 

n( r)r-e 

----------------------(3.37) 

.-;' 

-------------(3.38) 

------------(3.39) 

-----(3.40) 
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Finally II can be. ",ritt",1 as: 

"'~+ r' 
J.__ c· ~~:{E1~9];'_ .. _ ~ 
.fA' J,.* .J;~(;)~:~ 4~~r* 

~--------(3.4l) 

Although eq. (e.4) appears more complicate~)it is actually 

"well behaved" and may be easily evaluated numerically. 

Let us derive less complicated though also less accuratB 
~t-

expression for II' Substitution of eq. (3.31) in II give,,: 

I 2....--:' 
1= 2(e - ~cr"') 

~ 

r*+~ 

S dr 

1'* rJ;0 ,. 

r*+ r;-
a-retan {r-:r'~l +2 ~ 

..\-~;-. r* 
r* 

----------(3.42) 
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Once again from eq. (3.41) 

c= 2(n( r*)rf'r*dnl 

dr 
r=r~ 

=2e( r*dn I +n( r*) 
dr r,,-y* 

+ n(r*)r* . n(r*) 

--------------------(3.43) 

Let us check up the accuracy of eq. (3.42) and thus the 

accuracy of the basic formula eq. (3.37) using classical Luneburg 

lens with refractive index distribution. 

In this case 

r'~ '" R1l-sin !It~ ; n(r*) =~ini(. 

c = 4R sin ~~~-;;;:. 

R(1-4 si~ + 3 sin2 ~. 

2~ sin 1)(. (I-sin Il(.)' 

Finally eq. (3.42) may be written as: 
" 

.~ ::::::======::=-___ arctan . V- + Il~"R(l-4 sint)(., + 3 sin-
2 p<,,) ~q 

{Sin K. (1- sin Q(j 4 -~K. 

+ 4Rff {sin O!: 
1 

I-sin KG ---------------(3.44) 

Now let us pass to the calculation of the integral 12 in eq.(3.40) 
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R 

r (2-~}lhr dr .---------(3.45) 
J - \ 

. (-.r;( 2) 2 2 rR+o VI2-I- r-e 
R2 

Introducing new variable t = r2. r= -ft. r 3=t..Jt': dr= dt 

2ft 
the integral in eq. (3.44) can be written as: 

R2 R2 

2 S .Jt'dt - _1_ \' t Jfdt . 

(r*~)~·~. rA:.....L\t2T~t-e~ R2 J ~2.22ft'J\-...!....,~2+2t-e2 \ 
V~ kil . (r*+or ~'l.;. 

Where X= (-_1 __ ) t 2+2t-e2 

R2 

After a number of sinmplifications. 

1fT I "V I-sintX'.; + arc sin rr -2t0. -s i&o ) 
\.. sin b(. 7' 

--------(3.46) 



- 65 -

Substi tuting eq. (3.46) and eq. (3.41,) into eq. (3.1.0) and then 

into eq. (3.37) gives: 

if? (' koR fQ-4 sinO(o + 3 Si~~o) arctan \1£ + sin()(o + 
JSinOto (l-sint>',.) .!!) 1-8in/X. 

+ 6ft~inV::o ~l-sinD<. + arc sin(1: 2t:J1~SiI1ll(0~ 
. sin ()(o .~ 

The test value forcP tl.~attX. 0 = J1j can be calculated 
'C. 2 '.~ 

straight forward. 

R 

if t (~o =,\ = 2Ko{ ('l-ri '2 )dr~ koR(1+ 1ff) ------(3.48) 
R 2 

The sa~e result as in eq. (3.48) should also follow from 

eq. (3.47) and eq. (3 .• 36) at any arbitrary value of IX. according 

to the following. 

Comparison of results calculated through eq. (3.48) 

and eq. (3.49) can be seen from figure 3.6. 





The put-'put anglo BITar as '" functIon of the input angle O. for 

classical Luncburg lens taken at: diffel~orft proprot ions- of the 

integrals I1 and 12 in cq. (;$.35) 

When 7 = 10-4 

eo e 
o 

91 ~ 1.5882496 rad 1.593705394 
o 

95 =1.658062789 rad 1.658052126 
o 

105 ml.832595714 rad 1.832595014 
o 

120 =2.094395102 rad 2.094396072 
o 

135 32.35619449 rad 2.35619672 
o 

" 150 =2.617993878 ?..6179?7957 
o 

170 =2.967059728 2.967081114 
o 

175 -3.054326191 3.054387488 
o 

179 =3.124139361 3.124317353 

eo G(rad) 

0 

91 1.58821,5233 
0 

95 " 1. 658062508 
0 

175 3.054328136 
0 

179 3.12/,161104 

o 

179 3.124140065 

h. e- (rad) 

-5 rO.2 x 10 

-5 1.066 x10 _ 

0.07 x 10-5 

. -5 
-0.097 x 10 

-0.2082 x 10 -5 

. ~5 

-0.4()U x 10 

-2.14 x 10-5 

C)~ ).0-5 .on •. _, x 

-67.S " 10-5 

A O(rad) 
--------

0.44 x 10 -5 

0.028 x 10 -5 

-0.1945 10-5 
x " , 

-2.17 x 10 -5 

-7.043 x 10 -7 



8. e. C.,c..1 \ \) ('f~,) A& ('(cul) "-

~-~- -_.- - ~---~'--~--"""'~---~-

0 5 
91 1. 588249619 1. 583868349 454.42 x10 

0 

2.5 x 10-5 
105 1. 832595714 1.832570451 

0 >, -5 
120 2.094395102 2.094425622 -3.05 x :(0 

0 

-6.5 'x 10.5 
135 2.35619449 2.356259491 

0 -5 
150 2.617993878 2.61812411.9 -13.02 x 10 

0 

-66.53 x 10-5 
170 2.967059128 2.96773509 , 

0 . -5 
175 3.054326191 3.0StT215021. -l.!J8.881. xl0 

0 
> -5 

179 3.124139361 3.14~O90922 »1895.15 x 10 



~,~;-! ''C"'~''''''O~ ~~_, ____ _ 

GS ~ i~C-d(:'_ ~_O!~ :/ Lv. j,l:J: .:.~: lUi,tIe (,}o' 

exact'" 121629.5015 rad. 

t, .·1, 
tr" 10 

0 

91* 127622.1611. 7.34 
0 

95 127628.8158 0.6857 
0 

105 127629.3854 0.1161 
0 

120 127629.4737 0.0278 
o' 

135 127629.5504 -0.0489 
0 

150 127629.5907 -0.0892 
0 

170 127629.6864 -0.1849 
0 

175 127629.7651 -0.2631 
• 

0 

.,' 179 127630.0941, -0.5929 
~. 

\~.' 
:st~r=rT'~!'i"-==::I~~~::;:trr=a:~1i:::l:4-=~~ 

t .. 10-5 

~ <f.", £',+¥.t.. A?[ Crrut /_ 
91 127629.2698 0.2317 

0 

95 127629.4798 0.0217 
0 

105 127629.1,978 0.0037 

120 127629.5015 0.0000 

135 127629.5031 -0.0016 

150 127629.5043 -0.0028 
-~--~",-. 

170 127629.5075 -0.0060 

175 127629.5096 -0.0081 -
179 127629.5204 -0.0189 

to -3 
v'" 10 

o 
120 127628.6208 0.8807 

o 

135 127631.046 -1.54 
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From th" s}:aph it can ba concluded: 

1. The ph;) .. " ft'O;1t <'Trot' gr0\-19 as 6t~>I'Cflnd 0 0 ,,~> '\'/2 

> 2. By appropriate choie" of f.--.-thB accuracy can be put within 

diffract.ion ... limited performance. 

3. Typical value of is about 10-5 

3.5. An e:~l!erifsental slllnple of Luneburg lens. 

r 

L ... ~_~ __ . _________ ~·_· -~ 
Fig. 3.7, GC;leral dde view of Luneburg lens made of Ta

2
0

5 
film 

(n~2 .15) deposited on the gla£!!) Gubstrate (n~l. 51) and covered 

.by tldditiOMl pr.otoctive Pl1MA (organic gloss) film (n~1.49) which 

Is tapl'.r'Jd to. smalle,' thickness HO 0.'9 t'm.under the coupling and 

thl' d~coupHng prisms. 
>--

The "trllct.ure 8.nd mat.r:rials of tht> exruninod Luneburg lens 

and the whole set up is shown in figure 3.'-'. T0
2

0
5 

film used in the 

• -,.1,. 

sample 1.as obtlllY .. :id by cathode sputtering. The Luneburg lens region 

of the film was p~epared by additional ca~hode sputtering ofTs
2

0
S 

material thl'ough an a:tcr~inium mask of a conical shape. The protective 

coating of organic glass film was deposited by drawing from the 

solution. 
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Figures 3.8 ,. 3.11 describe light tracks of 'rEo mode 

at n 0.6328 ill'l in the desc1'ibed waveguide optical system. On all 

four photos the entrance pupil of the lens is on the lett side. 

Fig. 3.8-3.10 show how a na1'row beam p1'opagates through 

Luneburg lens region. Obsorve the smooth change of the directi,," of 

propagation at fig. 3.8 and 3.9 typical only fOJ; ,gradient effective 

index lenses. A bright point on the extreme ,right corresponds to the 

l.'eflection of the ray shown at fig. 3. - on the left side wall of the 

decoup1ing priSOn!. Its position indicates the transverse Xa 

c' coordinate at the beam at the entrance pupil of the Lunebul'g lens. 

Note that the lens region looks like concentric coloured ciroles 

being exposed to external non-monochromatic radie,tion. 

Fig. 3.11 IIllS prepared in the absence of external non-

monochromatic radiation, while a nan'ow beam w"" d~splac"d to several 

discrete posltions along the entrance pupil of the lens to de-

man strate focus ing phrmomena. The focal length of the lens 

, measured from the center is 12.1 rom, 10ns apert:ure 11.6 Iran, a re-

1ati ve aperture 1: 1. 043. 

A srnap1e tlf'th" Luneburg lens studied in this thesis was 

prepared in radiophysics laboratory of the ~eoples' Friendship 

University, Hog'cow [25]:-
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Summary 

1. Fermat f s princl!,l" for .'1' gellBraliz8d Lunehul'g case i.s 

formulated. An equ01:ion for n minimUffJ .~ut'r-ent J':adius value. is 

derived. SIngularity points in the integrands fo~' the exit 

angle and tho phase shift in the lens region are obtained. 

7.. TIW possible ways of the removal of the singularity points in 

the integrands are suggested. It is shown that the desired 

diffraction - limited performance is achieved by a proper 
, 

choice of a small parameter ~introduced in the method. Typical 

value of ~is 10-5 , 10-6 . 

3. An experimental sample of a planar generalized Luneburg lens is 

qualitatively tested. Photos of various tight tracks in the 

lens are attached. 

CON C L U S ION 

The study carried out in this thesis supports the concept of 

integrated opti,:s. It is shown that a single film op'tical waveguide 

constitutes a basic element for an integrated optical circuit. 

Thanks to the dependence of effective refractive index upon the 

thickness of the film, unique types of lenses (like generalized 

Luneburg lens, geo~~p,ic lens, chirp-grating lens) can be realized in 

integrated optics format. Particularly the Luneburg lenses are 

famous for their capabil}ty of absolutely pirfect imaging. These 

lenses are the key components of the planar optical spectral 

analyzers. 
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IImiever, fabrication tolerances may introduce deviation 

from perfect performance in Luneburg lenses. Tolerances may 

be expected in lndices of refraction of the substrate and of the film 

and particularly in the shape of the thickness profile of tho film 

in the Luneburg lens rogion. 

Ray-tracing method in such lenses developed in Chapter III 

of this theia may help in this case to: 

a) estimate permissible fabrication tolerances which still do not 

violate diffraction .. limited performance. 

b) >Predict the expected focal spot size of the Luneburg lens 

fabricated with given tol~rances. 

c) Estimate possible character and value of tolerances if the 

distribution of light in the focal plance is specified. 

The method is based on Fermst's princIple. Unfortunately 

the integrands contain singularity points which, however, can be 

overcome succes'sfully. thE! resulting formulas are approximate, 

but the desired accuracy can be easily reached by a proper choice of 

the value of a small parameter ~. 

• _1' 



Appendix I 

Derivation of sq. (1.12) 

" Taking the determinant of the above homogeneous equation and equating 

=-1 

it to zero give the eigen value equation. 

0 1 1 -1 

0 KY 
2 

-kY 
2 k Y 

3 

-Ki 
KY iKYh 

2
e 2 

Y -ikYh 
-K26 2 0 

-1 iKlh e ,. eiKIb 0 

-KY KY Y 
KY KY-0 0 K~ 0 2 3 3 2 

Y -iKYh 0 Y -ti(. Y iKYh -KY --K e 2 ;I; 1 -KY K~eiK2h n + 1 ,142e 1 2 1 

-iKYh iK Yh 0 -1 eiK~h 
-1 e 2 0 -1 e 2 

'=-l[k~(-Ki-K~)e-i~hl + 1 [k~(-Ki+K~)eiKJ~l + 

+ d'[_KY(_KY_KY)e-iK~h} - KY (-KY+ KY)eiK~hlt= 0 
~212 212) 

Y . Y 
~ (K~+ K~) (Ki+K~) e-iK?,.h -I- (K~-K~)(K~-Ki)eiK2h " 0 

~~>(KYtKY) e-2iK~ h 
1 2 

(r:i-K't) 

= 0 

-KY 
2 , 

Y -iKY 
-K

2
e 

-iKYh 
e 2 

0 
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+ .-",1 __ 

2 _ 2 
1+neff-n3 

2 Z­n
2

-n
eff 

1 
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A 

'dL 0 - ~\,W 21\ 

'O~ 

- 2 -

2 
n -

2 

.~~- + " /\ 

1 
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The number of reflection,; per unit l.ength that the lJ.ght 

From Goofl-Haonchen Analysis [26) the light ray penetrates (for 

a certain depth(5) into th" confinIng layers land 1, before it 

is reflected. 

Subs hra tEt 

For TE modes, it is given that at the boundaries 

x ~ 
i 

1 t~n e 
B. 

l. 

Ai .. the film-3u[wtrl!te i .. tm:faee 

I 

X 
~ 1 tan G .~ 

and cos 0 

At the 8ir- film boundary 
If 

X~ 1 tan -$i 



Apondix In 
-, 

Let;f ~ total distance travelloc\ in X· direction 
-~ 

from A to B. 

I " 
~ 2 IX + 2X + 2h tan B 

Hence the number of reflection N 

N~ ICE! ~ ;m!! . 
L 

Wehen we take 

n l '" 1L. 02 = 1.6, "3'" 1.5, neff= 1.51. 
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Appendix IV 

I The ,method of the solution was kindly suggested by Dr,~lal 'nev. I 

The given i ntegrJ 1 ha s the form 

( 4. 1 ) 

Let's introduce a new variable Z = x/p 
11 (lrcsin I(p) ~ -~---, dx= 

p ~r 

(~/-1 
p 

1/p, arcsin Z 
= I ---,-dZ 

I Z2_ 1 
(4.2) 

Simbol ically the integral (4.2) can be written as 

I ( p) = I P, f ( p , Z) 1&2", F ( p ,Z) I ,-- F ( D ! :c) /' 
1 Z=)p \, ''U-1 

= F(p,Z(p))1 1 -F(p,Z)1 
Z~ Z",l 

(4.3) 

p 

Notice that Z becomes a constant in the last term, but 

Z=Z(p) in the proceeding tenn. Differentiating eg(4.3) \'lith 

respect to p 

d I(p) = d (F(p,Z(p))1 ,1 - ~(F(p,Z))rl , 
~ f Or Z=~ dp Z= I 

"dFI + aF dZ \ 
Or Z,,). az Or Z,J 

- dF! 
Or Z=l 

p p 

=dFI -dFI +~l'"dZ! 
Or Z~ Up Z=l aT Or z=~ 

drip) "i(f(p,Z)dz)1 -9 (If(p,Z)dZ)+f(p,Z)dZI 
~ dp z=~ Or 'w z=~ 



//1' d (f(p,z) )dz 
- (Ill 

1 
~ I /p ~(f(p,z))d;: 

dp 

1 I P 
= 11 

zdz 

+ f(p,z)dZ.\ .l 
do z~p 

Let's use the substitl!tion z2= t t(\ evaluate the integral 

lip d(z2) 
1/ 7 p . dt 

~ J ~ I \ 
1 .' -

rr----·'·--'~ 
. 

p L z" + (1 +p 2) Z L J 
{ 

P V'(1+p2 )t. 1 

in 

From the table of indefinite integrals it is known (if a<O) 

that 

arcs i n 2ax+b . -.. _, 
l~-·~ 

bL 4ac 

Application of this result in formula (4.5) gives 

I; 2 . dt 2 211 I 2 
~f l P __ .', = H- 1) arcsin -2p t+1+p p rr:2--- - .,--.z--

_p t +(1+pZ)t.1 p l_p 1 

= _l.[arCSin(.l)-arCSin(+l)-\ = ~ 

eg.(4.4) 

(4.5) 

(4.6) 

(4.7) 

2p ~ 2p 

The result of eg.(4.7) can be achieved by Euler's substitution 

if to take the integral under discussion in a form 

(4.8) 



Euler's substitution is 

Squaring both sides 

(t-l) (1_p2t) " y2(t_1)2 

From eg. (4.9) we detenni ne the new 1 imits of the integra '\ 

if t= 1 , Y " '" 

t" 1 / p 2 , Y = 0 

Again from ego (4.9) we can express t as a function of y. 

1-p2t = y2(t~1) 

222 
-p t-y t ~ -y -1 

,2 

t " 1..1Y..7['" d!. " lp2;!1.:l2y- 2y(1+y2) 
p +y ) oy (P2 + y2) 2 

Using equations (4.10). (4 0 9) in (4.8). 

dt 
J 2-----

~ I /p r.. 
~ 1 ~t-1)(1-p2t) 

= t i 1-p2 )~-.:_,_ " 
o '(1+y1-pZ-j2)(p2+y2)2 

(y2+p2 ) 

= 1 I 
'" d (y/ p.) 

1 +y1./(>2 , 

" ;- arc tan *1'" =J 
o 

(4.9) 

(4.11) 



Using results of eg.(4.ll) or (4.7) in eg.(4.4) gives 

,~l(pJ. - n 
dp 2p 

In order to find the original integral e9.(4.1) we have to 

integrate eg.(4.12) with respect to p. 

d I ( p) = II (1 - 1 ) dp 
"2 P 'P/f:p2-

I(p) 

. Lets introduce a ne\'/ vari ab 1 e @L= 2. in el.' (4.13) • 

Thus p = 1 ,:in -:;. - ~ '<ivt O{ p 

K'T IA. 

I (,l() 
= If. f· J dE>( + J d IX. ] 

2 {)( ii!'Tl -:I{,;:;' =-- , 
!(. l~ I 

~ 

= 1f ~n \ 1 +/'1':;:--;-) 
2" p 

I (p) = Ian r;-,r~"7"::'" 
t ) tp2 

Now finally let's sUbstitute the result (4.14) in the 

(4.12) 

(4.13) 

(4.14) 
., 

equation for a sphel'ically symnetric index distribution n(r) 

that gives a pel'feet image of an inf·inite object (where p=r.n) 



I arcsip x . 
n (t') I fp 

_. __ ... - dx 
= exp I~?--~--;Z-n 

- exp (' .1.. X II 9. qr:r':::~-
n 1 + 1 2 _po 

r- .r:-~'--
~ . = 

1+1 1-p2 1 +1 1 2 2 -r n 

squaring both sides 

n2 = 1 +/1-r2-;;;-
, ' 

Again squaring both sides 

n'L 2n2+1 = 1-r2n? 

n'L{2-r2)n2 = 0 

n2-{2-r 2) ~ 0 

n = 12-r 

(4'.15) 


