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Abstract

This thesis which is entitled as ”Solutions of the Dirac Equation in the Presence of
a Uniform Back-ground Magnetic Field” tried to find exact solutions of the Dirac
equation under the assumption of some gauge conditions and taking the field as a
uniform field. Since theoretical evidences indicates that most of the bodies in our
universe posses a complicated magnetic field, we need to find the solutions of the
Dirac equation in the presence of this field, by assuming the field as being uniform.
To do this we began by considering the Dirac equation and we tried to find its exact

solution. To find the exact solutions, we used a gauge condition,
A= Ayi=—yBi

where B is the magnitude of the magnetic field. In addition some quantum mechanical
concepts was used. Once the Dirac equation is exactly solved, we can proceed to
calculate elementary particle decays and scattering cross-sections in the presence of a
magnetic field. In this thesis particularly we focussed on the nature of the solutions
of the Dirac equation in the presence of a uniform magnetic field and orthogonality

relations.
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Introduction

A successful relativistic wave equation was first obtained by the British physicist
P.A.M Dirac in 1928, who made a fundamental contribution to the early development
of both quantum mechanics and quantum electrodynamics. He formulated the Dirac
equation which describes the behavior of fermions and which led to the prediction of
the presence of anti mater. In the same way as the schrodinger equation can not be
derived from the classical mechanics because it is essentially new physics, any rela-
tivistic wave equation can only be guessed by the process of induction, and its truth

or other wise must be established by testing its consequence against experiment/[1].

Dirac went off to search for an equation that was consistent with special theory of
relativity and avoided the non-positive definiteness of probability density, p. An equa-
tion which is linear in time derivative that is no more p less than zero, an equation
that can reproduce the energy momentum relation and an equation which is rela-
tivistically covariant that is whose form is preserved under a lorentz boost are the

demands on an equation describing a relativistic theory of quantum mechanics|2].

The Dirac equation is a relativistic quantum mechanical wave equation formulated
by Paul Dirac, and provides a description of elementary spin —% particles, such as
electrons, consistence with the principle of both quantum mechanics and the theory

of special relativity. The equation also demands the existence of anti-particles and



actually predated their experimental discovery, making the discovery of the positron,
the anti particle of the electron, which is one of the greatest triumphs of modern

theoretical physics[3].

The classical relativistic relation E? = p?c? + m?c* expresses the square of the total
energy E of a free particle interims of the square of its momentum p. It follows that
there is no restriction on the sign of £ and the equation has a full set of solutions for
E less than —mc? as well as for E greater than mc? for the case of stationary state
and free particle. Classically the negative energies are rejected as being unpleasant
and there is no problem in particle as there is no mechanism for reaching the nega-
tive energy states from the positive ones. However, in the quantum mechanics case,
negative energy states could be reached by a discontinuous quantum transition, and

spontaneous transition to the states of even-lower energy might be expected[1].

A characteristic feature of the Dirac equation is that the spin of the particle is built
in to the theory from the beginning, and can not be added after wards as Pauli added
the electron spin to the schrodinger non relativistic equation. This feature provides
a useful gauge of the applicability of a particular equation to the description of a

particular kind of particle[4].



Out line of the thesis

The main purpose of this thesis is to find the solutions of the Dirac equation in the
presence of a uniform back-ground magnetic field in which the solutions have a great
contribution in the calculation of the scattering of particles in the presence of a very

strong magnetic field.

The first chapter of this thesis is devoted to the discussion of the concepts of magnetic
field. In addition magnetic vector potential, gauge conditions, spin matrices, some
astronomical objects with a very strong magnetic field as well as notations and con-
ventions are discussed. The next chapter, is devoted to the discussion of relativistic
wave equations, the Klein- Gordon(relativistic form of schrodinger equation) in which
its probability density is discussed and the Dirac equation and its consequences like
probability density, current density, continuity equation as well as the solutions of the

Dirac equation for a free particle are discussed.

The solutions of the Dirac equation for a particle in the presence of a uniform back
ground magnetic field is briefly discussed in chapter three. At last discussions and

conclusions are included.



Chapter 1

Introduction

1.1 Magnetic Field and its Origin in
the Universe

Magnetic fields are most frequently found in various length scales and various po-
sitions in our universe. The first ever magnetic field in the universe arose with in
370,000 years of the big bang, a new analysis suggests. The work relies on standard
physics, unlike some previous theories, and may shed light on how the very first star

grew|[5].

Relativity confined magnetic fields like those in the earth and sun are generated by
the turbulent mixing of conducting fluids in their cores. But large scale fields tangled
with in galaxies and clusters of galaxies are harder to explain by fluid mixing alone.
This is because most galaxies have rotated only a few dozen times since they formed.
Due to this the origin of the magnetic fields in the galaxies and in the cluster of
galaxies is unknown but most say in general one needs some initial, small magnetic
field. Some researchers have tried to explain the origin of this so called "seed” field
by invoking new physical mechanism-such as the coupling of electromagnetic fields

with exotic particles or gravity in the first instants after the Big Bang. There have



been many models in this direction, most of which relay on new physics, and therefore
not convincing. Now, researchers led by Kiyotomo chief of the national astronomical
observatory of Japan in Tokyo Have used standard physics to explain the seed field.
They say the field began before the first atom formed, when the universe was a hot
soup of protons, electrons and photons-a state that lasted for the first 370,000 after

the big bang.

Photons exert a pressure on electrons than protons and also scatter off electrons
more often. The researchers found that the difference in the movement of electrons
and protons generated a rotating electric current, which produces a magnetic field.
Magnetic fields in addition to gravity play a critical role in the formation process of
various objects and their dynamical evolution in the universe. The presence of the
magnetic field has an important consequence since the magnetic force can locally be

much greater than the gravitational force[5].

When we come to the average magnitude of the magnetic field of some objects in our
universe, the earth’s magnetic field which can deflect compass needles is, 0.6 gauss.
The magnetic field in a strong sun spot with dark magnetized area on the solar surface
is 100 gauss. The strongest sustained that is steady magnetic field achieved so far in
the laboratory which can be generated by huge electromagnets is 4.5 x 10° gauss. The
strongest man-made field ever achieved which can be made by using focused explosive
charges is 107 gauss. The strongest field ever detected on non neutron stars which can
be found in a strongly magnetized compact white dwarf stars is 10® gauss. Typical
surface polar magnetic fields of radio pulsars which are a familiar kind of spinning
neutron stars is ~ 10'2 — 10'® gauss, Magnetars which are soft gama repeaters, and

anomalous X-ray pulsars is 10 — 10'® gauss[5].



Physicists have not made fields stronger than 4.5 x 10° gauss in the lab because the

magnetic stress of such fields exceed the tensile strength of terrestrial materials[6].

1.2 Atoms in a Very Strong Magnetic Field

The strongest magnetic field that one can ever likely to encounter is 10* gauss if we
have a magnetic resonance imaging (MRI) scan for medical diagnosis. Such fields pose
no threat to ones health, hardly affecting the atoms in ones body. Fields in excess
of 10° gauss however, would be instantly lethal. Such fields strongly distort atoms,
compressing atomic electron clouds in to cigar shapes, thus rendering the chemistry
of life impossible. In fields much stronger than 10° gauss, atoms are compressed in to
thin needles. At 10'* gauss atomic needles have widths of one percent of their length

and hundreds of times thinner than un magnetized atoms[5].

1.3 Magnetic Vector Potential (A)

The vector potential provides a mathematical way of defining a magnetic field in
classical electromagnetism. It is not directly observable, only the field it describes may
be measured. If the magnetic vector potential is time-dependent, it also contributes

to the electric field.

Since the magnetic field is divergence free that is V.B = 0 (Gauss law for magnetism)
this guaranties that Ais fully specified by its divergence and curl, which is Helmholtz’s
theorem. Magnetic fields generated by steady and unsteady current satisfy

V.B = 0. This immediately allows to write,

—

B=VxA (1.3.1)



since the divergence of a curl is automatically zero, that is
VB=0=V.(VxA) =0

Eqn.(1.3.1) implies a magnetic vector potential is a three dimensional vector whose
curl is the magnetic field. The vector potential A is used extensively when study-
ing the lagrangian in classical mechanics and in quantum mechanics, such as the

schrodinger equation for charged particles or the Dirac equation.

1.4 Gauge Choice and Transformation

It should be noted that the above definition eqn.(1.3.1) does not define magnetic
vector potential uniquely because by definition, we can arbitrary add curl free com-
ponents to the magnetic potential with out changing the observed magnetic field.
Thus, their is a degree of freedom available when choosing A. This condition is
known as gauge invariance. According to eqn.(1.3.1) the magnetic field is invariant
under the transformation,

A A-VD (1.4.1)

In other words the vector potential is undetermined with in the gradient of a scalar

field.

The above equation, eqn.(1.4.1), is known as gauge transformation. The choice of a
particular function ® is refered to us a choice of the gauge. We are free to fix the
gauge to be what ever we like. The most sensible choice is the one which makes our

equation as simple as possible. The usual gauge for A is such that.
V.A=0 (1.4.2)

This particular choice is known as the coulomb gauge.



1.5 Convention for Magnetic Field and Magnetic
Vector Potential

1.5.1 Convention for Magnetic Field

To find the solutions of the Dirac equation in the presence of a uniform magnetic
field, we consider the field to be directed along the Z—axis so that the field always
be

B =Bz (1.5.1)

where Z is the unit vector along the Z— axis.
1.5.2 Convention for Magnetic Vector Potential

From the discussion of gauge condition, the vector potential can be chosen in many
equivalent ways, but the most sensible is the one which makes our equation simple.

So through out this thesis we take,
A= A,i=—yBi (1.5.2)

where ¢ is the unit vector along the X —axis.

1.6 Pauli Matrices

The pauli matrices are a set of three 2 x 2 complex Hermitian and unitary matrices.

Usually designated by &.They are

(0 1) (0 —@) (1 0 )
O = Oy = O, = (1.6.1)
1 0 1 0 0 —1

The names refers to Wolf gang Pauli, who suggested them.



1.6.1 Algebraic Properties

When we square the Pauli matrices we can get an identity matrix.

oi=o.=0.=1 (1.6.2)
The determinants and traces of the Pauli matrix are det(o;) = —1 and Tr(0;) = 0

respectively.where 1 = z,vy, 2

1.6.2 Commutation Relations

The pauli matrices obey the following commutation and anti commutation relations

as:

[O'Z‘,O'j] = Qieijkak (163)

and
{0i7 O'j} = 2Jij (164)
where ¢;5;, is the levi-Civita symbol, in which
+1 if(ijk)is an even permutation

ek = —1 if(ijk) is an odd permutation (1.6.5)

0 if any index is repeated

1 ife=y;
61']':
0 ifi+#j.

The above two relations eqn.(1.6.3) and eqn.(1.6.4) imply that

and ¢;; is the kroneker delta,

0;0j = 5@' +1 Zeijkak (166)
k



The above equation, eqn.(1.6.6), can be used to prove the relation

—,

(7.A)(3.B) = A.B+id.(A x B)

Where A and B are any two vectors or operators.

10

(1.6.7)



Chapter 2

Relativistic Wave Equations

In this chapter we extend the non-relativistic schrodinger wave equation,

L 0¥(r,t)
— = EU(rt
Zh at (T7 )

to the description of the motion of a particle with a speed approaching to that of
light. This extension can be made in many ways, each of which is consistent with the
lorentz transformation equations of the special theory of relativity. Here we consider
two relativistic equations, the scalar equation due to Klein-Gordon that describes a
particle with out spin, and the more complicated equation due to Dirac that describes

an electron.

In discussing these equations, we devote our attention mainly to the discussions that
can be made from them and do not attempt to establish their Lorentz invariance.
The invariance of the Dirac equation is inferred quite convincingly from its symmetry
between the space and time coordinate, that is on treating space and time on equal

footing.

11
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2.1 The Dirac Equation

It was thought historically that the non positive definiteness of p was a big problem.
Dirac went off to search for an equation that was consistent with theory of relativity

and had a positive definite probability density.

Dirac approach the problem of finding a relativistic wave equation by starting from
the hamiltonian form
ov

h—— = HW 2.1.1
ih— (2.1.1)

the classical relativistic hamiltonian for a free particle is the positive square root of
the relation

E? = p2 + m2c
However, if this is substituted in eqn.(2.2.1) and P is replaced by —iV, the resulting
wave equation is unsymmetrical with respect to space and time derivative, and hence
not relativistic. Dirac therefore modified the hamiltonian in such a way as to make

it linear in the space and time derivative.

2.1.1 Free Particle Equation

The simplest hamiltonian that is linear in the momentum and mass term can be

written as:

H = cd.P + pmc? (2.1.2)

Where & and 3 are quantities to be determined. Substituting in to eqn.(2.2.1) leads

to the wave equation

zh%—f = (ca.P + Bmc*)¥ (2.1.3)

= (—cihd.V + pmc*)¥ (2.1.4)
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We now consider the four quantities, a,, oy, o, and 3. If eqn.(2.2.4) is to describe a
free particle wave equation, there can be no terms in the Hamiltonian that depends
on the space coordinates or time. Instead the space and time derivatives appear only

in p and F and not in «; and (.

One can say more about «; and (3 by requiring that any solution of ¥ of eqn.(2.2.4)

also be a solution of Klein-Gordon equation,
o*w

AT

= —R*AVU + mictu (2.1.5)

However, the converse need not be true. This is a reasonable requirement since in
the absence of external field, the wave packet solutions of eqn.(2.2.4), whose motion

resembles those of classical particle must have the relativistic relation,
E? = p*c® + m2c (2.1.6)

In terms of operators eqn.(2.2.6) becomes,

82
—W ==V = —R*FVY + mPctU 2.1.
h(@t)Z h“c*V=¥ 4+ m-c (2.1.7)
In order to get eqn.(2.2.7) from eqn.(2.2.4) we consider
ih%z’h%\ﬁ = [—cihd@.V + pmc?|[—cihd.V + fmc*]¥
_ he, 0O 0 0 o he, 0 0 0 5
= [T(Oéx% + Oéya—y + Oéza) + ﬁmc ][T(Oéxa—x + Oéya—y + az&) + 677710 ]\Ij
which implies
Y E[cﬂa—\pa—\p+a a a_\I/a_\I/+a o a_qja_\p] +h—ca ﬁcha—\p
(0t @2 " 0x Ox Y 0x Oy 0 0z i Ox
N h*C? (o0 ov ov (o )28111 ov F o ov 8\11] hca ﬁmc2§\1}
i2 UV Oy Ox Y 0y Oy Y2 0y 0z i Y 0
+ ﬁ[a a ovov + oo ovov +a2a_\113_\p] + h—ca ﬁcha—\p
i2 "0z Ox Yoz oy 0z 0z i 0z
+ ﬁmcgE[ax ov ov + aza—qj] + [Bmc?)?
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7”1202[ , 020 Lol 0?w Lol 0*W 1+ h202[ n ] o}
e (6% « x T
2 gz T W ey T Y922 T 2 e T Whlgay
n FL262[ n ]62\Il+[ N ]82\I/+hc[ 448 ]0\11
— [0z O At NN z z a.9. - |Gz x|
i? VOl gpp, T Wl T Y 020y 1 “ lor
he ov ke ov 9 9.4
— —+ — — G
T leB A Bayl g+ Trlaf 4 Bacl 5+ Bimle
0*U ov 0?0 he ov
2 322 2 322 2,24
—h <8t)2 = —h°c [051%] — h“c [OZZO[]—FO@OZZ]M—FT[OZZﬁ—FﬁO{Z]% —f—ﬁ m-c ¥
(2.1.8)
Comparing eqn.(2.2.8) with eqn.(2.2.7) we find
=1 , p*=1
oo + ooy =0
aiﬁ + ﬁOéi =0
In compact form these relations may be rewritten as
{Oéz', Oéj} == 25” (219)
{8,y =0 (2.1.10)

Since «; and [ anti-commute, rather than commute with each other, they can not
be numbers, rather matrices. And since the Hamiltonian given by eqn.(2.2.2.) is

hermitian each of the four matrices a; and # must be hermitian.

2.1.2 Matrix representations of o and f
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The matrix for § and «;’s can be represented schematically as

(1 0 ) ( 0 ai>
0= and o = (2.1.11)
0 -1 g; 0

where each element is a matrix of two rows and two columns and [ is an identity

matrix.

2.2 Probability Density and Current Density

Consider the Dirac equation in the form,

Lov ov 5
zhﬁ = —zhcak% + fmc ¥ (2.2.1)

and in terms of its hermitian conjugate,

Lout Ut
—ZI:LW = thﬁ

o, +mc 3 (2.2.2)
Here (ay)' = ay and (8)" = 3. Now multiplying eqn.(2.3.1) from the left by¥’ and

eqn.(2.3.2) on the right by ¥, and rearranging one can find

0 0

This looks like the familiar continuity equation. We identify W as p, the probability
density. We can also identify Ufax ¥ as J, the probability current and the vector
nature of J is contained in aj. Notice that the probability density in this case is

positive definite.
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2.3 Free particle Solutions of the Dirac Equation

As with the schrodinger equation, the simplest solution of the Dirac equation are

those for a free particle. The Dirac Hamiltonian from eqn.(2.2.2) takes the form
H = ca.p + Bmc?

where o and [ are described as in eqn.(2.2.11). Using the operators p = —ihV in

coordinate basis, the Dirac equation, eqn.(2.2.1) for a free particle reads,

[—ihe@. N + Bmc* ¥ = ih%@

Since the matrix operators on the left side of the Dirac equation are a 4 x 4, the wave
function ¥ is actually a four component column vector. In order to generate an eigne

value problem, we look for a solution in separated form of space and time:

—iEt

U(r,t) =U(r)e n (2.3.1)

When substituted in Dirac equation it gives the relation which is the required eigen-

value equation,

[—ihed.V + Bmc?]¥(r) = E¥(r) (2.3.2)

Note that, since H is only a function of p, then [p, H] = 0 so that the eigenvalue p
of p can be used to characterize the states. In particular, we look for free-particle

(plane-wave) solution in momentum (Fourier) space

(2.3.3)
where U, is a four component vector which satisfies

[cd.p + Bmc*|U, = EU, (2.3.4)
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Since the matrices on the left hand side of this equation are expressible in terms

of 2 x 2 blocks, we look for U, in the form of a column vector composed of two

U, = ( ® > (2.3.5)
X

therefor writing the equation in matrix form, we find

<m02 ca.p)(q)):(E 0><¢>> (2.3.6)
cop —mc? X 0 E X

Which yields two equations

two-component vectors:

(E —mc*)® — copxy =0 (2.3.7)
(E +mc*)x — cop® =0 (2.3.8)

From eqn.(2.4.8)follows
X = % (2.3.9)

using this a single equation for ® can be obtained as
(E —mc®)(E+mc*)® — (o.p)*® =0 (2.3.10)

However, from eqn.(1.6.7) follws

(0.p)* = (0.p)(0.p) =p.p +io.(p X p) =p’

Hence, we have the condition
[E? —m?c* — ?p?]® =0 (2.3.11)
Since ® # 0 the equation is only be satisfied if the quantity in the bracket

E = £/p?c? + m?c*
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which means the eigne values are either positive or negative. An appropriate solution

for ® when F > 0 is to take

1 0
o = or = (2.3.12)
0 1
If this is the case, then
co.p 1 co.p 0
== or =—
X Erme 0 X Erme 1
OP = 0zPy+0ypy+ 0.,
0 1 e 0 0 —1 0 10 . 0
_ p n Py I p
10 0 ps 1 0 0 py 0 -1 0 p.

. ( Dz Pz — ipy )
Pz + Z.py —DP:z

substituting this we get

Pz C(px—ipéu)
_ E+mc E+mc
X7\ elpoting or o (2.3.13)
E-+mc? E+mc?

So that the full solution U, from eqn.(2.4.5)becomes

But

1 0
0 1
Up = E—T—Z;;@ or Up = —C(Epj-:n”c)g) (2314)
cpatipy) —cps
E+mc? E+mc?

Again a similar procedure can be followed for negative energy spinors which have
energy eigne values £ < 0 or E = —|F|, and starting from the two lower components

of the spinors, solving for ® in terms of y and defining,

() e () e



We get
co.p
b=——
E—me™
substituting £ = —|E)|
—co.p
[ ——
|E| + me2

19

(2.3.16)

(2.3.17)

By the same process as the positive energy, the negative energy spinors which are

denoted by V, can be done to be:

—CPz
|E|+mc?

—c(pz+ipy)
2
Vp = |Eltme or 'V,
1

0

—c(px *ipy)

|E|+mc?

CPz
|E|+mc?

(2.3.18)

we call the positive and negative energy solutions, U, and V,, as positive and negative

energy spinors respectively.



Chapter 3

Solutions of the Dirac Equation in
the Presence of a Uniform
Back-ground Magnetic Field

3.1 Solutions of the Dirac Equation

In this chapter we try to find the exact solutions of the Dirac equation in the presence
of a uniform back-ground magnetic field. In doing so, we use some assumed magnetic
field and gauge condition. Since the field is uniform, we do not have a magnetic field
which depend on time.

In the presence of a magnetic field, the Dirac equation for a particle of mass m, charge

e and wave function W(r,t)is given by

ih%kﬂ(r, t) = HpV(r,t) (3.1.1)

From eqn.(2.2.2) the Dirac Hamiltonian Hp in the presence of a magnetic field is
given by
Hp = ca.Il + Bmc? (3.1.2)

20
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Where II is the kinematic momentum of the charged fermions and e is the charge
of a proton. The kinematic momentum II in terms of the canonical momentum and

magnetic vector potential is given by
II=p—eQA (3.1.3)

Where @) is the sign of the fermions charge and it can be +1. By using natural units

eqn.(3.1.1) and eqn.(3.1.2) can be rewritten as

0
za\ll(r, t) = Hg¥(r,t) (3.1.4)

and

Hp = all+ fm (3.1.5)

Substituting eqn.(3.1.3) in to eqn.(3.1.5) and eqn.(3.1.5) in to eqn.(3.1.4)

0 .
zalll(r, t) = (all+ pm)¥(rt) (3.1.6)

—,

= [d.(p —eQA) + mf]V(r,t) (3.1.7)

Where @ and ( are the Dirac matrices and A is the vector potential. Since p is an

operator we can write as —iV. It follows

i%\l/(r,t) = [(—iV — eQA) + mBY(r, 1) (3.1.8)

= [—id.V — eQa. A+ mf)U(r,t) (3.1.9)

To deal with a given wave function W(r,t) and its time evolution one can use time

evolution operator, U(t) of the schrodinger picture in which:

U(t) —_ efiEt
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and
U(r,t) = U@)¥(r)
with this one can write the solution for W(r,t) as
U(r,t) = e “P(r)
As before the matrix on the left is expressible in terms of a 2 x 1 block column matrix.

U(r,t) =e ( ® ) (3.1.10)

X
Where ¢ and x are the column matrices, and F is the energy of the particle. With

Hence

this substitution we can rewrite eqn.(3.1.9) as

z’g [el’Et ( ® )] = [<id.V — eQd.A + mf] [el’Et ( ® )] (3.1.11)
¢ X X

which gives

i(—i)Ee P! ( ¢

) = [~id.V — eQd.A + mple " ( ® ) (3.1.12)

X X

Eliminating the exponential term from both sides, we get

E = [—id.V — eQd.A + mf] (3.1.13)
X

X

We use the Pauli-Dirac representation of the dirac matrix, @ as

a; = and [ = (3.1.14)
o, 0 0 —1

where each block represents a 2 x 2 matrix. With this representation, we can write

eqn.(3.1.13) as

(1)) e (00

(3.1.15)



I is a 2 x 2 block identity matrix. So

(1 o)(@) [( 0 —z’&.v) (o &./f) (
B = —eQ| _ . -
0 1 Y 7 AV A 0
E®\ m —id.V — eQd. A P
Ex N —10.V — eQ&’./_f -m X

E®\ m® — [id.V + eQa. Alx
Ey —[id.V + eQ3. A]® — my

Equating terms we get

—.

E® =m® — [id.V + eQd. Alx

and
This implies
and

we can rewrite these as
[E—m]® = G.[—iV — eQA]x

[E 4 m]y = ¢.[—iV — eQA]®

Solving for x from eqn.(3.1.21), as

23

(3.1.16)

(3.1.17)

(3.1.18)

(3.1.19)

(3.1.20)

(3.1.21)

(3.1.22)
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and substituting it in to eqn.(3.1.20) we find

-

- .=V — eQA] @

[E—m]® = &.[-iV — eQA] Fm (3.1.23)
From this follows
[E—m][E4+m® = [7.(—iV —eQA)][7.(—iV — eQA)|®
(B2 —m?® = [7.(=iV — eQA)]®
= [7.(=iV — eQA)*P (3.1.24)

it is possible to write

FI)[FMe = [ILII+ i5.(IT x IT)|®

— TI2® +ic [l x 1)@

we can express the kinematic momentum in terms of an operator V and the vector

potential A” and we get

-, -, -,

FI)[EI® = [(—iV —eQA).(—iV — eQA) +iG.(—iV — eQA) x (—iV — eQA)|®
= [-V.V +ieQV.A+icQAN + (eQ)*(A.A)]d

+ 0T [-V XV +ieQV x A+ ieQA x V + (eQ)*(A x A)|®

= [-V? +ieQV. A+ ieQAV + (eQ)? A2|® +id .[ieQV x A +ieQA x V]®

= [-V2+ (eQ)* A2 + ieQ(V.A+ ANV)]® — eQF.[(V x A+ A x V)]

(3.1.25)
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But
(VA+AV)® = V.(AD)+ AVS
— (VAP +AVD+ AVSD
— (V.A)D+24Vd
= (V.A+24V)®
and

(VXA+AXxV)® = (Vx(AD)+ A x VP

— (VxA)D—AxVd+AxVd

= (VxA)d

Substituting these two relations in eqn.(3.1.25)

[G.I][F 10 = }v?+@@%ﬁ@+quﬁ+2iw¢+ﬁwﬁﬁ®

= QA QS At A+ )

y 0z
8 0 8
+ 2ieQ(Ay— + Ay— Yoy + A, P —) —eQ(0,B; + 0yBy + 0.B.)|®

(3.1.26)

Here we work with a constant magnetic field B. With the convention we mentioned
in chapter one section five, with out loss of any generality the field can be taken along
the z—direction and the background gauge field which gives rise to the magnetic

field along the z—direction can be chosen in many ways but for convenience we took,
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Ay=A,=A,=0and A, = —yB. With this choice eqn.(3.1.26) becomes

[GI[cI® = [-V?+*Q*(—yB)* + z’e@a%(—yB) + 2ieQ(—y38%) —eQo,B.|®
= [~V + (eQB)*y* + 2ie@(—yB)((% — eQo,B,|®
= [-V?+ (eQB)*y* — eQB(Qz'y(,% +0.)|® (3.1.27)

Again with the substitution of eqn.(3.1.27) in to eqn.(3.1.24), we get
2 2 2 2, 2 .0
[E —m"|® = [-V* + (eQB)“y” — eQB(sz% +0,)|P (3.1.28)

here o, is the diagonal Pauli matrix.

In eqn.(3.1.28) one can notice that the coordinates x and z do not appear in the
equation except through the derivatives, so we can write the solution ® for the above
equation as

® = e®PXuf(y) (3.1.29)

where: f(y) is a two component matrix which can only depend on y coordinate, x
is a spatial coordinate and X, is a vector X with its y component set equal to zero.

This means p.Xy=p, + p.z. Substituting eqn.(3.1.29) in to eqn.(3.1.28) we get

B2 =) fy) = [V 4 (cQBYY — cQB(2iy - + o) (y)

82 82 82
T " Gy 09)
B [QieQBy% i eQBJZ]ei(pzx-&-pzz)f(y)

(B =)o) = () + 525) — T+ (@B (gl o)

— [2ieQBy(ip.) f(y) + eQBo. f(y)]e' P17

>+ (eQB)*y?)e! P P=2) f(y)
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Eliminating the exponential term from both side, we get

[E*—m?] f(y) = p2.f(y)+pif (y)—MJr(eQB)szf (y)+2eQByp. f(y)—eQBo. f(y)

(dy)?
(3.1.30)

Here there are two independent solutions for f(y), which may be taken as solutions,
to be the eigenstates of the diagonal Pauli matrix o, with eigenvalue S in which
S = +1 and this values of S corresponds to the spin of the fermions (spin up or spin
down). We know that f(y) is a two component matrix. We can set the two values of

this function which correspond to the two eigenvalue S as

. Fy(y) _ 0
f+(y)—< . ) : f(y)—<F_(y>) (3.1.31)

(10 Fo(y) N Fely) |
= (1 ) () (F0) s i
1 0 0 0
o.f_(y) = = =—f_ 3.1.33
f-() (0 _1><F_<y)> (_F_(y)> f-() ( )

Therefore, in terms of S, one can write

and

o.fs(y) = Sfs(y) (3.1.34)



28

To find the differential equation satisfied by Fg, we substitute eqn.(3.1.31) in to

eqn.(3.1.30) separately

[E2 - mQ]er(y)
2 mg F—i—(y)
)P0
[E2 - m2]F+(y)
and
[E? —m?|f_(y)
0
E2 _ m2
| | ( F_(y) )
[E? —m?|F_(y)

+

Pif+(y) + 02 f(y) — dzg)(f )¢ (eQB)*y* f+(y)

26QByp:ch+ (y) - GQBO'Zf+ (y>

2 Fi(y) +p? Fi(y)\ @ | F(y)
’ 0 - 0 (dy)? 0

(3.1.35)

OBy ( Fi(y) ) + 208y, < F.(y) ) 0B < P (y) )

0 0 0
PP () + 2P (y) — %mw T (QBYFL ()
2eQByp. I+ (y) — eQBFL(y) (3.1.36)
paf-(y) +p2f-(y) — % + (eQB)*y* f-(y)

2eQBy P, f_(y) +eQBf_(y)

(et ) (et ) - ()
"\rw ) P\ rw ) @ \ ry

(eQB)22< 0 >+26QB < 0 )—i—eQB( 0 >
"\ rw P\ P F_(y)
prtE-) + ) — L 0B
2eQByp.F_(y) + eQBF_(y) (3.1.37)

From eqn.(3.1.36) and eqn.(3.1.37) we get a generalized differential equation,

[E*—m®|Fs(y) = piFs(y)+p2Fs(y)

_Fs(y)

(dy)? +(eQB)*y*Fs(y)+2eQByp. Fs(y)—eQBS Fs(y)

(3.1.38)
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Rearranging terms,

2
[(;;)2 +[E% —m?] = pi — pZ — (eQB)*y* — 2eQByp, + eQBS|Fs(y) = 0
2
d(g.;)(z ) _ 12 + 2eQByp. + (cQBYFs(y) + [E* — m? — 12 + cQBS|Fs(y) = 0
2
d<§;>< D QB + p.PFo(y) + B~ m? — 12+ cQBS|Fs(y) = 0

this can be rewritten as

d*Fs(y)
(dy)?

But one can write

— [eQB(y + eg—chn?Fs(y) +[E? —m® = p? + eQBS|Fs(y) = 0

QB = /e|Q|B\/e|Q|B
Since the square of any real number is always positive, we need to take the absolute

value of ). With this substitution we can get

2 Fs(y)

@z~ VelelBye QB)] Fs(y) + [E* —m’® — p2 + eQBS|Fs(y) = 0
LI (TP NFs(y) + (B2 m? — p? 4 cQBS|Fs(y) = 0

QB

)’ Fs(y) + [E* —m® — p? + eQBS]Fs(y) = 0

*Fs(y) . .
) iV

Dividing by e|Q|B

L EFsW) oo

elQ|B  (dy)

QB

[E? —m? — p? + eQBS]
elQ|B

)2 Fs(y) + Fs(y) =0

QB
(3.1.39)

Eqn.(3.1.39) is a second order differential equation, which can be simplified by defining

a dimensionless variable &,

— \/elOIB(y + 6ng) (3.1.40)
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Differentiating with respect to the variable y we can take the complete derivative of

eqn.(3.1.40) to get

d¢ = \/e|Q[Bdy
and
(d€)* = (VelQ|Bdy)* = e|Q| B(dy)? (3.1.41)
which implies
o _ (dg)?
W= als

With this substitution eqn.(3.1.39) takes the form

GBI ey o it QB )
This further simplified by letting ag as
. ml’_Q]éJr QB3| (3.1.42)
Consequently, we get a very simplified relation,
d’ 2
[(d£)2 — & +aglFs(6) =0 (3.1.43)

The easiest way to solve this differential equation is to find a recursion formula by

starting from the assumption,
Fs(§) = e 9(§) (3.1.44)

Differentiating this with respect to & we get

dFs
e~

g2
2

—fe T B(E) +e 2 (3.1.45)

A further differentiation gives
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*Fs  _ Sow _,f = 42(¢)
@0y —§(=¢§)e —e 7 (E) — e i
=2 d() | e ()
T T T ey
o o 2 4 e PP
— eT§<I>(§) + 52675@(5) — 2§e§—d§) + 65—(d€<>§)
_eda()  pdd(e) e
= ¢ 30 26e T (1—EHP(¢) (3.1.46)
Substituting these two values in to eqn.(3.1.43) and using eqn.(3.1.44) we get
—e2 d*® (€ —2dd(¢ =2
AT e F ey -
25 D) +age s = 0

Eliminating the exponential terms,

dQCI)(g) B dCID(f) - ) B
(d€)? 2¢ dé P(&) +as®(§) =0
This implies
PO AP
ey L tlas— R =0 (3.1.47)

This is also a second order differential equation. To find the solution of this differential

equation and the energy eigenvalues we suggest a power series solution for ®(§) as

O(¢) =) ag™) (3.1.48)
k=0
Thus
iq)(f) = ag(k+ )t
d¢ £
and
d*o(¢ i
(dﬁ()z) - Zak(k +v) (k4 v —1)et=2)
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Substituting these eqn.(3.1.47) becomes

D ap(k+v)(k+v =" =263 "ay(k+ )€Y 4 (ag — 1) apg® T =0
k=2 k=1 k=0

Replacing k — 2 by k, in the first series which forces the index of summation to start
from zero we find

Zak—m(kﬁ +v+2)(k4+v+ 1R —2 Zak(k F)EE) 4 (g — 1) S apg® ) =
k=0 o -

S fansalk + v+ 2)(k 4 v + 1) — 2ae(k + v) + (a5 — DarJe®) =
k=0

Since £ is different from zero, we can equate the term in the bracket equal to zero, so

that

agro(k+v+2)(k+v+1)—2ap(k+v)+ (as —1)ap =0

which implies
agro(k+v+2)(k+v+1)—2(k+v)—(as—1)]jax = 0

From this we can find a recursion formula as

2(k+v)—(ag—1) 2k+2v+1—ag

_ 3.1.49
kvt )kt D" hrvrktv) " (3.1.49)

Q42 = (

In order to obtain physically feasible wave function, the series must break off after
some terms. To get the term at which the series breaks off, we put the numerator in

the recursion formula eqn.(3.1.49) equal to zero
2k+2v+1—-as=0

this implies

a5:2k+2u+1
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This will turn ® in to a polynomial rather than a power series. Then the function ®
can be set equal to the product of this polynomial and some normalization constant

N,.. To get this polynomial function consider eqn.(3.1.47),

*®(¢) d®(¢) _
@2 28 i + (as = 1)®(§) =0
This equation is like a Hermite equation of order v
digg)(f) — 2§dh;2(£) +2vH, () =0 (3.1.50)
whose solution is given by
2 a’ —£2
1, (€) = ¢ ><—1>“[%] (3.151)

When we compare the two equations eqn.(3.1.47) and eqn.(3.1.50), we observe sim-
ilarities except in the last term. So we can compare the two equations to find the
value of a4 as

as —1=2v
as =2v+1 (3.1.52)

From eqn.(3.1.42) we have

E? —m? — p? + eQBS
e|Q|B

as =
When matched with the preceding equation gives

E? —m? — p® 4+ eQBS = (2v + 1)e|Q|B
From this we can write the value of the energy eigenvalue as

E? =m? 4 p* — eQBS + (2v + 1)e|Q|B (3.1.53)
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This implies that the energy eigenvalue can have two values as

E=+ym?+p2—eQBS+ (2v +1)e|Q|B (3.1.54)
We can write ® as the product of some normalization constant N, and H,, that is
(&) = N, H,(¢) (3.1.55)
So eqn.(3.1.44) can be rewritten as
Fo(€) = e 5 0(¢) = Nye 5 1, (€) (3.1.56)

The normalization constant N, can be determined by defining the normalization

condition,

/ T Fs(y)Pdy = 1 (3.1.57)

[e.o]

From eqn.(3.1.40) we have

§=VelQB(y +

Dz )
e)B

and hence
d§ = \/€|Q|Bdy
which implies
_ds

dy =
VelQIB
Substituting this in to eqn.(3.1.57) we find
dg

[ s =

H,(&)Pde =1

(V,)° /oo e—$2|
VelQIB /-
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The Hermite polynomials are known to satisfy the relation

/ h ¢ Hy(6)H,n (€)dE = 2"V 0

[e.9]

Which when substituted in the preceding equation gives

\/(%*ZVV!\/ﬁ: 1
e

This implies

N, = (2—%)5 (3.1.58)

Hence, Fy(&) takes a simplified final form

_Vel@QIB L ¢
Fi(§) = (—2v;/!\/ﬁ) e s H,(¢) (3.1.59)
for simplicity let us denote this solution by I, as
_(VElQIB 1 ¢ _

3.1.1 Electron Energy Eigne Value(Q=-1)

For Q = —1 eqn.(3.1.53) becomes

E? = m*4p*—e(—1)BS+ (2v+1)e| - 1|B
= m?+p?+eBS+ (2v+1)eB

= m?+p>+eBS+2evB+eB (3.1.61)

We can associate this energy eigen value with the relativistic form of the Landau

energy levels, given by

E? =m?+p’ + 2neB (3.1.62)
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Since we have two values for S eqn.(3.1.61) is two fold degenerate. When S = +1,
eqn.(3.1.61) reduced to eqn.(3.1.62) provided v = n — 1, Similarly when § = —1
eqn.(3.1.61) will be equivalent to eqn.(3.1.62) only if v = n. Now when n = 0 the
Landau energy becomes

Ey =m’ +p;

So for the case in which n = 0, the Landau energy becomes equivalent with our energy

eigenvalue only if (2v 4+ 1 + s = 0) which implies
— (S+1)
v=—
2

Since v can not be negative, the n = 0 case can only be true if S = —1. Thus, the

n = 0 state is not degenerate.

Now representing the solutions for the n'" Landau level by a superscript n, for S = +1,

o ( Fi(¢) ) _ ( 1,(¢) ) _ ( L (6) ) (31.63)
0 0 0

and for S = —1 we have

() () () o
-\ F(© L(€) L,(€) -

Here for n = 0, since v can not be negative the solution fI does not exist and for

we can write

consistency we use
I4(§)=0

When we come to the energy eigne value,

E? =m?*+ p? + 2neB

E, = +y/m2 4 p? + 2neB (3.1.65)
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Here the two signs of the energy corresponds to two types of solutions of the Dirac

equation, the positive and negative energy solutions respectively.

3.2 Positive Energy Solutions of the
Dirac Equation

For the case of positive energy £ = E,, ) = —1 and A= A= —yBi the lower
component of the spinor, y from eqn.(3.1.22) is given by

F.[—iV + eAui] &
E,+m

X:

where

¢ = eFuf(y)
Hence we can write

G.[—iV + eAyi] 1 x

= PRy

X Eam ¢ W
G.[-iV — eyBi]

B m ¢ f()

But

G.(—iV —eyBi) = —i(3.V)— eyB(¢.)
0 9,

. 0
= —z[ax% + aya—y + 02&] — eyBo,

Substituting for o,, 0, and o, this gives



7.(—iV — eyBi)
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- 0 o) el
_ o e ~ay — b (3.2.1)
—if% + a% —eyB i%

Using eqn.(3.2.1) the expression for the lower components of the spinor x becomes

&.[—iV — eyBi] DX
— p. N
X B am W
;0 e 0
= ; ( oz oz Oy
9, 9 )
(En +m) —l5r T gy eyB i%,

- < eyB > ez’p.ny(y>

Following we calculate two positive energy solutions which correspond to the two

values of S by replacing f(y) by fi(y) and f_(y) separately.

3.2.1 Positive Energy Solution for S = +1 (Spin Up)

Using this value of S, the expression for the lower components of the spinor becomes

1

1

1

(E, +m)

1

(Ey +m)

(E, +m)

(E, +m)

(pe — eyB) L1 (§) + 2

. 9 0
oz “or T oy eyB ei(Psa+p:2) f (y)
+ 2 _eyB i2 ’
oy oz
- 9 _ 0
% 5 = oy ~ W8 g [ In1(8)
+ a% —eyB i 0

_Z'%ei(pmwwﬂ)[nil(f)

(—id + 2 — eyB)leweI L, (€)

pz]n—l (g)

)

) A
[nfl (5)
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Here I, 1(§) is a function of £ and £ is a function of y therefore, we can write the

partial derivative with respect to y as

6In_1(f) _ (9]”_1(6) %

Iy 9 dy (3.2.2)
For the case () = —1 we can write £ as
¢ =VeB(y— 1)
el
which implies
§ Pz
—— =(y - — 3.2.3
=) (323)
and
d§
qy veB (3.2.4)
Using these we can then write
ol,1(&§) 0 —
ay - ag‘[n—l(g) €B
= \/eBaI”a—g(é) (3.2.5)

Substituting eqn.(3.2.3)-eqn.(3.2.5) in to x we find

v = 1 ( pzln—1<§> ) ei(px$+PzZ)
(Bntm) \ (p, — eyB)L,1(8) + VeB 2L, 1(8)

1 ( pz[n—l(f) ) ei(pzl”rpzz)
(Ep +m) 63(% — ) na(§) + @a%]n—l(g)

Using eqn.(3.2.3) again x further simplifies to

Y = 1 ( pzlnfl(g) ) ez‘(pza:—&—pzz)
B ) \ <2857, (€) 4 VeB2L, 1(6)
_ 1 ( szn—1<§> > ei(Px:C—l—pzz)
(Bu+m) \ —VeBEL,1() + VeB LI, 1(8)



1 < paln-1(§) > pi(Pat+p=2)
(Eu ) \ —VeBleh, () — 210 1(€))

Now, consider the Hermite polynomial H,,(§)

2 8” 2
H, — (_1\"p—¢ —£
(©) = (e e
Replacing n by =n — 1
n—1 g2 ot _¢2
Hn—l(ﬁ) = (_1) € [(85)"*16 ]
taking the derivative with respect to & we get
0 . 0 n—1 g2 o1 _¢2
a_an—l(£> - 6_5[(_1) 16 [<8€)n_1€ ]
= (RO (1 e [ D]
(0g)"! (0€)"
= gty e D e [ e
(0g)"! (08)"

which implies

Also

VeB
X IRVANI
B VeB
B (2"*1271(71 - 1)!\/ﬁ)

1 VeB
%(n — 1)12n—1/11

1 VeB
o) [(n— 1)12n—1y/II

)2

N|=

= )2

=

E

-
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(3.2.6)

(3.2.7)



It then follows

1

Nn:( )QNn—l

1
2n
From equation (3.1.60) we know that

2

L,(€) = Nye s H, ()

Using eqn.(3.2.7) we can expand this to
0

16) = Ny F REH, (€)= e Hua )
Which using (3.2.8) may be rewritten as
1.1 —¢2 0
() = (5 Naae ™ [26Haa(6) = gt (€))
1.1 _¢2 —¢2 (O
= (5P 2ENaae ™ Hos(€)) = Nuae ™ S Hoa (6)]
1.1 2 0
= (5P 26Tt (€) = Naae ™ S Mo (€)]

.2
To determine Nn_leTf (%Hn_l(g) let us consider

o 0 -
Sh© = SNaed H(©)

2 0

= Nooa(=8)eF Hooa(€) + Nore ™ = H,1(€)

U3

= tNee T H ()] + ane‘fa%ffnl(é)
= _fln—l(g) + Nn—legzagéHn—l(g)
This may be rearranged
Nn_16_2€2§£Hn_1(§) = %In—l(g) + gln—l(g)

Upon using eqn.(3.2.10), eqn.(3.2.9) becomes

L) = (HRehoa(e) - 5

= (D ena©) - 1)

2n 8_5

I 1(8) — L1 (8)]
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(3.2.8)

(3.2.9)

(3.2.10)
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which leads to the relation

9
ot

Substituting eqn.(3.2.11) in to eqn.(3.2.6) we finally get

V2nI, () = &1, 1(8) — =L (€) (3:2.11)

Y = 1 szn—1<§> ei(pz$+pzz)
(En+m) \ —vVeBv2nI,(€)

_ (P Xy (3.2.12)

— B

E,+m ™71

In general for the case S = +1 and positive energy, the upper and lower components

of the spinor can be given by,

( o > _ ePXufL (y) )
X X

L-1(8)e™

0

— pzln—l(g)e

En+m

. \/27};5:;(5)) I, (5)ez‘p.Xy

[nfl (5)
0
= | gl | e (3:2.13)
En+m

V2neBI,
— YL (6)
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3.2.2 Positive Energy Solution for S = —1(Spin Down)

The other value of the spinors for the case in which S = —1 can be determined by
substituting
O =ePXuf (1) (3.2.14)

in to the expression for y. With this substitution we will have

G.[—iV + eA,]

B Tm e®PXuf (y) (3.2.15)

X:

which upon using eqn.(3.2.1) expanded to

- 9 9 _ 0
g = iy “or ~ oy ~ B Ligerspn [0

(En +m) —i2 4 6% —eyB iZ L,(&)
R = . I

(Ep +m) i L et [ (€)

o )

_ 1 SB(S—B - y>In(€) - d_yln(f) ei(pza:erzZ)

(E” + m) _pzln(f)

By using eqn.(3.2.3) and eqn.(3.2.5) the above expression simplifies to

1 ( &Z%f[n(f) - %]n<§> ) ei(poC+pzZ)

(E" + m) _pzjn(g)
— ; —@ffn(f) - 3%]”(5) i (Poa+p=2)
(E, +m) —p.1n(€)
_ 1 _\/e_B[’fln(f) + a%[n(f)] e (Pez+p22)
= —(En gy ( o (O ) (3.2.16)

Consider now



Taking the derivative with respect to &

0 =& <0
S = MO HAQ) + NoeF L (0
_e2 -2 0
= —&(Npe 2 Hp(§) + Nye2 8_§Hn(f)
= L6+ Nnega%Hn(f)
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(3.2.17)

Here again we need to determine the value of the derivative of the Hermite polynomial.

For this let us consider the generating function for the Hermite polynomials

Z Hn(f) 7n 6(225—22)
—~ n!

Differentiating this with respect to & we find

=10 o) >
Y = H, (62" = PP
ol 9g n(€) o¢*

= 273479

= 22(50: Hnl&) 7ny

n=0

n=0

S Hn n+1
- Q(Z n(n Egi)!Z )

This implies

(3.2.18)
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By comparing the terms in the bracket we can conclude

10
;a—an(f) = 2H, ()
or
0 H = 2nH. 3.2.19
o¢ n(&) = 2nH, (&) (3.2.19)

Using this we can rewrite eqn.(3.2.17) as

9 .2
GEl(©) = —€L(©) + 20N T H,u(6)
= (O + SN (9

= —EL,(8) + V2nl,_1(€)

which leads to the relation

VL, () = E1,(6) + 8%@(5) (3.2.20)

Substituting this in to eqn.(3.2.16) we get

= —1 _@mlrb—l(@ ol (Per+p=2)
X E o m) —P,I,(€)

— 5l 1 (6)

— ¢! (Peatp=2) (3.2.21)

2 I (€)

With this substitution the other two components of the spinor for the case of §' = —1

and, positive energy is given by
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1p.Xy
2B (€)

~Eiw (&)

Generally the positive energy eigne function of the Dirac equation is given by eqn.(3.1.10)

U(r,t) =e ( ¢ )
X

In using eqn.(3.2.13)this becomes

I1(8)
0

Ui(rt) = RN (E) | P

el I (€)

Li-1(8)
0

_iEt ip.X ;
= e telp u %In—l(é.)

oot In(€)




which lead to the expression

\I’+(T, Zf) _ e(—iEt-H’p.(Xy))

For the case S = +1 and

for the case S = —1.

The positive energy eigne function can be written in a covariant form as

Ip-1(8)

pz—(g)jnfl<€>

En,+m

Fn In()

En+m

1,(€)

PR L (6)

En+m n—l

Uy (r,t) = ™™ U, (y,n,py)

and

U_(r,t) = " VU (y,n,py)

where

I1(§)

U+(y7nap@;() - Epi;%

- \/m[n(g)

En+m

0
Li-1(8)

47

(3.2.22)

(3.2.23)

(3.2.24)

(3.2.25)

(3.2.26)
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and

1(§)

(3.2.27)

En+m Tl—l

U—(y7n7p§() = \/ml (5)

Generally one can write the solutions in a covariant form as
Us(r,t) = P XuUs(y, n, py) (3.2.28)

Here Xg is the space time coordinate with out including the y coordinate.

3.3 Negative Energy Solutions of the
Dirac Equation

In this section we will find the solutions of the Dirac equation for the case in which

the energy F,, = —|E,|, Q = —1 and A= A,i = —yBi.

From eqn.(3.1.20) and eqn.(3.1.21) when E,, = —|E,| we can write,

—.

[—[En| = m]® = G.[-1V — eQA]x (3.3.1)
and
[~ Bnl + mlx = &.[<iV — eQA|® (3.3.2)
which implies
[|En| +m]® = G.[iV + eQA]x (3.3.3)

and

-

[|En| — m]x = 7.[iV + eQA|® (3.3.4)
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In this case it is easier to start with the two lower components first and then find the

upper components.

Solving for ® from eqn.(3.3.3) we find

—.

.[iV + eQA]

P —
|En| +m

substituting this in to eqn.(3.3.4) results in

L - G.[iV + eQA|
[|En| —mlx =&.[iV + eQA]W

which leads to the relation

—, —,

[Enl = m[[En] +mlx = [0.(1V +eQA)][0.(iV + eQA)]x

(B> =m*)x = [0.G6V +eQA)’x

The Bracketed term on the right expands to

709 + QAP = [~V 4 PQ~yB) +ieQ( o (~yB)) + 2ieQ(~y

= [~V + (eQB)*)* — eQB(Qz‘y(% +0.)]x

with this substitution eqn.(3.3.7) becomes

1B~ m?)x = [-9° + (cQBYY ~ cQB(2iy - + )]

(3.3.5)

(3.3.6)

(3.3.7)

%) —eo,B,]x

(3.3.8)

(3.3.9)

In eqn.(3.3.9) we do not have x and z dependence except through the derivative, and

with this condition one can write the solution for x as

x = e PXug(y)

(3.3.10)

where g(y) is a two component matrix which can depend only on y—coordinate. Upon
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using eqn.(3.3.10), eqn.(3.3.9) becomes

[Ea? —mPe™PXug(y) = [-V®+ (eQB)%*” — QQB(%?/% +0.))e P Xug(y)
= [pig(y) + p2g(y) — (86; )29(y) + (eQB)*y?g(y)

2eQByp.g(y) — eQBUzg(y)]efip'X&

Eliminating the exponential terms from both sides and noting that g is only a function

of y we can write

NE? —m?g(y) = pig(y) +p2g(y) — (jy)zg(w +(eQB)*yg(y)
— 2eQByp.g(y) — eQBo.g(y) (3.3.11)

Here again we have two independent solutions for g(y) so that g(y) may be considered
as the eigne state of the Pauli matrix o, with eigne value S = +1. Since g(y) is a
two component matrix, one can set the two values of this function which correspond

to the eigne values S as

o Gy (y) N 0
g+(y)—< 0 ) , g(y)—<G_(y)> (3.3.12)

With the same approach as the positive energy

(1 0 Gey) \ [ Giw) \
Uzg+(y) = < 0 _J ) < 0 ) = ( 0 > —g+(y) (3~3~13)
1 0 0 0
o.q_(y) = — . 3.3.14
9-(y) (0 _1><G_<y)) (_G_(y>> 9-(y) ( )

Therefore, in terms of S, one can write

and

0.9s(y) = Sgs(v) (3.3.15)
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In order to find the differential equation satisfied by G(y) we substitute eqn.(3.3.15)
in to eqn.(3.3.11)

1E2 = m2gu(y) = plau(y) +plas(y) — {fng) (OB g,(y)

- 2€QBypa:gs(y) - eQBUzgs(y)
d2
= 1295(y) +p2gs(y) — ﬁ(y) +(eQB)*y?9s(y)

- QGQBypxgs(y) - SGQBQS(Q) (3316)

In substituting the matrix gs(y) we get a second order differential equation

~PGs(y)
(dy)?

+(eQB)*y*Gs(y)—[2eQByp,+eQBS]Gs(y)
(3.3.17)

|En|?—m?Gs(y) = p2Gs(y)+p2Gs(y)

rearranging the terms,

g
(dy)?

+ [|Ea|* — m?] — p2 — p? — (eQB)*y* + 2eQByp, + eQBS|Gs(y) = 0

1 d&Gsly) | AR Pa | En]> —m® — p2 4+ eQBS] _
€|Q|B (dy)2 _[ e|Q|B<y_6QB>]2GS<y)+ 6|Q|B GS(ZJ) =0

(3.3.18)
In order to find the solution of eqn.(3.3.18) let us define a dimensionless quantity £,

as

¢ = VBl - 7] (3.3.19)
(d)* = €lQ|B(dy)? (3.3.20)

Using these eqn.(3.3.18) becomes

[(j;Q — & +asGs(€) = 0 (3.3.21)
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where ag is as defined in eqn.(3.1.42). The easiest way to solve this differential

equation is to find a recursion formula by defining the following function

Gs(§) = e x(d) (3.3.22)
Differentiating this we find
dGs(§) 7 =2 .z =2dx(§)
. ez x(§)+e A (3.3.23)
Differentiating again
PGs(E) s s @ o s edx(d)
Copddd | e )
TTE T
e ced@) 2, s
e @6y 2le i ez (1-¢&)x(§) (3.3.24)
Using these two expressions eqn.(3.3.21) may be rewritten as
e @) cceddd 2 m s
e 2¢e & e (1 €~)x(§)
e x(E) +ase T () = 0
or
cx(E) zdx(E) CV(E
(d§)2 2¢ i + (as —1)x(§) =0 (3.3.25)

The above equation, eqn.(3.3.25) is just like the Hermite equation and we can as-

sume the solution for x(§) to be some normalization constant N, times the Hermite

polynomial, that is
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where N, is as defined in eqn.(3.1.58).

Following the same process we followed in the case of positive energy solution, we can

derive the negative energy solution for the n'” Landau level even in this case as

o ( G1(€) ) _ ( J,(€) ) _ ( Jn1(6) ) (3326
0 0 0
“a@ G Ju(©) .

for S = —1. In addition J_;(§) = 0. For the case of negative energy, ) = —1 and

for S = +1 and

A = A,i = —yBi the upper component of the spinors, ® from eqn.(3.3.5) for @ = —1
is given by

G.[iV — eA,i]

d —
|EL| +m

using eqn.(3.3.10)

GiV — eAdi] o«
@ — —_—C p- ¥
B[+ m 9(y)
.[iV + eByi) i(peatpez)
o — 6 T z
B, +m 9(y)

But
-9 .9 )
. 1= 1=+ = +eyB
7.iV +eByi] = ( 92 oz "oy T

. , > (3.3.28)

9 .
Z% — B_y + eyB —’la

Using eqn.( 3.3.28) the expression for the upper components of the spinor ® becomes

o = —1 Z% 23% T 3% teyB e—i(pxﬂc-i-pzZ)g(y)
(| En] +m) ia%—a%—i-eyB —iZ

The two negative energy solutions which correspond to the two values of S can be

obtained by replacing g(y) by ¢+ (y) and g_(y).
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3.3.1 Negative Energy Solution for S = +1 (Spin Up)

For the case of negative energy and positive value of S, the upper components of the

spinor becomes

b = —1 ( Z% Z% + 3% teyB ) efi(pza:+pZZ)g+<y)
o) o) - 0
(|En] +m) i5s — 5, T €YB —is

1 ( szn—1<é) ) e—i(p;c$+pzz)
([Enl +m) \ (eBy + py)Ju_1(£) — a% (3

For the case Q = —1,
and

with this substitution we get

1 pzt]n—l(é)

o — < 3 ~ ) e~ Hpaatp=2)
(IEal+m) \ eB(2 +y)Ju1(8) — 20 1(§)

_ 1 pzjnfl(é) e—i(pzx-‘rpzz)
(‘Eﬂ, + m) @[g‘]n—l(g) - % n—l(é)]

From eq(3.2.11)
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Using this the upper component of the spinor becomes

d = 1 pz‘]”_l(g) e~ i paatp=2)
(IEnl +m) \ VeBv2nJ,(€)

‘Efﬁjn—l (é)
= e~ P Xy (3.3.29)
2B ] (£)

In general for the case S = +1 and negative energy, the upper and lower components

of the spinor can be given by,

—Zpr

3.3.2 Negative Energy Solution for S = —1 (Spin Down)
The other value of the spinors for the case S = —1 can be obtained by substituting
x = e PXug_(y) (3.3.30)

With this value the upper component of the negative energy spinor will be

GV —ed) ox 0
P = TETTm X ( ) ) (3.3.31)
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Upon using eqn.(3.3.28)

o - 1 i% ia% + a% +eyB o—ilpratp:2) 0
(1Bl +m) \ iZ — 2 +eyB —i2 Ju(€)

_ 1 eB(y + %)Jn@) + (%Jn(é) e—i(pszrpzZ)
(1Bl +m) 2 Jn(€)

For the case Q = —1,

and

With this substitution we get

o — 1 eB(y + %)Jn<€> +~ eBa%Jn(g) o~ iprrtpzz)
1 VEBIET(E) + 5O | igpurper
(|En| +m) —p. T (€)
From eqn.(3.2.20)
VELLA(E) = &N+ Sl

Using this the upper component of the negative energy spinor becomes

o — 1 \/G_B\/%Jnjl(f) o~ i(Pomtps2) (3.3.32)
(|1En| +m) 2 ()
|\E/7217|L?’L Jn—l (g)
= e~ P Xy (3.3.33)
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In general for the case S = —1 and negative energy, the upper and lower components

of the spinor can be given by,

()= ()
X e”PRug_(y)

e AL(3)

= | i@ |
0
Jn(€)

When we come to the energy eigne function, With our assumption the negative energy

eigne function of the dirac equation is given by eqn.(3.1.10) and after using £ = —|E,,|

(r,t) = elbnlt ( ¢ )
X

substituting the upper and lower components of the spinors we get,

becomes

‘Enpﬁjn—l(g)

o al©)

U (r,t) = FmmXy | [Enltm (3.3.34)

Tn-1(6)
0

for the case of S = +1 and



%Jn—l(g)

_ i|BEnlt—ipX i s
U _(rt)=e P2y —@”mJn(é)

for the case of S = —1.

The negative energy eigne function can be written in a covariant form as

\IlJr(Ta t) = eipu

0
Ju(€)

m
X Vi (ya , p?x)

U (r,t) = "XV (y,n,py)

and
where
Vily,n,py) =
and
Vo(y,n,py) =

Generally one can write

Ue(r,t) = e

here Xg is the space time coordinate with out including the y component.

Mﬁtﬁz—l(g)

V2neB o
Bl I (8)

Tn-1(€)
0

(0

0
Jn(§)

KV (y,n, py)

o8

(3.3.35)

(3.3.36)

(3.3.37)

(3.3.38)

(3.3.39)

(3.3.40)



3.4 Ortho-Normality of the Solutions

In this part we will check the ortho-normality of the spinors obtained for positive
and negative energy. First we consider the two positive energy spinors, given by

eqn.(3.2.26) and eqn.(3.2.27). From the two spinors we can see that

ULty p)U-(mmy) = (La(©) 0 281,06 —ZL16) )| o

—V2neBp, V2neBp.
Tt €+ T O

V2neBp, , 9
o (136 = 124(9) (3.41)

Here in the limit n — oo we can approximate n—1 ~ n and with this limit, I,, 1(§) ~

I,,(€) so that

UL(y,n,p)U-(y,n,p) = 0 (3.4.2)
In the same way
In—l(g)
o 0
Ul(y,n,py)UJr(y,n,py) - ( I1(§) 0 _%[nfl(f) o Eiienjfln(f) ) pz(£)
— e 1(€)
[E2 +m?+2E,m+ p?] , 2neB
[En + mP nfl(é-) + [En + m]g n(g)

In the limit n — oo we can approximate n—1 ~ n and with this limit, 1,1 (&) ~ L,().

In addition, the relativistic form of the Landau energy is given by

E* = m?+p*+2neB
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Upon substituting these values one can get

2 2 2
i B+ m® +p; +2neB 4 2E,m| ,
U—i—(y?nvp?x)UJr(yvnapy) - [En +m]2 In(g)
Ei + EZ + 2K, m
- Dot g2 ¢
(B +m]
2F,
= I3(€)

E,+m™"

In the same way the product Ul U_ becomes

0
f _ V3B P (&) L:(€)
U=y m, p)U-(y,mo o) = (0 L&) =g I (&) _mfn(§)> VIneB

[E2 +m?+ 2E,m + 2neB|

_ P
- [En +m]2 In(g) + [En +m]2[n_1(€)

In the limit n — oo we can approximate n—1 ~ n and with this limit, 1,,_1(§) ~ 1,(£).

Upon substituting this together with eq (3.1.62) one can get

E2 4+ m? 4 p? 4 2neB 4 2E,m
[ER + En + 2E.m]
2F,
= L;(€)

E,+m"
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The last product Ul U, becomes

L1 (§)

Uj(y>nvp§()U+(y7nap§() = (0 [n(é-) _%[nfl(g) _Efj_m[n(€>>

E:im In—l (f)
B L(€)

E,+m

—v2neBp. V2neBp.
Tt €+ T O

VEReBD: 126y 12 (6]

[E, +m]?

Here in the limit n — oo we can approximate n—1 ~ n and with this limit, 7,,_1(§) ~

I,,(§) so that

UL (y,n.p)Us(y.n.py) = 0 (3.4.4)
In General the positive energy spinors can satisfy the following ortho-normality prop-
erty

B+ mln(g)(ssys, (3.4.5)

UsT(yv n, p?;()US’ (y> 7%1@) ’naoo =
where d; ¢ is the Kronecker delta.

In the same way the negative energy spinors which are given by eqn.(3.3.39) and

eqn.(3.3.40) satisfy the following ortho-normality relations,
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- - B — P J. 3
Vl(y,n,py)v_(y,n,py) = <|E5ﬁ‘]n—1<§) ﬁéﬁjn(f) Jn_1(8) 0> [En]+m €3]

V2neBp, , - B V2neBp, . -
B me O = (BT mE )

V2neBp, . , 5 gaF
W[Jnfl(g) J5(6)]

Here in the limit n — oo we can assume n—1 ~ n and with this limit, J,,_1(§) ~ J,.(§)

so that

In the same way

Vi(?/anapy)‘@(y:n,]?y) = <|En]|)——z|—m)‘]"—1(€) |E‘3|7f£)‘]n(g) Jn—l(f) O) ‘En|+mri

(|En|2+m2—|—2|En|m+pg) ~ 2neB o, =

) I A AR

In the limit n — oo we can approximate n — 1 ~ n which implies, J,_1(€) ~ J,(€).
Upon substituting this and eqn.(3.1.62) we get

| Eaf2 + m? + p? + 2neB + 2| E,|m]

U + B2+ 2|Eofm] 5 -
AR
= DB

|En‘ +m "
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The product VIV_ becomes

V2neB
Tl ey n-1(8)

VA - _ (B (A e g (F S| TEE ()
—(yanapy) 7(3/77%%) |En|+m)‘]n_1(§) |En\+m)Jn<€) 0 Jn(g) 0

Tu(€)

I AT AURS
|En| +m "

2neB ~
HEn| +m]2 2—1(5)

In the limit n — oo we can approximate n—1 ~ n and with this limit, J,,_1 (&) ~ J,(§).

Upon substituting this and eqn.(3.1.62) we get

[|E]2 +m?+ p? + 2neB + 2E,m)|
[[En| +m]?
[E. P + B + 2| En|m]
[|En| 4 m]?
2| En|

. _finl 72 2(¢

T2 (€)

V—T(yv n,p\y)V, (y> n’p\y>

J2(E)

The last product VjV+ becomes

Vi pValrnn) = (@ —mhmh(© 0 1@ )| P

Jn-1(8)
0
_ V2neBp. ., x 00;

Here in the limit n — oo we can assume n—1 ~ n and with this limit,J,,_1(§) ~ J,(§)

so that

Vi, n,p)Vi(y,n,py) = 0 (3.4.7)

In General the negative energy spinors satisfy the following ortho-normality property
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2| En| J2(E)0ss (3.4.8)

%T(yanapy)%’(%nypyﬂn—m = m n

where 0, ¢ is one when S = S’ and zero otherwise.

Consider now the combined products,

_wj?ﬁjn—l<é)

T () V2neB |%Jn(g>
Uiy, n, p)Vi(y,n, —py) = ( Lia(€) 0 297, \(6) —¥2Bp (¢ > ! "
n—1
0
- _p—z - Pz ~
= BT mIn_l(f)Jn—l(f) - o m]n—l(f)Jn—1(§)

In the limit n — oo, one can approximate n — 1 ~ n, and it is possible to write

Jn1(€) ~ Jo(€) and I,,_1(€) = I,,(€). Therefore, with this approximation,

D - D ~
U—Jir-(ya napy)v+<y7 n, _pi;() = _m[n<£)t]n<£> + I

= 0

In the same way, the following possible three products each reduces to zero.

Ul(y,n,p)V_(y,n,—py) = 0
Ul (y,n,py) Vi (y,n, —py) = O

UL (y,n,py)V_(y,n,—p,) = 0

From these relations we can generalize the ortho-gonality relation for the case in

which n — oo, and for the combination of positive and negative energy as spinors as,



For the case of n = 0 which is the lowest Landau level, we have

and

J—1(§) =

65

So, for this case the positive and negative energy spinors becomes zero. That is

I1(8)
0

Efim -[n—l (é)

— el (€)

U+:

E:erm Jn1 <€>
PR ()

Ep+m“n

Jn-1(€)
0

o o O O

o O O O

(3.4.10)

(3.4.11)

From this we conclude that all multiplications with these two spinors always becomes

zero. Which means the n = 0 state represents orthogonal positive and negative energy

eigenfunctions and hence is non degenerate.



Chapter 4

Discussion and Conclusion

4.1 Discussion

In solving the Dirac equation in the presence of a uniform back-ground magnetic field,
by assuming the field to be along the z— axis and imposing a gauge condition as
given in eqn.(1.5.2) we got different spinors for the two possible positive and negative
energies as given in eqn.(3.2.26), (3.2.27), (3.3.39) and (3.3.40) respectively. All the
solution we got are completely dependent on the gauge condition we impose for the
magnetic vector potential. However all the results we got in this work are dependent
on the gauge conditions. For example if we consider the expression for the Landau
energy, as in eqn.(3.1.62) one can notice that the energy of the moving particle or

electron does not depend on the gauge condition we have taken.

As one can see from the expression

E? —m? — p* + eQBS
e|Q|B

we can not put B — 0 in the final solutions, for the spinors and expect to get back

as =

the free solutions. In this limit the solution of,
dQ

(d£)2_§ +aS]Fs(§) =0

[
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and

2t ald — o

becomes indeterminant so that all the spinors we got for the two energies are specific to

a gauge, giving rise to a magnetic field along the z—axis. The choice of the background
gauge does not permit us to obtain the free solutions in any limit because the free

solutions belongs to another gauge orbit, namely the gauge less solutions.

From the expression
E2 = m®+p+2neB

the n = 0 state which can be used to deal with when the magnitude of the magnetic
field strength is very high, is non-degenerate and in this state we have only one

solution available for the positive energy and one for the negative energy.

The forms of the orth-normality relations as done in the last section, section 3.4
are gauge dependent and are not ortho-normal, since in all the results we have the
function p, which is not gauge invariant quantity. But when the landau levels are
many (n — oo) and the field strength is small, then at a certain limit, n ~ n—1, and
only in this limit, the spinors we got for the positive and negative energy becomes
ortho-normal. In most of the cases the limit for n or the maximum landau level can
be calculated from the maximum attainable energy of the electron and field strength.
Once we know the maximum attainable energy (F,,q,) from observational data or

experimental limit, the highest landau level is given by

_ max

E2 _ m2
nmaw - 2€B
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Here if the field strength decreases, then n,,,, increases and the possible number of
landau levels becomes very high, at this time we can say n — oo. This discussion
implies only in the special cases where the magnetic field strength is very small, we
will have a very large amount of Landau levels and at this level the solutions will be

ortho-normal.

4.2 Conclusion

As we have seen throughout this work, the solutions of the Dirac equation strongly
dependent on the gauge condition and Landau level. The energy of the electron is
seen to be degenerate except the lowest level. In addition we have seen that there
is no way to get the free Dirac solution from the exact solution in the presence of a
uniform magnetic field, by letting the magnetic field strength to go to zero, as there
is no connection between the gauge configuration given rise to a magnetic field and
pure gauge fields. The solutions are seen not to be ortho-normal in general but when
the number of the landau level is very high, it is seen that the solutions show ortho-
normality. On the contrary the lowest Landau level is always ortho-normal, as one of
the spinors do not exist. At last even if the results we got have a great application
in calculations of decay-rates and scattering cross section of charged particles in the
presence of a uniform magnetic field, in real situation the fields associated with most
of the bodies is complicated and for such fields we can not get exact solution of the
Dirac equation, only under the assumption of uniform field we can get the exact

solution.
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