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PREFACE

This seminor paper has two chapters.

The first chapter deals with the study of the solution of nonlinear problems in
one variable which provides a basis for the pr(;blems we will consider in the

next chapter.

Chapter two 1s devoted to the study of multivariable nonlinear problems,

which is the heart of this seminor paper.
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CHAPTER 1

L. Newton’s Method for a Nonlinear Equation and Unconstrained Minimization in
One Variable.
1.1 Solving a Nonlinear Equation in One Variable.

1.1.1 Newton’s Method.

Suppose we wish to calculate the square root of three to a reasonable number of

places (digits). Then this can be viewed as finding an approximate root x. of the function

f(x)=x*-3, x e R!., where Ry: = {x’eR | x = 0}.

Now, if our current estimate of the answer is x, = 2, we can get a better estimate
X+ by drawing the line that is tangent to f(x) at (x, f(xc)) = (2, 1), and finding the point x+

where this line crosses the x-axis (See Figure 1.1.1)

| N
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Figure 1.1.1 An iteration of Newton’s method on f{x) = x*-3
Since x+ = X, - Ax and

Ay _ S(x)

Ax

/

fi(x)=

e

we have that

J(xe) Ax = Ay = f(xc)

o me=x- L% (1.1.1)
I(x)
. ] g
which gives X+ =2-— =175.
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Applying the same process from the new current estimate x. = 1.75, (1.1.1) gives
X+ = 1.732142857, which already has four correct digits of /3. One more iteration gives
x+ = 1.7320508, which has eight correct digits.

The method we have just developed is called the Newton’s Method. In

developing the above Newton’s method what we have done is that; at each iteration we
have constructed a local model (which is known as affine model) of our function f(x) and

solved for the root of the model.

In the present case, our model is the unique line with function value f(x.) and
slope f'(xc) at the point x. given by.
M(x) = f'(xc) + f'(Xe)(X-Xo), (1.1.2)

Denotation: In this paper the local model at xi for finding an approximate root of a
nonlinear equation and an approximate local minimum of a nonlinear

functional are denoted by My and my, respectively.

In general in solving nonlinear problem, what Newton’s method does is that, it
generates a sequence of points, by an iterate process, that we hope come increasingly
close to a solution.

2

Definition 1.1.1: Let x.eR, xxeR, k=0,1,2,.....

a) The sequence {xi} is said to be linearly convergent to x. if and only if
{xx}jconverges to x,and there is a constant ¢ €[0,1) and an integer ko = 0 such

that for all k > K,

[Xpe1 — x| S clxi — 2., (1.1.3)
b) If for some non negative sequence {ci} of real number that converges to zero,
X1 — Xa | S cfxg — X, (1.1.4)

then xy 1s said to converge super linearly to x.

2]



c) If there exist constants ¢ > 0 and kg > 0 such that {xix} converges to x. and for

k = ko,

i1 — x| < el — x P . (1.1.5)

then {xx} is said to converge to x. quadratically.

Examples:
1. Letxx=1+2%k=0,1,2,....and x, =1

Then clearly the sequence {xx}converges to x« linearly with ¢ = % and ko =0
2. Letxy=1+27%,k=0,1,2,...and x.=1

Then the sequence {xx} converges to x, quadratically with c = 1.

Definition 1.1.2: A function f: D — R is said to be lipschitz continuous with

constant Y in D written f € Lipy(D), if for every x, y €D,
f(x) — f(y) < Yjx - yl. (1.1.6)

Lemma 1.1.1 For an open interval D, Let f: D — R and let f'eLipy(D). Then for any

X,y €D,

Iﬂw—ﬂﬂ-f&)@wnszgiiL (1.17)

Proof: From basic calculus, f(y) — f{x) = -J.f’(z)dz, or equivalently,

f(y) - fx) - f/(x) (vx) = [[f"(2) - f'(x)}e (1.1.8)

Making the change of variables.

z =X +1(y-x), dz = dt(y-x), (1.1.8) becomes
1

f(y) — fx) = F(O-x) = [ [ (xH(y=x)) — £ () (yx)dt,

0
So by the triangular inequality applied to the integral and the Lipschitz continuity of f,

we have that



I

IfCy) =) = f'(x) (y=x) | =| f [f'(x +t(y-x)) — f ()] (y-x)dt |

0

< [ 1FG+ ) - £l ly-x | de

0

1

< [ ity =)l ly — x| dt

0

= [ Wy-x)Ptdt=

0

yly-x|°
2

Remark: In the above Lemma the term in the absolute value sign is f{y) — M(y) and
hence the Lemma shows that if f* eLip,(D), then we can obtain a bound on the

error the affine model makes in approximating f at x.

Theorem 1.1.2  Let f: D — R, for an open interval D, let f'eLip,(D) Assume that

for some p > D, |f'(x)| = p for every x €D. If f(x) = 0 has a solution x, €D, then there is

some 1 > 0 such that; if [xg - x.| <mn, then the sequence {x\} generated by

A R
f’(-"k)

exists and converges to x.. Furthermore, fork=0,1,2,...

Xk+1 = Xk -

s = X = ZL b - x. (1.1.9)

Proof:

Let 1e(0, 1), let o be the radius of the largest open interval around x, that is contained in

D, and define 1 = min {x, 1(2%)}

We will show by induction that for k =0,1,2,... (1.1.9) holds, and

Xke1 - X S TRk - x| <7



The proof simply shows at each iteration that the new error. |Xx+ - X.| is bounded by a

constant times the error the affine model makes in approximating f at x., which from

Lemma 1.1.1 is u
For k=0,
e SO) o fl)=S(x)
X1 - X, =Xp f’(—\’o) X, =Xo- X. f'(xo)
g —f'(lxo) [ f(x.) — f(x0) - f'(x0)(x. - x0) ]
The term in brackets is f( x. ) — My( x. ), the error at x, in the local affine model at x. = x,.
Thus from Lemma 1.1.1, |x; - x.|=| ,L [f(x.) - f(x0) — f'(X0) (x.-X0)]|
F (xo)
=| 1 | [f(x.) - f{Xo) — f'(Xo0) (x.-X0) | < L 7 _x*ﬁ
f'(xa) |f'(x0] 2
_ & el 2
2|f,()~'0)| I X XOl

and by the assumption on f'(x) we get
% - %] £ . | Xg - X.lz
2p
Since [xo- x.| SN <t 2,0}/ , we have

s
lX]- x,[ < -2/—)( i

<tn <nmn,since te(0, 1)

[Xo- x| =7X0- x.
The proof of the induction sets proceeds identically
Remark: Theorem 1.1.2 guarantees the convergence of Newton’s method only from a

good starting point Xg, and indeed it is easy to see that Newton’s method may not

converge at all if [xq - x.| is large. For example, consider the function f(x) = arctan x



(see Figure 1.1.2) For some x.e [ 1.39, 1.40], if x¢o = X, the Newton’s method will

produce the cycle x| = -X¢, X2 = X¢, X3 = X, -+

If [xo| < %, Newton’s method will converge to x. = 0, but if [xo| > x., Newton’s method

will diverge, i.e the error [xi - x,| will increase at each iteration.

Figure 1.1.2 Newton’s method applied to f(x) = arctanx

1.1.2 Globally Convergent Method.

In the above example we have seen that Newton’s method may not converge at all
from bad starting point (i. ¢ when |xg - x.| is large). Such iterative methods are known as

local methods on the other hand those iterative methods that guarantee convergence

from any starting point are called global methods.

In this paper among the different global methods, we shall discuss the one, which

extends to multiple dimension called backtracking. Think of Newton’s method as having

suggested not only the step xy = X — Slxe) Fix)? but also the direction in which that

step points (assume f'(x;) # 0). Although the Newton’s step may actually cause an
increase in the absolute value of the function, its direction always will be one in which

the absolute function value decreases initially (Sf\e Figure 1.1.3)
o ! 3
T;;Th\“\"?){“‘—-“ = éi
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Figure 1.1.3 Backtracking from thmewlon step.
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Thus if the Newton point xy doesn’t produce a decrease in |f(x)|, a reasonable strategy is

to backtrack from xy toward x. until one finds

x+ for which [f(x )+ < [f(x¢)|.

A possible iteration is

f(x,)

X+ =Xe - 2%

Sxe)
while | f(x+) | > | f(x.) | do

X, .+ X
Wihs ¢

(1.1.10)

Iteration (1.1.10) is an example of a hybrid algorith, one that attempts to combine
global convergence and fast local convergence by first trying the Newton step at each
iteration, but always insisting that the iteration decreases some measure of the closeness

to a solution.

Below is the general form of a class of hybrid algorithms for finding a root of

nonlinear equation.

ALGORITHM 1.1.1 General hybridquasi — Newton algorithm for solving one

nonlinear equation in one unknown:

given f: R .— R, xq,

fork=0,1,2,...,do

1 decide whether to stop; if not

2. make a local model of f around xy, and find the point xy that
solves (or comes to solving) the model problem.

z. (a) decide whether to take x4+ = X, 1f not
(b) choose  xy;; using a global strategy (make more

conservative use of the solution to the model problem).




1.1.3 Methods When The Function is Not Differentiable.

In the preceding section we have been using f'(x) in modeling f near the current
solution x. by the line tangent to f at x,. But in many practical applications, f'(x) is not
available. Hence when f'(x) is unavailable, we replace this model by the secant line that

goes through f at x. and at some near by point x. + h. (see Figure 1.1.4).

The slope of this line is

- f(xc+h;)—f(xc) ) (1.1.11)
’IC

and so the model we obtain is the line
M (x) = f(xe) + ac(x o)
Therefore the quasi — Newton step to the zero of M . (x) then becomes

2 X
Xy =Xo- EACH) c).
: a,

Remark: If he 1s chosen to be a small number, a. is called a finite difference

approximation to f'(x). A Y

f7 —

Figure 1.1.4 A secant approximation to f(x)

Example:  Finite - difference Newton’s method applied to f(x) = x? — 1 with

hk = ]0_7)(1( and Xo = 2



Xop 2

X1 1.2500000266453
x2  1.025000169057
x3  1.0003048001120
x4 1.0000000464701

X5 1.0
Notice: here Xy = Xy - f (x,()
. a,
where ay = f(x" +hk)_f(xk),
'
fork=0, 1,2,....

If we apply Newton’s method to f(x) = x> — 1 with xo = 2 we get;

X0 2
X 1.25
X2 1.025

x;  1.0003048780489
X4 1.000000046611
X35 1.0

In the above example one can see how similar Newton’s method and the finite —

difference Newton’s method arc.

In general we have the following corollary which tells us how close, as a function

of he, the finite-difference approximation (1.1.11) is to f'(x.).

Corollary 1.1.3 Let f:D — R for an open interval D and let f'eLip/(D). Let X, X¢ +

h.eD and define a, by (1.1.11). Then



J
o — (%) | < ——"'2’0' (1.1.12)

x.+h,

Proof: From basic calculus f(x + he) — f(xc) = J f'(z)dz or equivalently

X +h,

fxe +he) = f(x0) - hef'(xe) ~hef'(x) = [[£'(2) = f'(x ) e

Making the change of variables
z =X + the, dz = dth,
We get

(% + he) = fxe) = hef'(x) = [[f'(x, +1h,) = f'(x.)]hedt,

’

and so by the triangle inequality applied to the integral and the Lipschitz continuity of f

| fxe + he) = f(xe) = hef'(xe) | < bl [ yltheldt

0

2

_# h,
2
. : . of ;
Dividing both sides by |h.| where h, # 0 gives the desired result,
Corollary 1.1.4 Let x+ = X, =X - ACH . If we define

a

c

€ = [Xc - x.| and e+ = [x4+ - x.|, and if f'eLipy(D), then

e & —L— (e, + ) e, L1156
2|ar|
Pl‘OOf: Xio Xo = XC - X = f(x()
a

| <2

= a_' [f(x.) - f(xc) - a:( x. -xc)]

Il

al' [f(x.)- M, (x)]

a; {f(x.) = f(xe) = f'(xe) (xe-xe) + [f'(xe) = ac] (%2 - Xo)}

=o' { | @)~ Fldz+ [0 ~ad (%0



and so by the triangular inequality and by the Lipschitz continuity of /" we get
xe- x| <1al | ([ 1 7@~ flxofiz+ 1F () —adl [, - xd])
< a5 Ie= mf + 105~ ad e % 1)

That is, e < |a”'| (% e + | (xe) — aclec) (1.1.13b)

Putting (1.1.12) into (1.1.13b) gives the desired result.

Corollary 1.1.5 If |f'(x)) 2p>0ina neighborhoo‘d of x, for |h| sufficiently small and

x+€D, then

e+ < % (e + (D& (1.1.14)
J = =g

a('

Proof: From (1.1.12) for |h| sufficiently small a. = f'(xc). Thus
This implies [a”'| < 2p"'. This together with (1.1.13a) gives

er < 2 (e + |he]) e
2p

1.2 Minimization of a Nonlinear Functional of One Variable

1.2.1 Newton’s Method.

We begin this section by proving two theorems which gives us a necessary and

sufficient conditions for finding a minimum point for one variable functions.
Moreover a proof of the first suggests an algorithm.

Theorem 1.2.1 Let f eC'(D) for an open interval D, and z €D. If f(z) # 0, then for

any s with f'(z).s <0, there is a constant t > 0 for which f{z + As) < {(z), for everyA €(0,1).

Proof: Without loss of generality let f'(z) > 0. Then from f'(z)s <0 follows that s <0,

Now since f' is continuous and f'(z) > 0, there is an open interval 0 about z such that

11



f'(x) > 0 for all x in 0. In other words there is t > 0 such that f'(z + As) > 0 for all A in
(0,t)

For any such A, we get
A
fz+2s)-fz) = [ f(z+as)sda<0
0

Remark: Theorem 1.2.1 suggests that a local minimum of a continuously differentiable
function f must com at a point where f'(x) = 0. Graphically, this just says that the
function cannot initially decrease from such a point. Hence solving f'(x) = 0 is necessary

for finding a minimizing point for f, but not sufficient,

Theorem 1.2.2. Let f eC*(D) for an open interval D and Let x. €D for which f'(x,) =0

and f''(x.) > 0. Then there is some open subinterval D' D for which x, €D’ and

f(x) > f( x.) for any other x €D’.

0

Proof: By continuity of ", there exists an open interval D’ about x, such that /"' >¥on
)b 8
Then by the extended mean value theorem, for any x €D, there is an X €(x., x) c D' for
which
1
fx) - f(x,)=f'(x)(x- x.)+ Ef” (X)(x-x)2>0

Since f'(x,)=0and x eD’, the assertion follows.

0
The Hybrid Newton’s Method Strateg\f{compute a Minimum Point

As theorem 1.2.1 suggests solving f'(x) = 0 is the necessary condition for finding
a minimizing point for f. Hence the easiest way to the class of algorithms we will use is
to think of solving {'(x) = 0 by applying the hybrid Newton’s method strategy of section
1.1.2, only making sure that we find a minimum and not a maximum point by
incorporating into the globalizing strategy the requirement that f(xx) decreases as K

Increases.



An interation of the hybrid method starts by applying Newton’s method, or finite

difference method, to f'(x) = 0 from the current point x.. The Newton step is

i ]j: (;; (12.1)

+. T Ac

Interms of the model problems we have the following as to the meaning of the above

step.

Since (1.2.1) is derived by making an affine model of f '(x) around x, it is equivalent to
; ; 1
having made a quadratic model of f(x,) around xc, me(x) = f(xc) + {'(Xc) (X — xc) + 5 f

"(xe) (x —xc)?, and setting x4 to the critical point of this model.

Remark: i) The above quadratic model can be derived from Taylor’s Theorem.

ii) The critical point of the quadratic model, m.(x), is obtained by solving m, (x)=0 for x.

Our global strategy for minimization will differ from that in section 1.1.2 in that, rather
than deciding to use the Newton point xy by the condition |f '(xn) | < | f'(Xc) |, which
measures progress toward a zero of f '(x), we will want f(xn) < f(X¢), which indicates

progress toward a minimun.

If f(xn) = f(xc), we consider the following cases.

Case 1: f'(xe) (Xn—%c) <0
From the Newton step for xy given by (1.2.1), we have that  "(x;) > 0, whenever
f'(xc) (xn — %) < 0. That is the leading coefficient of the quadratic model m., which is

used to derive the Newton step Xy, is positive.



Hence the quadratic model has a minimum and not a maximum. Moreover theorem 1.2.1
suggest that f(x) must initially decrease in the direction from x. towards xy. (see Figure

1.2.1)

Thus we can find an acceptable next point x+ by backtracking from xy toward x..

Case 2: f'(xc) (xn—%c) >0

Again from Newton step (1.2.1), we have that f"(x.) < 0, whenever f'(x.) (xy — Xc) > 0.
This yields that the quadratic model m., which is used to derive the Newton step xx, has
a maximum and not a minimum. Thus f(x) initially increases going from x. toward xy.
Therefore we should take a step in the opposite direction. One strategy is to try a step of

length [xn — X, | and then backtrack, if necessary, until f(x+) < f(x.) (see Figure 1.2.2)

L

% 1

/

/f""k\\
— ~

1Y Y S0

\
- \ - f ‘ bn o ~
Fe)1 N, x) y ~ Mg
S \
/ /. i
—t + 7 . + + : 4
xN X cC 'x‘c XN
Figure 1.2.1 Local quadratic model’s Figure 1.2.2 Local quadratic model’s
having minimum implies {(x) decreases having maximum implies f(x) increases

initially from x. toward xn. initially from x. toward xy.

Remark: Incase m. of f'(x), { “(x) or both of this derivatives are not available we can
approximate them by finite difference, in a similar way as we discussed in section (1.1.3).
The corresponding method is known as finite difference Newton’s method (for

minimization). The detail of this method will be considered in chapter 2.
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CHAPTER II

Globally Convergent Modification of Newton’s Method.

This chapter is devoted to the major idea for proceedings when the Newton step is
unsatisfactory. In section 2.1 we reintroduce Newton’s method for unconstrained
minimization and moreover we will set the frame work for algorithm we want to
consider. In section 2.2 we will discuss the global approach, modern versions of the
traditional idea of backtracking along the Newton direction if a full Newton step is
unsatisfactory, for unconstrained minimization problem. Finally in section 2.3 we will
discuss an application of the global method for solving systems of nonlinear equations

whenever a full Newton step is unsatisfactory.

2.1 Introduction

Consider the unconstrained minimization problem:

min fR" - R

xeR"
where f is assumed twice continuously differentiable. Just at in chapter 1, we model f at

the current point x. by the quadratic model
1 &
me(xe +p) = f0x0) + V(o) p + - p'VHlxe)p.

and solve for the point x4 = X + sy, where Vmc(x:) = 0, a necessary condition for x; to be

the minimizer of m..

This corresponds to the following algorithm.

Algorithm 2.1.1 Newton’s Method for unconstrained Minimization

Given [:R" — R twice continuously differentiable, xge R"; at each iteration k,

Find xy such that V*f(xy) s} =-Vf(xy),

N
Xp+1: =X T 8,




Example: Let f(x1, X2) = (x1 -2)" + (x; = 2)* x2 + (x2 + 1)%, which has its minimum at

2 =2 -1

Algorithm 2.1.1, started from xo = (1, 1)", produces the following sequence of points. (to

eight figure on a CDC machine in single precision):

X f(xx)

xo=(1, 1)’ 160

x; = (1,-0.5)" 1.5

X = (1.3913043, - 0.69565217)" 4.09 x 10”!
X3 = (1.7459441, - 0.94879809)" 6.49 x 107
x4 = (1.9862783, - 1.0482081)" 2.53x 107
Xs = (1.9987342, - 1.0001700)" 163 x 10°
X6 = (1.9999996, - 1.0000016)"

2.75 x 10712

Algorithm 2.1.1 is simply the application of Newton’s method (Alg. — for system of
nonlinear equations) to the system Vf(x) = 0 of nonlinear equations in x n unknowns,
because it steps at each iteration to the zero of the affine model of V{(x) defined by

Mi(xx +p) = V [my (xi + p)] = Vixi) + VAH{xi)p.
As it is evident in the example if X is sufficiently close to a local minimizer x. of f with
VI( x. )nonsingular (and therefore positive positive definite by a corollary on Newton’s

method), then the sequence {xy} generated by Algorithm 2.1.1 will converge

quadratically to x.. This is the main advantage of Newton’s method.

On the other hand even as a local method, Newton’s method is not specifically geared to
the minimization problem; there is nothing that makes the sequence {xi} generated by
Newton’s step less likely to proceed toward a maximizer or saddle point of where Vf is

also zero.

16 jy A



In general, even though Newton’s method is intended primarily as a local method to be
used when the current solution approximation is close enough to a minimizer, we would
like to make some modifications, whenever necessary so that the sequence {xy}
generated by the Newton step will converge to the solution where xq is outside the

convergence region of Newton’s method.

The basic idea in forming a successful algorithm for unconstrained minimization
(as well as for nonlinear equation) is to combine a globally convergent strategy with a
fast local strategy in a way that derives the benefits of both. The most important point is
to try Newton’s method, or some modification of it, first at each iteration insisting that f

decreases otherwise fall back on a step dictated by a global method.

The framework for doing this (for both nonlinear equations and unconstrained
optimization), is outlined in Algorithm 2.1.2 below. It is a slight expansion of the hybrid

algorithm we have seen in chapter 1.

ALGORITHM 2.1.2 Quasi.— Newton Algorithm for Nonlinear Equations or
Unconstrained Optimization [for optimization, replace F(xy) by Vf(x,) and Ji by Hy]

Given F:R" — R" continuously differentiable, and xoe R". At each interaction k.

L. Compute F(xy), if it is not already done, and decide whether to stop or continue.
2 Computer Ji to be J(xy), or an approximation to it.
3. Apply a factorization technique to Ji and estimate its condition number. If Jy is ill

— condition, perturb it in an appropriate manner.
N =
4, solve Jk S, F(Xk).
3 Decide whether to take a Newton step, Xy« = Xk + S',f", or to choose xx+; by a

global strategy. This step often furnishes F(xy) to step 1.

Notice that if the global method is chosen and incorporated properly, the

algorithm will be globally convergent and moreover it retains the Newton’s local



convergence rate close to the solution. The algorithm that takes this approach is called

quasi-Newton.

Remark: Step 5 is the topic of this seminar paper. Consequently, henceforth we
discuss the same topic and moreover we require, Hy to be positive definite incase of
unconstrained minimization problem, and J(x¢) singular for nonlinear equation in

Algorithm 2.1.2.

2.2 Globally Convergent Modification of Newton’s Method for Unconstrained

Minimization

As we have mentioned in the previous section we need to make certain
modification whenever Newton’s Step is unsatisfactory so that the sequence generate by
Algorithm 2.1.2 converges to the solution x, of the problem. Consequently in this
section we discuss the corresponding modification for unconstrained minimization

problem.

Now we start our discussion by developing the materials we need later for our

global strategy.
2.2.1 Descent Directions for Unconstrained Minimization Problems.

Descent directions are among those materials we will need for our global method.
Morcover ‘they help one to have a good insight into the basic idea of the global method

we are looking for. Hence we discuss them in this subsection.

Definition 2.2.1.1 Let f: R" — N be continuously differentiable or R", and let x e R".
Then the direction p from a point x in which f decreases initially is called a descent

direction.

18



Remark: From a Lemma an Newton’s method for unconstrained minimization we have
the following and an alternative definition of descent directions. That is p is a descent
direction from x if

Vi(x)'p<0, (2.2.1.1)

where f ec’)(R"), p, xe®R" and p is an nonzero perturbation.

Now we can introduce the basic idea of a global method for un constrained
minimization. Obviously the geometrical interpretation of the idea of global method for
unconstrained minimization can be put as: take steps that lead “downhill” for the function
f. This can be restated interms of directions as follows. That is one chooses a direction
p from the current point x. in which f decreases initially and a new point X+ in this
direction from x. such that f(xs) < f(x;). Clearly the direction which satisfies this

requirement is a descent direction from x..

So far, the only direction we have considered for minimization is the Newton
direction s™ = - H ~'Vf(x.), where H, is either V*f(x.) or an approximation of it. Now one
may raise a question as to whether Newton’s direction is a descent direction. To see this;
Newton’s direction is a descent direction if

Vi(xe)'s™ = -Vi(xe)" H ' Vi(xc) <0, by (2.2.1.1)
which is true if /" or, equivalently, H. is positive definite.

This is why we require H. to be positive definite in Algorithm. 2.1.2
2.2.2 The Method of Line Searches for Unconstrained Minimization Problem

In the previous subsection we have seen that Newton’s direction is a descent

irecti - 1s positive definite. We are interes in Newton’s direction i
direction as long as H, is positive definite. W terested in Newton’s direction in
particular, since we use it in our algorithm. In this section we introduce our global

strategy which is known as the method of line search.



The idea of our line-search algorithm is that given a descent direction pi, we take

a step in the direction that yields an “acceptable” xi+, where the word “acceptable” refers

to the decreasing in f (i.e. f(xk+1) < f(Xx)).
It is summarized in the following;
at each iteration k:

calculate a descent direction p, , an
set Xk + 1 : = Xg + Agpx for some Ay > 0 that makes xk+1‘£cceptable

next iterate.

Graphically, this means we select xy+; by considering the half of a one-dimensional cross

section of f(x) in which f(x) decreases initially from xi (see figure 2.2.2.1)

f(xk i 2 ?upk)

i

slope = V1(xypi < 0——W /

A=0 = %

Figure 2.2.2.1A cross section of f(x): R" — R from xy in the direction py, where
px = - H;'V{(xx) with H positive definite.
Sea[’(:h
The other tool we need for our line gachi algorithm is Ay. Actually the term “line
search” itself refers to a procedure for choosing Ay. Next we will give a weak acceptance

criteria for {A;} that lead to methods that perform as well in theory and better in practice.

The common procedure now is to try the full quasi — Newton step first and. if
A = 1 fails to satisfy the criterion in use, to backtrack in a systematic way along the
directions defined by that step. Notice that, failure to allow Ax = 1 in our procedure for

choosing Ay results in loosing the advantage of Newton’s method near the solution, which



is its rate of convergence. Hence it is important that our procedure allow Ax = 1 near the

solution.

In our next discussion of the choice of Ak in theory and in practice, we consider

the search for x+ = x + A, along the general direction p from the current estimate.

While no step — acceptance rule will always be optimal, it does seem to be
common sense to require that
f(xke1) < £f(xx). - (2.2.2.1)
Now we consider two simple one-dimensional examples that show two ways that a

sequence of iterates can satisfy (2.2.2.1) but tail to converge to a minimize.

Examples 1) Let f(x) =x% xo=2. If we choose {px} = {(-l)kﬂ}, {A} =

{2+ 3%, then {x} = {2, _73%189 L ={(-DF (1 +2%)}. Each py is a descent

direction, one can verify this by substituting xx and py in the term 2x,px which yields

negative number for each k and finally we have that f(xy) is monotonically decreasing

with

lim flx)=1

See Figure 2.2.2.2(a) Of course this is not a minimum of any sort for f, and furthermore

{xx} has limit points +1, so it does not converge.

2) Consider the same function with the same initial estimate, and let us take
K1 359 P 2 .
{px} = {-1}, (M} = {27}, Then {xx} = {2, E,Z,g,---} = {1 +27}, each py is again a

descent direction, f(x;) decreases monotonically, and limx, = 1, which again is not a
k—o

minimize of f[see Figure 2.2.2.2(b).
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Xy X3 X X0 Ko Xi Xo Xk
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Figure 2.2.2.2 monotonically deceasing sequences of iterates that do not converge

to the minimizer.

Not we will discuss separately why the sequences of iterates we have constructed
in the above examples fail to converge to a minimizer, when both satisfy (2.2.2.1).
Moreover we will see how they can be improved (in each case) so that we get the desired
result. That is in each case we set the corresponding step-acceptance criterion, which we

will use latter for proving some amazing powerful results, we need.

The problem in Example 1 is that we achieved very small decreases in values of f relative

to the lengths of the steps. we can fix this by requiring that the average rate of decrease

from {{(x.) to f(x+) be at least some prescribed fraction of the initial rate of decrease in that

direction; that is we pick an ae(0, 1) and choose 2. from among those A > 0 that satisfy
f(xe + Ap) < f(xe) + 0 VI(xe) p. 2.2.2.2. (a)

(see Figure 2.2.2.3)

Equivalently, 4. must be chosen so that
f(x4) < f(xe) + aVIxe)" (x4 - Xe). (2.2.2.2b)
Notice that this precludes the unsuccessful choice of points in case of the first example

but the second.



(X1 Ap)
y = f(xe)+ 0AVE(xe)'p.

Sy

Y=f(xe)+ AVF(x)'p

> A

Permissible value of A under condition
(222.2) (a=0.1)
Figure 2.2.2.3 Permissible values of A _condition (2.2.2.2) (=0.1)

The Problem in Example 2 is that the steps are too small, relative to the initial rate
of decrease of f. Hence we need a condition which essures sufficiently large steps.
Among various conditions which assure suffiently large steps we will present the one
which is appropriate for our purpose. We will require that the rate of decrease of f in the
direction p at x4+ be larger than some prescribed fraction of the rate of decrease in the
direction p at x; that is,

VIx:)"p A Vi(xe + ep)p = PVH(x)p. (2.2.2.3.3)
or equivalently,
Vix)" (x4 - X¢) = VxS (X4 - X) ' (2.2.2.3.b)
for some fixed constant Be(a, 1) (see Figure 2.2.2.3). The condition > o guarantees

that (2.2.2.2) and (2.2.2.3) can be satisfied simultaneously.

In practice we need only (2.2.2.2) for our propose, since the use of a backtracking

strate%\avoids excessively small steps
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Figure 2.2.2.3 The two line search conditions.
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We close this subsection by giving an example which demonstrates the effect of

conditions (2.2.2.2) and (2.2.2.3\) on a simple functions.

Example 3. Let f{(x;, x) = x;' + x2 + x2, x.=(1, )", p, =(-3,-1)", and let . = 0.1 in

(2.2.2.2), p=0.51in(2.2.2.3).
From

4x] +2x,

Vi(x) = [ }, we get

Xy
Vixe) pe = (6, 2) (-3, -1)T=-20 <0,

and hence p, 1s a descent direction for f(x) from x..

Now consider x(A) = X + Ape. If x: =x(1) =X +pe = (-2, O)T,
Vi(x+) pe = (-36, 0) (-3, -1)T = 108 > -10 = BV£(xc) P,
So that x, satisfies (2.2.2.3)

on the other hand from,

f(x+) =20 > 1 =f{xo) + aVi(xe) pe,

we have that x, does not satisfy (2.2.2.2)

Similarly, if x; = x(0.1) = (0.7, 0.9)",
f(x+) = 1.5401 < 2.8 = f(xc) + 0(0.1) Vf(xc) "pe,
So that x, satisfies (2.2.2.2), but
Vi(xs) pe = (2.772, 1.8) (-3, -1) = -10.116 < -10 = BV(xc) pe,
So that x. does not satisfy (2.2.2.3)
Finally if x; = x(0.5) = (-0, 0.5),
f(x+) = 0.5625 < 2 = f{x.) + 0,(0.5) V{xc) pe,
So that x. satisfies (2.2.2.2) and from
V(%) pe = (-1.5, 1) (-3, -1)T = 3.5 > -10 = BVi(xo) pe,

we have that x, also satisfies (2.2.2.3).

Notice that these three points correspond to the right of, to the left of and in the

“permissible” region in Figure (2.2.2.3), respectively.
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2.2.3 Convergence Results for Properly Chosen Steps

Using conditions (2.2.2.2) and (2.2.2.3), we can prove some amazing powerful
results: that given any direction py such that Vf{x,) px < 0, there exist Ax > 0 satisfying
(2.2.2.2) and (2.2.2.3); that any method that generates a sequence {Xx} obeying
V) (X1 — Xi) < 0, (2.2.2.2) and (2.2.2.3) at each iteration is essentially globally
convergent; and that close to a minimizer of f where V£ is positive definite, Newton

steps satisfy (2.2.2.2) and (2.2.2.3).

Theorem 2.2.3.1 Let f: ®" — R be continuously differentiable on R". Let xxeR",
preR" obey V(xi) 'pi < 0, and assume {f(xx + Apx) | L > 0} is bounded below. Then if

0 <a <P <1, there exist A, > A, > 0 such that x+; = xx + Axpx satisfies (2.2.2.2) and

(2.2.2.3) if ke Ay M)

Proof: By continuously differentiability of f on R" and by the definition of the

directional derivative of f at x in the direction of p, we have

£i-£l(.} .f(x.fc +A’p/{)_f(x.‘:) = Vf(xc)-rpk

which in turn yields

f(xx + Apx) — f(xg) = lVf(xk)Tpk, for all .. > 0 sufficiently small.

Now for all 2. > 0 sufficiently small, since 0 < & < 1 and Vf{xi) px < 0 by the hypothesis,
we have
f(xk + Api) < fi(xy) + aAVAx) pi. (2.2.3.1)
Thus any xe(xk, *) satisfies (2.2.2.2).
On the other hand by the mean value theorem, there exists I'E(O, i) such that

(%) - fxi) = VI + i) (£ - %)

= Vi(xi + 2 pi) Ap, (2.2.3.2)
and so from (2.2.3.1) and (2.2.3.2),
Vi + A pe)'pr = oV (xi) i > BVA(x) pi (2.2.3.3)
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Since a < 3 and Vf(xk)Tpk <0

Finally by the continuity of Vf, (2.2.3.3). still holds for A in some interval (A,, A,) about
A . Therefore, if we restrict (A, Ay) to be in (0, p) ), Xk+1 = Xk + Axpy satisfies (2.2.2.2) and
(2.2.2.3) for any Axe(A}, Ay).

Theorem 2.2.3.2 Let f: R" — R be continuously differentiable on R", and assume there

exists y = 0 such that
IVH(z) - VER)IR < y Iz — x]L (2.2.3.4)
for every x, z e R". Then, given any xoeR", either f i unbounded below, or there exists a
sequence {xx},k=0,1, ..., obeying (2.2.2.2), (2.2.2.3), and either
Vi(xi) s < 0 (2.2.3.5)
or Vi(xx) =0 and s, = 0,
for each k = 0, where
Sk A Xir1 — Xk
Furthermore, for any such sequence, either

(1) Vi(xx) =0 for some k > 0, or

(11) lim f(xx) = -o0, or
- vf(xk)rsk
(111) b, —==—— =),
=l

Proof: For each k, if Vi(x) = 0, then (1) holds and the sequence is constant subsequently.

If VA(xi) # 0, then there exists px (for example take py = -Vf(xx)) such that Vi(xi) 'px < 0.
By Theorem 2.2.3.1, either fis unbounded below, or there exists Ay > 0 such that

Xk+1 = Xk + Agpi satisfies (2.2.2.2) and (2.2.2.3). In order to simplify notation; let us
assume that |[py|; = 1, so that A = ||skl. (Since |[Xk+1 — Xkll2 = ||Axpkll2 = A< and

sk A Xg+1-Xx). This constitutes no loss of generality.

So far we have seen that either [ is unbounded below, or {xi} exists, and either

{x;} satisfies (i) or sy # O for every k.



Now, if no term of {sy} is zero, then we show either (ii) or (iii) must hold. First

we need the following denotation,

VI (x)" s,

"Sk ”2 '

By (2.2.2.2) and Aok < 0 for every k (notice that Aoy = Vf(xk)Tsk < 0), we have

ok A

that for every j > 0,

(%) — £000) = 3 (f G )~ £ (x0))
< Jz—:an(xk)Tsk

j-
= aZ)ﬂ,ak <0.

k=0

Hence, either
oo
}1"1;2 f(x;) = -0 or.) ' 4,8, < oo is convergent.
k=0

In the first case (ii) is true and we are finished, so we consider the second. In particular

we deduce that }im Aok = 0. Now we want to conclude that }im oy = 0, and so we need

—o0

to use condition (2.2.2.3), since it was imposed to ensure that the steps dog not get too

small.
Now by condition (2.2.2.3) we have for each k that
Vi(xk1) sk > BVE(xK) sk
and so
Vi) sk > V) sk 2 BVIxi) sk = - Vi) sk
or

[VHGt)si - VE)] sk > (B-1) VA sk >0, *)
by (2.2.3.5) and p< 1.

Now applying the Cauchy — Schwarz un equality and (2.2.3.4) to
[Vi(xi1) = VExi)] sk, we get
[V f(xie1) — VI s | < T VEGRk) = VEa)1 L llsilz
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= [[Vf (k1) = VL2 Isll2

< Yl — Xkll2 [Isklf2
2
“vhsJ} v, )
Then by using (**) and the definition oy, (*) gives us

0<(PB-1)Mox<YyAi,

S0
-1
Ak 2 or=>0
Y
and Aoy < L o} <0.
V
Thus
0= limka s 2= Jim ol <0,
k= ¥ k—o

which shows that

limo,=0

k—»o0

(i.e (iii) is true) and completes the proof.

Note that while Theorem 2.2.3.2 applies readily to any line-search algorithm, it is
completely independent of the method for selecting the descent directions or the step
lengths. Therefore, this theorem gives sufficient conditions for global convergence, in a
weak sense, of any optimization algorithm and hence for our quasi-Newton line-search
algorithm. Furthermore, while the Lipschitz condition (2.2.3.4) is assumed on all of R",
it is used only in a neighborhood of the solution xs. Finally, although {ox}— 0 in
Theorem 2.23.2 does not necessarily imply {V{(xx)} — 0, it does as long as the angle
between Vf(x,) and sy is bounded away from 90°. This can easily be achieved in practice.
For example, in aquasi-Newton line-search algorithm where py = - ;' V{(x}) and Hy is
positive definite, all that is needed is that the condition numbers of {Hy} are uniformly

bounded above. Thus, Theorem 2.2.3.2 can be viewed as implying global convergence
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toward f = -0 or Vf = 0, although the conditions are too weak to imply that {xy}

converges.

The following theorem, due to Dennis and More (1974), shows that our global

strategy will permit full quasi-Newton steps xi+1: = xx -H, ' Vi(xy) close to a minimizer

of fas long as - /' Vf(xy) is close to the Newton step.

Theorem 2.2.3.3 Let f: R" — R be twice continuously differentiable in an open convex
set D, and assume that V*fe Lipy(D). Consider a sequence {xy} generated by

Xk+1: = Xk T Apr, Where Vf(xk)Tpk < 0 for all k and Ay is chosen to satisfy (2.2.2.2) with
an o < %, and (2.2.2.3). If {xx} converges to a point x«€D at which V2f(x+) is positive

definite, and if

o+ D,
lim =
i |2,

?

then there is an index ko = 0 such that for all k > ko, Ax = 1 is admissible. Further more

Vi(x+) =0, and if Ax = 1 for all k = ko, then {xy} converges superliearly to x-.

Proof: The proof is really just a generalization of the easy exercise that if f(x) 1s a

positive definite quadratic and py = -V*f(xi)" Vf(xy), then V(xi) 'px < 0 and Xy = X + px

satisfies (2.2.2.2) for any o £ —, and (2.2.2.3) for any B = 0, and hence the proof is

4
2

omitted.

Taken together, the conclusion of Theorem 2.2.3.2 and 2.2.3.3 are quite
remarkable. They say that if  is bounded below, then the sequence {xi} generated by
any algorithm that takes descent steps whose angles with the gradients are bounded away
from 90°, that satisfy conditions (2.2.2.2) and (2.2.2.3), will obey

ll_l}; Vi(xy) = 0.
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Furthermore, if any such algorithm tries a Newton or quasi-Newton step first at each
iteration, then {xk}will also converge quadratically or superlinearly to a local minimizer
x» if any xi is sufficiently close to x», and if local convergence assumptions for the

Newton or quasi-Newton method are met.

These results are all we will need for the global convergence of the algorithm we discuss

in the remainder of this chapter.
2.2.4 Step Selection by backtracking

In this section we specify how our line-search algorithm will choose Ax. As we
have stated in the previous section the modern strategy is to start with Ay = 1, and then, if
Xk + pk is not acceptable, “backtrack” (reduce Ay) until an acceptable xy + Aypx is found.
The framework for such an algorithm is given below. Recall that condition (2.2.2.3) is

not implemented because the backtracking strategy avoids excessively small steps.

ALGORITHM 2.2.4.1 Backtracking Line-search Framework

Given a.e(0, %),O<f<u<1

Aic=1;
While f(xy + Mpi) > f(x) + oy VExi) 'y, do
Ak =y for some Pe [£, u];
(*ﬁis chosen anew each time by the line search*)

Xk © = Xk T Mg

In practice, o is set quite small, so that hardly more than a decrease in function

value is required. Our algorithm uses a = 10”. Finally we discuss the strategy for
reducing Ay (choosingp). Let us define

70 B fixic+ 2py),
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the one-dimensional restriction of f to the line through Xy in the direction px. If we need
to backtrack, we will use our most current information about f to model it, and then take

the value of A that minimizes this model as our next value Ay in Algorithm 2.2.4.1.

Initially, we have two pieces of information about f’ A),
f(0)= () and f*(0) = Vi(xi) pi (224.1)
After calculating f(xy + px), we also knqw that
£ (1) = f(xic+ po), (2.2.4.2)
So if f(xx + px) doesn’t not satisfy (2.2.2.2); that is,- _f(l) > f(O) + a.f'(0), we model
f (A) by the one dimensional quadratic satisfying (2.2.4.1) and (2.2.4.2),

e (W)=[f1)- F0)- f(O)A*+ f'(0)r+ f(0), and calculate the point

i=g SO (2.2.43)
2|/ ()~ 7(0) - /(0)

for which s, (1)=o0.

Now

iy (1) =20 (1) - [ (0)- 7'©)]>0,
Since f (1) > f(0) + o f'(0) > f'(0) + £ (0). Thus A minimizes i, (A). Also A>0,
because f'(0) < 0. Therefore we take /. as our new value of Ax 1n the Algorithm (see

. A .
Figure 2.2.4.1). Note that since f (1) >f(0) +a f'(0), we have

| F
2(1-a)

In face, iff(l) > f (0), then A < —. Thus, (2.2.4.3) gives a useful implicit upper bound

b | —

] , : O e
of u= 5 on the first value ofﬁm Algorithm 2.2.4.1. On the other hand, if f (1) is much

larger than ‘/"“(0), /2 can be very small. We probably do not want to decrease Ay too

much based on this information, so we impose a lower bound of / = 5 in algorithm



. ) NS 1
2.2.4.1. This means that at the first backtrack at each iteration if 4 < —., then we next

10
1
B
try Ax 70
fo
A
i, (L)
\ -
slope=f’ (0
0 7 —— 5

Figure 2.2.4.1 backtracking at the first iteration, using a quadratic model.

Example: Let f: " — R, and x. and p be given by Example 3 of 2.2.2. since

f(xc) =3 and f(x. + p) = 20 > f(x¢), X, + p is not acceptable and a backtrack is needed.
Then, from f'(0) = Vi(xe)pe =-20, f (1) = f(xc +pe) =20 and 7 (0) = f(x) =3, gives

feB 19 0
2[20-3+20] 37

Now X + A p = (0.189, 0.730)" and for o = 10,

f(xe + Ap) = 0.570 < 2.99946 = f(xc) + oAVi(xe)'p, so that x, + Ap satisfies

condition (2.2.2.2): Therefore x4: =x. + A p.

Now suppose f (M) = f(xx + Aupi) does not satisfy (2.2.2.2). In this case we need
to backtrack again. Although we could use a quadratic model as we did on the first

backtrack, we now have four pieces of information about f(?»). So at this and any

subsequent backtrack during the current iteration, we use a cubic model of /', fit i, (%)
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to f (0), f‘ ’(0), and the last two value of f () and, subject to the same sort of upper and
lower limits as before. Set Ay to the value of A at which 1, (1) has its local minmizer

(see Figure 2.2.4.2). The reason for using a cubic is that it can more accurately model
situations where f has negative curvature, which are likely when (2.2.2.2) has failed for
two positive values of A. Furthermore, such a cubic has a unique minimizer, as illustrated

in Figure 2.2.4.2.

The calculation of A proceeds as follows. Let Aprev and A 2prev be the last two

previous values of Ax. Then the cubic that fits f(O) f "(0), f "(0), f (Aprev), and

f (A2prev) is
i, (A) =a)> + A%+ F'(0A + £ (0),
where :
I =1
(QJ _ 1 Aprev:  A2prev? [(Aprev)— f(0)— f'(0)Aprev
b) Aprev—A2prev | —A2prev  Aprev || f(12prev)— f(0)— f'(0)A2prev

Aprev’  A2prev?

~

Its local minimizer A is given by,

1o —b++/b* =3af"(0)

3a
S (M) /™
[n"rm (A) ,%4’.71‘_”(/1)
7 x 'E{j & \ e i
/'(0) -:::\\ // | S ‘((» . J il i
™ i, TR _',.-r“; i i \"“J‘F/, i E
I A
;. | ! L i I > }\.
\
' I 5
?i : A 0 A1 Aprev A2prev

0 A Aprev  A2prev

Figure 2.2.4.2 Cubic backtrack — the two possibilities
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We close the section by giving the corresponding bounds imposed by u = 0.5 and £ = Orf

That is if A > % Aprev, set Ay = %lprev and if 1 < —I%Z.prcv, set Ay = %Kprev, where

Ak 1s our new A.
2.3.1 Global Methods for Systems of Nonlinear Equations.

In chapter one we have discussed that Newton’s method may not converge at all
from bad starting point (i.e. when the starting guess'is not close to any solutions of the
one variable nonlinear equation problem) Newton’s method shares the same
disadvantage in case of multivariable nonlinear equations problem. That is when the
current estimate is not close to any solutions of the corresponding nonlinear equations
problem we need a tool to decide whether to accept the Newton step as the next iterate.
Consequently this section is devoted to the method which essures convergence from a
point out side the convergence region of Newton’s method. Consider the nonlinear
equations problem:

given F: " —» R",
find x«eN" such that F(xs) =0, (2.3.1.)
where the Newton step is
X+ = Xo — J (%) F(Xe). (2.3.2)
Now assume X, is not close to any solution x+ of (2.3.1.1). How would one decide

then whether to accept x+ as the next iterate? A reasonable answer is that |[F(x+)|| should
be les than ||[F(x¢)|| for some norm ||.||, a convenient choice being the £, norm

)2 = F(x)"F(x).

On the other hand requiring that our step result in a decrease of |[F(x)|, is the
same thing we would require if we were trying to find a minimum of the function ||F(x)|}.

Thus, we have in effect turned our attention to the corresponding minimization problem:

min f(x) = F(x)"F(x), (2.3.1.3)

xeR”

PO | =
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LU LU

Where the ry is added for later algebraic convenience. Note that every solution to

(2.3.1.1) is a solution to (2.3.1.3), but there may be local minimizer of (2.3.1.3) that are
not solutions to (2.3.1.1) (see Figure 2.3.1.1. Hence, although our global strategy for
(2.3.1.1) will be based on a global strategy for (2.3.1.3), it is better to use the structure of

the original problem to compute the Newton step (2.3.1.2) whenever possible.

‘r ' A
/ Fx) : (%) =%F(x)TF(x)

Figure 2.3.1.1 The nonlinear equations and corresponding minimization problem, in one

dimension.
2.3.2 Descent Direction for Systemems of Nonlinear Equations

In subsection 2.3.1 saw that our global strategy for nonlinear equations problem
will be based on a global strategy for the related minimization problem. consequently in

this subsection we will discuss a descent direction for (2.3.1.3)

By Definition 2.2.1.1 we have that descent direction from a current estimate X, is
a nonzero perturbation peR" for which V'f(xc) p <0 holds, where f: " — R. Thus a

descent direction for problem (2.3.1.3) is any direction p for which Vf(x.)'p < 0, where



i=l i=]

Vi) = £ 3 (6 = 3 VD) fx0) = 65 Fxo).

Now we will conform that Newton direction s = -J(x.)'F(x.) is a descent
direction for (2.3.1.3)
Vi(xe)"s" = () F0xe) (I 0xe) "F (o))
= -F(x¢) T(xc) J(xe) 'F(xc)
= -F(xc) "F(x) <0
as long as F(x.) #.0. This may seem surprising, but it is geometrically reasonable. Since

the Newton step (xc + s") yields a root of
Mc(xc +8) = F(xc) + J(x) s,

it also goes to a minimum of the quadratic function

(X +8) A % M(Xc +8) Mc(xc + 5)

1 : -, 1
5 PO F(xo) + (I(x) F(xa)'s + 8 (U (xe) Tx)s, (23.2.1)
because 1, (Xc +s) =0 for all s and 1 (xc + sV) = 0. Therefore, s" is a descent direction

for m_, and since the gradient at x. of m_and f are the same, it is also a descent direction

for f.
2.3.3 The Method of Line Searches for Systems of Nonlinear Equations

From sub section 2.3.1 we have that our global method for (2.3.1.1) will be based

on applying our algorithm of section 2.2.4. to the quadratic model m,(x) in (2.3.2.1).
Since Vzn”ar(xc) = J(xo)"J(xc), this model is positive definite as long as J(x;) is
nonsingular, which is consistent with the fact that x. + s is the unique root of M¢(x) and
thus the unique minimizer of m_(x) in this case. Thus, the model 71, (x) has the attractive

properties that its minimizer is the Newton point for the original problem, and that all its

descent directions are descent directions for f{x) because Vi _(x) = Vi(x;). Therefore
methods based on this model, by going downhill and trying to minimize m_(x), will

combine Newton’s method for nonlinear equations with global method for an associated
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minimization problem. Note that i, (x) is not quite the same as the quadratic model of

f(x) = %F(X)TF(X) around X,

sl o+ )= Hix) + Vi) Ts+ %sTVZf(xc),

because sz(xc) # J(xc) '] o
The application of our global method (The method of Line searches) to the
nonlinear equations problem is now straightforward. As long as J(x) is sufficiently well

conditioned, then J(xc)"J(x.) is safely positive definite, and the algorithm (Algorithm
: . L . 1
2.2.4.1) apply without change if we define the objective function by EHF(X)HZZ, the

Newton direction by —J(x)'F(x), and the positive definite quadratic model by (2.3.2.1).

Next we consider an example so that we could have a good insight into the application of

the method.

Example: LetF: R? > R,
Xl +xl -2 }

x-1
e™ +x§ -2

Fx) = {

which has the root x, = (1, 1)", and let xo = (2, 0.5)". Define f(x) = %F(X)TF(X). Then

2% 2%

4 1
from J(x) = S|, we get J(xp) =
= | ot o |vens ow=|2 L]

d together F(xq) Rt | o
dan ogeltner Xp) = , Z1IVES
5 U= 1a.gas 70

—~3.00
9.74 |

Our line search algorithm will calculate x+ = xg + Ag Sé" starting with 2y = 1, decreasing

se = -J(xo) "F(xo)

I

Ao 1f necessary until f{x4) < f{xe) + a?»()Vf(xo)ng" where o = 10,

’ —1.00 104
For Ao =x4+ =X + 5, T CF(xy) =, s [

I
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A N : 1
So that the Newton step clearly is unsatisfactory (F(x+)'F(x+) > EF(XQ)TF(XO) + 10™

(I(x0)"F(x0))" s)). Therefore we reduce Ao by a quadratic backtrack, calculating

M= mh/ACTYIEYS i (2.3.3.1)
AT X, )= %) ~YF(5) Scf)v

In this case, f(xs) = 5.79 x 10°, f(xo) = 2.89, Vf(xg)' s = -F(x0)"F(xo) = -5.77, so that

(2.3.3.1) gives &, = 4.9 x 10°. Since A; <0.1, our algorithm sets A; = 0.5.

1.70 3.06
EABEESE & L 47} hpa [3 21}'

This is still unsatisfactory, and so our algorithm requires us to do a cubic backtrack,

—b+Jb? =3aVf (x,) sV
3a

Notice that (a, b)" is calculated by the

where A, =

corresponding formula as in case of the unconstrained by the corresponding formula as

incase of the unconstrained minimization problem with the Newton direction s, .

One can verify that a backtrack yields A; = 0.0659. Since A; > % A1, the algorithm sets

1
?\.2 = E;\,l = 005,
X+ =X+ 0055, = - F(xy) = o
RO S 0.087 VY T (130

This point is still unsatisfactory, since f(x:) = 3.71 > f(x), so the algorithm requires us to
do another cubic backtrack, where in this case Aprev = 0.1 and A2prev = 0.05. The
corresponding calculation yields A3 = 0.0116, which is used since it is in the interval

[A2/10, A2/2 ] = 0.005, 0.025].

v | 1.965 2.238
X+:X0+O.0]16S(‘JE 0.613 ,F(X+)‘=" 0.856 .

Now
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This point is satisfactory, since.
f(x+) = 2.87 <2.89 = f{xo) + 10 (0.0116) Vf(xo)' s,
So we set x; = x+ and proceed to the next iteration.
Following in the same fashion (way), first trying the Newton step, the strategy will end

up using Newton’s method close to the solution.

We conclude the discussion by giving the corresponding modification of our
quadratic model m,_(x), Whenever J is happened to be nearly singular at the current point

Xc. Notice that in case J(x.) is nearly singular we can not calculate the Newton direction

sN = -J(x.)'F(xo) and the model Hesslan J (%) T(x0) is nearly singular.

Thus whenever J is nearly singular at the current point x, it is recommended to perturb

(T2 ) F(x2) s

the quadratic model to

i (X +5) = %F(XC)TF(XC)

where.

H. = J(xc) T (x0) + (n‘macheps)% | J(xc)" J(x)lh- L.
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