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PREFACE 

This semi nor paper has two chapters. 

The first chapter deals with the study of the solution of nonlinear problems in 

one variable which provides a basis for the problems we will consider in the 

next chapter. 

Chapter two is devoted to the study of multi variable nonlinear problems, 

which is the heart of this seminor paper. 
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CHAPTER I 

1. Newton ' s Method for a Nonlinear Equation and Unconstrained Minimization in 

One Variab le. 

1.1 Solving a Nonlinear Equation in One Variable. 

1.1.1 Newton' s Method. 

Suppose we wish to calculate the square root of three to a reasonable number of 

p laces (digits). Then this can be viewed as finding an approx imate root x. of the function 

2 • 
f(x) = x - 3, x E R: ., where R+: = {x ER I x ~ O}. 

Now, if our CUtTent estimate of the answer is Xc = 2, we can get a better estimate 

x+ by drawing the line that is tangent to f(x) at (xc. f(xc)) = (2, 1), and fi nding the point x+ 

where this line crosses the x-axis (See Figure 1.1.1) 

r • 

-J 
Figure 1.1. 1 An iterat ion of Newton 's method on [(x) = x2_3 

Since x+ = Xc - L'lx and 

we have that 

or 

which g ives 

f'(x,)) L'lx = L'ly = r(xc) 

I(x) 
x+ = Xc - f'(x:) (1.1.l) 

I 
x+=2-- =1.75. 
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Applying the same process from the new current estimate Xc = l.75, (l.l.I) gives 

x+ = l.732142857, which already has four correct digits of J3 . One more iteration gives 

x+ '" l. 7320508, which has eight correct digits. 

The method we have just developed is called the Newton's Method. In 

developing the above Newton 's method what we have done is that; at each iteration we 

have constructed a loca l model (which is known as affine model) of our function f(x) and 

so lved for the root of the model. 

In the present case, our model is the unique line with function value f(xc) and 

slope f'(x c) at the point Xc given by. 

(l.l.2) 

Denotation: In thi s paper the local model at Xk for finding an approximate root of a 

nonlinear equation and an approximate local minimum of a nonlinear 

functi onal are denoted by Mk and mk, respectively. 

In general in solving nonlinear problem, what Newton's method does is that, it 

generates a sequence of points, by an iterate process, that we hope come increasingly 

close to a solution. 

x. 

Definition 1.1.1: Let x. ER, XkE R, k = 0,1,2, . .... 

a) The sequence {xd is sa id to be linearl y convergent to x. if and on ly if 

{xd converges to x. and there is a constant c E [0, I) and an integer ko 2: Osuch 

that for a ll k 2: ~, 

(1.1.3) 

b) If for some non negativc sequence {cd of real number that converges to zero, 

IXk+1 - x.1 ~ clxk - x· l, ( I.IA) 

then Xk is sa id to converge super linearly to x. 
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c) If there exist constants c ~ ° and ko ~ ° such that {Xk} converges to x. and for 

k ~ ko, 

(1. 1.5) 

then {xd is said to converge to x. quadratically. 

Examples: 

I. Let Xk = I + 2-\ k = 0, 1,2, .. .. and x. = I 

Then clearly the sequence {xk}converges to x. linearly w ith c = li and ko = ° 
2. " Let Xk = 1 + r ,k = 0, 1, 2, ... and x. = I 

Then the sequence {xd converges to x. quadratically with c = 1. 

Definition 1.1.2: A func tion f: D -+ R is said to be lipschitz continuous with 

constant Y in D written f E Lipy(D), if for every x, y ED, 

If(x) - fey) S Ylx - YI· (1.1.6) 

Lemma 1.1 .1 For an open interval D, Let f: D -+ R and let f' ELipy(D). Then for any 

x,y ED, 

If(y) - f(x) - f'(x) (y-x)1 S y(y-x)' 
2 

,. 

(1.1.7) 

Proof: From basic calculus, fe y) - f(x) = J f' (z)dz , or equivalently, 
x 

y 

fey) - f(x) - f'(x) (y-x) = f[j'( z) - f'(x)}iz (I. 18) 
x 

Making the change of variables. 

z = x + t(y-x), dz = dt(y-x), (1 1.8) becomes 

1 

fey) - f(x) - f'(x)(y-x) = f (f'(x+t(y-x» - f'(x)](y-x)dt, 
o 

So by the tri angu lar inequality applied to the integral and the Lipschitz continu it y of f', 

lYe have that 
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I 

If(y) - f(x) - f'(x) (y-x) I = I J [J'(x + t(y-x)) - f'(x)J(y-x)dt I 
o 

1 

,.; J If'(x + t(y-X)) - f'(x)lly- x I dt 
o 

1 

,.; J Ylt(y-x)lly - xl dt 
o 

1 

= J 
o 

yly _ x)12t dt = r I y - X I' 
2 

Remark: In the above Lemma the tem1 in the abso lute value sign is fey) - Mx(Y) and 

hence the Lemma shows that if f' ELipy(D), then we can obtain a bound on the 

error the affine model makes in approximating fat x. 

Theorem 1.1.2 Let f: D --* R, for an open interval D, let f' ELipy(D) Assume that 

for some p > D, 1f'(x)1 ~ p for every x ED. If [(x) = ° has a solution x. ED, then there is 

some 11 > ° such that; if lxo - x.1 < 11 , then the sequence {xd generated by 

I(x,) 
Xk+ I = Xk- ,k = O, 1, 2, ... , 

!'(x, ) 

ex ists and converges to x. . FUlihellllore, for k = 0,1,2 , ... 

( 1.1.9) 

Proof: 

Let TE(O, I), let ex be the radius of the largest open interval around x. that is contained in 

D, and define 11 = min {x, Terr)} 
We will show by induction that for k = 0,1,2, .. (1 .1.9) holds, and 

IXk+ l - x. l,.; 'r!xk - x·1 < 11· 
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The proof simply shows at each iteration that the new error. IXk+l - x.1 is bounded by a 

constant times the error the affine model makes in approximating fat x., which from 

Lemma 1.1.1 is 

For k = 0, 

x - x = x _ I (xo) _ x = x _ x _ I(xo) - I(x.) 
1 • 0 /,(xo) , o · /,(xo) 

= 
1 

' ( ) [f( x.) - f(xo) - f'(xo)( x. - xo) 1 
1 Xo 

The tenTI in brackets is f( x.) - Mo( x. ), the error at x. in the local affine model at Xc = Xo. 

Thus from Lemma 1.1.l ,lxl - x.I=1 ,( )[f(x.)-f(xo) - f'(xo)(x.-xo)l l 
1 Xo 

1 

= I /' (xJ 
1 rlx, - x.I' 

I If( x.) - f(xo) - f'(xo) ( x. -xo) I ~ I '( ~ 
1 xo~ 2 

and by the assumption on f'(x) we get 

Since Ixo - x. 1 ~ 11 ~ T. 2%, we have 

I r T.2p I . 
Xl- x. 1 ~ -x - - Xo - x.1 = Tlxo - x.1 ~Tl1 < 11 ,S ll1 CeTE (0, 1) 

2p r 
The proof of the induct ion sets proceeds identically 

Remark : Theorem 1.1.2 guarantees the convergence of Newton's method on ly fro m a 

good sta rting point Xo, and indeed it is easy to see that Newton's method may not 

converge at all if Ixo - x. 1 is large. For example, consider the function f(x) = arctan x 
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(see Figure 1.1.2) For some XcE [ 1.39, 1.40], if Xo = Xc, the Newton's method will 

produce the cycle XI = -Xc, X2 = Xc, Xl = -Xc, ... 

If Ixol < Xc, Newton' s method will converge to x. = 0, but if Ixol > Xc, Newton's method 

will diverge, i.e the error IXk - x.1 will increase at each iteration. 
A-y 

Figure 1.1.2 Newton's method applied to f(x) = arctanx 

1.1.2 Globallv Convergent Method. 

In the above example we have seen that Newton 's method may not converge at all 

from bad starting point (i. e when Ixo - x. 1 is large). Such iterative methods are known as 

local methods on the other hand those iterative methods that guarantee convergence 

from an y starting point are called global methods. 

In this paper among the different global methods, we shall discuss the one, which 

extends to mU ltip le dimension called backtracking. Think of Newt on's method as having 

suggested not on ly the step XN = Xc - f(x'h'(xcl' but also the direction in which that 

step points (assume !'(xc) ~ 0) . A lthough the Newton's step may actually cause an 

increase in the abso lute va lue of the functi on, its direction always wi ll be one in which 

the absolute fu nction value decreases initially (see Figure 1.1.3) 
~-. __ ~A-y ~~ 

TI , . 
. f/' I " ~ \ - _./ , -----=:. "-' l1~:!h\ 1·~ Y 
--;:: I' - ~·- r:: -- . ..:'->./ \ /., c, -. I 

........... ' ..... , 
Figure 1.1 j Backtracking fro m th~e\Vton step 
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Thus if the Newton point XN doesn't produce a decrease in If(x)l, a reasonable strategy is 

to backtrack from XN toward x, until one finds 

x+ for which If(x+)+ < If(x , )I. 

A possib le iteration is 

x = x _ Ik) 
+ ' f'(xJ 

while I f(x+) 121 [(xc) I do 

_x +,,---+_x-,-, 
x+~ 

2 
(1.1.10) 

Iteration (1.1.10) is an example of a hybrid algorith, one that attempts to combine 

g lobal convergence and fast local convergence by first trying the Newton step at each 

iteration , but always insist ing that the iteration decreases some measure of the c loseness 

to a solution . 

Below is the general form of a c lass o f hyb rid algorithms for finding a root of 

nonlinear equation. 

ALGORITHM I.I.l General hybridquasi - Newton a lgorithm for so lv ing one 

nonlinear equation in one unknown: 

given f: R .~ R, Xo, 

for k = 0, I, 2, ... , do 

I. decide whether to stop; if not 

2 . make a local model of f around Xk, and find the point XN that 

solves (or comes to solving) the mode l prob lem. 

3. (a) decide whether to take Xk+l = XN, ifnot 

(b) choose Xk+l using a global st rategy (make more 

conservative use of the solution to the model prob lem). 

, 

7 ,\:. \ (:: ( p'-' 
e C \ 'O~ ~ 'il-"i ~ 

~\'i> 
., 

Qif 

" " ~J ~ 
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I . 1.3 Methods When The Function is Not Differentiable. 

In the preceding section we have been using f'(x) in modeling f near the current 

so lution Xc by the line tangent to f at Xc. But in many practical applications, f'(x) is not 

available. Hence when f'(x) is unavailable, we replace this model by the secant line that 

goes through f at Xc and at some near by point Xc + hc (see Figure I. I .4). 

The slope of this line is 

(1.1.1 I) 

and so the model we obtain is the line 

Therefore the quasi - Newton step to the zero of i< (x) then becomes 

, f(xJ 
X N = Xc - - - . 

. C! c 

Remark: If hc is chosen to be a small number, 3c IS called a finite difference 

approx imation to r(xc). 

Example: Finite - difference Newton's method appl ied to f(x) = x2 
- I with 

hk = JO-7Xk and Xo = 2 
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Xo 2 

XI 1.2500000266453 

X2 1.025000169057 

X3 1.0003048001120 

X4 1.0000000464701 

X5 1.0 

Notice: 
_ f(x.} 

here Xk+1 - Xk - -­
a, 

f(x, +h,)- f(x,) 
where ak = , 

h, 

for k = 0,1,2, .... 

Ifwe apply Newton 's method to f(x) = X2 - 1 w ith Xo = 2 we get; 

Xo 2 

XI 1.25 

X2 1.025 

X3 1.0003048780489 

X4 1. 00000004661 1 

X5 1.0 

In the above example one can see how sim ilar Newton's method and the finite -

difference Newton' s method are. 

In general we have the following coroll ary which tell s us how close, as a function 

of he, the finite-difference approximation (J.I.] ]) is to f'(x c). 

Corollary 1.1.3 Let fD -7 R for an open interval 0 and let f' ELipy(D). Let Xe, Xe + 

heE D and defi ne a.: by(l.l.] I). Then 
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(1.1.12) 

Xc+ hc 

Proof: From basic calculus [(xc + hc) - f(xc) = ff'( z)dzor equivalently 
x, 

Xc + hc 

f(xc + hc) - f(xc) - hc!'(xc) - hc!'(xc) = Hf'(z) - f'(xc)}iz. 

Making the change of variab les 

z = Xc + tile, dz = dtlle . 

We get 

, 
f( xc + hc) - f(xc) - hc!'(xc) = f[f'(xc + th,) - f'(x,)]hcdt, 

o 

and so by the tri angle inequality applied to the integral and the Lipschitz continuity of f' 
, 

I f(xc + hc) - [(xc) - hc!'(xc) I $; Ihcl f Ylthcldt 
o 

2 
.f 

Dividing both sides by Ihel where he '" 0 give,g the desired result, 

Corollary 1.J .4 
, f(x ) 

Let x+ = x
N 

= Xc - __ c_ . Ifwe define 
a, 

ec = Ixc - x. 1 and e+ = Ix+ - x. l, and if f' E Lip,(D), then 

Proof: x+ _ x. = Xc _ x. _ f (xJ 
a, 

= a; ' [f( x.) - f(xc) - ac( x. -xc)] 

, . 
= a; [f(x .) - M , (x)] 

(1. 1. 13a) 

= a;' {f(x. ) - [(xc) - f'(xc) ( x. -xc) + [f' (xc) - ac] ( x. - xc)} 

.,-
= a; ' { f [f' (z) - f' (xc)]dz + [f'(xc) - ac] ( x. -xc)} 

.', 
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and so by the triangular inequa lity and by the Lipschitz continuity of l' we get 

x. 

Ix+ - x.1 ,., I a;' I (f I 1'(z) - 1'(Xerz + 11'(xe) - acll x. - xci ) 
x< 

(1. 1. 13b) 

Putting (1.1.12) into (1.l.1 3b) gives the desired result. 

Corollarv 1.1.5 If 11'(x)1 <! p > 0 in a neighborhood of x, for Ihel suffic iently small and 

x+E D, then 

e+'" ~ (ee + IheDee (1.1.14) 

Proof: From (1.1.12) for Ihcl sufficiently small ac '" 1'(xe). Thus la;'1 '" [(f'). I I "'p-I. 

Thi s implies la-II'" 2p-'. This together with (1.1.1 3a) gives 

1.2 Minimization of a Nonlinear Functional of One Variable 

1.2. 1 Newton's Method. 

We begin thi s section by proving two theorems which gives us a necessary and 

SlIfficient conditions for finding a minimum point fo r one variable func tions. 

Moreover a proof of the first suggests an algo rithm . 

Theorem 1.2.1 Let f EC'(D) for an open interval D, and Z ED . If fez) '" 0, then for 

any s wi th 1'(z).s < 0, there is a constant t > 0 for which fe z + ), s) < fez), for everY), E(O,t) . 

Proof: Without loss of generality let 1'(z) > O. Then from 1'(z)s < 0 fo ll ows that s < 0. 

Now since l' is continuous and 1'(z) > 0, there is an open interval 0 about z such that 
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1'(x) > 0 for all x in O. In other words there is t > 0 such that 1'(z + AS) > 0 for all A in 

(O,t) 

For any such A, we get 

" f(z + AS) - f(z) = f 1'(z + as) s da < 0 
o 

Remark: Theorem 1.2.1 suggests that a local minimum of a continuously differentiable 

function f must com at a point where 1'(x) = O. Graphically, this just says that the 

function carmot initially decrease from such a poiiit. Hence solving 1'(x) = 0 is necessary 

for finding a minimiz ing point for f, but not sufficient 

Theorem 1.2.2. Let f E C2(D) for an open interval D and Let x. ED for which 1'( x.) = 0 

and 1"( x.) > O. Then there is some open subinterval D' cD for which x. ED' and 

f(x) > f( x.) for any other x ED'. 

o 
Proof: By continuity off", there ex ists an open interval D' about x. such that 1" >+on 

D'. 

Then by the extended mean value theorem, for any x ED', there is an X E( X., x) c D' for 

which 

f(x) - f( x.) = f'(x.) (x - x.) + ~f" ( x )(x - X.) 2> 0 
2 

Since f' (x.) = 0 and x ED', the assellion foll ows. 

:-t:P 
The Hvbrid Newton's Method Str ategv!comp ute a Minimum Point 

As theorem 1.2.1 suggests so lving f'(x) = 0 is the necessary condition for finding 

a minimiz ing point for f. Hence the easiest way to the class of al gorithms we will use is 

to think of so lvi ng r ' (x) = 0 by applying the hybrid Newton's method strategy of sect ion 

1.1.2, onl y making sure that we find a minimum and not a maximum point by 

incorporating into the globalizing strategy the requirement that f(Xk) decreases as K 

lI1creases. 

12 



An interation of the hybrid method starts by applying Newton's method, or finite 

difference method, to f'(x) = 0 from the current point Xc . The Newton step is 

x+: = X _ j'(xJ 
c f"(xJ 

(1.2.1 ) 

Interrns of the model problems we have the fo llowing as to the meaning of the above 

step. 

Since (1.2.1) is derived by making an affine model of f '(x) around xc, it is equivalent to 

having made a quadratic model of f( x.h) around xc, mc(x) = f(xc) + f '(xc) (x - xc) + ~ f 

"(xc) (x - xc)2, and setting x+ to the critical point of this model. 

Remark: i) The above quadratic model can be derived from Taylor's Theorem. 

ii) The critical point of the quadratic model, mc(x), is obtained by solving m;(x)=O for x. 

Our global strategy for minimization will differ from that in section 1.1.2 in that, rather 

than deciding to use the Newton point XN by the condition If '(XN) I < I !'(xc) I, which 

measures progress toward a zero of f '(x), we will want f(xN) < f(xc), which indicates 

progress toward a minimum. 

If f(xN) 2: f(xc), we consider the following cases. 

Case 1: 

From the Newton step for XN given by (1 .2.1), we have that f "(xc) > 0, whenever 

f '(xc) (XN - xc) < O. That is the leading coeffici ent of the quadratic model 111" which is 

lIsed to deri ve the Newton step XN, is posi ti ve. 
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Hence the quadratic model has a minimum and not a maximum. Moreover theorem 1.2.1 

suggest that f(x) must initially decrease in the direction from Xc towards XN. (see Figure 

1.2.1 ) 

Thus we can find an acceptable next point x+ by backtracking from XN toward Xc. 

Case 2: f'(xc) (XN - xc) > ° 
Again from Newton step (1.2. 1), we have that f "(xc) < 0, whenever f '(xc) (XN - xc) > 0. 

This yields that the quadrati c modelmc, wh ich is used to derive the Newton step XN, has 

a maximum and not a minimum. Thus f(x) initially increases go ing fi'om Xc toward XN. 

Therefore we should take a step in the opposite direction. One strategy is to try a step of 

length IXN - Xc I and then backtrack, if necessary, until f(x+) < f(xc) (see Figure 1.2.2) 

y Y ~~ 

~ 
~ , , , , 

j{~) 

, 
"'" --_ ... ' 

--~----~-----r~X-4--~~--~-------x~ 
X/I Xc Xc. X/-J 

Figure 1.2.1 Local quadratic model's Figure 1.2.2 Local quadratic model's 

hav ing minimum implies f(x) decreases hav ing maximum implies f(x) increases 

initiall y from Xc toward XN. initially from Xc toward XN. 

Remark: Incase mc of f '(x) , f "(x) or both of this derivatives are not avail able we can 

approxi mate them by finite difference, in a similar way as we discussed in secti on (1. 1.3). 

The conesponding method is lulown as finite difference Newton' s method (for 

minimi zation). The detail of thi s method will be considered in chapter 2. 
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CHAPTER II 

Globally Convergent Modification of Newton's Method. 

This chapter is devoted to the major idea for proceedings when the Newton step is 

unsati sfactory. In section 2.1 we reintroduce Newton 's method for unconstrained 

minimization and moreover we will set the fram e work for algorithm we want to 

consider. In section 2.2 we will" discuss the global approach, modem versions of the ' 

traditional idea of backtracking along the Newton .direction if a full Newton step is 

unsatisfactory, for unconstrained minimization prob lem. Finall y in section 2.3 we will 

discuss an application of the g lobal method for solving systems of nonlinear equations 

whenever a full Newton step is unsati sfactory. 

2.1 Introduction 

Consider the unconstrained minimization problem: 

min f:9t" ~ 9t 
xE~ln 

where f is assumed twice continuous ly differentiable. Just at in chapter I , we model f at 

the cUlTent point Xc by the quadratic model 

and so lve for the point x+ = Xc + SN, where V'mc(x+) = 0, a necessary condition for x+ to be 

the minimizer ofmc. 

This corresponds to the following algorithm. 

Algorithm 2.1. 1 Newton's Method for unconstrained Minimization 

Given f:91" ~ 91 twice continuously differentiable, xoE91n; at each iteration k, 

Find Xk such that V'2f(xk) s; = -V'f(xd, 

15 
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Example: Let f(x!, X2) = (XI _2)4 + (XI - 2i x; + (X2 + Ii, which has its minimum at 

Algori tlml 2.1. 1, started from Xo = (I, I) T, produces the following sequence of points. (to 

eight fi gure on a CDC machine in single precision) : 

Xk f(xk) 

Xo - (I , I)' 6.0 

XI = (I , -0.5) T 1.5 

X2 = (1.3913043, - 0.69565217)T 4.09 x 10-1 

X3 = (1.745944 1, - 0.94879809)T 6.49 x 10-2 

X4 = (1.9862783, - 1.0482081f 2.53 x 10-3 

X5 = (1 .9987342, - 1.0001 700) T 1.63 x 10-6 

X6 = (1.9999996, - 1.000001 6)T 2.75 x 10-12 

Algorithm 2.1.1 is simply the application of Newton 's method (Alg. - for system of 

nonlinear equations) to the system 'Vf(x) = 0 of nonlinear equations in 1< n unknowns, 

because it steps at each iteration to the zero of the affine model of 'Vf(x) defined by 

Mk(Xk + p) = \l [mk (Xk + p)] = 'Vf(Xk) + 'V2f(Xk)P· 

As it is evident in the example if xo is sufficiently close to a local minimizer x. of f with 

'Vf(x.)nonsingular (and therefore positi ve positive definite by a corollary on Newton's 

method) , then the sequence {xd generated by Algorithm 2. 1.1 will converge 

quadrati ca lly to x . . This is the main advantage of Newton's method. 

On the other hand even as a local method, Newton's method is not specifically geared to 

the min imization problem; there is nothing that makes the sequence {xd generated by 

Newton's step less likely to proceed toward a maximizer or sadd le point of where 'Vf is 

also zero. 

16 
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In general, even though Newton's method is intended primarily as a local method to be 

used when the current so lution approximation is close enough to a minimizer, we wou ld 

like to make some modifications, whenever necessary so that the sequence {xd 

generated by the Newton step will converge to the so lution where Xo is outside the 

convergence region of Newton's method. 

The basic idea in fomling a successful algori thm for unconstrained minimization 

(as well as for nonlinear equation) is to combine a globally convergent strategy with a 

fast loca l strategy in a way that derives the benefi ts of both. The most important point is 

to try Newton's method, or some modification of it, first at each iteration insisting that f 

decreases otherwise fall back on a step dictated by a global method. 

The framework for doing this (for both nonlinear equations and unconstrained 

optimization), is outlined in Algorithm 2.1.2 below. It is a slight expansion of the hybrid 

algorithm we have seen in chapter 1. 

ALGORITHM 2.1.2 QU3si._ Newton Algorithm for Nonlinear Equations or 

Unconstrained Optimization [for optimization, replace F(Xk) by 'Yf(x2) and h by Hd 

Given F:mn -> 91 n conti nuously differentiable, and xoE91 n
. At each interaction k. 

I. Compute F(Xk), if it is not already done, and decide whether to stop or continue. 

2. Computer h to be .I (Xk), or an approximation to it. 

3. Apply a factorization technique to h and estimate its condition number. If h is ill 

- condition, pel1urb it in an appropriate marUler. 

4. so lve JkS; = -F(Xk). 

5. Decide whether to take a Newton step, Xk+1 = Xk + s;, or to choose Xk+1 by a 

global strategy. This step often fumishes F(Xk) to step 1. 

Notice that if the globa l method is chosen and incorporated properly, the 

algorithm will be globa lly convergent and moreover it retains the Newton's local 
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convergence rate close to the so lution. The algorithm that takes this approach is called 

quasi-Newton. 

Remark: Step 5 is the topic of this semmar paper. Consequently, henceforth we 

discuss the same topic and moreover we require, Hk to be positive definite incase of 

unconstrained minimization problem, and J(Xk) singular for nonlinear equation in 

Algorithm 2.1.2. 

2.2 Globally Convergent Modification of Newton's Method for Unconstrained 

Minimization 

As we have mentioned in the prevIOUS section we need to make certain 

modification whenever Newton's Step is unsatisfactory so that the sequence generate by 

Algoritlun 2.1.2 converges to the solution x. of the problem. Consequently in this 

secti on we discuss the corresponding modification for unconstrained minimization 

problem. 

Now we stal1 our discussion by developing the materials we need later for our 

global strategy. 

2.2.1 Descent Directions for Unconstrained Minimization Problems. 

Descent directions are among those matelials we will need for our global method. 

Moreover 'they help one to have a good insight into the basic idea of the global method 

we are looking for. Hence we discuss them in this subsection. 

Definition 2.2.1.1 Let f: 91" ~ 91 be continuously differentiable or 91", and let x E91". 

Then the direction p from a point x in which f decreases initially is called a descent 

direction. 
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Remark: From a Lemma an Newton 's method for unconstrained minimization we have 

the following and an alternative definition of descent directions. That is p is a descent 

direction from x if 

Vf(xfp < 0, (2.2.1.1) 

where f EC(I)(9t n
) , p, XE9ln and p is an nonzero perturbation. 

Now we can introduce the basic idea of a global method for un constrained 

minimization. Obviously the geometrical interpretation of the idea of global method for 

unconstrained min imization can be put as: take steps that lead "downhill" for the function 

f. This can be restated internls of directions as follows. That is one chooses a direction 

p from the current point Xc in which f decreases initially and a new point x+ in this 

direction from Xc such that f(x+) < f(xc). Clearl y the direction which satisfies this 

requirement is a descent direction from Xc. 

So far, the only direction we have considered for min imization is the Newton 

direct ion SN = - H;' '\If(x,), where Hc is either ',if(xc) or an approximation of it. Now one 

may raise a quest ion as to whether Newton' s direction is a descent direction. To see thi s; 

Newton's direction is a descent direction if 

Vf(xc) T SN = _ '\If(xc) T H;' Vf(xc) < 0, by (2.2. 1.1 ) 

which is true if H;' or, equivalently, Hc is positive definite. 

This is why we require H, to be positive defin ite in Algori thm. 2.1.2 

2.2.2 The Method of Line Searches for Unconstrained Minimization Problem 

In the prevIous subsection we have seen that Newton 's direction is a descent 

direction as long as H, is positive definit e. We are interested in Newton's direction in 

particul ar, since we use it in our algorithm. In thi s section we int roduce our globa l 

strategy which is known as the method of line search. 
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The idea of our line-search algorithm is that given a descent direction Pk, we take 

a step in the direction that yields an "acceptable" Xk+' , where the word "acceptable" refers 

to the decreasing in f (i.e. !(Xk+' ) < !(Xk)). 

It is summarized in the following; 

at each iteration k: 

calculate a descent direction p" 2J" 

set Xk + , : = Xk + AkPk for some Ak > 0 that makes Xk+,-'cceptab le 

next iterate. 

Graphically, th is means we select Xk+' by considering the half of a one-dimensional cross 

section of f(x) in which f(x) decreases initially from Xk (see figure 2.2.2. 1) 

Figure 2.2.2.1 A cross section of f(x): 9'jn ---+ m from Xk in the direction Pk, where 

Pk = - If;' 17f(xk) with Hk positi ve definite. 

sea.rch 

The other too l we need for our line Jz., algorithm is 'Ok. Actuall y the term "line 

search" itself refers to a procedure for choosing 'Ok . Next we will give a weak acceptance 

criteria for {Ad that lead to methods that perfonn as well in theory and better in practi ce. 

The common procedure now is to try the full quasi - Newton step first and. if 

Ak = 1 fails to sat is fy the criterion in use, to backtrack in a systematic way along the 

directions defined by that step. Notice that, fa ilure to allow Ak = I in our procedure for 

choosing 'Ok results in loosing the advantage of Newton's method near the solution, which 
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is its rate of convergence. Hence it is important that our procedure allow Ak = I near the 

solution . . 

In our next di scussion of the choice of Ak in theory and in practice, we consider 

the search for x+ = Xc + """ along the general direction p from the current estimate. 

While no step - acceptance rule will always be optimal, it does seem to be 

common sense to require that 

(2.2.2.1 ) 

Now we consider two simple one-dimensional examples that show two ways that a 

sequence of iterates can sati sfy (2.2 .2.1) but tail to converge to a minimize. 

Examples 1) Let f(x) = X2, Xo = 2. Ifwe choose {Pk} = {(_I)k+l}, {Ad = 

{2 + 3(2·(k+l))}, then {Xk} = {2, -3 )., -9, .. . } = {(-ll (1 + 2"k)}. Each Pk is a descent 
2 4 8 

direction, one can verify this by substituting Xk and Pk in the teml 2XkPk which yields 

negative number for each k and finally we have that f(xk) is monotonically decreasing 

with 

lim f(x,) = 1 
k-+cn 

See Figure 2.2.2.2(a) Of course this is not a minimum of any so rt for f, and furtheml0re 

{xd has limit points ± I , so it does not converge. 

2) Consider the same function with the same initia l estimate, and let us take 

{pd = {- I}, {I,d = {2k+l} Then {xd = {2, 2) .,2.,. .. } = {1 +2-k}, each Pk is again a 
2 4 8 

descent direction , f(X k) decreases monotonically, and lim x, = 1, which again is not a 
11.-+<>') 

minimize of f [see Figure 2.2.2.2(b). 
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(b) j 

Figure 2.2.2.2 monotonically deceasing sequences of iterates that do not converge 

to the minimizer. 

Not we will discuss separately why the sequences of iterates we have constructed 

In the above examples fail to converge to a minimizer, when both satisfy (2.2.2.1). 

Moreover we will see how they can be improved (in each case) so that we get the desired 

result. That is in each case we set the corresponding step-acceptance criterion, which we 

will use latter for proving some amazing powerful resu lts, we need. 

The problem in Example I is that we achieved very small decreases in values of f relative 

to the lengths of the steps. we can fix thi s by requiring that the average rate of decrease 

from f(x,) to f(x+) be at least some prescribed fraction of the initial rate of decrease in that 

direction; that is we pick an CXE(O, 1) and choose /c, from among those A> 0 that satisfy 

f(xc + AI') ~ f(x,) + CXA "f(xc) Tp. 

(see Figure 2.2.2.3) 

Equivalently, A, must be chosen so that 

2.2.2.2. (a) 

(2 .2.2.2b) 

Notice that this precl udes the unsuccessful choice of points in case of the first example 

but the second . 
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:f(X,ft1pJ 

y = f(x c)+ aA. Vf(xc) T p. 
----:~~ 

Permissible value of A. under condition 

(2.2.2.2) (a = 0.1) 

Figure 2.2.2.3 Permissible values of A. condition (2.2.2.2 .) (a = 0.1) 

The Problem in Example 2 is that the steps are too small, relative to the initial rate 

of decrease of f. Hence we need a condition which essures sufficiently large steps. 

Among various conditions which assure suffiently large steps we will present the one 

which is appropriate for our purpose. We wi ll require that the rate of decrease offin the 

direction p at x+ be larger than some prescribed fraction of the rate of decrease in the 

direction p at xc; that is, 

(2.2.2.3.a) 

or equivalently, 

(2.2.2.3.b) 

for some fixed constant ~E(a, I) (see Figure 2.2.2.3). The condition ~ > a guarantees 

that (2 .2.2.2) and (2 .2.2.3) can be satisfi ed simultaneous ly. 

In practice we need only (2.2.2.2) for our propose, since the use of a backtTacking 

strate Y, avo ids excess ive ly smail steps 

----I ~.' I 
I -'''''- ',:--1 r 

'--.~ • • .-so>,,,. - - -- -..r----_~ 

Points pennissible under both conditions (2.2.2.2) and (2.2.2.3) 

Figure 2.2.2.3 Thc two line search conditions. 
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We close thi s subsection by giving an example which demonstrates the effect of 

conditions (2.2.2 .2) and (2.2 .2.3\) on a simple functions. 

(2 .2.2.2), [3 = 0.5 in (2 .2.2.3). 

From 

'Vf(x) = I I, we get 
[

4X3 + 2x ] 

2x, 

T T 'Vf(xc) pc = (6,2)(-3, -I) = -20 < 0, 

and hence Pc is a descent direction for f(x) from Xc . 

T Now cons ider x(A.) = Xc + A.pc. If x+ = x(l) = Xc + pc = (-2, 0) , 

'Vf(X+)Tpc = (-3 6,0) (-3, _1)T = 108 > -10 = [3'Vf(xc)Tpc> 

So that x+ satisfies (2.2.2.3) 

on the other hand from, 

f(x+) = 20 > I = f(xc) + a'Vf(xc)Tpc, 

we have that x+ does not satisfy (2 .2.2.2) 

Similarl y, ifx+ = x(O.I) = (0.7, 0.9)T, 

T f(x+) = 1.5401 < 2.8 = f(xc) + a(O.I) 'Vf(xc) pc, 

So that x+ sati sfi es (2.2.2.2), but 

'Vf(X+)Tpc = (2.772 , 1.8) (-3 , _I)T = -1 0.11 6 < - 10 = [3 'Vf(xc)Tpc, 

So that x+ does not satisfY (2.2.2 .3) 

Finally if x+ = x(0.5) = (-0_5, 0.5) , 

f(x+) = 0.5625 < 2 = f(xc) + a(0.5) 'Vf(xc)Tpc, 

So that x+ satis fi es (2 .2.2.2) and from 
T T _ T 

'V f(x+) pc = (- 1. 5, I) (-3, - I) = 3.) > -10 = [3\7f(xc) Pc, 

we have that x+ also sati sfi es (2.2.2.3 ). 

Noti ce that these three points correspond to the right o f, to the le ft of and in the 

"permissib le" region in Figure (2.2 .2.3), respectively. 
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2.2.3 Convergence Results for Properly Chosen Steps 

Using conditions (2.2.2.2) and (2.2.2.3), we can prove some amazing powerful 

results : that given any direction Pk such that V'f(Xk)Tpk < 0, there exist Ak > ° satisfying 

(2.2.2.2) and (2.2.2.3); that any method that generates a sequence {xd obeying 

V'f(Xk) T(Xk+1 - Xk) < 0, (2.2.2.2) and (2.2.2.3) at each iteration is essentially globally 

convergent; and that close to a minimizer of f where V'2f is positive definite, Newton 

steps satisfy (2.2.2.2) and (2.2,2.3). 

Theorem 2.2.3.1 Let f: 91 n --+ 91 be continuously differentiable on 91n. Let xkE91n, 

PkE91n obey V'f(xk) Tpk < 0, and assume {f(xk + APk) I A> OJ is bounded below. Then if 

° < a < p < 1, there exist Au > A, > ° such that Xk+1 = Xk + AkPk satisfies (2.2.2.2) and 

Proof: By continuously differentiability of f on 91 n and by the definition of the 

directional derivative of f at x in the direction ofp, we have 

1· I(x, + Ap,) - I(x,) ne()T 1m = v il Xc Pk 
A~O A 

which in tum yields 

f(xk + lePk) - f(Xk) = A V'f(xk) T Pk, for al l ? > ° sufficiently small. 

Now for ail Ie > ° sufficiently smail, since ° < a < 1 and V'f(Xk) TPk < ° by the hypothesis, 

we have 

T f(X k + APk) < f(X k) + ale V'f(Xk) Pk. 

Thus any XE(Xk, X) satisfies (2.2.2.2). 

(2.2.3.1 ) 

On the other hand by the mean value theorem, there exists X"e(O, 50) such that 

f(.t) - f(Xk) = V'f(Xk + X Pk)T (x - Xk) 

= V'f(Xk + X Pk) 50 Pk, 

and so from (2.2. 3.1) and (2.2.3.2), 
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Since 0.. < P and Vf(xk) TPk < 0 

Finally by the continuity of Vf, (2.2.3.3). still holds for A in some interval (At, Au) about 

I. Therefore, if we restrict (A" Au) to be in (0, i ), Xk+J = Xk + AkPk sati sfies (2.2.2 .2) and 

(2 .2.2 .3) for any AkE (AJ, Au). 

Theorem 2.2.3.2 Let f: 91" ---+ 91 be continuously differentiable on 91 11
, and assume there 

exists y 2: 0 such that 

IIVf(z) - V'f(x)112 ::; Y liz - xI12 (2 .2.3.4) 

for every x, Z E91 I1
• Then, given any xoE 91 n

, either f is unbounded below, or there exists a 

sequence {xd, k = 0, 1, ... , obeying (2.2 .2.2), (2.2 .2.3), and either 

V'f(xk)Tsk < 0 

or V'f(xk) = 0 and Sk = 0, 

for each k 2: 0, where 

FUithenTIore, for any such sequence, either 

(i) 

(ii) 

(iii) 

V'f(xk) = 0 for some k 2: 0, or 

lim f(Xk) = -00, or 
'~ro 

. V'f (X, )T s, 

!~~ lis, II, = o. 

(2.2.3.5) 

Proof: For each k, ifV'f(xk) = 0, then (i) holds and the sequence is constant subsequent ly. 

T If V'f(Xk) '" 0, then there exists Pk (for example take Pk = -V'f(xk» such that V'f(xk) Pk < O. 

By Theorem 2.2.3.1 , either f is unbounded below, or there exists "k > 0 such that 

Xk+1 = Xk + " kPk satisfies (2.2.2 .2) and (2.2.2.3). In order to simplify notation; let us 

assume that IIpkl12 = I, so that Ak = Ilskl12 . (Since Ilxk+1 - xkl l2 = 1I"kPklll = Ax4?and 

Sk ~ Xki I-Xk). Thi s constitutes no loss of generality. 

So far we have seen that either f is unbounded below, or {Xk} ex ists, and either 

{xd sati sfi es (i) or Sk '" 0 for every k. 
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Now, if no tern1 of {sd is zero, then we show either (ii) or (iii) must hold. First 

we need the fo llowing denotation, 

By (2.2.2.2) and AkITk < ° for every k (notice that AkITk = 'Vf(xk)Tsk < 0), we have 

that for every j > 0, 

Hence, either 

II 
f(Xj) - f(xo) = L (f(X'+I) - I(x, )) 

'-0 
j-I 

::; L a'V/(x, )T s, 
k=O 

j-I 

= a L4,O', < 0. 
k=O 

~ 

lim [(Xj) = - 00 or~4,Ok < 00 is convergent. 
J-+rrJ k=O 

In the first case (ii) is true and we are fini shed, so we consider the second . Tn paJ1icuiar 

we deduce that lim AkITk = 0. Now we want to conclude that lim ITk = 0, and so we need 
k-H'O k-+«> 

to use condition (2 .2.2.3), since it was imposed to ensure that the steps do, not get too 

small. 

Now by condition (2.2.2.3) we have for each k that 

T T 'Vf(xk+l) Sk? ~'Vf(Xk) Sk 

and so 

or 

['Vf(Xk+dI'Sk - 'Vf(Xk)]TSk ? (~-I) 'Vf(Xk)Tsk > 0, 

by (2.2.3.5) and ~< I. 

(*) 

Now applying the Cauchy - Schwarz un equal ity and (2.2.3.4) to 

['Vf(Xk+l) - 'Vf(Xk)]TSk , we get 

T T 1['Vf(Xk; I) - 'Vf(xd] Sk I::; 1I['Vf(xk+l) - 'Vf(Xk)] 11211Sk ll2 
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= IIV' !(Xk+l ) - V' !(xk)112 IIskl12 

~ yllXk+l - xkl12 IIskl12 

=ylhll: =yA!,. 
Then by using (**) and the definition <Yk, (*) gives us 

o < (~ - I) Akcrk < y A! ' 
so 

and 

Thus 

Ak 2 fJ - 1 crk > 0 
r 

Akcrk ~ fJ - I a i < O. 
r 

O I· 0 fJ-I I' '0 = lO1 I\..kGk.$: -- 1m a k .$ , 
k-+a:> r k-+oo 

which shows that 

(i.e (iii) is true) and completes the proof. 

(**) 

Note that while Theorem 2.2.3.2 applies readily to any line-search algorithm, it is 

completely independent of the method for select ing the descent directions or the step 

lengths. Therefore, thi s theorem gives sufficient conditions for global convergence, in a 

weak sense, of any optimization algorithm and hence for our quasi-Newton line-search 

algorithm. Furthermore, wh ile the Lipschi tz condition (2.2.3.4) is assumed on all of 91n
, 

it is used only in a neighborhood of the so lu tion x'. Finally, although {crd--+ 0 in 

Theorem 2.23.2 does not necessarily imply {V'f(Xk)} --+ 0, it does as long as the angle 

between V'f(xk) and Sk is bounded away from 900. This can easi ly be ach ieved in practice. 

For example, in aquasi-Newton line-search algorithm where Pk = - H;' V'f(xd and Hk is 

positive defin ite, all that is needed is that the cond ition numbers of {Hd are unif0l1l11y 

bounded above. Thus, Theorem 2.2 .3.2 can be viewed as implying global convergence 
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toward f = - 00 or Vf = 0, although the conditions are too weak to imply that (xd 

converges. 

The following theorem, due to Dennis and More (1974), shows that our global 

strategy wi ll pennit full quasi-Newton steps Xk+l: = Xk -H;' Vf(xk) close to a minimizer 

off as long as -H;' Vf(xk) is close to the Newton step. 

Theorem 2.2.3.3 Let f: 91 n ~ 91 be twice continuously differentiable in an open convex 

set D, and assume that V2fE Lip,{D). Consider a seqltenCe (xd generated by 

Xk+l: = Xk + )'kPk, where Vf(xk)Tpk < 0 for all k and A.k is chosen to satisfy (2 .2.2.2) with 

1 
an a < -, and (2.2.2.3) . If {Xk} converges to a point x.ED at which V2f(x.) is positive 

2 

definite, and if 

. IIVf(x,) + V' f(x, )p, II 
11m ' = 0, 
,~~ lip, II, 

then there is an index ko ~ 0 such that for all k ~ ko, A.k = 1 is admissible. Further more 

Vf(x.) = 0, and ifA.k = 1 for all k ~ ko, then (xd converges superliearly to x'. 

Proof: The proof is really just a generalization of the easy exercise that if f(x) is a 

positive definite quadratic and Pk = -V2f(Xkr1Vf(Xk), then Vf(xk)Tpk < 0 and Xk+l = Xk + Pk 

satisfies (2.2.2.2) for any a $ ~, and (2.2.2.3) for any p ~ 0, and hence the proof is 
2 

omitted. 

Taken together, the conclusion of Theorem 2.2.3.2 and 2.2.3.3 are quite 

remarkable. They say that if f is bounded below, then the sequence (xd generated by 

any algorithm that takes descent steps whose angles with the gradients are bounded away 

from 90°, that satis fy conditions (2.2.2.2) and (2 .2.2.3), w ill obey 

lim Vf(Xk) = O. 
k-+m 
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Furthermore, if any such algorithm tries a Newton or quasi-Newton step first at each 

iteration, then {xkJwill also converge quadratically or superlinearly to a local minimizer 

x. if any Xk is sufficiently close to X., and if local convergence assumptions for the 

Newton or quasi-Newton method are met. 

These results are all we will need for the global convergence of the algorithm we discuss 

in the remainder of thi s chapter. 

2.2.4 Step Selection by backtracking 

In this section we specify how our line-search algorithm will choose A.k. As we 

have stated in the previous section the modern strategy is to start with A.k = 1, and then, if 

Xk + Pk is not acceptable, "backtrack" (reduce A.k) until an acceptable Xk + A.kPk is found. 

The framework for such an algorithm is given below. Recall that condition (2.2.2.3) is 

not implemented because the backtTacking strategy avo ids excessively small steps. 

ALGORITHM 2.2.4.1 Backtracking Line-search Framework 

Given aE (0, ~ ),0 < f. < u < I 
2 

A.k = I j 
. T 

Wh ile [(Xk + )' kPk) > f(x~:l + a)'k V'f(xd Pk, do 

)'k: =f'Ak for some PE [f., ul ; 

(*(Jis chosen anew each time by the line search*) 

Xk+l : = Xk + A.kPk; 

In practice, a is set quite small , so that hard ly more than a decrease in funct ion 

val ue is required. Our algorithm uses a = 10·4 Finally we di scuss the strategy for 

reducing A.k (choosingp; Let us defi ne 
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the one:dimensional restri ction of f to the line through Xk in the direction Pk. If we need 

to backtrack, we will use our most current infomlation about] to model it, and then take 

the value of A that minimizes this model as our next value Ak in Algorithm 2.2.4.1. 

Initially, we have two pieces ofinforrnation about] (A), 

(2.2.4.1 ) 

After calculating f(xk + Pk), we also know that 

(2.2.4.2) 

So if f(Xk + Pk) doesn't not satisfy (2.2.2.2); that is, ] (I) > ] (0) + a/, (O) , we model 

f (A) by the one dimensional quadratic satisfying (2.2.4.1) and (2.2.4.2), 

In (Ie) =[] (I) - ] (0) - ] '(0)]1..2 + ] '(O)A + ] (0), and calculate the point 

, _ - ]'(0) 

A - 2[J(1) - ] (0) - ]'(0) 1 
for which lil~ (,i) = o. 

Now 

111;(le) =2[] (l)- ](0)- ]'(0)]>0, 

(2.2.4.3) 

Since ](1) > ](0) + a]'(O) > ]'(0) + ](0). Thus,i minimi zes 111q('A). Also A> 0, 

because /,(0) < O. Therefore we take ,i as our new value of 'ek in the Algorithm (see 

Figure 2.2.4.1). Note that since] (I) 1,0) + a] '(0), we have 

,i < I 
2(1- a) 

, , - 1 
In face, if f (1)::0: f (0), then A ,.:; -. Thus, (2.2.4.3) gives a usefu l implicit upper bound 

2 

ofu '" ~ on the first value off! in Algoritlun 2.2.4 .1. On the othcr hand , if ] (1) is much 
2 

- -larger than f (0), )e can be very small. We probably do not wan t to decrease Ak too 

much based on thi s infon11ation , so we impose a lower bound of e = _I in algori tlU11 
10 
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2.2.4.1 . This means that at the first backtrack at each iteration if i k ~ _I ., then we next 
10 

I 
try Ak =-

10 

slope= J~ 

o 

Figure 2.2.4.1 backtracking at the first iteration, using a quadratic model. 

Example: Let f: 91 n ~ 91, and Xc and p be given by Example 3 of2.2.2 . since 

[(xc) = 3 and f(xc + p) = 20 > f(xc), Xc + p is not acceptable and a b acktrack is needed. 

Then, from J '(0) = 'Vf(xc)Pc = -20, J (I) = f(xc + Pc) = 20 and J (0) = f(xci = 3, gives 

• 20 10 
)" = ---- = - := 0.270. 

2[20 - 3 + 20] 37 

• T 4 
Now Xc + }, p := (0.189, 0.730) and for a = 10- , 

• T 
f(xc + }, p) := 0.570 ~ 2.99946 = f(xc) + aA'Vf(xc) p, so that Xc + )" p sati sfies 

condition (2.2.2.2): Therefore x+: = Xc + i p. 

Now suppose f (Ak) = f(X k + AkPk) does not sati sfy (2 .2.2.2) . In thi s case we need 

to backtrack agai n. Although we could use a quadratic model as we did on the first 

backtrack, wc now have four pieces of infol1l1ation about J (A). So at thi s and any 

subsequent backtrack during the current iteration, we use a cub ic model of J, fit 171", (I,) 
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to j (0), j '(0), and the last two va lue of j (A.) and, subject to the same sort of upper and 

lower limits as before. Set A.k to the value of A. at which 111" (A.) has its local minmizer 

(see Figure 2.2.4.2). The reason for using a cubic is that it can more accurately model 

situations where f has negative curvature, which are likely when (2.2.2.2) has fai led for 

two positive values of A.. Furthemlore, such a cubic has a unique minimizer, as illustrated 

in Figure 2.2.4.2. 

The calculation of A. proceeds as fo llows. Let A.prev and A. 2prev be the last two 

previous values of A.k . Then the cubic that fi ts 1 (0) j '(0), j '(0), j (A.prev), and 

j (A.2prev) is 

where 

Aprev' 
-A2prev 

Aprev2 

- 1 

A2prev' 
Aprev 

A2prev2 

( 
j(Aprev) - j(O) - j'(O)Aprev ) 

J(A2prev) - j(O) - j '(0)A2prev 

Its local minimizer ,1: is given by, 

" -b+~b2 - 3aj'(0) 
A = . 

3a 

(A.) 

'---_~-.......JL--+-_~ ), 

1< 
o A ),prev ),2prev 

o }, A.prev ),2prev 

Figure 2.2.4.2 Cubic backtrack - the two possibilities 
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We close the section by giving the corresponding bounds imposed by u = 0.5 and C = 0'1 

That is if ,i > 2. Aprev, set Ak = 2. Aprev and if ,i < _1 Aprev, set Ak = ~ Aprev, where 
2 2 10 10 

Ak is our new A. 

2.3.1 Global Methods for Systems of Nonlinear Equations. 

In chapter one we have di scussed that Newton's method may not converge at all 

from bad starting point (i.e. when the starting guess' is not close to any so lutions of the 

one variab le nonlinear equation problem) Newton's method shares the same 

disadvantage in case of multi variable nonlinear equations problem. That is when the 

current estimate is not close to any solutions of the corresponding nonlinear equations 

problem we need a tool to decide whether to accept the Newton step as the next iterate. 

Consequently thi s section is devoted to the method which essures convergence from a 

point out side the convergence region of Newton's method. Consider the nonlinear 

equations problem: 

given F: 91" -> 9,", 

find x. E 91" such that F(x.) = 0, 

where the Newton step is 

x+ = Xc - J(xc)'IF(xc) . 

(2.3 .1.) 

(2.3.2.) 

Now assume Xc is not close to any solution x. of (2.3.1.1). How wou ld one decide 

then whether to accept x+ as the next iterate? A reasonable answer is that IIF(x+)11 shou ld 

be les than IIF(xc)1I for some norm 11 .11, a conven ient choice being the C2 nom1 

IIF(x) 1I22 = F(X)TF(X) 

On the other hand requiring (hat our step result in a decrease of IIF(x) 1I2 is the 

same th ing we would require if we were trying to find a m inimum o[the function IIF(x)lb. 

Thus, we have in effect (umed our atten tion (0 the corresponding minimization problem: 

I T 
min I(x) = - F(x) F(x), 

.lE~~ 2 
(2.3.1.3) 
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"1 " 
Where the - is added for later algebraic convenience. Note that every so lution to 

2 

(2.3.l.l) is a solution to (2.3.1.3), but there may be local minimizer of (2.3.1.3) that are 

not solutions to (2.3 .l.l ) (see Figure 2.3 .l.l. Hence, although our global strategy for 

(2.3.1.1) will be based on a global strategy for (2.3.1.3), it is better to use the structure of 

the original problem to compute the Newton step (2.3 .1.2) whenever possible. 

x x 

Figure 2.3.1.1 The nonlinear equations and corresponding minimization problem, in one 

dimension. 

2.3.2 Descent Direction for Systemems of Nonlinear Equations 

In subsection 2.3.1 saw that our global strategy for nonlinear equations problem 

will be based on a global strategy for the related minimization problem. consequently in 

this subsection we will discuss a descent direction for (2.3.1.3) 

By Definition 2.2. I. I we have that descent direction from a current estimate Xc, is 

a nonzero perturbation pE91n for whi ch VT f(xc) P < 0 holds, where f: 91" -'> 91. Thus a 

descent direction for problem (2.3.1.3) is any direction p for which Vf(xc)Tp < 0, where 
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Now we will confom1 that Newton direction SN = -J(xcrlp(xc) IS a descent 

direction for (2.3.1 .3) 

\If(xc)TSN = (J(xc)Tp(xc))T(-J(xcrlp(xc)) 

= -p(xcfJ(xc) J(xcrlp(xc) 

= _p(xc)Tp(xc) < 0 

as long as F(xc) ;< .0. This may seem surplising, but it is geometrically reasonab le. Since 

the Newton step (xc + SN) yields a root of 

Mc(xc + $) = F(xc) + J(xc) s, 

it also goes to a minimum of the quadratic function 

1 T 
111, (xc + s) 14"2 Mc(xc + s) Mc(xc + s) 

(2.3.2.1) 

because III, (xc + s) ~ 0 for all s and Iii , (xc + SN) = O. Therefore, SN is a descent direction 

for Iii" and since the gradient at Xc of Iii , and f are the same, it is also a descent direction 

for f. 

2.3.3 The Method of Line Searches for Systems of Nonlinear Equations 

From sub section 2.3. 1 we have that our global method for (2.3.1.1) will be based 

on applying our algori tlun of section 2.2.4. to the quadratic model Il', (x) in (2.3.2.1). 

Since '172 ,11, (Xc) = J(xc)TJ(xc), this model is positive definite as long as J(xc) is 

nonsingular, which is consistent with the fact that Xc + SN is the unique root of Mc(x) and 

thus the unique minimizer of IiI , (x) in thi s case. Thus, the model 111, (x) has the attractive 

propel1ies that its minimizer is the Newton point for the original problem, and that all its 

descent directions are descen t directions for [(x ) because '17 lil , (xc) = 'l7f(xc) . Therefore 

methods based on thi s model, by going downhill and trying to minimize Il', (x) , will 

combine Newton's method [or nonlinear equations wi th globa l method for an associated 
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minimization problem. Note that n1, (x) is not quite the same as the quadratic model of 

I 
f(x) = - F(X)TF(X) around x" 

2 

because 'l72f(xc) '" J(xc) TJ(xc)' 

The application of our global method (The method of Line searches) to the 

nonlinear equations problem is now straightforward. As long as J(xc) is sufficiently well 

conditioned, then J(xc)TJ(xc) is safely positive definite, and the algorithm (Algorithm 

2.2.4.1) apply without change if we define the objective function by ~ IIF(x)1I2
2, the 

2 

Newton direction by - J(xrIF(x), and the positive definite quadratic model by (2.3.2. 1). 

Next we consider an example so that we could have a good insight into the application of 

the method. 

F(x) = I 2 
[

X
2

+X
2 _2] 

e -'"l - l + x 3 - 2 ' 
2 

. TTl T 
which has the root x. = (1, I) , and let Xo = (2, 0.5) . Define f(x) = - F(x) F(x). Then 

2 

~ , we get 2x J 
3x, 

and together F(xo) = , gives [ 
2.25 J 

0.843 

N ,I [-3.00J 
SO = -J(xo) F(xo) = . 

9.74 

Our li ne search algorithm will calculate x+ = Xo + Icos; stat1ing with i.o = I, decreasing 

Ico if necessary unti l f(x+) < f(xo) + a/co'l7f(xo)Ts~' where a = 10'4 

N [ -1.00J [104 J For Ico = x+ = Xo + So = 10.24 ' F(x +) =, 1071 ' 
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So that the Newton step clearly is unsatisfactory (F(x+) TF(X+) > .!. F(xo) TF(xo) + 10-4 
. 2 

(J(xo) TF(XO)) T s;). Therefore we reduce AO by a quadratic backtrack, calculating 

A _ - Vf(xo)' s; 
1 - T N 

2[f(x.) - f(xo) - Vf(xo) So 
(2.3.3.1) 

In this case, f(x+) ;: 5.79 x 105
, f(xo) = 2.89, \If(XO)T s; = _F(XO)TF(xo) ;: -5 .77, so that 

(2.3.3.1) gives A\ = 4.9 x 10,6 Since A\ < 0.1, our algorithm sets A\ = 0.5. 

N [1.70] [3.06] Nowx+= xo+O. l so;: ; F(x+) = . 
1.47 3.21 

This is still unsatisfactory, and so our algoritlun requires us to do a cubic backtrack, 

-b+)b' -3aVf(xoY s; 
where "2 = . Notice that (a, b)T is calcul ated by the 

3a 

corresponding formula as in case of the unconstrained by the corresponding formula as 

incase of the unconstrained minimization problem with the Newton direction s; . 

One can verify that a backtrack yields A2 ;: 0.0659. Since A2 > .!. ),\, the algorithm sets 
2 

N [ 1.85 ] [2.40] x+ = Xo + 0.05 So = , F(x+) ;: . 
0.987 1.30 

This point is still unsatisfactory, s ince [(x+) = 3.7 1 > f(xo), so the algoritlull requires us to 

do another cubic backtrack, where in thi s case Aprev = 0.1 and ,,2prev = 0.05. The 

cOITesponding calcu lation yie lds A) ;: 0.0 11 6, which is used since it is in the interval 

Now 

x+ = xo + 0.011650 = . F(x +) = , N [ 1.965] [2.238] 
0.613 . 0.856 
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This point is satisfactory, since. 

f(x+) == 2.87 < 2.89 == f(xo) + 10-4 (0.0116) V'f(xo)T s~, 

So we set x I = x+ and proceed to the next iteration. 

Following in the same fashion (way), first trying the Newton step, the strategy will end 

up using Newton 's method close to the solution. 

We conclude the discussion by giving the corresponding modification of our 

quadratic model 111 e (x), Whenever J is happened to be nearly singular at the current point 

xc. Notice that in case J(xc) is nearly singular we can pot calculate the Newton direction 

SN = -J(xcr1F(xo) and the model Hessian J(xc)TJ(xc) is nearly singular. 

Thus whenever J is nearly singular at the current point xc, it is recommended to perturb 

the quadratic model to T -r 
...-.--.1.>--- (T (XcJ F(Xc1) S 

I T - s ReS, 
2 

where. 

T ( ))1, T He = J(xc) J(xc) + n.I11Gch ep s 'II J(xc) J(xc) lI l. I. 
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