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Abstract

Epidemiological models provide a powerful tool for investigating the dynamics and control of
infectious diseases, but quantifying the underlying epidemic structure can be challenging
especially for new and under-studied diseases. Measles is a highly infectious disease which has
a major impact on child survival, particularly in developing countries. The importance of
understanding the epidemiology of this disease is underlined by its ability to change rapidly in
the face of increasing immunization coverage with proper cost effectiveness. Much is still to be
learned about its epidemiology and the best strategies for administering measles vaccines.
However, it is clear that tremendous progress can be made in preventing death and disease
from measles with existing knowledge about the disease, and by using the presently available
vaccines and applying well-tried methods of treating cases. Since vaccination turned out to be
the most effective strategy against childhood disease, developing a framework that would
predict an optimal vaccine coverage level needed to control the spread of these diseases is
crucial. We consider an optimal control problem subject to an SEIR measles epidemic model
with vaccination controls. Our aim is find the best optimal control strategies to make the number
of infectious individuals as small as possible and to keep the vaccination ratio of measles as low
as possible during a certain vaccination period that will minimize the cost of control. We used
Pontryagin’s maximum principle to characterize the optimal levels of the controls. The resulting
optimality system is solved numerically by forward-backward sweep method. The results show
that the optimal vaccination policy differs according to the controlled and uncontrolled
individuals and has a very desirable effect upon the population for reducing the number of
infected individuals. The effect of vaccination on transmission dynamics of measles is studied.
The resulting optimality system also showed that, the use of vaccinating at the highest possible
rate to the population as early as possible is essential for controlling an epidemic of the measles
disease. Finally, we use our model to simulate the data of measles cases in the Ethiopia from
2004 to 2014 and design a control strategy (optimal vaccination policy) of the country to
eliminate the epidemic for the future course with optimal control theory. The results from our
simulation are discussed.
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CHAPTER ONE

1. Epidemiological Models

1.1. General Introduction

Infectious diseases have always been a great concern of human kind since the very beginning
of history. In the increasingly interconnected world in which we live, infectious diseases
represent a growing threat to global public health. At present, we still have to deal with plagues
and diseases. Millions of people die annually from measles, malaria, tuberculosis, AIDS . . . and
billions of others are infected. They are still the major causes of mortality in the developing
countries [1, 15, 41]

To prevent and to control infectious diseases more effectively, it is important to first fully
understand the mechanism of the spread and the transmission dynamics of the diseases, and
then provide useful predictions and guidance so that better strategies can be established.
Mathematical epidemiology contributes to the understanding of the behavior of infectious
diseases, its impacts on possible future predictions about its spreading. Mathematical models
are used in comparing, planning, implementing, evaluating and optimizing various detection,

prevention and control programs [1, 17, 41].

Epidemiology is the study of health and disease in human population. It is the study of the
distribution and determinants of health-related events in specified populations, and the
application of this study to control health problems. When talking about an infectious disease,
we talk about a communicable disease. It is an illness which arises through transmission of an

infectious agent (or its toxic products) from an infected individual to a host [15, 16, 41].

The transmission can happen in a direct or indirect way. The direct transmission of a disease
can happen by physical proximity (such as sneezing, coughing, kissing, and sexual contact) or
even by a specific parasite that penetrates the host through ingestion or the skin. The indirect

transmission involves the vectors that are intermediaries or carriers of the infection [15, 20, 41].
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In most of the cases, the direct and indirect transmission of the disease happens between the
members that coexist in the host population; this is called the horizontal transmission. When the
direct transmission occurs from one ascendant to a descendent not yet born, (egg or embryo) it

is said that vertical transmission happens [20, 41].

Infectious diseases are basically of two types, the first is acute (fast infectious) which stay for a
short period (days/weeks) e.g. Influenza, Chickenpox, Rubella, Measles etc). The other is

chronic infectious disease which stay for larger period (month/year) e.g. hepatitis [15].

There are several types of diseases, depending on their type of transmission mechanism, some

of these are:

Bacteria: which do not confer immunity against re-infection and frequently produce harmful
toxins to the host. In case of infection, the antibiotics are usually efficient (examples:

tuberculosis, meningitis, gonorrhea, syphilis, tetanus);

Viral agents: that confer immunity against re-infection; here antibiotics do not produce any effect
and usually it is hoped that the immune system of the host responds to an infection by the virus
or it will be necessary to take antiviral drugs that retard the multiplication of the virus (examples

influenza, chicken pox, measles, rubella, mumps, HIV / AIDS, smallpox);

Vectors: these are usually mosquitoes or ticks and infect by humans and then transmit the

disease to other humans (examples: malaria, yellow fever, dengue fever)

1.1.1. Some key terms to describe the infectious disease at the population level

Epidemic: occurrence of an infectious disease clearly in excess of normal expectancy.
Outbreak: an epidemic limited to localized increase in the incidence of a disease.

Endemic: the constant presence/ habitual presence (usual occurrence) of a disease within a

given geographical area.

Pandemic: an epidemic occurring over a very wide area, crossing international boundaries and

usually affecting a large number of people.
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1.1.2. Deterministic and Stochastic Approach to Mathematical Modeling

Mathematical models are a simplified representation of how an infection spreads across a
population over time, and generally come in two forms: stochastic and deterministic models. If
the objective of the study is to model disease propagation in a large population, deterministic
model is the most appropriate one. Because, natural and biological discrete events of random
occurrence in a small population cannot be explained by deterministic models. Deterministic
models split the population into subclasses (compartments), and differential equation (ODE or
PDE) with respect to time is formulated for each. The state variables are determined using

parameters and initial conditions [20, 26, 41].

Stochastic model include an element of randomness indicative of the real world, which is
concerned with mimicking the random or probabilistic event. It is more suitable, for small
population size. They provide more insight into an individual-level modeling, taking into
consideration small population size where every individual plays an important role in the model.
Hence, they are used when known heterogeneities are important as in small or isolated
populations. Stochasticity decreases as the number of cases increases [5, 6, 7, 17, 18, 19, 20].

The main focus in this thesis will be the deterministic models, neglecting the others.
1.1.3. Basic Terminology

Most epidemic models are based on dividing the population into a small number of subclasses
(compartments). Each containing individuals, that are identical in terms of their status with

respect to the disease in question.
Here are some of the main compartments that a model can contain;

Passive immune (M): is composed by newborns that are temporary passively immune due to

antibodies transferred by their mothers;

Susceptible (S): is the class of individuals who are susceptible to infection; this can include the

passively immune ones who lost their immunity;

Exposed or Latent (E): compartment refers to the individuals that despite being infected, do not
exhibit obvious signs of infection and the abundance of the disease may be too low to allow

further transmission. Individuals are exposed but not infectious.
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Infected (I): in this class, the level of parasite is sufficiently large within the host and there is a

potential of transmitting the infection to other susceptible individuals;

Recovered or Resistant (R): includes all individuals who have been infected and have

recovered from the disease and are immune for life.

The choice of compartment to include in a model depends on the characteristics of the

particular disease being modeled and the purpose of the model [1, 15, 20].

Measles epidemic is the cause of millions of death worldwide and a public health problem. It is
also one of the most communicable diseases causing infant mortality and morbidity in Ethiopia.
Therefore, calling upon all stakeholders for measles prevention and control is appropriate for

eradicating the epidemic.

1.2. Epidemiology of Measles

1.2.1. Introduction

Measles is an acute viral infectious disease. References to measles can be found from as early

as the 7th century. The disease was described by the Persian physician Rhazes in the 10th
century as “more dreaded than smallpox” [2, 4,]. It is one of the leading causes of death among
people especially young children even though a safe and cost-effective vaccine is available. It is
so serious that in the developing world, mothers say, "Never count your children until after the
Measles" [2, 3, 6].

Measles is one of the most infectious human diseases and can cause serious illness, life-long
complications and death. It is highly communicable, with greater than 90% secondary attack
rates among susceptible persons. In the absence of measles vaccination, virtually all children
will have been infected with measles by the time they are 10 years old. It is still a public health
problem in many developing countries, particularly in parts of Africa and Asia. According to the
World Health Organization (WHO) [3, 6, 26], more than 20 million people are affected by
measles each year with more than 95% of measles deaths occur in countries that have low per

capita incomes and weak health infrastructures.
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Measles outbreaks can be particularly deadly in countries experiencing or recovering from a
natural disaster or conflict. Damage to health infrastructure and health services interrupt routine
immunization and overcrowding in residential camps greatly increases the risk of infection. In
developing countries with low vaccination coverage, epidemics often occur every two to three
years and usually last between two and three months, although their duration varies according
to population size, overcrowding and the population’s immune status. Outbreaks last longer

where family size, and hence the number of household contacts, is large [2, 4, 22].

In the year 2000, the World Health Organization (WHO) [2, 3] estimated that 548,000 children
died of measles, this translates to about 1,501 deaths every day or 62 deaths every hour, the
majority in developing countries especially with more than half of measles deaths occur in sub-

saharan Africa and this burden accounted for 15% of all under-five mortality.

Worldwide; during 2000-2008, global measles mortality declined by 78%, from an estimated
548,000 deaths in 2000 to 158,000 in 2008, and also measles mortality rate declined by 74%,
71% and 75% in the year 2010, 2011 and 2013, respectively making it the fifth most common
cause of death in children under five years of age [6, 23, 24, 25, 27]. Due to under-reporting, the
true number of measles cases and deaths is estimated to be 10-20 times higher. Measles
surveillance data reported an incidence 16.5 measles cases per 100,000 populations in the
African Region, WHO-2010 [2, 3, 6].

Therefore, it is necessary to examine the optimal strategies that can be implemented in order to
control measles in high burden countries like Ethiopia [22, 23]. High measles-burden countries

with limited financial resources are confronted with difficult decisions related to measles control.

1.2.2. Mode of Transmission

Measles is an acute, highly contagious viral disease caused by measles virus (paramyxovirus).
This highly contagious virus is transmitted primarily by respiratory droplets or airborne spray to
mucous membranes in the upper respiratory tract or the conjunctiva. It can be transmitted by
direct contact with infected nasal or throat secretions or transmission typically occurs through
coughing and sneezing of infected people. The measles virus is sensitive to ultraviolet light,
heat and drying. The virus has a short survival time (less than 2 hours) in air or on objects and

surfaces.
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Humans are the only natural hosts of measles virus. Although monkeys may become infected,
transmission among them in the wild does not appear to be a mechanism by which the virus
persists in nature. As a result, it can spread rapidly by contact in a susceptible population.
Infected people carry the virus in their respiratory tract before they get sick, so they can spread

the disease without being aware of it [22].

Figure 1.1: Measles Virus under a Microscope. Sources: CDC 2010 [2]

1.2.3. Clinical Features of Measles
Generally measles can be divided into four stages of illness period:
1.2.3.1. Incubation Period and Period of Infectivity

The incubation period is approximately 10-12 days from exposure to the onset of fever and
other nonspecific symptoms. It takes aboute 14 days (with a range of 7-18 days), from

exposure to the onset of rash/prodrome. Infectivity is greatest four days before rash onset [2].

Measles is highly contagious. Secondary attack rates among susceptible household contacts
have been reported to be 75%—90%. Due to the high transmission efficiency of measles,
outbreaks have been reported in populations where only 3% to 7% of the individuals were
susceptible [2, 3, 22].
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1.2.3.2. Prodrome Period

During this period, symptoms appear. They usually begin 12-14 days after exposure. Common
symptoms include: fever, fatigue, decreased appetite, red watery eyes, runny nose, cough and
with temperature often rising as high as 38°C. Other symptoms may include: vomiting, diarrhea,
abdominal pain, sore throat, swollen glands and an enlarged spleen. Koplik’s spot is the
characteristic symptom of measles. It appears on the inside of the mouth. Koplik’s spots are
small white areas that may have bluish-colored centers. The prodrome usually lasts 2-4 days
(range 1-7 days). However, it can last up to eight days [2, 22].

1.2.3.3. Exanthem (Rash) Period

During this period, a rash develops. The rash usually starts on the face and spreads to the neck,
trunk, arms and legs. Often, patients will start to feel better about 48 hours after the rash
appears. The rash starts to fade within 3-4 days after it appears. There may be some fine
peeling of the skin after the rash fades. Patients are considered highly contagious from 4 days
prior till 4 days after the onset of the rash [2, 22].

1.2.3.4. Recovery Period

A cough may last for 1-2 weeks after the measles infection. However, a medical consultation

may be necessary to diagnose the exact state of the episode [2, 22].

Figure 1.2: The clinical course of measles and its relation to exposure and infectious period for
active case finding.
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(i) (ii) (iii) (iv) (v)

Figure: 1.3 Photos of Measles and People with Measles. Source: CDC 2010 [4, 22]

The figure depicts that:

(i) Face of boy after three days with measles rash.
(i) Child with a classic measles rash after four days
(iii) Young boy five to six days into illness with rash and cough.
(iv) Skin sloughing off of a child healing from measles infection.

(v) Eyes of a child with measles.

1.2.4. Prevention

Measles is one of the leading causes of death among young children even though a safe and
cost-effective vaccine is available. The best way to reduce the risk of contracting measles is to
be immunized with the measles vaccine. This can be given in the form of combined measles,

mumps and rubella vaccine commonly referred to as a MMR vaccine.

The measles vaccine has been in use for 50 years. It is safe, effective and inexpensive. While
the vaccine is not a 100% guarantee against ever getting the measles, it significantly reduces
the risk. In the absence of vaccination, the measles virus would infect almost 100 percent of
the population [2, 22, 23, 24, 25, 26, 27].
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1.2.5. Measles Vaccination

Implementation of proper and effective vaccination protocol is of primary concern to the
epidemiologists and public health decision makers. Vaccination program is usually a
government initiative applied on large spatial and temporal scales to reduce the level of
complexity of disease [18]. Despite the availability of a safe, heat-stable, effective and
inexpensive measles vaccine, and the substantial progress towards measles control, measles

remains one of the leading causes of death globally among children [2, 3, 6].
1.2.51. Vaccination Schedule and Use

The first dose of MMR (measles, mumps and rubella) vaccine should be given on or after the
first birthday. Any dose of measles-containing vaccine (MCV) given before 12 months of age
should not be counted as part of a valid dose. Vaccination is generally not given earlier than this
because sufficient antimeasles immunoglobulin’s (antibodies) are acquired via the placenta
from the mother during pregnancy may prevent the vaccine viruses from being effective.
Children vaccinated with measles-containing vaccine (MCV) before 12 months of age should be
revaccinated with two doses of MMR vaccine. About 15% of vaccinated children fail to develop
immunity from the first dose, two doses of the vaccine usually given to children between the
ages of four to six are recommended to ensure immunity and prevent outbreaks [23, 24, 25].
Worldwide; during 2000-2013, measles vaccination prevented an estimated 15.6 million deaths

including routine immunization [2, 3, 5].
1.2.6. Complications

Approximately 30% of reported measles cases have one or more complications. Complications
of measles are more common among children younger than 5 years of age and adults 20 years
of age and older. These include pneumonia, ear and sinus infections, mouth ulcers, persistent
diarrhea, Otis, ulceration and blindness, protein energy malnutrition, convulsions and brain
damage. Complication rates are increased in persons with immune deficiency disorders,

malnutrition, vitamin A deficiency, and inadequate vaccination [2, 3, 22, 62, 65].
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1.2.7. The risk factors for Increased Fatality

Unvaccinated young children are at highest risk of measles and its complications, including
death. Unvaccinated pregnant women are also at risk. Any non-immune person (who has not
been vaccinated or was vaccinated but did not develop immunity) can become infected.
Children with vitamin A deficiency, HIV/AIDS, leukemia, and children, who travel to areas where
measles is endemic or are in contact with travelers to endemic areas. Malnourished and young
children are at higher risk of developing complications and mortality from measles infection [2,
3,4, 22, 62, 69].

Adverse reactions to vaccination are rare, life-threatening adverse reactions occur in less than
one per million vaccinations (<0.0001%). Immunity conferred by vaccination against measles
has been shown to persist for at least 20 years and is generally thought to be life-long for
most individuals. All persons who do not have the disease or who have not been successfully

immunized are susceptible [2, 3, 5, 6, 22].
1.2.8. Treatments for Measles

There is no specific medicine that kills the measles virus. Children and adults exposed to
measles virus, which have not developed immunity to the disease, can be vaccinated
within 3 days after exposure. The vaccine is prescribed for pregnant women and children less
than one year. For these categories of people it is often preferred to use immunoglobulin
(antibodies), administered within 2 days after exposure to the virus. Treatment aims to ease
symptoms until the body's immune system clears the infection. For most cases, rest and simple
measures to reduce a fever are all that are needed for a full recovery. Symptoms will usually
disappear within 7-10 days.

The following measures are often useful:

e Children should drink as much as possible to prevent dehydration.
o Paracetamol or ibuprofen can be taken to ease fever and aches and pains.

e Antibiotics do not kill the measles virus and so are not normally given.
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1.3. Maeasles in Ethiopia

The population of Ethiopia was estimated to be 87.9 million in 2014; 83% live in rural areas,
12.5% are children <5 years of age, and 90% have access to formal health care services. The
country has a surface area of 1.1 million km? and is administratively divided into 9 regional
states and 2 city administrations. The regional states and city administrations are divided into

103 zones with 736 woredas; the woredas are divided approximately 15, 000 kebeles [48, 49].

In Ethiopia, the National Immunization Programme was established in the 1980s, and currently
delivers service through static and outreach sites nationwide. The implementation of the
regional measles mortality reduction strategy started in 2002. The current routine immunization
schedules recommend a dose of measles vaccination at 9 months of age. The WHO UNICEF
coverage estimates for measles vaccination for Ethiopia also indicate an increase from 37 % in
2000 to around 80% in 2010 [22, 62, 65].

Estimated Measles Containing Vaccine first dose (MCV1) coverage in Ethiopia was 56% in
2010 and 57% in 2011; the percentage of districts reporting with almost 80% MCV1 coverage
was 45% in 2010 and 43% in 2011. During 2010-2011, annual reported measles incidence
decreased from 75 to 42 per 1 million populations. Despite this national progress, some
populations remain unprotected. An estimated 1 million children in the country did not receive
the first dose of vaccine in 2011. So the case and incidence rate of measles increased from
8,137 to 20,038 and 66 to 167 per million in 2013 and 2014, respectively [2, 3, 22, 62,65].

As Ethiopia has not reached over 90% coverage on the first dose of measles, it is not
recommended to start a routine second dose. Therefore the country is using the option of
supplementary immunization activities (SIAs) or through routine immunization. When Ethiopia
achieves over 90% routine measles vaccination coverage for 3 consecutive years, a second

routine dose may be considered as an alternative to periodic campaigns [22].

Table 1.1

The data of measles cases from 2004 to 2014 in Ethiopia

Year 2004 2005 2006 2007 2008 2009 2010 2011 2012 2013 2014

Case 4,741 2,416 4,820 4,932 3,511 4,735 6,202 3,554 4,878 8,137 15,478
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Figure: 1.4 Reported measles cases in the Ethiopia from 2004 to 2014 (CDC 2008, 2012, 2014,
2015 [2, 3, 6, 22, 62,65])

1.4. Optimal Vaccination Strategy

Most infectious diseases could be driven towards eradication, if adequate and timely steps
(e.g. vaccination, treatment, educational and enlightenment campaign, etc.) are taken in the
course of the epidemic. However, many of these diseases eventually become endemic in
our society due to lack of adequate policies and timely interventions to mitigate the spread.
Consequently, there is the need for proactive steps towards controlling the spread of
infectious diseases, particularly those ones for which both vaccine and cure are available
[18, 20, 66].

Optimal Vaccination Strategy: Optimal vaccination requires good management of available
resources (money, time, personnel or any other costs considered) fo achieve effective
disease control, even without vaccinating the whole population. The main concern is, "which
vaccination policies are optimal?" Optimal in the sense of disease eradication with regard to

associated costs.
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In order to prevent the disease from becoming endemic, it is necessary to vaccinate a large
fraction of susceptible hosts. Despite wide usage of vaccines, some disease like measles
still persist somewhere since the vaccination is sometime ineffective and vaccination
campaigns are never able to reach everyone. Different vaccination policies have been
adopted in different part of the world. In practice, the application of a vaccination policy is
limited by factors including cost. Cost may be increased by involving more equipment and
personnel. With limited resource, there is need to balance the vaccination rates and the
cost. In this section, an optimal vaccination strategy is designed to minimize an objective

functional that takes into account both the number of infectious individuals and the cost [66].

The goal of optimal vaccination strategies to measles is to minimize the total number of
infectious individuals and the cost associated with vaccination during the vaccination
campaign [18, 20, 29, 31].

1.5. Preliminary to Optimal Control Theory

We assume as is often the case, that the budget for the control of the disease is restricted.
During one period for vaccination we want to spend at most a reasonable amount of vaccination
doses. The aim is to find a vaccination schedule that is as cost effective as possible by

optimization concepts [15, 37].

We use optimal control to assess the most cost-effective method of introducing the control
parameters (like vaccination, treatment, prevention, isolation...). Optimal control is a useful

mathematical tool which has been used to determine optimal vaccination strategies [15, 31].

The optimal control theory has been used successfully to make decisions involving biological or
medical models. This theory is based on the Calculus of variations whose target is to find an
optimal functional which is expressed in terms of a system of differential equations. Essentially,
a biological or medical model involves a number of variables which are dynamic in nature. For
instance measles model may involve the effect of vaccination, treatment, regional features such
as economic situations and many others. One would like to find the set of values for these
variables which would give optimal positive effects in relation to control of infection diseases
[15, 31]..
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Using Pontryagin’s maximum principle (PMP), which was developed by Pontryagin and his co-
workers in the late 1950s,including its extensions and appropriate numerical methods, one can

adjust the control in a model to achieve specified goals [15, 31].

The controls are usually functions of time which are coefficients or source terms in the model.
Optimal control techniques involve appending adjoint functions to the problem to characterize
the optimal control. The optimality system, which characterizes the optimal controls, consists of
the differential equations of the original model (state equations) together with the adjoint
differential equations. Pontryagin’s maximum principle gives the format of the adjoint differential
equations and the corresponding terminal boundary conditions. If the original model has four
differential equations then the adjoint system has four differential equations also Adjoint
functions have a similar purpose as ‘Lagrange multipliers’ in multivariable calculus (appending
constraints to the function of several variables to be maximized or minimized). The adjoint
variables bring the state differential equations into the maximization or minimization of the

objective functional (goal) [15, 31]. This is dealt with in chapter 4 of this thesis.

1.6. Motivation

Measles is one of the leading causes of preventable death globally among people especially

young children even though a safe and cost-effective vaccine is available.

The major problem of measles is that it weakens the immune system and opens the door to

secondary health problems, such as pneumonia, blindness, diarrhea, encephalitis etc [2, 3, 6].

There are strong social impact and economic burden of the disease, which in so many ways
affects fertility, population growth, saving and investment, premature mortality, and medical

costs.

Optimal control theory is another area of mathematics that is used extensively in controlling the
spread of infectious diseases (measles) at the lowest economic cost to obtain the optimal
vaccination strategy. For such reasons it is important to formulate a transmission dynamics of
measles model with optimal control policy to eradicate the measles epidemic and minimize the

cost associated for vaccination strategy.
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1.7. Statement of the Problems

The spread of measles diseases has always been a concern and poses a threat to public
health, as well as the economic and social developments in a developing country. Thus, its
prevention and control are very important. Meanwhile, limitation of resource is a main problem
in minimizing the incidence rate or outbreak of measles disease which kills millions of child

every year.

Most studies of epidemic control of measles focus on increasing the immunization coverage
(vaccination coverage) in a population to control the disease, but they do not consider how this
parameter affects the strategy over a period of time. Though some of these studies have
considered vaccination strategy at different level of immunization approach none of them has
studied optimal vaccination strategy by considering measles disease models for countries like
Ethiopia. To control this disease a proper allocation of resource to the control parameters by

way of optimization is a significant effect in controlling the diseases.

This study is intended to answer the question of how an optimal vaccination policy and control
strategies can be put in place such that the cost of the implementation of the intervention is

minimized while the disease is controlled within specified period.

Using these parameters as control variables, the study will determine the possible impact of
optimal control method; by adopting a differential mathematical model for the control of measles
the epidemic. This is attained by efficiently balancing different vaccination strategies with varies

cost scenarios.

1.8. Objective of the Thesis

The general objective of this study is to model the best optimal control strategies, to make the
number of infectious individuals as small as possible and to keep the vaccination ratio of

measles as low as possible during a certain vaccination period.
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1.9.

1.10.

Specific Objective of the Thesis

To formulate a non linear ordinary differential equation based model of measles
disease showing the impact of optimal control strategy and the system to produce

the best outcome.
To verify the effect of vaccination on spread of measles
To compare the best optimal vaccination schedule in mitigating measles disease.

To compare uncontrolled and controlled state strategies on the dynamics of the

disease.

Perform simulations to illustrate analytical results.

Significance of the Thesis

The following are the significances of this study:

To researchers, it will be a useful reference for any future study for monitoring and

controlling strategy for measles disease.

The public health policy maker will be assisted by provision of strategies that can be
used to determine the optimal policies for reducing spread of the disease with a

minimum cost with control variable.

It will help policy makers in general to have an understanding of how the disease can

be controlled through vaccination in order to reduce the incidence rate.

Policy makers choosing whether to eradicate measles need to know about the costs

of eradication, control period and its alternatives resource allocation.
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1.11. Methodology

i) We employ an optimal control problem with extended SEIR compartmental model as

constraints and minimize an objective (cost) function.

i) Vaccination which is one of the most effective strategies in preventing morbidity and

mortality associated with measles diseases is included in this model.

i) We choose an optimal strategy to minimize the total number of infectious individuals and

the cost associated with vaccination as control functions.

i) We derive the optimality system and solve it numerically for our optimal control problem.
As stressed in the statement of the problems, measles is among the disease for which

our optimal control model is a good approximation.

i) We will test our theoretical findings by simulating measles vaccination strategies by
using epidemiological parameter values on Ethiopian demographic data from this

country.
iv) For all numerical solutions presented we use a forward-backward sweep method and

v) The result is executed using MATLAB.

1.12. Thesis Organization

The thesis is organized as follows. In chapter 2, we present the optimal control strategies of
measles disease model to be investigated. A precise explanation of our model can be seen in
chapter 3, for an SEIR model formulation which includes reproduction number, bifurcation point
and qualitative (stability) analysis on the model equilibria. In chapter 4, we introduce optimal
control problem subject to SEIR measles model. Pontryagin’s Maximum Principle (PMP) is used
to characterize the optimal control problem. We characterize the optimal controls, and derive the
optimality system. In chapter 5, a simulation of measles vaccination schedules and control
strategies in Ethiopia is provided including a discussion of results. Finally, we draw conclusions
from this thesis and assess what new insights this work gives to the body of knowledge on

optimal control as a recommendations for future work. Chapter 6 is the end of the study.
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CHAPTER TWO

2. Literature Review

This chapter reviews the work of other researchers related to the objectives of this thesis. Some

of the related works are as follows;

In 2007, Researchers from CDC reported that the global goal to reduce measles deaths by 50%
by 2005, compared with 1999 had been achieved. Firstly, Building on this accomplishment, in
2008 the World Health Organization summit on measles endorsed a target of 90% reduction in
measles mortality by 2010, compared with 2000. All WHO regions (all except Southeast Asia)
have set target dates for measles elimination by 2020 or earlier. Secondly, the establishment of
a global measles eradication goal has been extensively discussed by the World Health
Assembly and advisory committees to WHO including progress towards regional elimination.
The fourth Millennium Development Goal (MDG4) aims to reduce deaths of children by two
thirds by 2015 compared with 1990. The proportion of children vaccinated against measles was
adopted as an indicator to measure progress towards MDG4. A rebound in measles deaths was
considered a substantial threat to achieving this goal. The rapid progress in measles control
from 2000 to 2007 was based on implementation of recommended measles mortality reduction
strategies, including increasing routine immunization coverage, periodic Supplemental
Immunization Activities (SIAs—i.e., mass vaccination campaigns aimed at immunizing 100
percent of a predefined population within several days or weeks) and appropriate management
of measles cases. WHO put a strategy by a name “Progress in Global measles control and
mortality reduction 2008”. Countries that have fully implemented and sustained these strategies
have experienced reductions in measles cases of greater than 90 percent. However, not all
countries have managed to do so, and several of the largest recorded outbreaks of the past
decade were during 2009-10, WHO measles outbreaks 2011[2, 3, 22, 23, 24, 62, 65]. Previous
models have not objectively incorporated measles surveillance data and instead relied on

vaccination coverage data as the primary indicator of local disease burden.
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Allen [7], stated that an epidemic of rubella occurred on the campus of Texas Tech University in
January, February and March of 1989. A vaccination program was initiated as soon as the
epidemic was confirmed. Extensive case histories of all confirmed cases were collected by the
Lubbock City Health Department and given an exhaustive statistical analysis by a group from
the Department of Mathematics at Texas Tech University. The data and statistical analysis were
used to formulate stochastic and deterministic models of the measles epidemic based on the
standard SEIR model. The analysis and the simulations indicated that in order to prevent
measles outbreak on a university campus a high rate of immunity above 98 per cent might be

required.

Chen [8], proved that vaccination has a powerful defense against measles. They reappraised
measles sero-epidemiological data in Taiwan from 1974 to 2004 having robust age-stratified
serological information on exposure and immunity in order to quantitatively characterize
measles vaccination programs. They dynamically modeled measles sero-epidemiology to
estimate age-dependent intensity of infection associated with the effects of different contact
patterns on pre- and post-vaccination. A contact matrix was employed to describe the
transmission between and within each age group. They used a deterministic Susceptible—
Exposed-Infected—Recovery (SEIR) model to capture subpopulation dynamics. Their study
showed that mass regional or nationwide vaccination programs could greatly reduce the
potential for a major measles epidemic and have strong direct effects on the potential impact of
childhood vaccination. They parameterized a predictive model that should reduce the socio-
economic costs of measles surveillance in Taiwan and thereby encourage its continuance,

especially for pre-school children.

Roberts and Tobias [9], "A Mathematical model of the dynamics of measles in New
Zealand” was developed in 1996. The model successfully predicted an epidemic in 1997 and
was instrumental in the decision to carry out an intensive MMR (measles-mumps -rubella)
immunization campaign in that year. While the epidemic began some months earlier than
anticipated, it was rapidly brought under control, and its impact on the population was much
reduced. In order to prevent the occurrence of further epidemics in New Zealand, an extended
version of the model had since been developed and applied to the critical question of the

optimal timing of MMR immunization.
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Lloyd [10], illustrated how detailed dynamical properties of a model might depend in an
important way on the assumptions made in the formulation of the model. According to his study
most mathematical models used to understand the dynamical patterns seen in the incidence
of childhood viral diseases, such as measles, employ a simple, but epidemiologically
unrealistic, description of the infection and recovery process. The inclusion of more realistic
descriptions of the recovery process was shown to cause a significant destabilization of the
model. When there was seasonal variation in disease transmission that destabilization leads to
the appearance of complex dynamical patterns with much lower levels of seasonality than

previously predicted.

Trottier and Philippe [11], also presented a deterministic modeling as applied to the population
dynamics of infectious diseases. They used SEIR deterministic model to provide useful
insights into the mechanic of many common childhood diseases such as measles. They
showed that deterministic models exhibit damped oscillations, showed random variations and
predicted the spread of infectious diseases. Their paper provided an introduction to the theory
and methods of deterministic modeling and would be followed by two other articles that
would show how sensitivity analysis could be helpful for the forecast and control of common

infectious diseases at the population scale.

Grais et al. [12], stated that the current World Health Organization recommendations for
response during measles epidemics focus on case management rather than outbreak
response vaccination (ORV) campaigns, which may occur too late to impact morbidity
and mortality and have a high cost per case prevented. They explored the potential impact of an
ORV campaign conducted during the 2003-2004 measles epidemic in Niamey, Niger. They
measured the impact of this intervention and also the potential impact of alternative
strategies. They used a unique geographical, epidemiologic and demographic dataset collected
during the epidemic to develop an individual-based simulation model. They estimated
that a median of 7.6% (4.9-8.9) of cases was potentially averted as a result of the
outbreak response, as a result of vaccination of approximately 57% (84,563 of an estimated
148,600) of children in the target age range (6-59 months), 23 weeks after the epidemic
started. They found that intervening early (up to 60 days after the start of the epidemic)
and expanding the age range to all children aged 6 months to 15 years may have led to a
much larger (up to 90%) reduction in the number of cases in a West African urban setting

like Niamey.
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A deterministic compartmental mathematical model has been developed by Hethcote in 2000
[16] for the study of the effects of heterogeneous mixing and vaccination distribution on disease
transmission in Africa. This study focuses on vaccination against measles in the city of Naimey,
Niger, in sub-Saharan Africa. The rapidly growing population consists of a majority group with
low transmission rates and a minority group of seasonal urban migrants with higher
transmission rates. Demographic and measles epidemiological parameters are estimated from
data on Niger. An MSEIR model was applied with 16 age groups for a homogeneously mixing,
unvaccinated population in Niger. From measles data, it is estimated that the average period of
passive immunity 116 is 6 months, the average latent period 1/ ¢ is 14 days and the average
infectious period 1/ y is 7 days. From data on a 1995 measles outbreak in Niamey, the force of

infection is estimated to be the constant 0.762 per year. A computer calculation of the basic

reproduction number yields R, =18.83.

In New Zealand there has been an outbreak of measles and Pertussis every six and five years
respectively by M.G. Roberts 2000 [33]. A model has been used to compare the dynamics of
these diseases, and to determine the optimum ages at which children should be vaccinated
against them. Whereas measles could be eliminated by giving the second vaccination at five
years instead of eleven, it is difficult to devise a practical scheme that would eliminate Pertussis.
It is then necessary to consider vaccination schemes in the light of the age-structure of future

epidemics as well as their timing.

Anderson and May 1983 [13], considered an age-dependent epidemic model for measles and
rubella. The model was age-dependent but assumed homogeneous mixing. They performed
simulations and from these estimated the number of measles encephalitis and CRS
complications under differing immunization strategies. They approximated the USA strategy by
immunizing a given fraction of boys and girls at 1 year of age. Their conclusion is that at low
levels of vaccine coverage the UK policy was best to prevent CRS but once the coverage level
exceeds 85 per cent the USA policy was best. This gives the reassuring conclusion that at that

time the UK policy was best for the UK and the USA policy was optimal for the USA.

Sethi and Staats 1978 [35], analytically solved three different control scenarios using
compartment models. They use the concepts of Pontryagin’s Maximum Principle to characterize

the optimal control solution, using ‘bang-bang’ controls (in this scenario, the control is either at
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maximum or minimum, and i.e. the optimal control may only switch between the bounds of the
control set /two states). In doing this, they defined the optimal control problems for three
different types of intervention in SIR compartment models and provided a useful reference when
formulating a model with optimal control. An optimal control problem in a structured population
is built. This model contains four connected subgroups, with an SIR model applied to each of
them. Optimal control is applied to the model, with quadratic terms for the control functions in
the objective functional, and Pontryagin’s Maximum Principle is used to characterize the optimal
control. Their results support other results found, namely that vaccination is highest at initial

time, after which it decreases to very low levels.

Population could be subdivided into a set of distinct classes dependent upon experience with
respect to the relevant disease Zaman 2007 [67], They used Susceptible-Infected-Recovered
(SIR). In their paper, they described an SIR epidemic model with three components; S, |
and R. They described their study of stability analysis theory to find the equilibria for the
model. In order to achieve control of the disease, they considered a control problem relative to
the SIR model. A percentage of the susceptible populations were vaccinated in that model.
They showed that an optimal control exists for the control problem and they used Runge-
Kutta fourth order procedure to describe the numerical simulations. They finally described a

real example showing the efficiency of that optimal control.

Yan and Zou 2008 [36], applied optimal control to a compartmental model for Severe Acute
Respiratory Syndrome (SARS). They consider two different interventions - quarantine and
isolation - and search for both an optimal and sub-optimal solution (their sub-optimal solution is
found by defining the form of the control function aimed at minimizing the objective functional
for that particular form). Their results for the control functions agree with the work discussed
above-both the optimal and sub-optimal forms should be introduced at their maximums and
decreased over time, which can greatly reduce the number of infected individuals. They also set
both control functions as constants in their model and compare the results. In doing this, they
found that there are a much greater number of infected individuals under the constant control

model, with a much greater cost associated with this model.

Elsa Hansen and Troy Day [37], extended the existing work on the time-optimal control of the
basic SIR epidemic model with mass action contact rate. Previous results have focused on

minimizing an objective function that is a linear combination of the cost associated with using
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control and either the outbreak size or the infectious burden. They instead, provide numerical
solutions for the control that minimizes the outbreak size (or infectious burden) under the
assumption that there are limited control resources. They provide optimal control policies for an
isolation only model, a vaccination only model and a combined isolation—vaccination model (or
mixed model). The optimal policies described here contain many interesting features especially
when compared to previous analyses. For example, under certain circumstances the optimal
isolation only policy is not unique. Furthermore the optimal mixed policy is not simply a
combination of the optimal isolation only policy and the optimal vaccination only policy. The
results presented here also highlight a number of areas that warrant further study and

emphasize that time-optimal control of the basic SIR model is still not fully understood.

Onyango Nelson Owuor 2013 [38], with his paper ‘Optimal Vaccination Strategies in an SIR
Epidemic Model with Time Scales’-Childhood related diseases such as measles as
characterized by short periodic outbreaks lasting about 2 weeks. This means therefore that the
timescale at which such diseases operate is much shorter than the time scale of the human
population dynamics. He analyzed a compartmental model of the SIR type with periodic
coefficients and different time scales for 1) disease dynamics and 2) human population
dynamics. Interest is to determine the optimal vaccination strategy for such diseases. In a model
with time scales, Singular Perturbation theory is used to determine stability condition for the
disease free-state. The stability condition is here referred to as instantaneous stability condition,
and implies vaccination is done only when an instantaneous threshold condition is met. We
make a comparison of disease control using the instantaneous condition to two other scenarios:
one where vaccination is done constantly over time (constant vaccination strategy) and another
where vaccination is done when a periodic threshold condition is satisfied. Results show that
when time scales of the disease and human population match, he see a difference in the
performance of the vaccination strategies and above all, both the two threshold strategies

outperform a constant vaccination strategy.

To the best of our knowledge no research work related to the optima vaccination strategies to

combat the measles disease has ever been done in Ethiopia.
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CHAPTER THREE

3. Model Formulation and Stability Analysis

3.1. Introduction

Epidemiology is essentially a population biology discipline concerned with public health. As
such, epidemiology is thus heavily influenced by mathematical theory and model. Mathematical
modeling is an interesting tool for understanding epidemiological diseases and for proposing
effective strategies to fight them in addition to important tools in analyzing the spread and
control of infectious disease. The study of infectious disease by the means of mathematical
modeling helps as to understand the behavior of the disease, and the planning of an eradication
policy [1, 15, 16, 17, 18, 20, 39, 41].

3.2. Model Formulation

3.2.1 A Model for Measles

The first step in deterministic model (DM) consists in having a complete and realistic picture of
the biology of the disease under study (e.g., period of infectivity, latent period, immune status

after infection), and to select a parsimonious model (in relation to data available) [22, 26].

The total population size N(t) is divided into four distinct epidemiological subclasses
(compartments) of individuals which are susceptible, exposed, infectious, and recovered (with
permanent immunity), with sizes denoted by S(t), E(t), I(t), and R(t), respectively where t

represents the time.

In the case of measles, as most mothers have been infected, immunoglobulin (IgG) antibodies
transferred across the placenta to newborn infants give them temporary passive immunity to
measles’ infection. After the maternal antibodies remains in the body up to nine months, we
consider that the infant enters directly in the susceptible class S at birth. So, all the newborns

were assumed to be susceptible. When there is an adequate contact of a susceptible with an
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infective so that transmission occurs, then the susceptible enters the exposed class E of those
in the latent period, who are infected but not yet infectious. After the latent period ends, the
individual enters the class I of infectives, those that are infectious in the sense that they are
capable of transmitting the infection. When the infectious period ends, the individual enters the
recovered class R consisting of those with permanent infection-acquired immunity otherwise
they pass away. We exclude vertical incidence in our model, which means that the infection rate
of newborns by their mothers. Based on the mechanism and characteristics of measles

transmission, our model belongs to a deterministic SEIR epidemic model.

3.3. Model Assumptions

1. The population is uniform and mixes homogeneously. The total population size,
N(t)=S(t)+E(t)+I(t)+R(t) at any time t>0;

2. The natural birth rate » and death rates u are assumed to be different rate;

3. The infectious I move from their compartment to R-compartment at a constant rate y,
and latent’s (exposed) E move from their compartment to 7 -compartment at a constant
rate ¢, so that 1/ y is the mean infectious period and 1/ ¢ is the mean latent period;

4. Each individual in the population is considered as having an equal probability of
contacting the disease with a contact rate f ;

5. An infected individual makes contact and is able to transmit the disease with SN others
per unit time, that is, the contact rate is proportional to the total population size;

6. The fraction of contacts by an infected with a susceptible is S/ N. Therefore the number

of new infections in unit time per infective becomes(AN)(S/N). This rate is called an

infection rate. This gives the rate of new infections or those leaving the susceptible

category as (BN)(S/N)I=fSI , which is called an incidence of the disease. This type

of incidence is called bilinear incidence i.e. proportional to the product of the number of
infective individuals and the number of susceptible individuals, we choose the bilinear
incidence, because measles highly communicable the size of population has a direct
effect to the contact rate of infectious is discussed in [7, 9, 13, 14, 28, 53, 54].

7. The number of infected individuals move from the exposed compartment per unit time is

cE attime't
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8. The number of recovered individuals move from the infected compartment per unit time
is yI attime t;
9. The rate of susceptible, exposed, infected and recovered individual removed from each

compartments through natural death and disease induced death are 1S, uE, pl uR

and o1 respectively;

10. Individuals in the recovered class are assumed to be immune for life;

Table 1.2: Summary of description of variables and parameters for the model

Symbols Description
S Susceptibles population (proportion)
E Exposed individual in the latent period (proportion)
I Infectives population (proportion)
R Recovered population (proportion)
p Contact rate
M Average death rate
b Average birth rate
o Disease related death rate
& Latency rate
Y Recovery rate
1/¢ Average Latent period
1/y Average Infectious Period
R, Basic Reproduction Number
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3.3.1. SEIR Model in Diagram

The dynamics of the disease can be depicted in the following diagram

(4

)

}_:

-

Figure 2 The SEIR schematic model of Measles (flow chart)

The model formulation using the assumptions as is follows.

The inflow of population to the susceptible class is b, by combining assumptions 2,8 and 9 we

drive the susceptible populations change per unit of time.

Therefore the rate of susceptible becomes

ds
L b pSI-us 1
a PP (1)

Beside the number of individuals leave S and enter E, a fraction of exposed E move to
infectious group / with a latent rate s, ¢E an individual’s move from exposed to infectious and
some of the exposed group die through natural death rate #, xS to an individual’'s move from

exposed to death. The rate of exposed becomes

le—f:ﬂSl—gE—,uE (2)
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As the number of individuals leave E and enter/, fraction of infected individuals leaves [ and

enter into the recovered group with latent rate & and recovery rate y respectively. This gives

rate of infective and recovered as;

dl
L R 3
a T H (3)
dR

A I— uR 4
a TH (4)

The system of differential equation from the assumptions and diagrams for ¢ >0 is given in a

system/coupled ordinary differential equation form of (5)

Governing Equation of transmission dynamics of measles SEIR model becomes;

ds
—=b-BSI-uS 5.1
dt P H ( )
C;—IfzﬂSI—(gw)E (5.2)
%ng—(;/+5+y)] (5.3)
dR

— =yl —uR 5.4
=i (54)

with initial conditions,

S(0)=S,>0, E(0)=E, >0, (5.5)
1(0)=1,>0, R(0)=R, >0, '

The parameters are all positive constants. The total population N(f) can be obtained from

N(@t)=S(t)+E(t)+1(t)+ R(t) (6)

Therefore summing the differential equations (5), leads to the equation

dN
—=b-01—-uN 7
" 7 (7)

Here, it is important to note that in the absence of the disease, equation (7) become y(y) _>£
U
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The population size N(t) declines exponentially to zero if b < 1, may approach zero, remain
finite, or grow exponentially to infinity, depending on the infectives I(t), if 5 > x. We can still

determine whether the disease dies out or not by analyzing the changing tendency of the

infective fraction I(t) in the total population, such that the disease persists if the limit

lim¢ — ool (¢) is greater than 0,and dies out if the limit is 0 [1].

Since R does not appear in the first three differential equations, most of the times the last

equation is omitted, indeed,

R(t)=N(t)-S@)-E(t)-1(1) (8)

Equation (5) can be written as a standard way

By BSI-us (9.1)
dt

‘;—f: BSI (¢ + u)E (9.2)
Z—izeE—(y+5+y)] (9.3)
dN

—=b-01—-uN 9.4
o iz (94)

with initial conditions,

§0)=S8,20, E(0)=E, 20, (95)
I1(0)=1,>0, N(0O)=N, >0, )

3.4. Positivity of Solutions and the Invariant Region

The basic properties of the equation (9), are feasible solutions and positivity of solutions.
The feasible solution shows the region in which the solution of the equations are
biologically meaningful and the positivity of the solutions describes the non-negativity of the

solutions of the equation (9) by [55].

Moreover, under the dynamics described by equations (9), the region

Q:{x:(S,E,I,N)eRf :Szo,Ezo,Jzo,S+E+13Ns£} (10)
7
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is positively invariant (non-negative solutions).Hence, the system is both mathematically and

epidemiologically well-posed (feasible).

Therefore, for initial starting point x e R?; the trajectory lies in Q. Thus, we can restrict our

analysis to the region Q. In other words, solutions of equation (5) with given non-negative initial

data remain positive all the time and are bounded in region Q above [42, 44, 55].

3.5. Basic Reproductive Number and Equilibria

The analysis of the model includes finding equilibrium points (steady states) of the model,
finding the threshold value, basic reproduction number R, and investigating the stability of the
equilibrium points (disease-free and endemic which will be characterized using the threshold

value Ry).
3.5.1. Basic Reproductive Number (Ry)

The basic reproduction ratio of an infectious disease is a pivotal concept in epidemiology. It is a
famous result due to Kermack and McKendrick [41]. It is an important measure of

transmissibility of the disease.

It represents the expected number of secondary cases produced in a completed susceptible

population, by a typical infected individual during its entire period of infectiousness [41, 54, 55].

If Ry < 1 the number of infected individuals will decrease from generation to the next and the

disease dies out asymptotically.

However, if Rg > 1 the number of infected individuals will increase from generation to the next

with a ratio Ry > 1 and the disease will persist.

The basic reproduction number R, can be determined using the method of next-generation

matrix as presented in [54, 55].

The next generation matrix is

K=Fr" (12)
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where F and V are transmission and transition matrices, respectively, as presented in [54, 55].

The basic reproduction number is the eigenvalue of largest magnitude, or spectral radius of the
next generation matrix, that is, the number of all new infectious host types in the next

generation.

R, = p(K)=p(FV™) (13)

where p denotes the spectral radius (dominant eigenvalue) of the matrix £V '[2].

Let X () be the vector of disease states.

The vector of disease states from the equation (9) is the exposed and infectious compartement,

X = (E,I)T. The states can be written as

AE _ BSI—(c+ u)E

j; (14)
—tng—(y+5+,u)I

Note that equation (14) is made of two compartments E and I which are disease transmission

and transmission. These are used for the determination of R,.

Then we have matrix 7 =[”>! | and 1 = (e+mE
0 (y+8+ )l —¢E

We need to differentiate both matrices F and V with respect to | and E to get F and

V respectively.

Then we can find the Jacobian for each matrix F and V at no disease (I*=0) equation (9). The

equilibrium at no disease for equation (9) is (S*, E*,I*,N *) = (b/ 11,0,0,b/ 11).

Linearization using the Jacobian matrix about no disease for equation (14) yields

X0 _ 5
=X (14.1)
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From equation (13),

o(BS*1%) o(pS*I¥)

O0E ol 0
JE(b/ 1,0,0,b/ )= = 14.2
e I E (142)
OE ol
and similarly
o((e + H)E ™) o((e+ H)E™)
OE ol
JV(b/ u,0,0,b/ )= 14.3
(b1 u “) O((y+S+m)*—¢E*) O((y+5+u)l*—cE*) (143)
OE ol

:Lwif)(7+§+ﬂJ

Matrix F and V are

F:[g @ V:((“”) 0 ] (14.4)

& (y+6+p)

The next generation matrix of equation (9.1)-(9.4)isK = FV ™.

Thus, we need to find the spectral radius of Fv':

! 0

F:(O ﬂj and V' = (8+#) (14.5)
0 0 & 1

(e+u)(y+S6+pu) (r+8+p)

e B
FV‘_[(5+;1)(;/+6+/1) (r+6+n) (14.6)
0 0

The basic reproduction number is the eigenvalue of largest magnitude, or spectral radius of the

next generation matrix.
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The basic reproduction number for the measles model equation (9):

_ pe
RO_(8+,u)(7/+5+,u) (147)

Interpretation: An exposed individual that survives &/ (5+ y) becomes infectious and contacts

S susceptible individuals during the period of infectivityl/(7/ +§+,u), which result in a new

exposure.
3.6. Stability Analysis of measles SEIR Model

Very often it is almost impossible to find explicitly or implicitly the solutions of a system. A
qualitative approach can be considered because make conclusions regardless of whether we
know the solutions or not [45]. In this section we discuss the existence of eqiulibria, stability

analysis and bifurcation of equation (5) is considered.
Equilibrium: a system at equilibrium does not change over time (plural: equilibria).

In epidemiology we have two types of equilibria points; disease free-equilibrium and endemic

equilibrium

i.  If the equilibrium point has the infectious component equal to zero(]* = 0) , this means

that the disease has undergone extinction is called disease-free equilibrium (DFE).

ii. If I* > 0the disease persist in the population called endemic-equilibrium (EE).

Since the variable R does not appear in the first three equations of (5), by recalling equation (9);

dS

—=b-BSI —us 15.1
0 BSI - (15.1)
L pst- e+ wE (15.2)
%zeE—(7+§+,u)I (15.3)
dN

—=b-61-uN 15.4
o H (15.4)
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To find the equilibrium points of equation (15) the right-hand sides of each differential equation

are set to zero, leading to the system.

b—BS*I*—uS*=0 (16.1)
PSI*—(&+ 1)E*=0 (162)
sE*—(y+S8+ pu)[*=0 (16.3)
b—S8I*—uN*=0 (16.4)

where S*,E*,I* and N* are the equilibria points of equation(15)

Let

BS*I* =¥ (17)

Substituting (17) into (16) gives,

1. From (16.1) we have b—ﬂS*I*—yS*zO:b—‘P—yS*:O:S*:b_—qj
U

2. From (16.2) we have ﬁS[*—(5+y)E*:O:>‘P—(g+y)E*=0:>E*=( hd :
E+u

3. From (16.3) we have ¢E*—(y+ 8+ u)[*=0= (‘Ely—)—(;/+§+y)l*=0
e+ u

&¥ R

sk —

Termprorm LB

R
5. From N*, b—é‘[*—yN*:b—é‘(t//?‘)J—uN*

M

From 1,2,3,4 we have the following

R S S A 4 ,N*i‘é(‘/’&J (18)
U (e+p) (e+m)(y+0+p) u u\ B
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Substituting equation (18) into (16) results

From (16.1) b— S * I *—uS* = 0 , substituting the value of S* and I

A5
E e

Il
o

=b-R, ‘P]‘I’ b+¥ =0

‘P(—Ro(b;yjH]:O (18.1)

By simplifying equation (18.1) we have two roots of ¥ ;

¥, =0 or ‘I’*:b—% (19)

substituting equation (19) into (18) gives the following two case:

For ¥, =0 equations (18) becomes

_ \PO . O _
C(stp) (s+p)
3 ey, R &*0 B
(St (Hy+oHL)

. é_é[%&jjé_é(o*&j b
o\ p) uop\ p) u

(19.)

Epidemiological Modeling of Measles Disease with Optimal Control of Vaccination Strategy

35




Therefore,

(SysEgs 1y Ny ) =(b/ 12,0,0,b/ 1) (20)

For " = p - equations (18) becomes
0

Tt (e+m) R\ (e+p)

P a (5;‘0(& _1)]

T o) (et o)

_ M d R —1 20.1
Ro((sw)(ywa((’ ) (20.0)

By substituting ( d ]: R, into equation (20.1) the simplification of this equation
(e+)(y+6+pm)) B

can be summarized as:

P
-
*_ ﬁ[(Ro _I)J
(S*, E*,I*,N *) = o\ (E+4)

K (20.2)
I' =2 (R -1),
ﬂ( 0 —1)
b
Y7

N*=

%(Ro_l)
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3.6.1. Disease-Free Equilibrium E, (DFE)

The disease-free equilibrium point of equation (9) exists if /*=0, equation (17) S * [* =Y
is zero when [* =0, then at this point we can determine the disease-free equilibrium. From (19)

we develop equation (20) the disease-free equilibrium point of the system (5) , then;

E’ =(S,,E,,Iy,N,)=(b/ 1£,0,0,b/ 11,) (21a)

3.6.2. Endemic Equilibrium E" (EE)

We consider the case where there is infection. This true when equation (19) is non zero that is

where ' —p_£ | which is a unique (/*>1), then equation (20.2) shows the endemic

equilibrium point of equation (9) [2, 29, 32].

E' =(S*,E*,1*,N*)

where
R —1
s = E*:i[( v )], (216)
uR, R\ (e + )
. U b o
I =—(R,-1), N*=——-—(R, -1
( 0 ) U ﬂ( 0 )

Jacobian Matrix:

Given n function f, (x,,x,,....,x, ), f» (%, %,,...%, )0 £, (%, X,,...,x, ) describing the n dynamics

variables x,, x, ,..., X, , the Jacobian matrix J is defined as:

oh o . 9
Ox, Ox, ox,
o o .. 9
J =|0x, 0x, ox, (22)
o o .. Y
Ox, Ox, ox,
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3.6.3. Stability of the Equilibria

In this section we define type of stability, linearized system of equation (5) and by analyzing the
eigenvalues of the Jacobian matrices of system (5), we get results about the local stability of
these equilibria. We discuss type of stability on each equilibria. When we have multiple

equilibria for a system, the stability of each must be evaluated separately [45].
Stability:
Equilibrium is locally stable if a system near the equilibrium approaches it (locally attracting).

Equilibrium is globally stable if a system approaches the equilibrium regardless of its initial
position.

Equilibrium is unstable if a system near the equilibrium moves away from it (repelling).

Since the variable R does not appear in the first three equations of (9), so it is enough to
analyze the following reduced system (or we are only interested in the spread of the disease,

we only investigate the system consisting of the first three equations)

ds

—=b-pBSI —uS

7 B u

Cil—fz BSI — (¢ + u)E (22.1a)
dl

—=¢F - +0+ u)l

7 (r i)

The stability is studied by linearization of the non-linear system (22.1a) to the Jacobian matrix J
at the equilibrium points or steady states of the system and computing the characteristic
equation (22.1a), which gives

of o o
oS oE ol
of, of, Oof.
JED=\ 3¢ 25 o
o o o
oS oE ol
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o(b— BSI - uS) o(b— BSI - uS) a(b— pSI — uS)

oS OE ol

J(S.ET) = o(BsI —a(Sg+ WE)  o(BSI —a§+ WE)  o(BSI- 6(15+ WE) (22.16)
O(eE-(y+6+w)l) O(sE-(y+S6+mwI) O(sE—(y+5+uwl)

oS OFE ol

Evaluation of equation (22.1b) yields:
-pBIl—u 0 -pS
J(S.E.I)=| pI —(&+ 1) £S (23)
0 £ —(y+0+u)

3.6.3.1. Stability at disease-free equilibria

In the following section we show that the disease-free equilibrium of the model (9) is globally

asymptotically stable if R, <1 and locally asymptotically stable if R, >1.

Evaluating the above Jacobian matrix (23) at the disease-free equilibrium,
E’ =(S,,E.1,,N,) =(b/ 140,0,b/ 11,) gives

—H 0 -p
Jy=J(E)=| 0 —(s+u) Vi (24)
0 £ —(y+0+u)

where the characteristic polynomial equation is given by

P(A) = det(J0 - /U) =0, where I identity matrix of 3x3 (24.1)

by substituting equation(24) to (24.1), the characteristic polynomial of the Jacobian matrix is

(=4 )(~A— (& + @) (=A— (7 +5+ 1) =0 (242)

Solving the characteristic polynomial (24.2) gives the following three roots
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A== <0,4, =—(e+u) <0, =—(y+5+ ) <0 (24.3)

Since all the eigenvalues are all negative. So we have the following result

Theorem 1: The disease-free equilibrium E° is locally asymptotically stable.

To investigate the global stability of E°, consider the Lyapunov candidate function
V(S,E,I): R’ - R" defined as

V(S,E,1)=¢E+(u+5+y)l, €>0,V be a positive definite function

Differentiating V(S,E,I) with respect to time yields

V' (S,E.I)=¢E'+(u+y)I' (24.4)
where V’:d—V,E’:d_E,]':d_I
dt dt dt

Simply we want to show that V'(S,E,I) <0, if Q contains no trajectories of the system

except the trivial trajectories S, =0,E, =0,/,=0 for =0

From equation (24.4) we have
Cil_lt/: gcfl—f+(y+g)%: e(BSI—(e+wE)+(u+e)(eE-(y+6+mI)

=efSI—c(e+m)E+(e+u)eE—(e+u)(y+36+ i
=efSI—(e+u)(y+5+ul
=(8ﬁS*—(€+,u)(}/+5+y))l*, in DFE S*=b/ pu, I*:(RO—I),u/,B

S(5,8%—(5+,u)(7+5+,u)]1*:(e+,u)(7/+§+,u)(R0 SIS0 R <1,

(,u+$)(7/+y)(R0—1)ISOifRO<1. (24.5)

The maximal compact invariant set in {(S,E,I) c Q:d_V - 0} is the singleton { £°}.
dt

Using Lasalle’s invariance principle (Edelstein-Kesher, 2005)[57], we have the following
theorem
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Theorem 2: If R, <1, the disease-free equilibrium E° is globally asymptotically stable and the

disease dies out. But if R, > 1, then E° is unstable.

From theorem 1 since all the eigenvalues are negative, it confirms that the disease-free

equilibrium is locally asymptotically stable and from the theorem 2 for R, >1unstable.

3.6.3.2. Stability at endemic equilibria
For global stability of the endemic equilibrium, we used Lyapunov function as discussed in [59].

Evaluating the above Jacobian matrix (23) at the endemic eqiulibrium E* = (S*,E*,I *) .

By susbstituting equation (22) to (23) yields:

gl o o)

- N H B 3 b
J=J(8E. )= ﬁ(ﬂ(Ro 1)) (& + 1) 'B[uRoj (25.6)

0 £ -(y+uw)

The above system reduced to

b
—HR, 0 _ﬂ[/'lR() J
. b
J = u(Ry—1) —(e+ ) ﬂ[ﬂRo) (25.7)
0 & -(r+n)

The characteristic polynomial of Jacobian matrix (23), J(E*) is given by

A3 +a1/12 +a,A+a, =0 (25.8a)

where
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a, =2u+y+e+ uR,
a, =(,u+8+,uR0)(7+5+,u)b+,uR0 (5+,u) (25.8b)

R, —1
ay = p(e+u)(y+6+ u)bR, +5,B,u(;—)

0

To determine the sign of the eigenvalues by using Routh—Hurwitz criteria [45], we need to check

the condition @, >0, a, >0, a, >0 and a,a, —a, > 0.

Clearly, a, >0, and if R, >1then a, > 0.

a,a, —a, =(2,u+5+}/+8+,uRO)[(,u+§+7+8+,UR0)(,L1+5+7)+,L1R0(8+,u)]
+,u(g+,u)(y+5+7/)—2u(5+,u)(,u+5+7)R0 >0

Soaa, —a; >0
Therefore, by Routh-Hurwitz criteria [45], we conclude that the eigenvalues of J(E *) are all

positive when R, >1. So, we have the following result

Theorem 3: If R, >1, then the endemic equilibrium E * is unstable .

Now, we will investigate the global stability of £ *. To do so, we consider the following

Lyapunov function [59]

V= s-s*-5tnS 4| E-ErErn L | AEE[ s prm L (25.9)
S* E* & I*
Differentiating V' (S, E,1) with respect to time yields:
* k k
av _ 1—S—jﬁ+ -2 d—E+”+g(1—]— ar (25.10)
dt S ) dt E ) dt & 1 )dt

dS dE dl
Substituting the expressions of the derivatives;,; and ” in equation (25.10) from

equation (9) and using the relation of the endemic equilibrium, we have
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b=BS*I*+uS* (25.11)
BS*I*=(&+ u)E* (25.12)
cE*=(y+5+ u)I * (25.13)

Using the equilibrium condition of system (25.11-25.13) above, equation (25.10) becomes

av

dr (1——j[ u(S- S*)+ﬂS*1*—ﬂSI] (1—%*)[ﬂSI—(,u+g)E]+

ﬂ+8@———ﬁ}E (r+u)1]

&

S—S§*y
CZ_IZ/:_IU( . )+ﬂS*I*—ﬂS*I*S?*-l-ﬂS*I%*‘F(g*‘,U)E* (25.14)

—(g+/1)E17* —HT/I(;/+5+#)I+

g+’u(7/+§+y)l*
£

Note that ¢ E* = —(y + p)I * from (25.13)

This implies that;

+ 1
ﬂS*I—gg’u(j/+5+y)[=ﬂS*I—(g+,u) —[ﬂS*I* (8+,u)E* T =0

— g *)?
So ‘Z—It/z—yw+3(5+y)E*—ﬂS*l*

S* £ IC
ST g BT o
g ASI (e E

av (S-S*)
dr S

* * *
S* SE*] EI J<O (25.16)

S S*EI* E*I)

Since the arithmetic mean is greater than or equal to the geometric mean of the quantities

% % % * % *
S_, SE I,EI e, — s SE*1 +EI —-3>0. Then d—V—O holds only when § = § *
S S*EI* E*I S S*EI* E*] dt
E = E*, I =1*.So the maximal compact invariant set in {(S E 1) cQ: ‘;_V = 0} is the singleton
t

{E *} . Using Lasalle’s invariance principle [58], we have the following theorem
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Theorem 4: If R, <1, the endemic equilibrium E * is locally asymptotically stable

When R, >1, the system has two equilibrium points, the disease-free E° and endemic

equilibrium E *. Here the disease-free equilibrium is unstable from system equation (25.11-

25.13). Then the solution converges to the endemic equilibrium. In other words, the endemic

equilibrium point is unstable for R, > 1.

Table 1.3: Summary for stability of measles model equation (5) (stability depend on R;)

Equilibrium point Sign of Ry Type of stability Mode of Epidemic
DFE R, <1 globally asymptotically stable No Epidemic
R, >1 unstable Epidemic
EE R, <1 locally asymptotically stable Epidemic
R, >1 unstable Epidemic

3.6.4. Phase plane Diagram

Figure 2.1: Phase plane portrait for the classic SIR endemic model with basic reproduction

number R, =0.5 <1 by pplane8.
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Figure 2.2: Phase plane portrait for the classic SIR epidemic model with basic reproduction
number Ry=3, average infectious period 1/& = 9 days, and average lifetime 1/ x4 = 26 days.

This unrealistically short average lifetime has been chosen so that the endemic equilibrium is

clearly above the horizontal axis and the spiraling into the endemic equilibrium can be seen [16].

Figure 2.1 and 2.2 are phase plane portraits for the two possibilities described in the theorems.

The theorems above described intuitively in terms of reproduction numberR,, which the
threshold quantity. If the reproduction number is less than one (R, <1)then the disease-free

equilibrium E° is locally asymptotically stable and so that an infective replace itself with less
than one new infective , then the disease die out. Moreover, the susceptible eventually
approaches one since everyone is susceptible when the disease are disappeared and all of the

removed people who are immune have died.

If the reproduction number(RO > 1), then the disease-free equilibrium E* is unstable with a

repulsive direction into the positive SI quadrant, so the disease can "invade" in the sense that
any path starting with a small positive /,, moves into the positive SI quadrant where the disease

persists.

The initial infective /; is small, and the initial susceptible S, is larger, then S decreases and I

first increase to a peak and then decreases just as it would for an epidemic. However, after the
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infective has decreases to a low level, the susceptible slowly starts to increase due to the births
of new suscpetibles. Thus for this classic SIR endemic model and for many other more complex
models equation[16]; the behavior is almost completely dependent on the threshold quantity
Ro, which determines not only when the local stability of the disease-free equilibrium switches,

but also when the endemic equilibrium enters the feasible region with a positive infective.

3.6.5. Bifurcation point

Bifurcation is a change in the equilibrium points, or in their stability properties, as a parameter is
varied. Loosely speaking, a bifurcation is a qualitative change in the dynamics of the system of
ODEs as a parameter varies. The phenomenon of bifurcation, i.e., quantitaive change of

parameters leading to qualitative change of system properties [16,45].

From the above theorems and tables 1.3, we see that the case R, =1 is a critical threshold

point where the disease free equilibrium E° loses its asymptotic stability and simply becomes
(neutrally) stable. Moreover, it becomes unstable immediately R, >1and this will lead to the
existence of unstable endemic equilibrium E *. Then we say that R, =1can literarily be viewed

as a transcritical bifurcation point where stability is exchanged between disease-free equilibrium

and endemic equilibrium point (or E£° and E *) [16, 45].

For the system (9) of measles model the bifurcation of the system depend on reproduction
number R, . For different values R, the dynamics can change substantially (see table 1.3). By
the data of measles, the reproduction number of measles is 14.6. R, is largely influenced by the

contact rate of the infectiives, then the reproduction number is largely sensitive to the contact

rate of infection and the R, also depend on the latent rate of the epidemic by [51, 53, 63, 64].
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CHAPTER FOUR

4. Optimal Control Theory

4.1. Introduction

Optimal control theory is another area of mathematics that is used extensively in controlling the
spread of infectious diseases. It is a powerful mathematical tool that can be used to make
decisions involving complex biological situation. It is often used in the control of the spread of
most diseases for which either vaccine or treatment is available. For example, question such as
what percentage of the population should be vaccinated as time evolves in a given epidemic
model to minimize the number of infected and the cost of implementing the vaccination strategy
becomes relevant. The desire outcome will include tradeoffs between two competing factors
[31, 50, 52].

The behavior of the underlying dynamical system is described by a state variable(s). We
assume that there is a way to steer the state by acting upon it with a suitable control function(s).
The control enters the system of ordinary differential equations and affects the dynamic of the
state system. The goal is to adjust the control in order to maximize (or minimize) a give
objective functions, representing both the goal and cost. The cost may not always represent
money but may include side effect, damage caused by control. In this work the goal is the

optimal control theory of ordinary differential equations with time fixed.

Optimal control theory is one of the thrusts of this thesis. Basically, given a dynamic system,
one can apply a control function to alter the behavior of the system over time. This control
function can be constant, or it can also vary with time. In adjusting the control function, the

system can be manipulated until some goal for the state of the system is achieved.

In this paper, we will minimize the objective functional, which will result in a balanced
minimization of the goal and cost. The control that achieves this balance is called the optimal

control, and the corresponding state is the optimal state [16, 31, 46].
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4.2. Optimal Control Problem (OC)

A typical optimal control problem requires a performance index or cost functional(J [x(t),u(t)]),

a set of state variables (x(t) € X') and a set of control variables (u(t) eU)inatime ,1, <t <1,.

The main goal consists in finding a piecewise continuous control u(¢) and the associated state

variable x(¢)to minimize a given objective functional.

Basic optimal control Problem in Lagrange formulation: An optimal control problem is in the

form

max,, J(x(¢),u(t)) = j I (8,x(0),u(t) )dt

subject to x'= g(t,x(t),u(t)) (27)

x(t,) =X,

x(t,) could be free, which means that the value of x(z,) is unrestricted, or could be fixed, i.e,

x(t,)=t;.

For our purposes, f and g will always be continuously differentiable functions in all three

arguments and have first-order partial derivatives with respect to x and t, but not necessarily
with respect to u [15, 31, 46].

We assume that the control set U is a measurable function. Thus, as the control(s) will always

be piecewise continuous, the associated states will always be piecewise differentiable [15, 31].

We can switch back and forth between maximization and minimization by simply negating the

cost functional:
min {J} = -max {-J}

An optimal control problem can be presented in different ways, but equivalent, depending on the

purpose or the software to be used.
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4.3. Pontryagin's Maximum Principle

The necessary first order conditions to find the optimal control were developed by Pontryagin
and his co-workers. This result is considered as one of the most important results of
Mathematics in the 20" century. Pontryagin introduced the idea of adjoint functions to append
the differential equation to the objective functional. Adjoint functions have a similar purpose as
Lagrange multipliers in multivariate calculus, which append constraints to the function of several

variables to be maximized or minimized.

Hamiltonian - H : For the optimal control problem considered in (27), the function

H (2,x(2),u(t), A1) = £ (¢, x(2),u(t))+ A1) g (£, x(),u(t)) (27.1)
= int grand +adjoint* RHS of DE

is called Hamiltonian function and A is the adjoint variable.

Pontryagin's Maximum Principle-PMP:- If u*(¢) and x*(¢)are optimal for problem (27), then

there exists a piecewise differentiable adjoint variable A(#) such that

H (£, (0),u(0), A1) < H (£,x*(0),u* (1), A(t)) (27.2)

for all controls u at each time t, where H is the Hamiltonian previously defined and

' OH (t,x*(t),u* (1), A¥)
A (t) T ( ox )

A (tf ) =0 (transversality condition) — (27.4)

(adjoint condition) (27.3)

The last condition, A (t ; ) =0, called transversality condition, is only used when the OC problem

does not have terminal value in the state variable, i.e., x(t

. ) is free.

This principle convertes the problem of finding a control which maximizes the objective
functional subject to the state ODE and initial condition into a problem of optimizing the

Hamiltonian pointwise. As consequence, with this adjoint equation and Hamiltonian, we have
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aaﬂzo: £ (6ot )+ g, (3%u*) = 0 (27.5)
Uu

at u* for each t, namely, the Hamiltonian has a critical point; usually this condition is called

optimality condition.

The dynamic of the state equation:

x'=g(t,x,u)=a—H, )c(to)zx0 (27.6)

4.4. Optimal control with bounded controls

Many problems require bounds on the control to achieve a realistic solution. Suppose, for
instance, that our control is the amount of vaccination or chemicals used in a system. Then,
clearly we require this amount to be nonnegative, i.e u > 0. Often; the control must be bounded
above. Perhaps there are physical limitations on the amount of chemicals or environmental
regulations which prohibit a certain level of use. We could also have a problem where the

control is the percentage of some strength or use. Then 0 <u <1would be our bounds [15, 31].

Optimal control with bounded control: An optimal control with bounded control can be written in

the form

max, J(x(¢),u(t)) = j £ (8,x(2), u(t) )dt

subject to x'= g(t,x(t),u(t)) (27.7)

x(ty) = x,
a<u(t)<bh

where a, b are fixed real constants and a < b.

To solve problems with bounds on the control, it is necessary to develop alternative necessary

_conditions.
Epidemiological Modeling of Measles Disease with Optimal Control of Vaccination Strategy 50



Proposition (Necessary conditions): If u * (¢) and x*(t) are optimal for problem (27.7), then there

exists a piecewise differentiable adjoint variable A(¢)such that

H (t, % (8),u(t), A£)) < H (£, * (£),u* (1), (1)) (27.8)

for all controls u at each time t, where H is the Hamiltonian previously defined and

A(t)=- OH (1,x* (t;,u(*t),/i(t)) (adjoint condition) (27.9)
x

ﬂ(tf) =0 (transversality condition) (27.10)

By an adaptation of the PMP, the OC must satisfy (optimality condition):

OH
a if —<0
4 ou
u*=4qa< ot <b if ot =0 (Optimality Condition) (27.1 1)
Oou ou
b if ai> 0
ou

If we have a minimization problem, then u * is chosen to minimize H pointwise. This has the

effect of reversing < and > in the first and third lines of optimality condition.

We can also check concavity conditions to distinguish between controls that maximize and

those minimize the objective functional.

2

If 0 —<0at u* then U™ is the maximization of the problem, while azi] >0 at u* goes with
0

ou u

minimization [18].
Remark: In some software packages there are no specific characterization for the bounds of the
control. In those cases, and when the implementation allows, we can write in a compact way the

optimal aa_H:o control obtained without truncation, bounded by a and b
u

u* (1) = min{a,max{b,z—H}} (27.12)

u

Epidemiological Modeling of Measles Disease with Optimal Control of Vaccination Strategy 51



4.5. Steps in formulating optimal system of an optimal control

problem

We can view our optimal control problem as having two unknowns, « * and x*, at the start. We
have introduced an adjoint variable A, which is similar to a lagrangian multiplier. It attaches the
differential equation information onto the maximization of the objective functional. The following

is an outline of how this theory can be applied to the simplest problems.

1.  Formulate the Hamiltonian for the problem
H(t,x,u,A)= f(t,x,u)+Ag(t,x,u)

2. Write the adjoint differential equation, transversality boundary condition and optimality

condition. Now there are three unknowns, » *,x*and A .

Z‘:—%—H = A'=—(f. +1g.) (adjoint condition)
x
Z(tf ) =0 (transversality condition)
Z—H =0 atu=u*= f,(t,x,u)+ g, (t,x,u) =0 (optimality condition)
u

3. Solve for u* interms of x* and A .

4. After finding the optimal states and adjoint, solve for the optimal control.




4.6. Relation of maximization principle terms to a classical

economics terms

Lastly, the following chart will provide a mapping of the concepts of the maximum principle into
a classical economic example from capital theory. The chart is based on the discussion of
Robert Dorfman [60] in his-well known article “An Economic Interpretation of Optimal Control
Theory”. In Dorf-man’s discussion, the basic problem is the decision problem of a firm that aims
to maximize profits over a time horizon under the capital constraints it faces. In every moment,
the firm has a capital stock that needs to be managed. The decisions of the firm (that can vary
greatly, from decisions concerning the rate and price of the output to decisions concerning the

design of the product) affect the rate at which the size of this capital stock is changing.

Table 1.4: Relation of maximization principle terms to a classical economics terms

Concept in Maximum Economic Significance
Principle

state variable x amount of capital
control variable u rate of change of capital
adjoint variable 4 shadow price of capital

A(t).t, =0 shadow price of a unit of initial capital

l(t,.) shadow price of a unit of terminal capital
function f current profit

/I(t)g(t,x,u) future profit effect of policy u

g(t,x,u) =x' rate of change of capital per unit of time due to the present

amount of capital, policy u, and moment

Hamiltonian function A | overall profit prospect: (current profit) +(shadow price) * (change
in capital corresponding to policy u)

, OH the way the policy decision affects the rate of change of capital:
X :a the change in capital is equal to the contribution of the shadow
price to overall profits
P _OH Shadow price depreciates at the rate at which capital contributes
Ox to overall profits (or marginal cost)
ﬂ(tf):O shadow price is driven down to zero at the end of the time

interval, i.e. the left-over capital has no economic value to the firm
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The marginal cost is an increase in the total of a production run for making one additional unit of
an item. The Shadow price associated with a resource tells you how much more profit you

would get by increasing the amount of that resource by one unit.

4.7. Our Optimal Control Applied to Measles Model

Generally, the eradication of the disease may be too costly when constant controls are
considered as it requires vaccination at higher levels all the time. For eradication to be
achievable in a finite time, we need to consider time-dependent controls. We use the optimal
control strategies in the form of vaccination to decrease infectious individuals and increase the

total number of recovered individuals with minimum investment in disease control.
4.71. Formulation-Extended Model with Controls

In this section, an optimal control problem is formulated by incorporating one intervention
strategies into our basic model equation (5). The following intervention is incorporated into the
basic model;

» u(r) is the control which represents the vaccination ratio of susceptible individuals being

vaccinated per unit of time which bounds between 0 and 1.

uS

vi ——
&=
UR \

Figure 3: The SEIR schematic model with control u
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Here we consider a vaccination campaign over a fixed time period [0,7]. The vaccine drives the
infected individuals to the recovered class. So, we introduce the control function # and our aim
is to set up an optimal control problem related to the SEIR epidemic model (5) which extended

as figure 3 above.

The dynamics measles transmission model is governed by the following modified system (state

equations):

ds
=2 —b—BSI - uS —uS
Y B i

d—EzﬂSI—(£+y)E

dt (28)

dl

—=¢E-(y+6+ u)l
7 (¥ 4)
d—R:yl—,uRJruS

dt

with initial conditions,
S(0)=S8,20, E(0)=E, =20,
I(0)=1,20, R(0)=R,20

Recall equation (9), as R does not appear in the other 3 equations of equation (28). Therefore

the state system of differential equations becomes

d—S:b—,[)’SI—yS—uS

dt

d—EzﬂSI—(e+y)E

5]’ (28.1)
—=¢E-(y+0+ )l

" (7 M)

dN

~“—=b-61-puN

di a

with initial conditions,
S(0)=S5,20, EW0)=E, 20,
1(0)=1,20, N@0)=N,20

The optimal control problem is to minimize the objective (cost) functional J considering the

costs of vaccination of susceptible human given by:
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J(u) = j(AI+%Bu2)dt (294)

subject to the differential equations (28.1)

where:

P The control set U is measurable functions and it is defined as:

U={u(t)|0<u<u, <1,:[0,T]} (29p)

b u, is maximum attainable value for u

P T represents the vaccination period (measles has 2-3-year epidemic cycles)

P The parameter A are balancing cost factors due to the size of infectives and

F B represents the “weight” attached on the cost of vaccination or A and B are weight
parameter describing the comparative importance of the two terms (disease burden and

cost) in the functional respectively.

For example, a high value of A means that it is more important to reduce the disease burden
than to reduce the vaccination costs or a less value of B means that it is more important to

reduce the vaccination costs than to reduce the disease burden.

It assumed that the cost of the vaccination is nonlinear and take a quadratic form. The control

u is the percentage of the susceptible that is vaccinated per unit time. Thus, u lies between 0
and 1 while u_, will depend on the amount of resources available to implement each of the
control measures. If u =0, then no vaccination is done which the model (28.1) is uncontrolled
which is equivalent to model equation (9) and « =1 indicates that all susceptible population is

vaccinated. The rate of vaccination is assumed to take values in [0, 0.9] instead of [0, 1] to

eliminate the case where the entire susceptible population is vaccinated [50, 51, 52].

The vaccination cost could include the cost of the vaccine, cost of syringes, cost of safety

boxes, the vaccine storage cost, other related overheads, etc[ 47].
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Our target is to minimize the objective functional defined above by decreasing the number of
infected individuals and increasing the number of recovered individuals. This is achieved using
possible minimal control variables, u or minimizing the cost of the vaccination at each time unit

within the implementation period.

The Optimal Control Problem of nonlinear dynamics of SEIN measles epidemic model given by;

T
min, J(u) = minj(AI + %Buzjdt

0

Subject to:
dsS
—=b—-pBSI —uS-uS
7 BSI—uS —u
Cil—E:ﬂSI—(5+y)E
d; (30)
—=¢cE-(y+5+ )l
dt
d—N:b—5l—yN
dt

with initial conditions;
S0)=8,20,E,>20,1,20, N, 20

control set defined as;
U={u(t)l0<u<u,, <1, te[0,T]}

4.7.2. Pontryagin's Maximum Principle (PMP)

From the definition of Hamiltonian which stated in equation (27.1), for the optimal control

problem considered in (30), the control u , state variables S,E,I, and N with corresponding

adjoint functions to be determined suitably 4,,4,,4, and 4,. We have the Hamiltonian function:

4
H(t,S,E,I,N,u,v,ﬂ,l,iz,ﬂg,/h)=f(t,S,E,I,N,u,v)+Z/ligi (Z,S,E,I,N,u,v)
(31)

das dE dl dN
= taSaEa15N5 V) + —t A —+ A —+ A, —
d ) a N a

Substituting each of the derivatives in equation (28.1) or (i.e., RHS of equation 28.1) into

equation (31) yield:
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H:( 1 j+Fl(,u—,BSI—,uS—uS)+ﬂ2(ﬁSI—(g+,u)E)+ 61

Al +—Bu’
2 23(8E—(7/+5+,u)1)+/14(b—é']—,uN)

Next, by applying Pontryagin’s maximum principle to the Hamiltonian, we obtain the following
results.
Given optimal control u * and the corresponding solution S*, E*,1* and N * of equation (30),

there exist adjoint variables 4,,4,, 4, ,and A, that satisfy (adjoint condition) which is discussed in

equation (27.3)[15, 31];

A =-2 (32)

OX;

Here x;, ,i=1, 2, 3, 4 are the state variables S, E, Iand N, and g, are the right hand sides of

equation (28.1). We find the adjoint function for each state variable S, E, I/ and N by

differentiating the Hamiltonian in equation (30) with each state variable S, E, 7 and N.
(i) Adjoint function with respectto S

h=="g = Ah==(f;+45)
iy =~[(A (-P1 - p—u)+ 2 (p1))]

A=A (BL+u+u)=2(BI) (32.1)

(ii) Adjoint function with respect to E

\ 5} \
A=-20 = A =(f; + A.E)
A== (e )+ 4 (8)]

b=k (e+p)=4(e) (32.2)

(iii) Adjoint function with respect to /

S eH ,
13:—5 :>/13:—(f‘1+ﬂ,31)

Ay ==[A+ 2 (=BS)+ 4, (BS)+ A (=(r + 5 + 1))+ 2, (-5) ]
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A =—A+24(BS) =2, (BS)+ 4 ((y +5+u))+4(5) (32.3)

(iv) Adjoint function with respect to R

, oH ,
2,42—%:14:—(‘](‘}\/4‘14]\[')
Z‘:t :_[14 (_ﬂ)}
Ay =1 (32.4)

From (i)-(iv) the adjoint functions are

A=A (Bl +p+u)=2,(BI)

k= (o) A(e)

A =—A+ 4 (BS) =4 (BS)+ A4 (y+5+ 1)+ 4,(5)
/L;=/14,u

(33)

with transversality conditions stated in (27.4)

The state variables are not assigned at the final time T so that we have the transversality

equations:

2,(T)=0, i=1,2,34 (34)

In order to illustrate the characterization of the optimal control u*, we consider first the

optimality condition.

The optimality condition (differentiating the Hamiltonian H in equation (31.1) with respect to u
based on equation (27.5) for each control u *. We have the following optimality system:
oH

a—antuzu*:Bu+/11(—S),atuzu* then we get:
u

wt ()= (%) (35)

taking into account the bounds on u *and its characterization we obtain;
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OH
0 if —>0
if ™ >
S .. OH
0.9 iy g
ou

so the optimal control u * can be put as in a compact form:

o = max(min((ﬂ,)%,OQj,O) (37)

The optimal control and the state are found by solving the following optimality system, which

consists of;
i) The state system (28.1),
i) The adjoint system (33),
i) Tranversality conditions (34) and
iv) The characterization of the optimal control u* (37).

Therefore, using the characterization of the optimal control, we have the following optimality

system:

S'=b-pSI—uS—-u*S
E'=pBSI—(e+pE
I'=eE—(y+0+ )l

N'=b-8I-uN

S(0)=8, >0, E(0)=E, >0, 1(0) =1, > 0,N(0) = N, >0

A=A (BI+u+u¥)- 4 (BI) (38)
do =2 (e+u)-Ae

A =—A+4(BS) -4 (BS)+ 4 (y+S5+u)+ 4,6

Ay =1

2(t,)=0,i=1234
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4.8. Numerical Implementation

There are two major classes of numerical methods for solving OC problems: indirect methods
and direct methods. The first ones indirectly solve the problem by converting the optimal control
problem to a boundary-value problem, using the Pontryagin’s maximum principle-PMP. On the
other hand, in a direct method, the optimal solution is found by transcribing an infinite-

dimensional optimization problem to a finite-dimensional optimization problem [15, 41, 54, 55].
4.8.1. Indirect methods

In an indirect method, the Pontryagin’s maximum principle -PMP is used to determine the first-
order optimality conditions of the original optimal control problem. For an indirect method it is
necessary to explicitly get the adjoint equations, the control equations and all the transversality

conditions, if they exist [15].
4.8.1.1. Backward-forward Sweep Method

This method is described in a recent book by Suzanne Lenhart and Workman [31] and it is
known as forward-backward sweep method. The process begins with an initial guess on the
control variable. Then, the state equations are simultaneously solved forward in time and the
adjoint equations are solved backward in time. The control is updated by inserting the new
values of states and adjoints into its characterization, and the process is repeated until

convergence occurs [15, 31]. It can be implemented, using the following algorithm:

Considering x = (xl,...,xNH)and A= (ﬂq,...,ﬂ,\,ﬂ) the vector approximations for the state and

the adjoint. The main idea of the algorithm is described as follows:

Step 1. Make an initial guess for u over the interval (u = 0 is almost always sufficient).

Step 2. Using the initial condition x, = x(to) =a and the values for # , solve X forward in time

according to its differential equation in the optimality system;

Step 3. Using the transversality condition A,,, = ﬂ(tf)and the values for ii andX, solve 1

backward in time according to its differential equation in the optimality system;
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Step 4. Update u by entering the newx and A values into the characterization of the optimal

control.

Step 5. Verify convergence: if the variables are sufficiently close to the corresponding in the

previous iteration, then output the current values as solutions, else return to Step 2.

We make a few notes about the algorithm. When making the initial guess, # =0 is almost
always sufficient. For certain problems, where division by u occurs, an alternative initial guess
must be used. Occasionally, your initial guess may require adjusting if the algorithm has
problems converting. For step 2 and 3, any standard ODE solver can be used. For the purpose

of this thesis, a Runge-Kutta 4 routine is used [31].

4.8.1.2. Classical fourth-order Runge-Kutta method (RK)

The most popular Runge-Kutta methods are fourth order. A Runge-Kutta method is a multiple-
step method, where the solution at time {4 is obtained from a defined set of previous values t,

..., lyandjis the number of steps.

Given a step size h and an ordinary differential equation x'(t):f(t,x(t)), it is possible to

make a convenient approximation of x(¢+/4)given x(t) is

x(t+4) :x(t)+§(k1 £k, 12k, +k,) (39.1)
where
k= f(6x(1))
K, - f(t+lh,x(t)+§klj (392)
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CHAPTER FIVE

5. Simulation Results and Discussion

5.1. Introduction

In this section, we solve numerically the optimality system (38) using the forward-backward
sweep method developed by Suzanne lenhart and J.T.Workman [31]. In this formulation, there
exist initial conditions for the state variables and terminal conditions for the adjoint variables.

That is, the optimality system is a two-point boundary value problem, with separated boundary

conditions at times #,and 7, [ 51, 52].

The eight ordinary differential equations in (38) comprising the optimality system are numerically
solved together with the control characterization which is used to simulate the measles

vaccination strategies.

The processes begin with an initial guess on the control variable. Then, the state equations are
solved simultaneously forward in time, and next the adjoint equations are simultaneously solved
backward in time. The control is updated by inserting the new values of states and adjoints into
its characterization, and the process is repeated until convergence occurs. The ODE solver
used for the state and adjoint systems is a Runge-Kutta fourth order procedure implemented
with MATLAB [15, 31].

The estimation of epidemiological parameters is based on data from Ethiopia Demographic and
Health Survey 2015, Central Statistical Agency (CSA), Ethiopian health and nutrition research
institute federal democratic republic of Ethiopia - Guideline on Measles Surveillance and
Outbreak Management and from other related countries which have related characteristics [22,
48, 49, 61].
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Table 1.5: Epidemiological parameters used for the numerical simulations

Parameters Description Value Reference

S, Initial Susceptible population 0.5 [22, 50,51]
E, Initial Exposed population 0.2 [22, 50,51]
I, Initial Infected population 0.2 [22, 50,51]
R, Initial Recovered population 0.1 [22, 50,51]
b Natural birth rate 0.00314 per month Estimated [22, 48]
H Natural death rate 0.00071 per month Estimated [22, 48]
o Disease related death rate 0.01190 per month Estimated [61]
& Latent Rate from E to / 3.0417 per month Estimated [22, 61]
e Recovery Rate from / toR 2.5347 per month Estimated [22, 41]
p Contact rate 2.7652 per month Estimated [61]
B Weight parameter 0.04-40 [50,51, 52]
A Weight parameter 1-100 [50,51, 52]

[0,77] Vaccination period [0,48 month (4 years)] | [2,3,22]

[0, u] Vaccination ratio [0, 0.9] [22, 50,51, 52]

It is important note that the parameters values above were chosen such that the total population

never goes into extinction in the absence of vaccination (i.e. when u =0 ).

The number of Infectious, I(t)

| With control
---------- | without control

25 30 35

40

45 50

Time (days)

Figure 4: Comparison of infected individuals under an optimal control situation and no control
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In figure 4 we show the numerical solution of controlled and uncontrolled infected individuals.
From figure 4 we observe that the infectious individuals decrease significantly when control
strategies are implemented and both go to stable states at the end of the control period. The
results clearly show vaccination given to the susceptible individual significantly reduce the

number of infective individuals on the dynamics of the population than unvaccinated population.
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Figure 5: The numerical simulation of the number of infectious individuals I(t) with time (for
u=0.9).
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Figure 6: The numerical simulation of the number of infectious individuals I(t) with time (for
u=0.5).
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Time (months)

Figure 7: The numerical simulation of the number of infectious individuals I(t) with time (for
u=0.2).

Figs. 5, 6 and 7 show, the outcome of the variation of infectious individual at different level of
vaccination ratio of susceptible population. The simulation shows that for u = 0.9 (when the
vaccination ratio is large 90%), controlling the spreading of the disease by 90% vaccination,
almost the extinction of measles results in (see figure 5). This also means that the cost
associated to this maximum vaccination rate is also high. In figure 6, we see that u =0.5 (a
50% vaccination) also results in reduced control function, but not as high as u = 0.9. The figure
shows that the number of infectious individual will be in a stable level at the end of the control
period, which means that the measles will be become endemic in the population in the long run.

The cost associated to this vaccination ratio will be lower than that for « = 0.9.

Figure 7 shows what will happen when we are reducing the vaccination rate of susceptible
population is reduced to u = 0.2. The infectious individuals will increase because the optimal
vaccination level is low (see figure 19 and compare with figure 17 and figure 18). Hence, as the

disease level increases in the population, the measles outbreak may persist.

Based on our measles model and parameters to control the measles disease effectively, the
optimal vaccination ratio of susceptible population should be greater than 0.5 (or >50%
vaccination of population). u > 0.5is therefore the minimum critical threshold values of vaccine
coverage ratio of measles epidemic. The optimal vaccination policy to be undertaken for
controlling the spread of measles with minimum cost is not effective by vaccinating with less

than 50% of the susceptible population.
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Figure 8: (A) the change of the number of infectious individuals I(t) under optimal control

strategy with time and (B) The variation of optimal control function u (t)with time

(A=100, =09, B=0.04, #=2.7652)
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Figure 9:
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strategy with time and (B) The variation of optimal control function u(t) with time
(A=10, ©u=0.9,B=0.04, f=2.7652)
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Figure 10: (A) The change of the number of infectious individuals I(t) under optimal

control

strategy with time and (B) The variation of optimal control function u(t) with time (A=1,
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Figure 11: (A) The change of the number of infectious individuals I(t) under optimal control
strategy with time and (B) The variation of optimal control function u(t) with time
(A=01, u=0.9, B=0.04, f=2.7652)

In figs 8, 9, 10 and 11 we show the changes of the infectious individuals and corresponding
optimal vaccination strategy u(t) with time at different A’s values. The first thing we observe is
that to prevent the spread of measles more effectively; we should adopt a larger vaccination
ratio at the beginning of the control period followed by a reduction of vaccination rate. Early

detection of measles is therefore more substantial in reducing the infected individuals.
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Another observation of this simulation (8-11) is the effect of the weight parameter A on the
optimal vaccination policy of the optimal control system. The role played by the weight
parameter A in the objective functional is made evident in the figures. This parameter
‘measures’ the comparative importance of reducing the disease burden than reducing the
vaccination costs. When A=0.1 we note that maximum vaccination effort must be provided
because the infectious are at the highest level than for case A=1, A=10, A=100. If vaccination is
given at a relatively low level, it will produce a major effect on the disease dynamics (compare
the infectious time profile for A=10, A=100 with figure 8 and 9 respectively). Note that the control
function increases as A values increase with corresponding increment of cost. We conclude that
increasing parameter values of A, it becomes more and more important reducing the disease

burden than reducing the vaccination costs (compare figs. 16B-19B).
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Figure 12: (A) The change of the number of infectious individuals I(t) under optimal control

strategy with time and (B) The variation of optimal control function u(t) with time (A=10, B=0.02)
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In figs. 12, 13, 14 and 15 we show the changes of the infectious individuals and corresponding
optimal vaccination strategy u(t) with time at different B’s values. This parameter ‘measures’ the
comparative importance of reducing the vaccination costs than reducing the disease burden.
We observe that for all figures (12-15) as the weight of B increases the control function u(t)

decreases and also the corresponding outcome of infectious group increases. Increasing the

weight of vaccination for a shorter period cannot reduce the infective group.
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Moreover, we observe that for optimality, we mostly use less of the control with the bigger
weight and more of the control with the lesser weight. On the other hand, the optimal control
attains the maximal value almost all the vaccination period for lower weight of B, which implies a

higher cost implementation of control measures (see figs. 16B-19B).

Therefore from the analysis of figs (8-11) and figs. (12-15) if our aim is not only to reduce the
number of infectious individuals but also making sure that the cost of implementation of the
control measures is low, then the weight constant A should take bigger values and the weight
constant B should take lower values.

1 4
_____ a5 m— |ambda ,(t)
0.8 A =
- (A) g o (B)
5 £
o
= 0.6 & 25
= -
= 3 2
© o
£ 04 “‘,‘ = 15
8 " s
*, = 1
0.2 "%, g
»"Q,M 0.5
0 = 0
0 10 20 30 40 50 0 10 20 30 40 50

Time (months) Time (months))

Figure 16: (A) The variation of optimal control function u(t) with time and (B) The marginal cost (
u=09,8=0.04,5=2.7652, A=1)
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In figure 16 and 17, we show the numerical solutions for the adjoint variables for the case

u=0.9, A=1 and A=10. The results indicate that as the weight parameters A increases, the
control function u(t) increases as well. This increment leads to the increase of marginal cost of

vaccination. This means that to reduce the disease burden more we have to spend more or

vaccination at beginning of the control period and gradually decrease the process.

From figs 18 and 19, it can been seen that for a lower a vaccination ratio (u = 0.2 ), the optimal
control function is reduced but the corresponding marginal cost is increased in addition to the
number of infected individual. However for u = 0.9 we observe a higher vaccination ratio for a
shorter period and a corresponding reduction in marginal cost. This leads to the conclusion that

that vaccination of a susceptible group with a lower vaccination ratio for a long period cannot
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reduce infected individuals and results in an overall high marginal cost at the beginning of the
control period.

Hence vaccination given to a susceptible group with low rate for a long period cannot reduce the
number of infective as well as the cost. This approach rather puts an economic burden without
any positive effect in decreasing the measles disease (not economical). The optimal vaccination
rate to the susceptible individuals should therefore be higher than this value (u = 0.2) to control
the disease as well as to minimize the cost of implementation. The optimal control (rate of

vaccination) never achieves its maximum value u =1_This is because the reduction in the

vaccination at each instant prevents the use of the maximum rate of vaccination.
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(at £ =0.2,5, 6 and 10.) respectively.

From simulation result above, figure 20 (a-d), the measles model indicates that the population of
infected individuals increases as the contact rate increases and this happens more sharply at
the end of the control period. This rapid increment of the infected individuals may be due to the
special characteristic of measles virus which makes it difficult to control especially in countries
such as Ethiopia which has a large population and poor sanitation. Vaccination of the whole
population is impossible and the rate of the decrease of the infected group is slower than the

rate at which the measles virus spread.

This graph also demonstrates that the contact rate has large impact on the spread of the
disease through the population. If the contact rate is observed to be high, then the rate of
infection of the disease will also be high as would be expected more importantly the result
emphasizes that to reduce measles spread, care should be taken to reduce the contact of
infected individual from the rest of the population specially those who are vulnerable to the
disease virus (children, pregnant women).

The projection of numerical simulation of measles cases in Ethiopia for the next 8 years with
optimal vaccination strategy is shown in figures below. Recall the data of measles from Ethiopia
(2004-2014):

Year 2004 2005 2006 2007 2008 2009 2010 2011 2012 2013 2014
Case 4,741 2416 4,820 4,932 3,511 4,735 6,202 3,554 4,878 8,137 15478
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Figure 21: (A) The number of infectious individuals I(t) under optimal vaccination strategy «*(r)

with time and (B) The variation of optimal vaccination strategy u *(¢) with time

According to the parameter values obtained from the real measles data in the Ethiopia, we

design a vaccination strategy to prevent the outbreak of measles in the Ethiopia. We use the
number of cases reported in 2014 as the initial value of measles infected individuals, /, =15 (in

thousands). In addition, we consider a vaccination period 7' =8 year and a vaccination ratio

u =0.8 or u =80% vaccination.

The change of the vaccination coverage ratio u *(t) with time is shown in figure 21(A), and the

number of infectious individuals I(t) under the optimal vaccination strategy u*(t) with time is

exhibited in figure 21(B). From figure 17, we know that by adopting a vaccination strategy of
u*=0.8 for a test prelude of 3 years and optimal vaccination strategy, the spread of the
measles disease can be effectively controlled. This must however be viewed with respect to the
cost of the projection. The result simulates that vaccination policy of 80% of the susceptible

population can effectively control the spread of measles at the end of 3 years (in 2018).
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CHAPTER SIX

6. Conclusions and Recommendations

6.1. Conclusions and Remarks

We have presented in this thesis the optimal control of measles disease with two controls
measures subject to SEIR epidemiological model. The model control strategies, “vaccination”; is
used to demonstrate the optimal control analysis. We established and discussed the conditions
for the stability of the model equilibria. Develop an optimal control problem for dynamics of
measles model and study the effect of optimal vaccination strategy for driving measles diseases
with vaccine towards eradication within a specified period. We sought to determine optimal
control strategies that would minimize not only the infected human but also the cost of
implementation of the control as well. We used Pontryagin’s maximum principle to characterize
the controls and derive the optimality system. A state of the art of uncontrolled and controlled
mathematical models for measles has been presented. The optimal control problem we
presented has an efficient method based on identifying the best intervention; optimal
vaccination schedule and control strategies of measles. Finally, in the numerical simulation, we
propose an algorithm based on the forward-backward sweep method. The state equations are
solved simultaneously forward in time, and next the adjoint equations are simultaneously solved
backward in time. The findings are then used to simulate with vaccination period of 3 years (48
months) campaign for measles under several scenarios, by using epidemiological parameter
values estimated based on measles data from Ethiopian context. The relation between intensive

control measures and low cost is clear and expected.
The main findings presented as well as general conclusions are as follows:

The resulting optimality system showed that; a system with optimal control as well as without
control dynamics has a very desirable effect upon the population for reducing the number of
infected individuals during the control period in properly managed. As the control period

increases the number of people saved from measles gradually disease increased.
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Based on our measles model and parameters the result of optimal vaccination strategy at

different vaccination ratio (u ) shown, measles extinction will be possible if the vaccination ratio
of susceptible population is greater than or equal to 0.5 (# >0.5), which implies that as the

vaccination ratio increases further, then the cases of measles infection will reduce gradually. But

if the vaccination ratio is less than this value, measles outbreak may exist in the long run.

In Ethiopia, available data from 2006 to 2014 show that measles is still a health problem. For
example in 2014 there is an increment of cases one million children did not take the measles
vaccine. Vaccination coverage of measles vaccine is still less than 57%. This is approaching a
level where the measles disease will be endemic to the population. The number of infectious
individuals will increase through time because the vaccine rate does not exceed the optimal
vaccination ratio. Given this level of vaccination coverage, it is possible that the country can
experience outbreaks of 2—-3 year epidemic cycles. Given this scenario, measles elimination in

Ethiopia is not yet achievable.

Based on our model, numerical simulation data of Ethiopia for the next 8 years projection (2015-

2024) with optimal vaccination strategy u *(t) shows the possibility of controlling the spread of

measles with optimal vaccination strategy implemented for at least 3 consecutive years of

vaccination ratio of greater than or equal to 80% of the susceptible population in the country.
However, this optimal vaccination u * (t) will incur a relatively high cost for the country. But this

strategy effectively reduces the disease burden. The policy makers should adopt this optimal

vaccination strategy by introducing additional vaccination program from the existing trend. On
the other hand, the herd immunity figure of H =1-1/R, =1-1/14.65=0.9317 must be shows

that to eradicate measles it requires that roughly 93% of the population must be vaccinated, so
measles would require a much higher level of vaccination coverage in addition to a higher cost
of implementation. So the country must adopt an optimal vaccination strategy to make this goal

possible.

The use of vaccination at the highest possible rate to the population as early as possible is
essential for controlling an epidemic of the measles. Moreover, a mass vaccination of population
for a short period may not help to accelerate the eradication of measles. When the vaccination

cost is relatively low, a gradual increase of the vaccination rate is suggested.

Epidemiological Modeling of Measles Disease with Optimal Control of Vaccination Strategy 77



The numerical solution at different contact rate shows that to control the spread of the level of
measles disease well in contact must be monitored. This is very important because measles is

highly communicable.

Finally, if our aim is to reduce the number of infectious individuals by paying special attention to
keep the cost of implementation of the control measures low, then the weight constant A and B
should bigger and lower values, respectively. On the other hand, we aim at giving more
importance to decreasing of the number of infectious individuals than to the cost of
implementation of the control policies we increase the value of A and decrease the weight
values of B. So our goal should based on decreasing disease burden than the cost of
implementation the later approach is acceptable because human life has more weight than cost
of control measure. This parameter is very important in managing our minimum resource to be

effective and to strike a realistic balance with the disease burden.

6.2. Limitations and Recommendations

In this thesis work, there are some aspects of measles dynamics which were not considered
when formulating the mathematical models. The reason was to reduce the complexities which
would otherwise arise in the mathematical analysis and in estimation of parameters for the

numerical simulations and lead to unnecessary complication of the model.

Modification and extension of the models can address the following points:

Seasonally varying contact rate; most childhood diseases tend to have periodic outbreaks,
occasioned by climatic factors and human contact rate patterns, among other factors. The
school going childhood age has periodic contact due to school terms as one would expect

higher contact rates during school days and lower contact rates during holidays.

Age structure; as the epidemic of measles varies in age structure it is possible to extent the

model to the age-structured model and
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Appendices

A: ALGORITHM FOR MATLAB CODES FOR OPTIMAL CONTROL PROBLEM

Algorithm 1
Step 1
for i=-m,...,0, do

S =8,,E, =E,I =I,,R =R,,u, =0
end for
for i=n,...n+m, do

A =0, 4 =0,4=04 =0,
Step 2

(Forward in time)
S =8 +h[b—pBSI —uS -us,|
E., =E +h[BSI —(¢+pE, |
I, =1, +h[eE —(y+pu+05)I |
R, =R +h[yl,— uR +uS, |
(Backward in time)

A =R A (BL + )= 27 (BI) = Agu, |
A =h [/12’” (e+u)- 8/13’”]
B == AR A (PS) =4 (BS)+ A ((r + 4 8)) =4 (7)]

/L:L—i—l — h[/fut—tlu:'
i+l n—i h

u = (A7)
u, = max(min(u””,umax ),0)
Step 3
fori=1,..,n,do

write

S*(ti):Si’E*(ti):Ei’[*(ti):[i’R*(ti):Ri’u* (ti):ui
end for
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B: SAMPLE FIGURES
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