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Abstract

In this thesis, we first study the lagrangian formulation of gauge theories, QED, Yang-

Mills theory and the Glashow-Weinberg-Salam model for Electroweak interaction. We

then, we use the framework of Bethe-Salpeter equation (BSE) under Covariant Instan-

taneous Ansatz (CIA) to calculate the leptonic decays of B-meson. The structure of

hadron-quark vertex function Γ(q̂) is obtained from BSE under CIA, while the structure

of qq̄W− vertex is obtained from GWS model for Electroweak interactions. We derive for-

mulas for the decay constant fB of B-meson. We obtain the numerical values of the decay

constant, fB of the B-meson as well as its decay width. Then the results are compared

with existing experimental results.
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Chapter 1

Introduction

The main application of Quantum Field Theory is to describe the fundamental par-

ticles and their interactions using what scientists call the Standard Model. Standard

Model, proposed by the Glashow, Weinberg and Salam [1,2,3], is used to describe electro-

magnetic and weak interactions. The interactions of these forces with quarks and leptons

are also described by this model. The electroweak sector of the Standard Model which

unifies electromagnetic and weak interactions is one of the most successful theory and this

has provided plenty of successful predictions with an impressive level of precision. The

elementary particles, Quarks and leptons are structureless and regarded as mathematical

point like objects [4,5]. Quarks are fundamental particles that carry electrical charge and

hence participate in the electromagnetic interaction. They also participate in the weak

and strong interactions. But leptons do not participate in the strong interaction [5], that

is they lack an attribute called color charge, which allow quarks to bind together[5]. After

several decades of experimental and theoretical work, elementary particle physicists have

found strong evidence that all hadrons are composite objects and consist of quarks and

antiquarks. More specifically, the baryons consist of 3-bound quarks and the mesons con-

sist of a bound quark-antiquark pair. As far as we know, the quarks are point like particles

with fractional electric charge and like the leptons they are truly elementary. There are

six different flavors of leptons and quarks. Hadrons can be further subdivided by their

spin, Hadrons with half-integer spin are called baryons and with integer spin are referred

1
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to as mesons [6]. Charged mesons formed from a quark and anti-quark can decay to a

charged lepton pair when these objects annihilate via a virtual W± boson. The mesons

with a given quark-antiquark combination with Jpc = 0− are pseudoscalar mesons[7]. In

this thesis, we deal with the decays of the B-meson, which happens to be a bound state

of bū quarks. The quarks inside a meson stay together infinitely long and they can in-

teract arbitrary often. It is clear that this situation can not described by the summation

of a few Feynmen diagrams. This complex bound state interaction is described by the

Bethe-Salpeter equation (BSE) [8], where BSE is an important tool for calculating bound

state properties of hadrons such as mesons and baryons. In this thesis, we focus on the

decays of the charged B−-meson and is of current interest with experimental data, [9] on

B-mesons only recently available.

The main goal of this thesis is to study the leptonic decays of a charged B-meson and

calculation of its decay constant. We use two approaches: (a) where we consider B-meson

as an elementary particle and (b) considering B-meson as a quark-antiquark composite. In

this calculation while the hadron-quark vertex is derived from BSE, the quark-antiquark

W− vertex is obtained from GWS model for Electroweak interactions. Thus as run up

to these studies, we would first discuss electroweak theory of Glashow-Weinberg-Salam

which accounts for semi-leptonic decays of hadrons. We also discuss some developments

in covariant instantaneous ansatz (CIA) framework of BSE.

Thsis thesis is organized as follows; In section 2-we will first discuss the abelian gauge

theory QED which is then generalized to non-abelian,SU(2) Yang-Mills theory. We then

discuss of GWS model of electroweak interactions and also discuss electroweak symmetry

breaking due to Higgs mechanism in which there is a lot of current excitement due fact

that LHC has recently become operational and data has started being analysed on Higgs

searches where it is believed that Higgs particle as responsible for giving mass to all the

particles in the universe due to thier coupling to Higgs field. Section 3 will discuss the
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BSE and the structure of hadron-quark vertex for decay of charged B-meson under CIA.

In section 4 we will calculate the analytical expressions as well as the numerical values

of decay constant fB in the framework of BSE under CIA and Bethe-Salpeter normalizer

NB of B-meson. Then, we will compare the numerical result of decay constant fB with

recent studies and experimental values. Finally we will write the conclusion.



Chapter 2

Gauge Theories

This chapter introduces the gauge theories. All fundamental interactions in physics

are derived from a gauge principle. A gauge theory is a type of field theory in which

the lagrangian is invariant under a continuous group of local transformations. The crux

of gauge principle is that all fundamental interactions are derived from the local gauge

invariance of free particle lagrangian. There are two types of gauge transformations.

These are, the first is global gauge transformation, where the transformation which does

not vary from point to point in space-time and the second is local gauge transformation

which varies from point to point in space-time. The local invariance of atheory is a much

more stringent condition to impose the global invariance.

2.1 Gauge Invariance of Quantum Electrodynamics

(QED)

Quantum electrodynamics or QED was the first true quantum field theory that was

developed and is regarded as the most successful and accurate theory in physics. As the

first name implies, it is a quantum field theory that describes interactions of electrons

with photons ( i.e light with matter) [4,5,10]. QED is an Abelian gauge theory with the

gauge group U(1). The gauge field which mediates the interaction between the charged

spin-half particles, is the electromagnetic field. Let’s consider the lagrangian describing a

4
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free Dirac particle,

£0 = −ψ̄(/∂ +m)ψ (2.1.1)

Let U be a one parameter unitary transformation defined as;

U = expiλ (2.1.2)

where λ is a real number. These transformations form an Abelian group which is appro-

priately called a U(1) group. If λ is space-time independent then U is said to be a global

transformation and if λ = λ(x) ,U is said to be local transformation. Correspondingly, we

call U(1) a global or a local group respectively. It can be easily seen that the lagrangian

£0 is invariant under a global U(1) transformation. Since ψ and ψ̄ fields transform as,

ψ −→ ψ′ = expiλ ψ = Uψ (2.1.3)

ψ̄ −→ ψ̄′ = ψ̄ exp−iλ = ψ̄U−1 (2.1.4)

Thus £0 remains invariant provided λ is independent of x. However, the free Dirac

lagrangian is no longer invariant if one allows the λ to depend on the space-time co-

ordinate x. For instance lets now consider a local gauge transformation on ψ i.e.;

ψ −→ ψ′ = expiλ(x) ψ (2.1.5)

ψ̄ −→ ψ̄′ = ψ̄ exp−iλ(x) (2.1.6)

where λ(x) is some arbitrarly function. The free lagrangian then transforms as,

£
′

0 = £0 − iψ̄(x)γµ(∂µλ(x))ψ(x) (2.1.7)

Therefore, £0 is not invariant under local gauge transformations on ψ. We now want to

see how one can restore the invariance. This is only possible if one adds some additional

term to the lagrangian transforming in such a way as to cancel ∂µλ in the above equation.

This is only possible if one introduces a carrier gauge field Aµ(x) which transforms as,

Aµ −→ A′µ = Aµ + ∂µλ(x) (2.1.8)
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and define the covariant derivative

∂µ → Dµ = ∂µ − ieAµ(x) (2.1.9)

which has the required property of transforming like the field itself.

Dµψ → (D′µψ
′(x)) = expiλ(x)(Dµψ) (2.1.10)

Thus a Dµ defined by equation (2.1.9) with Aµ(x) constrained to transform under the

U(1) gauge transformation according to equation (2.1.10) gives us a lagrangian density;

£ = £0 + ieψ̄(x)γµψ(x)Aµ(x) (2.1.11)

which can be easily seen to be invariant under local U(1) transformation. Identifying

Aµ(x) with the electromagnetic field and e, can be identified as the charge of the Dirac

field, which plays the role of a coupling constant between electromagnetic field and matter

field. By demanding the gauge invariance of a free lagrangian, we have learnt that a

four-vector field Aµ(x) must exist. This gauge field must couple in a mathematically

self consistent manner with the matter fields. The constant e introduces infront of the

field Aµ(x) in the definition of the covariant derivative appears as a coupling constant

determining the strength of the interaction between the gauge field Aµ(x) and the matter

field. The local gauge group involved is the abelian U(1) group due to the fact that the

elements {U(λ) = expiλ(x)} commute. Further, the gauge field must be massless, for

a mass term, m2AµA
µ is not invariant under the transformation law imposed upon the

gauge field. Since we have introduced Aµ(x) as carrier gauge field, one needs to add a

gauge invariant kinetic term in the lagrangian for Aµ(x) i.e,

£G = −1

4
FµνFµν (2.1.12)

where,

Fµν = ∂µAν − ∂νAµ (2.1.13)
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is called the electromagnetic field strength tensor. We can then construct the total la-

grangian describing the electromagnetic field and its interactions with a Dirac field by

writing the full QED lagrangian as;

£QED = −ψ̄(/∂ +m)ψ + ieψ̄γµψAµ −
1

4
FµνFµν (2.1.14)

From a simple gauge symmetry requierment we have thus deduced the right QED la-

grangian, which leads to a very successful quantum field theory describing a vast number

of processes with a high degree of precision.

2.2 Gauge Invariance of Yang-Mills Theory

Yang-Mills theory is a gauge theory based on the weak isospin SU(2) gauge group. It

was formulated by Yang and Mills in 1954 [11], in an effort to extend the original concept

of gauge theory to the case of a non-Abelian SU(2) group with the intention to develop

the gauge theory for electroweak interaction [10,11]. SU(2) being an exact symmetry the

up state at one location may be the down state at another. Local symmetry leaves us

free to choose the up and the down states at each point independently. Heisenberg, who

introduced the concept of isospin( Heisenberg, 1932 ) regarded the fields for nucleon, in

isospin space can be written as a two component isospinor ψN [10].

ψN =

(
ψp

ψn

)
(2.2.1)

where ψp corresponds to the state |I, I3 >= |1
2
,+1

2
>,while ψn to the state |1

2
,−1

2
>.

Lets now consider that we have two Dirac fields. The lagrangian in the absence of any

interaction is

£ = −ψ̄1(/∂ +m1)ψ1 − ψ̄2(/∂ +m2)ψ2 (2.2.2)

It is just the sum of two Dirac lagrangians. But equation(2.2.2) can be written more

compactly by combining ψ1 and ψ2 into a two component column matrix. Then, the
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lagrangian becomes,

£ = −ψ̄(/∂ +M)ψ (2.2.3)

where ψ̄ and ψ are nucleon fields and M is the mass matrix which is expressed as;

M =

(
m1 0

0 m2

)

ψ =

(
ψ1

ψ2

)
(2.2.4)

Lets transform the ψ and ψ̄ under the SU(2) gauge transformations;

ψ(x)→ ψ′(x) = Uψ(x) (2.2.5)

ψ̄ → ψ̄′ = ψ̄U−1 (2.2.6)

where, U is any 2× 2 unitary matrix and hence the combination ψ̄ψ is invariant.

ψ̄′ψ′ = ψ̄ψ (2.2.7)

Moreover the most general 2× 2 unitary matrix can be expressed as;

U = exp
i~τ
2
.~λ (2.2.8)

where, the three ~τ
2

matrices are just the familiar Pauli matrices. These are non-commuting

matrix operators appearing in the exponent. The 2× 2 matrices, ~τ
2

are called the gener-

ators of SU(2) in the two-dimensional defining representation. The ψ and ∂µψ(x) trans-

forms in the same manner under global gauge transformations. This makes £ invariant

under global SU(2) gauge transformations. Now lets extend the global to local gauge

transformation. Under local gauge transformation of SU(2),

ψ → ψ′ = U(λ)ψ = expi
~τ
2
.~λ(x) ψ (2.2.9)

ψ̄ → ψ̄′ = ψ̄U−1 (2.2.10)
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where, λ = λ(x) depends on spce-time. Then £ is not invariant under such transforma-

tion, for the derivative picks up an extra term. To make the lagrangian locally invariant,

lets introduce the covariant derivative as in the case of QED.

Dµ = ∂µ − igAµ (2.2.11)

where, g is the coupling constant. And for the isospin defining

Aµ(x) =
1

2
τaAaµ(x), (a = 1, 2, 3) (2.2.12)

where τa is 2 × 2 pauli matrices, Aaµ is 1 × 1 matrix just a number and Aµ(x) must be

2× 2 matrix. There are now three component gauge fields, each of which corresponds to

a generator of SU(2) group. Then the lagrangian will be clearly invariant under the local

gauge transformation of SU(2,

ψ(x)→ ψ′(x) = expi
~τ
2
.~λ(x) ψ(x) (2.2.13)

Under the above transformation, the derivative Dµψ(x) transforms as

(Dµψ(x))→ (Dµψ(x))′ = expi
~τ
2
.~λ(x)(Dµψ(x)) (2.2.14)

Thus both ψ(x) and Dµψ(x) transform in the same manner under local gauge transfor-

mation. The resulting lagrangian invariant under local gauge transformation is thus,

£ = −ψ̄(/∂ +m)ψ − ig1

2
ψ̄γµτ

aψAaµ (2.2.15)

Let’s investigate the behaviour of a Aµ(x), by combining equations (2.2.14) and (2.2.17),

we find;

A′µ = UAµU
−1 − i

g
(∂µU)U−1 (2.2.16)

But we have been obliged to introduce three new vector fields, ~Aµ(x), and they will require

their own free lagrangian. Then the complete Yang- Mills lagrangian becomes;

£SU(2) = −ψ̄(/∂ +m)ψ − 1

2
Tr(FµνFµν)− i

g

2
ψ̄γµτ

aψAaµ (2.2.17)
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where the gauge field tensor,

Fµν = ∂µAν − ∂νAµ − ig[Aµ, Aν ] (2.2.18)

Then the Yang-Mills lagrangian is the sum of 3-parts; free matter field, interaction term

and the free gauge field, and it is exactly invariant under local SU(2) gauge transformation.

Yang-Mills theory describes two equal mass Dirac fields in interaction with three massless

vector gauge fields. The gauge field must be massless, for a mass term desroys the

gauge invariance of the lagrangian. In Yang-Mills theory corresponding to 3-gauge fields,

Aaµ(a = 1, 2, 3), we get three interaction lagrangian,

£int =
1

2
igψ̄γµτ

aψAaµ (2.2.19)

We know that in QED the photon has no electric charge and it does not couple to itself,

and it couples only to charged particles. But the gauge fields of non-Abelian theories will

have self-interactions due to the structure of Fµν in (2.2.21). In the next section we will

discuss the Glashow-Weinberg-Salam (GWS) theory which unifies the electromagnetic

and weak interactions and is an extension of Yang-Mills theory.

2.3 Glashow-Weinberg-Salam Theory (GWS)

GWS theory was to unify the weak and electromagnetic interactions, to combine them

into a single theoretical framework of one fundamental electroweak interactions [4]. The

gauge group for the electroweak interactions is SU(2)× U(1). The weak interactions are

mediated by the SU(2) gauge bosons, which includes the charged W± and neutral Z0

massive bosons. The U(1) sector of the interaction is the electromagnetic interaction,

which is mediated by the massless photon. We discuss now the lagrangian formulation of

electroweak theory for leptons and quarks and then apply it to the study of weak decays

of B-mesons.
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2.3.1 Lagrangian Formulation Of Electroweak Interactions

In particle physics, the leptons can be broadly classified into three generations, namely e,

µ and τ where [4,5,12,13]:

e =

(
νe

e−

)

µ =

(
νµ

µ−

)

τ =

(
ντ

τ−

)
(2.3.1)

The e− , µ− and τ− exist both as left-handed as well as right-handed particles, but νe ,

νµ and ντ exist as left-handed particles. There exist charged and neutral weak currents

between leptons and charged currents couple only left-handed leptons.

We arrange leptons within a generation into left-handed isodoublets ~T = ~1
2

and right-

handed isosinglet ~T = ~0. Lets form left-handed isodoublet (Li) and right-handed isosinglet

(Ri), where, (i = e, µ, τ). Now for left-handed isodoublet (~T = ~1
2
)

Le = (
1 + γ5

2
)

(
ψνe

ψe

)

Lµ = (
1 + γ5

2
)

(
ψνµ

ψµ

)

Lτ = (
1 + γ5

2
)

(
ψντ

ψτ

)
(2.3.2)

Similarly for right-handed isosinglet (~T = ~0),

Re = (
1− γ5

2
)ψe

Rµ = (
1− γ5

2
)ψµ

Rτ = (
1− γ5

2
)ψτ (2.3.3)
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Lets now focuss on the electron generation. The electron field and its associated neutrino

field are combined together into a two-component object. We have been considering

left-handed isospin doublets,

Le = (
1 + γ5

2
)

(
ψνe

ψe

)
(2.3.4)

and similarly right-handed isospin singlet,

Re = (
1− γ5

2
)ψe (2.3.5)

The structure of charged weak current is described as [11,12,13];

J (e)
µ = ψ̄e(1− γ5)γµψνe

=
1

2
ψ̄e(1− γ5)

2γµψνe

=
1

2
ψ̄e(1− γ5)γµ(1 + γ5)ψνe

= 2ψ̄Le γµψ
L
νe . (2.3.6)

Thus we see from equ.(2.3.6) that charged weak currents couple only left-handed leptons.

We can write equ.(2.3.6) more compactly in the form;

J (e)
µ = 2L̄eγµT−Le (2.3.7)

We know that electromagnetic current is described as,

J (e)e.m
µ = ψ̄eγµψe

= ψ̄e
γµ + γ5γµ − γ5γµ + γµ

2
ψe

= ψ̄e(
1 + γ5

2
)γµψe + ψ̄e(

1− γ5

2
)γµψe

=
1

2
[ψ̄e(1 + γ5)γµψe + ψ̄e(1− γ5)γµψe]

=
1

4
[ψ̄e(1 + γ5)

2γµψe + ψ̄e(1− γ5)
2γµψe]

= [ψ̄e(
1 + γ5

2
)γµ(

1− γ5

2
)ψe + ψ̄e(

1− γ5

2
)γµ(

1 + γ5

2
)ψe]

= R̄eγµRe +
1

2
L̄eγµLe − L̄eγµT3Le (2.3.8)
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The electromagnetic current contains a third component of an isotriplet vector and isosin-

glet part. Then, lets try to write the most general form of the total current for electroweak

interactions.

J (e)
µ = R̄eγµRe +

1

2
L̄eγµLe − L̄eγµ ~TLe (2.3.9)

Lets write down the interaction lagrangian in case of QED;

£int = iejµAµ

= ieψ̄γµψAµ (2.3.10)

To write £e
int we should have two gauge fields, one which is an isotriplet Aaµ and other

which is isosinglet Bµ. We can write down £e
int as,

£e
int = −igL̄eγµ ~T . ~AµLe + ig′[R̄eγµRe +

1

2
L̄eγµLe]Bµ (2.3.11)

where, g and g
′

are coupling constants corresponding to ~Aµ and Bµ respectively. If we

identify Bµ as the electromagnetic gauge field interactions (for photon field), then Bµ

should be couple only to isosinglet current which is, (R̄eγµRe + 1
2
L̄eγµLe). But J

(e)e.m
µ

involves not only (R̄eγµRe + 1
2
L̄eγµLe) but also (−L̄eγµT3Le) in J

(e)e.m
µ , since the electro-

magnetic field should couple to the full electromagnetic current J
(e)e.m
µ that means we can

not identify Bµ as the physical photon field. This also implies that identification of ~Aµ

field as W+,W− and Z0 is incorrect. Therefore, W+
µ ,W−

µ ,Z0
µ and Aµ should be mixtures

of ~Aµ and Bµ fields. Lets write down Aµ as a mixture of Bµ and A3
µ fields[14],

Aµ = cos θBµ + sin θA3
µ (2.3.12)

Similarly, let us consider a weak neutral current, if Zµ which is orthogonal to Aµ,

Zµ = − sin θBµ + cos θA3
µ (2.3.13)
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must describe the neutral intermidate boson of weak interaction. The inverse of equ.(2.3.12)

and equ.(2.3.13) becomes;

Bµ = cos θAµ − sin θZµ

A3
µ = sin θAµ + cos θZµ (2.3.14)

where the mixing angle θ is called the Weinberg angle. Finally lets introduce charged

vector fields A+
µ and A−µ which are inturn expressible interms of the physical W± fields[14],

A+
µ =

1√
2

(A1
µ + iA2

µ) ≡ W−
µ

A−µ =
1√
2

(A1
µ − iA2

µ) ≡ W+
µ

(2.3.15)

Glashow introduced the concept of weak isospin and weak hypercharge in analogy to

strong interactions and suggested that Gell-Mann-Nishijima [5,10] relation;

Q = T 3 +
Y

2
(2.3.16)

should be valid for leptons as well, where, electric charge is (Q), weak isospin is (T), and

weak hypercharge is (Y). Here T 3 is the third component of weak isospin. Therefore,

there should exist weak isospin and weak hypercharge for all leptons. for a left-handed

spinor, Y = −1, while for a right-handed spinor, Y = −2.

We can always regard Y as generator of U(1) group and ~T can regarded as generator

of SU(2) group. Then, they should commute, because they have different generators.

2.4 Gauge Invariance Of Electroweak Interactions:

Using gauge invariance, we have been able to determine the right QED and Yang-

Mills lagrangians. Lets consider a brouder group of transformations of SU(2) × U(1)

where SU(2) should correspond to three gauge bosons W+
µ , W−

µ , Z0
µ and U(1) should
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correspond to photon gauge field, Aµ. As in the QED and Yang- Mills cases, let us

consider the free Lagrangian for massless gauge fields and leptons; we can write a Dirac

spinor as a two-component object,

ψ =

(
ψL

ψR

)
(2.4.1)

To keep matters simple, we begin with the free Dirac lagrangian, by setting the mass term

to be zero. This gives;

£0 = −ψ̄ /∂ψ (2.4.2)

We wish to splitup the Lagrangian into two parts, one for the left-handed spinor and one

for the right-handed spinor. Proceeding we have;

£0 = −
(
ψ̄L ψ̄R

)
/∂

(
ψL

ψR

)
= −ψ̄L/∂ψL − ψ̄R/∂ψR (2.4.3)

and the Lagrangian separates nicely into left-handed and right-handed parts. £0 should

be invariant under global gauge transformations of SU(2)× U(1),i.e.

ψL → ψ′L = expi
~τ
2
.~λ ψL = U2ψL (2.4.4)

ψR → ψ′R = expiY β ψR = U1ψR (2.4.5)

where the SU(2) transformation,

U2 = expi
~τ
2
.~λ

(2.4.6)

The U (1) phase transformation is analogous to the QED one and the transformation

U2 is non-Abelian like in Yang-Mills theory. We now require the Lagrangian to be also

invariant under local SU(2)×U(1) gauge transformations. The local gauge transformation

on ψL and ψR are,

ψL → ψ′L = expi
~τ
2
.~λ(x) ψL = U2(λ)ψL (2.4.7)
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ψR → ψ′R = expiY β(x) ψR = U1(β)ψR (2.4.8)

In this transformation £0 is not invariant. In order to satisfy the invariance requirment,

we need to introduce the covariant derivative as in case of QED and Yang-Mills theory,

Dµ = ∂µ − ig ~T . ~Aµ −
ig′

2
Y Bµ (2.4.9)

where, g and g
′

are coupling constants corresponding to ~Aµ and Bµ respectively. We

define

~T . ~Aµ =
1

2
τaAaµ (2.4.10)

Thus, we have the correct number of gauge fields to describe the W±, Z0 and Aµ. We

want Dµψ(x) to transform in exactly the same manner as the ψ(x) fields. This fixes the

transformation properties of the gauge fields:

Bµ(x)→ B′µ(x) = Bµ +
i

g′
∂µβ(x) (2.4.11)

Aµ → A′µ = U2AµU
−1
2 −

i

g
(∂µU2)U

−1
2 (2.4.12)

The transformation of Bµ is identical to the one obtained in QED for the photon, while

the SU(2) gauge field ~Aµ transforms in a way analogous to the Yang-Mills theory. The

Lagrangian

£ = −ψ̄L /DψL − ψ̄R /DψR (2.4.13)

is invariant under local SU(2) × U(1) transformations. In order to build the gauge-

invariant kinetic term for the gauge fields, we introduce the corresponding field strengths.

Bµν = ∂µBν − ∂νBµ (2.4.14)

Fµν = (∂µAν − ∂νAµ)− ig[Aµ, Aν ] (2.4.15)

Then, the lagrangian for SU(2)× U(1) is given by:

£ = −ψ̄L /DψL − ψ̄R /DψR −
1

4
BµνBµν −

1

2
Tr(FµνFµν)

= −ψ̄L /DψL − ψ̄R /DψR −
1

4
BµνBµν −

1

4
~Fµν . ~Fµν (2.4.16)
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From the lagrangian equ.(2.4.16), we obtain the interaction lagrangian,

£int = −ψ̄Lγµ(−ig ~T . ~Aµ −
ig′

2
Y Bµ)ψL

−ψ̄Rγµ(−ig ~T . ~Aµ −
ig′

2
Y Bµ)ψR

= igψ̄Lγµ ~T . ~AµψL − i
g′

2
ψ̄LγµBµψL

−ig′ψ̄RγµψRBµ (2.4.17)

Now, lets simplify equ.(2.4.16) by substituting equ.(2.4.9) and other ingredients to obtain,

£ = −ψ̄Lγµ(∂µ − ig ~T . ~Aµ −
ig′

2
Y Bµ)ψL

−ψ̄Rγµ(∂µ − ig ~T . ~Aµ −
ig′

2
Y Bµ)ψR −

1

4
BµνBµν −

1

4
~Fµν . ~Fµν (2.4.18)

since the weak hypercharge left- and right-handed is given Y = −1 and Y = −2 respec-

tively, then, equ.(2.4.18) becomes

£ = − ψ̄L/∂ψL + igψ̄Lγµ ~T . ~AµψL

−ig
′

2
ψ̄LγµψLBµ − ψ̄R/∂ψR

−ig′ψ̄RγµψRBµ −
1

4
BµνBµν −−

1

4
~Fµν . ~Fµν

= −ψ̄L/∂ψL − ψ̄R/∂ψR + igψ̄Lγµ ~T . ~AµψL

−ig′[1
2
ψ̄LγµψL + ψ̄RγµψR]Bµ

−1

4
BµνBµν −−

1

4
~Fµν . ~Fµν (2.4.19)

But we know for left-handed isodoublet;

ψL = (
1 + γ5

2
)

(
ψνe

ψe

)
(2.4.20)

and similarly for right-handed isospin singlet;

ψR = (
1− γ5

2
)ψe (2.4.21)
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and from equ.(2.3.14) and equ.(2.3.15), the SU(2) × U(1) gauge invariant lagrangian

interms of W±
µ ,Zµ and Aµ becomes;

£ = ψ̄νe(
1− γ5

2
)/∂ψνe − ψ̄e/∂ψe

+
ig

2
√

2
ψ̄e(1− γ5)γµψνeW

−
µ

+
ig

2
√

2
ψ̄νe(1− γ5)γµψeW

+
µ

+
ig

4cosθ
[ψ̄νe(1− γ5)γµψνe − ψ̄e(g′v − γ5)ψe]Zµ

−ieψ̄eγµψeAµ

−1

4
~F . ~F − 1

4
BµνBµν (2.4.22)

where, g′v = 1− 4 sin2 θ.

Equ(2.4.22) contains both electromagnetic and weak interactions. However the weak

gauge bosons and the leptons are considering as massless. But we know they are massive.

We shall achive this by applying the Higgs mechanism [15], to give masses to these fields

and at the same time without sacrificing the gauge invariance. Higgs field should form

isodoublet to interact with the isodoublet leptons. Lets choose the scalar Higgs field to

be a complex weak isodoublet, with ~T =
~1
2

and weak hypercharge Y = +1 [12,13]

φ =

(
φa

φb

)
=

(
φ+

φ0

)
(2.4.23)

with the scalar field lagrangian written down under local gauge invariant form as;

£φ = −(Dµφ)+(Dµφ)− µ2φ+φ− λ2(φ+φ)2 (2.4.24)

where the covariant derivative:

Dµ = ∂µ − ig ~T . ~Aµ −
ig′

2
Y Bµ (2.4.25)

After the unitary gauge transformation the Higgs field simply becomes:

φ =

(
0

H + ν

)
(2.4.26)
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This choice of vacuum breaks the symmetry, where H is the Higgs field and is the vacuum

expectation value of Higgs field.

Then, the Higgs lagrangian interms of W± and Z0 can be written as in[14,15],

£Higgs = − (∂µH)2 − g2

2
(H + ν)2W+

µ W
−
µ

− g2

4 cos2 θ
(H + ν)2ZµZµ

−λ2ν2H2 − 1

4
λ2H4 − 1

4
λ2ν4

−λ2H3ν − fe(H + ν)ψ̄eψe (2.4.27)

This choice of vacuum breaks the symmetry, where, H is the Higgs field and ν is the

vacuum expectation value of Higg’s field. The lagrangian for complex scalar field is

expressed in general as[14,15];

£φ = −(∂µφ
∗)(∂µφ)− m2

2
φ∗φ. (2.4.28)

Comparing coefficients of mass terms in the above two equations (2.4.27) and (2.4.28) we

immediately deduce that the mass of W±
µ and Zµ bosons as;

Mw±µ
' gν

Mzµ '
gν√

2 cos θ
(2.4.29)

while the electron mass is expressed as,

me ' feν (2.4.30)

which are in very good agreement with the experimentally determined values. But the

Higgs field leaves the photon, Aµ and neutrino massless, since the lagrangian does not

possess terms representing the couplings of these fields with Higg’s fields.
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Finally, the complete lagrangian for electroweak theory for electrons can be written

as;

£ = − ψ̄νe(
1− γ5

2
)/∂ψνe − ψ̄e/∂ψe

+
ig

2
√

2
ψ̄e(1− γ5)γµψνeW

−
µ

+
ig

2
√

2
ψ̄νe(1− γ5)γµψeW

+
µ

+
ig

4 cos θ
[ψ̄νe(1− γ5)γµψνe − ψ̄e(g′v − γ5)ψe]Zµ

−ieψ̄eγµψeAµ

−1

4
~Fµν . ~Fµν −

1

4
BµνBµν

−(∂µH)2 − g2

2
(H + ν)2W+

µ W
−
µ

− g2

4 cos2 θ
(H + ν)2ZµZµ

−λ2ν2H2 − 1

4
λ2H4 − 1

4
λ2ν4

−λ2H3ν − fe(H + ν)ψ̄eψe (2.4.31)

Now, we have to rewrite the free field parts ~Fµν . ~Fµν and BµνBµν interms of the physical

fields W±
µ ,Z0

µ and Aµ.

~Fµν . ~Fµν = 2[∂µW
−
ν − ∂νW−

µ − ig cos θ(W−
ν Zν −W−

µ Zµ)− ig(W−
µ Aν −W−

ν Aµ)]

×[∂µW
+
ν − ∂νW+

µ + ig cos θ(W+
ν Zν −W+

µ Zµ) + ie(W+
µ Aν −W+

ν Aµ)]

+[cos θ(∂µZν − ∂νZµ) + sin θ(∂µAν − ∂νAµ) + ig(W−
µ W

+
ν −W−

ν W
+
µ )]

×[cos θ(∂µZν − ∂νZµ) + cos θ(∂µAν − ∂νAµ)

+ig(W−
µ W

+
ν −W−

ν W
+
µ )] (2.4.32)
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and the free part of the isosinglet field is;

BµνBµν = (∂µBν − ∂νBµ)(∂µBν − ∂νBµ)

= cos2 θ(∂µAν − ∂νAµ)(∂µAν − ∂νAµ)

+ sin2(∂µZν − ∂νZµ)(∂µZν − ∂νZµ)

−2 sin θ cos θ(∂µAν − ∂νAµ)(∂µZν − ∂νZµ) (2.4.33)

The lagrangian equ.(2.4.31) contains interactions of the electron fields with the gauge

bosons, electromagnetic fields. Then,we can represent by the Feynman diagram, where

the vertices are, ig

2
√

2
(1−γ5)γµ, ig

4 cos θ
(g′v−γ5) and ieγµ respectively for the charged, neutral

gauge bosons and eletromagnetic couplings.

The gauge bosons W±
µ and Z0 have self interactions due to the coupling terms in the

~Fµν . ~Fµν terms in the lagrangian due to equations (2.4.32) but Aµ does not interact.

Figure 2.1: Gauge boson self-interaction vertices

Also we draw the interaction vertices for the Higgs field H coupling to W,Z bosons as

in figure 2.2, where the coupling constants gH−W± and gH−Z0 determining the couplings

of Higgs to W± and Z0 are g2

2
and g2

4 cos2
respectively.

We can generalize the electroweak lagrangian to include all lepton generations by

changing the index (e→ l) lepton where l runs over all the lepton generations
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Figure 2.2: The Higgs field H coupling to W,Z bosons

(l = e−, µ−, τ−).Then the complete lagrangian for GWS becomes.

£GWS = − ψ̄νl(
1− γ5

2
)/∂ψνl − ψ̄l /∂ψl

+
ig

2
√

2
ψ̄l(1− γ5)γµψνlW

−
µ

+
ig

2
√

2
ψ̄νl(1− γ5)γµψlW

+
µ

+
ig

4 cos θ
[ψ̄νl(1− γ5)γµψνl − ψ̄l(g′v − γ5)ψl]Zµ

−ieψ̄lγµψlAµ

−1

4
~Fµν . ~Fµν −

1

4
BµνBµν

−(∂µH)2 − g2

2
(H + ν)2W+

µ W
−
µ

− g2

4 cos2 θ
(H + ν)2ZµZµ

−λ2ν2H2 − 1

4
λ2H4 − 1

4
λ2ν4

−λ2H3ν − fl(H + ν)ψ̄lψl (2.4.34)

Thus we have determined all terms of the GWS lagrangian describing the electroweak

interaction of the leptons.

Now, lets generalize the electroweak interactions to include quarks. The generation

structure is similar to the leptons; (
u

d

)
,

(
c

s

)
,

(
t

b

)
(2.4.35)
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Leptons are couple only within the same generation. However in case of quarks, coupling

occurs within the same as well as different generation. To take account of this cross

generational coupling, Cabibbo-Kobayashi-Maskawa [16], modfied the weak coupling of

quarks. (
u

d′

)
,

(
c

s′

)
,

(
t

b′

)
(2.4.36)

We arrange the quarks into left-handed isodoublets corresponding to isospin ~t = ~1
2

and

weak hypercharge Y = 1
3
;

Lu = (
1 + γ5

2
)

(
u

d′

)

Lc = (
1 + γ5

2
)

(
c

s′

)

Lt = (
1 + γ5

2
)

(
t

b′

)
(2.4.37)

The lower component of the isodoublet is less than by one unit of electric charge from

the upper component. Lets write down the right-handed isosinglet corresponds to isospin

~t = ~0 and the hypercharge for all the upper part Y = 4
3

and for all the lower part Y = −2
3

Ru = (
1− γ5

2
)

(
u

d′

)

Rc = (
1− γ5

2
)

(
c

s′

)

Rt = (
1− γ5

2
)

(
t

b′

)
(2.4.38)
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where, d
′
, s
′
, b
′

taking into account the hadron sector [4,16-19]:
d′

s′

b′

 = VCKM


d

s

b

 (2.4.39)

where, VCKM is called the Cabibbo-Kobayashi-Maskawa matrix. When the top quark was

discovered and B-meson decays observed, there by validating couplings of b quarks the

CKM matrix is given as in [17-19];

VCKM =


Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

 (2.4.40)

VCKM =


0.975 0.221 0.005

0.221 0.97 0.04

0.01 0.041 0.999

 (2.4.41)

where we have assumed that the off-diagonal elements are small, and Vud specifies the

coupling of d→ u+W−, and similar to the other matrix elements.

In the same manner with leptons, we generalize the full lagrangian for quarks as;

£ = Σi=u,c,t[−L̄i /DLi − R̄i /DRi −
1

4
BµνBµν −

1

4
~Fµν . ~Fµν + £Higgs (2.4.42)

where, Dµ is the usual covariant derivative given as;

Dµ = ∂µ −
ig

2
~T . ~Aµ − ig′Y Bµ (2.4.43)

we obtain the interaction lagrangian for quarks from the above equ.(2.4.41);

£quarks
int = iΣi{

g√
2
L̄iγµ(T−W−

µ + T+W+
µ + T3A

3
µ)Li

+g′[
1

2
L̄iY γµLi + R̄iY γµRi]Bµ} (2.4.44)
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Now, lets focuss only on the first generation quarks,

£quarks
int =

ig√
2

[L̄uγµ(T−W−
µ + T+W+

µ + T3A
3
µ)Lu]

+g′[
1

2
L̄uY γµLu + R̄uY γµRu]Bµ}

=
ig√

2
[L̄uγµ

(
0 W+

W− 0

)
Lu + L̄uγµT3A

3
µLu]

+
ig′

6
L̄uγµLuBµ + ig′R̄uY γµRuBµ (2.4.45)

where, T− =

(
0 0

1 0

)
, T+ =

(
0 1

0 0

)
and the weak hypercharge for all left-handed

isodoublets is Y = +1
3

and the weak hypercharge for right-handed isosinglet, the upper

component Y = +4
3

and for the lower component Y = −2
3

and we know;

Lu = (
1 + γ5

2
)

(
u

d′

)

Ru = (
1− γ5

2
)

(
u

d′

)
Bµ = cos θAµ − sin θZµ

A3
µ = sin θAµ + cos θZµ (2.4.46)

After substituting equ.(2.4.45) into equ.(2.4.44) we get the following relation;

£quarks
int =

ig

2
√

2
[ū(1− γ5)γµd

′
]W−

µ

+
ig

2
√

2
[d̄
′
(1− γ5)γµu]W+

µ

+
ig cos θ

2
[ū(1− γ5)γµu− d̄

′
(1− γ5)γµd

′
]Zµ

−ig sin2 θ

12 cos θ
[ū(1− γ5)γµu+ d̄

′
(1− γ5)γµd

′
]Zµ

−ig sin2 θ

3 cos θ
[ū(1 + γ5)γµu−

1

2
d̄
′
(1 + γ5)γµd

′
]Zµ

+
ie

12
[ū(1− γ5)γµu+ d̄

′
(1− γ5)γµd

′
]Aµ

+
ie

3
[ū(1 + γ5)γµu−

1

2
d̄
′
(1 + γ5)γµd

′
]Aµ

+
ie

2
[ū(1− γ5)γµu− d̄

′
(1− γ5)γµd

′
]Aµ (2.4.47)
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if we see the first term from the above equ.(2.4.46);

£1
int =

ig

2
√

2
[ū(1− γ5)γµd

′
]W−

µ (2.4.48)

but we know that the d
′

from CKM matrix relation which is given as;

d
′
= dVud + sVus + bVub (2.4.49)

Then, equ.(2.4.47) can be expressed as;

£1
int =

ig

2
√

2
[ψ̄u(1− γ5)γµ(dVud + sVus + bVub)]W

−
µ

=
ig

2
√

2
Vudψ̄u(1− γ5)γµψdW

−
µ

+
ig

2
√

2
Vusψ̄u(1− γ5)γµψsW

−
µ

+
ig

2
√

2
Vubψ̄u(1− γ5)γµψbW

−
µ

(2.4.50)

if we represent equ.(2.4.49) by Feynman diagram in the same case with leptons;

Figure 2.3: Feynman diagram for the charged weak decays

and we can check for the other terms by the same method. The charged weak

interactions of qarks depicted in figure.2.3. above carries a vertex ig

2
√

2
Vud(1 − γ5)γµ,

ig

2
√

2
Vus(1 − γ5)γµ, ig

2
√

2
Vub(1 − γ5)γµ for weak decays of pion, kaon and B-meson respec-

tively.
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The quark fields also acquire mass through Higgs mechanism similar to the case of

lepton and gauge fields (W± , Z0)

Now, we makke use of the būW− vertex derived from GWS model in equ.(2.4.50) to

calculate leptonic decays of B−-meson at quark level in chapter 4. But before that we

study decays of W− boson in next section which is a such process in leptonic decays of

B-mesons.

2.5 Decay Of The Charged boson:W−

As a mathematical preliminary before stuyind the decays of B−-meson, we now em-

ploying the lagrangian formulation of electroweak theory discussed above to first, discuss

the decay of the negatively charged boson, W− → e− + ν̄e. The Feynman diagram for

this process is represented by figure 2.4.

Figure 2.4: leptonic decay intermediate boson

where (k, ε) is the initial four momentum and the polarization state of W− and (p,s),

(p
′
, s
′
) are the final four momenta and spin states of electron and ν̄e respectively. The

lowest order scattering matrix element for this process S(1)fi is expressed as;

S(1)fi = −i
∫
d4xψ̄e(x)(

ig

2
√

2
)(1− γ5)γµψνe(x)W−

µ (x) (2.5.1)
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where the wave functions of the incoming and outgoing particles are;

ψ̄e(x) =

√
me

EV
Ū(~p, s) exp−ip.x

ψνe(x) =

√
1

2ω′V
V(~p′, s′) exp−ip

′.x

W−
µ (x) =

√
Mw

ωV
εµ(~k, λ) expik.x (2.5.2)

By inserting equ.(2.5.2) into equ.(2.5.1) becomes;

S(1)fi = (−i)
√
me

EV

√
1

2ω′V

√
Mw

ωV

×(
ig

2
√

2
)

∫
d4x expi(k−p−p

′).x Ū(~p, s)(1− γ5)γµV(~p′, s′)εµ(~k, λ)

= (
g

2
√

2
)

√
me

EV

√
1

2ω′V

√
Mw

ωV

×(2π)4δ4(k − p− p′)Mfi (2.5.3)

where,

Mfi = Ū(~p, s)(1− γ5)γµV(~p′, s′)εµ(~k, λ) (2.5.4)

and

(2π)4δ4(k − p− p′) =

∫
d4x expi(k−p−p

′).x (2.5.5)

The transition probability from initial to final state is;∣∣∣S1
fi

∣∣∣2 =
g2

8

meMw

2Eωω′V 3
(2π)4V Tδ4(k − p− p′)

∣∣∣Mfi

∣∣∣2 (2.5.6)

where,

[(2π)4δ4(k − p− p′)]2 = (2π)4V Tδ4(k − p− p′) (2.5.7)

By summing or integrating over the final states of two particles, the total transition

probability, W, is expressed as [4,14];

W =

∫ ∣∣∣S1
fi

∣∣∣2 V d3~p

(2π)3
.
V d3~p′

(2π)3

=
g2

8

meMwT

2Eωω′

∫
δ4(k − p− p′)

(2π)2

∣∣∣Mfi

∣∣∣2 d3~pd3~p′ (2.5.8)
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Then, the decay rate Γ , is expressed as the total transition per unit time [4,14];

Γ =
W

T

=
g2

8

meMw

2Eωω′

∫
δ4(k − p− p′)

(2π)2

∣∣∣Mfi

∣∣∣2 d3~pd3~p′ (2.5.9)

Using the theorems for calculating traces of Dirac spinors and γ-matrices, we get the

following result;∣∣∣Mfi

∣∣∣2 = ΣλΣs,s′

∣∣∣Mfi

∣∣∣2
= Σλεµ(~k, λ)εν(~k, λ)

×Σs,s′ [Ū(~p, s)(1− γ5)γµV (~p′, s′)]

×[V̄ (~p′, s′)(1− γ5)γνU(~p, s)]

= (δµν +
KµKν

K2
)Tr{(/

p+me

2me

)(1− γ5)γµ/p
′(1− γ5)γν}

= (δµν +
KµKν

K2
)

4

me

[pµp
′
ν + pνp

′
µ − (p.p′)δµν + iεαµβνpαp

′
β] (2.5.10)

where,

Σλεµ(~k, λ)εν(~k, λ) = (δµν +
KµKν

K2
) (2.5.11)

But εαµβν(δµν + KµKν
K2 ) = 0 , because εαµβν is antisymmetric tensor, whereas (δµν + KµKν

K2 )

is symmetric. Then, equ.(2.5.11) becomes;∣∣∣Mfi

∣∣∣2 =
M2

w

3me

(1− m2
e

M2
w

)(1− m2
e

2M2
w

) (2.5.12)

Now, after substituting equ.(2.5.12) into equ.(2.5.9) and integrating over the final states,

the decay rate is expressed as;

Γ =
g2

48

M2
w

4π
(1− m2

e

M2
w

)2(1− m2
e

2M2
w

) (2.5.13)

which is in complete agreement with experiment. We will now discuss the decays of B−-

mesons, (B− → e− + ν̄e) at quark level in the framework of Bethe-Salpeter equation as

an another application of lagrangian formulation of electroweak theory discussed earlier.

As a run up to this study, we first study the Bethe-Salpeter equation in chapter 3.



Chapter 3

The Bethe-Salpeter Equation

The Bethe-salpeter equation (BSE) is describes the bound states of a two-particles

quantum mechanically in a relativistically covariant formalism. The BSE is an important

tool for calculating bound states in the realm of elementary particle physics and it is an

application of the Feynman and a resummation of the infinite set of diagrams by using

integral equation. When we deal with bound states the particles stay together infinitely

long and they can therefore interact arbitrarily often [8]. It is clear that this situation

can not be described by the summation of a few Feynman diagrams. Then we employ the

framework of BSE under covariant instantaneous ansatz(CIA) to study the leptonic decays

of B-mesons. The BSE provides a field theoretical starting point to describe hadrons as

relativistic bound states of quarks and antiquarks. Inorder to study the behaviour of

bound states, we consider two particle and we generalize the definition of the single

particle propagators to 2-particle propagators with particles in mutual interaction. Let

us start the present analysis with a brief exposition of the essential features of the Bethe-

Salpeter equation for bound states composed of a fermion and an antifermions.

3.1 Two particle propagators

Inorder to study the behaviour of two partticles, we generalize the definition of the

single particle propagator to two particle propagator with particles in mutual interaction.

First consider two particles propagating without interaction with eachother, so that we

30
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can write down the free propagator of two particles, that propagates from space-time

point (3,4) to (1,2) as [8].

S0(12; 34) = S0
F (1, 3)S0

F (2, 4) (3.1.1)

where, 1 → x1 ,2 → x2 , 3 → x3 , 4 → x4, etc. Going beyond this trivial case we

have to consider what happens, if these two particles interact electromagnetically. Lets

consider the simplest possibility that is Moller interaction, which is by the exchange of

single photon[8].

Figure 3.1: propagation of two particles non-interacting and interacting by the exchange
of single photon

The bubble denoted by the circle represents the full two particle propagator where the

unconnected fermion lines represents the free two particle propagator S0 and the second

term on right-side represents the propagation of two charged particles, propagating from

space-time points (3,4) to(1,2) and interacting through a photon exchange connecting

them at space-time vertices,5 and 6. given in equ.(3.1.1). Now using the Feynman rules

we can represent figure 3.1 by:

S(12; 34) = S0
F (1, 3)S0

F (2, 4)

+

∫
d45

∫
d46SF (1, 5)SF (2, 6)

×[(−ieγµ)Dµν
F (5, 6)(−ieγν)]SF (5, 3)SF (6, 4) + ... (3.1.2)

where Dµν
F (5, 6) is the fourier transform of photon propagator in 4-momentum space and

given as:

Dµν
F (5, 6) =

−iδµν
(2π)4

∫
d4k

expik.(x5,x6)

k2
(3.1.3)
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In equ.(3.1.2) we have written down only the first term of an infinite series. The result of

the infinite series can be represented by a function K(12; 34) which is called the interaction

Kernel [8]. The exact form of equ.(3.1.2) reads;

Figure 3.2: irreducible interaction Kernel

Then equ.(3.1.2) can be written out explicitly:

S(12; 34) = S0
F (1, 3)S0

F (2, 4) +

∫
d45

∫
d46

∫
d47

∫
d48

SF (1, 5)SF (2, 6)K(56; 78)SF (7, 3)SF (8, 4) (3.1.4)

We have not gained much by doing this, since K is an extremly complicated 4-point

function. Only in first order perturbation theory does the kernel become very simple,

that is according to equ.(3.1.2)

K(56; 78) = (−ieγµ))Dµν
F (5, 6)(−ieγν)δ4(5, 7)δ4(6, 8) (3.1.5)

The complete function K is a sum over infinitely many graphs of arbitrarily high order.

The interaction kernel K contains an infinite number of Feynman graphs as well as and

can not be calculated exactly. As we have discussed at the beginning of this section the

inclusion of an infinite number of interactions is necessary if one is interested in bound

systems. For many practical purposes one restricts oneself to the lowest order of the

interaction kernel K as in [8],to the single photon exchange. This prescription is called

the ladder approximation. This name suggests itself from the below figure 3.3
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Figure 3.3: ladder approximation

This diagram shows us summation over infinite ladders of one quantum exchange

Moller interactions between two particles. Then equ.(3.1.4) can be expressed as;

S(12; 34) = S0
F (1, 3)S0

F (2, 4) +

∫
d45

∫
d46

∫
d47

∫
d48

SF (1, 5)SF (2, 6)K(56; 78)SF (7, 3)SF (8, 4) (3.1.6)

This equation is called the full two particle propagator.

If we know the initial wave function ψ(3, 4), we can write the full wave function of two

particles as;

ψ(1, 2) =

∫
d33

∫
d34SF (12, 34)γa4γ

b
4ψ(3, 4) (3.1.7)

Now, substitute equ.(3.1.8) into (3.1.9)

ψ(1, 2) =

∫
d33

∫
d34{S0

F (1, 3)S0
F (2, 4) +

∫
d45

∫
d46

∫
d47

∫
d48

SF (1, 5)SF (2, 6)K(56; 78)SF (7, 3)SF (8, 4)}γa4γb4ψ(3, 4) (3.1.8)

ψ(1, 2) = ψ0(1, 2) +

∫
d45

∫
d46

∫
d47

∫
d48SF (1, 5)SF (2, 6)K(56; 78)ψ(7, 8) (3.1.9)

where,ψ0(1, 2) is the free two-particle wave function which is given as;

ψ0(1, 2) =

∫
d33

∫
d34S0

F (1, 3)S0
F (2, 4)γa4γ

b
4ψ(3, 4) (3.1.10)

and ψ(7, 8) is according to equ.(3.1.9) expressed as,

ψ(7, 8) =

∫
d33

∫
d34SF (7, 3)SF (8, 4)γa4γ

b
4ψ(3, 4) (3.1.11)

If one is interested in bound states ,then ψ0(1, 2) will be vanish. Then the full wave

function for bound state particles expressed as;

ψ(1, 2) =

∫
d43

∫
d44

∫
d45

∫
d46SF (1, 5)SF (2, 6)K(56; 34)ψ(3, 4) (3.1.12)
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3.2 Derivation of Bethe-Salpeter Equation

We want to derive the BSE from equ.(3.1.12). Lets operate equ.(3.1.12) both sides

by the free Dirac operators (/∂1 +m1) and (/∂2 +m2). Since the one particle propagators

obey the relations;

(/∂1 +m1)SF (1, 5) = −iδ4(1, 5)

(/∂2 +m2)SF (2, 6) = −iδ4(2, 6)

(3.2.1)

Because the interactions are on space-time (5,6), we can carry out differentiations of ∂1µ

and ∂2ν under the integration sign. Then equ.(3.1.14) becomes;

(/∂1 +m1)(/∂2 +m2)ψ(1, 2) = −
∫
d43

∫
d44K(12; 34)ψ(3, 4) (3.2.2)

In this form the BSE is an integro-differential equation. For practical purposes it is easier

to work with BSE in momentum space. If we define the wave function in momentum

space as;

ψ(p1, p2) =
1

(2π)4

∫
d4x1

∫
d4x2

expi(p1.x1+p2.x2) ψ(1, 2)

(3.2.3)

Then the fourier transform of equ.(3.2.2) becomes

1

(2π)4

∫
d4x1

∫
d4x2 expi(p1.x1+p2.x2)

(/∂1 +m1)(/∂2 +m2)ψ(1, 2)

=
−1

(2π)4

∫
d4x1

∫
d4x2∫

d4x3

∫
d4x4 expi(p1.x1+p2.x2)K(12; 34)ψ(3, 4) (3.2.4)
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On the left-hand side we integrate by parts so that the differential operator acts on the

exponential function and on the right-hand side we insert two delta functions, δ4(x′3−x3)

and δ4(x′4 − x4);

(i /p1 +m1)(i /p2 +m2)ψ(p1, p2)

=
−1

(2π)4

∫
d4x1

∫
d4x2

∫
d4x3

∫
d4x′3∫

d4x4

∫
d4x′4δ

4(x′3 − x3)δ
4(x′4 − x4) expi(p1.x1+p2.x2)

K(x1, x2;x3, x4)ψ(x′3, x
′
4) (3.2.5)

By using the integral representation of the delta functions:

δ4(x′3 − x3) =
1

(2π)4

∫
d4p′1 expip

′
1.(x
′
3−x3) (3.2.6)

δ4(x′4 − x4) =
1

(2π)4

∫
d4p′2 expip

′
2.(x
′
4−x4) (3.2.7)

After equ.(3.2.6) and (3.2.7) substitute into equ.(3.2.5) then it becomes;

(i/p1
+m1)(i/p2

+m2)ψ(p1, p2)

=
−1

(2π)12

∫
d4x1

∫
d4x2

∫
d4x3∫

d4x4

∫
d4x′3

∫
d4x′4

∫
d4p′1

∫
d4p′2

expip
′
1.(x
′
3−x3)+ip′2.(x

′
4−x4)

expi(p1.x1+p2.x2)K(12; 34)ψ(x′3, x
′
4)

(3.2.8)

one can express the right-hand side of equ.(3.2.8) as a product of momentum-space wave

functions and the interaction kernel in momentum-space can be written as;

K(p1, p2; p3, p4) =
i

(2π)4

∫
d4x1

∫
d4x2

∫
d4x3

∫
d4x4

expi(p1.x1+p2.x2+p3.x3+p4.x4)K(12; 34)

(3.2.9)
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and we express;

Ψ(p′1, p
′
2) =

1

(2π)4

∫
d4x′3

∫
d4x′4

expi(p
′
1.x
′
3+p′2.x

′
4) ψ(x′3, x

′
4) (3.2.10)

Then equ.(3.2.8) becomes;

(i /p1 +m1)(i /p2 +m2)Ψ(p1, p2) =
−i

(2π)4

∫
d4p′1

∫
d4p′2

K(p1, p2; p
′
1, p
′
2)Ψ(p′1, p

′
2)

(3.2.11)

This equation is BSE in momentum-space. When we treat a two particle system, it is

always advantageous to transform to absolute and relative co-ordinates. For simplicity

we assume that both particles have the same mass m1 = m2 = m and we define; P =

p1 + p2 and q = 1
2
(p1 − p2) where P is the total momentum of two particles and q is the

relative momentum of the particles. Since the interaction described by the kernel K must

conserve momentum, i.e.

p1 + p2 = p′1 + p′2 (3.2.12)

By using the Ansatz [21,22],

K(p1, p2; p
′
1, p
′
2) = δ4(P − P ′)K(q, q′;P ′) (3.2.13)

Now, by substituting equ.(3.2.13) into equ.(3.2.11) becomes;

(i
1

2
/P + /q +m)(i

1

2
/P − /q +m)Ψ(q, P ) =

−i
(2π)4

∫
d4q′d4P ′

∣∣∣∂(p′1,p
′
2)

∂(q′,P ′)

∣∣∣
K(q, q′;P ′)δ4(P − P ′)Ψ(q′, P ′)(3.2.14)
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Since the Jacobian determinant for the transformation of the volume element in equa-

tion(3.2.14) is equal to one, then equ.(3.2.14) it becomes;

(i/p1
+m)(i/p2

+m)Ψ(q, P ) =
−i

(2π)4

∫
d4q′K(q, q′;P )Ψ(q′, P ) (3.2.15)

where, /p1
= 1

2
/P +/q and /p1

= 1
2
/P −/q. In equ.(3.2.15) P plays only the role of a parameter.

The structure of equ.(3.2.15) is still so complicated that one will not succeed in finding

exact solutions. Equ.(3.2.15) is the BSE in momentum-space for the inverse propagators

of two spin-half particles or fermion propagator.

SF (p) =
1

i/p+m
(3.2.16)

By substituting equ.(3.2.16) into equ.(3.2.15) it becomes;

S−1
F (p1)S

−1
F (p2)Ψ(q, P ) =

−i
(2π)4

∫
d4q′K(q, q′;P )Ψ(q′, P ) (3.2.17)

Now, we call equ.(3.2.17) the BSE for fermion particles or spin-half particles. For a quark

and anti-quark forming a meson, the total momentum of the hadron is P = p1 + p2 and

the relative momentum of quark and anti-quark is given by q = 1
2
(p1 − p2). Now lets

consider the BSE for a boson or spinless particle in the analogy of the spin-1
2

particle;

i∆1∆2Φ(q, P ) =
1

(2π)4

∫
d4q′K(q, q′;P )Φ(q′, P ) (3.2.18)

where ∆1 and ∆2 are the inverse propagators of spinless (spin-0) particles, which are given

by

∆1 = p2
1 +m2

1 (3.2.19)

and

∆2 = p2
2 +m2

2 (3.2.20)

and Φ(q, P ) is the 4D wave function of spinless particles. Therefore, equ.(3.2.18) is called

the BSE for a boson or spinless particles.



38

3.3 The Bethe-Salpeter (BS) vertex function Γ(q̂) for

pseudo-scalar mesons

To discuss the generalized hadron-quark vertex in BS wave function under CIA, we

start with a 4D BSE for scalar quark-antiquark system with an effective kernel K and 4D

wave function Φ(P, q). Then from equ.(3.2.18)

i(2π)4∆1∆2Φ(q, P ) =

∫
d4q′K(q, q′)Φ(q′, P ) (3.3.1)

where ∆1,2, is the inverse propagators of two scalar quarks, give as:

∆1 = m2
1 + p2

1 (3.3.2)

and

∆2 = m2
2 + p2

2 (3.3.3)

here m1 , m2 are constituent masses of quarks. The 4-momenta of the quark and anti-

quark, p1 and p2, are related to the internal 4-momentum qµ and total momentum P of

hadron of mass M as;

p1µ = m̂1Pµ + qµ (3.3.4)

and

p2µ = m̂2Pµ − qµ (3.3.5)

where m̂1,2 = 1
2
[1 ± m2

1−m2
2

M2 ] are the Wightman-Garding (WG) definitions as given in

[21,23,24] of masses of individual quarks. By using the CIA Ansatz on the BS kernel K

in eq.(3.3.1) can be written as [23,30],

K(q, q′) = K(q̂, q̂′) (3.3.6)

where, we can write the internal momentum as qµ = (q̂µ, iMσ), the transverse component

is expressed as [21,22,23,24],

q̂µ = qµ −
q.P

P 2
Pµ (3.3.7)
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is observed to be orthogonal to the total 4-momentum P ( i.e., q̂.P = 0), [21,22,23,24].

The longitudinal component of qµ

Mσ = M
q.P

P 2
(3.3.8)

does not appear in the form K(q̂, q̂′) of the kernel. For reducing eq.(3.3.1) to the 3D form,

one can define a 3D wave function φ(q̂) as

φ(q̂) =

∫ +∞

−∞
MdσΦ(q, P ) (3.3.9)

The 4D volume element in momentum-space can be expressed as;

d4q = d3q̂Mdσ (3.3.10)

we get a covariant version of the salpeter equation as given in [23,24],

i(2π)4∆1∆2Φ(q, P ) =

∫
d3q̂′K(q̂, q̂′)

∫ +∞

−∞
Mdσ′Φ(q′, P ) (3.3.11)

Let us postulate, if one integrate over q′, we get

φ(q̂′) =

∫ +∞

−∞
Mdσ′Φ(q′, P ) (3.3.12)

Then equ.(3.3.11) becomes;

i(2π)4∆1∆2Φ(q, P ) =

∫
d3q̂′K(q̂, q̂′)φ(q̂′) (3.3.13)

from equ.(3.3.1) we can write

Φ(q, P ) =
1

(2π)4i∆1∆2

∫
d4q′K(q, q′)Φ(q′, P ) (3.3.14)

Lets integrate equ.(3.3.14) both sides with respect to Mdσ;∫ +∞

−∞
Φ(P, q)Mdσ =

1

(2π)3

∫
d3q̂′K(q̂, q̂′)φ(q̂′)

∫ +∞

−∞

Mdσ

2πi∆1∆2

(3.3.15)

Then equ.(3.3.15) becomes;

(2π)3D(q̂)φ(q̂) =

∫
d3K(q̂, q̂′)φ(q̂′) (3.3.16)
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where D(q̂) is a 3D denominator function whose value can be easily worked out by contour

integration by noting the positions of the poles in the complex σ-plane as in [21,22,23,24],

which is given as;

1

D(q̂)
=

∫ +∞

−∞

Mdσ

2πi∆1∆2

(3.3.17)

when we compare equations (3.3.13) and (3.3.16) the interaction is only on the right-hand

sides, then we can simply equalise with the interaction vertex as in [23,24].

i(2π)4∆1∆2Φ(q, P ) = (2π)3D(q̂)φ(q̂)

∆1∆2Φ(q, P ) =
D(q̂)φ(q̂)

2πi
(3.3.18)

This leads to the structure of hadron-quark vertex for scalar quarks as,

Γ(q̂) ≡ D(q̂)φ(q̂)

2πi
(3.3.19)

where, Γ(q̂) is the Hadron-quark BS vertex function under CIA. Now there is an

exact interconnection between 3D wave function φ(q̂) and the 4D wave function Φ(q, P ).

To apply the above simplified discussions to the case of fermionic quarks constituting

a particular meson we proceed in the same manner as [20,21,22,23,24,30]. The scalar

propagators ∆1,2 in the above equations are replaced by the proper fermionic propagators

SF . Then, on observing the vertex Γ(q̂) now is a 4 × 4 matrix in the spinor space, we

should incorporate its relevant Dirac structures. This is taken as the leading covariant

γ5. Then the vertex function for pseudoscalar is expressed as in [23,24],

Γ(q̂) = NPγ5
D(q̂)φ(q̂)

2πi
(3.3.20)

where, the quantity NP is the standard BS normalization factor which goes with the

vertex function (3.2.20).

Now lets comes to the problem of the 3D BS wave function, φ(q̂) the corresponding

wave function which satisfy a Lorentz-covariant, representing the 3D reduction of the 4D
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BSE as a result of the above ansatz. In particular, a gaussian form[23,24,25]

φ(q̂) ≈ exp− q̂2

2β2
(3.3.21)

emerges (for harmonic confinement) as a solution of the 3D BSE, with β2 obtained analyt-

ically from the input structure of the BS-kernel and is given in detail in Reference[23,24].

The structure of the parameter (β = 0.44728GeV ) in φ(q̂) appearing in equ(4.2.24) is

taken from Ref. [23,24,25],(for details see Ref. [23,24]).



Chapter 4

Leptonic Decays Of B-meson At
Quark Level

Charged mesons formed from a quark and anti-quark can decay to a charged lepton

pair when these objects annihilate via a virtual W± boson [26]. The quark-antiquark

annihilations via a virtual W+(W−) to the l+ + νl (l− + ν̄l ) final states occur for the π±,

K±, and B± mesons etc.

4.1 Decay of the B-meson at macroscopic level con-

sidering it as elementary particle

The study of pure leptonic decay of B-meson is the most natural process to determine the

decay constant fB [16,27]. The decay proceeds via quark annihilation into a W± boson,

and the decay rate is directly proportional to f2B. According to the quark model, the decay

of a charged B-meson is really a scattering event in which the incident quarks happen

to be bound together. Because the B-meson is composite, we may not know how the W

couples to the B-meson, but we do know how it couples to the leptons, so it is simpler to

proceed as follows. We first redraw the Feynman diagram in case of elementary particle

without considering the quark compositeness of B-meson with a blob to represent the

coupling of B− to W− [4],

42
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Figure 4.1: coupling of B−-meson.

The amplitude must have the general form;

M = G[ψ̄e(1− γ5)γµψνe ]Fµ (4.1.1)

where, Fµ is a form factor describing the B− → W− blob and G is the coupling constant

of B-meson. Fµ has to be a 4-vector to contract with γµ in the lepton. So Fµ has to be

some scalar quantity times the four- momentum Pµ of B-meson, i.e.

Fµ = fBPµ (4.1.2)

where, fB is the B-meson decay constant [4]. The decay constant fB is a measure of the

probability amplitude for the quarks to have zero separation, which is necessary for them

to annihilate. Therefore,equ.(4.1.1) can be expressed as;

M = GfB[ψ̄e(p1)(1− γ5)γµψνe(p2)]Pµ (4.1.3)

where, P, p1, p2 are four momenta of the B-meson, charged lepton and the associated

lepton neutrino respectively. By the law of conservation of momentum, we have

Pµ = pµ1 + pµ2 (4.1.4)

Using Dirac equation and also substituting mνe = 0, equ.(4.1.3) becomes

M = −iGfBme[ψ̄e(p1)(1 + γ5)ψνe(p2)] (4.1.5)

and its complex conjugate is;

M+ = iGfBme[ψ̄νe(p2)(1− γ5)ψe(p1)] (4.1.6)
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Then;∑
s,s′

∣∣∣M ∣∣∣2 =
∑
s,s′

M+M =
∑
s,s′

G2f2Bm
2
e[ψ̄νe(p1)(1− γ5)ψe(p2)× ψ̄e(p1)(1 + γ5)ψνe(p2)]

= G2f2Bm
2
eTr[(1− γ5)(−i/p1

+m1)(1 + γ5)(−i/p2
)]

= G2f2Bm
2
e8p1.p2 (4.1.7)

The differential decay rate is defined as in [17];

dΓ =
1

MB

∑
s,s′

∣∣∣M ∣∣∣2 (2π)4δ4(P − p1 − p2)

d3p1

(2π)32E1

× d3p2

(2π)32E2

(4.1.8)

where, MB is the mass of B-meson. Hence, integrating over lepton momenta, we get;

Γ (B− → e− + ν̄e) =
1

8π
G2f2Bm

2
eMB(1− m2

e

M2
B

)2 (4.1.9)

All quantities in this decay rate are well established.

4.2 Calculation Of Decay Constant For Charged B-

meson

Now we do the calculation of decay rate of, B− → e− + ν̄e, by invoking the quark

compositeness (bū) of B−-meson. To calculate the decay constant fB for charged B-meson

we make use of būW− vertex from equ.(2.4.50) and the Hadron-quark vertex function for

B−-meson from BSE under CIA.

fBPµ =< 0
∣∣∣q̄i(1− γ5)γµq

∣∣∣B(P ) > (4.2.1)

The decay constant fB can be evaluated through the quark loop diagram shown in Figure

4.2 which gives the coupling of the two-quark loop to the charged weak current and can

be expressed as a loop integtal:

fBPµ =
√

3

∫
d4qTr[ψ(P, q)i(1− γ5)γµ] (4.2.2)
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Figure 4.2: loop diagram coupling of the two-quarks

where, V is the weak interaction vertex which is given as, V = (1− γ5)γµ. The complete

Bethe-Salpeter wave function Ψ(P, q) for a B-meson is expressed as

Ψ(P, q) = SF (p1)Γ(q̂)SF (−p2) (4.2.3)

where SF (p) is the usual fermionic propagator of the hadron(i.e.B-meson), expressed as;

SF (p1) = −i
−i/p1

+m1

∆1

SF (−p2) = −i
i/p2

+m2

∆2

(4.2.4)

Γ(q̂) = NPγ5
D(q̂)φ(q̂)

2πi
(4.2.5)

By using substitutions of equ.(4.2.3),(4.2.4),(4.2.5) and (3.2.20) into equ.(4.2.2), we get

fBPµ = −
√

3NB

∫
d4q

D(q̂)φ(q̂)

2π∆1∆2

{Tr[(−i/p1
+m1)γ5(i/p2

+m2)γ5γµ]

−Tr[(−i/p1
+m1)γ5(i/p2

+m2)γµ]} (4.2.6)

Now we can evaluate the trace over γ-matrices by using the trace theorems which is given

as in the Appendix (B).

Tr[(−i/p1
+m1)γ5(i/p2

+m2)γµγ5] = −4i(m1p2µ +m2p1µ)

Tr[(−i/p1
+m1)γ5(i/p2

+m2)γµ] = 0 (4.2.7)

The decay constant for B-meson fB can be expressed as;

fBPµ = −4
√

3NB

∫
d4q

D(q̂)φ(q̂)

2πi∆1∆2

(m1p2µ +m2p1µ) (4.2.8)
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Lets multiply equ.(4.2.8) both sides by ( Pµ
M2 ) and the 4D volume element momentum space

can be expressed as d4q = d3q̂Mdσ, then equ.(4.2.8) becomes;

fB =
√

3NB

∫
d3q̂D(q̂)φ(q̂)I (4.2.9)

where,

I =
4

M2

∫ +∞

−∞

Mdσ

2πi∆1∆2

(m1p2.P +m2p1.P ) (4.2.10)

The dot product of momentum of constituent quarks p1 and p2 with hadron momentum,

P, can be expressed as;

p1.P = −M2(m̂1 + σ) (4.2.11)

p2.P = −M2(m̂2 − σ) (4.2.12)

Then equ.(4.2.10) can be expressed as;

I = 2

∫ +∞

−∞

Mdσ

2πi∆1∆2

[(m1 +m2)(1−
δm2

M2
) + 2δmσ] (4.2.13)

where, δm = m1−m2. Here we have employed unequal mass kinematics when the hadron

constituents have different masses. Now we can evaluate the integrals by using the contour

integration. When we closed the contour from above the real axis or from below the real

axis the results are equal [28]. If we can shift the poles either above the real axis or below

the real axis, as shown in figure 4.3.,

Figure 4.3: contour integral

we can calculate the contour integral by cauchy residue theorem [28];

I = ±2πi
∑

Residue (4.2.14)
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where, ∑
R = limσ→σ1,2f(σ)(σ − σ1,2) (4.2.15)

and

f(σ) =
M

2πi∆1∆2

σ (4.2.16)

The inverse propagators of the two constituent quarks forming the B-meson, can inturn

be expressed interms of the off-shell parameters as;

∆1 = ω2
1 −M2(m̂1 + σ)2, ω2

1 = m2
1 + q̂2 (4.2.17)

∆2 = ω2
2 −M2(m̂2 − σ)2, ω2

2 = m2
2 + q̂2 (4.2.18)

In equ.(4.2.13), carrying out integration over dσ by noting the pole positions in the

complex σ-plane;

∆1 = 0⇒ σ±1 = ±ω1

M
− m̂1 (4.2.19)

∆2 = 0⇒ σ±2 = ±ω2

M
+ m̂2 (4.2.20)

The denominator function D(q̂) obtained from carrying out pole integrations in σ-plane,

after the contour integration ,can be expressed as;

D(q̂) =
(ω1 + ω2)

2 −M2

1
2ω1

+ 1
2ω2

(4.2.21)

Lets evaluate the contour integral for equa.(4.2.13)

R1 =

∫ +∞

−∞

Mdσ

2πi∆1∆2

σ

=
[M2(ω2 − ω1) + (m2

1 −m2
2)(ω1 + ω2)]

4M2ω1ω2[(ω1 + ω2)2 −M2]

(4.2.22)

The result of σ-contour integration of equ.(4.2.13) becomes;

I = 2{(m1 +m2)(1−
δm2

M2
)

1

D(q̂)

+
2δm[M2(ω2 − ω1) + (m2

1 −m2
2)(ω1 + ω2)]

4M2ω1ω2[(ω1 + ω2)2 −M2]
} (4.2.23)
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The decay constant can be expressed as;

fB =
√

3NB

∫
d3q̂D(q̂)φ(q̂)

2{(m1 +m2)(1−
δm2

M2
)

1

D(q̂

+
2δm[M2(ω2 − ω1) + (m2

1 −m2
2)(ω1 + ω2)]

4M2ω1ω2[(ω1 + ω2)2 −M2]
} (4.2.24)

To calculate the normalization factor, NB which enters into the expressions for fB, we

use the current conservation condition [22,23].

2iPµ = (2π)4

∫
d4qTr[Ψ̄(P, q)(

∂

∂Pµ
S−1
F (p1))Ψ(P, q)S−1

F (−p2)] + 1⇔ 2 (4.2.25)

where,

Ψ̄(P, q) = γ4Ψ(P, q)+γ4 (4.2.26)

Ψ(P, q) = SF (p1)Γ(q̂)SF (−p2) (4.2.27)

Ψ̄(P, q) = SF (−p2)Γ(q̂)SF (p1) (4.2.28)

When we substitute the values of Ψ̄(P, q),Ψ(P, q),SF (p1) and SF (−p2) into equ.(4.3.25)

and evaluate trace over γ-matrices, the Bethe-Salpeter Normalization can be expressed

as;

N−2
B = (2π)2i

∫
d3q̂D2(q̂)φ2(q̂)I (4.2.29)

where,

I =
−4

M2

∫ +∞

−∞

Mdσ

∆2
1∆2

{2(p1.p2)(p1.P )−∆1(p2.P )− 2m1m2(p1.P )} (4.2.30)

where the scalar dot products, p1.p2 , p1.P and p2.P , can be expressed as,

p1.P = −M2(m̂1 + σ) (4.2.31)

p2.P = −M2(m̂2 − σ) (4.2.32)
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p1.p2 = −M2(m̂2 − σ)(m̂1 + σ)− q̂2 (4.2.33)

After we substitute the above scalar products into equ.(4.3.30), it expressed as;

I = 2πi{ 2

M2
(M2 −m2

1 +m2
2)

1

D(q̂)
− M2(ω2 − ω1) + (m2

1 −m2
2)(ω2 + ω1)

M2ω1ω2(M2 − (ω2 + ω1)2)
}

+
1

M4
(M2 +m2

1 −m2
2){(M2 +m2

1 −m2
2)(M

2 −m2
1 +m2

2) + 4M4q̂2}I1

+
4

M2
{(M2 +m2

1 −m2
2)(m

2
2 −m2

1)−M2q̂2}I2

+4{3(m2
2 −m2

1)−M2}I3 − 8M2I4 (4.2.34)

where the integrals I1,I2,I3 and I4 over dσ becomes;

I1 =

∫ +∞

−∞

Mdσ

∆2
1∆2

= 2πi{2ω3
1 − ω2(M

2 + 5ω2
1 + 4ω1ω2 + ω2

2)

4ω3
1ω2((ω1 + ω2)2 −M2)2

}

(4.2.35)

I2 =

∫ +∞

−∞

Mdσ

∆2
1∆2

σ

= 2πi{(m2
1 −m2

2)(ω1 + ω2)
2(2ω1 + ω2)−M4ω2

8M2ω3
1ω2((ω1 + ω2)2 −M2)2

+
M2(6ω3

1 + 9ω2
1ω2 + 4ω1ω

2
2 + ω2((m

2
1 −m2

2) + ω2
2))

8M2w3
1ω2((ω1 + ω2)2 −M2)2

} (4.2.36)

I3 =

∫ +∞

−∞

Mdσ

∆2
1∆2

σ2

=
2πi

16M4
{ 2(M2 + (m2

1 −m2
2)2Mω2)

2

ω2(ω1 + ω2 +M)2(ω2 − ω1 +M)2

+
2M(M −m1)(M

2 − (m2
1 −m2

2)− 2Mω1)
2

ω2
1(ω2

2 − (M − ω1)2)2

−4M2(M2 − (m2
1 −m2

2)− 2Mω1)

ω2
1(ω2

2 − (M − ω1)2)2

−M(M2 − (m2
1 −m2

2)− 2Mω1)
2

ω3
1(ω2

2 − (M − ω1)2)
} (4.2.37)
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and,

I4 =

∫ +∞

−∞

Mdσ

∆2
1∆2

σ3

=
2πi

16M6
{2(M2 + (m2

1 −m2
2) + 2Mω2)

3

ω2(ω2
2 +M2 − ω2

12Mω2)2

+
(M2 − (m2

1 −m2
2)− 2Mω1)

2(M4 −M2((m2
1 −m2

2) + ω2
1 + ω2

2)

ω3
1(ω2

1 +M2 − ω2
2 − 2Mω2)2

−δm
2(3ω2

1 − ω2
2)− 4Mω1(ω

2
2 − (m2

1 −m2
2))

ω3
1(ω2

1 +M2 − ω2
2 − 2Mω2)2

} (4.2.38)

We have thus evaluated the general expressions for fB and NB in the framework of

BSE under CIA, with Dirac structure, γ5 introduced in the hadron-quark vertex function.

We see that so far the results are independent of any model for φ(q̂). Now, to calculate

the numerical values of the decay constant fB, first we obtain the BS normalizer NB, by

substituting all the constant values. The input parameters are given as in reference [31],

M = 5271MeV , mu = 300MeV , mb = 4500MeV , where M is mass of hadron, mu,b are

the masses of constituent quarks. We substituting input parameters into equ.(4.3.34) and

perform 3-D integrate over d3q̂. The numerical calculation for NB and fB have been done

using Mathematica. We get the B-meson BS normalizer,

NB = 0.0209GeV −3 (4.2.39)

Putting this value of NB obtained above into equ.(4.2.24) and again performing 3-D

integrate over d3q̂, we get the B-meson decay constant fB as,

fB = 0.2189GeV (4.2.40)

The result for fB obtained in this framework is using close to the experimental data for

fB obtained recently by at[9],

fB(exp.) = 0.200± 0.04GeV (4.2.41)

We see that our theoretical result for fB calculated lies within the error bars of exper-

imental data. The decay width, ΓB for B-meson in this BSE framework comes out to



51

be,

ΓB = 3.3338× 10−27GeV (4.2.42)

which is again comparable to the experimental decay width of B-meson at,

ΓB(exp.) = 2.8943× 10−27GeV (4.2.43)

The accuracy of the results for fB and ΓB in this BSE framework is a validation of this

framework.



Chapter 5

Conclusion

In this thesis, chapter 1 deals with the introduction. In chapter 2 we have discuss the

lagrangian formulation of U(1) gauge theory QED, SU(2) Yang-Mills gauge theory and

the SU(2)× U(1) Glashow-Weinberg-Salam (GWS) Model for Electroweak interactions.

GWS model has been discussed both for the leptonic sector as well as for quark sector.

We have also discussed the Higgs mechanism which is responsible for generating masses

for fermions as well as the gauge bosons W± and Z0 due to coupling of these fields with

the Higgs field.

We have also derived the Feynman rules for QED as well as the electroweak inter-

actions. The interaction vertices have been explicitly worked out for QED as well as

for elctroweak theory. These interaction vertices are then used for the study of the

process,B− → e− + ν̄e in the framework of Bethe-Salpeter equation in chapter 4.

As a preliminary exercise, we have disussed the decay of the charged, W− → e− + ν̄e

boson which enables us to formlate its decay width as an application of GWS theory. This

decay of charged,W− boson is a subprocess in the decay, B− → e− + ν̄e which is studied

next in chapter 4.

In chapter 3 we have disussed that, the Bethe-Salpeter equation (BSE) and the gen-

eralized structure of hadron-quark vertex for B-mesons. Since hadrons are not point like

particles, they are composites of quark and antiquark ( i.e. meson); the hadron-quark
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vertex is an extended vertices and carries all the non-perturbative ingredients of QCD.

This hadron-quark vertex for B-mesons is derived explicitly in chapter 3.

In chapter 4 we have discussed the weak leptonic decays of B-meson first considering

it as elementary particle in the macroscopic approch and we have calculated the decay

width of B-meson. We then disussed the microscopic approch and studied the decays

of B-meson at quark level in the framework of Bethe-Salpeter equation by invoking the

quark compositeness (bū) of B-meson and using the non-perturbative hadron-quark vertex

derived in chapter 3. We derive formulas of the decay constant, fB for B-meson with dif-

ferent mass quarks in the framework of BSE under covariant instantaneous ansatz(CIA),

using the non-perturbative hadron-quark vertex function,Γ(q̂) of B-meson. We obtain

the numerical values of the decay constant, fB and decay width ΓB of the B-meson in

the framework of BSE. Then the results are compared with other recent calculations and

existing experimental results.

The decay constantfB and decay width ΓB for B-meson predicted in our framework is

fB = 0.2189GeV

ΓB = 3.3338× 10−27GeV (5.0.1)

The experimental data for these quantities is [9]:

fB(exp.) = 0.200± 0.04GeV [9]

ΓB(exp.) = 2.8943× 10−27GeV (5.0.2)

We can see that our results are within the error bars of experimental data for B-mesons.

This validates our framrwork of BSE.



Appendix A

Appendices

A.1 Basic Inputs From Quantum Fields Theory

A.1.1 Wave equations

In quantum mechanics energy and momentum correspond to operators acting on the

particle wave function. The substitutions E = i~ ∂
∂t

and ~P = −i~~∇ lead then to the

Schrodinger equation:

i~
∂

∂t
ψ(x) = − ~2

2m
~∇2 (A.1.1)

We can write the energy and momentum operators in a relativistic covariant way as

Pµ = −i∂µ (A.1.2)

where we have adopted the usual natural units convention ~ = c = 1. The relation

E2 = ~P 2 +m2 (A.1.3)

determines the Klein-Gordon equation for a relativistic free particle:

(22 +m2)φ = 0,22 = ∂µ∂µ (A.1.4)

The Klein-Gordon equation is quadratic on the time derivative because relativity puts the

space and time coordinates on an equal footing. Let us investigate whether an equation
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linear in derivatives could exist. Relativistic covariance and dimensional analysis restrict

its possible form to

(γµ∂µ +m)ψ(x) = 0 (A.1.5)

Notice that γµ should transform as a Lorentz four-vector. provided the coefficients γµ

satisfy the algebraic relation

{γµ, γν} = 2δµν (A.1.6)

which defines the so-called Dirac algebra. Obviously the components of the four-vector

γµ cannot simply be numbers. The three 2× 2 pauli matrices satisfy {σi, σj} = 2 δij . An

explicit representation is given by:

γ4 =

(
1 0

0 −1

)
, γi =

(
0 σi

−σi 0

)
(A.1.7)

where, (i = 1− 4)

Thus, the wave function ψ(x) is a column vector with four- components in the Dirac

space. The presence of the Pauli matrices strongly suggests that it contains two spin-1
2

components. A proper physical analysis of its solutions shows that the Dirac equation

describes simultaneously a fermion of spin-1
2

and its own antiparticle . It turns useful to

define the following combinations of gamma matrices:

γ5 = γ1γ2γ3γ4 (A.1.8)

Some important properties are:

{γµ, γ5} = 0

(γ5)
2 = 1

γ4γ5γ4 = −γ5

γ4γµγ4 = −γµ

(A.1.9)
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A.1.2 Lagrangian formalism

The Lagrangian formulation of a physical system provides a compact dynamical descrip-

tion and makes easier to discuss the underlying symmetries. Similarly to classical me-

chanics, the dynamics is encoded in the action

S =

∫
d4x£(φi, ∂µφi) (A.1.10)

The integration is over the four space-time coordinates to preserve relativistic invariance.

The Lagrangian density L is a Lorentz-invariant functional of the fields φi(x) and their

derivatives. The space integral L =
∫
d3x£ would correspond to the usual non-relativistic

Lagrangian. The principle of stationary action requires the variation δS of the action to

be zero under small fluctuations δφi of the fields. Assuming that the variations δφi are

differentiable and vanish outside some bounded region of space-time (which allows an

integration by parts), the condition δS = 0 determines the Euler-Lagrange equations of

motion for the fields:

∂£

∂φi
− ∂µ(

∂£

∂(∂µφi)
) = 0 (A.1.11)

One can easily find appropriate Lagrangians to generate the Klein-Gordon and Dirac

equations. The Lagrangian

£ = (∂µφ
∗)(∂µφ)−m2φ∗φ (A.1.12)

describes a complex scalar field without interactions. Both the field φ and its complex

conjugate φ∗ satisfy the Klein-Gordon equation. Thus, φ(x) describes a particle of mass

m without spin and its antiparticle. Particles which are their own antiparticles (i.e. with

no internal charges) have only one degree of freedom and are described through a real

scalar field. The appropriate Klein-Gordon Lagrangian is then

£ =
1

2
(∂µφ)2 − 1

2
m2φ2 (A.1.13)

The Dirac equation can be derived from the Lagrangian density

£D = −ψ̄(γµ∂µ +m)ψ (A.1.14)
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The adjoint spinor

ψ̄(x) = ψ+γ4 (A.1.15)

closes the Dirac indices. The matrix γ4 is included to guarantee the proper behaviour

under Lorentz transformations.

A.1.3 SU(N) Algebra

SU (N ) is the group of N ×N unitary matrices, UU+ = U+U = 1, with detU = 1. Any

SU (N ) matrix can be written in the form

U = expiT
aαa (A.1.16)

where a = 1, 2, 3, ...., N2− 1 with T a = τa

2
hermitian, traceless matrices. Their commuta-

tion relations

[T a, T b] = iεabcT
c (A.1.17)

define the SU (N ) algebra. The N × N matrices τa

2
generate the fundamental repre-

sentation of the SU (N ) algebra. The basis of generators τa

2
can be chosen so that the

structure constants εabc are real and totally antisymmetric. For N = 2, τa are the usual

Pauli matrices,

σ1 =

(
0 1

1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0

0 −1

)
(A.1.18)

which satisfy the commutation relation

[σi, σj] = 2iεijkσk (A.1.19)

Other useful properties are: {σi, σj} = 2δij and Tr(σiσj) = 2δij
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Appendices

B.1 γ - Matrices

The fundamental

{γµ, γν} = 2δµν (B.1.1)

may be used to prove the following results:

γµγν = 4δµν (B.1.2)

γµ/aγµ = −2/a (B.1.3)

γµ/a/b/c/aγµ = −2a.b (B.1.4)

γµ/a/b/cγµ = −2/c/b/a (B.1.5)

γµpµ = /p, γµpµ = γ.p (B.1.6)

B.2 Trace theorems

1.T r(1) = 4 (B.2.1)

2.T r(γ5) = 0 (B.2.2)
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3.T r(oddno.ofγ′s) = 0 (B.2.3)

4.T r(/a/b) = 4a.b (B.2.4)

5.T r(/a/b/c/d) = 4[(a.b)(c.d)− (a.c)(b.d) + (a.d)(b.c)] (B.2.5)

6.T r(γ5/a) = 0 (B.2.6)

7.T r(γ5/a/b) = 0 (B.2.7)
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