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Abstract

The electrochemical oxidation of the Activated Complex (AC) has shown very low
( 0.1) values of Anodic Transfer Coefficient (ATC) for conducting polymers such as
Polypyrrole and Polyaniline [2-5] a particular model potential barrier. In order to
explain the cause for such low values of ATC, Aoki used a specific potential hill to
estimate such low value for the ATC. He used Langevin dynamics to describe the
motion of the AC. In our present work, using the method of finding mean exit time,
we are able to get expressions of the ATC for three model potential hills where one of
the model we took is approximately that of Aoki’s potential hill. Depending on the
parameters of the model potentials, we have explored the conditions under which the
ATC value goes from 0.5 to as small as 0.1 or less. Eventhough, the method we used
to get the expression for the ATC is completely different from that used by Aoki, we
are able to get very low values of ATC under highly asymmetric conditions of the

model potential hills.
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Chapter 1

Introduction

In Chemistry an Activated Complex (AC) is a translational structure in a chemical
reaction which results from an effective collision between molecules and persists while
old bonds are breaking and new bonds are forming. It is therefore a range of molecular
geometries along the reaction coordinate.

In the AC theory, we consider two reactants approaching each other due to their
potential energy rises and reaches a maximum value when the AC is formed. This is
illustrated in Fig. 1.1. In this brief interval of bond breakage and bond formation,
the collision complex is in a translational state. When molecules collide, some of their
total kinetic energy is converted into potential energy within the colliding molecules.
If enough energy is converted, the old bonds become sufficiently distorted for the
colliding molecules to form an AC. New bonds can then begin to form.

According to the electrochemical reaction, there is usually a potential difference
between two electrodes determining a tendency for the reaction to occur either to the
product (oxidation) state or to the reactant (reduction) state. To quantify these com-
peting tendencies a term called transfer coefficient is introduced to describe whether
the reaction goes to forward or backward direction. This transfer coefficient divides
into two terms which are defined as Anodic Transfer Coefficient (ATC) and Cathodic
Transfer Coefficient (CTC). The ATC is defined by the probability for the AC to go
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Figure 1.1: A sketch of a typical reaction profile.

to the product (oxidation) state while the CTC is defined by the probability of the
AC to go to the reactant (reduction) state.

When there is no potential difference between the electrodes, one usually gets
the transfer coefficient to be approximately around 0.5 which corresponds to the
AC to have equal probability to go either to the reactant or product side. Such
situation corresponds to the case where the potential profile around the barrier top
to be symmetric. However, there are some chemical reactions where the value of the
transfer coefficient is either close to zero or to unity. Recently it was reported that the
electrochemical oxidation of electronically conducting polymers such as Polypyrrole
and Polyaniline showed values of the ATC close to 0.1 which is an extraordinarily
small in comparison to the conventional values close to 0.5 [2-5]. This corresponds to
the case where the potential profile describing the reaction to be highly asymmetric.

Using Langevin dynamics for the movement of the AC in an asymmetric activation



energy hill as shown in Fig. 1.2, Aoki [1] expressed the transfer coefficient in terms
of the thermal fluctuation of the conductance and the current density. The result he

got was consistent with the experimental results.

Figure 1.2: Potential profile for the electrode reaction of a conducting polymer from
the neutral (insulating) state to the doped (conducting) state along the reaction
coordinate.

The aim of this work is to find an alternative way of evaluating the ATC. We start
by representing the ATC as the ratio of the velocity of the AC to go to the forward
direction to that of the sum of the velocities for the AC to go to the forward and
backward directions. By placing the AC at the potential maximum of the activation
potential hill, we setup a method to determine the Mean Exit Times (MET) for the
AC to reach either the product or reactant states. This will then enable us to evaluate
the ATC. Taking particular models for the activation potential hills including the one
approximately similar to that of Fig. 1.2, we evaluate the ATC for different parameter

values of the model potential hills and explore the conditions under which its value
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goes from 0.5 to as small as 0.1 or less.

In short, we organize our work as follows. In Chapter 2, we introduce the kinetics
of electrode reaction for one-step, one-electron process and derive an expression for
the ATC using Butler-Volmer equation. In Chapter 3, we present our method of
finding the MET essential to determine ATC for the AC. In Chapter 4, we use three
particular model potentials to find the MET and then ATC. To do the calculation we
use the method presented in Chapter 3 for three model potentials. We give both the
analytical and numerical results for two of the three models but give numerical result
only for the second model potential barrier because it is not solvable analytically.

The last Chapter is devoted to summary and conclusions.



Chapter 2

Kinetics of Electrode Reaction

The main purpose of this chapter is to introduce the electrochemical kinetics. Let
us now we consider the one - electron oxidation of a p-doped conducting polymer:
R(insulator) «— O(conductor) + e~.

Here R is the neutral and electrically insulating species, and O is the doped and
electrically conducting species. The activated complex here is defined as an inter-
mediate state between R(insulator) and O(conductor). Once the oxidation proceeds
at the interface between the conducting and insulating zone, the oxidized species
is captured in the conducting zone, leading to the development of the front of the
conducting zone.

When the activated complex is at the top of the reaction potential profile, the
feasibility of the complex moving to the reactant side or the product side depends on
the external forces (f) acting on the complex. In order to evaluate the probability of

moving towards each side, our approach is to use Langevin equation: f = —V’'(z).

2.1 Essentials of Electrode Reactions

For an electrode reaction, equilibrium is characterized by the Nernst equation, which

links the electrode potential to the bulk concentrations of the participants. In the



general case:

Red = Oz +ne”. (2.1)

The above relation can be expressed like this,

RT C*
E— B+ S Ser), 2.2
nk' red

where C, and C*; are the bulk concentrations, and E" is the formal potential. Any
valid theory of electrode kinetics must predict this result for corresponding condi-
tions. We also require that the theory explain the observed dependence of current
on potential under various circumstances. Early studies of such systems showed that

the current is often related exponentially to the overpotential n, that is,
i=aet, (2.3)

or, as given by Tafel in 1905,
n = a + blogt. (2.4)

A successful model of electrode kinetics must explain the frequent validity of the
Eq. (2.4), which is known as the Tafel equation. Let us begin by considering the
reaction Eq. (2.1) has forward and backward paths as shown in Fig. 2.1. The
forward component proceeds at a rate, vy, that must be proportional to the surface
concentration of R. We express the concentration at distance x from the surface
and at time ¢ as Cyeq(, t); hence the surface concentration is C,.q(0,t). The forward
reaction rate to C,q(0,1) is the rate constant &y,

lq

Uf = k:fC’red(O,t) = —nFA,

(2.5)

since the forward reaction is an oxidation, there is an anodic current, 7,, proportional

to vy, likewise, we have for the backward reaction

b

vy = —kpCor(0, 1) = A

(2.6)



where i, is the cathodic component to the total current. Thus the net reaction rate
is
7

Unet = Uf + Up = kCred(0,1) — kyCor (0, 1) = nFA’

(2.7)

and we have overall
i =g +ic = nFA[krCrea(0,1) — kyCor(0,1)]. (2.8)

Note that heterogeneous reactions are described differently than homogeneous one.
Since the interface can respond only to its immediate surroundings, the concentrations
entering rate expressions are always surface concentrations, which may differ from

those of the bulk solution.

2.2 Butler-Volmer Model of Electrode Kinetics

Experience demonstrates that the potential of an electrode strongly affects the kinetics
of reaction occurring on its surface. In this section, we will develop a predictive model
based purely on classical concepts. Even though it has significant limitations, it is
very widely used in the electrochemical literature. Now we will see the one-step

electrode reaction.

2.2.1 One-step, One-Electron process

Let us now consider the simplest possible electrode process, where in species O and R
engage in a one-electron transfer at the interface without being involved in any other
chemical steps [6],

R=0+e". (2.9)

Charge transfer between reduced and oxidized state always proceeds via an ac-

tivated intermediate complex. The height of the potential barrier depends on the



electrode potential E. In the following pictures, the potential is shifted from the
equilibrium value to a more positive potential. Note: only the state corresponding to
the electrons in the metal is affected by the potential shift. An increase in E favors

the anodic direction (oxidation) and disfavors the cathodic direction (reduction).

Figure 2.1: Effects of a potential change on the standard free energies of activation
for oxidation and reduction through Anodic and Cathodic direction along reaction
coordinate.

For any type of electrode reaction in solution, the Arrhenius expression relates

the activation energy, AG*, with the rate constant, k:

k = Aexp[—AG*/RT], (2.10)



now, the trends of changing the potential FE are obvious:

* For larger £ and AG}, smaller then anionic reaction faster, in other words: at
larger electrode potential, electrons are more easily transferred from the solution to
the metal.

* For smaller £ and AG?, smaller then cathodic reaction faster, in other words:
at larger electrode potential, electrons are more easily transferred from the metal to
the solution. If the potential change by AE at E, the relative energy of the electrode
resident on the electrode charges by FAE = —F(E — E°), i.e., the O + e~ moves up
and down by that amount. From this AG?_ becomes less than AG*¥ by a fraction of
a total energy change as shown in Fig. 2.1. Let us call that fraction ar, where ar,
the transfer coefficient, can range from zero to unity, depending on the shape of the

intersection region. Thus, For anodic reaction (in one electrode compartment):
AGE = AG™ — arFn, (2.11)

a brief study of the figure as shown in Fig. 2.1, also reveals that at potential E
the cathodic reaction (in the same electrode compartment), AG% by (1 — ar)Fn;

therefore,

AGH = AGY + (1 — ar)Fn, (2.12)

now, let us assume that the rate constants k; and k, have an Arrhenius form that

can be expressed as

k; = Apexp[—~AGE /RT] (2.13)
and
ky = Apexp[—AG?_,/RTY, (2.14)

then, inserting the activation energies, Eq. (2.11) and Eq. (2.12), gives

ki = Arexp[—AG® /RT)explar ] (2.15)

10



and
ky = Ayexp[—AG™ /RT)exp[—(1 — ar)fn]. (2.16)

Here f = F/RT and n = E — E°. The first two factors in each of these expression
form a product that is independent of potential and equal to the rate constant at
E = E°.

Now consider the special case in which the interface is at equilibrium with a
solution in which C%* = C* ,, in this situation £ = E° and k;C%, = k,C_,, so that
k; = ky. Thus, E° is the potential where the forward and reverse constant have

the same value is called the standard rate constant, k°. The rate constants at other

potentials can then be expressed simply in terms of k:

Erea = KPexp[—(1 — ar) f1] (2.17)
and
kow = Klexplarfn], (2.18)

inserting these relations into Eq. (2.8) yields the complete current-potential charac-

teristics:

i = FAK®[Cop(0,)e°T M — Cypg(0,1)e =701 (2.19)

This relation is very important. It, or a variation derived from it, is used in the
treatment of almost every problem requiring an account of heterogeneous kinetics.
These results derived from them are known broadly as the Butler- Volmer formulation
of electrode kinetics [8].

However, in general, the derivation of the electrode potential E from the situation
of zero net current, i.e. at E°, under any experimental conditions is considered.
Hence, we have to use the Nernst equation to determine the equilibrium potential
E<? for a given composition in the bulk to establish the link between composition in

the bulk and equilibrium

RT, C*
E“=E"+ —In(=2%), (2.20)
F Cred

11



using this relation in Eq. (2.19) and recalling the definition of overpotential, n =
E — E° we can rewrite after some rearrangement the Butler-Volmer equation in a

different form, as a relation between current and overpotential:

Cred(oat) rfn CO$(07t) —(1—ar)fn
arfn _ 0T D7) o ) 2.21
C:ed ‘ C:z ’ ] ( )

Note that, we explicitly distinguish surface concentrations (Cred((),t)a Coz(0,)) from bulk

i = FAKOC o orar |

T ox

*

0> Co). Bulk concentrations (far away from the interface) deter-

concentrations (

mine the equilibrium conditions, surface concentrations, Creq/oz(04) (at the position of

*

ved o and no fluxes of species

the compact layer), are equal to bulk concentrations,
exist. At finite current, surface concentrations will generally be different from bulk
concentrations, due to mass transport from the bulk to surface.

In the particular case, when mass transport from the bulk to surface is fast enough
(rate of diffusion much larger than rate of reaction), we have C,cq0 = Cr.y and

T

Cox0) = Cp,. In this case, we can write the simplest form of the Butler-Volmer

equation (historically the first version),
i =i [eorIn — g~ (Imar)fn], (2.22)

Now, we have three different ways to write the Butler-Volmer equation. You will
find all the different forms used throughout electrochemical literature and Eq. (2.22)
is the least general form. It can only be used, when all sorts of mass transport limi-
tations can be neglected and the current-potential relation is only determined by the
kinetics of charge transfer. Whenever you see people using Eq. (2.22) in a situa-
tion with significant mass transport limitations, something is screwed. Moreover Eq.
(2.21) can be used for simple electrode structures, when the bulk concentrations are
controlled. Eq. (2.20) is the most general form, it explicitly displays all dependencies
on concentrations and electrode potential. All other quantities in it are constants.

The transfer coefficient (ar) is often termed symmetry factor because it deter-

mines the dependence of the current density on overpotential [9].

12



a) If ar = 0.5: The increase in the absolute value of 4, |i|, is equal for the oxidation
as well as for the reduction current(n = 0 and i = 0).
b) If ap > 0.5: |i] increases faster for oxidation than for reduction with the same ||

c) If ar < 0.5: |i| increases slower for oxidation than for reduction with the same |n)|.

2.2.2 Basic concepts about the Transfer Coefficient

The actual term "transfer coefficient” suggests that a fraction of the energy is ex-
changed by the entities involved in electron transfer processes. This idea is acceptable
in principle, but in practice the coefficient is often found to have the value of 1/2. It
is difficult to see why only half the energy is transferred during an electron transfer
in cases where the ions involved are of widely different nature. Attempts to explain
or interpret the transfer coefficient can be based on two methods [10].

In the first methods, it is assumed that in all cases the transfer coefficient is 1/2 in
the elementary process. If this ”theoretical” value is contradicted by experience, the
phenomenon under study cannot be an elementary electron transfer processes which
may be or many not obey Tafel’s law. Consequently, the value found experimentally
for @ must be that of a parameter in the equation governing the total phenomenon
under consideration. The final result is an electron transfer, but there is no a priori
reason why the overall process should obey Tafel’s law. In simple cases, such as
hydrogen overtension, we can assume that a number of intermediate stages terminate
in the final phenomenon. We can make hypothesis on the rates or importance of some
of these intermediate steps so as to obtain a law which accounts for the observed
results without contradicting Tafel’s law. This involves adopting values for ap which
are slightly less or more than the accepted ”theoretical” value of 1/2. This explanation

of observed overtension processes has been successful in many cases over a limited

13



but fairly wide range of overtensions.

A second method is to begin by establishing a theory of electron transfer reactions
from hypotheses which are not closely related to overtension as such. The theoretically
obtained relationships can then be used to show whether, and under what conditions,
the transfer coefficient is equal to 1/2.

The question of the meaning of the transfer coefficient can be put as follows. If
electron transfer phenomena occur in a given system, does the transfer process obey
laws which are known and widely confirmed in other branches of physics? If the
answer is yes, the transfer coefficient will be at least approximately equal to 1/2,
provided that the physical conditions under which the transfer occurs correspond to
the approximations which must be made in order to obtain Tafel’s law. If, after the
approximations have been made, the theoretical and experiment value of a7 is found
to be 1/2, it is because the development of the system (at least macroscopically) can
be fairly rigorously derived from general laws which were assumed when the theory
under consideration was developed. Therefore the problem of the meaning of ”ap”
has a mere solution. It is no more than a coefficient which is introduced by various
hypothesis and calculations made along the elaboration of the theory. It is so of the
same nature that numeric coefficients which appear in other numerous physical or
mathematical relations.

There is an alternative possibility. In the most general manner, it is assumed that
transfer overtension phenomena must obey Tafel’s law. If deviations from this law
are found, we assume that a complex reaction is occurring at the electrode and try
as far as possible to return to the investigation of elementary processes in the case of

a single reaction, in which the transfer coefficient will in fact be 1/2.

14



2.2.3 Derivation for Transfer Coefficient

The rate constants for oxidation, k.4, and reduction, k,,, which is found in Eq. (2.17)
and Eq. (2.18) respectively, are important to derive the transfer coefficient. Now let
us use these equations in order to get the anodic transfer coefficient as a function the
velocity through rate constants and the result is similar to [1]. Using Eq. (2.5) and

Eq. (2.6), we can write the forward and backward velocity in the form,
vy = eraAfn (223)

and
v, = —vpel®a (2.24)
where vy = Cregk® = O, k°.

But, for this case the overpotential (1) to be very small and have positive value,

the two equations, Eq. (2.23) and Eq. (2.24) can be approximately written like,

vy =vo(l+ aafn) (2.25)

and
Vp = —’U()(l + (aA — 1)f77) (226)

By rearranging terms one can write the Anodic Transfer Coefficient («4) in terms

of the forward (vy) and backward velocity (vp), which is

Vy — Vo
ay = ——. 2.27
A vr + vy ( )

In doing so, our a4 is in the range between zero and unity, thus Eq. (2.27) should

be written in the form of absolute value

_ sl = [wol

= . (2.28)
gl + [vs]

oA
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Noting that, the AC is situated at the top of the reaction coordinate either to go to
forward or backward, its absolute value of the exchange current is zero based on that

the mean value of |vy| also zero, thus Eq. (2.28)

v
oy = ———. 2.29
A= o+ o) (2.29)

We would like to mention that Aoki [1] used exactly the same equation as Eq. (2.29)
to define ATC (ay4).

2.2.4 The Tafel equation

In the case of a large anodic current density (¢) the current as a function of overpo-

tential (1) can be written:

F
Ini = Inig + O‘f}gT n (2.30)
solving for n gives:
2.3RT 2.3RT
= — logi logi 2.31
1 ank ogto + ankF o9t (2:31)
this corresponds to an early empirical equation by Tafel in (1905):
n=a+bxlogt, (2.32)

)]

where "n” is the overpotential, ”¢” the current density while ”a” and ”b” are char-
acteristic constants of the electrode system. A plot of electrode potential versus the
logarithm of current density is called the ”Tafel plot” and the resulting straight line
the ”Tafel line”. 7b” is the ”Tafel slope” that provides information about the mech-
anism of the reaction, and ”"a” provides information about the rate constant of the

reaction. Rigorously, the equation should be written as:
n=a+bxlogli, (2.33)

using the absolute value of the current density and the 4+ sign for anodic and ca-
thodic overpotentials, respectively. Also, the equation holds only for relatively high

overpotentials, approximately 0.1 volt or higher.
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Chapter 3

Dynamics of an activated complex
in an asymmetric potential profile

In the previous Chapter, starting from the basic mechanism of electrode reaction, we
derived a simple relation of getting the ATC from the mean forward and backward
velocities of the AC. In the present Chapter, we consider the AC as a Browinian
particle moving in a potential hill assisted by the thermal kicks and derive relations
how to get the Mean Exit Time (MET) for the particle to reach at any one of the
end points. The MET will then enable us to find the mean velocities and hence, the

expression for the ATC in terms of the potential profile.

3.1 The activated complex in asymmetric poten-
tial

Consider a double well potential with the AC placed at the top of the potential hill
as shown in Fig. 3.1. The reaction could either go forward and end up in state b or
backward and end up in state a. These two end points, a and b, are stable states

signifying the reactant and product states, respectively.

17



Figure 3.1: Potential profile for the activated complex along a reaction coordinate.

Considering the AC as a Brownian particle, the Langevin equation governing its

motion is given by

& d
m—s = == = V'(x) + 2k T7E (D), (3.1)

where x describes the position of the AC at a time ¢, m is the mass of the AC, v
is the damping (friction) coefficient due to the medium in which the AC is moving,
kp is the Boltzmann’s constant, 7" is the absolute temperature, V'(z) is an external
force derivable from possible potential V' (z) and the prime denotes differentiation

with respect to z, {(¢) is the Gaussian white noise which is satisfying
< &(t) >=0, (3.2)

and
<EMER) >=0(t—1). (3.3)

We consider the AC to be moving under heavy damping (v very large). Thus the

18



above equation reduces to

-1 2kgT
de = —V'(x)dt + b

- AW (), (3.4)

where dW (t) = £(t)dt. The Fokker-Planck Equation (FPE) corresponding to this

Langevin equation is

Oup(z, t) = %ax[v%x)p(x,m n #aﬂp(m,m, (3.5)

where p(x,t) is the probability density of finding the AC at position z at time ¢ and
v is taken to be the same through out the medium. For a Langevin equation of the

form

de = A(z)dt + B(z)dW (1), (3.6)
where A(z) = —@ and B(z) = @ The forward FPE is given by
Oip(x,t) = —0:[A(2)p(x, t)] + 07 [B(x)p(x, 1)), (3.7)
while the backward FPE is given by
Oip(x,t) = A(2)0:[p(x, )] + %B(x)ai[p(%t)]' (3.8)

We begin by calculating the MET taken by the AC to move from the top of
the reaction coordinate to go to either the product (oxidation) state or reactant

(reduction) state, depending up on the various forces acting on the AC.

3.2 Calculation of mean exit time and anodic trans-

fer coeflicient

In this section, we will derive the expression for probability of the MET through a
particular end of the interval, MET and mean velocity through both sides and the
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transfer coefficient i.e. Anodic Transfer Coefficient (ATC). The AC whose dynamics
is governed by the FPE, Eq. (3.5), remains in a certain region of z. The solution of

these problem can be achieved by using the backward FPE.

3.2.1 Probability of exit time through a particular end of the
interval

What is the probability that a particle, initially at = which is located in the interval
(a,b), exits through a, and what is its mean exit time? The total probability that the
particle exits through a after time ¢ is given by the time integral of the probability
current at a [8]. We thus define this probability by

ga(x, 1) :—/ dtlJ(a,t'|x,0)
¢

=— /OO dt' {—A(a)p(a,t'|z,0) + %(%[B(a)p(a,t/\x, 0)]}. (3.9)

t
(The negative sign is chosen since we need the current pointing to the left). Similarly,

the total probability that the particle exits through b after time ¢ is given by

av(z, 1) :/ dt' J(b,t'],0)
t

= /OO dt {—A(b)p(b,t |z, 0) + %8;,[B(b)p(b, t'|z,0)]}. (3.10)

t

The probability that ( given that it exits through a ) it exits after a time ¢ is,

ga(,1)
9a(2,0)

We now find an equation for g,(z,t). We use the fact that P(a,t|z,0) satisfies a
back ward FPE. Noting that

Prob(T, > t) = Gu(x,t) =

(3.11)

A(2)0pgq(z,t) = — /00 dt {A(x)0,J (a,t'|z,0)} (3.12)

t
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and
B(x)
2

while adding these two equations, we get

B(x) ,

Ponlat) = — [l (3 .t ), (313)
t

’

A(x)@xga(x,t)—i—@agga(x,t) =— /00 dt' {A(x)d,J (a, tl]x,())+B(x) 02J(a,t |x,0)}.

‘ 2
(3.14)
Thus, J(a,t |x,0) satisfies the backward FPE, so that we get
B > ! ’
A(x)0rga(x, t) + %(‘ﬁga(x, t)=— / dt 0y J(a,t |z,0)
t
=J(a,t|z,0)
=0iga(T,1). (3.15)

Note that for the AC, A(x) = —@ and B(x) = @
Let G,(z,t) be the probability that the particle has exited the interval through a
any time after ¢ and P,(¢)dt be the probability that has exited through a between ¢

and t + dt, i.e.,

Pu(t)dt =Go(w,t) — Gaolz,t + dt),

0G4 (1)
=— —". 3.16
Y (3.16)
Hence, the Mean Exit Time (MET) defined by
o0 o0 t
<t >:/ tP,(x,t)dt = —/ tht,
0 0 ot
= Gz, t)dt (3.17)
0
Similarly, the MET through a, T'(a, x), is
T(a,z) = —/ t0,Gy(z, t)dt = / Gz, t)dt (3.18)
0 0
and
T(a,x)g.(z,0) = / ga(x, t)dt, (3.19)
0
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since the system is time homogenous( for s = —t), therefore Eq. (3.11) can be

rewritten as

9a(z, 5)
Golx,s) = . 3.20
(z,5) 0(z.0) (3.20)
Similarly integrating Eq. (3.15) with respect to ¢, we get
B(z)
A(2)0. [T (a, z),(z)] + TQC[T((L, o), (z)] = =1 (), (3.21)

where we define I1,(x)=g,(z,0) (probability of exit time through a). The boundary
condition for Eq. (3.21) follows from those for the backward FPE, namely,

II,(a)T(a,a) = 11,(b)T(a,b) = 0. (3.22)

It is clear that, T'(a, a) is zero (the time to reach a from a is zero) and I1,(b) is zero
( the probability of exiting through a, starting from b, is zero). By letting t — 0 in
Eq. (3.15), we see that J(a,0|z,0) must vanish if a # z, since p(a,0|z,0) = §(x — a).
Hence, the right hand side of Eq. (3.15) tends to zero and we get,

B(z)

A(x)0,11,(x) + 5 O, (r) =0, (3.23)
the boundary conditions this time is,
11, =1,
(a) (3.24)
Ha(b) =Y,

solving Eq. (3.21) and using this boundary condition, we obtain
fb dy_

z P(y)
f” dy '

a P(y)

where ¢(x) is an integrating factor which is defined by

I, (z) = (3.25)

wlz) = eonf | da' AR/ B ) (3.26)
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In a similar way to find T'(b,z) and II,(x), we start from the probability that exits
through b after time t¢:

Prob(Ty > t) = Gy(,t) = g:((ié)) (3.27)

lets define Prob(T, > t) = Gy(z,t) and the equation for gy(z,t) comes from the
P(b,t|x,0) which satisfies the back ward FPE, thus

A(I)axgb(mvt) + @ngb(xat) = J(b’ t|$, O) = atgb(wat)' (328)

Therefore, the MET through b, T'(b,0), is given by

T@@:—Am@%mﬁﬁzlm&@ﬁﬁ, (3.29)

and
T&@Mam:/‘%@ww (3.30)
0
Similarly integrating Eq. (3.28) with respect to ¢, we get

B(x)
2

A(2)3, [T (b, 2) Ty ()] + oL O[T (b, )Ty (x)] = —IIy(x), (3.31)

where II,(x) = gy(z,0) (probability of exits through b). The boundary conditions for
Eq. (3.28) follows from those for the back ward FPE namely,

11, (b)T'(b, b) = I1,(a)T(b, a). (3.32)

Note that, T'(b, b) is zero (the time to reach from b to b is zero) and I,(a) is zero
(the probability of exiting through b, starting from a is zero). By letting ¢ — 0 in
Eq. (3.28), we see that J(b,0|x,0) must vanish if b # z, since P(b,0|z,0) = 0(b — x).
Hence, the right hand side tends to zero and we get

B(x)
2

A(2)0, 1Ty (x) + O21,(z) = 0, (3.33)
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the boundary conditions for Eq. (3.33) is,

I, (b) =1,
o(0) (3.34)
Hb(a) = O,
then by integrating Eq. (3.33) and using this boundary condition, it becomes
o
a ¥(y)

3.2.2 Calculation of mean velocity and transfer coefficient

The mean velocity expressed in terms of the MET through a or b and the distance
of the AC moves from the top of the reaction coordinate to go either to the forward
(oxidation) state or to the backward (reduction) state. Thus, the mean velocity,

0(—x), the AC has as it exit through a is given by

_ a
U(—.T) - ’T(CL, IE) 9 (336)
similarly the mean velocity, v(x), of the AC to exit through b is given by
o(z) = ‘ ’ ‘ (3.37)
o(x) = Too) :

Now we are going to find the expression for T'(a,x) and T'(b, z). We start from Eq.
(3.21) and Eq. (3.31). Let us define that Y (z) = T'(a, z)II,(x), thus Eq. (3.21) can

be rewritten as
?Y  2A(z)dY  2l,(x)

@ T B dr | B(x) (3:38)
multiplying both sides by an integrating factor which is defined in Eq. (3.26) we get
d dY (z) 21T, (z) ()

%(w(ﬁ) du ) = _Wv (3.39)

Again we define M(z) = ¢(z)%X. Then we integrate once Eq. (3.39), with the limit

of integration from a to x which is

wc@, (3.40)



where M(a) = 9& at © = a. We know the mean value of Eq. (3.6) is < dz >=

VT(I)dt, thus M (a) becomes,

v
M(a) = ——— 3.41
(@) =~y (3.41)
finally, after some mathematical steps, Eq. (3.40) can be written as
Y ody /JC dy /y o (2)9(2)
Y(z)=M -2 dz. (3.42)
e AT R AR AT

Therefore, from the above equatlon, we obtain the MET through a, T'(a,0), is

(M(a) 7 55 =2 )1 55 o 552
T(a,z) = ) - (x> . (3.43)
Similarly we can get the MET through b using the same method. To do that,

First we should start from Eq. (3.31) and lets define Z(z) = T'(b,x)II(z). In all

cases the variables x,y and z are dummy variables. Thus the solution to Eq. (3.31)

can be written as

N dy [y PTEE)
“lo) = [N(b) ) zw(y)/y B(2) d}’ (3.44)

finally the expression for MET through b, T'(b,0), is
NO) [} gt +2 ) it S,

P(v)
T, x)=— , 3.45
(b,) e (3.45)
where N(b) = V,( 7 From the above expressions, we can also get the ATC, a4, this
is derived in Chapter 2 and Eq. (2.29) can be rewritten as,
u(x)
=, 3.46
o o(x) + 0(—x) (3.46)
by substituting Eqgs. (3.35) and (3.36) in Eq. (3.46), we get
1
ap = s (347)
aT(b,x)
1+ bT(a,z)

for the case of model barrier potentials. When the AC is situated at the origin, the
ATC (a4) becomes
(3.48)

)y = ——.
4 aT(b,0)

L+ T (a,0)
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Chapter 4

Determination of the mean exit
time and anodic transfer coefficient
for model potentials

In the previous Chapter, we presented a method for the determination of the MET
for a general potential hill. In this Chapter, we will explicitly derive the expression
for MET and then ATC for three particular model potential hills. The AC is initially
situated at the top of the reaction coordinate. The three model potential profiles are
illustrated below in Figs. 4.1, 4.2 and 4.3. While the AC is free to diffuse along the
potential profile, it may go either to the forward (oxidation) or backward (reduction)

state.
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Figure 4.1: Plot of two linearly connected potential hill with the activated complex
placed at the top of the reaction coordinate.

Figure 4.2: Plot of an inverted parabolic potential hill with the activated complex
placed at the top of the reaction coordinate.
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Figure 4.3: Plot of three linearly connected potential hill with the activated complex
placed at the top of the reaction coordinate.

Now we will define the equation describing the model potential hills. The first
model potential (fmp) profile of Fig. 4.1 is described by

Up(—2 +1) ifa<z<0,
Vi(z) = o(=2+1) == (4.1)
U(—=3+1) if0<z<b.
The second model potential (smp) profile of Fig. 4.2 is denoted by
U(—ﬁ—i-l) ifa<zx<0
Vo) =4 ° o (4.2)
Lastly, the third model potential (tmp) profile of Fig. 4.3 is presented by
Up(—2 +1) ifa<z<0,
Vs(z) =S Up(—=2e +1) if0<z<c, (4.3)
Upar(2=2) ife<z<b.

Thus, by using these model potentials of Eq. (4.1), Eq. (4.2) and Eq. (4.3), we
can calculate the MET and ATC corresponding to each model potential.
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4.1 Mean exit time from z =0 to £ = a and from

x =0 to x = b for first model potential

The AC is considered to be initially placed at x = 0. Therefore to find the MET
through a, T'(a,0) using Eq. (3.43) and then start the derivation of T'(a,0) for fmp
as shown in Fig. 4.1, to be

0 0 z
Mi(a) [} g =2 [} gl [2 PG

T(a,0) = a Pi(y) O 7 (4.4)
where My(a) = £z, k = 5—10) and D = % and 1 (x) can be written as
ba(z) = () =te™ ifa<a<0, 45
1) = - .
1/112(96)=§<2kT if0<xz<b,

where d = ¢*. By applying this equation to II,(x) which is found in Eq. (3.25) is,

fx 7/)11 fO wlz(x

II,(z) = 4.6
R .
then substituting Eq. (4.5) in Eq. (4.6), Eq. (4.6) becomes
ka —k
I, (z) = all (ae_ b))(:__btk) 1)‘ (4.7)
Taking z = 0 in Eq. (4.7) will be
I1,(0) = b (4.8)
b—a

Finally substituting Eqgs. (4.7) and (4.8) to Eq. (4.4), we get the expression for the
MET through a, T'(a,0), as

a? 2b — a ek —1 2a 1 a [eF —eF
rao =g |- (50) (5) -5 () i (=) )
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similarly to find the MET through b, T'(b,0), lets start from Eq. (3.45) which can be

rewritten as

Ni(b) [y 5 + & [y 525 [0 T (2)n (2)d2
1(y) D Jo Y1y
I'b,0) = — 4.10

where N;(b) = 2. On the other hand Eq. (3.35) for this model can be written as

Hb(x):fa M*“ f“ . (4.11)

Jo e+ Iy 5

Substituting Eq. (4.5) in Eq. (4.11), we obtain
a(l —e ®) +b(—1+ e%m)

II = 4.12

() (a—b)(1—eF) (4.12)
Fixing at = 0, one can rewrites Eq. (4.12) as
a

I1,(0) = — (4.13)

Using the expression Egs. (4.12) and (4.13) in Eq. (4.10), we find that the expression
for the MET through b, T'(b,0), as
b? 2a — b ek —1 2b 1 b (el —eF
T(b,0 Sy (S LAY (i BT
(6,0) = Dk[ < a )( k > a(l—e—k)+ak<1—e—k)+}
(4.14)
Note that, using Eqgs. (4.9) and (4.14) can also find the ATC for the AC in this

model potential profile.

4.2 Mean exit time from z = 0 to £ = a and from

x =0 to xr = b for second model potential

Consider the situation as shown in Fig. 4.2 and thus the MET though a, T'(a,0), can
be obtained from Eq. (3.43) which is rewritten as

MQ(CL) aO dy 0 dy y g ( z)fz
T(a,0) = o 560 1T ((;p)g ke ; (4.15)
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where My(a) = 5. The integrating factor for smp, (), is written as,

=
8
M)

Por(z) = tea? ifa<z <0,
paly = { P T (4.16)
Vgg(z) = gev” f0<z<Dh.
From the above equation, the expression for Eq. (3.25) one can attain
L+ fy
T, (z) = Wl 0 W?(I (4.17)
‘fa 1!’21 fo ¢22($
At x =0, we can write Eq. (4.17) in a simple form:
j’b d:p
11,(0) = 0 v (4.18)

f“ 1/121 fo wzz

The above expressions cannot be solved analytically. Instead we use numerical
method to evaluate the integral. Thus by plugging Eq. (4.17) and Eq. (4.18) to
Eq. (4.15), we can get the value for MET through a, 7'(a,0). Similarly the value
of MET through b, T'(b,0) also cannot be solved analytically, therefore we use the

numerical method and Eq. (3.45) at x = 0 can be rewritten as

Nalb) fy 5t + b 2 o Tl
2(y) D Jo 4a(y
T(b,0) = — , 4.19
(b,0) ,(0) (4.19)
where Ny = . The expression of Eq. (3.35) for smp can be rewritten as
I + Iy
I, (z) = Ww 0 Gl (4.20)
f“ 11121 fo 11122
Fixing x = 0, we get
fo dz’
I1,(0) = @ V(@) (4.21)

fa 1/’21 fo a2

Finally by plugging Egs. (4.20) and (4.21) in Eq. (4.19), we obtain the MET that
exits through b numerically. Using Eqgs. (4.15)and (4.19), we can also find the ATC
for the smp.
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4.3 Mean exit time from z = 0 to £ = a and from

x =0 to x = b for third model potential

Now let use consider the potential profile as shown in Fig. 4.3. Then the expression

for MET through a, T'(a,0) which is found in Eq. (3.43) can be expressed as

M3((l> aO dy 0 dy y I, z)fg
T(a,0) = Paly) = (01/;3 ) f B(z) : (4.22)

where Mj(a) = £ and B(z) = 2D.

The expression for ¥3(x) can be written as

¢31=$e%w ifa<z<O0,
Y3(z) = V2 = éek(lza)x ifo<z<ec, (4.23)
kax
Vg3 = —eb—e  ife<az<b.
db—c

From the above equation, Eq. (3.25) can be rewritten as

X +Jo
M,(z) = = wm 0 G (4.24)
fa TZ’31 + fo TZ’
Then, we substitute Eq. (4.23) in Eq. (4.24) becomes
B +a(l—e™
M ()= 2Fel=zce) (4.25)
A
Fixing z = 0, we get
B/
I, (0) = = 4.26
0="> (1.26)
where A" = a(l1 —e™*)+ B  and B' = & (=1 + e~ F(172)) 4 %(1 — ko).

Finally substituting Eqs. (4.25) and (4.26) in Eq. (4.22), we find that the expression
for the MET through a, T'(a,0), to be

a? [A /(e —1 e —1 a ek — ek
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Similarly to find the MET through b, T'(b,0), which is found in Eq. (3.45) at z =0

can be rewritten as

Ny(b) fy 755 + 5 Jo 5o [ Thy(2)¢bs(2)d=

T(b,0) = — , 4.8
(b,0) ,(0) (4.28)
where N3(b) = %-¢ and by substitution Eq. (4.23) in Eq. (4.28), it becomes
N3(b) ocw +f qp %[ ocw f I (2)1s2(2)dz + T
T(b,0) = — ol 22 . (4.29
.0 i (429
where Tb = [ -2 Tonla) f T13(2) 33 (2 dZ—i‘f ws f 2 (2)133(2)d2
We define TT}(2), T13(z) and II3(z) in this way
INohe)
1 _ a 1!)31 0 1/1
p(2) = [ r— f” m (4.30)
a ¥31(y) 0 ¥32(y) c ¥33(y)
and o
+ s+
I(z) = Je 3 Wy Jo . ”’32 Je ”’33 (4.31)

0
fa 11131 +f0 ¢52(y) T fC T/Jss
But I1?(z) = II}(z). Then by plugging Eq. (4.23) in Eq. (4.29). We found that
b b

]_ C —kz(l—a)
H2) = — —e® — e =1 4.32
() = o fall =) + o ) (4.32)
and
() = (=) = 5 |a(l — ) + —— (™= 1) 4 2G5 oo
b Z) = b Z) = 7 |a e 1— o O_/ek
(4.33)
Finally we get the expression of MET through b, T'(b,0), is
A b—c c b—c
Tb,0)= —————3TB k_egmak F_1) . (4.34
00 = g { T8+ ot | (e = e+ (0 - 0]} sy

Where the expression for T'B is given in Appendix A Eq. (A.1). Thus using Egs.
(4.27) and (4.34), we can find the ATC for the AC.

33



4.4 Result and Discussion

In this section, the expression for the MET through a, T'(a,0), the MET through b,
T(b,0), and the ATC are written in terms of a, b, Uy, o and T. By plugging the
values to the expression for the MET and ATC, we can easily obtain the results for
the MET and ATC. To do this, we will fix @ and vary one of the values of either Uy, b
and a. Thus, by imposing the expressions of MET to ATC, we will obtain the values
of ATC ranging from 0.5 up to an extraordinarily small value of 0.1 and these results
will be discussed for the MET and ATC both numerically and analytically under a
particular model potential profiles. Moreover the numerical results have some error
but the errors come from machine errors so we didn’t consider it for our results. For

all model potential profiles, the given temperature is room temperature (7' = 300K).

4.4.1 Analytical and Numerical results for first model poten-
tial

In the fmp, we find the MET through a, T'(a,0) and b, T'(b,0), we get both the
analytical and numerical results which are almost equal and the ATC can be found
from the MET result. Moreover the MET through a become smaller and smaller while
we changed the b value but we fixed the value of a, the decrease in MET comes from
asymmetric in barrier potential. We now study the effect analytically and numerically
and we plotted T'(a,0), as a function of b for various values of the barrier height U,.
The plots of T'(a, 0) versus b both analytically and numerically are shown in Figs. 4.4
and 4.5, respectively, for a = —1, Uy = 1kgT, 2kgT and 4kgT.
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Figure 4.4: Plot of T'(a,0) versus b analytically for some Uy(Ul= 1kgT, U2= 2kpT
and U3= 4kpT).

U3

T(a,0)

12 4

-14

Figure 4.5: Plot of T'(a,0) versus b numerically for some Uy(Ul= 1kgT, U2= 2kgT
and U3= 4kgT).

The MET through b increases as we vary the b value for fixed value of a. This is due
to highly asymmetric in the barrier potential. We now study the effect analytically
and numerically and plotted 7(b, 0), as a function of b for various values of the barrier
height Uy. The plots of T'(a,0) versus b both analytically and numerically are shown
in Figs. 4.6 and 4.7, respectively, for a = —1, Uy = 1kgT, 2kgT and 4kgT.
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Figure 4.6: Plot of T'(b,0) versus b analytically for some Uy(Ul= 1kgT, U2= 2kgT
and U3= 4kpT).
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Figure 4.7: Plot of T'(b,0) versus b numerically for some Uy(Ul= 1kgT, U2= 2kgT
and U3= 4kgT).

We begin from the symmetric potential profile with (|a| = [b]), i.e. initially we
have the same MET through a and b, during this time the ATC becomes similar
with the conventional value of (g = 0.5) and it then decreases until it reaches to
an extraordinarily value of (a4 = 0.1). The plots of a4 versus b both analytically
and numerically are shown in Figs. 4.8 and 4.9 below respectively for a = —1,

U() = Ll{ZBT, 2]€BT and 4k)BT
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Figure 4.8: Plot of anodic transfer coefficient versus b analytically for some
Uop=1kgT,2kgT and 4kgT but the graphs overlapped on each other.

The plots of Figs. 4.4 and 4.5, show us that T'(a,0) keep decreasing but 7'(b,0)
increases as we increase the value of b. Similarly as we increase the barrier height
Up, both T'(a,0) and T'(b,0), become increase. The increment in barrier height to a
very large values has nothing to do with ATC as shown in Fig. 4.8 and Fig. 4.9.
Moreover, from the plot of ATC versus b, we find that, the ATC takes a maximum

value at a4 = 0.5 and then decreases as we increase the b value.
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Figure 4.9: Plot of anodic transfer coefficient versus b numerically for some Uy =
1kgT,2kgT and 4kgT but the graphs overlapped on each other.

4.4.2 Numerical results for second model potential

For smp model profile, we can not calculate analytically the MET that exits through
a and b. Rather we calculate it using numerical method and we get some results.
Using this result we can get the ATC. Overall we get similar results with the FMP.

Now we will study the effect of numerical results. We plotted T'(a,0),T(b,0) and
a4 as a function of b for various values of b and U,. We begin from the symmetric
potential at (Ja| = |b]), i.e. initially we have the same MET that exits through a and
b. Thus, for the ATC, we get similar result to the fmp. The plot of T'(a,0) versus b,
T'(b,0) versus b and a4 versus b are shown in Figs. 4.10, 4.11 and 4.12, respectively,

for a = —1, Uy = 1kgT, 2kgT and 4kgT.
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Figure 4.10: Plot of T'(a,0) versus b for some Uy(Ul= 1kgT, U2= 2kpT and U3=
AkpT).

The plots for smp show similar property with that of fmp as we increase the b
value. Moreover, T'(a,0) and a4 show decreasing but T'(b,0) shows increasing as we
increase the value of b. Similarly the increment in barrier height potential has nothing
to do with the result of ATC, this is shown in Fig. 4.12 and the ATC starts from the
value of (awy = 0.5) i.e.( a conventional value for simple electrochemical reaction), up

to very small value of (ayq =~ 0.1).

4.4.3 Analytical result for third model potential

The tmp barrier potential model, as shown in Fig. 4.3, shows similar profile with
that of the real model as shown in Fig. 1.2. Therefore, for this model we can verify
that the MET through a (7'(a,0)) and b (7(b,0)) as well as ATC can be obtained
analytically. To do this, lets find their slopes from Fig. 4.3, which is obtained in Eq.
(4.3). Thus, the three slopes s1, s; and s3 are defined by

31:—% ifa<z<0,
S=14q s,= Uo(i_l) ifo<z<c, (4.35)
33:392 ife<az<b,
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Figure 4.11: Plot of T'(b,0) versus b for some Uy(Ul= 1kpT, U2= 2kgT and U3=
AkpT).

where « is a constant value ranges from 0.75 up to 0.95 therefore, to obtain appropriate

results for T'(a,0), T'(b,0) and ATC, the slopes should be arranged as,
2] < s3] < [s1]. (4.36)

Applying the above condition, we plotted the ATC (a4) versus a for a = —1.0,
b=2.0,c=0.25and Uy = 15kgT.

This graph is similar to the previous model graphs. Thus, the ATC becomes small
while we increase the value of o and it starts decreasing from the value of 0.35 and
reaches less than 0.1 value. But the small value we have got for ATC is similar to [1],
in which the small value comes from the asymmetry of the tmp profile. The reason
we took for barrier height Uy = 15kgT is most of the time experiments taking above

Uy = 10kgT to conduct the experiment of electrochemical reaction.
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Figure 4.12: Plot of anodic transfer coefficient versus b for Uy = 1kgT,2kgT and
4kpT but the graphs overlapped on each other.

Figure 4.13: Plot of anodic transfer coefficient versus a for Uy = 15kgT.
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Chapter 5

Summary and Conclusion

We considered three model potential hills and find expressions for their ATC. The AC
is initially located at the barrier top of the reaction coordinate and allowed to move
either forward or backward under the thermal kick, it gets from the background. Since
the diffusion of the AC is dependent on the potential profile. It arrives at either the
reactant or the product side with different values of MET under asymmetric barrier
potential. Based on this, we find that for model potential barrier, the MET through
a and b as well as the ATC. Thus we have explored the asymmetric potential profile
which gives the values of the ATC ranging from 0.5 to as low as 0.1, this can be done
by varying both the reaction coordinate points and the barrier heights. In general, the
transfer coefficient often termed as symmetry factor through model barrier potentials
and its value is very essential for various electrochemical reaction.

In conclusion, we believe that our work has, for the first time, quantitatively
explored the quantities that determine the magnitude of the ATC through MET
method. Therefore, our methods of getting the ATC is different from that used by
Aoki [1]. As such, it would be interesting to compare Aoki’s result with that found

using our methods. This part is yet to be investigated.
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Appendix A

Appendix
In this Appendix, we give explicitly the expression for the constants of MET through

b, T'(b,0) for tmp, which is found in Eq.(4.34). The constant T'B can be rewritten as

TB=TB1+TB2+ TB3, (A1)

where T'B1,T' B2 and T'B3 is given by

TBL= A’k(f— o) [1 Ry (T ) el = ( : +( 5;— 3
ri2= O e PSS (-0 ) am o] s
and
TB3 = ([;;1,22 {—A' (1 41 ;;ak> + ba_ekc (1 + ek 4 2(1;7;%))} . (A4)
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