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INTRODUCTION 

The first major step in a structure theory for non commutative Noetherian ring is Goldie' s theorem. But 

this seminar report explores some consequences and extensions of Goldie' s theorem. The first chapter 

of this report includes definitions and facts that are already familiar and are useful to understand new 

concepts which are discussed in this material. 

The second chapter of the material contains four sections. Section 2.1 deals on the phenomenon and 

connections of different rings that have the same right quotient rings with earlier results. section 2.2 

focus on minimal prime ideals. Here it is shown that a semiprime right Goldie ring R is equivalent to a 

direct sum of prime righ t Goldie rings, namely t$lR/P! , where the PI are the minimal prime ideals and 

each prime right Goldie ring is equiva lent to a matrix ring over right ore domain. 

The connections between right ideals of R and of Q where Q is a right quotient ring of R, with special 

interest in uniform and essential ideals, and the concept 'essential right ideals are generated by regular 

elements' are discussed in section 2.3. Finally in theorem 2.3.1 of section 2.3 it was shown that the 

endomorphism ring of a uniform right ideal of R is a right ore domain. This resu lt will now be extended 

to describe endomorphism rings of all right ideals and ce rta in modules, in sect ion 2.4. 
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NOTATIONS 

In this seminar report, if N is the submodute of an R·module M the notation N <l M is used. If N is an 

essential submodule of M we write N .cleM. Analogously if I is an ideal of a ring R we use the notation 

I <l R, in particular if I is a right ideal of R and I is an essential idea l of R we write I <I,R and I <le R 

respectively. 
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Structure of semiprime Go/die rings 

CHAPTER ONE 

PRELIMINARIES 

The objective of this chapter is to remind concepts such as Noetherian and Artinian modules 

and rings, semiprime rings, Goldie rings, essential submodules (essential ideals), ... and so on, 

which are use ful to understand the new concepts in the rest chapter of this material. 

1 

Definition : let R be a ring, and M be an abelian group. Then M is ca lled a left R-module if there 

exists a scalar multiplication J.t : R x M ---. M denoted by J.t( r, m) = rm, for all r E R and all 

mE M, such that for all r, rl, r2 E R and all m, ml, m2 EM, 

(i) r(ml+m2) = rm l+rm2 

(ii) (r l+r2)m = f lm+r2m 

(iii) rl (r2m) = (rI r2)m 

(iv) 1m = m 

The fact that the abelian group M is a left right R-module will be denoted by 

M = RM, M = MR respectively . 

Example: let M be the set of m x n matrices over a ring R. Then M is a module over R, because 

M is an additive abel ian group under the usual addition of matrices and the usual sca lar 

multiplication (raij ) of the matrix (aij) E M by the element r E R satisfies the above four 

conditions fOf a module. 

Definition: A non-empty subset N of an R-module M is ca lled an R-submodule (or simply 

submodule)of M if 

(i) a- bEN for all a, b EN 

(ii) ra E N for all a E N, r E R . 

M and 0 are R-submodules, ca lled trivial submodules. 

Example : If M is an R module and x E M, then the set Rx = { rx IrE R ) is an R-submodule of M , 

for 
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Structure of semiprime Goldie rings 

Definition : let M be a left R-module 

(i) The modu le M is said to be Noetherian if every ascending chain M I ~ M2 ~ ... of 

submodules of M must te rminate after a finite number of steps. 

(ii) The module M is said to be Aninian if every descending chain M l;;2 M 2;;;2 •.• of 

submodules of M must terminate after a finite number of steps. 

There is a correspond ing definit ion for rings 

Definition : let R be any ring 

(i) The ring R is said to be left Noetherian if the module fiR is Noetherian 

(ii) The ring R is sa id to be left Artinian if the module Rfl is Artinian 

2 

(iii) If R satisfies the condition for both right and left ideals, then it is simply sa id 

to be Noetherian or Artinian. 

Example : 1. Because t he ring of integers is a principa l ideal ring, any ascending chain of ideals 

of Z is of the form (n) c (nl) C (n2 ) C ... where n, nl, n2, ... are in 71.. Because (nl) ~ (ni+t ) implies 

ni_t / ni , any ascending chain of ideals in Z starting with n can have at most n distinct terms. 

This shows that Z as a 71.- module is Noetherian. But 71. as a 7l-module has an infinite properly 

descending chain (n):) (n2
) => (n 3

) => .. . , showing that 7l is not Artinian as a 71.- module. 

2. let M = Mn( D) be the n x n mat rix ring over a division ring O. Then M is an 

n2
_ dimensional vector space over D, and each left ideal as well as aright ideal of M is a sub 

space over D. Thus any ascending or descending chain of left (as well as right) ideals can not 

contain more than n2 
... 1 terms. Thus M = Mn( D) is both Noetherian and Artinian ring. 

Definition : 0) A non zero module M is called simple (irreducible) if its only submodules are (0) 

and M . 

(ii) A simple ring is any non zero ring R such that the on ly ideals of Rare (0) and R. 

(iii) The sode of a module M is the sum of all simple sub modules of M and is 

denoted by soeIM). 

(iv) A semisimple module is any module M such that soc(M) = M . 

Fact (1) : For any ring H, the fo llowing are equivalen t 

(i) All right(left ) R-modules are semisimple ; 
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Srructure of semiprime Goldie rings 3 

(ii) RR and RR are semisimple; 

(iii) Either R is the zero ring or R ~ Mnl(O) x .... x Mnk(D) for some positive integers n 

and some division ring O. 

Definition : A ring sat isfying the cond itions of falCt 1 above is ca lled a semisimple ring. 

Fact (2) : 1.lf A is a semisimple ring, then 

a) There is a finite set of pai r wise orthogonal idempotents such that 

(i) 1 = Lr"' l ei , (ii)A A = ffi i n ~ lAe l ,(iii)Ae . is a minimal left ideal of A 

for each 

i = 1 , ... , n. 

b) A is left Artinian and left Noet herian. 

c) A has only finitely many minimal two sided idea ls and equals to thei r direct 

sum. 

2. A ring A is semisimple iff it is equal to a direct sum of finitely many two sided ideals 

each of which is a simple rin g. This decomposit ion is unique. 

Definition : A prime ideal in a ring R is any proper idea l P of R such that whenever I and I are 

ideals of R with II !;; P, either [ !;; P or I !: P. 

Example: 1. pZ is a prime idea l of Z. Where p is a prime number. 

2. l et R '" M 2(Z) and P = M2{pZ) where p is prime number. l et A '" M2(nZ) and 

B '" M 2{mZ ) for some m, n E Z such that AB ~ P, implies (nZ)(mZ) !;; pZ, so either nZ !;; pZ or 

mZ ~ pZ since pZ is prime ideals of Z. Thus either A!;; P or B!;; P. Hence P is prime ideal of R. 

Definition: A prime r ing is a ring in wh ich 0 is a prime ideal. 

Example: 1. Z is a prime ring. 

2. Since Z is prime ring then M,,{Z) is also prime ring. 

Definition: 0) A semiprime ideal in a ring R is any idea l of R which is an intersect ion of prime 

ideals of R. 

(j i) A semiprime ring is any ring in w hich to) is a semiprime ideal. 
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Structure of semiprime Goldie rings 4 

Example: Let R = (6 ~), the prime ideals of R are of the form (POZ ~) or (~ q~) where 

P and q are prime intoegers, then the intersect ion of these prime idea ls is (~ ~) therefore, 

(~ ~) is a semiprime idea l in R. Since the intersection of prime ideals in R is (~ ~) , t hen R is 

a semiprime ring. 

Fact (3) : 1. For any r ing R the following are equivalent 

(j) R is right Artin ian and semi prime; 

(1 il R is left Artinian and semi prime; 

(j i i) R is semisimple. 

2. For a ri ng the following are equiva lent 

Ii) R is prime and right Artini an ; 

(i i ) R is prime and left Artini an; 

(i i i) R is simple and right Art inian; 

(iv) R is simple and left Artinian ; 

(v) R is simple and semisimple; 

(v i) R :: Mn(D) for some posit ive integer n and some divisor ring 0 . 

Definition: (i) A modlJle M is uniform if M "* a and also each non zero submodule of M is an 

essen t ial submodule. 

(i i) A module M is sa id to have finit e uniform dimension if it contains no infin ite 

di rect sum of nonzero submodules. 

(i j j) A ring R is called right Goldie ring if R has fi nit e uniform dimension and R 

satisfi es t he ascendin g chain condition on right annihilators. 

Example: R = (~ ~) is right Noetheri an ring. Hence it is right Goldie ring. 

Remark: Every right Notherian ring is r ight Goldie. 

Reca ll t hat for X a subset of a ring R we have the annihilator of X, 

ann(X) = { r € R I xr = 0 , for all x € X } which is an idea l. The ideal A of a ring R is ca lled an 

annihilator ideal if A :=ann{X) for some X ~ R. 
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Structure of semiprime Goldie rings 5 

1.3: Essential Right Idea ls 

Definit ion : (I) l et R be a r ing. A submodule of RR is called right ideal. 

(i i) Suppose that N is a submodule of M such that, for all non zero submodules X of 

M, one has Nnx '* O. Then N is called an essential submadule aIM, denot ed by N<leM . 

Ii i i) If a right ideal J is an essen ti al submodule of a ring R, then it is ca lled an 

essential right ideal. 

Not e that, s iR) = {a £ R I aE = 0 for some E an element of the set of essentia l right ideals of R}, 

s iR) is an idea l know n as the right singular ideal. 

Def inition: A regular element in a rin g R is any non zero divisor, i.e any elemen t xe R such that 

rannR(x) = 0 and lannR(x) = O. The set of regular elements of R denoted by CR(O) . 

Fact (4): (1) (GOldie theorem) let R be a ring, then the following are equiva lent 

E <lr R. 

(i) R is semiprime right Goldie; 

(ii) R is semi prime ,s(R) = 0 and rudimR < co ; 

(ii i) R has right quotient ring Q which is semisimple Artinian. Further, R is 

prime if and only if Q is simple . 

(2 ) let R be a semiprime ring of finite right uniform dimension with s iR) = 0, and let 

(i ) E contains an element c such that (rannc) n E = 0; 

(ii) E is essent ia l if and on ly if E contains a regular element of R. 

(3) let R be a semiprime ring. Consider the rin g End(RR), and note t hat, since R is 

semiprime, R 4 EndRR w ith each element of R acting via left multiplication . Also there is a 1 in 

EndRR. Let R I denote the sub ring of EndRR generated by Rand 1. This then the r ing used here. 

(i) R <I Rl and R is an essential right ideal of RI; 

(ii) Rl is a semiprime ring; 

(iii) RI sa tisfies the ascending chain condition on right ideals which share the same 

int ersection with R; 

(iv) If R is semiprime right Goldie, then so too is Rl . 
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Structure of semiprime Goldie rings 

Definition: l et 5 be a (non·empty) multiplicative closed subset of a rin g R, 

and let ass 5 = ( r E R I rs = 0 for some s E 5 ). 

Then 0 right quotient ring 0/ R with respect to 5 is a ring 0 together with a homomorph ism 

8 : R -+ Osuch t hat 

(i ) For all s E 5, 8(s) is a unit in Q; 

(ii) For all q E Q, q = air) a(s)"' for some r E R, s E 5; and 

(iii) Ker 8 = ass 5 . 

If further, ass 5 = 0, one can identify R with its image under 8, and then each q E 0 
takes the form rs · 1 . 

6 

Example: consider a skew po lynomial r ing R = K[x, aJ, where a is an authomorph ism o f the ring 

K, and set 5 = ( I , x, X 2, •. . ). Then the skew l aurent ring K(x, a]is both righ t and left quotient 

ring for R = (x, a ] w ith respect to S. 

Definition : A classical quotient ring for a rin g R is a r ight ring of fract ion (right quotient ring) for 

R with respect to the set of all regular elements in R. 

Note that, every commutative r ing has a classica l quotient rin g. 

Definition : (i) A multiplicative closed subset 5 of R is said to sat isfy the right Ore condition if for 

each r E Rand s E 5 there exist r'E R, s' E 5 such that rs' = sr' . 

(ii) A mult iplicat ive closed subset 5 of a r ing R which sati sfies the r ight Ore condition 

is said to be a right Ore set. 

(i ii ) An integeral domain R is ca lled a righ t Ore domoin if CR(O) is a right ore set . 

(iv) let X be a multiplicat ive set in a ring R. Then X is right reverSible if and only if X 

sa t isf ies condit ion (a) in fact{S(i)a) below . A right denominator set is any r ight reversible Ore 

set. 

Example: let R = K(x, y] with xy = y(x+ 1), which is a Noetherian integral domain . 

Remark: Any ri ght Noetherian integral domain R is aright Ore domain. 

Fact (5) : (i) l et X be a multiplicative set in a ring R, and assume that there exists r ight ring of 

fractions with ¢ : R -+ 5 with respect to X. 

a) If r E R and x E X such that xr = 0, then there exists x' E X such that rx' = O. 

b) X is a right Ore set in R. 

(ii) a) If I is an ideal in a semiprime ring R, then 

lann( l ) = rann (l ) 
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Strucrure 0/ semiprime Goldie rings 7 

b) If R is a semiprime right Goldie ring and PI, P2, ... , Pn are its minimal primes, then 

the set of regular elements of R equals ((Pd n ... n ((P2) . 

Fact (6) : Let 5 be any right denominator set in a ring R, and let Q = Rs, 

(i) II B <>,Q , then BnR <>, R and B = (BnR)Q . 

(ii) If I <l Rand Q is a right Noetherian, then IQ <l Q. 

(iii) Any finite set q l, q2, q3, ... , qn of elements of Q has a common denominator; i.e 

there exist r l, r2, r), ... , rn E Rand s € 5 such that q = r;s·l for each I, I =1, 2, ... , n. 

Fact (7) : Let 5 be a right Ore set of regular elements of a ring R and let Q = Rs. Let A <lrR and 

B <lrQ. Then 

(i) A <>, R <=> AQ <>,Q; 

(ii) rudim!ij = rudimR ; 

(iii) udimAR = udimAlt:PQ = udimA!ijR; 

(iv) udimBQ = udimBR = udim{B n R)R; 

Fact (8) : Let R be a semiprime ring and A an ideal, then 

(i) rannA = lannA ( = annA ); 

(ii) annA is the unique complement idea l to A in R; 

(iii) annA is an intersection of those minimal prime ideals of R which do not 

contain A; 

(iv) RAR is uniform if and only if annA is a minimal prime ideal; 

(v) A <le RRR, if and only if annA = 0; 

(vi) If A is not contained in any minimal prime of R, then A <leRR. 
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Structure of semiprime Goldie rings 

1.S: Tenssor Product 

Definition: Given modules MR and RN over ring R and an abelian group A, a function 

p : M x N -+ A is said to be R-biliniar if 

Ii) Plxl + X" y) = Plxl, y) + Pix" V); 

Iii) Pix, Y, + V, ) = Pix, YI) + Pix, V, ); 

li ii) PI", y) = Pix, ry) for _II x, x" x, € M ; y, Y" y, € N and r € R . 

8 

Definition : A tensor product of the modules MR and RN is an abelian group M ®R N, together 

with an R-biliniar map T: Mx N -+ M ®RN such that for any abelian group A and any R-biliniar 

map p: MxN -+ A there exists a unique 71. -homomorphism f : M ®R N -+ A such that h = p. 
For x E M, yEN the image T(X, y) is denoted by x ® y. Thus the diagram M x N -+ M ®R N 

commutes. "'" -I 
"-..A 

The tensor product of M and N is constructed as follows. Let F be the free 7l-module with 

generat ors {(x, y) I x E M and yEN} , and let i: MxN -+ F be the inclusion mapping. Let K be 

the submodule of F generated by all elements of the form 

(X I + X2, y) - (X I, y) - (X2, y), (x, YI + Y2) - (x, YI) - (x, yz) or (xr, y) - (x, ry) where 

x, Xl, Xz EM ; y, YI, Y2 E Nand r E R. 

Let IT: F/K -+ F be the natural projection. If we let T: MxN -+ F/K be the compo sition rri, then 

F/K satisfies the definition of M®R N. 

Example: Let A be any finite abelian group. We will show that Q ®zA = (0). If q E Q and a E A, 

then a has finite order, and so there exists a positive integer n with na = O. Since we have taken 

the tensor product over 71., we can freely move integers across the tensor product symbol ® . 

Thus q ® _ = Iqn" )n ®_ = qn" ® n_ 

= qn" ®O 

=0 

Showing that every element of Q ®zA must be zero . Therefore Q ®zA = (0) 

Note that tensor products are unique up to isomorphism. Each element of M ®R N can be 

expressed as r, XJ®Yi where x E M and yEN for 1 :5 j :5 k . 
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Structure of semiprime Goldie rings 

CHAPTER TWO 

STRUCTURES OF SEMI PRIME GOLDIE RINGS 

2.1 ORDERS IN QUOTIENT RING 

Definit ion : A ring a is called a quotient ring if every regular element of a is a unit . 

Example: The m x m matrix ring over a field is a quotient ring. let Q be the set of rational 

numbers, Then a = M 2(Q) is a quotient ring. 

l et (~ ~) E a be regu lar where a, b, c, and d are elements of Q, then 

(~ (

db 

b) ad - be ;.::;;;;) 
d - e - a -- --

ad-be be- ad 

, where = (~ ~) 

9 

(ad_~/e be~:d) E Q. Therefore (~ ~) E M2(Q ) is a unit 

ad - be be-ad 

Proposition 2.1.1: If a is a right Artinian ring, then a is a quotient ring. Indeed every right 

regular element is a unit. 

Proof: let a be right Artinian ring. If sEQ is a right regular then consider the descending chain 

{sna} that stabilizes with say sna = sntlQ and thus sn = Sn+l q for some q . 

Since s is right regular so too is sn, and yet sn (sq-1) = snsq - sn = sn+' q - sn = O. Thus sq -1 = a 
implies sq = 1, and moreover, s is left regular. Fina lly s(q s -1) s = a ,so q = s"l . 

Definition: Given a quotient ring Q a sub ring R, not necessarily containing 1, is called a right 

order in Q if each q E a has the form rs·1 for some s, r E R. A left order is defined analogously, 

and a ring w hich is both a left and a right order is called an order. 

Example: M 2(Z ) is a left order in M 2(Q), where Z and Q are the set of integers and the set of 

rat ional numbers respectively. 

The sub r ing R = M 2(Z ) of matrices with integer entries is a left order in the ring Q = M2(Q ) of 

2 x 2 matrices with rational entries . To show this given any 2 x 2 matrix q E Q we can fined a 

common denominator for the rational entries of q. If c is the sca lar matrix determined by the 

common denominator of the entries, then cq E R = M2(Z), thus R = M 2(Z) is a left order in Q . 
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Structure 0/ semiprime Goldie rings 10 

let q = (~ D € M, IQ), then q = (~ f) = 
8 - 0 

(

1 ) 

18) ~ 112 

8) (12 
18 0 

0)_, 
12 -

Therefore q = rs"1 , where r = ( 16
5 

8) (12 18 and s = 0 

Lemma 2.1.1: Let R; be a sub ring not necessarily with 1, of the quotient ring a. ,for 

i = 1, 2, ... ,n. Then @R1 is a right order in @Cli if and only if each RI is a r ight order in Q. 

Proof: suppose each RI is a right order in A.. Let qi EO. for i = 1, 2, ... , n ; then ql = (iSI ·1 for 

some Si, r; E R1, i = 1, 2, ... , n . Then q E (t)(t can be written as 

I ) 1 ·1 -1 .1) = r l, r2,···, rn s} ,S2 , ... ,sn 

= (r }, (2, ... , rn) (Sh S2, ... , SSI letting r = (r l, ' 2, ... , rn) and 

s = (SI' S2, ... , Sn), then we get 

q = rs·l . 

Therefore (t)Rj is a right order in (t) Cli. 
Conversely, suppose (t) R1 is a right order in (t)(t, this implies every q E (t)o. can be written as 

q = rs·I where r, s E @R1 . 

Let q = (q ), q2, ... , qnl, r = (rI' r2, ... , rn), S = (SI' S2, ... , sn), then 

) 1 ·1 -I .1) 
(q1, q2, ... , qn) = (rl' r2, ... , rn SI, S2 , ... , Sn 

Which implies ql = rlsl·1 for all i = 1, 2, ... , n. Therefore RI is a righ t order in Q, for all i = 1, 2, ... , n. 
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Strucrure of semiprime Goldie rings 

Proposition 2.1.2: l et R be a sub ring (with 1) of a rin g Q and let S = (units of Q) n R. 

(i) If Q is the r ight quotient ring of R, then Q is a quoti ent ring; R is a 
r ight order in Q and S = (R{O); 

11 

Iii) If Q is a quot ient ring and R is a right ord er in Q. then Q = R s. if 

further, either R is also a left order in Q or Q is a right Artinian, 
then S = (R(O) and Q is the right quotient ring of R . 

Proof: (i) If q E Q is regular, w ith q = rs·
1 

say, where r, s E R, then since r is a multiple of regu lar 

element q, r = qs E ( R(O) and also in a finite ring every regular element is a unit , hence r is a unit 

of Q . Therefore q is a unit and Q is a quotient ring. Since r E R, where R is a sub ri ng of Q and r 

is regular which is a unit in Q. {units in Q} n R = ( R(O) implies S = CR(O). Every q E Q written as 

q = rs·l , where r, s E R for a quotient ring Q, then R is a right order in Q. 

(ii)The first cl aim is an immediate consequence of the definition as noted above 

( , (0) ~ ( 0'(0) . If R is also a left order, then (,(0) ~ '(0(0) and thus (,(0 ) = s , 
Therefore Q is the right quotient ring of R. In other case when Q is right Art inian 

Co ' (0) = ( 0(0) by proposition(2.1.1). Hence S = (R(O) and Q is the right quotient r ing of R . 

Remark: There is a distinction between the phrases 'R is a right order in Q' and ' Q is the right 

quotient ring of R', over and above the convention that ri ngs have a 1 but right orders need not. 

This definition vanishes when R is also a left order or Q is right Artin ian. In particular, the above 

proposition shows that when Q is semisimple Artinian the distinction disappears, so 

'semiprime Goldie ring' is synonymous with ' right ord er with 1, in a semisimple Artinian ring ' . 

Corollary 2.1.1: R is semiprime right Goldie with right quotient ring Q if and only if Mn{R) is a 

semiprime right Goldie ring w it h right quotient ring M n{Q) . 

Proof: Suppose that R is semiprime right Goldie with right quotient rin g Q. By Gold ie theorem Q 

is semisimple Artinian, so too is Mn{Q). We will show that M n{R) is a righ t order in Mn(Q). If 

x E Mn{Q), then t aking a common denominator we can write x in the form (aij (I ), where 

a ii, c E R. Using the standard embedding of Q in M n(Q), thi s means that x = ac"l with 

a, c E M n(R ). Thus M n(R) is a right order in M n(Q) and so is semiprime right Gold ie. 

Conversely, suppose Mn(R) is semiprime right Goldie ring with right quotient ring Mn(Q). Th is 

implies each x E M n(Q) can be written as x = a(l, where a, c E M n{R). 
e ·1 nc R 

let y = (bij) E M n(Q), where bij E Q. then we can write bij as bij = (n'd )e , where d ' c E 

such that n is t he numerator of bij, d is the denominator of bij and c is the common 

denominator of bij's . Hence Q is semiprime Goldie ring w ith right quotient ring Q. 
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lemma 2.1.2: let R be a right order in a quotient ring 0 and let 5 be a sub ring of O(not 

necessari ly w ith 1). Suppose further that there are units a, b of 0 such that aRb t;;;; S. Then 5 is 
also a right order in O. 

12 

Proof: Given q E a.. consider the element a·1qa of O. By definition a·1qa = rfl for some r, t E R. 

But then q = art,la·
l = arbb' lr1a' l = (arbj(atb) ·l . Since arb, atb E aRb t;;;; 5, then 5 is a right order 

inO. 

Corollary 2.1.2: Ii) if R is a right order in a quotient ring 0 and 5 is a ring (not necessarily with 1) 

such that R S;;; 5 !'; O. Then 5 is a right order in O. 

Iii) If R is a prime right Goldie ring, 0 '* A <J R, and 5 is a sub ring of R with 

A S;;; 5 s;; R then 5 is a prime righ t Goldie ring, and has the same right quotient r ing as R. 

Proof: (i) l et a, b, are units of Osuch that a = b = 1, then aRb = lRl = R S;;; S. Hence 5 is a right 

order in O. 

(ij) We know that if R is prime ring and I is a non zero ideal t hen I <JeRR• From this we 

have A <leRR and therefore by fact (4(2j(Ji)) A contains a regular element, c say of R. Then c is a 

unit of the right quotient r ing Q of Rand cR !: S. 

Theorem 2.1.1: A ring R, not necessarily with 1, is a right order in a semisimple Art inian ring 0 

if and on ly if R is semiprime right Goldie. 

Proof: suppose R is semiprime right Goldie. By fact (4(3)(iv)) so too is the ring Rl, described 

there . Therefore, by Goldie theorem, Rl has a semis imp Ie Artinian right quotient ring Q. Thus 

Rl is a right order in O. Now by fact (4(3)(i)) R is an essential right ideal of RI and thus by fact 

(4{2)( ii)) it conta ins regular element, a say of RI . Since aRI s;; R, the above lemma (2.1.2) shows 

that R is a right order in Q. 

For the converse, suppose R is a right order in a semisimple Artinian ring O. Then by the remark 

next to the proof of proposition 2.1.2 R is semiprime right Goldie ring, thus R has a semisimple 

Artinian quotient ring a.. Then by Goldie theorem R is semi prime right Goldie. 

Corollary 2.1.3: l et R be a semiprime right Goldie ring. A an essential right ideal and B a left 

ideal containing a regular element. Then A and AS are semiprime right Goldie rings (with out 1) 

having the same right quotient ring as R. 

Proof: Suppose the hypothesis of the statement holds. This implies A contains a regular 

element a say, and let b E B a regular element of B. Then aRb S;;; AB S;;; A !; R 

From this we know that AS and A are right order in a right quotient ring as R. Hence by the 

above theorem AB and A are semiprime right Goldie rings. 
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Definition: let Rl and R2 are right orders in Q and if there are units ai, a2, bl , b2 E Q such that 

al R1bl ~ R2 and a2R2b2 ~ R1, then RI and R2 are term ed as equivalent right orders. 

EXAMPLE: The rin gs R, A and AS described in the above corollary are equivalent. 

Note that: The study of equiva lent orders is fa cilitated by the notion of fract ional ideal. 

Definition: Suppose that R is a right or left order in a quotient ring Q. Then a fractional right 

R-ideal is a submodule I of 'lR, such that al ~ Rand bR ~ I for some units a, b E Q. Fractiona l 

left ideal is defined similarly. 
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If I is both a fractional right R-ideal and a fractional left S- ideal for some other ord er S, then 1 is 

ca lled a fractional (S, R) ideal. 

M ore specific example; ~ Z is a fractional Z-idea l and M2(Z) is a fractiona l ideal over (~ 

Definition : The right order and left order of a fra ctional left (right) R-ideal l are defin ed 

respective ly to be 0,( 1) = I q E Q ) ql ~ I ) 

0,(1) = I q EQ I Iq S; I ). 

__ (Z!, Z!,) Example: I fl.. fl.. S; Q = M, IQ). then 

0,(1) = M,IZ) and 0,( 1) = (tz 2:)­
For if let q E M 2(Z ) say q = (~ :) w here a, b, c, d E 7., then 

2Z ) (a b) = (2( Za + Ze) 
Ze d Za+Ze 

2(Zb + Zd)) = (ZZ(a + c) 
Zb + Zd Z(a + c) 

= 

Therefore Iq ~ I. w hich shows OrO) = M2(Z), 

ZZ(b + d)) 
Z(b + d) 

ZZ) Z . 
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let q = (Ia -c 
2 

2b) d E MIIQ) , then 

ql = (Ia 2b) (2Z ZZ) = ,c d Z Z (
ZZ(a + c) 2Z(b + d)) 
Z(a + c) Z(b + el) 

c (2Z 
- Z 

Therefore ql r;;;; I , which shows 0 1(1) = (tz ZZ) Z . 

l emma 2.1.3: let R be a right order in 0 and let I be a fractional ri ght or left R·ideal. Then 

Or(l) and 0 1(1) are right orders in 0 and are equiva lent to R. 

14 

Proof: Su ppose I is a fractional right R· ideal. Let a, b are units in 0 such that a I !: Rand bR ~ I, 

note that abOr(l) ~ R ~ Or(l). Here Or(l) is a sub ring of 0. letting a = b = 1. aRb = lRl = R ~ Or(l) 

which implies that Or( l ) is a right order in 0 by lemma (2.1.2), similarly for 01(1) . Thus 

aO,l l )b !;; aO,II)I !;; al !;; R. Therefore we have aO,l l )b !;; R .................................................. (1) 

and also we have that Ra l !;;; R since I <lR implies bRal ~ bR ~ I then bRa -;: 01(1) ............ . (2) 

Therefore from (1) and (2) we have that 01(1) - R, similarly for Or(l ). 

Proposition 2.1.3: Let R be a right order in a quotient ring 0. and let I, J <lOR. Then 

Ii) I '-> 10 ~ I ®O 

(ii) Hom(1, J) 4 HamQ(lo. JQ) via a 1-+ a ® 1, this giving the unique 

extension of a t o 10 and JO. 

(iii) under this embedding, Hom, l l, J) = ({J E Homl lQ, JO) 1 {J I !;; J ). 

(iv) If further, I is a fract ional right R· ideal, then 

Hom, ll, J) ~ ( q E 0 1 ql !;; J land Endl ~ 0,(1). 

Proof : (I) Let I <lOR by propositian(2 .1.1)(ii) we have that 0 = Rs, then by the fact 

( M -+ M, m 1-+ ;;" where ~, E M = M/assS, is universal with respect to R·homamorphisms 

from M to Rs ·module Ms. Hence M®Rs:=:: Ms). This implies that I ® ROR::: 10 again this implies 

that I '-> 10 ~ I ®O. 

Iii) byli) we have, I '-> I ®O and J '-> J ®O . let a : I ~ J then 

a ® 1 : I ®O ~ J ®O => Hom II , J ) '-> Homl lQ, JO). 
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liii) Let a E Hom, II, J), we want to show that a E ( P E Homl IQ ,JQ) I PI I; J ) 

a is a map a : I -~ J =:::) a : l1a ---t J1a since I ,J <l OA => a : I ® l a -+ J® l a 

= a = P ® 10 : I ® 10 -> J ® 10' then 
PII ) ® 10 >; J ® 10 = PI I) >;J = P(ll ® 10 >; J, thus a = P ® 10 (I ) I; J. Therefore 

a E (P E Homl IQ, JQ) I PI >; J). Hence Hom, II, J) <;; I P E Hom(IQ, JQ) I PI I; J ) .............. (i) 

Let a E I P E Homl IQ, JQ) I PI <;; J ), we want to show that a E Hom, (I , J) Let a : IQ -> JQ 

with a l ~ J which implies a : I ® Q -+J ® a. take l a EO we get a: I ® l a -+J® l a which implies, 

a: 11a= 1 ---t J1a = J, then a: I ---t J, this means that a E HomR(I , J) . 

Hence (P E HomlIQ, JQ) I PI <;; J) <;; Hom,I I, JI 

Therefore by Ii) and Iii) we concluded that Hom, II, J) = I P E HomlIQ, JQII p I <;; J } . 

(iv) let I be a fractional right R-ideal; 

=:::) bR ~ I for some unit b in 0 

= bRQ I; IQ 

=> Q ~ IQ since R is a sub ring in Q. l et g E IQ => g = iq for 

some i E I, q E Q =~ g = iq E Q since I <l Q and i, q E Q => 10 ~ Q. Therefore IQ = O. 

Thus Homl IQ, JQ) = HomlQ, JQ) . 

Since any such homomorphism is realized by left multipl ication by some element of a. then 

HomlQ, IQ) ~ I q EQ IqI <;; J ). Therefore Hom,II, J) ... HomllQ, JQ) = Hom lQ, IQ) 

~ Iq E Ql ql <;; J} by Iii) 

Therefore Hom,ll, J) " I q E Q I ql <;; J ). 
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2.2 MINIMAL PRIMES 

Definition: A minimal prime ideal in a ring R is any prime ideal of R that does not properly 

con tain any other prime ideals. 

Example; 1 . 271./471. is a minimal prime ideal of a rin g Z/47... 

(
2Z / 4Z 

2 . 2Z / 4"1. ~) is a minimal prime ideal of M 2(Z/4Z) . 

The notion below w ill be kept fixed in this section . 
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Let R be semip r imt~ right Gold ie ring and Q be the r ight quotient ring of R. By Goldie theorem, Q 

is semisimple; therefore, Q = C±lQ with each Q being a simple Artinian rin g generated as an 

ideal o f Q by a cent ral idempotent, el say. Note that el = l Qi. For each i, the idea l 

M I = L {QJ V*" ; } is a maximal ideal; and this gives all the maximal ( =minimal primes ) idea ls 

of Q . 

Let Pi = M i n R, AI = Q n R and A = C±l Ai. It will be seen that these idea ls are of special interest. 

Proposition 2.2.1: (1) The ideal Pi are the minimal prime ideal of R; 

(ii) The ideals of the form I n R, with I <I 0.. are precise ly the annihilator 

ideals of R; 

(iii) The Ai are the minimal non zero annihi lator idea l; 

(iv) The ideal A = C±likzlAj is an essential right ideal of R, and is a right 

ord er in Q equivalent to R; 

(v) Ai is a right o rder in Q. 

Proof : (i) Suppose X, Y <I R with XY S; Pi then by fact (6(ii)) xo.. YQ <I Q; so 

XQYQ = XYQ S; PiQ !;; M I , w hich implies XQ S; MI or YQ S; M i (this is because Mi is maximal and 

hence prime), thus X S; Pi or Y S; Pi this shows that Pi is prime. Since R is semiprime ring its 

prime rad ical is zero. Therefore nPi = 0, for i = j. Pi rt Pi which implies that PI'S are the minimal 

prime ideals. 

(ii) If I <I 0.. then I is an intersection of some of the MI. Therefore I n R is an 

intersect ion of some Pi. By fact (8(iii)) the intersect ion of minimal ideals is annihi lator ideal so is 

In R. 
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(iii) Let Q <lQ, then Q is an intersection of some of the Mi. Therefore 0. n R is an 

intersection of some PI. By Iii) the intersect ion of minimal prime ideals is annihilator ideals so 

Q n R = Ai is minimal non zero annihilator ideals. 

(iv) Since 0. <l,R and by fact (6(i)) A;Q = (0. nR)Q = 0.. So 

AQ = ((!lA;)Q 

Hence AQ= O. 

Th is implies AQ <leQ (AO = Q is a submodule of Q = Ao. let X be any non zero submodule of 

0 = AU then AQ n X:;:. 0 this implies that AQ <leO = AO), therefore by fact (7{i)) A <leRR. By 

corollary (2. 1.3) A is semiprime right Goldie ring and by theorem (2 .1.1) A is a right order in O. 

(v) From (iv) above we get A = ®A; is a right order in 0. then by lemma (2 .1.1) A, is a 

right order in Q. 

17 

Corollary 2.2.1 : R contains a finite direct sum of prime right Goldie rings (not necessarily with 1) 

having the same right quotient ring. 

Proof: Let Ai is a right order in 0., where 0. is simple Artinian ring. By theorem (2.1.1) AI is pr ime 

Goldie ring and by lemma (2. l.1) ®AI is a right order in@o., where@Q = Q is a simple Art inian 

r ing . Hence by theorem (2.1.1) ®Ai is a prime right Goldie ring having the same right quot ient 

ring Q = (!lo,. 

The next result shows t hat R is also equivalent as a right order, to a direct sum of prime rings 

with 1, namely t he rings R/ Pi, with PI a min imal prime ideal of R. 

Proposition 2.2.2: (1) RI P; == eiR ; 

(iii) R' is a semiprime right Goldie r ing and R' - R ; 

(iv) elR i ~ a prime r ight Goldie r ing and ejR "- Ai ; 

(v) ( R( O) = n;' . '(R( P;) 

Proof: (i) Let e : Q -t eiO defined by q 1--+ eiq and let M j = ker e, so PI = MI n R is the kernel 

of the restriction to R. Hence by fundamenta l theorem of homomorphism R/ pi == eiR. 

(ii) Since ej = l Qi w e have R !:';;; @lk. leiR = R', 
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( iii ) AR' = A ~ R since AI = Aiei . By proposition (2.2.1) above, A contains a unit, say a 
ofQ. Then aR' ~ R, ~ R and so R'-R wh ich shows that R' and R are equ ivalent right orders. 
This m:a ns that R and R have the same quotient ring Q which is a semisimple Arinian ring. 
Thus R is a semi prime right Goldie ring by Goldie theorem. 

(iv) R' = (.!;l ik~ lei R is a semiprime right Goldie ring in a semisimple Artinian ring Q, then by 
lemma (2.l.l) elR is a prime right Goldie ring in a simple Artinian ring Q . 

By(i) we have Ri pi ;; ejR. Since Ri p; is a prime ring eiR is prime ring and since R' = G)lk. l e,R 
is a right Goldie rin g.. eiR is right Goldie ring. Hence eiR - Ai. 

(v) If c E CR(O), then for eaeh I, eie is a unit of eiQ and hence is regular in eiR. Therefore, 
c en" =ICR(P,)by ( i). This implies C, IO) I;; n ,'a IC,(p,) 

For the reverse direction, if c E n ik=lCR( PI), then rannR(c) ~ PI n P2 n .... n Pk = 0 and 
si milarly lann(c) = O. Hence c is regular which implies c E CR(O) . Therefore 
n ,' =ICR(P,) I;;C,IO) . Thus C,IO) = n ,'=ICR(P,). 

We can a lso show C,IO) I;; n,'=ICR(P' lin other way . Ifx e CC PI ) n CC P,) n ... n C(I',). then 

rannR(x) ~ PI n P2 n ... n Pn = 0 and si milarly lann(x) = O. 
Hence x is regular. Conversely, let x be a regular element of R, thus by fact(S (ii)(a))each 
Pi = lannR(h) = rann R( h)for some ideal Ii. If r E Rand xr E PI, then xrl l = 0, whence 
rl , = O. Thus by fact (S(i i)(b))we have CR(O) I;; n " ' ICR( P,). 

Corollary 2.2.2: R contained in a direct sum of prime right Goldie rings (wi th1) hav ing the 
same right quotient ring. 

Proof: We have eiR is a prime right Goldie ring with right quotient ring Qi and also we have 
R ~ R' = (.!;leiR. Hence the corollary follows. 

Proposition 2.2.3: Let R be a semi prime ring with fin itely many minimal prime ideals 
PI , P2, "', Pk . Then R is right Goldie if and only if R/ Pi is a right Goldie for each i. 

Proof; If R is right Goldie, then by proposition (2.2.2) eiR == R/ Pi which shows that RI P, is 

right Gold ie fo r each i. 
Conversely if each R/ Pi is right Goldie, then R 4 S = G)R/ P) , a semi prime right Goldie ring 

with quotien t ring Q = Et>ik=l Qi say. 
If Ai = Qi n R then A = Et>ik"' l Ai is an ideal of R and also an essential right ideal of S. By 
corOllary (2.1.3) A - S. So by coroll ary (2.1.6) R is right order in Q. then by theorem (2. 1.1 ) 

R is right Goldie. To see that R contains an equivalent right orde r which is a matrix ring 
over a right Ore domain, but not necessarily with 1, first let us see some terminology; 
Suppose that S;; Mn(T) for rings $, T with 1. A set of matrix units ofS is a subset 
M ={ eij I i, j = 1, 2, ... , n} of S such that L eij = 1 and ei)ekJ = Ojkeil ,where Ojk is the kronecker 
delta symbol. If T' = {s E S I Seij = eijS for all i , j} .The centrali ze r of Min S, it foll ows that S 
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== Mn(T), with M corresponds to the standard set of matrix units. Note that, ifT is division 
ring. then T;: T' . 

Theorem 2.2.1: (Faith-Utumi theorem) 

A semi prime rightGold ie ring R conta ins an equivalent right order which is a direct sum of 
matrix rings over right Ore domains (not necessari lywithl ) . 

Proof: It is enough to consider the case when R is prime right Go ldie (but not withl ) and 
Q == Mn(D)for some division ring 0 where Q is a right quotient ring. The first step is to 
prove that a set of matrix units M of Q can so be chosen that eM ~ R for some regular 
element c E R. By fact (6(iii)), there will be a regular element c with Mc!: R .The set 
M' == ( c" ei jC 1 eij E M) is a set of matrix units and cM' ~ R. Thus M can be rechoosen as 
desired and we may assume that D is its centralizer in Q. For some other regular element b, 
it is true that Mb ~R. Now considerthe sets C; (x E R I xM ~ R) and B; (x E R I Mx \; R) . 
Clearly C<lrR and B<lrR. The multipl icative properties of M show that CM == (CM)M ; hence 
CM ; C. Similarly MB; M(MB) ; B. Consider the sub ring BC of R. Since c E C and b E B .re 
regular elements and bRc!;; Be ~ R, Be is a right order in Q equivalent to R. Furthermore, 
since Be == MBCM, then Be == Mn(K) where K;:: (m E M Imeij == eil m for all i , j) is the 
centra lizer of M in Be. So K ~ 0 and hence an integral domain. From fa ct (7(ii)) 
rudimM n(K) == rudimQ:;:; n. Therefore rudimK;:: 1, and so K is a right Ore domain, with 

right quotient divis ion ri ng say D'. 
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2.3: Right ideals in semiprime rings 

Through out this section R denot es a semiprime right Goldie ring with righ t quot ient ring. The 

connect ion bet ween right ideals of R and of 0 are described . 

Definition : An ideal h and b of a ring R are said to be complementary to each other if 

R = 11 + b and It n b = 0 or equivalently R = h lffilb . 

In 0 every r ight ideal has the form eo.. with e = e2
, 

20 

eQ n(l-e)Q = eQ n(Q·eQ) = eQ n Q leQ = (0), and eQ + (l -e)Q = eQ + (Q-eQ) = Q . This shows 

that eO is a complement right ideal (complementary to (l-e)Q land since fo r a semi prime ri ng 

R and an ideal I, ann(l) is the unique complement ideal to I in R, therefore eO is an annihilator 

right ideal of (l -e)Q . 

Proposition 2.3.1: (i) A right ideal I of R is a complement right ideal iff I = JnR for 1 <3,0. 

(ii ) An annih ilat or r ight idea l I of R has the form JnR for J <3,0 . 

(iii ) If, further R is a left Goldie ring and J <3rQ. then JnR is an annihilator r ight 

idea l of R. 

Proof: (i) If K <>,R with In K, then (I Q n R) n K = IQ n (R n K) 

= (I Qn K) n R 

= 0 n R 

= 0 

So if I is a complement right idea l then 10 n R = I. Thus letting J =IQ for I Q<J, 0 we have 

I = J n R for J <>,Q. 

Converse ly since J <J,Q. J = eO for e = e2, thus I = In R = eO n R = eO, which shows that I is a 

complement right ideal . 

(ii) Suppose J <JrQ. t hen by proposition (2.2.1) the annihilator right idea ls of R has the 

form In R. 

(iii) let J = rannk with K = lannJ . Then K = O(K n R), so 

J = rannQ(K n R) and thus J n R = rannR(K n R) . 
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Lemma 2.3.1 : (i) A right ideal U of R is uniform if and only if UQ is a minimal right ideal of Q ; 

(ii) If V a uniform right ideal of Rand 0 *" u E V, then 

a) udim(rannu) = udim RR ·1; 

b) If I <lrR with rannu r;;;; I, then I <leR. 

Proof: (i ) suppose U be uniform right ideal of R ,then by fact (7{iii)) 

udimUR = udimU~ = udimUClo. ,hence UQ is uniform right idea l of Q . Since uniform right 

ideals of Q are minimal, UQ is minimal right ideal of Q. 
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(ii ) a) Here UQ is a minimal right ideal of Q and so rannU is a maximal right ideal, hence 

udim(rannu) = udimRR-1. 

b) Suppose 1 <lrR with rannUI and by proposit ion (2.3.1) the annihilator ideals of R 

are of the form J n R for J <lrQ which is different from zero, then I <lt R. 

Proposition 2.3.2: Let U be a uniform right ideal of R 

(i) Any non zero a E Hom(U, R) is a monomorphism; 

(ii) If I <lrR, then the following are equivalent 

,) Hom(U, I) * 0; 

b) I contains a right ideal isomorphic to U; 

c) IU*O . 

Proof : (i) By proposition(2.1.3) Hom(U, R)4 Hom(UQ, RQ) = Hom(UQ, Q )thus 

a E Hom(U, R) is a monomorphism. 

(ii ) (a=b) If ° * a E Hom(U, I), then U ~ aU ~ I. 

(b=c) 0* a(u' ) = a(U)U ~ IU = IU * 0. 

(c=:::)a) If IU * 0, then xU * 0 for some x E I. Therefore the map U --+ xU is a 

monomorphism. So xU ::::: U ~ I, thus (U, I) * o . 

Corollary 2.3.1: If U, V are uniform right ideals of R, the following are equivalent 

(i) UV * 0 ; 

(ii) VU *0; 

(iii) U contains an isomorphic copy of V ; 

(iv) V contains an isomorphic copy of U. 
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Proof: (i ;::::::::) ii) let UV '* 0, we want to show that VU '* ° , 
Suppose VU = 0 => (UV) ' = (UVIIUV) = U(VU)V = 0 

::::;} UV = 0, a contradict ion. 

Therefore, VU '* 0. 

(ii~iii) let VU '* 0, we want to show that UV '* ° 
Suppose UV = 0 => (VU) ' = (VUIIVU) =V(UV)U = 0 

=> VU = 0, a contradiction. 

Therefore UV '* 0. 

(ii => iii ,iv) follows from the above proposition c => b . 

(iii ~iv) follows from the above proposit ion b => c . 

The condit ion that U, V contains an isomorphic copy of V, U respect ively are summed up by 

saying that U, V are sub isomorphic. 

lemma 2.3.2: (i ) The number of sub isomorphic classes of uniform right ideals of R equals the 

number of minimal prime ideals; 

(ii) If R is prime, then all pair of uniform right ideals are sub isomorphic; 

(iii) If R is prime and has a minimal right ideal, then R is simple Artinian. 

22 

Proof: (i ) Both numbers are equal to the number of isomorphism classes of minimal right ideals 

of the r ight quotient ring of R. 

(ii) l et R be prime, by (il the number of minimal prime ideals are equal to the number of 

uniform right ideals which are sub isomorphic. 

(iii ) Since R has finite uniform dimension it contains an essential right ideal, say E, wh ich is 

a direct sum of uniform right ideals. By (ii) these must all be minimal and isomorphic. Hence 

EndE :::: Mn(D) for some n and some division ring D. By proposition (2.1.3(ivj) ,OI(E) .::: EndE 

which shows that QI(E) :::: Mo(D), so is its own quotient ring ; yet by lemma (2.1.3) R is an 

equiva lent right order, then R = OI(E) is simple Artinian . 

Theorem 2.3.1: If U is a uniform right ideal of R, then EndU is a right order in the division r ing 

EndaUQ. and so EndU is a right Ore domain. 

Proof: By lemma (2.3.1) UQ is a minimal right ideal of Q. Hence EndUQ is a division ring and as 

noted in proposition (2.1.3), EndU is a sub rin g. let 0 '* a E EndUQ and consider V = U n a U 
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since UCl!!. is uniform and V <lrR, V is non zero . 

Hence UV:;2 V
2 '* 0 and so by corollary (2.3.1) U and V are sub isomorphic . 

Choose an isomorphic copy of U inside V, and let W be its inverse image under a. Then w !: U 

and there is an isomorphism p: U --+ W; so P E EndU. Note that y = ap E EndU. This shows 

that a = yfJ ·l which shows EndU is a right o rder in EndUQ. So EndU is a right Ore domain. 

Proposition 2.3.3 : Let I <lrR and let b E R. Then there exists dEl such that 

ud imlb+d)R = udimlbR+I). 

Proof : If udim(bR+I) = udimbR; we can take d = O. Otherwise there exist U!;;;; I, a uniform right 

idea l such that bR nu = O. By induction it is enough to fined u E U such that 

udimlb+u )R = udimlbR(j)u) = udimlbR) +1. 

Next we show that rann(b) g; rannU . For this suppose that rann (b)!;;;; rann(u ) = A say, and let 

A' = lannA. Now A <l R and A' is the complement to A (since R is sem iprim e , 

rannA = lannA = annA and ann A is the unique complement ideal to A) . 

Therefore A' ::::: bA' ~ A' and so udimbA' = udimA' and thus bA'<leA'. However U ~ A' and so 

o "* bA' n U ~ bR n U which contradicts to bR n U = O. Hence rann(b) ~ rann (U). Therefo re 

there is some u E U with rann{b) g; rann(U), and this is the required element. To see this, note 

that rann lb) +rannlu) is an essential right ideal, by lemma 12.3.1Iii)(bll and by fact 14(2)(ii)) it 

cont ains a regular element, c say with c = x + y and bx = uy = O. Note that bc = (b+u)y and 

uc = (b+u)x . Choose any element br + us E bR Et) uR. The right Ore condition gives elements 

r', 5' E R, c' E eR(O) such that rc ' = cr' and sc' = cs' . 

But then Ibr + us Ie' = bcr' + uos' = Ib+u) Iyr' + ,,'I E Ib+u)R. 

Therefore udimlb+u)R = udimlbR (j) uRI = udimlbR) +udiml uR) = udimlbR) + 1. 

Lemma 2.3.3 : (i) A right ideal E of R is essential if and only if EO = Q; 

(H) A principal right ideal cR is essential if and on ly if c E CR(O); 

(iii) If R is also left Goldie, then a right ideal E of R is essential if and only if 

lannE = O. 

Proof : (i) suppose E is right ideal of Rand E<leR, since the only essential right idea l of 0 is 0 by 

fact 17Ii)) EQ = Q. Suppose EQ = Q, we have Q = EQ <l,Q which implies that E<l,Q by fact 17Ii)). 

(i i) If cR<leR then cQ = Q by (i). Thus c is a unit of Q and so by definition c is regular in R. 

Conversely if c E CR(O) by definition c is a unit in 0 w hich implies cO = 0 again by (i) cR <le R. 

liii ) Suppose E <l,R, then by I i) EQ = Q 

lann lE) = { r E R I Er = O}, but Er = 0 , if r = O. 
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Therefore lannE = o. 

Converse ly, If E is not essential then EO,* Q and so lannEQ '* o. It follows lannE :I: a by the 

proof of prop 12.3. 11;;;))· 

Corollary 2.3.2 : Each essential right ideal E of R is generated by regular elements. 

14 

Proof: By fact (4(2)(ii)) E contains a regular element, c say. By the above proposition, given any 

bEE, there exists d E cR such that udim(b + d)R =udim(bR + cR) = rudim(R). Therefore 

(b + d)R <]e R and, by the above lemma b + d E (R(O) . Since b E (b + d)R + cR and bEE then E is 

generated by regular elements. 
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2.4 ENDOMORPHISM RINGS 

Again in this section R denotes a semiprime right Goldie ring with quotient ring Q. in the 

theorem on section 2.3 it was shown that the endomorphism ring of a uniform right ideal of R is 

a right Ore domain and is semi prime right Goldie. This result will now extended to describe 

endomorphism r ings of all right ideals and certain modules. 

Consider EndM where M is finitely generated module over Q. This is easily described, for M 

decomposes as a finite direct sum of simple modules wh ich can be grouped together in 

isomorphism classes. Evidently then EndM is a direct sum of matrix rings over diviSion rings 

• 
Ell Mni(Di ) say . ,., 
Now recall that if R be an integral domain and M be R·module, an element m E M is said to be a 

tors ion element if ann(m) *- (0) . And if the set of torsion elements of M, T(M) = 0, then M is 

ca lled a torsion free module. Also when T(M) = M, we ca ll M is a torsion modufe . A module Ms 

over any r ing 5 is torsionless if given any 0 '* m E M there exist a E M' = Hom(M, S) such that 

aiM) '* 0, al so fo r any module Ms the left S·module sM' is torsion less since itO*, a E M' and 

mE M is such tha t a im) '* O. Then the map M ' --+ S via p 1-+ p(m) is as requ ired . 

When S = R, MR being torsion free. Which means that its t orsion submodule with respect to 

(R(O) is zero. This is equiva lent to saying that the map M --+ M ®RQ is an embedding, since the 

torsion submodule is the kernel. Note that a torsion free module need not be torsionless. 

Example: Qz is torsion free but it is torsion less where Q and Z is the set of rational numbers and 

the set of integers respectively. 

Proposition 2.4.1: let M R be a torsion less module. Then 

(i) M R is torsion free and 

udim(M, ) = udim(M ®a.) = udim(M 18100) ; 

(ii) If MR is finit ely generated, then udim MR < 00; 

(ii i) If udimM < 00 ,then M 4 Rn for some n ; 

(i v) If udimM = t, then M 4 RI. 

Proof: (i) Suppose M R be to rs ion less module, thus if given 0 '* m E M there exists 

a E Hom(M, R) such that a(m)"* O. let c E e,(o), then a(mc)= a(m)c"* 0, thus mc"* 0 which 

shows that MR is torsion free . This means t hat its torsion submodule with respect to ( R(O) is 

zero which is equiva lent to saying that M 4 M ®Ro.. then by fact (7(iii)) 

udimMR = udimM ®~ = udimM ®Oo. . 

(ii) Since M ®OQ is finitely generated and Q is semisimple, M ®ClQ has finite uniform 

dimension, hence by I i) udimMR = udimM ®Oo. . 
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(iii) Among all maps from M to free R-modules of finite rank choose one, say 

a E Hom{M, R"), so that udim(keral is as small as possible. Suppose kera ':j:. 0, choose 

0'* U ~ kera with U uniform, and pick 0 ':j:. u E U. There exists P E Hom(M, R) such that 

Plu) "D. 
Now define r : M -. RMI by rim) = lalm), Plm)). Clearly kerr = kera n kerp. 

Consider kerp n u = V say. If V::f:. 0, then V is uniform and essential in U. Therefore for each 

u e u there exist an essential right ideal E of R with UE !; V, pick c E E n CR(O). Then 

0= Plu,) = Plu)c ,and so Plu) = 0, a contradiction . Thus kerp n U = 0; but then 

udim(kery) < udim(kera)which is also a contradiction , hence kera = 0 which shows that a is 

monomorphism ,thus M '-+ R" for some n . 

• 
(iv) By part (iii) we may suppose that M ~ R n = :~:>j R say. If n > t , note that ,., 

M n eiR = 0 for some i. Otherwise n ~ t, udimM;:::: udim( M n eiR) 2:: n. But then 

M 4 R"/eiR ::::: R"-l and applying induction i.e Since M '-+ R we have 

M 4 R"·l ® Rl = R" S; Rt ~ M '-+ Rt. n 

Proposition 2.4.2: let M be torsionless of finite uniform dimension, and S = EndM. 

Ii) If N .oM, then undimlNR) = udimlNM') S; 

(i i) If I <lS, then udimls = udim lM R ; 

liii) S"' EndQIM®Q) . 

Proof : (i) and (ii) are proved in a similar manner as follows. 

Note that , if I ::f:. ° then 1M ::f:. 0, since I ~ EndM. Similarly if NM' = 0 then 

26 

(M'N)2 = (M'N )(M'N) = M'{NM')N = Oand so, R being semi prime and in a semiprime ring the 

only nilpotent right or left ideal is zero thus M'N = O. However, M is torsion less and so N = O. 

If N1®Nz® .. . ® Nk is a direct sum of non zero sub modules of N, then N1M' E't)N2M'E't) ... @NkM· 

is a direct sum of non zero right ideals of S. Thus udim(NR) = udim{NM 'ls and udimls = udimlM R 

(iii) If a E 5, then a®l E End(M ®Q) is a unique extension since M 4 M®Q, then 

EndM = S "' EndlM ® Q) via the map a .... a®l. 
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Theorem 2.4.1: Let MR be a torsion less module of finite uniform dimension and S = EndM. Then 

Sis semiprime right Goldie and rudimS = udimMR. 

Proof: suppose I <JS with 12 = 0, then (M' IM) 2 = M'IM M'!M!;;;; M'IM = a and so M'IM is a 

nilpotent ideal of R. Since R is semiprime the only nilpotent ideal is 0, therefore M'IM = a and 

so 1M = 0, since M is torsion less. However I ~ S, so I = O. This shows that S is semiprime since it 

has no non zero nilpotent ideals. 

By proposition (2.4.2(i)and(ii)) S has finite right uniform dimension equal to that of MR, also by 

proposition (2.4.2(iii)), S '-> End(M 001 by proposition(2.4.11, (M<8IOIQ is finitely generated 

and since we consider End (M ®Q)a where (M ®Q)a is finitely generated module over Q and Q 

is semisimple Artinian . Therefore its sub ring S satisfies an ascending chain condition on right 

annihilators, th is shows that S is semiprime right Goldie. 

Proposit ion 2.4.3: let MR be torsion less of finite uniform dimension and 5 = EndM. If M' <l~M, 

then there exist s c E M 'M' ~ 5 such that c is a unit of End(M ®Q). 

Proof: By propos ition (2.4.2(i) and (ii)) we have M 'M' <l~S, and since 5 is semiprime right Goldie 

by theorem (2.4.1) c E M 'M' for some c E Cs(O). let K be the kernel of c acting on M ®Q; So 

c(K n MI = o. then c(K n MIM' = 0 and since (K n MIM' >; S, it follows that (K n MIM' = O. By 

proposition (2.4.2) K n M = 0, and therefore, using proposition (2.4.1{i)) K = O. Thus c is a 

monomorphism on M®Q and so is an isomorphism, that is c is a unit in End(M® Q) . 

Corollary 2.4.1: l et MR be torsionJess of finite uniform dimension. 

(i ) EndM is a right order in the semisimple Artinian ring End(M ® Q). 

Iii) If R is prime, then EndM is prime. 

(iiil If N <l,M, then EndN - EndM. 

Proof: (i) l et a E End(M ®Q). Let Mo be the inverse image of M under a, then Mo <le(M ® Q)R . 

Now let M ' = Mo n M and choose c E M ' M' for some c E Cs(O) . cM ~ M' and so 

ac = y: M _ M . There fore a = ye·1 and both y, c E S. 

(iii Let R be prime. then End(M001 is simple. So by (il . End(MI is prime. 

(iii) Choose c, a unit of End(M®Q), so that cM r; M . Note that since N<leM implies 

udimN = udimM, then N®M = M®Q. So there is an embedding N 4 M ® Q and 

EndN '-> End(M 0 01. Then (EndNlc \; EndM and c(EndMI >; N which shows that EndM - EndN. 
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Proposition 2.4.4: let R be a semiprime Goldie ring 

Goldie, 

(i) If M R is finitely generated torsion free, then M 4 Rn and so is torsion less. 

(ii) If MR is torsion less of finite uniform dimension, then EndM is semiprime 

Proof: (i) M 4 M ® Q 4 Qn for some n, Now choose a common denominator c for the 

generators in Qn of MR' Then M :::::::: cM :::::::: R
n
, 

28 

(ii) M ® Cla. has finite uniform dimension, so too has the left Q-module Hom(M®Q , Q). 

Since R is also a left order in Q, then udimR(Hom(M(8)Q , Qll < 00, However 

M' 4 Hom(M(8)o" Q) , Therefore RM ' has finite uniform dimensiom and is torsionless which 

shows that EndM' is semiprime left Gold ie ring by theorem ( 2.4.1) . 

Note that there is a natural embedding EndM 4 End M ' 4 End(M ®Q). By the above 

proposition, there is a unit c E End(M ®Q) with c E MM' . However; 

cEndM'!:;;; MM'{End M') ~ MM' ~ EndM . Thus EndM -- EndM' and hence is left as well as 

right Gold ie. 

Remark: Every right ideal I of R is torsion less and of finite uniform dimension, then by the above 

proposition Endl is semiprime right Goldie ring with rudimEnd l = udiml. If I is uniform then 

rudimEndl = 1, and so Endl is a right ore domain. 

Theorem 2.4.2: R is equivalent to a direct sum of matrix rings over right Ore domain. 

Proof: Using proposition (2.3.2) and lemma (2.3.2), choose an essential right ideal I of R which is 

a direct sum (~h': l U i of uniform righ t ideals so that, for each i, j either Uj :::::::: UJ or else 

Hom(Ui , Uj ) = 0 = Hom(Uj, Uj ). It shows that Endl is a direct sum of matrix rings over right Ore 

domain. Then by corollary (2.4.1) Endl -- End(RR):::::::: R. Hence R is equivalent to a direct sum of 

matrix ri ngs over right Ore domain. 
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