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Notations

Supp[¢]: = Support of a function or a distribution,

Supp|e]:= {x € R" :(p(.r)#O}.
D: = The whole set of infinitely differentiable functions having compact

support.

D : = The space of all distributions.

D,." = The whole space of f e L’ which also have all derivatives of
order up to m belonging to £’ .

f €L, :="fislocally summable <> a measurable function f defined on
R"is summable in a nbhd of every point in R".

¢ = the space of distribution with compact support



Transform methods in differential equations

Transform Methods in DES

Introduction

This topic introduces a powerful technique for solving differential equations, both
ordinary and partial, and integral equations; involving methods quite different from the
methods we are familiar. The technique involves applying an integral operator
I'=Tx — v to transform a function y = y(x) of the independent real variable x to a new
function T (y) = T (y) (v) of the real or complex variable v. If y solves, say a differential
cquation (DE) and satisfies conditions allowing the integral operator to be applied the
function T (y) will be found to solve an other equation TDE, perhaps also (but not
necessarily) a differential equation. This gives as a new method for solving a differential
equation DE.
It involves the following steps.

1) Supposing y satisfies conditions for the integral operator T to be applied,

transform (DE) to (TDE).

2) Solve (TDE) to find T(y)

3) Find a function y the transform of which is T (y) which will then solve DE.

We will find that in solving differential equations, there can be at most one
function y corresponding to a transformed function T(y), and hence that we will have a
one- to -one correspondence between transformable y ‘s solving (DE) and transformed
functions T(y)’s solving (TDE).

We shall limit our discussions to considerations involving the two most important and
widely used transform operators, associated with the names Fourier and Laplace. In each
case, we shall present some basic facts and then its application in solving the differential
equation. Throughout this seminar report we shall need to integrate over an infinite
interval 1. fis integrable over | means;

i) fis Lebesgue integrable over I.

ii) f is piecewise continuous on every closed and bounded interval in I and the

improper Riemann integrals of both fand| /| exist over L.

Addis Ababa University, Department of Mathematics



Transform methods in differential equations

Chapter ONE
THE LAPLACE TRANSFORMS

The Laplace transform is named for the eminent French Mathematician P.S Laplace

who studied equations of the form L{f(*’)} =F(s)= : e ™ f(t)dt in 1782.

However most of the techniques of Laplace transform were not developed until a
centaury or more latter. Many practical engineering problems involve mechanical or
electrical systems acted on by discontinuous or impulsive forcing terms. For such
problems the methods we are familiar are difficult to use. The method that especially well
studied to these problems, although useful much more generally is the Laplace transform.

Among the tools that are very usefully in solving LDES are integral transforms. An
integral transform is a relation of the form F(s)= Iﬁ k(s,r) f(1)dr where a given
a

function f is transformed in to another function f by means of an integral. In this case F is

the transform of f and k is the kernel of transformation.

3
In this case the main idea is to use the relation. /(s) = J/k(.s',f) f (t)dt to transform
o

a problem for f in to a simpler problem for F .to solve this simple problem and then

recover the desired function f from its transform F.

1.1 Definitions

Definitionl.1: - A function f is said to be piecewise continuous on @ <7< f if the
interval can be partitioned by a finite number of points a =1, <1, <...<1, = such

that, 1) fis continuous on each subinterval 7, <7<,
2) f approaches a finite limit as the end points of each subinterval are approached

from within the subinterval.

In general if f is piecewise continuous for 7 2 a, r_/'(a')dt exists for each A > a. But
piecewise continuity is not enough to ensure convergence of r f(t)dr .

. ] A ; .
Example: - Let f(r)=—/,¢21 which is piecewise continuous. But
[
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Transform methods in differential equations

ar. = p
J:D— = lim(In 4) = e which is divergent.

! A—rom

Definition 1.2: - Laplace transform is defined as follows.

Let I (t) be given for >0 and suppose that f is piecewise continuous. Then the Laplace
transform of f denoted by L{f(r)} or F(s) is defined as L{f(r)}: F(s)= I:e"'_/'(!)df.

“ which is naturally associated with linear

In this case the transform kernel is k(s./)=¢"
. g . - - - . o r.r -
differential equations with constant coefficients. /f I J(t)dt exists ¥V A>a and

lim A4 — oo exists we say that the improper integral converges to that limit value and

other wise it diverges.

Examples

) Let f(t)=2e", 120

o : 3 L.
= | e“ dt=1lim | e”dt = lim—(e"" -1)
0 A—x ,a-l—uac

=2 o e“dt Convergesifc<0.

2) Let f(.«):yl 1>1

dt . vdt .
:’.[:QT =}I1‘i'r}°f7—llmln/4uoo

Ao

Theorem 1.1:- Suppose that;

1) f is piecewise continuous on the interval 0 <7 < A for any positive A.

2) |f(r)| < ke™,t> M Where k, M, a, are real constants, k and M are necessarily

positive. Then the Laplace transform L{f{t)} = F(5)= I:e"'f(r) dr exists for s > a. The

parameter s can be either real or complex.

Proof: - It is enough to show that F(s) =I:" " [ (r)dr converges fors > a.

Addis Ababa University, Department of Mathematics



Transform methods in differential equations

Splitting the improper integral in to two parts, we have
M
e " f()dt=|_ e™ f(1)dt + M f(n)dr
o W= [ e fwdi+ [ e )

The first integral exists by hypothesis (1) of theorem (1.1). This implies the existence of

F(s) depends on the existence of the second integral. By (2) we have for

~ st ™ (a-x : :
t2M, |€ 1< ke™e™ = ke'™ and thus F(s) exists provided that,

o0 ! 1
.[ ¢ dr Converges by the comparison theorem.

» 3 e o * A el : l A
If /()= e",120, c#0 and ce R then, I:e di=lim [7e"dr=lim — (e ~1)
This implies the improper integral converges if ¢ < 0 and diverges ifc > 0. If we replace ¢
by a-s, then Jm e dr converges if a-s < 0 and this implies s > a which completes the

proof.

Examples
1) Let f(t) =1 then find its Laplace transform.

A _. 1 ]
Taly= “'dt= lim | edt=lim(—e™ )i =—, s>0
) Ji(;je 4 (s o 5

A—x () A=
2) Let f(r) =t,then

L{f ()} = Ige"“f dr = 1413; fe""r dr t

] A 1 ¢4
=lim [-—e™| +—|_ e"dl
Alﬂl § M IO
=—— fors>a

§

Addis Ababa University, Department of Mathematics



Transform methods in differential equations

3) Let f(t)=e", 20.Then

= -8 _al = P -5l _al T { ~(s—a)t
L{f(r)} _r;e e“dt= lim | e e”dlt —}'lill e dt

Ao

T =
= lim[-Le""””‘ J: lim = [e""““"‘ < l)]
A—» sS—a 0 A= sS—a

= , 8>a.
s—a

4) Let f(t)=t" where ne N.

L{’" } = I:)e " t"dlt Then by using integration by parts,

: . 1 A @ |
e t"dt=1lim (——e ™" 1" + - i |
-r:)3 o ) Qi x J‘:e

A—vn )
n!
Applying this technique repeatedly we will get L {!”} =
s
5) Let f(t) = Sin at
= LiSinat { = M Sin at dt
{Sin ar ) j‘;’e ina
= liim } e". Sin at dt
Cos at

Lt u=e " = du=se” dv=Sinat=v=
a

e "Cos at

5 s
= Uy — J'vdu =— - Ie "cos at dt
a

A S 2
- e " Cos at dt
0] a J-:)O

a

A—rx

. . [ —e" cosat
— J;Oe_'" Sinat dt = lim [————"

a

[ ¥
=5 Fle)y= ——— | e “"Cos at dt
() a a 0

Addis Ababa University, Department of Mathematics



Transform methods in differential equations

" } & 800 § p
= F(s)=—-—[lim e™ ——] +— roc 'Sin at) dt
a a = a a0

-

= F(s)=—~5_ F(s)
a a

:F(s)[n%J:l
a

a

a

2 2
\

s +a

=5 Fs)=

;80

1.2 Properties of Laplace transform
a) Linearity: - Let f and f, are two functions whose Laplace transform exist for
s >a, and for s > a, respectively. Then for

s>max {a,,a,} Lic, ,(1) +¢, f,(D}=c,L{f, O ¢, L)
Proof: - Lic, /i) +e:fs(Of=c, | e filtye, [ e fi(t)

=¢, L0+, L {40}
b) The shifting Theorem
Let L {f(0)}=F(s).Then Lie" f(1)}= F(s -a) for 5 >a.
Proof:-
By definition F(s)= fe ()

={xy=a)

= F({s—aq) = fe f(t)dr

= [ fanar
=L{e" ()}

From this we can also get L {e’ f(!)}= F(s+a).

gl
Example: - Find the Laplace transform of € 1

!
L{e‘"f(f)} = L{e‘"!"} = -U_—”(;m,Since L {f"} e ;_”2.4__]

Addis Ababa University, Department of Mathematics



Transform methods in differential equations

¢) Inverse Laplace transforms

Definition: - If L {f(1)}= F(s),then f (t) is called the inverse transform and is denoted
by L {F(s)}.

Examples: -

a) L {Cos2x} = 814 =h L"{ ,‘14}=Cm 2x
5§ L

s+7

2

b) Find the inverse transform of —————
s*+25+5

s+7  (s+]) +6 s+1 s 2
S4+25+5  (s+1) 420 (s41)7 427 (s+1)" +2°

Pirel=d 53 Loapid &
=) {(s+l)3+22 }+ (s+1)* +2?

= f(t)=e"Cos2t +3e ' Sin2t
=e '(Cos2t +3Sin2t

Solution:- F(s) =

1.3 Heaviside expansion formula

The Heaviside expansion formula provides a convenient method of evaluating
inverse transformation. Let F(s) be the Laplace transform of f (1) where f (1) is the
Fi(s)

[y .

2

quotient of two polynomials F| (s) and F,(s).Thatis F (s)= where the degree of

F5(s) is assumed to be greater than the degree of F(s) .If Fa(s) can be factored, then
F(s)
(s-a,)(s-a,)..(s—a,)

F(s)= Now two cases will arise.

A) If Fy(s) has no repeating factors, in this case F(s) can be expressed as a partial

fraction.

A, A4, A4,
= F(8) = - +...+
s—a, §s-—a, s—a,

ceeeess (*) where 4, 4,, ..., 4

n

are to be determined. Multiplying (*) by (s —a,) we get,

Addis Ababa University, Department of Mathematics



Transform methods in differential equations

. s—-a - -
F(s) (s—a,) =4, =+ Azs % ot A + ..+ A <o R R (o )
s—a, s—a, s-a

If we take lim we get lim F(s)(s-a ) =4

=4, =lim(s-a,) F(s)
S—a, F:(S)
§=a
= Fi(s) lim =%
I(s')‘.\-!_l.?' ].‘2(.\.)

s—a . g
*, the factor s-a, appears both in the numerator and denominator.

Now consider lim
S—a, FZ (5)

— Wi 1 (g} from .

. Ss-a 1
By using L.’Hospital’s rule lim L = —
p g p s—ra, FZ(S) FI (a’)

_Fa,)
F, (a,)

r

r=1 F1 (ﬂ'r)—'l'_a,

£ F(a ) a,l
The inverse transform is /(1) = 2, —"——~€"
=5 The inverse transform is ; F,'(a,)

st 425-3

Example 1: - obtain the inverse transform of F(s)= s(s=3)(s+2)

F(s) __s'+2s-3
F(S)  s6-3)(+2)

Solution:- F(s)= . F,(s) has three factors which are

non repeating.
a,=0,a, =3,0,=-2 _.;r"](s)=.s'2 +2s-3,
F,(s)=s(s=3)(s+2)= £'(s) =35’ -=25-6

_E@  FO) g FED a1 A 3

200" Ee° B 25 10

Addis Ababa University, Department of Mathematics



Transform methods in differential equations

The expansion for the inverse transform can also be used if the roots for Fa(s) are
complex.
s=3 §=3

Example 2:- Let F(s) = — = !
ST4+25+2  (s+1+i) (s+1=i)

Here the roots are a; = -1-i and a, = -1+i. Fz'(s) =25+2

o 'F;I(al) eu,.r F: (az) eu,r
Fy(a) F(a,)

o

z 4+.;'e_““,, i
2i 2i

e'”-l]f
e—zr

=7[(4+i)e’” +(~4+ie"|

= %[i(e" re)—d(e" —e™)

= ©_DiCost +8iSint]
2i

= ¢”'[Cost - 4Sint]
B) If Fa(s) has repeating factors.

Fi(s)

Let F(s)= %
(s—a) +(s—a,)"” +..(s-a,)

A s e
= Fs)= 4 . B0 | SRNUR
(s—a,)" S=a; 85—a; §=an
n » ¢
v_-Z——'-q—’r_-:!—JrG(s) Where G(s)= —2— +..+ —2
Z (s-a) s-a,  s-a,

We can obtain the inverse transform of G(s) by (A).
To obtain 4,,1<m < n,multiply by (s —a,)".

= F(s)(s—a,) " =Zﬁf‘ +(s-a,) G (s)

= i (s—a, ) (s —a, )G(s).
r=l

Addis Ababa University, Department of Mathematics



Transform methods in differential equations

=Y (5=a,)"4, +(5=3,)" G(5) cerorrrrererreen *)
r=|

Differentiating (*) successively (m-1) times we will get,

dul | y " |
— [(s=a)"F)]=X ¢ =1)r 2= m+ 1) s,y " a, + : —[s-a,)"G(s)]
- r=m S
....................................... (**)
All terms on the right side of (**) contain the factor (s-a;) raised to some power except
m=|
the term withr=m. Hence (m-1) (m-2)..3.2.1 A, = Ilmd ~(s—a)" F(s) or

=1

A= = lim P (s—a,)" F(s),] <m<n. Replacing r for m,
— 1)} s=a A

(n=r)!
(S _a; )ﬂ—nl

r-i

A, = ((s—a,)") F (s)).We know that L1 }=

1
lim
(r=1)! sa ds™

- L--] 1 = l eall.ru--r
(s—a)™"™ | (n-1

A .
—» The inverse transform of F(s) is f(1) = Z—-’— t""e™ + g(1) where g(1) is the

r=l (ﬂ = r}!
inverse transform of G(s).
Example:-Find f (1) when F(s)=s(sj_2)_‘
A c
Solution:- F(s)= & + 4 e
(s+2) (s+2)° s+2 s

Since : is the non repeating term, then its coefficient can be determined.
S

=F(s)=1, F, (s)=s(s+2)’ :>F2'(s)=4s’+18s2+24s+8

F0) 1 a1 1
Substituting 0 fora, , C, = ( . =1L '{—} =—,
8s) 8
Coefficients 4,4, and A; are as follows.

10
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Transform methods in differential equations

= f(1)= Q(ﬁ +,+l)+_1_
' 4 2508

1.4 Solutions of Initial value problems
In this section we show how the Laplace transform is used to solve initial value

problems for linear differential equations with constant coefficients. The transform of
/ is related to the transform of f by the following theorem.
Theorem 1.2:-Suppose f is continuous and f is piece wise continuous on any interval

0 <t < A. and suppose that there exist constants k, a, and M such that,

\}"(!)' < kea' fort> M, Then L{_f'(f)} exists fors>aand L [f'(r)}=.s‘L{f(_r)}—f(O).
Proof: - Consider fe"'f‘(!)d!.Let l,sl5,-st,be points in 0<7< Awhere [ is
discontinuous.

= e @ydr= J:e £ (e + j'e flaes..+ e £

Integrating each terms by parts we get,

{

J:e f'(1) dt = e"'f(():)' +e""’f(r)|j;‘ +...+e""f(f)|,’: +3[‘[‘e""f(!)dr+...+ | e"’f(l)dl]

since f is continuous, fe"’f('!) di=e™ f(A)- f(0) +s5 fe'"f(!)dr

As Ao, e™f(A)>0
= For s>a,L{f'(1)} =sL{f(1)}- f(0). Inductively if f, f v £V are continuous

and /) is piece wise continuous, then
L. {f“”(f)}: s" L {f(f)}—' Sn—lf(o)_m_ Sf m.z-,(o) _fm"“ (0)
11
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Transform methods in differential equations

Now let us see how the Laplace transform can be used to solve initial value problems.
Examples:-1) Consider the differential equation "~ y' -2y =0, y(0) =1, y{0) =0
Solution: - This problem can be solved simply by the methods we are familiar and the

21

solutionis Y(f)= c,e”' +¢, e
: AL ot 2 27

Applying the initial conditions y = (/) = Se ‘4 % e’ is the particular solution of the

differential equation. Now let us use the Laplace transform method and find the solution.

Let y = (1) be the solution of the differential equation.

= L{y"}- L {y'}-2L{y}=0. By using the linearity of the Laplace transform.)

Then by theorem (1.2), s* L{y}-s p(0) - y'(0) - (sL{y} - y(0)) - 2L{y} =0
But y (0) =l and y'(0)=0

=(s? —s=2) L{y}+ (1-5) y(0)-y'(0)=0

:>L{y}— s—1 s—1

= = . This implies we have obtained an expression for
sP=s5=2 (s=2)s+)) P e

the Laplace transform L{y}ofthc solution y = ¢@(7)of the given initial value problem.

Then, finding ¢ is finding the function whose Laplace transform is as obtained.

a b
Y(§)=—— +—
L e
:>a(s+l) +b(s-2) =¥ (o) 2s—l
(s=2) (s+1) s -5-2

=s-1=a(s+1) +b(s-2) is the equation that must hold for all s.

If we set s =2, then az% and if we set s = -1, then, b:—;—

12
Sy |
s=2 s+1

= p= (r):iey+ze_’
y=¢ 3 3

2) y'+y=8in2t,y(0)=2,y'(0)=1
Solution:-Assume that the differential equation has a solution y = ¢(/) . By theorem (1.2)
12

Addis Ababa University, Department of Mathematics



Transform methods in differential equations

-

2 , 2 e :
we have s y(s)-sy(0) - y'(0) = o2’ (Since the transform of Sin2t is —
s o -

4J

25 452 + 8546
(s* +1) (s* +4)

= Y(s)=

as+b ,os+d _ (as+b) (s +4) + (cs+d) (s> +1)

= Y(s)=— . -
s+l 5T +4 (s" +1) (s* +4)

=25 +5' +8s+6=(a+c)s’ +(b+d) s’ + (da+c)S +(4b+d)

1+c=2 —
il a+c i b+d=1
da+c=8 da+d=6
s L
3 3
5 2
o W3

M L IR s G Y|

= The solution is y = (1) = L {}'(.s')}: (1) =2Cos 1 + % Sint ~% sin 21.

1.5 Step Functions
In this section we will see some of the most interesting applications of the
transform methods occur in the solution of linear differential equation with discontinuous
or impulsive forcing functions. Equations of this type frequently arise in the analysis of
the flow of current in the electric circuits or in the vibration of mechanical systems.

To deal with functions having jump discontinuities, we introduce a unit step function

denoted by u, (/) and defined as:

B S <ip
u‘(f):. c>0 A
It 2c 2 y = ue (t)
—
I
- >

Graphically,

13
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Transform methods in differential equations

For a given function f, it is often necessary to consider the related function g

- 0,1 X : " :
defined by y=g() = {j"(f< c) e which represents transformation of f a distance ¢ in
=), c

the positive direction. In terms of the unit -step function, we can write g (1) in the

convenient form g(1)= u (1) f(t - ¢)

The Laplace transform of u, is determined as follows.

Liu (0} = ‘E e u, (1t = " L8>0

5
Theoreml.3

IfF(s)=L { o (t)} exists for s >0 and if ¢ is a positive constant, then

)Ll () f (=)= L{f(0)}=e “F(s)for s>a

ii) Conversely if £(0)=L" {F(s)} thenu (t) f(t—¢)=L" {e™"F(s)}

Proof:-To prove (i) it is sufficient to compute L {u (1)/(1 - ¢}

L {u. (!)f(r—r:)} =‘[ne_"ut (1) f(1=c)dt = [e .“f({—r:} di

Let §=t-c
~(E+e)s
-:>L{u( (()_f(f—c)}=[e f(8)dg

=e fe"‘:f(f) dé=e™ F(s).

To prove (ii) take the inverse transform on both sides.

Examples:-

sint, 0<r< Z
1) If the function fis defined by f£(r) = 4 then find 7 s}

sint + Cos(r - £). 12—
4 4

Solution:-
0 if t<=
f(r)=Sin(1)+ g (1) ywhere g (1) = 4 4 y
Cos (f—;).:z;
14
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Transform methods in differential equations

= g =u,(1) cos(r—%) and I{ f(1)} = L{sint}+ L{u,(!)(.‘as(!—%}

1 - s
= — + e -
s°+1 s +1
= L{f()}= i e
s +1 s +1
2) Find the inverse transform of F(s) = I “ez

g

Solution: - From linearity of the Laplace transform, we have

fy='{Fi)} =L {iz}— L {‘—2} =1-u, (1) (t-2)
§

5

i , 0<t1<2
—> { may be written as f{t) = i, 5ol

Theorem 1.4:- If F(s) = L {f(f)} exists for s >a 20, and if ¢ is a constant, then
L { e“f(f)} =F (s—¢), s >a+c Conversely, if
f()=L" {F(s)} then ¢ (1) = L {F (s~ ¢)]
; L Nf(f)}: we-”e“f.(f)df
Proof:-The proof needs only evaluating e )

= fe""“"’f(!)d! =F(s-c)

s> a+ ¢ comes from the observation of one of our theorem.

it )| < ke hence|e f (r)|£ ke ™"

Example: - Find the inverse transform of G(s)= e
g ot 1 B O Ve N
Solution;- G(s‘):m = F(s-2) where F(s)=(s"+1)

Since L' {F(s)}= sint, then from the theorem g(1)= L' {G(s)} =" sint.
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1.6 Differential equations with discontinuous forcing functions

In this section we will see some examples in which the non homogenous term, or

forcing function is discontinuous.
Example: - Find the solution of the differential equation y"+ y'+ %y =g(r), where

N=1-u_() B
y =]1-Uu =
8 s 0

= [ <
5 >

Assume that the initial conditions are y(0) =0, y'(0) = 0.

Solution: - The Laplace transform of the differential equation is,

2 : 5 1-e”
5 () = $9(0) =y (O +59(9) = () + 2 3(9) = L {1} - Lu, (0} ==
Inserting the initial values and solving for y(s), we will get y(s) = ie
s(s+5+5)
4
1
To find y = (), let us write }(s)= 1-e™ H(s)where H(s)=
s(s? +s5+ 4)

Then if h(1)= L' {H(s)}, we have y = h(t) = u,(t) h(t - 7).

bs+c¢

To find A(r), H(s)= 2 . Upon determining the coefficients, we get

sEHSs+
4

a i,bz—iandc=—£.
5 5 9

4
Thus H(s) =~ —% sl -
J sE+s+-4-
4 {7
S5l Tl
13
s 3 (s45) +1

= -1

= h(:):f—i(e?Cosr +elSint)
5 5
16
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= The solution is y=h(r)-¢_(1) h(t - 7)

Sl = Ll
—(1+e?)—e?Cost + —2-e 2Sint,12n
Or o) = 2 2

- q

2
g—(-S‘e 2 Cost +§g3$‘int) <

1.7 The Unit Impulse Function

The impulse function can be approximately described by 5(1)=li_ng 7. (1)

1

— for0<t<e ., ., A .
where Ye=14€ which is not a distribution as y, (1) for 0 <1< 1s not

0 otherwise.

arbitrary often differentiable.
L{s0} = [ [timy. ) |ea

But y, (1) can be represented as y, (1) = l[ur(a') —~u(t - .r:)] where u is a unit step function.
£
L {5(:)} =lim 4 fu(f)—u(! ~&) e Vdt
e=0) o

= lim[ll(l -e” )] = 1 by using L."Hospital’s rule.

e=0| 2§

1.8 The Convolution integral
Sometimes it is possible to identify a Laplace transform H(s) as a product of other
two transforms F(s) and G(s) where they are corresponding to the known functions
f and g respectively. But this doesn’t mean that H(s) is the transform of f.g.

Theorem 1.5:-If F(s)= L{f (1)} and G(s) = L {g(1)} both exists for s >a 20, then,

H(s)=F(s) G(s) =L {h(n)}, s> awhere

h(t) = ‘Lf (t-7) g(r)dr = _[_f'(r)g(!— r)dr.

17
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The function h is known as the convolution of f and g and the integral is convolution

integral .Conventiotionally the convolution integral is emphasized as generalized product

by witting A(1) = (f* g) (¢+).In particular ( £ * g) (1) = [f{f—r)g(r)dr

1.8.1 Properties of convolution integral

HIre=g"y

) f* g +gls e+,

idixXf*grh=*(g*h)

iv) f*¥0=0%f=0

v) f*1= f may not be true.
Example:-If £(1)=Cost then, (f*1)(1)= [ Cos(t~1)dr =-Sint7)|,

=—Sin(0) + Sint = Sint

Vi) f* f can be negative.
Example:- f(t) =sint
Proof of the theorem:-Let F(s)= [ ¢ f(£)d¢ and G (s)= [ ¢™" f(n)dn
= F(s) Gls) = [ e f©dg.[ e findn = [ g dn [ 7 (&),
Since the integrand of the first integral doesn’t depend on the integration variable of

the second. Let & =1—n fora fixedn.=F(s). G(s) = JTS(T?) dque"'f(r —n)dt

Let n=r = F(s) G(s) = [ g(r) dr [efu-oa

Assuming that the order of integration can be reversed we obtain;

F(s) G(s)= fe""df If((— ) g(r)dr or

F(s) G(s) =fe""h(f ) dt = L{h(0)}

18
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Example: - Find the inverse transform of /(s) = —‘i——
s(s"+a’)

Solution: - Take F(s)=—- R

s s"+a

| (S ;
—— is the transform of t, ———- is the transform of Sinat .
F= s +a
at —sin at

2

= h(1) = _[(!—r) Sinardr =
a

19
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CHAPTER TWO
THE FOURIER TRANSFORM

Suppose that f:R — R is integrable over the whole real line & . Then the Fourier

transform }'(S)= Je'm fx¥de (SER) ovvmesaienl)

We can also denote the Fourier transform of f as / =F(f) or _}"(.\') = F(f(x)(s) or even

in the case of a function u = u (X, y) of two variables, ::(.s-.y) =F . u(xy) (sy)

to indicate that it is the independent variable x , not the independent variable y, that is

being transformed. Some authors define the Fourier transform as:

o0

f(s)= Ie_sz(x) el WRRE = ER s 2)
I
F(A) = | 2™ L) K iam s sssisssasansvesshihmninprsassnssn (3)
e

From these we conclude that there are different formulas for Fourier transforms and
hence their respective formulas for their inverses also vary.

2.1 Examples of Fourier transform

1) Find the Fourier transform of f(x)=¢ " (., Where
o xeA
ZA (x) s {0, x¢A
Solution:- }'(S) = _[;e"'“f(x) dx

A
- lim ev—r.\x e—h dx

A=

el hm ! e—{-u—k)xdx

A—x 4

l' _e[n-k]: A
e is+k |0
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] e(ﬂ.t-k]ll 1
=lim| - +
A is+k is+k
1 2 |
is+k k+is

=0+

2) Find the Fourier transform of f(x) = e"ﬂ.’w,m.

Solution

o= [° e o

A
o8 llm e 15 ekr dx

A—ven

- timfe)
P
ks

3) Find the Fourier transform of f(x)=¢ A

e if x20
=SS o™ if x<0

L]

= ;(5) F fe"“e"“ det ’[;e_mehdx

a~ 11m e_|_;,‘-k)_rdr+ Ilm (." -i.nh:dx

A A

| 1

= + z
k+is k—is
.
T4
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4. Find the Fourier transform of f(x) = Xk (X)

Solution

f(s)= j"; edx + [(jk e dx

—15x 7
— e k 203 em’ lu
is [0 s =
3 e-:k.\' l l e'k"
Is is s is
l e:ﬁ‘.\' —e tkx
= — ( : )
A !
2Sin ks
S

2.2 Properties of Fourier transform
Once the Fourier integral formula has been obtained, sufficient condition for its

validity can be verified directly.

i) If f(x) is piecewise continuously differentiable on each finite interval
P 2 1 “tAlx=1) g - . . t .
and j_'; }f(x)| dx <o, then; rfm r_ow e f(t)dt di—> f(x)point wise al points
of continuity of f(x). At x, where f(x) is with jump discontinuity, the integral converges
10;]; [f (4) * _}"(xn—)] the average of the lim it values of f(x) .

ii) Theorem 2.1:-Suppose that f:R > Rand g:R - R are integrable over R and a, b,

k, are constants Vs € R.then,
a) F(af +bg)=af+bg  (Linearity)

Proof:- F(af +bg)(s) = jle““(af +bg))(x)dx
= fme"“af(x)d\'+ Ewe “hg(x)dx

22
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=a r_owe"“f (x)dx+b fme"—“ g(x)dx
=af(s)+bg(s)
=F(af +bg)=af+bhg

b) F(f(x+k))s) =¢™ f(s) (Translation)

Proofi- F(f(x+k)s)= [ e fr+ s
= [7 e

-
=e .fwe" 1 (x)dx

= euk _;'(S)
If we use an other Fourier transform method, F° [f(x - h)] =g " 1 (E)
1

©) Pk ()= f (k0 (Sealing)

Proof:- F(f(kx))(s) = [:)e""‘f (kox)dx
" J.i:)ooe-.-.vxf j(l;-))dx
= j‘” 1 g f[i)dx
L1 o= |de
" || fooe j{kJ

1 ey
|k‘|-f(z)

—
_—

Addis Ababa University, Department of Mathematics
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d) If " is integrable then, F(f'(x)) (s) = is }—(S)

Proof:- fme""’f "(x)dx = is fwe"-“f (x)dx

= F(/'(x)(s) = is. f (s)
o )= -ife e
f) Inverse theorem

If I'is continuous and piece wise smooth, then f(x) = o ro ? o _;‘(.s')a’.':
2r Y-

1 — 1 -1Ax _L 1AC
Also if F(4) _E fme f(x)dx then f(x)= oS r_omc F(A)dA

¢) Convolution theorem

Let H(A) = F(A).G(A)where F(A) and G(A) are the transforms of the known

functions f(x) and g(x).Then the inverse transform of /() is given by

1
H'(A)=— 1).g(x—1)dt
W == 00

_rr f().g(x—1)dt = f*g iscalled the Fourier convolution integral.
—_ x.

= F(/ *2)(0) (5) = (5).8(5)
Proof: - Let us show that H~'(4)=(f*g) (x)

H"'(Z)=\/—;—— jmwe"*‘F(ﬁ) G(A)dx
il

- I“’ ¢ A f(1)G(A) didA

271 Y- -

_L -A=) G (L) dAdt
-5 rjw 1(0). ﬁwe

1
~7= Lf(!)g(x —1)dt

Addis Ababa University, Department of Mathematics
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where we have assumed that the interchange of orders of integration is valid. Then we
have shown that the Fourier transform of (f * g) (x) is equal to the product of the Fourier

transform of f and the Fourier transform of g.
h) Corollary: -1) If f:R — R isintegrable thenVs e R, F(} (x))(s)=2x] (-s5).

ii) If the ™ derivative function /' :R— R is integrable for r = 0, 1..., n, then
F(™ (xXs)=(s)" f (s)
Notes :- a) some authors define the Fourier transform F), of integrable {
asf, (s)=k ro e™ [ (x)dx (k=constant and k #0).
— o0
This makes essentially no change to the theory, but the inverse becomes

g Y o i =5
f@=5— j:e 7.(s)ds and F,, (f () (s) =(=is) f  (5)-

b) For integrable f, g, Jm fu)g(x—-u)du = ]mwf(:c—u) g(u) du
_w —

¢) If f is not Continuous at X in the inverse theorem, then f(x) in the left is replaced

by2 [fxe) + /G-

d) For continuous ,piece wise smooth ,integrable functions ,there can be only one = f(x)

corresponding to ;":}(5); this tells us that in these circumstances . if one can find a

function f = f(x) ,the transform of which is f = f (s), then one need look no further.

2k
Example: - For a constant k, find F(Ft—]

Solution:- l)_d)\‘(e'JEM )s) = 2P

NF(f (%) (5)=27 f(=5)

2k 2re

kl S2)=§

= F(

[
n
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2.3 Applications of Fourier transforms to ODES and PDES

We now consider several problems for ODES and PDES whose solutions are found
by using Fourier transforms. In each case one of the independent variables has the infinite

interval (—o0,0) as it s domain of definition.

Examples
1) Use the Fourier transform to find the continuous integrable function y = y(x) which
satisfies the differential equation y'+ 2y =¢ " at every non zero X in R.

Solution:- ' +2y =e¢ "

= F()(s)=is y (s)

= (is+2) an {s)= Because k = 1.

1+s°

Using partial fractions

; -x 1 X =2 x
= }'l(x) =e Z (0,22) (x) +§ e Z[ ft_\.ﬂl(x) * T e ’ ztﬂ.x-i(x)

—" x<0.

2) Assuming that f: R — R is integrable over R, use the Fourier transform to show that a

solution of the differential equation y"~y = f(x) (x € R)can be expressed in the form

= [ k(=) () where the function k should be determined.

Solution
Applying the Fourier transform to the differential equation,

(i) =1) () = £(5)

A

=2 1 (s)=—( ) / (s). By convolution theorem and the pervious result

1457
= y(x)= fwk(x-*u) f(u)du(xeR)isa solution where k(x)=—¢ H (xeR)
26
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" 2
x _— —_—— —
3). ¥ (x) k Y(x) f(x) y — 0O <X < Wherek is a constant and f(x) is
prescribed. We require y(x),y'(x) = 0 as ’x| = @ and that f(x) has the Fourier
transform F(41).

Solution

eahkly(x)dx

1
L

= Y(A) is the Fourier transform of y(x) where y(x) is the solution of the given

Let Y(A)=

differential equation. Now transforming the differential equation we will get
I o

s e ] S . iAx 1 L

ﬂ i y(x)dx -\/_ k .V(x)dx - ,/_'T_; _me' f(x)dx

= (=iA) Y(A) - kY (A) = -F(A)

= -’Y(A)-k*Y(A)=-F(A)

, F(A)
Y(A)= =F(A A
= V(W)= -5 T =F () G()

l . Jé}; ~kx

= The inverse transform of IS €  because,
o k 3

e V27 kx| : ,
= € with k > 0 using complex integration theory.

J—I +k2 2k

Now using the convolution ¥ (1) = F(4) G(4) we obtain the solution in the form

A x) = | ~iAx __l__ k| g=1l
}(.x)—mﬁwe F(2) G dA=— [° e

4) Use the Fourier transform to find a solution u = u(x, t) of the partial differential

equation u, = ku,, (x € R),t>0 when subject to the initial condition

u(x,0) = et (x € R) and where k is a constant.

27
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Solution
Assume that for each t the function u satisfies ,as a function of x Jthe conditions for the
a A
application of the Fourier transform and that Lo, (x 1)) (s, 1) = ?ff (5.7); that we
ot
can interchange the operation of applying the Fourier transform and partial differential

equation with respect to t . Then applying the transform to the equation it gives

_a_‘ﬂ 4 \ 2.«
o u(s,t)=k(is) u(s,t)

K : bt ) . Ou 3 4
and hence u = u(s,t) satisfies the first order partial differential equation % +ks*u=0

=5 2 [e""2 ;r]= 0
ot

~kis2

Ay
=>u(s,t)=e " g(s) Where g is an arbitrary function of s .However we may

4
also apply the transform to the initial condition to get u 5,0)= J_ ne " .

.‘

=(1- HHI)—

:>u(s t)= Jre

l (! n:;.l'l . »
= From the table of Fourier transform u(x,r) = m e because if

.-’J

fix)=e™ ,then f(s)

28
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CHAPTER THREE
FOURIER TRANSFORM OF DISTRIBUTIONS

3.1 Definition and some examples of distributions

To discuss about Fourier transform of distributions, let us define what distribution is

at the first place.

Definition: - For all ¢ € D (infinitely differentiable function with compact support),
consider a mapping T which gives a uniquely determined finite complex value to @
where T is defined as follows.

1) T is linear functional on D. That is, for AeC

a)T(Ap) = AT(p)
b) For @ 5P (< D_. T($|+(02) =T(fpl)+T(¢92)

2) By a given sequence of functions {qoj}.(ai 0 where ¢, € D we mean that the

support of each ¢, is contained in a certain compact set , and the derivatives of cach

degree of each @ J.(x) tends to zero uniformly. Using our agreed notations, @, =0

means sup p I:qo; ]c k  (k is suitably chosen compact set), and for an arbitrary

a, D¢ ,(x)>0 uniformly. We therefore require that
@, — 0 implies T(¢,) > 0 .Schwartz called T satisfying condition (1) and

(2) “distribution”. Form now on wards we say linear form instead of linear

functional and write (T,qa) instead of T(¢) where
(T, @)= IT(x) @(x) dx and @isd test function (¢ € D).

We also write D' for the space of all distributions.

29
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Examples:-
D felius  (F(e@)= [f()p(x)dx
2) 6(Dirac's 6 measure) ;(5 0 (x)) = ¢(0)

3) Y(x) (Heavisides funcﬁon;(Y{x), qp(x) = I:gg( x)dx (n=1)

Definition: - (Derivatives of distributions)

For TeD',a—T is defined as E,go = a_go :
Ox ox x

() ! [}

Another way of stating the definition is to define

DT for T eD'as(D°T, ¢) =(-1)“(T,Dp) where

la|=a, +a, +..+a,
Example 1:- Show that ¥ (x) =6
Proof:- (¥ (x)p(x)) = —(Y(x),0 ()

. J‘: ' (x) dx = ¢(0)— p(0)
= (0)=(6.0(x)
: ]
Example 2:- Show that (log|x]) =v.p;(ﬂ =1)

Solution: - Here, log ”e I

Formally,
(vp L p00) - [ 2
X Woe -
We write,
( (log|x),@(x) )=—( (log|x|.¢ (x) )
== Eloglxkﬂ'(vf)d\’

Addis Ababa University, Department of Mathematics
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=-£i£;g[Llogjx|¢'(x)dx+ _["log|.r(¢(x)dv]

=l‘ij.lg{1085[¢(5)“¢(‘5)]+ ‘?dt+-[:w—tﬂdr }
by integrating by parts. The first term tends to zero as & — 0 |
the final expression is yp F’(_:)d(
Definition: - We say that the sequence of distributions [!J} tends to a distribution T
when for an arbitrary ¢ € D , we have <7},qo>~—>(T.rp) (j »»)

To generalize the notions of Fourier’s inverse formula, beyond L’ Space we need the
idea of distributions. In this section we shall show that the required properties of Fourier

transform can be established in the function space S' which was introduced by schwartz.

3.2 Fourier transform in s- space
[t is the whole space consisting of ¢ € C” such that,
(1+ IJ(|:)"F D“p(x) is bounded in R").
1) The space S consists of smooth functions which together with all their derivatives
decay rapidly to zero as x approaches to infinity. Thatis, ¢ €S <> ¢ € C” and its all

derivatives which we are allowed to multiply by any polynomial of |x| tend to 0
uniformly as|x| — +co.

2) ¢, € §—> 0 (1+[x)! D@, (x) > Ouniformly in R".
It is very useful in Fourier analysis as it forms an casily manipulated family of

functions which is mapped isomorphically on to itself by Fourier transform.

x"a"f(x)f XER" < :oj

S(R")={f eC*(R"):Ya,f e N",Sup

Examples:-

1) C2(R")c S(R")
2) e e S(R™)
31
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~(+{xe

3) For £>0,e belongs to S(R")

4) No matter how large Nis ¢V is not in S(R").
Properties of S- space
- Itis complete
- Closed and bounded set of S is compact
- D is dense in S.
The Fourier transform and its inverse serve to express a function f as superposition of

oscillatory exponential function e ¥ & € R" according to the

formula 7 (x) = (27r)_7 Jup 1(&)de.

Definition: - For f € S(R") , the Fourier transform of f is defined by
[©)=@n)* [ f(x)dx
Example: - Let f(x)= e 2 € S(R)

\ -1 Lo
J(&)=(2n)? J'e*“"e 2 dx

;e & : 1 s v 2
Complete the square in exponent to get %+ ix§ = E(x‘ +2ix§) = 5({x+ Y +8")

-g_i (x+i&)’

Thus m}ze‘zfe : dy

=e 2 '[_e 2 dz

jrom——m
s | ImZ :
[] ]

s I

‘ Ll

AL Ar

Rez
L =
-R Ag R
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Where I'is the contour ImZ = £ traversed from left to right. Let I, be the segment onr
running from —R +i& to R +i¢&. Since the integrand decays exponentially fast as

|z| = o alongI", the integral is equal to the limit LII;IJ If “dz

By Cauchy’s theorem, the integral over I', is equal to the integral over A «y Where
[,-Ay is equal to the boundary of the rectangle whose side opposite I', is the interval
[-R, R] on the X-axis. Thus the Fourier transform is lim [e ' dz

v g

As R — oo, the integral over the vertical side of the rectangle — 0 exponentially rapidly

=1

A £ -2 05
and we find f(&)=e 2 (27)2 Ie 2 dx =e ?,

The Fourier inverse formula in this case is f(x) = (27) * Ie'“'*" [ (&)ds .

3.3 Fourier transform of several variables

Let fel' Weset,

_}’(af,,é:,...,é,)z J...Iexp[-—2m’(x,§, +...+xﬂg‘")]f(x,,...,x,,)dr,,...,d.\‘,, or

simply f(&)= Iezmg f(x)dx as the Fourier transform of f(x) .

In this case we write}({,’) = f‘[f]

If g e L' then, (F'g)(x)= Iez’“"‘g(cf)dﬁ which is the inverse transform of g(&).
3.3.1 Fundamental properties

Q) () = Fi50) fo (oS (5) (=1 2c) implies [ (€)= ] (&) f 1 (61)

Proof

exp(-2mx&) = HEXP(#ZH‘F";; )

1=l

= jexp(-zmxg) f(x)dx = ﬂ jexp( ~27ix &, f i, VO, -
33
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b) Let f € D" thatis f has a compact support and is m times continuously differentiable
n-I
or more generally, when |z IDaf (x )‘ — 0 uniformly convergent,

(la|<m—-1 as x >oand D f(x)e L,|a| <m),we have

(278)" [ (&)= [ D" f (x) dx Where (27i€)" =(2ri&, )" ...(2miE, )"
This can be proved by integrating (a) by parts repeatedly.

= F D% f(0)]=@rg) Flfx), (a|<m)

¢) Let (1+ |x|) " fe L' (m=0)we differentiate (a) under integration sign
D* (&) =Fl-2mx} 1(x) (e <m).

o Hf-ml= ™™ 7(@)
Theorem 3.1:- For f e D* the following Fourier inversion formula can be established.
F'F f=f  ond FF'f=f
3.3.2 Plancherel’s theorem

Up to this point Fourier transforms have been defined only for functions belonging to

L' and the inversion formula has been established for the functions which belongs to

D", We will generalize to the entire space of functions L.

More precisely, if f € L* N L', that is f is summable and square integrable, the new
generalized Fourier transform coincides with the old one, and for an arbitrary

fel’.Ff e [*andan inversion formula can also be established.

Since D and D are dense in L* we can have the following.
For f e I’,we can choose {/J}where fi€ D*and f, (x) > f(x) in i
We observe that {7, is a Cauchy sequence in E .

This implies since // Ff // 2 = IIF {1 g = /l 11 (Parseval-Plancherel)

’f , (é")}fs a Cauchy sequence in LZ(R;")-

34
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Hence, { J; (é")] has a unique limit because /2 space is complete. We denote the limit

as_;‘.(tf)-
_)}‘I{;‘_} > } (&) in L*. and we define _}(r:) = Flf(x)]

This implies f(&)doesn’t depend on the choice of f,(x).
= Our Fourier transform is an isometric operator from L*(R,") intol’ (R,").

We can generalize the Fourier transform to 2. We note that,

FF™ f(x) = f(x) (fel’)
F7'F g(&)=g(&) (gel’)
Theorem ( Plancherel’s theorem)

For /€ L’ , the Fourier transform F, the Fourier inverse transform /' can be defined.
F is an isometric operator from L*(R.") intol’ (R,"). ' is the inverse operator of F,

F'F=1 inL* (R")

F FP=] inL* (R.")

Thus the newly defined F coincides with the previous defined F when fe L' [
where } (&) = Lim. J-e'z"“:f(x)dx is the Fourier transform of / e L’

A% |xfsa
( the newly defined F) where L.i.m. means ‘limit in mean,” that is/ limit in L*.
3.4 Fourier transform in S - space
S'-space is the space of linear continuous functional defined on S. Or it is the whole

space of tempered distributions where a tempered distribution is a continuous linear

functional on S(R”) ,that is a continuous linear map from S(R")to C.
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Examples:-

1) fel’(R"),1< p<w,then feS§

2) If uis a Borel measure, such that for some M, (1 +‘x|2)'M u is finite measure, then the
distribution defined u is tempered distribution.

[n the last sections we defined the Fourier transform Ff for

fel byf(é)= f e f(x) dv and f(x)= fme s g08) dE where f(x) is a
bounded variation in a bounded finite interval. We note that in this case for an arbitrary

¢ €D, (Ff.9(9)= (f(x),Fp) and

(F'f.0&)= (f(x).F"p)

Proof:- (Ff.0(€)) = [p(&)dé [ f(x)dx

From Fubini’s theorem this can be written as If(x)dx Je'z“""qo(é)dé

And this is equal to( f(x), F (o). We obtain similar results for 7', From this we may
conceive an idea how to extend Fourier transforms to distributions replacing { by T and
defining F'T as (F'T,0(&))= (T,F'0)eveovvivnirnnne (*)

And
(FT,p(&))= (T, Fo)
Unfortunately in this case F' ‘o ¢ D and Supp [F 'I(DJ covers the whole space. From

this we see that the right hand term of (*) is meaningless. Therefore we must give up

S . 2 el
defining the Fourier transform for all distributions. This implies we will define F'u

forues .
Lemma: - A Fourier transform F is bijective and bicontinuous linear mapping from

s, 1o s, (topologically isomorphism betweens, and s, ).

36
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Definition: - Let u_< S_.,we define F~'u,and Fu_elements of 5, as;
(Fu,, (&) =(u,,(Fo)x)) (peS,)
(Fu,0() = (u.(F'0)x))  (pesS,)
Theorem 1.3:- Let F be a bicontinuous bijection from S« 10 §'; and F"' is the inverse
of F.then F~' Fu=u,FF'u=u (u e S
Proof:-From (Fu,qo(é_,‘)) x <“s (Fo) (x)) andu, = 0in §', we have
(. (Fp) (x)) >0
= (Fu,, (&) >0

The set of the Fourier image of bounded sets which belong to § is also a bounded set.

Therefore, F is a continuous mapping fromS « 70 S ;. A similar argument holds for F 4,
InS,F'Fp= FF'p=0.
= <F“’Fu,go> = (Fu,F"'qa) = (u,p)
Thatis F~' F=land FF"' =l in§'

3.4.1 Fundamental properties of the Fourier transform of distributions

Letu € S', then the following equalities hold.
a) F[ D“u | = (27i&)" Flu]

b) F[ (~2rix)" u | = D,"F[u]

C) F[Tu]=e™* Fu]

d)F[ " u|=T,F[u]

Where 7, in (c) and (d) is a distribution which is obtained from the distribution u by a

parallel translation h, satisfying (7, /) (x) = f(x—=h) .
e)If u_e &' then we can write F[u,]=<u,.€“m‘>

37
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Fl6] =1 , Fli]=6
g !

F [6]=1; F')=6
Proof of f: - Let f(x) = 1.

= (F[1], (&)= (L (Fp) (x))
= [(Fo)x)dx = [p(x)dr
x @(5) = je.'!m.rtf q;)(x)dx

= p(0) = [p(x) d
= (F[1]. 0(£))=0(0)
However forp € D, , the functional ¢(&) — ¢(0) is the Dirac & function.
= Fi]=6

= (8, p(&)) = p(0). Or if we use an other formula,
(F[1].0(&))=(L(Fo) (x)
= [(Fo)&) d¢

=(27)29(0)

=<(2x)35,¢>

= F[1]=(n)%6

Also
(F1(0)0 () =~ (Y(x).0'0) == [ 0" () =(0)
= Y{x)=0(x)
= F[5] =(r (), &™) =(Y (), ™™ ¥
B )=
38
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Or if we use an other formula,

(F6.9)=(5,Fp)

- Fo(0)=(21)* [p(x)dx

=<2z)%,¢>

=F [6] = (27:)%7
Similarly F"'[E] =1and F"[1]= 0.
g) When the dimension of the base space is 1, we see that F [cxp(—zzr“)] = exp(-n&?).
From this and Fourier transform of several variables, in the case of n dimension we have
F[exp(—:r(xf +x,’ +...+x,,2))] = exp(-7 (&> +..+&.7)).
Let feS ,andlet f,Ff € L' ie.fand Ffare both functions. Then for a real number

I
A

3.4.2 Concrete examples of Fourier transform

A#0 we have F [f (Ax)]z }(%) when n is the dimension of the base space.

1) F v.pl = Sk K Where v.pl=(log|x1)‘ (Cauchy principal value) and
X 7i (£<0 X

1
X

f(x) e D wheref(x):v.p( ] .

In fact v.p l =a(x)v.pl +(I—a(x))l where «is a function taking the value 1 in
X X x

1 : e
the nbhd of the origin anda € D. a(x)v.p ' e & and (1-a)x) s € L

1 .
= The sum v.p — €D
x

F[V_P l:| is a function. Assume@ € S . then we have
X
39
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1 : ¢(x)
D = . =lim —Zdx :
< P 3 (0> £>0 ,,-siii[,q e .So that if we put
l £S|x|.<_A
Jea(x)=1x
0  otherwise *

We have v. p( ) = lim f, , (x) by the topology on S'. Therefore from the continuity of

F, we have F[v.p(l)] = lim F[j;.d(x)] ,by the topology on ', .
= ¢

On the other hand,

I o 27 é . J- ~r‘)m:rx.§ =-2i f sznx‘f

X

".SNS'* sz A
If we assume & # 0, we have f(£)= ~2ilim ‘[‘szmgl
. fHEsinx
=—2i le ——d

et 2!_ ‘[n-cn S.‘nx i
X

-m, ¢>0
:{m', 9’ <0

S'nx
Since f , =

2) Let Y(x) be the Heaviside function, i.e. (¥ Q)= f @(x)dx

Then find F[Y(x)].

Solution
. . £50)
: 1 -mi, (£>0) _, 1]_J=h (&>
Smcep[v'p E] ={m', (é<0) FAVP LT i (€<0)
Also F“[(S]:]
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1 1
F"[— v.p; +5] =2Y (&) . Since FF'=1,

i

!
FIVe= 5 vp _;.J,.%a

3.5 Applications in differential operators

Malagrange-EhrenpriesTheorem: - Every nonzero differential operator with constant

coefficients has a Green’s function. This means that if P is a polynomial

(In several variables), then the differential equation P(ai)u(.r)z O(x)has a
X

[

distributional solution u where & is a Dirac delta function. It can be used to show that

-~

P(_\(—;)n(x) = f(x)has a solution for any distribution f. The solution is not unique
ox,

in general.

If for the equation P(D)u= f the convolution & * f (where & the fundamental solution
of non zero linear differential operator P (D) with constant coefficients) exists, then
u=e* f
Proof
u=u*g
u=u*P(D)e=P(D)u*e)=P(D)u*e=f*c=c*f

Consider a nonzero linear differential operator P(D)=) a, D" .......ccoovnis (*)

ack

With constant coefficients where K is a finite set in the space N, of multi indices. a,'s

are constants such that for a, 20 a=(a,,..a,)€ Ny |a| =@ +...+a,}ymax|a|=m and for

10%

DY =

/

define D* =D/ x...x D;"

. ";
u’)’brJ

Now let us describe the condition of partial hypoellipticity of the operator (*) in terms

of fundamental solutions. _
Definition 1: - A distribution ¢ is called a fundamental solution to the differential

operator (20) iff P(D)e=46
11
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Definition 2: - Let Qc(R”) Qc(R")be an open set and let u € D' (Q) a differential
operator (*) is called elliptic if P(D)(u)e A(Q), thenu € A(Q)

Definition 3:- Let Q< (R”)be an open set and let u € D (€2) a differential operator (*) is

called hypo elliptic if P(D)(u)e C*(Q), then u e C*(Q).

Definition 4: - Let Qc(R") Qc(R")be an open setand let u € D (Q) a differential
operator (*) is called partially hypo elliptic with respect to the plane x =0 if
P(D)(u)e C*(Q), then for any function ¥ € D(R"™)the convolution

u*y, € C*(Q, ).(where x" € R"™ 0 <m<n)
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Summary of 3.5

Definition

In terms of poly.

In terms of Fs.

Differential operator (*) is

Elliptic if and only if

For £#0,

the principal part

Any Fundamental solution

£ 1s such that

ue D(Q),P(D)ue AQ) p,(E)#0 e A([{0}])
=ue AQ)
Differential operator (*) is (a} Any Fundamental solution
e P6) 0 >m) ”
hypoelliptic if and only if p(&) € is such that
ue D(Q),P(DueC(Q) eeC™([{0}])
=ueC”(Q)
Differential operator (*) is p(&) S 0(F > ) For mne N,Osm<n
Partially hypoelliptic p(&) sad
; : & whereas
Iff HED(Q),WE D(]R ), VWED{R"').
s & remains bounded
P(DueC*(Q e*y, € C*([sup p(w,)])

=u*y,eC’(Q,,)
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