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Notations 

0 Supp [(OJ : == Support ora func ti on or a distribut ion, 

Supp [q>J:~ {XE R" :q>(x)"O). 

0 D: = The whole sct ofinfinilcly differen tiable functions having compact 

support. 

0 D': = The space o r all distributions. 

0 D 1'" := The who le space of I E L2 which also have all derivatives of ,. 
order up to m be longing to Ll. 

0 IE L:"" : = r is locally summable ~ a measurable function f defined on 

RIt is slimmabic in a nbhd of every point in R" . 

0 c ' := thc space of distribution with compact support 

I 
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Transform methods in differentia l equations 

Transform Methods in DES 

Introduction 

This topic introduces a powerful technique for solving different ial equations, both 

ord inary and partial , and integral equations: involving methods quite different from the 

methods we are familiar. The technique involves applying an integral operator 

T = Tx ~ v to transform a function y = y(x) of the independent real variable x to a new 

function T (y) = T (y) (v) or the real or complex variable v. If y so lves, say a differential 

equation (DE) and sati sfies conditions allowing Ihe integra l operator to be applied the 

fu nct ion T (y) wi ll be found to solve an other equation TDE, perhaps also (but not 

necessarily) a differential equation. This gives as 11 new method for solving a differential 

equation DE. 

Il involves the following steps. 

I ) Supposing y satisfies conditions for the integral operator T to be app lied, 

transform (DE) 10 (TOE). 

2) Solve (TOE) 10 find T(y) 

3) Find a function y the transform of which is T (y) which will then solve DE. 

We will find that in solving differential equations, there can be at most one 

fu nction y corresponding to a tranSf0n11ed function T(y), and hence that we will have a 

one~ to ·one correspondence between transformable y 's solving (DE) and transfonned 

functions T(y)'s solving (TDE). 

We shall limit our discussions to considerations invo lving the two most important and 

widely used transfonn operators, associated with the names Fourier and Laplace. In each 

case, we shall present some basic facts and then its app lication in solving the differential 

equation. Throughout th is seminar report we shatl need to integrate over an infinite 

interval I. fis integrable over 1 means; 

i) r is Lebesgue integrable over I. 

ii) f is piecewise continuous on every closed and bounded interval In I and the 

improper Riemann integrals of both fand l.t1 exist over I. 

) 

Addis Ababa University, Department of Mathematics 



r" • •... 
· . 

.~ 

I' • 

· 

.:. 

: 
, 

• 

· I 
· · . 

· . 
:-

· 

· 
· 

j 

· /1 

· 

, 

· 

· 

Ir I 
'-=-

Transform methods in di ffe rentia l equations 

Chapter ONE 

TH E LA PLACE T RA NSFORMS 

The Laplace transfonn is named for the eminent French Mathemati cian P.S Laplace 

who studied equat ions of the fonn L{J(t») = F(s) = f e-" f( t )dt in 1782. 

However most of the techniques of LaplHcc transfoml were not developed until a 

ccntaury or more latter. Many practi ca l engineering problems invo lve mechanical or 

electri ca l systems acted on by disconti nuolls or impulsive fo rcing term s. For sllch 

problems the methods we are familiar arc dif'fi cult to usc. The method that especiall y we ll 

studied to these problems, although useful much more generall y is the Laplace transform. 

Among the tools that arc very usefully in solving LDES arc integral transforms. An 

in tegral transform is a relation of the form F(s) = JP k(s, / ) /(1) dt where a given 
a 

funct ion f is transformed in to another function f by means of an integral. In this case F is 

the transform of f and k is the kernel oft ransfonnation. 

In th is case the main idea is to lise the relation. F(s) = fP k(s, I} / (I) dl to transform 
a 

a problem for f in to a simpler problem for F ,to solve thi s simple problem and then 

recove r the des ired function f from its transform F. 

1. 1 Defi nitions 

Defi nit ion l.l : - A function f is said to be piecewise continuous on a 5 t 5 P if the 

interva l can be parti tioned by a fini te num ber of points a = 10 < ' I < ... < I ~ = P such 

thai, I) f is continuous on each subinterval 1,_1 < I < I , 

2) fapproaches a fin ite limit as the end points of each subinterval are approached 

from within the subinterval. 

In general if f is piecewise continuous for 1 ~ a, r /(t)dt exists for each A > a. But 

piecewise continui ty is not enough to ensure convergence of r /(r)d/ . 

I 
Example: - Let / (/) = -, 1 ~ I which is picccwise conti nuous. But 

I 
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Transform methods in differentia l equations 

(Xl dl = li m(ln A) = co which is divergent. J 1 I A ......... 

Definition 1.2: - Laplace transfonn is defined as foll ows. 

Let r (I) be given fo r t ~ 0 and suppose that f is piecewise continuous. Then the Laplace 

transform of f denOled by '-(1(/)) or F(s) is defi ned as ,-(1(/)) = F(s) = foe' " [(I) (/1. 

In th is case the Iransfoml kernel is k(s,/) = e-M which is naturally associated wi lh linear 

differentia l equations with constant coeffic ients. If r I (t ) dl exists V A > (I and 

lim A -t co exists we say that the improper integra l converges to that limit va llie and 

other wise it diverges. 

Exam ples 

I) Let 1(1) = e", I ;' 0 

=> ""e" (/1 = lim r eo (/1 = lim .!.(e" - I) JO' If....... A-- C 

=> fa e el dl Converges if c < O. 

I 
2) Let [ (I) = - I ~ I 

I 

f dl . ['" . :;:;) - = !tm - = 11m In A = 00 
I I A........ f A_.GO 

T heorem 1. 1:- Suppose that ; 

I) r is piecewise cont inuous on the interval 0 S I S: A for any positive A. 

2) 1/ (1)[ $ keol
, 1 ~ M Where k, M, a, arc real constants, k and M are necessarily 

posit ive. Then the Laplace transfonn L{j(!)} = F(s) = I;e-.II J(/) dl exists for s > a. The 

parameter s can be either real or complex. 

Proof: -It is enough to show that F(s) = foe-Jl J(t)dl converges for s > 8 . 

3 
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Trans form methods in differential equations 

Splitt ing the improper integral in to IwO parts, we have 

'l1,e first integral ex ists by hypothesis ( I) of theorem ( 1.1). This implies the existence of 

F(s) depends on the existence of the second integral. By (2) we have for 

( ~ M, Ie -t/ l ~ ke - s/ e (1I = ke(CI - s )I and thus F(s) ex ists provided thaI, 

("J e ( /l ~ ')1 dr Converges by the comparison theorem. JM 

This implies the imprope r integral converges ife < 0 and diverges ire ;::: 0 . If we replace c 

by a-s, then r::e(/h\' )/ cll converges i f a-s < 0 and this implies s > a which completes the 

proof. 

Exa mples 

I) Let f (t) = 1 then fi nd its Laplace Iransfoml . 

L{I}= 

2) Let / (1) = ' , then 

L{ju)l = ell = lim re-"" ell t 
,~. 

I" [ 1 . " A = lin - - e I 
A-+.. S 0 

1 fA + - e-·I'df 
s 0 

= 
s ' 

for s > a 

Addis Ababa University, Department of Mathematics 
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Transform methods in differential eq uations 

3) Lei l(t) = em , , ~ 0, Then 

L{j(t)} = 

_ I'~ I -(.-.), A) - I' - I [ -(.-." I)J - 1m ---e - 1m -- e -
A s-a 0 .4- ."" s - a 

=--, s>a. 
s - a 

4) Let 1(1) = ," where n E N, 

LV n }= fo'e- .JI ( ndl Then by using integration by parts, 

I.) n' Applying this technique repeatedly we will get L ~ ~ =---;;:T 

5) Let f(t) = Sin at 

=> L{Sin 0' } = foe -" Sin'" d, 

I _ AI 

= lim r eSin al dl 
,01 ... 00 .1 

s -

. " d - Sf Cos at 
Lei u = e => u :;;;; se • dv = Sin (II =:- v = 

f e-SI Cos at Sf '" d 
:::::) /IV - vdu = - - - e cos at I 

a a 

C ( ---=--e'~' CO.:..:...' a_loA ) ::::::> e-sl Sinal dl = lim -o A-+<o a 

I s r'" 
=> F(s ) = --- JOe-" Cos at dl 

a a 

a 
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Transform methods in differential equations 

F() I .< (I ' - M sin al 5 C ' ::::) . S =--- Ime --1+- e- J Sil111/)d, 
aa A- .. a aO 

I S 2 
=> F(s) = --- F(s ) 

a (/ 2 

[ s'] I => F(s) 1+7 = a 

a 
=> F(s) = , , 

s +a 
• s > 0 

1.2 Properties of Laplace Ira"sform 

:.) Linearity: - Let ~ and J; arc two funct ions whose Laplace transfonn ex ist for 

s > °1 and Jor s > (12 respect ively. Then for 

s> max{a" a, ),L{c"t;(I) H, 1,(i))=e,L{/, (i)}t-e , L{j,(/») 

I'roof: - L {e, f. (t) + cd, (I)J = e, foe -" f. (t)+ e, r e-" I, (I) dl 

= c, L{/,(i)) + e, L {j,(i)) 

b) The shifting Theorem 

Let L {j(t») = F(s) , 7)/en L ~ '" I(i)} = F(s - 0)/01' S > a, 

By definition F(s) = [e -"1(1) dl 

-( . -a ll 

=>F(5-a) = [ e I(i)dl 

= [e-"(e' l(t))dl 

= L ~. f(t)} 
From thi s we can also gel L ~_at f(t)} = F(s + a). 

"' " Example: - Fi nd the Laplace transfonn ore f 

{ { 
\ n' {} n! L eUI/(r}} = L eQ//nl = . , .. 1 , Sillce L / " = - ,-

(s - o) s +1 

Addi s Ababa University, Department of Mathemat ics 
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Transform methods in differentia l equations 

c) In \'Crsc Laplace transforms 

Dcfinilion: - If L {[(I)} = F(s), then f (t) is called the inverse transform and is denoted 

by c' {F(s)}. 

Examples: -

a) L{ Cos 2x} =.,.:- => C' {_s -} = Cos 2x 
s+ 4 ,\'2+4 

b) I" dl ' .1"+7 . In t l C Inverse transform of .--"--'-'--
52 + 2.~+5 

Solulion: - F(s ) = s+ 7 
5 2 +25+5 

= (.\"+ I) + 6 = _-,s...;+..:.1 ~ 
{s+ 1)' +2 ' (s+ 1)' +2 ' 

=> C'{F{s)} = C'{ s+ 1 }+lL '{ 2 } 
(5+ I) ' + 2' (s+ I) ' + 2' 

=::) fer) = e-lCos21 + 3e-' Sill21 

= e-' (Cos21 + 3Sin21 

1.3 Heaviside expansion formula 

The Heavisidc expansion formula provides a convenient method of evaluating 

inverse transformation . LeI F(s) be the Laplace transform of r (I) where f (I) is the 

quotient of two polynomials FI (s) amI IS (5) .That is F (s) = I~ (.~. ) where the degree of 
F, {s) 

F2(s) is assumed to be greater than the degree of F I(S) .If F2(s) can be factored, then 

F(s) = F; (s ) .Now two cases will arise. 
(5 - 0 ,) (s - a, ) ... {5 - aJ 

A) If F2(S) has no repeating factors, in thi s case F(s) can be expressed as a panial 

fraction . 

A, __ A2'_ 
=> F(s)=-- + 

S-01 S-02 
+ ... + ~ ....... (*) where AI' A2 • ... , A" 

s-o" 

are to be determined. Multiplying (*) by (s - lI , ) we get. 

7 
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1'ransfol'm methods in differentia l equat ions 

s - a s-a 
1'(.1') (s - a, ) = A, --' + A --' 

s - a
l 

2 s _ a ! 

s - a 
+. .. + A, + ... + A. --' .................. ( •• ) 

s - a~ 

]fwe take lim we get lim F(sHs - lI, ) = A, 
S->", , ..... u, 

=> A, 

1' ( ) I' .I' - a, = 'I S Inl --
"' '", IS(.I') 

Now consider lim s - a, , the fac tor s-a, appears both in the numerator and denominator. 
S"''', F2 (s) 

:::) 11 is ( ~ ) f rom. 

By using L' Hospita l' s rule lim 
'''''', 

s - a, 1 
= 

F, (s) F,' (a, ) 

=> A = F,(a, ) 
, F,' (a, ) 

=> F(,.) = :t 1',(0, ) _ 1_ 
,.1 F! (u , ) s- a, 

~ 1';(0,) "' 
=> The inverse transform is f(t ) = L.- F '( ) e ' 

, . 1 2 ar 

5 2 +2$-3 
Example I : - obtain the inverse transfonn of F(s'p 3) ( 2) 

s(s - s + 

1'(.1') .1" +2,,-3 , 
So]ution :- F(s)=-'- = . J'l(s) has three factors which arc 

F, (S) s(,.-3)(s+2) 

non repeating . 

°
1 

= 0, 02 =3, 0) =-2 , ~(s)=s z +2s - 3, 

F, (s) =.I'(s -3)(s+ 2) => F,' (s) =3,. ' - 2,. - 6 

=> J(t) = I', (0) + 1',(3) e" + 1',(- 2) e'" = ~ + ~e" - 2..'" 
1', (0) 1', (3) IS (- 2) 2, 10 

Addis Ababa University, Depa rtment of Mathematics 
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1'ransform methods in differential equations 

The expansion for the inverse transform can also be lIsed if the roots for F2{s) arc 

complex . 

s-3 s-3 Ex:omplc 2:- LeI F(s) = = __ --.:c.::..:~_-,-
s' +2s+2 (s+ I + i) (HI-i) 

Here the rools areal = -I-i anda2= -1 +i. Fl' (s) = 25 + 2 

f(t)= ~.(a l ) e"" ~.(a2 ) eIJ11 
F, (o,) F, (a, ) 

4+; ~(I ")I - 4+; - ( t . ,jl =--e +--e 
2i 2i 

-" 
=e

2i 
l<4 +iV" +(-4+i)e" ] 

- e-' 1·( " -") 4( " -")j - - / e +e - e - e 
2i 
-, 

= e
2i 

[2iCosl + 8iS int ] 

= e-' [Cost-4S int] 

B) IfF 2(s) has repeating factors. 

F: (s) 
Let F(s) = " ',,_, 

(s-o,) +(s-o, ) + .... (., - " ,,) 

AI A" c2 ell => F(s) = + ... + --+-- + .... +--
(5 - ° 1)" S- lI l 5-°2 s - an 

" A 
- " ' +G(s) - £.., ( )".r tl 

r _1 S-Ol 
G C2 c" Where (s)= --+ ... +--. 

5- ° 2 S-(I" 

We can obtain the inverse transform orG(s) by (A). 

To obta in AlP/' 1 :5 m :5 n, multiply by (s - at )" . 

" A 
=> F(s)(s-a,) " = L ' ,_, +(s-a,)G (s) 

". , (s - a, ) 

" 
= L (s-a,Y-' +(s-", )G(s). ,., 

Addis Ababa University, Department of Mathematics 
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• 
= ~ (s - a,Y-'A,+(s - a,)" G(s) ................. (· ) .. , 

DiITercntiating (*) sliccess ively (m· 1) times we will get, 

d
O

- ' [ 1 ' d O
- ' 

-;;;::;- (s - G,)" F(s) = 2: (r - I )(r - 2) ... (r - III + I)(s - G, Y-- G, + -;;;::;-[<s - G,)" G(s) 1 
~ - ~ 
......... ......... .. .. .. ..... . ........ ( .. ) 
All Icnns on the right side of ( •• ) contain the factor (5·al) ra ised to some power except 

the term with r = m. Hence (m - 1) 
d lll

-
t 

(111 - 2) .. .l.2. I.A. = lim~(s - a,r F(s) or 
' - '''1 ds 

Am = I lim 
(m - l)! NoJ, 

d ", · 1 

d 
.. - I (s - at r F(s) ,I S ill S n . Replacing r for m, 

s 

A = I 
, (r - I)! 

d ,·1 
lim -;::;- «s - a,)" ) F (s)) . We know that 
·• ... .,0 ds 

=> = e-' I L-' { I } I . , ,-, 
(s-a,)"-'" (n - I)! . 

" A 
=> The inverse transform of F(s) is 1 (1) = 2: ' 1' -'e""+g(l) 

,. , (n - r)! 
where get) is the 

inverse transform ofG(s). 

Ex.mplc: -Find r(t) when F(s) - I 
s(s+ 2)' 

At A2 A} Co 
Solution:- F(s) = 1 + 1 +-- + -

(s + 2) (s+ 2) s+ 2 s 

Since ..!. is the non repeat ing term , then its coefficient can be determined. 
s 

=>F;(s) = I, F, (s)= s(s +2)' => F, '(s)= 4s' + 18s' +24s+8 

. . _ F,(O) _~ => C,{_I } =~ 
Subslitutmg 0 for ar , Co - Fl '(0) - 8 8s 8 . 

Coefficients AI' Al and A) are as follows. 

Addis Ababa University , Department of Mathematics 
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Transform methods in differential equations 

, - I 
AI = (s+ 2) 1 ,(I( s =-2 :::::> AI =-

s(.<+ 2) , 2 

d[ , I ] _ I _ I Az =- (s +2) J ,at s=-2::) A2 =--=-
ds s(s+ 2) (_2)' 4 

I d ' [ J I ] I 2 - I A)=--z (s+ 2) 1 ,at s = - 2,=> A)=---=-
2ds s(.<+ 2) 2(_2)' 8 

e-ZI 1 I 
=> f (l ) = - (I ' +1 + - ) + -

4 2 8 

1.4 Solutions of Initial value problems 

In thi s section we show how the Laplace transform is used to solve in itial value 

problems for linear dirrerential equations with constan t coeffi cients. The transform of 

I is related to the transform of fby the following theorem. 

Theorem 1.2 :-Supposc fis continuous and / is piece wise continuolls on any interval 

OS: I s: A. and suppose that there ex ist constants k, a, and M such that, 

If (!)1 :S kea' for 1 ~ M , Then L{j'(I )} exists for s > a and L (j'(!)} = sL{j(!) }- frO). 

I)roo(: - Cons ider fe --"/' (/ ) df .LCI f l , f2. ···, /" bc poin ts in OS: / :S: Awhcre I is 

discontinuous. 

=> [e -" f'(I)dl = 
_ ," - sf I -J' 

1' e / (t)dl + I' e f(!)dl+ ... + f. e / (I)dl 

Integrati ng each lenns by parts we get, 

r. e -" f' (!) dl = e-· f (1) ~ +e -" f (I)I:: + ... +e-" f(!)I,: + s[ f e-" f (t)dl+ ... + r. e-" f (!)dl 1 
since r is continuous. r e -" f (I) ,Ii = e-'" f( A) - fr O) + s r. e-" f( I)d1 

As A -)0 Cf.l, e ...! f( A ) -)0 0 

=> Fo,. s >a, L {j'(t )} = sL {f(t) } - f(O) . Inducti vely if f , / , ... ,ft"-" are continuous 

and f CII) is piece wise continuous, then 

11 
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ow let us see how the Laplace transform can be used to solve ini tial value problems. 

EXllmplcs:- I) Consider the differential equati on y" - y' - 2y = 0, y(O) = I, ytO) = 0 

Solution: - This problem can be solved simply by the methods we arc fami liar and the 

solu tion is y(t ) = c1e -
1 + c 2 e

21 

Applying the ini tial conditions y = .-p(r ) = ~e '+ ..!. e ll is the panicular sol ution of the 
3 3 

differential equation. Now let us lISC the Laplace transform method and find the solution. 

Let y = <p(t ) be the solution oCthe differential equation. 

=> Lji }- L Vl- 2L{Yl = O. (By using the linearity of the Laplace transform.) 

Then by theorem (1.2), s' L{y}- s y(O) - y'(0) - (sL{Yl - y(O» - 2L{Yl = 0 

But y (0) =1 and y' (0) = 0 

=>(s'-s- 2) L{Yl+( I-s) y(O)-y'(O) = 0 

:::::) L{y} = s - 1 = s - 1 . This implies we have obtained an ex pression for 
s'-5- 2 (5-2)(5+ 1) 

the Laplace transform L{Y}of the solution y = fP (t )of the given in itial value problem. 

Then, finding qJ is find ing the function whose Laplace transform is as obtained. 

a b 
Y(s)=- +­

s- 2 s+ 1 

a(H I) +b (s-2) _ Y( ) _ 5- 1 
=> - S - 2 

(s- 2) (5+ 1) s - s - 2 

=> s - I = a (s + I) + b (s - 2) is the equation that must hold for all s. 

I . 2 
!fwe sel 5 = 2 then a = - and tf we set s = -1, then, b = -

'3 3 

2 

=> y (5) = _3_ + _ 3_ 
s-2 s+ 1 

1 'I 2 _I 
=>y=rp(/)= - e - +-e 

3 3 

2) y" + y = Sin 21 , y(O) = 2, y'(0) = I 

Solution:-Assume that the differential equation has a so lution y = qJ(/). By theorem (1.2) 

12 
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we have S 2 y(s) - S)I(O) - y'(O) = -/:-- . (Since the transfoml ofSin2t i5_ 2
_ .) 

s + 4 S 2 + 4 

~ Y(s) = 2s
3 

+ S 2 + 85 +6 
(5 ' + 1)(5 ' + 4) 

=> Y(5)=a~+ b +cs+d = (as+b) (5 ' + 4) + (C5+ d) (5 ' + 1) 
s + I 5' + 4 =-,-,:.c..:~(-s ,<-+2 1 )-(:"'5~' ~+:"'4:':):!c~:...:..!. 

:::) 2 .\,3 + S l + 8 .... + 6 = (a + c) sJ + (b + eI ) S 2 + (4a + c) S + (4b + eI) 

{
a +C = 2 

=> 40 +c = 8 
d {

b+ d = 1 
An 

4a + d = 6 

5 - 2 
=> a = 2 c =O b = - d = -• , 3' 3 

5 2 
2s :3 :3 => Y(5) =--+-- - --

5 2 + I S 2 + 1 S 2 + 4 

=> The solution is y = 1'(1) = C' {Y(5») => 1'(1) = 2Cos I + .? S int - .!. sin 21. 
3 3 

1.5 Step Functions 

In th is section we will see some o f the most interesting applications of the 

trans fonn methods occur in the solution of linear difTerential equati on wi th di scolltinuous 

or impulsive forcing functions. Equations of this Iype frequently arise in the analysis of 

the flow of current in the electric circuits or in the vibration of mechanical systems. 

To dea l with functions having jump di scontinuiti es, we introduce a unit step function 

denoted by u. (I ) and dclined as: 

1I, (i)= {~ 

Graphica ll y. 

I < C 

I ~c 
00 

1 
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For a given function f. il is often necessary to consider the related function g 

de fined by y = g(l ) =- {OIl < C which represents transfonnat ion of r a distance c in 
f(/ - C) , f ~ C 

the positive direction. In terms of the unit -step funct ion, we can write g (I) in the 

convenient form gel } = U,(f) f er - c) 

The Laplace transform of Ue is determined as fo ll ows. 

Theorem ).3 

If F(s) = L {j(t) } exists fo r s ~ 0 and if c is a positi ve constant, then 

i) L {II, (1 )/ (1 - c») = e-" L (J(t) ) = e-" F (s )Ior s > a 

ii) Conversely if f( /) = L-' {F(s» ), I"ell", (/) f (/ - c) = c' k" F(s») 

I)roof:-To prove (i) it is suffic ient to compute I. {u~(l)f(/ - c} 

L {II , (/) f (/ - C») =[ e-"" , (/ )f(l -C)dl = [ ' -" f (/ - C) dl 

Lei ~= I - C 

= e-" r e-'~ I (e, ) de, = e-" F (s ). 

To prove (ii) take the inverse transform on both sides. 

Examplcs:-

{ 

. 0 " Sin I , ~ / <-

I) If lhe fu nct ion f i, defined by f (/)= 4 Ihen fi nd L {J(/»)· 
" " sin f +COS(f --),1 <?:-
4 4 

Solution:-

f (/) = Sin (I ) + g (I ) , where g (I) = 4 
{

o if ' <!': 

" " Car (/--.' >-
4 4 

Addis Ababa University, Department of Mat.hemat.ics 
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" =- g(l ) = II (I) eOs(1 --) 
, 4 
• 

and L{f(t)} = L{sin l} + Lh(I)COS(I-:} 
" 

+ e ' 

I - oU 

=> L {J(t)} = _,_+e' _s_ 
s-+ I s2+ 1 

1 - 21 

2) Find the inverse transfonn of F(s) = - e 
s' 

Solut ion: - From linearity of the Laplace transform, we have 

I(t) = C' {F(s)} = C' {-!,} -L -, {e-"} = I - II (1)(1 - 2) 
S S2 l 

{
I, O~ 1<2 

~ r may be written as ret) = . 
2, 1 ;,2 

Theorem 1.4:- JrF(s) = L {f(t)} exists for s > Q" 0, and ire is a constant, then 

L { e" f (t)} = F (s - c), S > a +c Conversely, ir 

f(l) = C' {F(s»).lhen e" f(l ) = C' {F(s - c)} 

J'roor:-The proorneedsonlyevaluating L {e" f( t)} = r e -" e" f( t)dt 

= r e-('-<" f(l)dl = F(s - c) 

s > a+ c comes from the observation of one of our theorem. 

If (t)l" ke"'; hence I e" f (t)I" k.et
"'" 

Example: - Find the inverse transform of G(s) = 2 5 s - 4s+ 

Solutionj- G(s) = 1 = F(s - 2) where F(s) = (sz + 1) -1 
(s- 2)' +1 

Since C ' {F(s)}= sinl , then from the theorem g(l) = C
l 
{G(s)} = e

21 
sin I. 
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Transform methods in differential equations 

1.6 Differential equations with discontinuous forcing functions 

In this section we will sec some examples in which the non homogenous term, or 

forcing function is di scontinuous. 

Example: - Find the so lution of the differential equation y" + y' + ~ y = g(t ), where 
4 

{
t. 0 :5 ( < Tf 

g(/) = I - II , (/)= 
0, I ~ Tr 

Assume that the initial conditions arc yeO) = 0, y'(O) = O. 

Solution : - The Laplace tTanSrann of the differenti al equation is, 

5 l - e'" 
5' Y(5 ) -sy(O) - y'(0) +sy(s) - y(O)+- y(5) = L (1) - L{II, (t)) =--

4 5 

inserti ng the initial values and solving for y(s), we will gel y(s) = 
, 5) 

s(s +s +'4 

To find y = ~(t). let us write ;(s) = I -e' " H(5)wherc H(s) = 5 
5(5

2 +s+ - ) 
4 

Then if fI(t) = C ' {H(s»). we have y = h(/} - II, (I) h(/ - rr}. 

To find h(l), H(s) =!!.. + bs +c . Upon determining the coefficients, we get 
S 2 5 s +s+ -

4 

444 
a=- b=- - andc=- - . 

5' 5 5 

4 [ J 
- 4 s+ 1 

Thus H(5)=2 -- . 5 
s 5 5- +S+ -

= 

4 

5 
s 

4 

[ 

I I J s+ - + -
4 2 2 

5 (s+~) ' +1 

- / - / 
4 4 - -

::::) h(/)= _ - - (e 2 COSI + e 2 Sin I ) 
5 5 
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Or 

=> The solution is y= h(t) - rp,(t) h(/ - ff) 

rp(t) = 

.!. 4 ~ 2 - I 

- (1 +e 2 )(-e1Cost +- e 1Si nt I ~ff 
55 ' 

4 4 ~ ? - I 

-5 -(-e 2 Cos/ +':' e 2 Sinl) I < ;r 
5 5 ' 

1.7 The Unit Impulse Function 

The impulse function can be approximately desc ri bed by 6(1) = lim y (I) 
1_0 I 

where 
{

I 
- !orO S1S/; 

r t: = c which is not a di stribution as r , (1) for O.s l .s co 

o olhenvise. 

is not 

arbitrary often differentiable. 

But y I' (I) can be represented as r I (t ) = .!. [II(t) - U(I - e)] where u is a unit step function. 
c 

L {O(/») = lim [.!. ["(/ ) -1I(t - C) ]e-"dl 
, .... 0 C 

= lim [.!..!.(I - e-P
) ] = I by using L ")-Iospital 's rule. 

&-+0 c S 

1.8 The Convolution integrd l 

Sometimes it is possible to identify a Laplace transform H(s) as a product of other 

two transfonns F(s) and G(s) where they arc corresponding to the known funct ions 

f and g respectively. But Ihis doesn' t mean that H(s) is the transfonn of f.g. 

T heorem 1.5:-lf F(s) = L{J(/») and G(s) = L {g (t ») both exists for s>" ~ 0, then, 

I-/(s) = F(s) .G(s) = L {h(t)), s >" where; 

h(/) = If (t - r ) g(r) dr = V (r) g(/- r~lr. 

17 
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Transform methods in differentia l equations 

The funct ion h is known as the convolution of f and g and the integra l is convolu tion 

integral .Conventiotionally the convolution integral is emphasized as generalized product 

by witting hIt) ~ (f' g)(I). ln particular (J' g)(l) = LI (I - T) geT) clr 

1.8.1 Properties of convolution integral 

i) f* g =g* f 

ii) f' (g, +g, )= f' g, + f' g, 

iiiX/' g}' h ~/ ' (g' h) 

iv)/ 'O ~ O'/~O 

v}/ ·l = f may not be true . 

Exa mple:- If 1(1)=Cosl then, (f' I)(I) = { Cos(t - T)dT =- Sil~l - r) l ; 

= - Sill(O) + S int = S int 

Vi) / . / can be negative. 

Example:- f (t) = sin I 

Proof of the theorem:-Let F(,) = f e O"~ 1(4)d4 and G (s) = f eO"~ I(~ )dl} 

Since the integrand of the first integral doesn't depend on the integrat ion variable of 

the second. Let 4 = 1 -~ fo r a li xed I}. =>F(s) . G(s) ~ r g(~ ) d~ r e -"f(I - ~)dl 

Let ~ ~ r => F(s) .G(s) ~ f geT) dT f e-" l (t - r) dl 

Assuming that the order of integrati on can be reversed we obtain; 

F(s) G(s)= f e-Pdl ! f(t-T)g(r)dr or 

F(s ) G(s) = f e-' h(t) dl = L(h(t) } 

Addis Ababa University , Department of Mathematics 
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Example: - Find the inverse transform of H(s) = (I 

s2(sl+a1) 

Solulion: - Take H (s) = ~ -.:"=---,. 
s· sl+a l 

s~ is the transform oft, 2 a 2 is the transform of Sinal . 
s +a 

r m -sinm 
~h(t ) = ,b(t -r) Sinardr = 2 

a 

Addis Ababa University, Department or Mathematics 
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CHAPTER TWO 

THE FOURIER TRANSFORM 

Suppose that f: lit --+ IR is integrable over the whole real line R . Then the Fourier 

, . 
transfonn Its) = J e-'u I( x)dx (s E IR ) .............. (1) 

, , 
We can also denote the Fourier tr. nsfonn of f as 1 = 1'(/) or f(s ) = I'(/( x)(» or evcn 

, 
in the case ofa funct ion u = u (x, y) of two variables, II (S,Y) = F$."(u(x,y) ( .~', y» 

to ind icate that it is the independent variable x • not the independent variab le y, that is 

being transformed. Some authors define the Fourier tTansraml as: 

, ~ 

f(s) = f e-" '" f(x) dx ........ . .. ... .. ............ .......... (2) 

1'('<) = ~ [e'" lex) dx .. ...................................... (3) 

From these we conclude that there arc difTerent formulas for Fourier transfonns and 

hence their respective formulas fo r the ir inverses also vary. 

2.1 Examples of Fourier transform 

I) Find the Fourier transrann of I(x) = e·
b 

X(o .• ) where 

x (X) = {[ . 
A O. 

xe A 
HA 

Solution :- I(s ) = [e -'u lex) dx 

I· fA -,. - b d ::: 1m e e x 
A ..... '" 0 

I· r -t-u-')'dx := 1m e 
A_ 

. (-e'''-'I' A) ::: lim --:--:-1. 
,4 .... '" is +k 0 
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Transform methods in different,'al . equatIOns 

= hm ----
. ( e (-u-i)A 

+- I ) 
A__ is + k is+k 

= 0 + ---'---' - -­
is+k k + ;s 

2) Find the Fourier transform of I(x) = eO y .(. (0,") 

So lution 

1($) = r e"" f(x)dx 
-00 

= lim(e"·'·"i' ) A-... 0 

k - is 
= 

3) Find the Fourier transform of I(x) = e - ll~ 

=> f( x) = { e' " 
e" 

if x~O 

if x <O 

I I 
=--+-

k+is k - is 

Addis Ababa University, Department of Mathemat.ics 
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Transform methods in differential equations 

4, Find the Fourier transform of I(x) = XI-"') (x) 

Solution 

=---
is 0 

e'· + __ I' . -. /s 

e-1b e't' 
=---+ +-

is is is is 

I I~_' . ,t< 

=_ <' ~ e ) 
s / 

2Sin ks 

s 
2.2 Properties of Fourier transform 

Once the Fourier integral formula has been obtained, sufficient condit ion for its 

validi ty can be verified direct ly. 

i) I r rex) is piecewise continuously difTerentiable on each finite interva l 

and [ 1/(x)I' d< < 00, Ihen - '- r"" r"" e-""'" 1(1) dl dA -> I(x) poinl wise at points 
'" 271'" L C(l L ex> 

of continuity of rex). At Xo where rex) is wi th jump di scontinuity, the integral converges 

, 102" [/(xo+) + f(xo- )] fheaverageo!rhelimifvo/ues ofJ(x). 

ii) Theorem 2.1 :-Suppose that f: lit ~ IR and g: IR -+ III arc integrable over IR and n, b, 

k, are constants Vs E R. then, 
, , 

a) F(al+bg)=al+bg (Linearity) 

Proof:. F(af +bg)(s) = Ce·'· (al +bg))(x)d< 

p. = r"" e-"'ol(x)<I< + r. e-'"bg(x)dx 
J -o:c -00 

.' 22 
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Transform methods in differential equations 

, , 
=a[(s)+bg(s) 

, , 
= F(a[ +bg)=a[+bg 

, 
b) F(f(x + k»(s) = eO, [(s) (Translation) 

I' roof:- F(f(x + k»(s) = r eO'" [(x+k)dx 
-'" 

= e"'. r'" e-m [(x)dx 
J _'" 
, 

= e'" Its) 
" 

Jf we use an other Fourier transform method. FV(x - h)] = e-
2mh

; f(~) 

I s 
c) F(f(xk»)(s) = jkj [(k).k ~ 0 (Scaling) 

Proof:- F(f(kx» (s) = Ceo," [(kx)dx 

- 101- X , ( ) = r",e . , [ k )d, 

r I -- '''~X)d _ -e - x 
- -"' Ikl k 

I r'" -,,,iX) dx =jkj J_",e llk 

Add is Ababa University, Department of Mathematics 
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Transform methods in differential equations 

d) If / is integrable then, F(f'(x» (s) = is I (s) 

Proof:- Coo' -'" f'(x)dx = is Coo'-'" f(x)dx 

=:> F(f'(x)(s) = is)(s) 

c) I (s )= C - ixf(x). -,udx, -00 
f) In verse theorem 

Irris continuous and piece wise smooth, then I(x) = _1 r e'lX J(s)d.~ 
2n - 00 

Also if F(A)= ~r . -" 'f(x)dx,then f(x)= ~ r e'" F(A)dA 
,, 2a -co v 2a -00 

g) Convolution theorem 

Let H(,l) = F(,l).G(A) where F(,l) and G(,l) are the transforms of the known 

functions f(x) and g(x).Then the inverse transform of H()') is given by 

W '(A ) = ~r f(t)·g(x- t)dl 
,,21r -00 

r J(r),g(x - 1)d( = f + g is called the Fourier convolution integral. 
-00 

, , 
=:> F(f' g)(x» (s) = f(s),g(s) 

Proof:, Let us show that W'(,l ) =(f' g) (x) 

Jr'(,l)=-I - r'" . -"' F(,l) G(,l)dx 
,& L oo 

= 2~ roo 1"'00' -''''-'' f(fYJ(A) dldA 

I 1'" f r"'_ 00.- ,,11.>' - 1) G (A) dAdl =- (f). L 
2!f - 00 

= ~ .c f( I)g(x - t)dl 
"2,, 
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Transform methods in differentia l equations 

where we have assumed that the interchange of orders of integration is valid. Then we 

have shown that the Fourier transform of (f · g) (x) is equal 10 the product of the Fourier 

tTansrann of f and the Fourier tTansrarm of g. 

h) Corollary: - i) If I; R -> R is integrable Ihen \Is E R , F(I (x) ) (s) = 2Ir I (- $) . 

ii) If the rlh derivati ve function /" ) : R --+ R is integrable for r = 0, 1 ... , n, then 

, 
FU I"' (xXs) =(is)" I (s) 

Notes :- a) some authors define the Fourier transform PI) of in Ie grab Ie r 

as / " (s ) = k r e'" I (x) dx (k = cons lanf and k. 0). 
-00 

This makes essentially no change to the theory, but the in verse becomes 

If"" ' I (x)= - L eO'. I ,,(s)ds and F" (f'(x» ($) =(- ;s)/" (s). 
27fk --«> 

b)Forintegrablef,g, r l(u) g(x-lI)dll = r I (x - II ) g(lI)dll 
-co - 00 

c) If f is not Continuous at x in the inverse theorem, then rex) in the left is replaced 

1 
by - [J(x+) + I (x-) ] . 

2 
d) For continuous ,piece wise smooth ,intcgrable functions ,thcre can bc only onc f = f(x) 

corresponding to ; =; (s); thi s tells us that in these circumstances , if onc can find a 

, , 
function f = f(x) ,the transfonn of which is / = /(5), then one need look no fllrther. 

Example: - For a constant k, find j ~) ' \k' +x' 

' .~ 2k Solution:- 1)/«" )(s)= 2 , 
s +k 

2)F(/ (X» (s)=2" I(-s ) 

25 
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2,3 Applications of Fourier transforms to ODES and PDES 

We now consider several problems fo r ODES and POES whose solutions arc found 

by using Fourier transforms. In each case one of the independent variables has the infinite 

interva l (-co,o:» as it s domain of definition. 

Examples 

I) Usc the Fourier transform to find the continuous integrable function y "" y(x) which 

satis fies the different ial equation y' + 2y = e -1"1 a l every nOll ze ro x in R. 

Solution:- y' + 2y = e-1J'j 

, 
=> F(y') (s) = is Y (5) 

, 2 
::::) (is + 2) y (s) = --2 Because k = 1. 

1+5 

Using part ial fractions 

I , () - 2 _" ( ) =>y(x)=e-'X(o,~) (x)+3e X(~.O) X +'3 e X(o.~) X 

l
e -'- ~e-" ,x >O 

= 3 

.!.e-' X ~ O. 
3 ' 

2) Assum ing that f: R ---+ R is integrable over R, usc the Fourier transform to show that a 

solution orthe differential equation ylt - Y = [(x) (x E R)can be expressed in the form 

y(x) = r k(x - 1I)f(lI)dll where the function k should be dctcnnined. 
-00 

Solution 

Applying the Fourier transform to the differential equation, 

, , 
«is) ' - I)y(s) = 1(5) 

~ ; (s) = _ (_1_) J (s). By convolution theorem and the pervious rcsult 
l+ ~/ 

=> y(x) ~ Ck(x-II) 1 (II)dll (x E R)is a solution where k(x) = _e-vl (x E R) 
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J) y "(x) -k' y(x)=-f(x) , -CO<X<OOWhcrckisaconstanl and f(x) is 

prescribed. We require ;{x) ,y'(x) -) 0 (ls )~ -) co and that rex) Ims the Fourier 

transform F(A.). 

Solution 

I 
LeI Y(A) = r;c­

"2,, 
r e'''k'y(x)dx 

-00 

~ Y(A) is the Fourier transform of y(x) where y(x) is the solution or the given 

different ial equati on. Now transforming the difTerent ial equation we will gel 

~ r e'M y'(x)dx - ~r e''' k'y(x)dx 
v21r -00 v21r -co 

=> (- I.! ) ' l' (.!) - k' Y(.!) = - F(.!) 

=> - A' Y(A) - k' Y(A) = -F(A) 

=> l'(.!) = ~(.!), = F(.!) G(.! ) 
)."+ k' 

= - ~ (" e'" f( .')(/.' 
't/2n - OJ 

-J21r - h 

Th . I': f is - k- e because. =- C Inverse tranSlorm 0 ..l2 + k2 

1 f - iM 1 -J21r -'1'1 . . ' -- e dx = -e with k > 0 u5mg complex integratIon theory, 
..& A'+k' 2k 

Now lIsing the convolution Y (A) = F(J) .G(...l. ) ,we obtain the solution in the form 

y(x) =_l _ (" e-''' F(A) G(A) d). =_1 r e-' l<-<l!(t)dt 
jz" L ", ::.2k:....._-"'~ __ _ 

4) U h F · '10 find a solution u = u(x t) of the partial difTcrcntial sc I e 'ouner tranSlonn ' 

equat ion ti, = ku
u 

(x E R), I > 0 when subject to the initial condition 

u(x ,O) = e~l ex E R) and where k is a constant 

27 
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Solution 

Assume that for each t the function u satisfies ,as a [unction ofx ,Ihc condi tions for the 

8 ' 
appl ication of the Fourier transfonn and that F.r_u (u, (x I I»(S, I) = - tl(s, (); that we 

8, 
can interchange the operation of applying thc Fourier transfonn and partial differen tial 

equation with respect 10 t . Then applying the transrann to thc equation it gives 

8 ' , 
- 11(5, 1) = k(is)'II(S,I) 
al 

• 
and hence II ' ( )' fi ' I d'n' ' I ,all k " 0 = /I S, t satisfies the 1rsl order partta L crcnlm equation - + S I/ -

A' 

8 ( , ' ) => at e
klS 

II = 0 

, 
=> u(s ,!) = e-kIS2 g(s) Where g is an arbitrary function of S .However we Illay 

- s: 

also apply the transform to the initi al condition to get ~(s ,O) = j;e-'-

" ~ f -( 1+ 4..1:1)-

~ 11(5, 1) = v;re ' 

1 O ·4AI) be "f 
~ From the tab le ofFoufi er transform u{x,/):=: ..)1 + 4kl e 'cause I 

l " tr -if 
-.' 

fix) ~ e-" , Ihen 1 (5) ~ Te ', 

2 
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CHAPTER THREE 

FOURIER TRANSFORM OF DISTRIBUTIONS 

3.1 Definition and some examples of distributions 

To discuss about Fourier transfonn of distributions, let us define what di stribution is 

at the fi rst place. 

Oefinit ion: - For all fP E D (infinitely different iable function with compact support), 

consider a mapping T which gives a uniquely determined finite complex value 10 ({J 

where T is defined as follows. 

1) T is linear functional on D. That is, for J.. e C 

0) T(? rp) ~ ? T(rp) 

b) For '1', ,'1', E D, T(rp, +'1',) ~T(rp,)+T(rp, ) 

2) By a given sequence of functions {'PI}' fIJ I ~ 0 where tp j E D ,we mean that the 

support of each <PI is contained in a certain compact set , and the deri vatives of each 

degree of each fP/x) tends to zero uniformly. Using our agreed notat ions. ({J, 0 

means sup p ['PI ] C k (k is suitably chosen compact set). and for an arbitrary 

a , DUcp ,(x) ~ 0 uniformly. We therefore rcquire that 

cp I ~ a implies T(cp) ~ a .Schwartz ca lled T satisfying condition ( I ) and 

(2) "distribution". Form now on wards we say linear form instead of Iincar 

fu nclional and wrile (T ,rp) instead oj T(rp) where 

( T,rp)~ f T(X)q>(x)dxand(pisaICSl funCl ion (rp e D). 

We also write 0" for the space of all distributions. 
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Transform methods in differential equations 

Examples:-

I) J E L'". ; (I(x),rp(x» ) = fJ (x)rp(x)dx 

2) 8( Dirac's 8 measlIre) ;(8 ,'P(x» )= 'P(O) 

3) Y(x)(Heal'isides!unelion ;( y(x), 'P(x) = ,'P(x)dx (n = l) 

Definition: - (Derivatives of di stri butions) 

I, T D' aT , d fi d (aT ) ('" 0'1') 'or E , - IS e me as -, ffJ = - 1 , - , 
ax, Ox, x, 

AnOlbcr way of stating the defini tion is to define 

D"r for r ED' as (D"r, 'P) = (- I) ~I (r,D"rp) where 

Example 1:- Show .ha. nx) = 0 

Proof: - ( r'{x),'P(x») = -(Y(x),'P'(x») 

=-, 'P'(x)dx = 'P(O)-'P("') 

= 'I' (0) = (o,'P(x» ) 

Example 2:, Show .ha. (Iog lxl)' =v,p!(n = I) 
x 

Solution: - Here, IOg J~E L~,,," . 

Fomlall y. 

v,p- ,rp(x) = lim ~l, 
( 

1 ) f 'P(x) 
x ~ .... o " X 

We write, 

( (loglxl )','P(x) )=-( (loglxl,'P'(x) ) 

=- (Iog lxlv"(x)d, 

Addis Ababa University, Department of f\'lathcmatics 

30 



r 
Transform methods in differential equations 

=-~~ [ r.log lxl q"(X)d<+ [Ioglxlq,(x)dx ] 

=~.T, { IOg c [q>(C) -q>(-C) J + [q>~X) (1,+ tq>~,) dx } 

by integrating by parts. The first term tends to zero as C -~ 0 

the fina l expression is l<fl ~ 
x 

, 

Definition: - We say that the sequence of distributions {7:} tends \0 a distribution T 

when for an arbitrarYfPE D, we have (TI ,({J)~(T , tp) (j ~ c:o) 

To general ize the notions of Fourier's inverse fomwla, beyond Ll Space we need the 

idea of distributions. In this section we shall show that the required propcnics of Fourier 

transfonn can be established in the function space S' which was in troduced by schwartz. 

3.2 Fourier transform in s- space 

It is the whole space consisting of qJ E C" such that, 

(1 +Ixl')' D" q>(x) is bounded in R' ). 

1) The space S consists of smooth func tions wh ich together with all their derivatives 

decay rapid ly to zero as x approaches to infinity. That is, 'P e S ~ rp e eel and its all 

derivat ives which we are allowed to multiply by any polynomial of Ixj lend to 0 

unifonnly as lxJ-t +<0. 

2) fP
J 

E S -t O<=> (l+ lxl2 l DQ<p/t)-t 0 UI1I!ormly in R ~ . 

It is ve ry useful in Fourier analysis as it fonn s an casily manipulatcd famil y of 

funct ions which is mapped isomorphica ll y on to itsclfby Fourier transfonn. 

S( R' ) = (r E C- (R ' ): 'ia,p E N" ,SlIplx"a' / (.<)1 ,x E R' <.,J 
Examples:-

1) C; (R" ) c S(R' ) 

2) e -1 ' 1' E S(R' ) 
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Transform methods in differential equations 

3) For c > O,e-"'"" be longs to S(R" ) 

4) No matter how large N is ,e-fh!rrN is not in S(R"). 

Properties of S- space 

It is complete 

- Closed and bounded set of S is compact 

- 0 is dense in S. 

The Fourier transform and its inverse serve to express II function fus superpos it ion of 

oscillatory exponential function e -«x.~) , ~ E RN accord ing to the 

fomlUlaJ(x) = (2".) -; fe"" " J(~)d~, 

J)efini tion: - For f E SeW) ,the Fourier transfonn offis defined by 

-" 
J(~) = (2".) T fe-" ' "> J(x)dx 

" 
EXlImple: - Let f(x) = e ' E S(R) 

- I x' 

J(~) = (2Jr) ' fe-"'e -, dx 

x', I , 2" 1(( ")' ") Complete the square in exponent to get "2+IX; ='2(x + IX~) ='2 X+ I.., + .., 

,- - -- - -- - -, 
, ImZ ' , , ._------- , 

r, r 

A, A, 

Rez 

-R R 
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Where r is the contour ImZ = ~ traversed from lefl ta right. Lei r
lt 

be the segment onr 

running from - R + i ~ to R + i ~ . Since the integrand decays cxponcnlially fast as 

Izl400 along r . the integral is equal to the limit lim l_e-:l 
dz. 

Ii .... ,., • 

By Cauchy's theorem, the integral over rH is equal 10 the integra l over A /I ' where 

rR -A N is equal to the boundary of the rectangle whose side opposite f it is the intcrv<lt 

[-R, R] on the X-axis. Thus the Fourier transfonn is lim fe-:' dz 
H_ J.: ~ 

As R ~ 00, the integral over the ven iea l side of the rcc langlc~O exponentia ll y rapidly 

and we find ;(~) = e -~ (2;r) ~ Ie -~ dt =e -~ . 
-. " 

The Fourier inverse formula in this case is/ex) = (21T) 2 Je 'I~'() f(~)d~. 

3.3 Fourier transform of several variables 

Let / E LI We set, 

J (~"~, , ... , ~, ) = f .. · f exp[ -2 .. i(x,~, + ... + x,~.l l /(x, , ... ,x,) dx" ... ,d" or 

simpl y 1 (1; ) = fe'~i' f (x)dx asthe Fouricrtransfonn off(x). 

In thi s case we write J(~) = Flr] · 

If gE L' then, (r' g)(x) = fe'=' g(~)d~ which is the inverse transfonn of g(~). 

3.3.1 Fundamental properties 

"" " 
a) l ex) = /, (x , ) /, (x , ) .. .f. (x, ) ( i = 1,2, ... , n) implies / (~) = / ,(I;, ) ........... /. (U 

Proof 

• 
exp{-2nix~) = II exp(-2nix, ~,l ,., 

• 
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Transform methods in differentia l equations 

b) Let f E DM ,that is f has a compact suppon and is m limes continuously differe nt iable 

or more generally. when Ixl"-'IDCl l(x)l .... 0 uni'o I I ' rm y convergent. 

( Ia /.$ m- l as x---tooand D"f(x) eL' ,lal S m),wchavc 

(2m;)" f @= fe-''''' D" ! (x) dx Where (2"i~)" = (2"i~,)"' .. -(2"i~J· 

This can be proved by integrating (a) by parts repeated ly. 

~ F [D" l (x)J= (2ni~)" F[j(x) ]. (Ial,; m) 

c) Let (J + Ixl) m fELl (m ~ 0) we differentiate (a) under integration sign 

" D" I (~) =F[- 2nix r I(x) (Ial,; m). 

d) F[1(x- h)]= e-'mla, J(~) 

Theorem 3. 1:- For f E D2n ,Ihe fo llowing Fourier in version formula can be established . 

r' F ! =! and Fr'!=! 

3,3.2 Plancherel's theorem 

Up to th is point Fourier transforms have been defined only for functions belonging to 

LI and the inversion formula has been establ ished fo r the functions which belongs to 

D211 . We will generalize to the enti re space of functions Ll. 

More precise ly, if fELl n LI , thaI is fis summable and square integrable, the new 

genera li zed Fourier transform coincides with the old one, and for an arbitrary 

I E Ll . F f E L2 and an inversion formula can also be establ ished. 

Sincc O lll and D are dense in Ll we can have the followi ng. 

For I E /}, we can choose l0} where I I E D
2n 

and I J (x) -+ I(x) in Ll. 

We observe that if,} is a Cauchy sequence in Ll . 

This implies since II FI II I.' = II F - ' I II L' = II I II L' (l'arscval . l'lanchcrcl) 

Ii (~») is a Cauchy sequence in L'(R/ l . 
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Hence, {;j (~)} has a unique li mit because Ll space is complete. We denote the limit 

, 
as/(~), 

" , 
I , (~) --> I (~) in L' , and we define I(~) = Fl!(x)) 

, 
This implies I(~) doesn 't depend on the choice of I, (x), 

~ OUf Fourier transfonn is an isometric operator from I} (R, ") in IOJ} (R / ). , 

We can generalize the Fourier transform toLl. We note thai, 

FP-'/(x) = I(x) 

p-' F g(~) = g(~) 

(f e L' ) 

(g e L' ) 

T heorem ( Plancherel's theorem) 

For / E L2 • the Fourier transform F, the Fourier inverse transform F -' can be defined. 

F is an isometric operator from L2(R~") in loLl (R/ ). p -I is the inverse operator of F. 

P- IF= I 

F p-' = I 

in L' (R;) 

in L' (R/) 

Thus the newly defined F coincides with the previous defined F when fE Ll n LI 

where J (C;) = !.i.m. Je-1KlJ
: J(x)dx is the Fourier trans/ann of JELl 

,~. 

1 ... lsA 

(the newly defined F) where Li.m. means ' limit in mean,' that is/ limit in L2 . 

3,4 Fourier transform in S' - space 

S· -space is the space of linear continuous functional defined on S. Or it is the whole 

space of tempered distri butions where a tempered di stribution is a continuous linear 

functional on S(JR") ,that is a cont inuous linear map from S( Nil ) to C. 
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Transform methods in differential equations 

Examples: -

1)/E L"(IR' ), I ';p';oo ,then leS 

2) If )1 is a Borel measure, such that for some M, (I +I.,frw JI is finite measure, then the 

distribution defined )1 is tempered distribution. 

In the last sections we defined the Fourier transfonn Fr for 

I E L' byJ (~)= Ce-""'/(x) dx and I(x) = r ooe , .. , J(~)d~ where f(x ) iso 

bounded variation in a bounded finite interval. We note that in this case for an nrbilr<lry 

'I' ED, ( FI, 'P(~»)= (I(x) ,F'P) and 

( F"I, 'P(~») = (/(x), F"'P) 

I'roof:- ( FI, 'P(~») = f'P(~)d~ fe-''''' /(x)dx 

From Fubini's theorem this can be written as Jf(x)dx Je -2~{ fP(~)d~ 

And this is equal to (J(x), Frp), We obtai n similar results for F -1. From Ihis we Illay 

conceive an idea how to extend Fourier transforms to distributi ons replac ing r by T and 

defining F"T as (F"T, 'P(~») = (T,F"'P) .. .............. .... (.) 

And 

(FT,'P(~»)= (T,F'P) 

Unfortunately in Ihis case F-I({J ~ D and Supp [F-lrp ] covcrs the whole space. From 

this we see that the right hand term of (*) is meaningless. Therefore we must give up 

defining the Fourier transform for all distributions. This implies we will define F -i ll 

foru E S·. 

Lemma: _ A Fourier transform F is bijective and bicontinuous li near mapping from 

s, fo sf, (topologicall y isomorphi sm between s, and s~ ) . 
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Transform methods in differentia l equations 

Definilion : - Let u x E S~. ,we define F-'u. and FUr clements of S'. as; 
• 

(FII" <p(~») = (u" (F<p)(x» ) ('I' E S<) 

(r' 11" <p(~») = (11" (r'<p)(X») ('I' E S<) 

Theorem 1.3:- Let F be a bicontinuous bijection from S'" 10 S'~ and F"I is the inverse 

of F. then r' Fu = u, Fr' u = u (u E S') 

Proof:-From ( Fu,<p(l;)) = (u,(Frp) (x) ) andll , ..... Oin S',we h"ve 

(Ui' (F<p)(x» ) -> 0 

==> ( Fuj , '1'(1;») -> 0 

The set of the Fourier image of bounded sets which belong to S is also a bounded SCI. 

Therefore, F is a continuous mapping from S·. to S·{ . A simi lar argument holds for F" , 

InS,r'F<p = Fr'<p = '1'. 

That is F-' F = 1 and FF-' =1 in S' 

3.4.1 Fundamental properties of the Fourier transform of distributions 

Letll E S' , then the following equalities hold. 

a) F[ DO II ] = (2JTi~)" Fi"] 

b)F[(- 27TiX)" II] = D(F[IIJ 

C) F[T"IIJ = e-'''''' F{IIJ 

d)F[ e''''' 11 ] = T,F[ II J 

Where Th in (c) and (d) is a distribution which is obtained from the di stri bution 1I by 11 

parallcltranslation h, sati sfying (TJ) (x) = [(x- h) . 

c) I r II .. e c', then we can write F[ uJ =(u" e-
2X

u.:') 
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F[8 J = I , 

I) r' [8 J= I, 
F[IJ= 8 

r' [IJ =8 

I'roof off: - Let f(x) ~ I, 

=:-(F [I] ,(O(~»)=( I , (FgJ) (x» ) 

~ f (F(O)(x) dx ~ f~ (x) d, 

=:- (O(~) = fe""' ~(x)dt 

=:- (0(0) = f~(X) dx 

=:- (F [I] , (O(~») = (0(0) 

However forrp E D~, the functional Y'(r;) --+ .p(O) is the Dirac 8 function . 
• 

=:-F[IJ =O 

=:- (0, (O(~») = (0(0). Or if we use an other formu la, 

Also 

(F[IJ , gJ(~»)~ (I, (FgJ) (x» ) 

= f(F(O)(~) d~ 

• 
= (2;r) ' 1"(0) 

=((2;rh,(O ) 

(Y '(x) , (0 (x» ) = - ( nx) ,I" '(x») = - fa 1'" (x) dt ~ 91(0), 

=:- r '(x) = o(x) 

=:> F[o] =(Y'( x),e-""I) = (Y'(x) ,e-"·I), 

~(8,e"'"'), =j 
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Or i f we use an other formula, 

(Fo,rp) = (0, Frp) 

-" 
= Frp(O) = (2IT) 2 frp(x)dx 

=> F[o] = (2IT)2 

Similarly F-'[o] = I and r'[I]=o. 

g) When the dimension of the base space is I, we sec that F[ cxp( _1l"r2) ] = CXp(- ITc; 2). 

From th is and Fourier transform of several variables, in the case of n dimension we have 

[ "'J " F exp(-IT(x, +x, + ... +x"» = cxp(-IT(~, + ... +~")). 

LeI / E S ' ,and let t. Ff E LI,Oe ,i.e. f and Fr arc both functions. Then for a real number 

A iI'= 0 we have F[j(AX)]= _1_; (.i) when n is the dimension orlhc base space. 
1,11" A 

3.4.2 Concrete examples of Fourier transform 

I) F[V.P -'-] = {-lei (~> O} Where 
x m (~ < 0 

I(x) E D,.' Where /(x) = v.p(~) . 

\I.P.!. = (loglxl)' (Cauchy principal value) and 
x 

In fac t \I.P..!. = a(x)v.p.!. + (I -a(x».!. where a is a func tion taking the value I 111 

X X X 

I 
the nbhd of the origin anda E D. a(x)v.p - e 

x 

::::) The sum v.p 
x 

I 
c· and (I -a)(x) -

x 

F[ V.P ~] is a function. Assume rp E S. then we h;;lvc 
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( v,p 
X 

rp ) = lim f rp(x) dx 
, £--+0 X .So thai if we put 

>4 ..... '" csJxlsA 

othenvise 

I 
We have v.p(~) = lim l t.A (x ) by the topology on S', Therefore from the continui ty of 

x 

F. we have F[V'P(~)] = lim F[f.,,<x)] .by the topology on S·,. 
On the other hand, 

, 'r S;,,2;rx; If we assume c;:t: O, we have f(f,) = - 2ihm dr: .1_-.. x 

2 ' 1' £ .«,s in xd = - I 1m x 
A_ x 

.1· .... Sinx = - 21 - --<Ix 
x 

r,", Sinx I 
Since =-=dx = - Tr 

x 2 

2) Let Y(x) be the Heaviside function. i,e, (Y.I') = r I'(x)dx 

Then find F[Y(x)J. 

Solulion 

[ 
I] {-Tr; (4)0) _,[ 1]_{Tri. 

Since F v.p ; = Tri . ' (c;< 0) ,F v.p -; - - IT; 

Also 1' -[8]= I 

(4 > 0) 

(4 <0) 
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v.p ~ +oJ = 2Y(~) .SinceFF'=! 
x ' 

[ J 
I I I 

F Y(x = - . v.p -+c..o 
2m ~ 2 

3.5 Applications in differential operators 

Malagrange-EhrenpriesTheorem: - Every nonzero differenti al operator wi th constant 

coefficients has a Green 's function. This means Ihat ifJ> is a po lynomial 

(In severa l variables), then the differential equation P( ~ )II(X) = 8(x) has a 
Ox, 

distributional solution u where 8 is a Dirac delta function. II can be used to show that 

a 
P(- )u(x} = lex) has a solution for any distribution f. The solution is nOI unique 

Ox, 

in genera l. 

If for the equation P(D)u = f the convolution 1:. f (where t: the fundamental so lut ion 

of non zero linear differential operator P (D) with constant coefficients) ex ists, then 

u=c*j 

Proof 

u=u*8 

II =,,' P(D)c= P(D)(u' c)= P(D)II' c= f' c=." f 

Consider a nonzero linear differential operator P(D)= Laa Da ................... (.) 
al l: 

With constant coefficients where K is a finite set in the space N; of multi indices. au's 

are constan ts such that for a J ~ 0 a =(aw .. a,, )e N; lal=<at + ... +a~ }: max fal= m and for 

Da laa, d fi D" D"' D"' ' :-- e mc = t x ... x " 
J 'Ox ", 

I J 

Now let us describe the condition of partial hypoellipticilY of the operator (. ) in tenllS 

of fundamental solutions. 

Definit ion I : _ A distribution c is called a fundamental so lution to the differential 

operator (20) iff P(D)c = 0 

4 1 
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Transform methods in differential equations 

Definition 2: - Let fl e(R") Oe(R" ) be an opcn set and leI li E D'(fl)adiITerential 

operator C') is called ell iptic if PCD)CII)E ACO), then II E ACO) 

Definition 3:- Let Oe(R") be an open sel and let /I E D' (0) a difTercniial operator (.) is 

called hypo elliptic if PCD)CII)E C CO), then II E CCO) . 

Definition 4: - Let fl e(R") Oe(R")be an open set and let /I E D'(O)a differentia l 

operator (*) is call ed part iall y hypo elliptic with respect to the plane x' =0 if 

PCD)CII)E C" CO), then for any function 'I' E DCR m) the convolution 

/1''1' E C" CO ).Cwhere x ER"-m,OSm<n) . -. 
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Summ ary of 3.5 

Definition In terms of poly. In terms of Fs. 

Diffe rent ial operator (.) is For ~~O , Any Fundamenta l solution 
Ell ipt ic if and only if the princ ipal part c is such that • 

li e D'(O), P(D)II e A(O) P.(~)~ 0 ce II (HOll' ) 
=> 11 e A(O) 

Di fferential operator {*} is p('« ~) -> O (~ -> 00) Any Fundamental so lution 

hypoc ll iptic if and onl y if p(~) c is such that 

II e D'(O), P(D)II e C" (O) ceC([(Oll' ) 
=> 11 eC"(O) 

Di ffe rential operator (.) is p(' ) (~) -> O({ -> 00) For m ,neNoOS m < 1I 

Panially hypoelli ptic p(~) 
and 

Iff li e D'(O),V' e D(IR" ), 
whereas 

'1V'e D(IR"), 

P(D)II e C (O 
~ . remains bounded 

e' 'II" e C ([Slip p(V' .) [' ) 

=::::> 11*", ... EC"" (QI""' ) 
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